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CHAPTER 3

Variants of Gentlest Ascent
Dynamics for Transition
States

N this chapter, we explore several innovative extensions of the gentlest as-
I cent dynamics (GAD), tailored to efficiently locate transition states in rare
events. These variants address the complexities arising from multiscale sys-
tems, non-gradient dynamics, and energy functionals with higher-order spatial
derivatives. Firstly, we introduce a multiscale gentlest ascent dynamics (Ms-
GAD) for identifying transition states in the effective dynamics of slow-fast
systems. By leveraging multiscale numerical techniques, MsGAD effectively
resolves the dynamics while ensuring computational efficiency. Additionally,
adaptive strategies are employed to accelerate convergence, optimizing the
overall performance of the method. Secondly, for non-gradient systems, we
propose a simplified (GAD) that uses only one direction variable, thereby
avoiding the computational burden of Jacobian matrix transpose operations.
This approach significantly reduces computational costs while maintaining
accuracy. The theoretical connection between this simplified GAD and Hamil-
tonian dynamics is detailed in the Appendix, providing deeper insight into its
mechanics. Thirdly, building upon the simplified GAD, we develop a variant
tailored to multiscale models of non-gradient slow-fast systems. This adap-
tation further reduces computational overhead, making it feasible to tackle
complex multiscale problems. Finally, to handle energy functionals in the H~*
metric, where higher-order spatial derivatives pose numerical challenges, we
introduce a linear projection operator. This modification simplifies the (simpli-
fied) GAD framework, enabling efficient and accurate computation of saddle
points for such functionals.

To validate the proposed methods, we present a series of numerical
experiments involving stochastic ordinary differential equations and partial
differential
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equations. These examples showcase the effectiveness and computational ad-
vantages of the developed GAD variants across diverse scenarios.

3.1 MULTISCALE GENTLEST ASCENT DYNAMICS

The slow-fast system (X(¢),Y(¢)) € & x ) represents a typical dynamical
system characterized by two disparate time scales:

X(t) = f(X4, Y, (3.1a)

Ve(r) = 1b(XE, Yo + \}Ea(xa Ym(e), (3.1b)

where € is a small parameter. X¢ denotes the slow variable and Y is the fast
variable. For simplicity, we assume X = R™ and ) = R™. Here, f(z,y) :
R" x R™ — R™ and b(x,y) : R* x R™ — R™ are smooth vector fields. The
m x m diffusion matrix o(z,y) is assumed non-degenerate for all z and y, and
n(t) is a zero-mean Gaussian noise in R™ with a specified covariance function
E(n(t)n(t')).

As € — 0, the fast dynamics can be effectively “slaved” and eliminated,
while the slow dynamics converge to the effective dynamics of a determinis-
tic function X (t). This result is grounded in the averaging principle, a well-
established method in classical mathematical literature [57, 80, 58].

The averaging principle requires an ergodicity assumption for the fast pro-
cess Y€. Let Y*, referred to as the virtually fast process, satisfy:

Yo =b(z,Y") + o(z, Y)n(t), (3.2)

for a fixed parameter z. Assume Y? is ergodic for each x, and its unique
invariant measure p,(dy) has a density function p(x,y):

1 (dy) = p(z,y)dy = 70" vlen)dy, (3.3)
where the normalization factor Z(z) is given by:
Z(x) = /yeU(x’y)dy. (3.4)

By ergodicity, the expectation of any integrable function u(y) with respect
to u, can be approximated by the time average:

[ et = g 7 [ ¥
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The averaging principle [16, 31] then states that as e — 0, the slow variable
X€(t) converges to X (t), which satisfies the deterministic ordinary differential
equation (ODE):

X = F(X), where F(z)= /f(a:,y)uz(dy) (3.5)

In general, the averaging function F(z) lacks a closed-form expression and
must be approximated numerically to solve the ODE efficiently.

This section outlines the multiscale framework for analyzing slow-fast sys-
tems using the averaging principle. The effective dynamics F'(x) F(x) governs
the evolution of the slow variables, enabling the reduction of computational
complexity while retaining essential system behaviours. The next subsections
will extend this framework to the Multiscale Gentlest Ascent Dynamics (Ms-
GAD) for locating transition states in such systems.

3.1.1 GAD and MsGAD for Slow-Fast System

To locate the transition states of the effective dynamics (3.5), we can proceed
in two ways: (1) directly applying the GAD to the effective dynamics; (2)
starting from the full slow-fast system and deriving a multiscale extension,
termed MsGAD (Multiscale Gentlest Ascent Dynamics). Both approaches are
elaborated below.

Gentlest ascent dynamics for the effective dynamics By extending the
GAD formulation to the effective dynamics (3.5), we obtain the following
system:

(t) = F(z) — QWU, (3.6a)
y0(t) = DF(z)v — aw, (3.6b)
Y (t) = DF(2)"w — fw, (3.6¢)

where F(x) = [ f(z,y)p(z,y)dy is the averaged drift vector field, and DF(z)
is its Jacobi matrix, and p(x,y) = Z(z) le V@Y is the invariant density of
the fast process. The parameters v, and [ retain the same roles as in (2.1)
from section 2.1. The physical and geometrical interpretation of (3.6) remains
consistent with the original GAD framework, albeit with the dynamics now
governed by the averaged fields. Additionally, we define:

g(z,y) = =V,U(z,y), and G(x)i/g(x,y)p(x,y)dy (3.7)

Using the normalization factor Z(z), the gradient of log Z(z) can be expressed
as:

Valog Z(x) = 27 () V. 2(x) = [ gl pp(e,y)dy = Gl2).  (38)
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The Jacobian of F'(x) can be expressed as:
DF(z) = Dy f(x) + C(x) (3.9)
=(f-F)@(g-G6)x) (3.10)

where the overline 0(x) denotes the average with respect to pi, ie., 0(x) =
O(z) = [0(z,y)p.(dy), and u®v represents the tensor product of two vectors.

Multiscale Gentlest ascent dynamics (MsGAD) The MsGAD extends the
GAD formulation to the original slow-fast dynamics (3.1). The governing equa-
tions are given by:

(0 = floy) - 2L (3.11a)
(0 = biat )+ 7 ), (3.111)
yo(t) = (Dy f (2, y) + C(xf, y°)) v° — a0, (3.11c)
(1) = (Daf(a,y) + Clat,y ) w =, (311d)

where C'(x,y) captures the covariance effects and is given by

Clr,y) = (f(z,y) = F(2)) @ (9(z,y) - G(x)). (3.12)

the Lagrangian multipliers o and (¢ are defined as before to enforce certain
normalization conditions.

While (3.11) provides a direct multiscale framework, the expressions for
F(z) and G(z) involve averages over the invariant distribution p,, complicat-
ing their numerical implementation. This can be addressed by:

1. Heterogeneous Multiscale Method (HMM): Directly estimating F' and G
via sampling. Details are provided in section 3.1.1.

2. Seamless Coupling Method: Rewriting (3.11) in a standard slow-fast form

similar to (3.1). This requires introducing an independent copy f/t”” of the
fast process for computational purposes.

To reduce computational cost, we utilize the following reformulation for
Clz,y):
Colz,y,2) = f(z,y) @ g(z,y) — f(z,2) ® g(x,y), (3.13)

where y and 2 are independent samples from p,. Then C(z) =
E, E. [Cy(2,y, 2)], where E, and E. are the expectations w.r.t. y and
z, respectively. Thus C(z) becomes

Ca) = [ [fap @) - ([ £ 2)0(02) © gla. )| neldy).
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where [i,(= ) is the equilibrium distribution of the iid copy Yo, In
the numerical accomplishment, we take the new process YI to calculate
the expectation F' = f w.r.t. z, and the old one Yx to calculate the
expectation C = f ® g — F ® g w.r.t. y. This allows efﬁment evaluation
of the covariance terms without introducing excessive complexity.

Heterogeneous multiscale method (HMM)

In this section, we present the framework of the heterogeneous multiscale

method (HMM) [17, 18]) for addressing the averaged GAD system (3.6) and
the MsGAD system (3.11). The key relation between these systems is that the
MsGAD system (3.11) converges to the effective dynamics (3.6) as € — 0.

To implement the HMM, we introduce distinct time step sizes for the
macroscopic and microscopic scales:

e Macroscopic time step size: At for evolving x and A7 for evolving v and
w (usually AT = At).

e Microscopic time step size: ot for evolving y.

The procedure for the HMM scheme using a forward Euler method for the
MsGAD system is as follows.

1. Macroscopic solver for x: Evolve x using:
Tpy1 = Tp + (Fn - 2vn <Fn7 wn> / <wn7 Un>) Ata

where x, approximates X (nAt) and F),, v, and w, are estimated in
subsequent steps.

2. Microscopic solver for y: Simulate the fast dynamics using 6t for M
micro-steps:

Ynm+1 = Ynm + gb(xna yn,m) + M\/&nn,n%
€ Ve
where m = 0,1,..., M — 1 and {9, } are independent N (0, 1) random
variables. The initial is choose as a “warm start” : y,,0 = yp—1,1. Only
the ratio dt/e is required, which acts as the effective step size for the
virtual fast process Y in (3.2).

3. Estimation of F,, G, and (DF),: Compute:

1 Y 1 Y

M Z f xnaynm Gn = M g(xn;yn,m>7
m=1 m=1

1 M
m=1
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4. Evolution of v, and w,: Solve for the right and left direction v,, and
w,, iteratively over K steps using A7 with initial conditions v, = v,_1,
and Wy, = Wy—_1:

~ ~ T
Un,k+1 = Un,k + AT(DF)nUn,ka Wn, k41 = Wn,k + A7_<DF)nwn,k7

D k1 _ Unpn

Unk+1 =

|@n,k+1| ’ Un,k+17 wn,k—i—l) ’

After K steps, set v, = v, x and w,, = w, k.

The microscopic time step 6t must be much smaller than e ensure suffi-
cient resolution of the fast dynamics. The effective step size is dt/e. The total
microscopic simulation time M x §t must be long enough to allow the fast
process Y€ to relax to its equilibrium distribution. A larger M also reduces
statistical errors in estimating F', G, and DF'. For evolving v, and w,,, K =1
is sufficient in principle, but a larger K can improve accuracy, especially for a
small v, albeit with increased computational cost.

Remark 3.1 e For the macroscopic solver of x and v, w, explicit schemes
with larger stability regions, such as the stabilized Runge-Kutta methods,
are preferred.

e For the microscopic solver, higher-order weakly convergent schemes are
recommended for efficient long-time integration of the fast dynamics. Fx-
amples include the stochastic Heun method [59] or the non-Markovian
scheme proposed in [63], particularly when o is constant:

oV/6t

ot
nm+1 = Ynm + —D ns Yn,m o 7~ Unm n,m ) =0,1,...,
Ynm+1 = Yon + —b(2 y,)+2\/g(n, + ome), m
where {Nnm} are independent N'(0,1) random variables.

Seamless coupling method (SCM)

The seamless coupling method (SCM), introduced in [23], eliminates the need
for back-and-forth communication between the macro- and micro-states in
slow-fast systems. This approach acts as a boosting algorithm by increasing
the small parameter € to a larger value ¢ = e\ (where A > 1 is a constant).
The boosted system is then solved using a smaller time step size At, which
is smaller than the macroscopic time step size At of the HMM. This strategy
can be more computationally efficient than HMM, particularly when solving
the micro-model is costly. Following this idea, we modify the MsGAD system
(3.11) by increasing € to € = eX. To apply the seamless coupling, we must
handle the double expectation in the covariance matrix (see (3.12)). This
requires introducing an independent copy z¢ of the fast process. The resulting
system is given as follows:
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(1) = fa,y) — 2 @Y, ) (:f;gy;)€,>we)7f’ (3.14a)
() = b ) + e (3.14b)
24(t) = ;\b(ﬁ 2° \/1_772(75), (3.14c¢)
YO (t) = (Do f (2%, y)) v + (25, 9°) (g(z, 9%),v%)
— f(x 2 (g(2%, y),v ) — vt (3.14d)
Y (t) = (Do f (2%, y°)) 0 +g(w y) (f(@ ), w
—g(f, Z)( (2 y%), w) — Bw, (3.14e)

where n; and 7, are two independent copies of the stochastic noise process
n(t). The joint fast processes (y¢, z2¢) correspond to the equilibrium distribution
te(dy) X pz(dz). As € — 0, the effective dynamics of (3.14) converge to the
averaged system (3.6). To solve (3.14), any standard ODE/SDE solver (e.g.,
the Euler scheme) can be employed. The same time step size At is used for all
components of the system. According to [16], a reasonable choice for the step
size is At = At/M, where M is the number of micro-step used in the HMM.

Adaptive strategy

To reduce variance and improve computational efficiency, a hybrid approach
can be adopted: initially applying the SCM and later transitioning to the
HMM after an appropriate period. This strategy leverages the strengths of
both methods. Below, we outline three additional adaptive methodologies,
whose effectiveness is demonstrated in the numerical results section.

1. Averaging the Output
Define the averaged solution as

z(t) = ! /tx(s)ds,

t—t() to

where ty represents a “burn-in” period to allow the system to stabilize.
This technique, widely used in Monte Carlo simulations and stochastic
gradient dynamics, reduces the variance of noisy outputs without adding
computational overhead. It can be applied to both the HMM (especially
with a small sample size M) and SCM. However, its impact is particularly
significant for the SCM, where noise tends to dominate.

2. Adaptive Sampling Size in HMM
The sample size M in the HMM can be adjusted adaptively:
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e Initial stage: Start with a small M to quickly locate the approximate
solution region.

e Later stages:
Gradually increase M to reduce variance as noise begins to dominate
the error.

A simple adaptive rule for M could be scale it with time, such as M o t",
where r > 0. This ensures a balance between computational cost and
accuracy.

3. Adaptive Reduction of ¢ in SCM

In the SCM, the error depends on the small parameter of € := e\ and
the step size At. Reducing €' over time helps decrease the deviation of
x¢ from the true solution associated with F. However, as ¢ decreases,
the step size At must also decrease to maintain or improve accuracy.
For example, in stochastic optimization, the step size typically decays as
At o< 71, or equivalently Aty = At/ V'k for the k-th iteration. Similarly,
¢ can be set as € (t) oc t717¢, where 0 < ¢ < 1. This ensures the effective
step size At/ scales as t .

To conclude this subsection, we compare the HMM and SCM methods,
specifically in their application to find stationary points. For general discus-
sions, refer to [16] and the references therein. Below are the key differences:

1. Different Target Systems
The HMM and SCM address different systems:

e HMM solves the effective dynamics (3.6) by simulating its multiscale
system (3.11) as € — 0.

e SCM solves the pre-asymptotic system (3.14) with an effective pa-
rameter € = e\ > 0.

As € decreases towards zero, the SCM solution approaches the HMM so-
lution. However, with a fixed € > 0, the SCM trajectory may eventually
transition between multiple saddle points (if they exist) over time due
to its higher noise level.

2. Handling of the Covariance Matrix

e HMM computes the two expectations in the covariance matrix C
using a single stream of random samples from p,.

e SCM approximates the double expectation through two independent
streams of random samples for the virtual fast process.

This dual-stream approach extends the traditional notion of seamless
coupling, as classic SCM methods for slow-fast systems typically do not
involve multiple streams.
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3. Computational Costs and Variance

e HMM requires averaging over a large sample size, which is compu-
tationally expensive but effectively reduces variance.

e SCM does not compute sample averages at each iteration, making
it faster but noisier.

3.1.2 MsGAD for Gradient Systems

In this section, we focus on slow-fast systems driven by a potential energy
U(z,y) defined over the extended space X x ). These dynamics exhibit gra-
dient dynamics, describesd as:

Xe= -V, U(X Y, (3.15a)

. 1 1
Ye=—-V,UX YY)+ —on(t 3.15b

€ Y ( ) ) + \/Em]( )7 ( )
where o is a scalar constant and 7(t) represents standard white noise. The

potential energy U(z,y) governs the dynamics of (X€ Y*). The equilibrium
measure of the fast process, given a fixed x is

1

—2Uewg 1
7" Y, (3.16)

pa(dy) = p(,y)dy =
where the normalization factor Z(x) is defined as:

Z(x) = /e_%U(x’y)dy.

As € — 0, the dynamics of the slow-fast variable X converge to the aver-
aged equation: _
X = F(X), (3.17)

where the effective force F(z) is given by:

F(@) =~ [ V.U, y)p(, y)dy.

Using the definition of Z(x), the gradient of log Z(x) becomes:

V.log Z(x) = 022 / —V.U(z,y)p(z,y)dy = zF(az)

o2

Thus, the averaged dynamics can be rewritten as a gradient system:

X = -V, W(X), (3.18)
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where the effective potential W (z) is

2 2

W(z) = —% log Z(x) = —% log (/ 62U(m’y)/"2dy) : (3.19)

The Hessian matrix of W (z) can be derived as:
V2W (z) = —DF(z), (3.20)

which expands to:

_ )/ 2 —
V2W(2) = ViU (x) = 5V.U 8 V,U(2) + 5V.U(2) 9 V,0(2).  (3:21)

The term involving the Fisher information matrix of the invariant measure
fa = p(a, y)dy is:

-E,, [Vi log p} = ;LQ (VxU @V, U(x) -V, U(x)® W(m)) .

The general framework for GAD and MsGAD for slow-fast systems simpli-
fies significantly for gradient systems due to the underlying potential-driven
dynamics. The reduction in complexity arises from the explicit gradient struc-
ture, which naturally governs both the effective dynamics and the associated
potential W (x).

3.2 SIMPLIFIED GENTLEST ASCENT DYNAMICS

The GAD for non-gradient systems of the form 4 = b(z), where b € R?, relies
on two direction variables v and w. These variables are associated with the
eigenvectors of the Jacobian matrix J(x) = Db(z) and its transpose J(z)T. In
particular, the dynamics require:

1. The computation of J(z)v = limy_o(b(z + hv) — b(x))/h, which is
straightforward using finite difference methods.

2. The computation of J(z)"w, which lacks a directional derivative inter-
pretation and poses challenges for large-scale problems.

To address these issues, we introduce the Simplified GAD. This approach
eliminates the need to compute J(z)"w by using only a single direction variable
(v or w). This reduction maintains the convergence properties of the original
GAD while significantly improving computational efficiency.

The new GAD has two equivalent formulations (not used simultaneously):
Formulation 1: Using v

{f = b(z) = 2(b(x), v(t) v(®)/ o ()], (3.22a)
v =J(x)v—(v,Jv)v, (3.22b)
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Formulation 2: Using w

i = b) — 2 (b(a), w(t)) w(t)/ ()], (3.23)
w=J (z)w — <w, JTw> w. (3.23b)

In both cases, the dynamics evolve in R??, and the direction variable is nor-
malized such that ||vg]| = 1 or ||wg|| = 1, ensuring v and w are remains unit
vectors.

Comparison of Formulations The difference between (3.22) and (3.23) lies
in the matrix-vector multiplication:

e Formulation (3.22) involves J(x)v, which can be computed using finite
differences.

e Formulation (3.23) requires J(x) w, making it computationally less de-
sirable for large systems.

However, formulation (3.23) has theoretical significance, as shown in the Ap-
pendix. It can be interpreted as a modified Hamiltonian system (3.61) where
flipping the sign of the normalized momentum stabilizes the saddle point.

The simplified GAD converges to the index-1 saddle point of the original
dynamics & = b(x), as shown in the following theorem.

Theorem 3.1 (a) Let (x,,v.) be a fized point of the simplified GAD (3.22),
where v, is a normalized vector, ||v.|| = 1. Then:

e 1, is a fized point of the original system, b(x,) = 0.
e v, is an eigenvector of J(x,) associated with an eigenvalue \,:

J(z) v = Ay

(b) Suppose x4 is a fized point of & = b(x), and J(xs) has n distinct real
etgenvalues Ay, Mg, ..., A\, with corresponding eigenvectors v;. Then:

o Fach (xs,v;) is a fized point of the simplified GAD (3.22).

o Among these, exactly one fized point (xs,v;r) is linearly stable if and only
if x5 is an index-1 saddle point of & = b(z) and Ay > 0 is the only positive
eigenvalue of J(xs).

The proof, presented in Appendix A, follows a linear analysis at the fixed
points. While the eigenvalues of the simplified GAD are identical to those of
the original GAD, the latter has eigenvalues with multiplicity 2.

Remark 3.2 1. Time-Scale Adjustment: A positive constant T can be in-
troduced to scale the dynamics of the direction variable, as in the original
GAD. This allows for flexible control over the convergence speed, though
T 1is omitted here for simplicity.
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2. For gradient systems where &(t) = —VV(x), J = —H (the Hessian
matriz), formulations (3.22) and (3.23) are identical. They reduce to
the standard GAD for gradient systems (2.3). Thus, (3.22) is always
preferred for both gradient and non-gradient systems.

3.3 SIMPLIFIED MULTISCALE GAD

The concept of GAD has been extended to the slow-fast stochastic systems,
as presented in the MsGAD framework (section 3.1). As a corollary of the
simplified GAD discussed earlier, it can be directly applied to such multi-scale
models. For background details, readers are encouraged to refer to the original
MsGAD paper [41]. In this section, We present the simplified multiscale GAD
(MsGAD) scheme, which is designed for identifying saddle points in the slow-
fast system:

X(t) = f(X<,Y°), (3.24a)

Ve(r) = 1b(XE, Yo + \}Ea(xa Ym(e), (3.24b)

where € is a small parameter, 1 represents noisy perturbations, X¢ is the slow

variable, and Y is the fast variable. As € — 0, the effective dynamics of the
slow variable can be expressed as

X:ﬂm,WMMH@i/ﬂ%WM®L (3.25)

and i, (dy) is the invariant measure of the fast process, with its density func-
tion denoted by p(x,y). The simplified MsGAD for finding saddle points in
(3.25) can be expressed using either of the following formulations:

1. Formulation 1: Using v¢

#(t) = flat,y) — 2L VD) (Z"; yv)> e (3.260)
§(0) = £l ) + T2 (3.26b)
5(t) = (D f (a5, )+ O,y v =00, (3.26¢)

2. Formulation 2: Using w*

(1) = f(a%,y) — 2<f(<x;,€y2€,>w€>w€7 (3.27a)
() = 2bla )+ Tt (3.27b)
W)= (Daf (o )+ OGS y Wi, (3.27¢)
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Here, D, f(z,y) is the Jacobian matrix of f(x,y) with respect to x. Other
terms are defined as follows:

o = (v, (Do f + C)v°), B = (w, (Duf +C) ),
9(x,y) = =V.U(z,y), Ulx,y) = —logp(z,y),

G(z) = /g(x,y)ux(dy)-
In general, the covariance function C' lacks a closed form and must be

computed dynamically using methods such as the heterogeneous multi-
scale method (HMM) or the seamless coupling method[41].

Consider the following example:

2
Xi=—) AyX;+Y?, i=12 (3.28a)
j=1
1 Y, o
R —n; (1), 3.28b
SRl \/277( ) (3.28b)

where A is a 2 by 2 matrix, I';(x) are positive-valued functions, and o is a
constant. For € — 0, the effective dynamics are given by:

. 2 _ 2
Xp ==Y AyX;+ X)) = F(X),i = 1,2 (3.29)
j=1

The Jacobian matrix J(x) = DF(z) has the form:
1
J(x) =—-A+ 502diag {Ti(z) :i=1,2}.

The covariance C(z,y) for (3.26) is given by:

I (2) (yi Yi _ lgﬁl“j(m) — 1yJQI‘Z(x) + U2Fi(x)l“j(x)> -

- ()

By averaging C'(x,y) with respect to u,(dy), we find:

C = /C(:):,y)ux(dy) = ;JQdiag {Ti(x):i=1,2}.
and
/sz(x,y)ux(dy) = -4

This demonstrates that the effective dynamics of MsGAD (3.26) reduce to the
GAD for the effective equation (3.29).
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3.4 PROJECTED GAD

Fixed points of a system vary across different potential energy surfaces and
metrics. For example, the Ginzburg-Landau free energy leads to the Allen-
Cahn equation in the L? metric and the Cahn-Hilliard equation in the H~!
metric. Notably, dynamics in the H~! metric involve two higher orders of
spatial derivatives compared to L? metric, causing severe numerical challenges
due to ill-conditioning.

When applying GAD or MsGAD for gradient systems in the H~! metric,
similar difficulties arise. A key distinction between these metrics lies in mass
conservation: the ! metric preserves mass, whereas L? does not. To address
this, we incorporate a projection operator to enforce mass conservation in the
L? metric dynamics, bridging the relationship between fixed points in the two
metrics.

This section introduces a projected GAD method for efficiently locating
saddle point in the H~! metric. The GAD for extended gradient systems in
the H~! metric is given as:

o6 (3, (6).0)

i AdF(9) + 2T>L2LU7 (3.30a)
0 —~
70%5) = Ho+ (v, 03F(¢)v) v, (3.30b)

where H = AééF(gb). We define the projection operator P to impose the mass
conservation constraint:

Pu:=u— |£12| /Q u(zx) dx, (3.31)
where || is the domain volume. The operator P projects u onto the subspace
Hy={ue L*: [u(z)dr = 0}. Its key properties include:

1. P2 =P;

2. Pu € Hy,Vu € L?

3. Pv=v,Yv € Hy;,

4. (v,Pw)r2 = (Pv,w)r2,Yv € L? and Yw € H, .
In fact, for Vu,

1
Py =P(u— 9] Qu(m) dx)

1 1 1
:u—‘m/gu(:v)dx—‘Q‘/Q(u(x)—‘m/gu(x)dx)dx
= Pu.
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Besides, Pu € H, since
1
/QPudx = /Q(u — |Q|/Qu(x) dz)dr =0, Yue€ L (3.32)

The third property is obvious. For the last one, when w € Hy,v € L?, we have
(v,Pw)rz — (Pv,w)r2 = (v,w)r2 — (Pv,w)r2 = (v — Pv,w)e.
Since Pv € Hy,v € L? and P is the projection from L? to H,, we obtain
v—Pvec Hf = (v—Puvw)e=0,

thus,
(v, Pw)rz = (Pv,w)e.

With the projection operator P, the following equivalence can be get

(v,Hv) | = (v, =A(H)) ;1 = (v,—(=A) ' A(Hv)) , = (v, Ho) 2.
By the last two properties of P, we have
(v,Hv),, = (Pv,HPv),, = (v, PHPv),,, v € H,. (3.33)

By incorporating P, the GAD dynamics in the H~! metric can be equiv-
alently reformulated in L? metric with projection. The projected GAD equa-
tions are:

% _ s F(¢),v) 1
3¢ = PosF(9) +2 R L2 Py, (3.34a)
9

15 = ~PEFO)Po + (0. 5F (0)) , v (3.34b)

The projection P ensures the dynamics preserve mass conservation by con-
fining ¢ and v to Hy. Moreover, it simplifies the computation of saddle points
by avoiding higher-order spatial derivatives.

To confirm the equivalence of fix points between the H~' and L? metrics,
Consider p; = 9,F(¢) and po = Apy. With periodic or zero-flux boundary
conditions:

Mo = 0< Pul = 0.

Thus, the projected dynamics in L? metric correctly capture the fixed points
of the original H~! metric dynamics.

3.5 NUMERICAL EXAMPLES

In this subsection, we validate the variants of the gentlest ascent dynamics
(GAD) through several numerical examples.
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Numerical Validation of MsGAD

To demonstrate the functionality of the MsGAD, we present two numerical
examples, which were originally published in [41]. The first example involves a
system with both a two-dimensional ordinary differential equation (ODE) and
a two-dimensional stochastic ODE, which does not exhibit a gradient struc-
ture. The HMM is used within the MsGAD framework for this system. The
second example features an Allen—Cahn partial differential equation (PDE)
coupled with a stochastic Allen—Cahn PDE, which is associated with an ex-
tended potential functional. In this case, we compare the performance of both
the HMM and the SCM within the MsGAD.

A two-dimensional example Consider the following system on X x Y =
R? x R?

X, =— Z Dy X; + Y2 (3.35a)
J

. 1Y 1
Y, = TeTh(X) + ﬁan(t), (3.35b)

where the vector field I'(x) = (I'y(x),[a(x)) : X — Y is given. The matrix
D = (D;;) is a symmetric 2 X 2 matrix, and o is a constant. The processes
{Y;(t)} are independent Ornstein-Uhlenbeck processes parameterized by X =
x. The equilibrium distribution of ¥ = (¥3,Y5) is the product measure of
N(0,0°T;(x)/2). The limit equation of this system has a closed-form solution:

2

X, = > Dy X+ %Fi(f(). (3.36)
J

For the case where D is positive-definite, we can rewrite (3.35) as

X = —VX(;XTDX — Z Y2X;) (3.37a)
Y = —vy(z 2;:; X)), (3.37hb)

however, even in this positive-definite case, there is no single potential for the
system (3.35) in the extended space X x ) for any choice of I". This means that
we cannot determine a priori whether the averaging system is gradient-based.
The analytical form of the averaged system (3.36) (with a positive-definite D)
reveals that it is a gradient system if and only if the vector field I' is a gradient
itself, i.e., there exists a scalar function R such that

I(z) = (Ti(2),...,Th(x)) = V.R(x). (3.38)
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This implies that while the existence of an extended potential function is a
sufficient condition for averaged dynamics to be gradient-based, it is not a
necessary condition.

We now proceed to present the numerical results for the MsGAD applied
to this example. To begin, we must solve for both directions v(¢) and w(t) in
the MsGAD scheme because, as noted, we cannot assume that the Jacobian of
the potential function, DF', is symmetric a priori. To validate our approach,
we not only observe the convergence to the saddle point but also compare the
trajectory x(t) in the MsGAD with that of the classic GAD applied directly to
the known limit equation (3.36). For the numerical tests, we use the following
parameters:

- [o08 -02
o"=10, D= [—0.2 0.5]’

and for x = (x, x2),
R(z) = Y arctan(z; - 5), Ty(z) = (1+ (2, -5)) , i=1,2
The averaged equation (3.36) then becomes

i 2

X = v (X), Wmmvw@:;ﬂbx—ZR@y (3.39)

This system has three local minima: m; = (0.4643,0.6985),ms =

(2.2038,5.9804) and mg = (5.7109,6.2369), and two saddle points: s; =
(1.2841,3.4483) and sy = (3.5689,6.0735), shown as in Fig. 3.1.

In the HMM scheme of the MsGAD, we use the forward Euler solver for
the entire system. The macro-time step size is At = 0.01 for both x¢ and
ve,w, and we set 7 = 1.0 and K = 1 for this example. The micro-time step
size is 0t = € x 0.01, and the total sampling time is 7" = 10 to estimate
the effective force and the Jacobian matrix. The initial values for x are set at
the three local minima, and the initial values for the directions (v, w) and the
fast processes are chosen arbitrarily. Fig. 3.1 displays the four GAD trajecto-
ries of the x—component (dashed lines) starting from the three local minima.
This result has been published in [41]. Depending on the initial conditions for
x, these trajectories converge to different neighboring saddle points. Two of
the trajectories, starting from msy, converge to the saddle points s; and sg,
respectively, due to different initial values for the directions v and w.

A coupled Allen-Cahn system The second example examines a system of
stochastic partial differential equations (SPDEs) governing (u‘(z,t), ¢(x,t))
in the Hilbert space L?([0,1]). The system satisfies coupled Allen-Cahn-type
equations with Neumann boundary conditions:

Ot = KAAUS + uf — (u)® + pes, (3.40a)
1 .

0" = —[A¢® — ¢ + ] + —=Wi(2). (3.40D)
€ Ve
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Figure 3.1 GAD trajectories from three different local minima (mq,mg, and ms) to
two different saddle points (s; and s2). The flow indicated by the arrows corresponds
to the averaged gradient system (3.39). The dash-dotted curves represent the sta-
ble/unstable manifolds of the two saddle points, determining the basin boundaries
of the three local wells. The thick dashed curves with arrows marked represent the
trajectories of MsGAD by the HMM. For comparison, the thin solid curves show the
trajectories of the GAD directly applied to the closed form (3.39) of the averaged
system.

Here & is the diffusion coefficient for the slow dynamics, i is the coupling
constant between the slow and the fast dynamics, and W;(¢) is an L*([0, 1])-
valued Wiener process with a positive-definite (spatial) covariance operator
Q. The term W, represents white noise in time, and ¢ is the noise inten-
sity. The Laplacian operator is given by A = 92. For any fixed u¢ = u,
the equilibrium distribution of the SPDE (3.40b) is the Gaussian measure
N(p(I — A)tu,0%(1 — A)7'Q/2) on the Cameron-Martin space. Taking Q
as the identity operator (formally treating W, as spatio-temporal white noise),
the averaged equation for the limiting solution u becomes

O = K*At+u — u® + (I — A) ', (3.41a)
ou ou
—| =0, —| =0. 3.41b

An energy functional U (u, ¢) jointly defined for the pair (u, ¢) is given by:

1, 1
/ B2 + (u? = 1) = gy + 562 + 567 da, (3.42)
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indicating that (3.40) is a gradient system. Therefore, the MsGAD formulation
only modifies one direction:

Dyt = 8,0, o) 4 20T (0,0 o (3.43a)
(v, ve)
1 .
@J:—Q%Uwa¢y+;gmuy (3.43D)
Ot = —02U (uf, ¢°)v° + Cv® — a0~ (3.43¢)

Here 6,,U and 6,U are the first-order Fréchet derivatives of U (u, ¢) with respect
to u and @, respectively, while 62U is the Hessian matrix. The operator C is
defined as: C' = —%(MU ® 0, U + %5“7[]@) 6, U.

In the numerical tests, parameters are set to x = 0.01, ¢ = 0.3, and
1 = 1. In this configuration, u = 4+1.4142 are two local minima of the effective
dynamics. When g = 0, the minima shift to u = 41. The corresponding saddle
points for these cases are shown in Fig. 3.2 [41].

[——
= =0

. . . . . . . .
0.2 0.4 0.6 0.8 1 ) 0.2 0.4 0.6 0.8 1
x T

a b

Figure 3.2 Two types of index-1 saddle points for ;1 = 0 (dashed lines) and p = 1
(solid lines). The saddle point in a has a lower energy than the saddle point in b.

The MsGAD system (3.43) is solved using both the HMM and SCM. The
HMM applies the convex splitting method for time discretization of (3.43a),
ensuring a large time step At. Spatial discretization uses the central finite
difference method with a uniform mesh size Az = 1/200. The term 62U (u, ¢)v
in (3.43) is approximated using finite differences:

ﬁwm@vz;mUW+hm@—%Um¢m

where h = 0.001; For SCM, the boosted system modifies (3.43) by coupling
additional variables and noise terms:
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0, U (us, o), v°

(0.U(w, ). >vf, (3.44a)
{ve, )

D = =5, (u, &) + J‘E_Awﬂ(w, (3.44b)

Ot = —0,U(us, ¢°) + 2

€A
€ _i € € L T
0 = ~ AU 9 + = Wanlt), (3.44c)
atve — —(SiU(U,E, ¢E)U€ + f(ue’ ¢e) <g(ue’ ¢€),U€>
— f(u¥9) {g(uf, ¢), v) — av". (3.44d)

Here W and W, are two independent and identically distributed copies of
W;, and (-,-) denotes the inner product in L?([0, 1]).
Define the errors as follows,
erry(t) = ||lug(x,t) — u*(x)] 2, errg(t) = ||ug(z,t) — u*(z)] 2,

where ug(z,t) is the solution of (3.43) obtained using the HMM, and ug(z, t)
is the solution of (3.44) obtained using the SCM. The true solution, u*(z), is
computed using the classic GAD applied to the closed form of the averaged
system (3.41), with a very fine time step size and a sufficiency small tolerance.

To evaluate the efficiency of the HMM and SCM, we tested the saddle
point with the lowest energy (as shown in Fig. 3.2) using the initial condition
uo(x) = cos(mz).

In the HMM, the macro-time step size for u¢ and v is set to At = 0.025,
while the micro-time step size for ¢¢ is 6t = 0.01 x €. To examine the effect of
the sample size M, simulation were performed with varying M values, running
until the error reduced to 104 The errors are plotted against both physical
time and the number of force evaluations (including direction calculations) in
Fig. 3.3 [41]. A smaller sample size M leads to larger and earlier fluctuations in
the error, as seen in Fig. 3.3a. However, smaller M significantly reduces com-
putational costs, as evident from Fig. 3.3b. While further reductions in M are
possible to minimize costs, achieving an error as small as 10~* requires either
switching to a larger M near the saddle point or employing time-averaging to
reduce variance. _

For the standard SCM, we used At = 1.0 x 1072 for all components, with
e =1.0x 107* and A = 10 (effectively, ¢ = e\ = 1.0 x 1073). In the adaptive
SCM, these parameters (At and ¢') remained constant until time t,, when the
error errg reached a threshold of 1072. From ¢,, the time step size At = k~1/2A¢
and € = k~/2¢ were progressively reduced, where k denotes the number of
time steps since t,. As described in section 3.1.1, the SCM’s final output is
the time-averaged solution:

u(z,t) = ! /tu(ﬂc, s)ds,

t_to to




Variants of Gentlest Ascent Dynamics for Transition States B 41
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Figure 3.3 a shows the evolution of the error with the physical time for the classic
GAD applied to the effective dynamics (3.41) and for the HMM to (3.43) with various
sample sizes M = 1000 and 10000; b is the decay of the errors with the number of
force calculations.

where ty = 10. This continuous-time integral is implemented iteratively using
discrete time points.

Fig. 3.4 demonstrates the evolution of the error in the SCM [41]. For a fixed
¢ = 1073, the error plateaued near 10~3. However, when € was reduced gradu-
ally, the error decreased further, eventually reaching 1075, This improvement,

SCM
SCM (averaged output)
adaptive SCM

== adaptive SCM (avaraged output)

[Ju

SCM
SCM (avaraged ouput)
adaptive SCM

\ —4{)—begin adaptive point
\ —A—Dbegin averaging point
——begin averaging point

=== adaptive SCM (avaraged output)

100 150 200 250 300 350 400 450 0 2 4 6 8 10 12 14 16 18 20

a b

Figure 3.4 The evolution of the error with the time in the seamless coupling method.
b is the same plot as a in the early stage before time ¢ = 20. The solutions are
averaged w.r.t. time after the burn-in time ¢; = 10, which are shown by the two
triangular symbols in the plot. The resulted new outputs are shown in dashed thick
lines. The value of € and the step size in the adaptive SCM start to decay when the
error decreases to 0.01, which is shown by the diamond symbol in the right plot. The
“SCM” means the standard SCM with a fixed ¢’ and a constant time step size.
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== == adaptive SCM
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HMM(M=10000)

I I I
10° 10* 10° 10°
number of force calculations

Figure 3.5 The illustration of the computational costs for the SCM, the adaptive ver-
sion of SCM (both with averaged output), and the HMM (the line with noticeable
oscillations corresponds to M = 1000; the other line represents M = 10000). The
plot is presented on a log-log scale.

however, comes at the cost of increased stiffness, necessitating smaller time
steps. The log-log plot in Fig. 3.5 highlights the rapid growth in computational
cost as € decreases.

Fig. 3.5 also compares the computational performance of the SCM, adap-
tive SCM, and HMM [41]. While the SCM is cost-effective in quickly reaching
regions of interest, it becomes computationally expensive for small ¢. Con-
versely, the HMM is more suited for precise computations near the saddle
point. Based on these findings, a practical strategy might involve starting
with a boosted ¢ in the adaptive SCM to efficiently locate the region of in-
terest, followed by switching to the HMM with an adaptive choice of M. The
optimal selection of parameters for both methods remains an open question
of practical and theoretical interest, warranting further investigation.

Numerical validation for simplified GAD

A two-dimensional example The first test aims to locate the saddle point of
the following two-dimensional non-gradient system:

2

1
di=—5 > Ay + %Fz‘(l’)a =12 (3.45)
=1

where

0.8 —-0.3 -1
0 =10,A = [_0.2 0.5 ] JTi(z) = (1 + (z; — 5)2) , 1=1,2.

This system has two stable fixed points:
my = (0.5931,0.7655), my = (5.8770, 6.2507)
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and a unique saddle point s = (1.7954, 3.3088). The simplified GAD trajecto-
ries of the z—component (solid lines) starting from m; and ms, are shown in
Fig. 3.6 [43]. The solid lines represent the trajectories, computed using initial
direction vectors v = [1,0] and [0, 1], respectively.

Figure 3.6 Simplified GAD trajectories of the z— component from two locally stable
fixed points (my and ms) to the saddle point s. The dark and the grey solid curves
represent the trajectories with initial vector v = [1,0] and [0, 1], respectively. The
arrows indicate the flow of the non-gradient system (3.45). The dash-dotted curves
represent the stable/unstable manifolds of the saddle point, where the stable manifold
is the basin boundary between m; and mo.

Equation (3.45) corresponds to the effective dynamics of the slow-fast sys-
tem (3.28), as discussed in section 3.3. The second test applies the simplified
MsGAD (3.26) to locate the saddle point of (3.45), using the same setting for
A, T'; and 0. When the HMM is employed, the resulting trajectories closely
match those in Fig. 3.6. Therefore, we focus here on the results obtained us-
ing the seamless coupling method, which requires selecting a sufficiently small
number €. Fig. 3.7 illustrates the x component trajectories computed with the
seamless coupling method, starting from m; and my and converging to the
saddle point s [43]. The initial direction vectors v are identical to those used
in Fig. 3.6.

Nucleation in the presence of shear flow In this example, we tackle a
more challenging problem: nucleation in a reaction-diffusion system under
the influence of shear flow. Nucleation is a significant physical phenomenon
[52, 79, 69, 84, 109], often characterized by the saddle point of the Ginzburg-
Landau free energy. In gradient systems driven solely by free energy, the
string method [19, 22] is typically used to compute the minimum energy path.
However, when shear flow is introduced, the system becomes non-gradient,
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Figure 3.7 Simplified MsGAD trajectories computed using the seamless coupling
method. The small parameter ¢ is 107°. The initial direction vectors v and anno-
tations follow the same conventions as in Fig. 3.6.

necessitating the use of the minimum action method [20] to compute the min-
imum action path and identify the saddle point along it. By contrast, our
simplified GAD directly calculates the saddle point without requiring the en-
tire path.

The Ginzburg-Landau free energy of the order parameter ¢(z,y) is given
by:

B(9)= [ VP + 3(1- %) dady, (3.46)

where £ = 0.01, the domain 2 = [0, 1] x[0, 1] has periodic boundary conditions.
We consider two cases of the shear flow, illustrated in Fig. 3.8 [43], leading to
the following dynamics of the Allen-Cahn equation:

1. Shear flow in the x— direction:

oE

O = s + v sin(27y) 0,0, (3.47)
2. Shear flow in both direction:
E
O = _oF + v sin(2my)0,¢ + 7 sin(27x) 0y ¢, (3.48)

0¢

where 7 is the shear rate, and the Fréchlet derivative of E is 0,E =
—KAG — ¢+ ¢,
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Figure 3.8 Shear flow vector fields used in equations (3.47) (left) and (3.48) (right).

We aim to locate the index-1 saddle point ¢(z,y) of the dynamics (3.47)
and (3.48) using the simplified GAD. Denoting the right-hand side of these
equations by b(¢), the corresponding GAD system is:

{ 0 = b(6) — 2 (b(¢), v) v/ |[v]|*, (3.49a)
dyv = Db(¢)v — (v, (Db)v) v/ ||v]|?, (3.49b)
where v = v(z,t), (-,-) is the L? inner product, and ||-|| is the L? norm.

Remark 3.3 Here the dynamics is a PDE model and we can have the an-
alytical expression for the Jacobian and its transpose. We take the case in
equation (3.47), for example, to show Db and its adjoint (Db)T. b(¢p) =
KAQ+ ¢ — @3+ sin(21y)0,¢. Db(p)v = kAv+v—3¢*v+ysin(2my)d,v. Then
(Db(¢))"w = kAw +w — 3¢>*w — v sin(2my ) d,w since the adjoint of O, is —0,.
This example shows that when b is a differential operator, one may obtain the
“transpose” (adjoint) of the Jacobian analytically. Then the two forms of the
simplified GAD (3.22) and (3.23) are both applicable in such cases.

In numerical tests, we use the mesh points with N, = N, = 128 in the
finite difference method for spatial discretization. The two metastable states
are @ = 1 and ¢ = —1 regardless of the shear flow. By solving the simplified
GAD (3.49), we shall get different index-1 saddle points for various 7. We are
interested in the effect of the shear rate on the profiles of saddle points. It is
noted that the steady states for any shear flow preserve the symmetry ¢ —
—¢ and equation (3.48) additionally preserves another symmetry ¢(z,y) —
&(y, ). So there are multiple symmetric images of one steady state. All of our
plots below display only one of the symmetric images.

For the dynamics in (3.47), the shear force acts only in the z—direction. As
the shear rate + increases, the saddle point profiles are shown in Fig. 3.9 [43].
We have the following interesting observation from this figure: the profiles
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Figure 3.9 The contour plots of the saddle points ¢(z,y) of the model (3.47) at various
shear rates . The profile of ¢ becomes stretched horizontally as v gets larger. But it
becomes lamellar phase and does not change any more when ~ is sufficiently large.
The colourbar on the right of each figure shows the values of ¢.
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of the saddle points get more and more stretched along the shear direction
until a lamellar phase is attained for v large enough. In fact, the lamellar
phase shown in the last two subfigures (Fig. 3.9(e) and Fig. 3.9(f)) is always a
saddle point for 7. It seems to have a critical 7, between 0.05 and 0.065 such
that for v < 7., there are two saddle points: one is twisted and the other is
lamellar, and for v > 7., it seems only one index-1 saddle point, the lamellar
phase. To determine which saddle point corresponds to the minimal action
for escaping at v < -, additional computations using the minimum action
method [52] are required.

For the dynamics in (3.48), the shear flow introduces forces in both z— and
y— directions. The saddle point profiles for various v are shown in Fig. 3.10
[43]. The shear “twists” the profiles again but in different patterns. Similarly
to the first case, the saddle point is finally unchanged when ~ is sufficiently
large. And eventually, the saddle point forms an “X” shape. For small shear
rate, the “X” shaped saddle point, the last image in Fig. 3.10 does not exit,
unlike the lamellar phase in the previous shear flow case. Thus, there seems to
have only one index-1 saddle point at any 7, except for the symmetric images.
In summary, the shear flow acting on the Ginzburg-Landau energy landscape
induces a variety of different patterns of the saddle points and transition mech-
anisms. Our simplified GAD offers a useful tool to locate these saddle points
with economic computational costs.

APPENDIX
The proof of Theorem 3.1
Proof Theorem 3.1 (a) By the condition that (x.,v.) is a fized point of the
simplified GAD (3.22), we have
b(x,) — 2 (b(xy),ve) v =0, (3.50a)
J(z)ve = (U, J(24)04) Vs (3.50b)
FEquation (3.50b) implies that v, is the eigenvector of J(x,) corresponding to

the eigenvalue A\, = (v., J (x4 )vy) . Making inner product with v, on both sides
of (3.50a), we get

(b(x4), ve) — 2(b(4), Vi) (U, V) = 0.

Since ||v.]| = 1, we have (b(x.),v.) = 0. Thus b(z.) =0 by (3.50a).
(b) Since x4 is a fized point of the system & = b(x), we have b(zs) = 0,
thus

b(xs) — 2 (b(xy), v vi/ [[oi|> =0, i=1,2,...,n. (3.51)
Since J(xs)v; = N\jvg, by taking inner product with v; on both sides of (3.50b)
and using the condition ||v;|| = 1, we get \; = (J(zs)vs, v;), and

J(xs)v; — (J(xg)vj,v)v; =0, i=1,2,...,n. (3.52)
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Figure 3.10 The contour plots of the saddle points ¢(z, y) of the model (3.48) at various
shear rates . The profile of ¢ gets twisted more and more as 7y increases and forms
an “X” shape in the end. The colourbar on the right of each figure also shows the
values of ¢.
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FEquation (3.51) and (3.52) imply that (x5, v;) is the fized point of the simplified
GAD (3.22) for alli=1,2,---,

Next, we write down the eigenvalues and corresponding eigenvectors of the
Jacobian matriz of the simplified GAD at any fized points (xgs,v;). First, the
Jacobian matriz of the simplified GAD (3.22) has the expression:

- Ny, 0
J(ZES,UZ') = [*1 Ml] 5

)

(3.53)

where
N, i =J— 2)\1'%’”[7 My :=J -\ — Uivﬂ)\i +J).

The eigenvalues of J can be obtained from the eigenvalues of its two diag-

onal blocks Ny and M. It is verified that
Nyv; = Ju; — 2)\iviviTvi = —\v;,
Nyv; = Ju; — 2\00]v; = Ay,
Myv; = Ju; — \v; — viv] (N + J)v; = —2\w;,
and
M (v; — (v, vl)vz) Muo; — (vTvi)Mvi
= (J = X — o] (N + J))v; + 2\ (v; Tv)v;
= (N — \)v; UZ()\ + A)v]v; + 2\ (v; Tvi)vs
= (Aj — M)y —vi(Aj — )‘i)UiTUj
= (A = X)(v; = (v]v))vi).

Hence the eigenvalues of the Jacobian matriz J at any fived points (Ts,vi),1 =
1,2,...,n are

The linear stability condition is that all the above eigenvalues of J are negative.
Thus one fixed point (xs,vy) is linearly stable if and only if Ay > 0 and all

other eigenvalues \; < 0 for j #i'. In this case, the fized point x4 is an index-1
saddle point of the system & = b(x).

Remark 3.4 Theorem 5.1 also holds for the simplified GAD (3.23). In this
case, the Jacobian matriz of the simplified GAD (3.23) becomes

: N, 0
J(msvwi) - [*2 Mg] ,

Y

where
Ny :=J =2 w;w], and My :=J" — N\ —waw] (N + J7).

This Jacobian matriz has the same eigenvalues (3.54) as the Jacobian matrix
(3.53) of the simplified GAD (3.22).
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Relation with the Hamilton’s equation In this part, we discuss the Hamilton’s
equation associated with the rare event study of the equation (1.1). According
to the Freidlin-Wentzell large deviation principle (LDP) [31], as ¢ — 0, the
most probable transition path over the time interval [0, 7] of the system (1.1)
is a minimizer of the following Freidlin-Wentzell action functional

Sl = /0 TL(aﬁ, ¢)dt, (3.55)

where the Lagrangian L(x,y) is defined as

La,y) = 5 (v~ b(x).y — b)) (3.56)

(-,-) is the inner product in R?. The Hamiltonian H(z, p), as the conjugate of
the Lagrangian L(x,y), is

H(x,p) = (b(x),p) + (p,p) /2. (3.57)

It is well-known that the minimizer of S[¢|, denoted as z(t), satisfies the
Hamilton’s equations

{:‘c = H, = b(x) + p(t), (3.58a)
p=—H,=—J(z)'p(t), (3.58b)

where p(t) is the (generalized) momentum. J(z) = Db(x) is the Jacobian
matrix we have used before in the GAD. The eigenvalues of J(x) are denoted
as {\;}. Equation (3.58) looks superficially similar to equation (3.23) with two
differences: (1) the signs before J(z)T are the opposite and (2) the momentum
p is not a unit vector as the direction variable w. In fact, the critical point of
(3.58) is (x4, p«) where b(z,.) = 0 and p, = 0 by assuming that J(x,) is non-
degenerate. Assume J(x) has the right-eigenvectors v; and the left-eigenvectors
Wi
JUZ‘ = >\ivi7 and JTU)i = )\Z-wi, 1 S ) S d,

where all eigenvalues are assumed distinctive and the left or right eigenvectors
both form a basis of R?. We introduce the normalized unit vector u to represent
the direction of p. Define the scalar [ = ||p||®, then v = p/vI and [ = 2 (p, p) =

-2 <p, JTp> = =2l <u, JTu>. So,

0= jt (\%) = T (@)u+ (u, Ju)u. (3.59)

By the important zero-Hamiltonian condition[31] H = 0, we have

L= |lp|]* = =2 (b,p) = —2V1 (b, u),
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that is,
1=0, or Vi=-2(b(z),u).

[ = 0 means p = 0, which corresponds to the original dynamics & = b(x).
| is not always zero for the exit dynamics, then vI = —2(b(x),u) and the
equation (3.58a) becomes

i = b(x) + Viu = b(z) — 2 (b(z), u) u. (3.60)

So far, by (3.59) and (3.60), we get the momentum-normalized version for
the Hamilton’s equations (3.58) restricted on the zero-H hypersurface:

& = b(w) = 2 (b(x), u(t)) u(t)/ u()|”, (3.61a)
= —J(x)u + <u, JTu> u. (3.61Db)

|luo|| = 1 is assumed. Note that this dynamics (3.61) is not exactly identical
to the original Hamilton’s equation (3.58) since the branch of p = 0 has been
discarded.

Now, the only difference between the Hamilton’s equation (3.61) and the
simplified GAD (3.23) is the opposite sign on the right hand sides of (3.61b)
and (3.23b). By Remark 3.4, the Jacobian matrix of (3.61) is Na, _124[2 ,
whose eigenvalues are —\;, 2\, {\j,j # i}, {\ — \;, 7 # i} . The position dy-
namics in (3.23) and (3.61) have the same form of applying the projection
matrix [ — 2ww" or I —2uu' in front of the original force b(x). The difference
is which direction they select. If x were frozen, the w dynamics in equation
(3.23b) picks up the least stable direction while the momentum direction in
Hamilton’s equations uses the most stable direction. Thus the GAD (3.23)
can converge to the saddle point of the vector field b(z) while the Hamiltonian
dynamics (3.61) has no stable steady state. So one may view the simplified
GAD as a modification of the Hamilton’s equation by flipping the sign of the
(normalized) momentum to stabilize the saddle point. Note that although we
can introduce a factor vy for (3.23b), as shown in Remark 3.2, to speed up the
clock for the direction dynamics, there is no such a freedom for the Hamilton’s
equation (3.61b).

In conclusion, several innovative extensions of Gentlest Ascent Dynam-
ics (GAD) have been introduced to enhance the identification of transition
states in complex rare event systems. The multiscale Gentlest Ascent Dynam-
ics (MsGAD) was presented as an effective tool for slow-fast systems, ensuring
computational efficiency while resolving multiscale dynamics. The simplified
GAD, designed for non-gradient systems, significantly reduces computational
costs by eliminating the need for Jacobian matrix transpose operations, while
maintaining accuracy. An adaptation of this simplified approach for multi-
scale non-gradient slow-fast systems further optimizes performance for com-
plex problems. Additionally, a linear projection operator was introduced to
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address numerical challenges arising from higher-order spatial derivatives in
energy functionals within the H~! metric. The numerical validation of these
methods demonstrated their effectiveness and computational advantages, con-
firming the potential of these extensions to tackle complex transition state
identification problems efficiently. These novel variants of GAD offer signifi-
cant improvements in both accuracy and computational efficiency, paving the
way for more scalable and practical applications in rare event studies.





