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C H A P T E R 4

Enhanced Numerical
Schemes in IMF for
Transition States

A s discussed in section 2.3, the Iterative Minimization Formulation (IMF)
identifies the saddle points by solving a sequence of minimization sub-

problems. These involve a position variable and an orientation vector, each
optimized independently. This chapter focuses exclusively on minimizing the
position variable-referred to as the translation step. We reformulate this min-
imization problem into a gradient flow dynamics framework and employ ad-
vanced numerical techniques to solve it efficiently. Specifically, the convex
splitting method and the scalar auxiliary variable (SAV) approach are em-
ployed in sections 4.1 and 4.2, respectively, to locate transition states. These
strategies allow for larger time step sizes, significantly enhancing computa-
tional efficiency.

Moreover, recognizing the challenges in calculating saddle points in theH−1

metric compared to the L2 metric, we introduce a projection-based adaptation
to the IMF in section 4.3. This method incorporates a straightforward linear
projection operator into the L2 metric dynamics, enabling the efficient com-
putation of transition states in the H−1 metric while substantially reducing
computational costs.

Given that the IMF relies heavily on the quality of initial conditions and
exhibits only local convergence, we propose an innovative enhancement in
section 4.4. By incorporating a proximal function as a penalty term into the
auxiliary function, We ensure strict convexity of the subproblems. This de-
velopment leads to the iterative proximal minimization (IPM) method, which
guarantees the existence of a well-defined minimizer for each subproblem, re-
gardless of the initial conditions. Notably, this method demonstrates rapid
convergence even when the initial estimate is far from the true saddle point.
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LetM denote a function space over the interval [a, b], such as the Hilbert
space H1([a, b]) or a subspace of L2([a, b]). For higher-dimensional cases, the
same principles apply. Our goal is to identify the transition state of the energy
functional F on M.

Assume that the second-order variational derivative (Hessian) of F inM,
denoted as H(ϕ) := δ2

ϕF (ϕ), exists. The IMF described in section 2.3 can then
be reformulated as: 

v(k+1) = argmin
∥v∥=1

〈
v,H(ϕ(k))v

〉
, (4.1a)

ϕ(k+1) = argmin
ϕ

L(ϕ;ϕ(k), v(k+1)), (4.1b)

where the auxiliary functional L is defined as:

L(ϕ;ϕ(k), v(k+1)) = (1− α)F (ϕ) + αF (ϕ− ϕ̃)− βF (ϕ(k) + ϕ̃), (4.2)

with ϕ̃ given by:
ϕ̃ := (v(k+1) ⊗ v(k+1))(ϕ− ϕ(k)). (4.3)

Here, v(k+1) belongs to the tangent space ofM, denoted as TM. The operation
(u⊗ v)ϕ = ⟨v, ϕ⟩u is defined for u, v ∈ TM.

The solution of the variational subproblem (4.1b) at the k-th IMF cycle
is approximated by the steady state of the gradient flow associated with L
under the chosen metric:

∂ϕ

∂t
= −δL

δϕ
, in L2 metric, (4.4)

or
∂ϕ

∂t
= ∆δL

δϕ
(ϕ), in H−1 metric. (4.5)

It is important to note that in the H−1 metric, the inner product used in the
rotation step remains identical so that in the L2 metric:〈

v,−∆H(ϕ(k))v
〉
H−1

=
〈
v,H(ϕ(k))v

〉
L2
.

In subsequent sections, we introduce the convex splitting method for the
IMF applied to (4.4), and the SAV method to (4.5). Notably, both methods
can be applied to interchangeably to these equations with effective results.

4.1 CONVEX SPLITTING METHOD IN IMF

Suppose the energy functional F (ϕ) can be decomposed using a convex split-
ting form:

F (ϕ) = Fc(ϕ)− Fe(ϕ), (4.6)
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where Fc(ϕ) and Fe(ϕ) are both convex with respect to ϕ. Substituting (4.6)
into the auxiliary functional L defined in (4.2), we derive its convex splitting
form:

L(ϕ; ϕ(k), v(k+1)) = Lc(ϕ; ϕ(k), v(k+1))− Le(ϕ; ϕ(k), v(k+1)), (4.7)
where the components Lc and Le are given by:

Lc(ϕ;ϕ(k), v(k+1)) =
Fc(ϕ) + αFe(ϕ) + αFc(ϕ− ϕ̃) + βFe(ϕ(k) + ϕ̃), if α ≥ 0, β ≥ 0;
Fc(ϕ) + αFe(ϕ) + αFc(ϕ− ϕ̃)− βFc(ϕ(k) + ϕ̃), if α ≥ 0, β ≤ 0;
Fc(ϕ)− αFc(ϕ)− αFe(ϕ− ϕ̃) + βFe(ϕ(k) + ϕ̃), if α ≤ 0, β ≥ 0,

(4.8)

and
Le(ϕ;ϕ(k), v(k+1)) =
Fe(ϕ) + αFc(ϕ) + αFe(ϕ− ϕ̃) + βFc(ϕ(k) + ϕ̃), if α ≥ 0, β ≥ 0;
Fe(ϕ) + αFc(ϕ) + αFe(ϕ− ϕ̃)− βFe(ϕ(k) + ϕ̃), if α ≥ 0, β ≤ 0;
Fe(ϕ)− αFe(ϕ)− αFc(ϕ− ϕ̃) + βFc(ϕ(k) + ϕ̃), if α ≤ 0, β ≥ 0.

(4.9)

Property 4.1 The terms Lc(ϕ; ϕ(k), v(k+1)) and Le(ϕ; ϕ(k), v(k+1)) are convex
with respect to ϕ for any given ϕ(k) and any v(k+1).

Proof Property 4.1 We demonstrate the convexity of Lc in this specific case:
α ≥ 0, β ≥ 0. The convexity of Le and the other cases follow similarly.

It suffices to show that the terms Fc(ϕ − ϕ̃) and Fe(ϕ(k) + ϕ̃) in (4.8) are
convex with respect to ϕ. Let Hc and He represent the Hessian matrices of
Fc(ϕ) and Fe(ϕ), respectively. By definition, both are semi-positive definite
due to the convexity of Fc and Fe.

Using the definition of ϕ̃ in (4.3), the second-order variational derivatives
of Fc(ϕ− ϕ̃) and Fe(ϕ(k) + ϕ̃) are:

[I − (v ⊗ v)]Hc(ϕ− ϕ̃)[I − (v ⊗ v)]

and
(v ⊗ v)He(ϕ(k) + ϕ̃)(v ⊗ v),

respectively, where v = v(k+1). Since v ̸= 0, these projected Hessian matrices
remain semi-positive definite, completing the proof.

For simplicity, we focus on the case α ≥ 0 and β ≥ 0, omitting
ϕ(k) and v(k+1) from the notation of L(ϕ, ϕ(k), v(k+1)), Lc(ϕ, ϕ(k), v(k+1)) and
Le(ϕ, ϕ(k), v(k+1)). Let ϕn denote the numerical solution at the time level tn.
The time-discrete scheme for the gradient flow (4.4), based on the convex
splitting method, is given by:

ϕn+1 − ϕn

∆t = −
[
δLc
δϕ

(ϕn+1)− δLe
δϕ

(ϕn)
]
, (4.10)
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where
δLc
δϕ

(ϕ) = δFc
δϕ

(ϕ) + α
δFe
δϕ

(ϕ)

+ α
(
I − (v(k+1) ⊗ v(k+1))

)δFc
δϕ

(
ϕ− (v(k+1) ⊗ v(k+1))(ϕ− ϕ(k))

)
+ β(v(k+1) ⊗ v(k+1))δFe

δϕ

(
ϕ(k) + (v(k+1) ⊗ v(k+1))(ϕ− ϕ(k))

)
,

and δLe

δϕ
(ϕ) is obtained similarly by swapping the indices “c” and “e.” The

initial condition is ϕ0 = ϕ(k).

Lemma 4.1 Suppose that ϕ, ψ : [0, 1]× R+ → R are two periodic functions,
and L(ϕ) in (4.2) has the convex splitting form L(ϕ) = Lc(ϕ)−Le(ϕ) as defined
in (4.7). Then the following inequality holds:

L(ϕ)− L(ψ) ≤ ⟨δϕLc(ϕ)− δϕLe(ψ), ϕ− ψ⟩L2 ,

where δϕLc and δϕLe denote the first-order variational derivatives of Lc and
Le with respect to ϕ, respectively.

Theorem 4.1 If the energy functional F (ϕ) has the convex splitting form
F = Fc − Fe, then the time-discrete scheme (4.10) is unconditionally energy
stable. Specifically, for any time step size ∆t > 0, the following inequality
holds:

L(ϕn+1;ϕ(k), v(k+1)) ≤ L(ϕn;ϕ(k), v(k+1)), ∀n ∈ N,

in each k-th cycle for given ϕk and v(k+1).

Proof Theorem 4.1 From the time-discrete scheme (4.10), we have

ϕn+1 − ϕn = −∆t µn+1,

where
µn+1 = δϕLc(ϕn+1)− δϕLe(ϕn).

Substitute ϕ = ϕn+1 and ψ = ϕn into Lemma 4.1, we have:

L(ϕn+1)− L(ϕn) ≤ ⟨δϕLc(ϕn+1)− δϕLe(ϕn), ϕn+1 − ϕn⟩L2

= ⟨µn+1,−∆t µn+1⟩L2

= −∆t∥µn+1∥2
L2

≤ 0, ∀n ∈ N.

This completes the proof.
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Linear and unconditional energy-stable schemes

In many cases, the convex splitting form of an energy functional is not unique.
Suppose the energy functional F (ϕ) admits two convex splitting forms with
the following properties:

F (ϕ) = F l
c(ϕ)− F n

e (ϕ), (4.11)

and
F (ϕ) = F̃ n

c (ϕ)− F̃ l
e(ϕ), (4.12)

where the superscripts “l” and “n” indicate that the first-order variational
derivatives with respect to ϕ“linear” or “nonlinear,” respectively. Based on
these splitting forms, two convex splitting schemes can be constructed to solve
the gradient flow ∂tϕ = −δϕF :

ϕn+1 − ϕn

∆t = −δF
l
c

δϕ
(ϕn+1) + δF n

e

δϕ
(ϕn), (4.13)

and
ϕn+1 − ϕn

∆t = −δF̃
n
c

δϕ
(ϕn+1) + δF̃ l

e

δϕ
(ϕn). (4.14)

Both schemes satisfy the unconditional energy stability. However, they differ in
the nonlinear terms are treated: Scheme (4.13) is time-explicit for the nonlinear
term, while scheme (4.14) is time-implicit for the nonlinear term.

In the context of the IMF, since both Fc and Fe appear in Lc and Le,
adopting a single convex splitting form – (4.11) or (4.12) – inevitably leads to
a nonlinear system. To avoid this, we combine both splitting forms and apply
them to L(ϕ) as defined in (4.2). Specifically, for α, β ≥ 0, we decompose L(ϕ)
as follows:

L(ϕ) = F l
c(ϕ)− F n

e (ϕ)− α
[
F̃ n
c (ϕ)− F̃ l

e(ϕ)
]

+ α
[
F l
c(ϕ− ϕ̃)− F n

e (ϕ− ϕ̃)
]
− β

[
F̃ n
c (ϕ(k) + ϕ̃)− F̃ l

e(ϕ(k) + ϕ̃)
]

=
[
F l
c(ϕ) + αF̃ l

e(ϕ) + αF l
c(ϕ− ϕ̃) + βF̃ l

e(ϕ(k) + ϕ̃)
]

−
[
F n
e (ϕ) + αF̃ n

c (ϕ) + αF n
e (ϕ− ϕ̃) + βF̃ n

c (ϕ(k) + ϕ̃)
]

=: Lc(ϕ)− Le(ϕ),

where ϕ̃ = (v(k+1) ⊗ v(k+1))(ϕ − ϕ(k)). It is straightforward to verify that Lc
and Le are both convex with respect to ϕ.

Using this decomposition, the semi-discrete scheme for (4.4) becomes:

ϕn+1 − ϕn

∆t = −
[
δLc
δϕ

]n+1

+
[
δLe
δϕ

]n
, (4.15)
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where[
δLc
δϕ

]n+1

= δF l
c

δϕ
(ϕn+1) + α

δF̃ l
e

δϕ
(ϕn+1)

+ β(v(k+1) ⊗ v(k+1))δF̃
l
e

δϕ

(
ϕ(k) + (v(k+1) ⊗ v(k+1))(ϕn+1−ϕ(k))

)
+ α(I − (v(k+1) ⊗ v(k+1)))δF

l
c

δϕ

(
ϕn+1 − (v(k+1) ⊗ v(k+1))(ϕn+1 − ϕk)

)
,

and[
δLe
δϕ

]n
= δF n

e

δϕ
(ϕn) + α

δF̃ n
c

δϕ
(ϕn)

+ β(v(k+1) ⊗ v(k+1))δF̃
n
c

δϕ

(
ϕ(k) + (v(k+1) ⊗ v(k+1))(ϕn − ϕ(k))

)
+ α(I − (v(k+1) ⊗ v(k+1)))δF

n
e

δϕ

(
ϕn − (v(k+1) ⊗ v(k+1))(ϕn − ϕ(k))

)
.

Here, ϕ0 = ϕ(k). This scheme is linear and unconditionally energy stable under
the given decomposition.
Remark 4.1 1. When constructing the two convex splitting forms (4.11) and
(4.12), global convexity across the entire configuration space is not required. For
many energy functionals, achieving global convexity for all four components
in (4.11) and (4.12) is infeasible. Instead, convexity needs to hold only locally
within a specific range of ϕ.

4.2 SCALAR AUXILIARY VARIABLE METHOD IN IMF

In this section, we apply the scalar auxiliary variable (SAV) method to dis-
cretize the gradient flow of L(ϕ) within the H−1 metric. The SAV framework
facilitates the construction of energy-stable numerical schemes for the gradient
flow equation (4.5).

The H−1 metric inherently conserves mass, with the initial mass given as:

m =
∫

Ω
ϕ(x, 0)dx.

To adopt the SAV method, we assume the free energy F (ϕ) can be expressed
as:

F (ϕ) = 1
2 ⟨ϕ,Lϕ⟩+ Fn(ϕ),

where L is a symmetric, nonnegative linear operator, and Fn(ϕ) is nonlinear
component. Furthermore, let F (ϕ) and Fn(ϕ) be bounded within [−Ĉ0, Ĉ1]
and [−C̃0, C̃1], respectively, where Ĉ0, Ĉ1, C̃0, C̃1 > 0. By defining C0 =
max{Ĉ0, C̃0} and C1 = max{Ĉ1, C̃1}, we establish:

F (ϕ), Fn(ϕ) ∈ [−C0, C1].
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The functional L(ϕ) is then decomposed as:

L(ϕ) = 1
2 ⟨ϕ,Lϕ⟩+ Fn(ϕ)− 2F (ϕ̂) := 1

2 ⟨ϕ,Lϕ⟩+ Ln(ϕ),

where Ln(ϕ) = Fn(ϕ) − 2F (ϕ̂) ∈ [−C0 − 2C1, 2C0 + C1]. By setting C =
C0 + 2C1, we introduce the auxiliary variable:

r(t) =
√
Ln(ϕ) + C.

Using the SAV reformulation, the gradient flow equation (4.5) becomes:

∂ϕ

∂t
= ∆µ, (4.16a)

µ = Lϕ+ r√
Ln(ϕ) + C

δLn
δϕ

(ϕ), (4.16b)

dr
dt = 1

2
√
Ln(ϕ) + C

〈
δLn
δϕ

(ϕ), ∂ϕ
∂t

〉
, (4.16c)

subject to appropriate boundary conditions. This formulation preserves the
energy dissipation law:

dL
dt = −∥∇µ∥2 ≤ 0.

In fact, taking inner product of(4.16a), (4.16b) and (4.16c) with µ, ∂tϕ and
2r, respectively, and adding them together, we have:

dL
dt =

〈
Lϕ, ∂ϕ

∂t

〉
+
〈

2r, dr
dt

〉

= −∥∇µ∥2 − r√
Ln(ϕ) + C

〈
δLn
δϕ

,
∂ϕ

∂t

〉
+ r√

Ln(ϕ) + C

〈
δLn
δϕ

,
∂ϕ

∂t

〉

= −∥∇µ∥2

≤ 0.

4.2.1 First-Order Time Discrete Scheme

The first-order numerical scheme for (4.16) is as follows:

ϕn+1 − ϕn

∆t = ∆µn+1, (4.17a)

µn+1 = Lϕn+1 + rn+1√
Ln(ϕn) + C

δLn
δϕ

(ϕn), (4.17b)

rn+1 − rn

∆t = 1
2
√
Ln(ϕn) + C

〈
δLn
δϕ

(ϕn), ϕ
n+1 − ϕn

∆t

〉
. (4.17c)
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Define the modified energy:

L(ϕ, r) = 1
2 ⟨ϕ,Lϕ⟩+ r2 − C.

Theorem 4.2 The scheme (4.17) is unconditional energy stable with respect
to the above modified energy:

L(ϕn+1, rn+1) ≤ L(ϕn, rn).

Proof Theorem 4.2 On the one hand, taking inner product of (4.17a),
(4.17b) and (4.17c) with µn+1, ϕ

n+1−ϕn

∆t and 2rn+1, respectively, we get〈
ϕn+1 − ϕn

∆t , µn+1
〉

=− ∥∇µn+1∥2, (4.18)〈
µn+1,

ϕn+1 − ϕn

∆t

〉
=
〈
Lϕn+1,

ϕn+1 − ϕn

∆t

〉

+ rn+1√
Ln(ϕn) + C

〈
δLn
δϕ

(ϕn), ϕ
n+1 − ϕn

∆t

〉
, (4.19)

〈
rn+1 − rn

∆t , 2rn+1
〉

= rn+1√
Ln(ϕn) + C

〈
δLn
δϕ

(ϕn), ϕ
n+1 − ϕn

∆t

〉
, (4.20)

combing the above equalities, we get

−∥∇µn+1∥2 =
〈
Lϕn+1,

ϕn+1 − ϕn

∆t

〉
+
〈
rn+1 − rn

∆t , 2rn+1
〉
. (4.21)

Thus the energy dissipation law can be obtained

L(ϕn+1, rn+1)− L(ϕn, rn) = 1
2
〈
ϕn+1,Lϕn+1

〉
− 1

2 ⟨ϕ
n,Lϕn⟩+ (rn+1)2 − (rn)2

≤
〈
Lϕn+1, ϕn+1 − ϕn

〉
+ 2rn+1(rn+1 − rn)

= −∆t∥∇µn+1∥2

≤ 0,

by using the inequality

(a− b)a ≥ 1
2
(
|a|2 − |b|2

)
.

The scheme (4.17) can be implemented in three steps:
1. Compute bn and cn using their definitions:

bn = 1√
Ln(ϕn) + C

δLn
δϕ

(ϕn) ,

cn = ϕn + ∆trn∆bn − ∆t
2 ⟨b

n, ϕn⟩∆bn.
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2. Solve for ⟨bn, ϕn+1⟩ from:〈
bn, ϕn+1

〉
= ⟨b

n, A−1cn⟩
1 + ∆tαn/2 ,

where αn = −⟨bn, A−1∆bn⟩.

3. Update ϕn+1 using:

(I −∆t∆L)ϕn+1 − ∆t
2 ∆bn

〈
bn, ϕn+1

〉
= cn.

4.2.2 Second-Order Numerical Scheme

The unconditionally energy-stable scheme (4.17) allows for large time step
sizes; however, increasing the step size can lead to greater numerical errors.
To leverage large time steps while ensuring accuracy, it is essential to employ
highly accurate, energy-stable schemes. In this section, we propose a second-
order backward differentiation formula (BDF) scheme for the system described
in (4.16):

3ϕn+1 − 4ϕn + ϕn−1

2∆t = ∆µn+1, (4.22a)

µn+1 = Lϕn+1 + rn+1√
Ln(ϕ∗) + C

δLn
δϕ

(ϕ∗), (4.22b)

3rn+1 − 4rn + rn−1

2∆t = 1
2
√
Ln(ϕ∗) + C

〈
δLn
δϕ

(ϕ∗), 3ϕn+1 − 4ϕn + ϕn−1

2∆t

〉
, (4.22c)

where ϕ∗ = 2ϕn−ϕn−1. This numerical scheme preserves the energy dissipation
law as demonstrated below.
Theorem 4.3 The scheme (4.22) is unconditionally energy stable in the sense
that

L̃
[
(ϕn+1, rn+1), (ϕn, rn)

]
≤ L̃

[
(ϕn, rn), (ϕn−1, rn−1)

]
,

where the modified discrete energy L̃ is defined as

L̃
[
(ϕn+1, rn+1), (ϕn, rn)

]
:= 1

4

[ 〈
ϕn+1,Lϕn+1

〉
+
〈
2ϕn+1 − ϕn,L(2ϕn+1 − ϕn)

〉 ]
+ 1

2

[
(rn+1)2 + (2rn+1 − rn)2

]
.

Proof Theorem 4.3 To prove the theorem, we take the inner products of
2∆tµn+1, 3ϕn+1− 4ϕn +ϕn−1 and 2∆trn+1 with (4.22a), (4.22b), and (4.22c),
respectively. Using the identity

2
〈
ak+1, 3ak+1 − 4ak + ak−1

〉
=
∣∣∣ak+1

∣∣∣2 +
∣∣∣2ak+1 − ak

∣∣∣2 +
∣∣∣ak+1 − 2ak + ak−1

∣∣∣2
−
∣∣∣ak∣∣∣2 − ∣∣∣2ak − ak−1

∣∣∣2 ,
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we immediately obtain the desired result.

Remark 4.2 The unconditional energy stability of the discrete schemes is
theoretically established only in terms of the modified energy. However, nu-
merically, both the modified and original energies are shown to decay over
time, as demonstrated in the numerical results in section 4.5.1.

Remark 4.3 The second-order BDF scheme (4.22) can be replaced by the
Crank-Nicolson scheme, which offers similar accuracy and stability results.
The corresponding scheme is given by:

ϕn+1 − ϕn

∆t = ∆µn+ 1
2 , (4.23a)

µn+ 1
2 = L1

2(ϕn+1 + ϕn) + rn+1 + rn

2
√
Ln(ϕ̄∗) + C

δLn
δϕ

(ϕ̄∗), (4.23b)

rn+1 − rn

∆t = 1
2
√
Ln(ϕ̄∗) + C

〈
δLn
δϕ

(ϕ̄∗), ϕ
n+1 − ϕn

∆t

〉
, (4.23c)

where ϕ̄∗ = (3ϕn − ϕn−1)/2.

4.3 PROJECTED IMF

This section introduces the Projected IMF, which is designed to improve the
performance of IMF methods in locating transition states of energy functional
in the H−1 metric. The key contribution of this method is the adoption of a
projection technique to manage the ill-conditioning that arises when using the
H−1 metric directly.

The original IMF in the spatially extended system to locate the saddle
point of F (ϕ) in the H−1 metric is represented for comparison:

v(k+1) = argmin
∥v∥H−1 =1

〈
v, H̃(ϕ(k))v

〉
H−1

, (4.24a)

ϕ(k+1) = argmin∫
Ω ϕ dx=m

L(ϕ;ϕ(k), v(k+1)), (4.24b)

where H̃ = −∆H = −δ2
ϕF. L(ϕ) = F (ϕ) − 2F (ϕ̂), ϕ̂ = ϕ(k) +〈

v(k+1), ϕ− ϕ(k)
〉
H−1

v(k+1). Because of the mass conservation, the eigenvalue
problem (4.24a) is equivalent to

argmin
ψ

{
R̃(ψ) :

∫
Ω
ψ dx = 0, ∥ψ∥H−1 = 1

}
, (4.25)

where R̃(ψ) is the Rayleigh quotient

R̃(ψ) =

〈
ψ, H̃ψ

〉
H−1

∥ψ∥2
H−1

,
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which is equivalent to finding the smallest eigenvalue of the Hessian of the
functional. This step is mathematically complex because the problem involves
the H−1 inner product, which can lead to ill-conditioning.

The projected IMF is introduced to resolve this ill-conditioning by applying
the projection operator P, as discussed in (3.31) in section 3.4. This projection
converts the minimization problem into one where the inner product is in the
L2− metric, thus avoiding the direct use of H−1 space and simplifying the
computations.

The rotation step (4.24a) can be equivalently transformed to

v(k+1) = argmin ⟨v,PHPv⟩L2 ,

which is also equivalent to the minimization problem

argmin
ψ

{
R̂(ψ) :

∫
Ω
ψ dx = 0, ∥ψ∥L2 = 1

}
, (4.26)

and the Rayleigh quotient is changed as

R̂(ψ) = ⟨ψ,PHPψ⟩L2

∥ψ∥2
L2

.

So the projected IMF written in terms of ⟨·, ·⟩L2 is
v(k+1) = argmin

∥v∥L2 =1

〈
v, Ĥ(ϕ(k))v

〉
L2
, (4.27a)

ϕ(k+1) = argmin∫
Ω ϕ(x)dx=m

L(ϕ;ϕ(k), v(k+1)), (4.27b)

where Ĥ = PHP. The translation step becomes the gradient flow of the
auxiliary functional L(ϕ;ϕ(k), v(k+1)), leading to the equation:

∂ϕ

∂t
= −P

δL

δϕ
(ϕ) = −P

δF

δϕ
(ϕ) + 2

〈
v,
δF

δϕ̂
(ϕ̂)

〉
L2

Pv, (4.28)

where
ϕ̂ = ϕ(k) +

〈
v(k+1), (ϕ− ϕ(k))

〉
L2
v(k+1).

The dynamics (4.28) automatically enforces mass conservation:

∂

∂t

∫
Ω
ϕ(x) dx = −

∫
Ω

P
δL

δϕ
dx = 0.

Thus, the saddle point of F (ϕ) in H−1 metric can be obtained by solving (4.26)
and (4.28). It is easy to find that (4.28) is two orders lower in spatial derivative
than that in H−1 metric directly. Additionally, the projection eliminates the
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need for the inverse of the Laplacian operator ∆−1, which would be required
in the H−1 metric directly.

Denote the mapping: ϕ(k) → ϕ(k+1) in (4.27) as Φ(ϕ), the quadratic con-
vergence rate of the projected IMF can be illustrated by showing the Jacobian
matrix of Φ(ϕ) vanishes at the index-1 saddle point.

Theorem 4.4 Suppose that ϕ∗ is a (non-degenerate) index-1 saddle point of
the functional F (ϕ), H = δ2

ϕF is continuous. For each ϕ, v(ϕ) is the nor-
malized eigenvector corresponding to the smallest eigenvalue of the matrix
Ĥ = PHP, i.e.,

v(ϕ) = argmin
∥u∥=1

uT Ĥ(ϕ)u.

then
(1) ϕ∗ is local minimizer of L(ϕ;ϕ∗, v);
(2) a neighbourhood U of ϕ∗ exists such that for any ϕ ∈ U , L(ϕ;ϕ(k), v) is
strictly convex w.r.t. ϕ ∈ U and thus has a unique minimum in U ;
(3) define the mapping Φ : ϕ ∈ U → Φ(ϕ) ∈ U to be the unique minimizer of
L in U for any ϕ ∈ U . Further assume that U contains no other stationary
points of F except for ϕ∗. Then the mapping Φ has only one fixed point ϕ∗;
(4) Φ(ϕ) is differentiable in U and PΦ′(ϕ∗)P = 0. Thus the iterative mapping
ϕ→ Φ(ϕ) has a local quadratic convergence rate.

Proof Theorem 4.4 The proof of the first three conclusions can be general-
ized from the finite space to the infinite space based on the proof of Theorem
3.1 in [32] without difficuty. The main difference is the proof of the quadratic
convergence rate. Here, we only give the details for the last conclusion.

In fact, the first order variational derivative of L(ϕ;ϕ(k), v(ϕ)) can be cal-
culated as

δϕL(ϕ;ϕ(k), v(ϕ)) = δϕF (ϕ)− 2
〈
v, δϕ̂F (ϕ̂)

〉
L2
v.

At each ϕ(k) ∈ U , the mapping Φ(ϕ(k)) satisfies the first order equation

PδϕL(Φ(ϕ(k)), ϕ(k), v(ϕ(k))) = 0,

i.e.,
PδϕF (Φ(ϕ(k)))− 2

〈
v(ϕ(k)), δϕ̂F (ϕ̂)

〉
L2

Pv(ϕ(k)) = 0. (4.29)

Take derivative w.r.t. ϕ(k) on both sides of (4.29), we get

P2H(Φ(ϕ(k)))P2Φ′(ϕ(k))P− 2
〈
v(ϕ(k)), δϕ̂F (ϕ̂)

〉
L2

P2J(ϕ(k))P

− 2
〈
PJ(ϕ(k))P, δϕ̂F (ϕ̂)

〉
L2

Pv(ϕ(k))

− 2
〈
v(ϕ(k)),PH(ϕ̂)Pϕ̂′

〉
L2

Pv(ϕ(k)) = 0, (4.30)
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where J(ϕ(k)) = ∂v(ϕ(k))
∂ϕ(k) and

ϕ̂′(ϕ(k)) = P +
〈
v(ϕ(k)),Φ(ϕ(k))− ϕ(k)

〉
L2

PJ(ϕ(k))P

+
〈
PJ(ϕ(k))P,Φ(ϕ(k))− ϕ(k)

〉
L2
v(ϕ(k))

+
〈
v(ϕ(k)),PΦ′(ϕ(k))P−P

〉
L2
v(ϕ(k)).

Let ϕ(k) = ϕ∗ be the saddle point, we have Φ(ϕ∗) = ϕ∗, ϕ̂ = ϕ∗, δϕ̂F (ϕ∗) = 0
and ϕ̂′ = P +

〈
v(ϕ(k)),PΦ′(ϕ∗)P−P

〉
L2
v(ϕ∗), thus (4.30) becomes

PH(ϕ∗)P2Φ′(ϕ∗)P
= 2 ⟨v(ϕ∗),PH(ϕ∗)P[P + ⟨v(ϕ∗),PΦ′(ϕ∗)P−P⟩L2 v(ϕ∗)]⟩L2 Pv(ϕ∗),

which can be simplified as

(PH(ϕ∗)P− 2λvvT )PΦ′(ϕ∗)P = 0, (4.31)

where uTv means ⟨u, v⟩. By applying PHPv = λv and PHP(I− vvT )P = 0.
(4.31) turns out

PΦ′(ϕ∗)P = 0.
One can carry out the second order derivative of Φ(ϕ) at ϕ∗ further and observe
that PΦ′′(ϕ∗)P = 0 does not trivially hold. Thus the iteration ϕ→ Φ(ϕ) locally
converges to ϕ∗ with the quadratic rate.

Remark 4.4 The mass conservation constraint is linear in this formulation,
and the projection P used is a standard orthogonal projection. For more com-
plex nonlinear constraints, the projection may need to be adopted to follow the
geodesic distance on the submanifold.

This approach provides a robust and efficient method for finding transition
states in energy landscapes, especially when working with systems defined in
function spaces, such as H−1.

4.4 ITERATIVE PROXIMAL MINIMIZATION

In the previous three sections, we explored how transition states can be ef-
fectively located using a combination of the convex splitting method and the
scalar auxiliary variable (SAV) method, which were integrated into the Iter-
ative Minimization Formulation (IMF). The IMF provides a rigorous mathe-
matical framework for analyzing and improving the numerical methods used
to find saddle points of energy functionals. While the IMF demonstrates
quadratic convergence in ideal cases, it suffers from limitations such as lo-
cal convergence and a strong dependence on the quality of initial conditions.
Specifically, when the initial guess is far from the region of attraction of the
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saddle point, the translation step can lead to divergence with large iteration
numbers.

To overcome these challenges, we propose an enhanced algorithm, the It-
erative Proximal Minimization (IPM) scheme, which modifies the IMF by
incorporating a proximal penalty function. This modification improves the ro-
bustness and convergence properties of the algorithm, even when the initial
guess is far from the saddle point.

We introduce the following modification to the IMF, incorporating the
proximal penalty function:


v(k+1) = argmin

∥u∥=1
u⊤H(x(k))u = v1(x(k)),

x(k+1) = argmin
y∈Rd

Lρ(y;x(k), v(k+1)),

(4.32a)

(4.32b)

where where the function Lρ is defined as:

Lρ(y;x, v) :=L(y;x, u) + ρ d(x, y)
=(1− α)V (y) + αV

(
y − vv⊤(y − x)

)
− βV

(
x+ vv⊤(y − x)

)
+ ρ d(x, y)

(4.33)

with ρ > 0 being a positive constant, and d(x, y) is a penalty function on
Rd×Rd. The auxiliary function L remains as in the original IMF, but the ad-
dition of the penalty term d(x, y) ensures that the new formulation encourages
a closer proximity between the updated variables x(k+1) and the previous iter-
ation x(k,S) promoting stability and robustness. The penalty function d(x, y)
is required to satisfy the following assumptions:

Assumption 1 (Penalty Function)
(a) For any x, d(x, y) is convex and C2 in y, and

∇2
yd(x, y) = 0 if and only if y = x;

(b) d(x, y) ≥ 0 for all x, y; and d(x, y) = 0 if and only if x = y;

(c) For any constant ϵ > 0, there exists a positive constant λ̄ϵ > 0, such that

inf
∥x−y∥≥ϵ

λmin(∇2
yd(x, y)) ≥ λ̄ϵ.

Remark 4.5 1. The first condition ensures that d(x, y) is convex, but it
does not imply strong convexity in y. For example, a function like ∥x−y∥2

does not satisfy the first condition. However, functions such as the quartic
penalty d(x, y) = ∥x − y∥4

4 = ∑d
i=1(xi − yi)4 satisfy all the conditions

outlined in Assumption 1. Hence, in the numerical part of the study,
we choose the quartic penalty term .
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2. The second assumption ensures that ∇yd(x, y) = 0 at y = x, which is
crucial for ensuring that the modified functional Lρ retains the same fixed
points as the original IMF.

3. The third condition guarantees that d(x, y) behaves strongly convex out-
side a small neighborhood around x, providing the necessary conditions
for the uniqueness of the minimizer of Lρ.

4. The penalty function d(x, y) is not uniquely determined. For instance, a
cubic form could be used instead of the quartic form presented here. A
detailed comparison of the effects of these two forms is left to the readers
for further exploration.

We also impose the following assumptions on the potential function V to
ensure that the iterative scheme converges to a meaningful solution:

Assumption 2 (Potential Function)

(a) V ∈ C3(Rd) and is Lipschitz continuous with the Lipschitz constant
Lip(V );

(b) V has a non-empty and finite set of index-1 saddle points, denoted by
S1;

(c) The Hessian ∇2V (x) is bounded uniformly, i.e., there exist two constants
λ̄L and λ̄U such that λ̄L ≤ λmin(∇2V (x)) ≤ λmax(∇2V (x)) ≤ λ̄U for all
x ∈ Rd;

(d) All stationary points of the potential function V are non-degenerate,
meaning that for all x ∈ Rd, the eigenvalues of ∇2V (x) are distinct
and non-zero.

Under the above two assumptions, we can derive key properties of the
modified auxiliary function Lρ in the IPM method. To begin, we introduce
the mapping Φρ : Rd → 2Rd , which represents the set of global minimizers of
the function Lρ(y;x, v1(x)) for a given x ∈ Rd.

Definition 4.1 Let Φρ : Rd → 2Rd be the (set-valued) mapping defined by

x 7→ Φρ(x) := argmin
y∈Rd

Lρ(y;x, v1(x)) (4.34)

If the optimization problem has no optimal solution, Φρ(x) is defined as the
empty set. If the optimal solution is not unique, Φρ(x) contains all global
minimizers.

The following theorem characterizes the fixed points of Φρ and their rela-
tionship to the index-1 saddle points of the potential function V .
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Theorem 4.5 Assuming Assumption 1 and Assumption 2 hold, the fol-
lowing statements are true:
(1) There exists a positive constant ρ̄, depending on the bounds of ∇2V , α

and β, such that for all ρ ≥ ρ̄, we have:
Φρ(x∗) = {x∗}, ∀x∗ ∈ S1.

(2) If Φρ(x∗) = {x∗} with ρ > 0, then x∗ ∈ S1.
Remark 4.6 The selection of the penalty factor ρ̄ is independent of the saddle
point x∗, meaning that the algorithm does not require prior knowledge of the
saddle point in practice.

The proof of Theorem 4.5 involves the following proposition and theorem
4.6, and is provided in the Appendix.
Proposition 4.1 Let V be a continuous Lipschitz function with Lipschitz con-
stant Lip(V ). For any point x ∈ Rd, any unit vector ū ∈ Sd−1, and two con-
stants α and β, the function
y 7→ L(y;x, ū) = (1− α)V (y) + αV

(
y − ūū⊤(y − x)

)
− βV

(
x+ ūū⊤(y − x)

)
is Lipschitz continuous with respect to y, and its Lipschitz constant is:

Lip(L) = (|α|+ |1− α|+ |β|) Lip(V )
Proof Proposition 4.1 For each x ∈ Rd and y1, y2 ∈ Rd, we have
∥L(y1;x, ū)− L(y2;x, ū)∥
≤ |1− α| ∥V (y1)−V (y2)∥+|α|

∥∥∥V (y1 − ūū⊤(y1 − x)
)
−V

(
y2 − ūū⊤(y2 − x)

)∥∥∥
+ |β| ∥V (x+ ūū⊤(y1 − x))− V (x+ ūū⊤(y2 − x))∥

≤ |1− α|Lip(V )∥y1 − y2∥+ |α|Lip(V )∥(I− ūū⊤)(y1 − y2)∥
+ |β|Lip(V )∥ūū⊤(y1 − y2)∥.

Then the conclusion is clear since ∥Px∥ ≤ ∥x∥ for any projection matrix P.
The following theorem establishes the existence and uniqueness of mini-

mizers for the optimization problem (4.34) in Φρ(x) when x ∈ Ω1, and demon-
strates that these minimizers remain within the index-1 region Ω1.
Theorem 4.6 Suppose Assumption 1 and Assumption 2 hold. For any
compact subset Ω′

1 ⊂ Ω1 and constants α + β > 1, there exists a positive
constant ρ̄ > 0 depending on α, β, and Ω′

1, such that for all ρ > ρ̄, the following
optimization problem has a unique solution:

min
y∈Rd

Lρ(y; x, v1(x)) = L(y; x, v1(x)) + ρ · d(x, y). (4.35)

This unique solution x̂, lies within the index-1 region, i.e., Φρ(x) = {x̂} ⊂ Ω1,
where v1(x) is the smallest eigenvector of the Hessian matrix H(x) = ∇2V (x).

The detail proof is left to the Appendix.
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A key feature of the proposed method is the incorporation of a non-
quadratic penalty function d, satisfying Assumption 1, into the auxiliary
function existing within the original IMF framework. This modification is
straightforward and enhances the convergence behaviour of the algorithm.
The principal steps of the Iterative Proximal Minimization (IPM) algorithm
are outlined in Algorithm 1. It is important to note that, in practice, the inner
minimization subproblems are solved approximately using a suitable stopping
criterion. Additionally, when computing transition states in the H−1 metric,
IPM can be combined with the projection technique discussed in section 4.3,
which is further demonstrated through numerical examples.

Algorithm 1 Iterative Proximal Minimization Algorithm
1: Input: initial guess x(0), ρ0 > 0, tol > 0.
2: Output: saddle point x.
3: begin
4: Solve the min-mode v(0) = argmin

∥u∥=1
u⊤H(x(0))u;

5: k = 0;
6: while |∇V (x(k))| > tol do
7: y0,k ← x(k);
8: for i = 0, 1, 2, · · · ,M − 1 do
9: yi+1,k = yi,k − ∆t ∗ ∇Lρ(yi,k;x(k), v(k)); // gradient descent for Lρ in

(4.33)
10: end for
11: k = k + 1;
12: x(k) ← yM,k;
13: v(k) = argmin∥v∥=1 u

⊤H(x(k))u; // solve the minimal eigenvector
14: end while
15: return x(k)

4.5 NUMERICAL EXAMPLES

In this section, we demonstrate the three proposed methods for locating saddle
points using two examples: the one-dimensional Ginzburg–Landau free energy
and the two-dimensional and three-dimensional Landau-Brazovskii free ener-
gies.

4.5.1 Ginzburg-Landau Free Energy

Consider the one-dimensional Ginzburg–Landau free energy defined on the
interval [0, 1]:

F (ϕ) =
∫ 1

0

[
κ2

2 (∂ϕ
∂x

)2 + f(ϕ)
]

dx, (4.36)
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where ϕ(x) represents an order parameter, such as the concentration of one
component in a binary alloy, and κ > 0 is the mobility parameter. f(ϕ) = (ϕ2−
1)2/4. Two gradient flows are commonly used in physics models, depending
on the choice of metric for the gradient:

1. In L2 metric: the (non-conserved) Allen-Cahn (AC) equation

∂ϕ

∂t
= −δF

δϕ
(ϕ) = κ2∆ϕ− (ϕ3 − ϕ); (4.37)

and

2. In H−1 metric: the (conserved) Cahn–Hilliard (CH) equation:

∂ϕ

∂t
= ∆δF

δϕ
= −κ2∆2ϕ+ ∆(ϕ3 − ϕ). (4.38)

Here δF
δϕ

represents the first-order variation of F in the L2 sense. The Allen-
Cahn and Cahn-Hilliard equations are widely used in phase-field models in
material sciences and fluid dynamics to model complicated moving interfaces.

We focus on locating the unstable index-1 saddle point of the Ginzburg-
Landau free energy (4.36). These saddle points correspond to the “spike-like”
stationary solutions, also known as “canonical nuclei,” as discussed in [5]. We
search for the saddle points of F in both L2 and H−1 metrics.

The auxiliary functional L, as given in (4.2), is modified for the AC and
CH equations (with α = 0, β = 2) as follows:

L(ϕ;ϕ(k), v(k+1)) = F (ϕ)− 2F (ϕ̂) (4.39)

where
ϕ̂ := ϕ(k) + ϕ̃ = ϕ(k) + (v(k+1) ⊗ v(k+1))(ϕ− ϕ(k)). (4.40)

Here, (v ⊗ v)u = ⟨v, u⟩v for any u, v,, and the inner product ⟨· , ·⟩ represents
either the L2−type inner product (for the AC equation) or the H−1−type
inner product (for the CH equation).

Saddle points in L2 metric

In the L2 metric, the second-order variational operator H(ϕ) of the energy
functional F , evaluated at ϕ, in the IMF is given by

H(ϕ)ψ = δ2
ϕF ψ = −κ2∆ψ + f ′′(ϕ)ψ, ∀ψ ∈ H2([0, 1]),

where H2 is the standard Sobolev space. The eigenvalue problem for this
operator

H(ϕ)ψ = −κ2∆ψ + f ′′(ϕ)ψ = λψ, (4.41)
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subject to boundary conditions, where λ is the eigenvalue. Using the Rayleigh
quotient, the eigen-pair for the min-mode, denoted by {λ1, ψ1}, solves the
following variational problem:

min
ψ∈H1([0,1])

R(ψ) := ⟨ψ,Hψ⟩L2

∥ψ∥2
L2

=
∫ 1

0 κ
2 |∇ψ|2 + f ′′(ϕ)ψ2 dx∫ 1

0 |ψ|
2 dx

.

After the min-mode is obtained, the subproblem of minimizing the auxiliary
functional (4.39) is then solved by evolving the gradient flow:

∂ϕ

∂t
= −δL

δϕ
(ϕ) = −δF

δϕ
(ϕ) + 2(v ⊗ v)δF

δϕ
(ϕ̂),

which leads to the equation

∂ϕ

∂t
= κ2∆ϕ− ϕ3 + ϕ− 2(v ⊗ v)(κ2∆ϕ̂− ϕ̂3 + ϕ̂). (4.42)

Here, v = v(k+1) is the min-mode of H(ϕ(k)), and ϕ̂ is defined in (4.40).

Saddle points in H−1 metric

In this section, we focus on locating the transition state of F (ϕ) in the H−1

metric. The relationship between the inner product and norms in the H−1 and
L2 metrics is given by:

∥ϕ∥2
H−1 =

〈
(−∆)−1ϕ, ϕ

〉
L2
, ⟨ϕ, ψ⟩H−1 =

〈
(−∆)−1ϕ, ψ

〉
L2
, (4.43)

where (−∆)−1, a bounded positive self-adjoint linear operator, is the inverse
of −∆ subject to certain boundary condition. From this, we can deduce the
variational derivatives in the H−1 metric:

δϕF
∣∣∣∣
H−1

= −∆δϕF, H̃ := δ2
ϕF
∣∣∣∣
H−1

= −∆δ2
ϕF,

where δϕF and δ2
ϕF are the first and second order variational derivatives of

F (ϕ) in L2 metric, respectively.
Since mass is conserved in the H−1 metric, the eigenvectors or perturba-

tions must belong to the subspace
{
ψ :

∫ 1
0 ψ(x)dx = 0

}
. The eigenvalue prob-

lem for H̃ is  H̃(ϕ)ψ = −∆(−κ2∆ψ + f ′′(ϕ)ψ) = λψ,∫ 1
0 ψ(x)dx = 0,

(4.44)

subject to Neumann or periodic boundary conditions. For a non-zero eigen-
value, the eigenvector ψ automatically satisfies the condition

∫ 1
0 ψdx = 0. For

a zero eigenvalue, this condition must be imposed explicitly.
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The Rayleigh quotient with respect to H−1 metric is:

R̃(ψ) =

〈
ψ, H̃ψ

〉
H−1

∥ψ∥2
H−1

=
∫ 1

0 κ
2 |∇ψ|2 + f ′′(ϕ)ψ2 dx∫ 1

0 ψ∆−1ψdx
,

and the min-mode is the minimizer of the following problem:

argmin
ψ

{
R̃(ψ) :

∫ 1

0
ψ dx = 0, ∥ψ∥H−1 = 1

}
. (4.45)

To minimize the auxiliary functional L at each cycle k, the subproblem be-
comes:

ϕ(k+1) = argmin∫ 1
0 ϕ(x)dx=m

L(ϕ;ϕ(k), v(k+1)), (4.46)

where m =
∫ 1

0 ϕ
(k)dx, ensuring mass conservation in each IMF cycle. The

functional L(ϕ) is defined as in (4.40) with the modification of ϕ̂ given by:

ϕ̂ := ϕ(k) +
〈
v, ϕ− ϕ(k)

〉
H−1

v = ϕ(k) +
〈
−∆−1v, ϕ− ϕ(k)

〉
L2
v

= ϕ(k) +
〈
w, ϕ− ϕ(k)

〉
L2
v,

(4.47)

Here, w := −∆−1v is the unique solution to the equation −∆w = v, with the
additional condition

∫ 1
0 w dx = 0. Then, the variational of L(ϕ) is:

δϕL(ϕ) = δϕF (ϕ)− 2w
〈
δϕF (ϕ̂), v

〉
L2
.

The gradient flow of L in the H−1 metric is:
∂ϕ

∂t
= ∆δL

δϕ
(ϕ) = ∆δϕF (ϕ) + 2v

〈
δϕF (ϕ̂), v

〉
L2
, (4.48)

which simplifies to the equation:
∂ϕ

∂t
= −κ2∆2ϕ+ ∆(ϕ3 − ϕ) + 2v

〈
v,−κ2∆ϕ̂+ ϕ̂3 − ϕ̂

〉
L2
, (4.49)

where v = v(k+1) refers to the min-mode of (4.44) at ϕ(k), with ∥v∥H−1 = 1.
Note that the inner product in (4.48) is in the L2 sense due to the cancellation
of ∆ and ∆−1, but the inner product involving ϕ̂ remains in the H−1 metric.
This introduces an additional computational cost, as solving for w = −∆−1v
is required during the IMF subproblem, unlike in the GAD scheme where ϕ̂ is
simply ϕ(k) and only one evolution step is needed.

Remark 4.7 The flow (4.48) conserves the mass
∫ 1

0 ϕ(x)dx, similar to the
CH equation (4.38), and thus the mass constraint in (4.46) holds automati-
cally. This means that the IMF mapping ϕ(k) → ϕ(k+1) does not change the
mass at each cycle k. To prove this, we integrate both sides of (4.48) and use
the boundary conditions (Neumann or periodic). The condition

∫ 1
0 v(x)dx =

0, which is the eigenvalue condition for the min-mode v, ensures mass
conservation.
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In the following numerical test, we set the initial mass m = 0.6 for the H−1

metric case and search for the transition states satisfying
∫ 1

0 ϕ(x)dx = m.

convex splitting scheme results

In this subsection, we explore the application of the convex splitting method
to the saddle point search problems in both the L2 and H−1 metrics. Two
convex splitting forms of F (ϕ) are discussed in the context of ϕ, given by:

F l
c(ϕ) =

∫ 1

0

[
κ2

2 (∂ϕ
∂x

)2 + ϕ2 + 1
4

]
dx, F n

e (ϕ) =
∫ 1

0
−1

4ϕ
4 + 3

2ϕ
2 dx. (4.50)

and

F̃ n
c (ϕ) =

∫ 1

0

[
κ2

2 (∂ϕ
∂x

)2 + 1
4ϕ

4 + 1
4

]
dx, F̃ l

e(ϕ) =
∫ 1

0

1
2ϕ

2 dx. (4.51)

Remark 4.8 The functionals in (4.51) are always convex, while the second
functional F n

e in (4.50) is convex only within the region ϕ ∈ [−1, 1]. In gen-
eral, when global convexity is not available, to obtain the locally contractive Fc
and expansive Fe terms, one typically introduces a sufficiently large positive
constant C. For instance the quadratic term −ϕ2 in the functional (4.36) can
be written as Cϕ2 − (1/2 + C)ϕ2, which makes the convex region of F n

e valid
for ϕ2 ≤ (2C + 1)/3. The form in (4.50) corresponds to C = 1.

The L2 gradient flow of the Ginzburg-Landau functional ensures that the
solution ϕ(t) always remains in the region [−1, 1] by the maximum principle,
provided the initial condition satisfies |ϕ(0)| ≤ 1. However, the H−1 Cahn-
Hillard flow may not necessarily respect this condition, and it is nontrivial to
establish such L∞ bounds a prior. For an in-depth theoretical investigation of a
convex splitting schemes, we refer to the work in [26], which explores a convex
splitting scheme for phase field crystal models. In our numerical simulations,
we choose the minimal value C such that the local convexity holds for the initial
configuration. Empirically, we did not observe unstable phenomena in the two
test cases considered here. However, it should be noted that this choice of C
lacks a theoretic foundation and cannot be guaranteed to work in all situations.

We consider both the Neumann and periodic boundary conditions. For the
AC equation, the Neumann boundary condition is given by:

∂xϕ(0) = ∂xϕ(1) = 0,

while for the Cahn-Hilliard (CH) equation, the Neumann boundary conditions
are:

∂xϕ(0) = ∂xϕ(1) = ∂3
xϕ(0) = ∂3

xϕ(1) = 0.
The periodic boundary condition simply requires that ϕ(x) = ϕ(x+ 1), ∀x ∈
[0, 1], which induces a degeneracy at any stationary solution due to the invari-
ance of translation in the spatial variable, i.e., ϕ(x) → ϕ(x + c). This means
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that the second smallest eigenvalue of the index-1 saddle points is zero. De-
spite this degeneracy, the quadratic convergence rate of the IMF method is
unaffected by the boundary condition. It is improtant to note that the mass∫ 1

0 ϕ(x)dx is conserved in the H−1 metric, and any stationary solution remains
stationary if an arbitrary constant is added. This degeneracy can be eliminated
by restricting the solutions to a subspace where the mass is fixed a priori. For
the same reason, any eigenvectors or perturbations should be restricted to
have zero mass. Further details regarding this degeneracy and the impact of
boundary conditions on the solution will be discussed later in the text. It is
also worth noting that the existence of a simple index-1 saddle point under
Neumann boundary conditions for the AC or CH equations is theoretically
guaranteed for sufficient small κ for the double well potential. For more de-
tails, we refer the reader to [4, 5] and references therein. In our calculations,
we restrict our analysis to cases with not too large domains, i.e., where the
parameter κ in (4.36) is small enough to posses saddle points bu not too small
to make the domain excessively large.

Convex Splitting Scheme. By substituting (4.50) and (4.51) into different
instances of F in L(ϕ), we obtain the convex splitting form of L(ϕ):

L(ϕ) =
[
F l
c(ϕ) + 2 F̃ l

e(ϕ̂)
]
−
[
F n
e (ϕ) + 2 F̃ n

c (ϕ̂)
]

=: Lc(ϕ)− Le(ϕ),

where

Lc(ϕ) =
∫ 1

0

[
κ2

2 (ϕx)2 + ϕ2 + 1
4 + ϕ̂2

]
dx,

Le(ϕ) =
∫ 1

0

[
−1

4ϕ
4 + 3

2ϕ
2 + κ2(ϕ̂x)2 + 1

2 ϕ̂
4 + 1

2

]
dx.

Here, ϕ̂ is defined in (4.47). The first order variational derivatives of Lc(ϕ) and
Le(ϕ) are

δϕLc(ϕ) = −κ2∆ϕ+ 2ϕ+ 2(v ⊗ v)ϕ̂,
δϕLe(ϕ) = −ϕ3 + 3ϕ+ 2(v ⊗ v)

(
−κ2∆ϕ̂+ ϕ̂3

)
,

in the L2 metric, and

δϕLc(ϕ) =− κ2∆ϕ+ 2ϕ+ 2
〈
v, ϕ̂

〉
L2
w,

δϕLe(ϕ) =− ϕ3 + 3ϕ+ 2
〈
−κ2∆ϕ̂+ ϕ̂3, v

〉
L2
w,

in the H−1 metric. Thus, the convex splitting scheme for (4.42) in the L2

metric is:
ϕn+1 − ϕn

∆t =
[
κ2∆ϕ− 2ϕ− 2(v ⊗ v)ϕ

]n+1

+
[
−ϕ3 + 3ϕ+ 2(v ⊗ v)

(
− κ2∆ϕ̂+ ϕ̂3

)]n
,

(4.52)
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with ⟨v, v⟩L2 = 1 and (v ⊗ v)ϕ̂ = (v ⊗ v)ϕ, while the convex splitting scheme
for (4.49) in the H−1 metric is:

ϕn+1 − ϕn

∆t =
[
−κ2∆2ϕn+1 + 2∆ϕn+1 − 2

〈
w, ϕn+1

〉
L2
⟨v, v⟩L2 v

]
− 2

〈
v, ϕ(k)

〉
L2
v + 2

〈
w, ϕ(k)

〉
L2
⟨v, v⟩L2 v

+
[
∆(ϕn)3 − 3∆ϕn + 2

〈
v,−κ2∆ϕ̂n + (ϕ̂n)3

〉
L2
v
]
,

(4.53)

where v = v(k+1), w = −∆−1v(k+1) and ϕ̂n is from (4.47) with ϕ = ϕn.
Non-convex-splitting Scheme. For comparison, We utilize traditional semi-

implicit schemes, which are not in the form of a convex splitting method.
The non-convex splitting scheme (nCS) is derived by linearizing the nonlinear
terms. The following two nCS schemes correspond to the L2 and H−1 metrics:

ϕn+1 − ϕn

∆t =κ2∆ϕn+1 + ϕn+1 −
(
[ϕn]3 + 3[ϕn]2(ϕn+1 − ϕn)

)
− 2

[
⟨v, κ2∆ϕ̂− ϕ̂3 + ϕ̂⟩v

]n
. (4.54)

ϕn+1 − ϕn

∆t =− κ2∆2ϕn+1 −∆ϕn+1 + ∆
[
(ϕn)3 + 3[(ϕn)2(ϕn+1 − ϕn)]

]
− 2

[
⟨v, κ2∆ϕ̂− ϕ̂3 + ϕ̂⟩v

]n
. (4.55)

In numerical tests for the L2 metric case, we use κ = 0.01 and the finite
difference method with the mesh grid {xi = ih, i = 0, 1, 2, . . . , N}, where
h = 1/N and N = 200. A finer mesh with N = 1000 is also used to verify the
results. Two homogeneous constant states: ϕ+(x) ≡ 1 and ϕ−(x) ≡ −1, are
the only steady states of the free energy F (ϕ) in the L2 metric, regardless of
boundary conditions.

For the Neumann boundary condition(NBC), there are two transition
states for different initial conditions: ϕ0(x) = cosπx and ϕ0(x) = cos 2πx,
as shown in Fig. 4.1 a and b, respectively. The later has two transition layers
and a higher free energy than the former, which has only one single layer. For
the periodic boundary condition(PBC), with initial condition ϕ0(x) = sin 2πx,
the transition state is displayed in Fig. 4.1c, which is a translation of the tran-
sition state in Fig. 4.1 b. The numerical results have been published in [42].

Fig. 4.2 shows the quadratic convergence rate of the IMF for both boundary
conditions [42], consistent with the theoretical results. In the computation,
each subproblem is solved with extremely high precision to ensure convergence.

In order to compare the performance of the convex splitting (CS) scheme
(4.52) with the non-convex splitting (nCS) scheme (4.54), we examine three
aspects. First, we compare the number of iterations required by the CSS and
nCSS to attain the same error tolerance err := ∥δϕL(ϕn)∥L2 within a fixed
cycle. Results for the first cycle, with tolerance values of 1.0 × 10−4, 1.0 ×
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Figure 4.1 Profiles of some saddle points (solid lines) of F (ϕ) in L2 metric computed
from various initial states (dashed lines). a and b: the Neumann boundary condition;
c: the periodic boundary condition. The free energy F for these three plotted states
from left to right are 0.0094, 0.0188, and 0.0188, respectively. κ = 0.01.

10−6 and 1.0 × 10−8 are shown in Table 4.1. The CS scheme shows better
stability than the nCS scheme, especially when using a large time step size
(with divergence indicated by∞), and requires fewer iterations to achieve the
same accuracy [42].

The second comparison focuses on the overall efficiency in locating the
transition state. Specifically, we fix the number of inner iterations and com-
pare the required outer cycles to reach the given error tolerance, defined by∥∥∥δϕF (ϕ(k))

∥∥∥
L2

. The total computational cost is then defined as the product
of the inner iteration count (“iter#”) and the number of outer cycles. The
results are summarized in Table 4.2, from which two key conclusions emerge:
(1) For both boundary conditions, the CS scheme exhibits a reduction in total
computational cost with increasing time step size, whereas the nCS scheme
becomes divergent for large time step sizes; (2) When using very small time
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Figure 4.2 The validation of the quadratic convergence rate of the IMF mapping Φ by
plotting the decay of the error, measured by the force ∥δϕF (ϕ(k))∥L2 at each cycle k.

TABLE 4.1 The comparison of the CS scheme (4.52) and nCS
scheme (4.54) for the subproblem within the first cycle
ϕ(0) → ϕ(1) = Φ(ϕ(0)). The integers shown in the table are the
required number of iterations for (4.52) and (4.54) to achieve the
prescribed error tolerance ∥δϕL(ϕn)∥L2 ≤ 10−4, 10−6, and 10−8.

∆t The required number of iterations
err = 10−4 err = 10−6 err = 10−8

(4.52) (4.54) (4.52) (4.54) (4.52) (4.54)
0.01 777 763 1092 1074 1407 1386
0.1 92 78 129 111 166 144
5.0 16 ∞ 23 ∞ 30 ∞
10 14 ∞ 21 ∞ 28 ∞

a NBC. The initial state is ϕ(0) = cosπx.

∆t The required number of iterations
err = 10−4 err = 10−6 err = 10−8

(4.52) (4.54) (4.52) (4.54) (4.52) (4.54)
0.01 728 722 1043 1034 1358 1347
0.1 86 74 123 108 160 141
5.0 14 ∞ 22 ∞ 29 ∞
10 13 ∞ 20 ∞ 27 ∞

b PBC. The initial state is ϕ(0) = sin 2πx.
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TABLE 4.2 The comparison of the required number of outer cycles
for the CS scheme (4.52) and the nCS scheme (4.54) to attain the
given error tolerance ∥δϕF (ϕ(k))∥L2 ≤ 10−8 when the inner
iteration number is fixed as 50, 80, and 100, respectively, for
different time step sizes.

∆t The number of cycles
iter # = 50 iter # = 80 iter # = 100

(4.52) (4.54) (4.52) (4.54) (4.52) (4.54)
0.01 29 28 18 18 15 14
0.1 4 3 3 2 2 2
5.0 1 ∞ 1 ∞ 1 ∞

a NBC. The initial state is ϕ(0) = cosπx.

∆t The number of cycles
iter # = 50 iter # = 80 iter # = 100

(4.52) (4.54) (4.52) (4.54) (4.52) (4.54)
0.01 28 27 17 17 14 14
0.1 4 3 3 2 2 2
5.0 1 ∞ 1 ∞ 1 ∞

b PBC. The initial state is ϕ(0) = sin 2πx.

step sizes, such as ∆t = 0.01, there is little difference in the computational
cost between the CS and nCS schemes [42].

Finally, to better visualize the improvement of the CS scheme over the
nCS scheme, we plot the decay of the error ∥δϕF (ϕ)∥L2 with respect to the
total iteration number, as shown in Fig. 4.3. This plot illustrates the trade-off
between the accuracy (the vertical axis) and the total computational cost (the
horizontal axis). The solid lines represent results from the CS scheme, while
the dashed lines correspond to the nCS scheme [42]. It is important to note
that the step sizes used for the CS and nCS schemes differ in order to achieve
this efficiency gain.

In the numerical test for the H−1 metric case, with N = 200 and κ = 0.04,
the function ϕ(x) is represented by the vector ϕ = (ϕ0, ϕ1, ϕ2, . . . , ϕN)T
for the Neumann boundary condition, and by ϕ = (ϕ0, ϕ1, ϕ2, . . . , ϕN−1)T
for the periodic boundary condition, where ϕi ≈ ϕ(xi). The matrix form of
the Hessian matrix H̃ at the state ϕ is given by H̃(ϕ) = A∇2Fh(ϕ), where
∇2Fh(ϕ) = ∂2Fn

∂ϕi∂ϕj
. A and Fh(ϕ) represent the discretized forms of the opera-

tor −∆ and the potential energy F (ϕ), respectively. According to (4.44), the
equivalent form of H̃ is κ2A2 +A diag {f ′′(ϕ)}. The min-mode v of the Hessian
matrix H̃ can be calculated using the Rayleigh quotient in (4.45).
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Figure 4.3 The decay of the error measured by the gradient ∥δϕF (ϕ(k))∥L2 with the
total iteration number (i.e., the cost) for the CS scheme (4.52) (solid line) and the
nCS scheme (4.54) (dashed line). The inner iteration number in each cycle is fixed
as 100 and the time step sizes are ∆t = 5.0 and 0.1 for the CS and nCS schemes,
respectively.

Fig. 4.4 shows the stationary states of the free energy F (ϕ) in the H−1 met-
ric with the Neumann boundary condition [42]. In Fig. 4.4a, two metastable
states are shown, while Fig. 4.4b shows the transition state (solid line) com-
pared to the initial state (dashed line). Fig. 4.5 shows the stationary states
of F (ϕ) in the H−1 metric for the periodic boundary condition [42]. These
results are consistent with those reported in [113]. It is worth noting that for
the Neumann boundary condition, there are additional stationary states ob-
tainable through symmetric reflection ϕ(x)→ ϕ(1−x) or with higher indices,
which are not shown in Fig. 4.4. The quadrate convergence rate of the IMF
for the H−1 case is further validated in Fig. 4.6, where the error is measured
by the force in the H−1 metric:

err :=
∥∥∥δϕF (ϕ(k))|H−1

∥∥∥
H−1

=
∥∥∥−∆δϕF (ϕ(k))

∥∥∥
H−1

.

To demonstrate the advantage of the CSS over the nCSS, we compare the
performance of the CS scheme in (4.53) with the nCS scheme in (4.55). As
in the L2 metric case, we begin by examining the performance for the sub-
problem. For the first cycle, Table 4.3 compares the inner iteration numbers
required to minimize L for both schemes, in order to reach three error toler-
ances: ∥∆δϕL∥H−1 ≤ 1.0× 10−4, 1.0× 10−5 and 1.0× 10−6. The results show
similar trends to the L2-metric case. When both the CS and nCS schemes
converge for a small time step, the nCS scheme requires fewer iterations to
reach the same tolerance, particularly for the periodic boundary condition.
This is possible become a more stable scheme does not necessarily lead to a
faster convergence rate towards the minimum. The key takeaway from this
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Figure 4.4 (NBC. H−1 metric.) a: two stable stationary states of F (ϕ) with the mass∫ 1
0 ϕ dx = 0.6. F = 0.10240 for the trivial constant state (the thick line) and F =

0.03772 for the transition layer state (the thin line). b: the transition states (solid line)
with the free energy 0.10241 whose first three eigenvalues are λ = −3.41, 3.91, and
18.14, calculated from the initial condition (dashed line) whose first three eigenvalues
are λ = −10.97, 3.45, and 17.48. Note that the vertical axes in subfigures a and b are
in different scales.

0 0.2 0.4 0.6 0.8 1

−1

−0.5

0

0.5

1

x

φ
(x
)

 

 

0 0.2 0.4 0.6 0.8 1
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

x

φ
(x
)

 

 

a Two stable states b Transition state

Figure 4.5 (PBC. H−1 metric.) a: the two stable stationary states of F (ϕ) in H−1

metric with the given mass
∫ 1

0 ϕ dx = 0.6. F = 0.10240 for the constant state and F =
0.07510 for the other non-constant state. b: one of the transition states (solid line)
with the free energy 0.10285 whose first three smallest (numerical) eigenvalues are
−12.75,−1.86× 10−7 (corresponding to theoretical zero eigenvalue), and 46.15. The
initial state is shown as the dashed line in which the first three smallest eigenvalues
are λ = −27.13,−6.81, and 44.98. κ = 0.04. Note the different scales in the vertical
axes.
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Figure 4.6 The quadratic convergence rate of the IMF mapping by plotting the decay
error, measured by ∥∆δϕF (ϕ)∥H−1 at each cycle k. The corresponding initial states
are specified in Fig. 4.4a and 4.4b, respectively.

comparison is that, for both the CS and nCS schemes, a larger time step size
results in fewer iterations, provided the results still converge.

Table 4.4 represents the overall performance of the convex splitting scheme
in the H−1 metric. The conclusions drawn from this table are qualitatively

TABLE 4.3 The comparison of the CS scheme (4.53) and nCS
scheme (4.55) for the subproblem ϕ(0) → ϕ(1) = Φ(ϕ(0)). The
integers shown in the table are the required number of iterations to
achieve the three prescribed tolerances
∥∆δϕL(ϕn)∥H−1 ≤ 10−4, 10−5, and 10−6.

∆t The required number of iterations
err = 10−4 err = 10−5 err = 10−6

(4.53) (4.55) (4.53) (4.55) (4.53) (4.55)
10−3 2956 2647 3332 2993 3709 3339
10−2 550 273 617 308 685 343
10−1 283 ∞ 321 ∞ 360 ∞
1.0 14 ∞ 262 ∞ 298 ∞

a NBC.

∆t The required number of iterations
err = 10−4 err = 10−5 err = 10−6

(4.53) (4.55) (4.53) (4.55) (4.53) (4.55)
10−3 1022 820 1163 939 1305 1057
10−2 281 77 316 88 351 99
10−1 208 ∞ 233 ∞ 257 ∞

b PBC.
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TABLE 4.4 The comparison of the number of outer cycles
required for the CS scheme (4.53) and the nCS scheme (4.55) to
attain the given error tolerance ∥∆δϕF (ϕ(k))∥H−1 ≤ 10−8, when
the inner iteration number is fixed for the different choices of
the time step size ∆t = 10−3, 10−2, and 10−1. The
corresponding initial states are specified in Fig. 4.4b and Fig.
4.5b, respectively.

∆t The number of cycles
iter # = 40 iter # = 50 iter # = 60

(4.53) (4.55) (4.53) (4.55) (4.53) (4.55)
10−3 118 102 95 82 79 69
10−2 28 ∞ 22 ∞ 16 ∞
10−1 16 ∞ 17 ∞ 16 ∞

a NBC.

∆t The required number of iterations
iter # = 50 iter # = 80 iter # = 100

(4.53) (4.55) (4.53) (4.55) (4.53) (4.55)
10−3 34 25 22 16 18 13
10−2 13 ∞ 7 ∞ 8 ∞
10−1 11 ∞ 8 ∞ 7 ∞

b PBC.

consistent with those in Table 4.2. Finally, the evolution of the error, measured
by the force ∥∆δϕF (ϕ(k))∥H−1 , as a function of the total computational cost
(i.e., the total number of iterations) is plotted for both the CSS and the nCSS
schemes. The optimal time step sizes for each method are chosen based on
the data in Table 4.4, and resulting comparison is shown in Fig. 4.7, which
highlights the robustness of the method with respect to the initial states [42].
Specifically, random perturbations are added to the initial guess, resulting in
multiple curves that exhibit the same overall behaviour.

Scalar auxiliary variable results

In this section, we apply the Scalar Auxiliary Variable (SAV) approach to
locate the saddle point of the Ginzburg-Landau free energy in the H−1 metric.

To solve the dynamics described by equation (4.49) efficiently using the
schemes (4.17) and (4.22), we define the operator L and the energy functional
Ln as follows:

L = −κ2∂2
x, Ln =

∫ 1

0

(ϕ2 − 1)2

4 − κ2(∂ϕ̂
∂x

)2 − (ϕ̂2 − 1)2

2 dx.
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Figure 4.7 The evolution of the errors measured by ∥∆δϕF (ϕ)∥H−1 w.r.t. the total
iteration number for the CS scheme (4.53) (solid lines) and the nCS scheme (4.55)
(dashed lines). Different small perturbations around the initial condition used in
Table 4.4 are added as the new initial conditions here to produce multiple lines. For
the Neumann boundary condition in a, the inner iteration number is 40 and the time
step sizes are ∆t = 10−1 and 10−3 for the CS and nCS schemes, respectively. For the
periodic boundary condition in b, the inner iteration number is 50. The time step
sizes are the same as in a.

The corresponding variational derivative is:

δLn(ϕ)
δϕ

= ϕ3 − ϕ− 2v
〈
w,−κ2∂2

xϕ̂+ ϕ̂3 − ϕ̂
〉
.

In the numerical tests, we set κ = 0.04. We begin by validating the accuracy
of the proposed schemes (4.17) and (4.22) for solving the gradient flow equation
(4.49) over one cycle in the IMF. Table 4.5 presents the convergence order of
the two numerical schemes [39], calculated using the formula:

log[e(∆t)/e(∆t/2)],

where e(∆t) = ∥ϕ − ϕ∗∥L2 , and ϕ∗ is the reference solution, computed with
∆t = 10−5 using scheme (4.22). The numerical solution ϕ is obtained with
the time step size ∆t. We test various time step sizes: ∆t = 1.6 × 10−3,
8 × 10−4, 4 × 10−4, 2 × 10−4, 10−4 at t = 0.01. It is important to note that
the convergence order discussed here refers to the rate at which the numerical
solution converges to the steady states of the gradient flow, rather than the
overall convergence rate of the entire algorithm.

Additionally, we demonstrate the energy stability of the scheme over one
cycle by using a grid spacing of ∆x = 0.01 and a time step size of ∆t = 10−4.
Fig. 4.8a shows the energy decay over time for both the modified energy
and original energy [39], as computed by scheme (4.17). The results obtained
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TABLE 4.5 Temporal errors and orders of convergence for ϕ at t = 0.01 with
fixed ∆x = 10−5 and different temporal step sizes ∆t in one cycle in the IMF.
The l2 norm error e(∆t) is computed by comparing with the reference solution
obtained by the second-order scheme with ∆t = 10−5. The order is calculated
through the formula log[e(∆t)/e(∆t/2)].

Scheme ∆t = 1.6e-3 8e-4 4e-4 2e-4 1e-4

1st-order Error 1.57e-2 8.35e-3 4.29e-3 2.16e-3 1.07e-3
Order - 0.91 0.96 0.99 1.01

2nd-order Error 5.13e-4 1.39e-4 3.58e-5 8.89e-6 2.18e-6
Order - 1.88 1.96 2.01 2.03
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Figure 4.8 a is the evolution of original energies (grey line) and modified energies
(black line) obtained by the first-order scheme (4.17) in the first cycle of the IMF;
b: initial state (dashed line), transition state obtained by the IMF-SAV (grey solid
line), reference solution obtained by the string method (grey dotted line); c: quadratic
convergence rate of the IMF-SAV. The error is measured by the force ∥∆δϕF∥H−1 .
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from scheme (4.22) are almost identical to those shown in Fig. 4.8a. Fig. 4.8b
presents the saddle point of the free energy F (ϕ) in the H−1 metric [39], as
obtained using the IMF-SAV method (red solid line). This result matches
exactly with the one obtained using the string method (green dashed line).
Finally, Fig. 4.8c illustrates the quadratic convergence rate of the IMF-SAV
method [39], with the error measured by the force ∥∆δϕF∥H−1 .

Furthermore, to highlight the advantages of the IMF-SAV method, we
compare its performance against two other approaches: the IMF-GD (where
the translation step is handled using the gradient descent method) and the
IMF-SI (where the translation step is treated using a semi-implicit scheme).
The semi-implicit scheme is formulated as follows:

ϕn+1 − ϕn

∆t = −κ2∂4
xϕ

n+1 + ∂2
x (ϕn)3 − ∂2

xϕ
n + 2

〈
v,−κ2∂2

xϕ̂
n + (ϕ̂n)3 − ϕ̂n

〉
v,

where v = v(k+1). The comparison is made from two perspectives:

1. Performance of the Subproblem:
We first compare the performance of the subproblem argminϕ L(ϕ;ϕ(k),

v(k+1)) for three schemes. Specifically, we examine the number of it-
erations each scheme requires to achieve the same error tolerance tol.
Table 4.6 shows the comparison results for tol = 10−4 and 10−6, with
the error measured by ∥δϕL∥H−1 [39]. A value of “∞” indicates that the
computational solution diverges. The table highlights the super stabil-
ity and efficiency of the IMF-SAV method compared to the other two
schemes.

2. Overall Efficiency:
The second comparison evaluates the overall efficiency of the three
schemes in locating transition states. In this case, we fix the number
of inner iterations per cycle and compare the number of outer cycles
required to achieve the same tolerance, ∥δϕF∥H−1 ≤ 10−8. As shown in
Table 4.7, although the IMF-SAV requires slightly more outer cycles than
the IMF-SI method for small time step sizes, it enables the use of larger
time step sizes, which drastically reduces the number of outer cycles. In
contrast, the other two schemes diverge when using the same larger time
step size.

Projected IMF results

In this section, we apply the projected IMF to locate the saddle points of the
Ginzburg-Landau free energy in the H−1 metric. The second minimization
subproblem in the IMF is solved by evolving the gradient flow:

∂ϕ

∂t
=−P

[
− κ2∆ϕ+ (ϕ3 − ϕ)

]
+2

〈
v,−κ2∆ϕ̂+ (ϕ̂3 − ϕ̂)

〉
L2

Pv. (4.56)
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TABLE 4.6 Comparisons of gradient descent method, semi-implicit scheme and SAV for the
subproblem argminϕ L(ϕ; ϕ(0), v(1)) in the IMF. The integers represent the number of
iterations to attain the tolerances ∥∆δϕL∥H−1 ≤ 10−4 or 10−6 using various step sizes ∆t.

The number of iterations
∆t ∥∆δϕL∥H−1 ≤ 10−4 ∥∆δϕL∥H−1 ≤ 10−6

IMF-GD IMF-SI IMF-SAV IMF-GD IMF-SI IMF-SAV
1e-4 5276 5118 5162 6067 5911 6011
1e-3 ∞ 966 986 ∞ 1298 1263
1e-2 ∞ ∞ 269 ∞ ∞ 350
1e-1 ∞ ∞ 206 ∞ ∞ 256

TABLE 4.7 Comparison of the number of outer cycles required for IMF-GD, IMF-SI, and
IMF-SAV when achieving the tolerance ∥∆δϕF ∥H−1 ≤ 10−8 by using various time step sizes
∆t and fixed inner iterations numbers.

The number of cycles
∆t iter# = 50 iter# = 100

IMF-GD IMF-SI IMF-SAV IMF-GD IMF-SI IMF-SAV
1e-4 101 96 98 61 56 59
1e-3 ∞ 33 32 ∞ 17 18
1e-2 ∞ ∞ 12 ∞ ∞ 8
1e-1 ∞ ∞ 11 ∞ ∞ 7

To discretize the dynamics, we apply the convex splitting technique, which
leads to the following time-discrete scheme:

ϕn+1 − ϕn

∆t =P
[
κ2∆ϕ− 2ϕ− 2 ⟨v, ϕ⟩ v

]n+1

+P
[
−ϕ3 + 3ϕ+ 2

〈
v,−κ2∆ϕ̂+ ϕ̂3

〉
v
]n
.

(4.57)

In the simulation, we set κ = 0.04, with the mesh grid {xi = ih, i =
0, 1, 2, . . . , N}, where h = 1/N , N = 100, and ∆t = 0.1. We test both the
projected IMF and the projected GAD under periodic boundary conditions
and find that both methods yield the same transition state. Fig. 4.9a shows
the saddle point of F (ϕ) in the H−1 metric [37], which matches the result
obtained by applying the IMF directly in the H−1 metric. Additionally, the
quadratic convergence rate is verified for the projected IMF, as shown in Fig.
4.9b. To demonstrate the efficiency of this method, we compare the CPU time
required for the original IMF in the H−1 metric with the projected IMF, both
using the same number of inner iterations. Table 4.8 presents the comparison
results for various initial states, ϕ01, ϕ02 and ϕ03. The results indicate that
the projected method reduces computational cost by nearly half, particularly
when large inner iteration numbers are used.
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Figure 4.9 a: Initial state (dashed line); transition state by projected IMF or projected
GAD (light grey line); transition state by IMF in H−1 metric (dark grey line). b:
The decay of the error ∥PδϕF (ϕ(k))∥L2 measured by the L2 norm of the projected
force at each cycle k.

projected IPM results

In the previous subsection, the transition state of the Ginzburg-Landau free
energy in the H−1 metric was obtained using the projected IMF. This method
reduces the fourth-order spatial derivatives to second-order derivatives, re-
sulting in a computational cost savings of approximately half. However, in
practice, the initial state is typically chosen from the MEP, which lies within
the domain of the saddle point. This assumption may not always hold, and
the initial condition can be arbitrary. If the initial state is far from the sad-
dle point, or even within the domain of a local minimum, the IMF can di-
verge when the number of inner iterations is large. Therefor, the convergence
of the IMF method is highly dependent on both a good initial guess and
the number of inner iterations M . To address this issue, we apply the IPM
method combined with the projected technique to locate the saddle point of
the Ginzburg-Landau free energy in the H−1 metric. In the IPM framework,

TABLE 4.8 CPU time (seconds) comparison. “IMF” means the original
IMF in H−1 metric; “Projected IMF” is in L2 metric.

iter# 1e4 2e4 5e4 1e5 2e5

ϕ01
IMF 16.11 32.06 80.52 158.75 320.99

Projected IMF 9.14 18.14 45.94 91.07 182.68

ϕ02
IMF 15.73 32.42 80.55 158.87 316.28

Projected IMF 9.30 18.26 45.27 90.75 179.99

ϕ03
IMF 16.02 33.21 80.24 160.02 325.60

Projected IMF 9.17 18.43 45.71 91.13 183.00
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we use the quartic form described in Remark 4.5, and the auxiliary functional
becomes

Lρ(ϕ, ϕl) =
∫

Ω

[
κ2

2 |∇ϕ|
2 + f(ϕ)− κ2|∇ϕ̂|2 − 2f(ϕ̂)

]
dx+ ρ

∫
Ω
|ϕ− ϕl|4 dx.

(4.58)

The gradient flow of the auxiliary functional Lρ(ϕ, ϕl) in the H−1 metric is
governed by the equation

∂ϕ

∂t
= ∆δϕLρ(ϕ),

where

δϕLρ(ϕ) = −κ2∆ϕ+ (ϕ3 − ϕ) + 2
〈
v1, κ

2∆ϕ̂− (ϕ̂3 − ϕ̂)
〉
L2
v1 + 4ρ(ϕ− ϕl)3,

and ϕ̂ = ϕl +
〈
v1, ϕ− ϕl

〉
H−1

v1.
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Figure 4.10 a: Transition state (solid curves) computed using the IMF and IPM, start-
ing from different initial states. The dashed curves represent the initial states from
the minimum energy path (MEP) as listed in Table 4.9. The dark dashed curve corre-
sponds to the initial state ϕ04 = 0.5 sin(2πx)+0.6. b: Decay of the error ∥∆δϕF (ϕl)∥L2

measured by the L2− norm of the H−1−gradient, starting from the initial state ϕ01
with ρ = 100 and M = 1000.

In the numerical simulation, we use a uniform mesh grid for spatial dis-
cretization: {xi = ih, i = 0, 1, 2, . . . , N}, with h = 1/N and N = 100. The
time step is set as ∆t = 0.1, and the periodic boundary conditions are ap-
plied. For the IPM method, we set the penalty parameter ρ = 100. The saddle
point of F (ϕ) is obtained using this approach is shown in Fig. 4.10 a, and it
matches the results reported in [42, 37]. Moreover, the quadratic convergence
rate of the IPM algorithm is empirically verified, as demonstrated in Fig. 4.10
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TABLE 4.9 Comparison of numerical convergence for three differential
initial guesses ϕ01, ϕ02, and ϕ03, as shown in Fig. 4.10a. “IMF” refers to
the original IMF (ρ = 0), while “IPM” denotes the method with ρ = 100.
M is the number of gradient descent steps used in minimizing the
auxiliary functions. The symbols “✓” and “✗” indicate convergence and
divergence, respectively.

M
ϕ01 ϕ02 ϕ03 ϕ04

IMF IPM IMF IPM IMF IPM IMF IPM
10 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
100 ✓ ✓ ✓ ✓ ✗ ✓ ✓ ✓
200 ✓ ✓ ✗ ✓ ✗ ✓ ✗ ✓
500 ✗ ✓ ✗ ✓ ✗ ✓ ✗ ✓

b. To illustrate the advantages of this method, we compare the convergence
results of the original IMF (ρ = 0) and the IPM (ρ = 100) for different initial
states and varying inner iteration numbers M . Table 4.9 presents the conver-
gence/divergence outcomes for four initial states ϕ01 to ϕ04, confirming that
the introduction of the proximal penalty in the IPM significantly improves the
stability and widens the range of M values for which convergence is achieved,
as compared to the original IMF.

Additionally, the IPM method is applied to locate the saddle point of the
Ginzburg-Landau free energy in L2 metric. The auxiliary functional Lρ is the
same as that in (4.58). The gradient flow of Lρ(ϕ, ϕl) in the L2 metric is given
by:

∂ϕ

∂t
= −δϕLρ(ϕ) = κ2∆ϕ−(ϕ3−ϕ)−2

〈
v1, κ

2∆ϕ̂− (ϕ̂3 − ϕ̂)
〉
L2
v1−4ρ(ϕ−ϕl)3,

with ϕ̂ = ϕl +
〈
v1, ϕ− ϕl

〉
L2
v1.

In the numerical tests, we set κ = 0.1 and apply periodic boundary con-
ditions. Fig. 4.11a shows the transition state (solid line) of the Allen-Cahn
equation and the initial condition (dashed line) used in all tests. The remain-
ing four figures illustrate the decay of the error, measured by ∥δϕF (ϕl)∥L2 ,
in various settings, as a function of the number of the outer cycles (denoted
as “Iteration” in the figures, which corresponds to the iteration index t in
Algorithm 1.) Through extensive testing with various values of ρ and M , we
observe that when ρ = 0 or is too small, the algorithm is prone to divergence as
the inner iteration number M increases. However, By increasing ρ, we expand
the valid range for M in which the algorithm converges. For example, when
ρ = 0.3, M can be as large as 1272 and still result in successful convergence
(Fig. 4.11c), while for ρ = 1, this range can extend up to 104 (Fig. 4.11d). In
contrast, with ρ = 0, the valid range for M is limited to [1, 450] (Fig. 4.11e).

We also explore the efficiency by measuring the error decay in terms of
total computational cost. Table 4.10 suggests that the efficiency is not signif-
icantly affected by the inner iteration M . However, the value of ρ can have a
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Figure 4.11 a: Transition state (solid curves) and the initial state (dashed line); b:
Error decay, measured by ∥δϕF (ϕl)∥L2 , with respect to the outer cycles for a fixed
inner iteration number M = 600 and various ρ = 0.3, 1, 5, 10, 20. c: Error decay with
respect to the outer cycles for ρ = 0.3 (solid lines) and ρ = 0 (dashed lines), using
different inner iteration numbers M = 100, 200, 400, and 1272. The case for M > 450
with ρ = 0 diverges. d: Error decay with respect to the outer cycles for M = 104 and
various values of ρ = 1, 5, 10, 20 : e: Error decay with respect to the outer cycles for
ρ = 10 (solid lines) and ρ = 0 (dashed lines), using different inner iteration numbers
M = 0.5× 104, 1.0× 104, and 1.5× 104. The case for M > 450 with ρ = 0 diverges.
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Table 4.10 Effect of the inner iteration number M : a and b show the required number
of outer cycles (Iter) and the total computational cost ( calculated as the product of
M and Iter) for different inner iteration numbers M = 100, 200, 400, when the error
reaches 10−6. The results are presented for two values of the penalty parameter ρ = 0
and ρ = 0.3, respectively. As the inner iteration number M increases, the required
number of outer cycles decreases, while the total cost remains almost constant.

M Iter Total Cost
100 128 12800
200 64 12800
400 32 12800

M Iter Total Cost
100 127 12700
200 64 12800
400 32 12800

a ρ = 0 b ρ = 0.3

substantial impact. Fig. 4.11b (with M = 600) and Fig. 4.11d (with M = 104)
show that smaller values of ρ lead to better error decay, especially for very
large M . These empirical findings suggest a trade off between robustness and
efficiency: robustness typically requires a large ρ, while efficiency benefits from
a small ρ. Therefore, the optimal value of ρ must be fine-tuned to strike a bal-
ance between these two factors.

4.5.2 Landau-Brazovskii Free Energy

In this section, we expore the nucleation problem of phase transition in di-
blockcopolymers [68, 100]. The model is described by the Landau-Brazovskii
energy functional for the order parameter ϕ, given by

F (ϕ) =
∫

Ω

ξ2

2 [(∆ + 1)ϕ(r)]2 + Φ(ϕ) d r, (4.59)

where the potential Φ(ϕ) is defined as

Φ(ϕ) = τ

2ϕ
2 − γ

3!ϕ
3 + 1

4!ϕ
4.

Here, the parameters are set to τ = −0.15, ξ = 1.0, and γ = 0.25. We consider
the two-dimensional domain Ω = [0, Lx]× [0, Ly] with periodic boundary con-
ditions. The two metastable states under consideration are the lamellar phase
and the cylindrical phase. Additionally, we are interested in the transition state
of F (ϕ) in the H−1 metric, which ensures mass conservation:

∫
Ω ϕ(r)dr = 0.

The first and second order variations of F (ϕ) in the L2 metric are computed
as follows:

δϕF (ϕ) = ξ2(∆ + 1)2ϕ(r) + Φ′(ϕ),
δ2
ϕF (ϕ) = ξ2(∆ + 1)2 + Φ′′(ϕ) := H,
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where Φ′(ϕ) = τϕ− γ
2ϕ

2 + 1
3!ϕ

3,Φ′′(ϕ) = τ − γϕ+ 1
2ϕ

2, and Ĥ = PHP.
In the IMF approach, the eigenvector problem reads H̃(ϕ)ψ = −∆

[
ξ2(∆ + 1)2 + Φ′′(ϕ)

]
ψ = λψ,∫

Ω ψ(r)dr = 0.

Here, the eigenvector v corresponds to the smallest eigenvalue of H̃. The gra-
dient flow associated with the minimization subproblem for the functional
L(ϕ;ϕ(k), v(k+1)) = F (ϕ)− 2F (ϕ̂) is:
∂ϕ

∂t
= ∆δL

δϕ
= ξ2∆(∆ + 1)2ϕ+ ∆Φ1(ϕ) + 2

〈
v, ξ2(∆ + 1)2ϕ̂+ Φ1(ϕ̂)

〉
L2
v,

(4.60)
where Φ1(ϕ) = Φ′(ϕ) = τϕ− γϕ2/2! + ϕ3/3! and ϕ̂ is defined as in (4.47).

Convex splitting method results

Convex-splitting scheme. Two convex splitting forms of the Landau-Brazovskii
energy functional F (ϕ) are chosen as F (ϕ) = F l

c(ϕ)− F n
e (ϕ), with

F l
c(ϕ) =

∫
Ω

ξ2

2
[
(∆ + 1)ϕ

]2
+ τ + 22.75

2 ϕ2 dr, (4.61)

F n
e (ϕ) =

∫
Ω

[
− 1

4!ϕ
4 + γ

3!ϕ
3 + 22.75

2 ϕ2
]
dr, (4.62)

and F (ϕ) = F̃ n
c (ϕ)− F̃ l

e(ϕ), with

F̃ n
c (ϕ) =

∫
Ω

ξ2

2 |∆ϕ|
2 + ( 1

4!ϕ
4 − γ

3!ϕ
3 + ξ2 + τ

2 ϕ2) dr, (4.63)

F̃ l
e(ϕ) =

∫
Ω
ξ2|∇ϕ|2 dr. (4.64)

By substituting (4.61), (4.62), (4.63), and (4.64) into the expressions

Lc(ϕ) = F l
c(ϕ) + 2F̃ l

e(ϕ̂) and Le(ϕ) = F n
e (ϕ) + 2F̃ n

c (ϕ̂),
we obtain the convex splitting form for L(ϕ) = Lc(ϕ)− Le(ϕ), leading to the
discrete scheme:

ϕn+1 − ϕn

∆t = ∆[δϕLc(ϕ)]n+1 −∆[δϕLe(ϕ)]n.

This gives the equation:
ϕn+1 − ϕn

∆t
=
[
ξ2∆(∆ + 1)2ϕ + (τ + 22.75)∆ϕ

]n+1
+ 4ξ2

[
⟨∆v, v⟩ ⟨w, ϕ⟩ v

]n+1

+ 4ξ2
[〈

∆ϕ(k), v
〉
−
〈

w, ϕ(k)
〉
⟨∆v, v⟩

]
v−∆

[
− 1

3!ϕ
3+ γ

2 ϕ2 + 22.75ϕ
]n

+ 2
[〈

v, ξ2∆2ϕ̂ + (ξ2 + τ)ϕ̂− γ

2 ϕ̂2 + 1
3! ϕ̂

3
〉

v
]n

, (4.65)

where ⟨·, ·⟩ denotes the inner product in the L2 space.
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Remark 4.9 The convex splitting forms in (4.61), (4.63) and (4.64) are glob-
ally convex. For the form in (4.62), the constant C in Remark 4.8 is taken as
22.75, which ensures that the convex region is [−6.5, 6.5]. This interval pre-
cisely spans the range of the initial guess. Additionally, we observe that the
values of ϕ consistently remain within the interval [−6.5, 6.5] throughout the
numerical simulation.

For the numerical test, the domain is Ω = [0, 16√
3π]× [0, 8π], and the mesh

girds are {xi = ihx, i = 0, 1, 2, . . . , Nx.} and {yj = jhy, j = 0, 1, 2, . . . , Ny},
with hx = 1/Nx, hy = 1/Ny, and Nx = Ny = 100. To locate the steady states
of F (ϕ), We first consider the gradient flow ∂tϕ = ∆δϕF = ∆[ξ2(∆ + 1)2ϕ +
Φ1(ϕ)]. The initial conditions are taken from equation (2.21) in [100]. The
convex splitting method, based on the forms in (4.61) and (4.62), is applied
to construct the numerical scheme. The steady states, including the lamellar
phase and the cylindrical phase, are shown in Fig. 4.12a and 4.12c, respec-
tively. The transition state obtained using the IMF method is shown in Fig.
4.12b [42].

Scalar auxiliary variable results

To implement the second-order numerical scheme described in equation (4.22),
the operator L and the energy Ln are defined as:

L = ξ2(∆ + 1)2, Ln =
∫

Ω
Φ(ϕ) + ξ2

2 [(∆ + 1)ϕ̂]2 + Φ(ϕ̂) dx.

Next, we compute the derivative of Ln(ϕ) with respect to ϕ:

δLn(ϕ)
δϕ

= Φ′(ϕ)− 2v
〈
w, ξ2(∆ + 1)2ϕ̂+ Φ′(ϕ̂)

〉
L2
.

We now present the results for two-dimensional and three-dimensional cases,
respectively.

2D domain case. For the two-dimensional case, we investigate three differ-
ent domain sizes: small, medium, and large.

• Small domain: For the domain Ω = [0, 16π√
3 ] × [0, 8π], the mesh size is

Nx = Ny = 60. Fig. 4.13a and 4.13b show the two stable stationary
states: the lamellar phase and the cylindrical phase. Fig. 4.13c presents
the transition state obtained using the IMF-SAV method, which aligns
closely with the result in Fig. 4.12b by the convex splitting method. The
quadratic convergence rate is validated and shown in Fig. 4.13d. These
result have been published in [39].
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Figure 4.12 Two stable stationary states a and c and the transition state b of the
2-D Landau-Brazovskii energy in the H−1 metric. Their corresponding free energies
are −16.486, −16.447, and −17.290, from left to right. The smallest eigenvalues are
3.50× 10−6, −4.32× 10−6, and 3.32× 10−6, respectively.

• Medium domain: For the domain [0, 32π√
3 ]× [0, 16π], with Nx = Ny = 240.

The results are shown in Fig. 4.14 [39].

• Large domain: The domain is Ω = [0, 64π√
3 ]×[0, 32π], with Nx = Ny = 960.

The corresponding results are presented in Fig. 4.15 [39].

In all three cases, the transition states display the critical nucleus features
at various computational sizes. We observe that as the domain size increases,
nucleation becomes more pronounced and occurs near the centre of the do-
main, consistent with findings in [68]. Furthermore, the region where nucle-
ation appears to have a fixed physical size, regardless of the computational
domain’s size.

3D domain case In this subsection, we investigate the transition states
of the Landau-Brazovskii free energy on a three-dimensional domain Ω =
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Figure 4.13 Small domain Ω = [0, 16π√
3 ] × [0, 8π]: a and b are two stable stationary

states of the Landau-Brazovskii free energy in the H−1 metric; c is the transition
state; d shows the decay of the error ∥∆δϕF∥H−1 (measured by the H−1 norm of the
force) in each cycle k.

[0, 16π√
3 ]× [0, 8π]× [0, π], with the mesh sizes Nx = Ny = 60 and Nz = 8. The

transition state obtained using the IMF-SAV method is shown in Fig. 4.16c,
Fig. 4.16a and Fig. 4.16b are two steady states [39]. This transition state
exhibits a similar structure to the two-dimensional case, but it is extended in
the z−direction. Its projection onto the xy−plane corresponds exactly to the
two-dimensional transition state presented in Fig. 4.13c. Furthermore, Fig.
4.17 illustrates the quadratic convergence rate of the IMF-SAV method in
this three-dimensional setting [39]. Given that the free energy landscape is
significantly more complex in three dimensions, it is possible that there are
additional transition states that are not captured by our numerical results.
These potential states remain an area for future research and exploration.
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Figure 4.14 Medium domain Ω = [0, 32π√
3 ]× [0, 16π]: a and b are two stable stationary

states of the Landau-Brazovskii free energy; c is the transition state obtained; d
shows the decay of the error ∥∆δϕF∥H−1 (measured by the H−1 norm of the force)
in each cycle k.

projected IMF results

In this section, we compute the transition state of the Landau-Brazovskii
(LB) free energy in the H−1 metric, using the projected IMF. The second
minimization subproblem in the IMF is transformed into the gradient flow:

∂ϕ

∂t
= −P

[
ξ2(∆ + 1)2ϕ+ Φ′(ϕ)

]
+ 2

〈
v, ξ2(∆ + 1)2ϕ̂+ Φ′(ϕ̂)

〉
L2

Pv,

where the parameter ξ remains the same as in previous calculations.
For the two-dimensional numerical example, we assume the periodic bound-

ary conditions. Since this is a fourth-order equation in space, we employ the
Fast Fourier Transform (FFT) to reduce computational cost. We use a mesh
size of Nx = Ny = 64 and a time step size of ∆t = 0.1. The transition
state calculated by the projected IMF (or projected GAD) is shown in Fig.
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Figure 4.15 Large domain Ω = [0, 64π√
3 ] × [0, 32π]: a and b are two stable stationary

states of the Landau-Brazovskii free energy; c is the transition state obtained; d
shows the decay of the error ∥∆δϕF∥H−1 (measured by the H−1 norm of the force)
in each cycle k.

4.18a [37], which matches the result obtained by the IMF in the H−1 metric
directly (Fig. 4.12b). Fig. 4.18b shows the quadratic convergence rate of the
projected IMF [37]. Additionally, we compare the computational efficiency of
the projected IMF with the original IMF in the H−1 metric. The compari-
son is based on the CPU time required for each method, with the same inner
iteration number for both methods. We test various iteration counts: iter#
= 5×103, 6×103, 7×103, 8×103, 9×103 and 104. The results, shown in Table
4.11, indicate that the projected IMF method saves approximately one-third
of the computational cost compared to the original IMF.

In conclusion, we have explored various advanced strategies for improv-
ing the Iterative Minimization Formulation (IMF) in the context of saddle
point identification. The focus was on efficiently solving the translation step
by reformulating the problem into a gradient flow dynamics framework and
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Figure 4.16 3D domain Ω = [0, 16π√
3 ]× [0, 8π]× [0, π]: a and b are two steady states of

the Landau-Brazovskii free energy; c presents the transition state.
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Figure 4.17 Decay of the error ∥∆δϕF∥H−1 , measured by the H−1 norm of the force
in each cycle k.

TABLE 4.11 CPU time (seconds) comparison. “IMF” refers to the original IMF in
the H−1 metric, and “Projected IMF” is in L2 metric.

iter # 5e3 6e3 7e3 8e3 9e3 1e4

ϕ01
IMF 12.62 15.27 17.67 20.35 22.71 25.84

Projected IMF 9.03 11.05 12.71 14.07 16.06 17.62

ϕ02
IMF 12.71 15.56 17.93 20.67 22.97 25.32

Projected IMF 9.05 10.71 12.67 14.47 16.34 17.76

ϕ03
IMF 12.77 15. 82 17.39 19.90 22.01 25.51

Projected IMF 9.07 11.15 12.95 14.56 16.19 18.07
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Figure 4.18 a: Transition state of the Landau Brazovskii free energy in the H−1 metric
using the projected IMF. b: Decay of the error ∥PδϕF (ϕ(k))∥L2 , measured by the L2

norm of the projected force at each cycle k.

employing numerical techniques such as the convex splitting method and the
Scalar Auxiliary Variable (SAV) approach. These methods allow for larger
time step sizes, significantly improving computational efficiency. Additionally,
a projection-based adaptation of IMF for the H−1 metric was introduced, ad-
dressing the challenges of saddle point calculations in this more complex met-
ric. This adaptation, using a linear projection operator, reduces computational
costs while maintaining accuracy. To further enhance the robustness of the
IMF, we developed the Iterative Proximal Minimization (IPM) method. This
method guarantees global convergence by incorporating a proximal function
to ensure the strict convexity of the subproblems, enabling rapid convergence
even with poor initial estimates. Collectively, the methods and innovations
discussed in this chapter provide efficient, reliable, and scalable solutions for
locating transition states, significantly advancing rare event studies and their
applications in complex systems.

APPENDIX 1

The proof of Theorem 4.6

Proof Theorem 4.6 To prove our conclusion, we will claim the optimization
(4.35) is a strictly convex problem by showing that at a sufficiently large ρ, Lρ
is a strictly convex function of y in Rd uniformly for x ∈ Ω′

1. This can be
proved by showing that the minimal eigenvalues of the Hessian matrix are
positive.
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The Hessian matrix of Lρ with respect to y is

Hρ(y;x) := ∇2
yLρ(y;x, v1(x))

= (1− α)H(y) + α
[
I− Π1(x)

]
H(y − Π1(x)(y − x))

[
I− Π1(x)

]
− βΠ1(x)H (x+ Π1(x)(y − x)) Π1(x) + ρ∇2

yd(x, y)
=: H(y;x) + ρ∇2

yd(x, y),
(4.66)

where Π1(x) := v1(x)v1(x)⊤, and the new symmetric matrix

H(y;x) := (1− α)H(y) + α
[
I− Π1(x)

]
H(y − Π1(x)(y − x))

[
I− Π1(x)

]
− βΠ1(x)H(x+ Π1(x)(y − x))Π1(x).

(4.67)

By the inequality

λmin (Hρ(y;x)) ≥ λmin(H(y;x)) + ρ · λmin(∇2
yd(x, y)), (4.68)

we focus on λmin(H(y;x)) first.
Given a compact set Ω′

1 in the index-1 region Ω1, we first fix a point x ∈
Ω′

1 ⊂ Ω1. Then λ1(x) < 0 < λ2(x). Note the eigenvectors of

H(x;x) = (1− α)H(x) + α(I− Π1(x))H(x)(I− Π1(x))− βΠ1(x)H(x)Π1(x)

coincide with the eigenvectors of the Hessian matrix H(x) = ∇2V (x), because
for i ̸= 1, we have

H(x;x)vi(x) = (1− α)H(x)vi(x) + α(I− Π1(x))λi(x)vi(x) + 0
= (1− α)λi(x)vi(x) + αλi(x)vi(x)
= λi(x)vi(x)

and at i = 1,

H(x;x)v1(x) = (1− α)λ1(x)v1(x) + 0− βλ1(x)v1(x)
= (1− α− β)λ1(x)v1(x).

Therefore, the eigenvalues of H(x;x) are given by

{(1− α− β)λ1(x), λ2(x), · · · , λd(x)}

and they are all strictly positive since α+β > 1 and x ∈ Ω1. Therefore H(x;x)
is positive definite. In addition, since V ∈ C3(Rd), for each x we have that
λmin(H(y;x)) > 0 for all y inside a ball neighbourhood Bεx(x) with a radius
ϵx > 0 depending on x, due to the continuity of ∇2V . Specifically,

ϵx := 1
2 sup{ϵ > 0 : min

∥y−x∥≤ϵ
λmin(H(y;x)) > 0}
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Pick up the smallest radius for all x in Ω′
1:

ε̄ = min
x∈Ω′

1

ϵx > 0,

which is strictly positive since Ω′
1 is compact. This means that

inf
x∈Ω′

1

inf
∥y−x∥≤ϵ̄

λmin(H(y;x)) > 0,

and then due to (4.68), for any ρ ≥ 0, the Hessian matrix Hρ satisfies the
same condition

inf
x∈Ω′

1

inf
∥y−x∥≤ϵ̄

λmin(Hρ(y;x)) > 0, (4.69)

since ∇2
yd(x, y) ⪰ 0 due to Assumption 1a.

In order to show Hρ(y;x) ≻ 0 for y ∈ Rd, we choose a sufficiently large
penalty factor ρ. By Assumption 1c, there exists a constant λ̄ε̄ > 0, such
that λmin(∇2

yd(x, y)) ≥ λ̄ε̄ for any x, y satisfying y /∈ Bε̄(x). Recall that from
Assumption 2c, the Hessian matrix of potential function V is bounded ev-
erywhere. Let λ̄ = max{|λ̄L|, |λ̄U |}, then by noting (4.67), we have the lower
bound of the minimal eigenvalue for all ∥x− y∥ ≥ ε̄

λmin (Hρ(y;x)) ≥ λmin(H(y;x)) + ρλmin(∇2
yd(x, y))

≥ −(|1− α|+ |α|+ |β|)λ̄+ ρλ̄ϵ̄.

Let ρ > ρ̄ := (1 + 2|α|+ |β|)λ̄/λ̄ε̄ > 0, then

inf
x∈Ω′

1

inf
∥y−x∥>ϵ̄

λmin (Hρ(y;x)) > 0.

Therefore, together with (4.69) we conclude that when ρ > ρ̄,

inf
x∈Ω′

1

inf
y∈R

λmin (Hρ(y;x)) > 0. (4.70)

That is, Lρ(y;x, v1(x)) is strongly convex in y and the minimization problem
in equation (4.35) has a unique solution Φρ(x) for all x ∈ Ω′

1.
Lastly, we show that for sufficiently large ρ, the unique solution

x̂ = argmin
y∈Rd

(L(y;x, v1(x)) + ρ · d(x, y))

is in the index-1 region Ω1 for any x ∈ Ω′
1. It suffices to show that if ρ is large

enough, then for any x ∈ Ω′
1 and y′ /∈ Ω1, there exists y ∈ Ω1 such that

L(y;x, v1(x)) + ρ · d(x, y) < L(y′;x, v1(x)) + ρ · d(x, y′). (4.71)

The idea is to search for such a point y along the line segmentation between x
and y′.
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Let δ := dist(Ω′
1, ∂Ω1) be the distance between Ω′

1 and the boundary of Ω1,
and assume that δ = dist(Ω′

1,Rd \ Ω1). Then δ > 0 because Ω1 is an open set
and Ω′

1 is a compact subset of Ω1. We define the δ/2-neighborhood of Ω′
1 and

its boundary:

Aδ := {z : dist(z,Ω′
1) ≤ δ/2} ⊂ Ω1 and ∂Aδ = {z : dist(z,Ω′

1) = δ/2}.

It is easy to show that dist(Aδ, ∂Ω1) ≥ δ/2: There exist two points a∗
δ ∈ ∂Aδ

and b ∈ ∂Ω1 such that dist(Aδ, ∂Ω1) = dist(∂Aδ, ∂Ω1) = ∥a∗
δ − b∥, and one

point a∗ ∈ Ω′
1 such that ∥a∗ − a∗

δ∥ = δ/2 since dist(a∗
δ , ∂Ω1) = δ/2, then

dist(Aδ, ∂Ω1) = ∥a∗
δ − b∥ ≥ ∥a∗ − b∥ − ∥a∗ − a∗

δ∥ = ∥a∗ − b∥ − δ/2 ≥ δ/2.

Therefore, for any y′ /∈ Ω1 and x ∈ Ω′
1, we define y as an intersection

point on the boundary ∂Aδ and the line segment between y′ and x such that
the line segment between y and y′ are all outside of the Aδ. Since y ∈ ∂Aδ,
∥y − x∥ ≥ dis(y,Ω′

1) = δ/2 and ∥y − y′∥ ≥ dist(Aδ, ∂Ω1) ≥ δ/2. Since the
line segment y(t) = y + t(y′ − y), 0 ≤ t ≤ 1 in outside of Aδ, we have
mint∈[0,1] ∥y(t)− x∥ ≥ δ/2, which, by Assumption 1c, gives that

min
t∈[0,1]

λmin(∇2
yd(y(t), x) ≥ λ̄ δ

2
> 0

Therefore,

d(y′, x)− d(y, x) = ∇yd(y, x)⊤(y′ − y) +
∫ 1

0

∫ t

0
(y′ − y)⊤∇2

yd(y(s), x)(y′ − y)dsdt

≥ ∇yd(y, x)⊤(y′ − y) + 1
2 λ̄ δ

2
∥y′ − y∥2

≥ ∇yd(y, x)⊤(y′ − y) + 1
4δλ̄ δ

2
∥y′ − y∥.

(4.72)

In addition, by Assumption 1a and 1b about the convexity, 0 = d(x, x) ≥
d(y, x) +∇yd(y, x)⊤(x − y), which leads to ∇yd(y, x)⊤(y − x) ≥ d(y, x) ≥ 0,
and

∇yd(y, x)⊤(y′ − y) ≥ 0, (4.73)
as y′ − y and y − x are in the same direction. Therefore, by (4.72) we have
shown that

d(y′, x)− d(y, x) ≥ Dδ∥y′ − y∥,
where Dδ := 1

4δλ̄ δ
2
. Together with Lemma 4.1, we have

Lρ(y′;x, v1(x)) = L(y′;x, v1(x)) + ρ · d(y′, x)
≥ L(y;x, v1(x))−Lip(L)∥y′ − y∥+ρ (d(y′, x)− d(y, x) + d(y, x))
≥ L(y;x, v1(x)) + ρ · d(y, x) + (ρDδ − Lip(L))∥y′ − y∥
= Lρ(y;x, v1(x)) + (ρDδ − Lip(L))∥y′ − y∥.

(4.74)
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For any ρ > Lip(L)
Dδ

, we have

Lρ(y′;x, v1(x)) > Lρ(y;x, v1(x)) ≥ min
y∈Ω1

Lρ(y;x, v1(x)). (4.75)

Then together with equation (4.70), we have proved that the uniqueness of the
global minimizer

x̂ = argmin
y∈Rd

Lρ(y;x, v1(x))

and x̂ ∈ Ω1 is within the index-1 region for any compact x ∈ Ω′
1 ⊂ Ω1 for

sufficiently large

ρ > ρ̄ := max(Lip(L)
Dδ

,
(1 + 2|α|+ |β|)λ̄

λ̄ε̄
).

Remark 4.10 ρ̄ depends on the uniform bound of Hessian ∇2V , two con-
stants α, β, and the compact subset Ω′

1 ⊆ Ω1.

With results in Theorem 4.6, we are ready to present the proof of Theorem
4.5, which establishes the equivalence between the fixed points of the map Φρ(·)
and the index-1 saddle points of the potential function V (·).

The proof of Theorem 4.5

Proof Theorem 4.5 “Proof of Statement (1)”:
From Theorem 4.6, we know that for each index-1 saddle point x∗

i ∈ S1, there
exists a positive ρ̄i such that Lρ(y;x∗

i , v1(x∗
i )) is a strictly convex function of

y ∈ Rd for all ρ > ρ̄i. Together with Assumption 2b and by setting ρ̄ :=
maxi ρ̄i > 0, we have that for any x∗ ∈ S1, then for any ρ > ρ̄, Lρ(y;x∗, v1(x∗))
is a convex function of y ∈ Rd. We only need to show that the first order
condition holds. Note that

∇yLρ(y;x, v1(x)) =(1− α)∇V (y) + α(I− Π1)∇V (y − Π1(y − x))
− βΠ1∇V (x+ Π1(y − x)) + ρ∇yd(x, y), (4.76)

where Π1 = Π1(x) = v1(x)v1(x)⊤, we get

∇yLρ(y;x, v1(x))|y=x =
[
I− (α + β)Π1(x)

]
∇V (x)

by Assumption 1b. Thus,

∇yLρ(y;x∗, v1(x∗))|y=x∗ = 0

thanks to ∇V (x∗) = 0.
“Proof of Statement (2) ”:

Now given that Φρ(x∗) = {x∗}, i.e., x∗ is the unique minimizer in (4.34),
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we want to show x∗ is an index-1 saddle point. This can be illustrated by
showing that the first order condition ∇yLρ(y;x∗, v1(x∗))|y=x∗ = 0 holds and
the Hessian matrix ∇2

yLρ(y;x∗, v1(x∗))|y=x∗ is positive semi-definite. By the
first order condition, we have

∇Lρ(y;x∗, v1(x∗))|y=x∗ =
[
I− (α + β)Π1(x∗)

]
∇V (x∗) = 0. (4.77)

Since α+β > 1, ∇V (x∗) = 0 holds. For the second order condition, by (4.66),
we have

∇2Lρ(y;x∗, v1(x∗))|y=x∗ = H(x∗;x∗) ⪰ 0.

From the proof of theorem 4.6, we know that the eigenvalues of the Hessian
matrix

H(x∗;x∗) = ∇2Lρ(y;x∗,v1(x∗))|y=x∗

is given by
{(1− α− β)λ1(x∗), λ2(x∗), · · · , λd(x∗)}.

Then we have that
∇2Lρ(y;x∗, v1(x∗))|y=x ⪰ 0

is equivalent to λ1(x∗) ≤ 0 ≤ λ2(x∗) ≤ · · · ≤ λd(x∗). By Assumption 2d, we
know that x∗ is non-degenerate with non-zero eigenvalues, thus

λ1(x∗) < 0 < λ2(x∗) ≤ · · · ≤ λd(x∗).

Together with ∇V (x∗) = 0, we conclude that x∗ is an index-1 saddle point of
the potential function V (·). The proof of theorem 4.5 is now completed.




