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Preface

In graduate school, and for the first few years as an assistant professor, my
research was in pure mathematics, mainly topology and functional anal-
ysis. Around 1979 I was drawn, largely by accident, into signal process-
ing, collaborating with friends at the Naval Research Laboratory who were
working on sonar. Initially, I felt that the intersection of the mathematics
that I knew and that they knew was nearly empty. After a while, I began
to realize that the basic tools of signal processing are subjects with which
I was already somewhat familiar, including Fourier series, matrices, and
probability and statistics. Much of the jargon and notation seemed foreign
to me, and I did not know much about the particular applications everyone
else was working on. For a while it seemed that everyone else was speaking
a foreign language. However, my knowledge of the basic mathematical tools
helped me gradually to understand what was going on and, eventually, to
make a contribution.

Signal processing is, in a sense, applied Fourier analysis, applied linear
algebra, and some probability and statistics. I had studied Fourier series
and linear algebra as an undergraduate, and had taught linear algebra
several times. I had picked up some probability and statistics as a professor,
although I had never had a course in that subject. Now I was beginning to
see these tools in a new light; Fourier coefficients arise as measured data in
array processing and tomography, eigenvectors and eigenvalues are used to
locate sonar and radar targets, matrices become images and the singular-
value decomposition provides data compression. For the first time, I saw
Fourier series, matrices and probability and statistics used all at once, in the
analysis of the sampled cross-sensor correlation matrices and the estimation
of power spectra.

In my effort to learn signal processing, I consulted a wide variety of
texts. Each one helped me somewhat, but I found no text that spoke di-
rectly to people in my situation. The texts I read were either too hard,
too elementary, or written in what seemed to me to be a foreign language.
Some texts in signal processing are written by engineers for engineering
students, and necessarily rely only on those mathematical notions their
students have encountered previously. In texts such as [116] basic Fourier
series and transforms are employed, but there is little discussion of matri-
ces and no mention of probability and statistics, hence no random models.

xxiil
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I found the book [121] by Papoulis helpful, although most of the exam-
ples deal with issues of interest primarily to electrical engineers. The books
written by mathematicians tend to treat signal processing as a part of
harmonic analysis or of stochastic processes. Books about Fourier analysis
focus on its use in partial differential equations, or explore rigorously the
mathematical aspects of the subject. I was looking for something different.
It would have helped me a great deal if there had been a book addressed to
people like me, people with a decent mathematical background who were
trying to learn signal processing. My hope is that this book serves that
purpose.

There are many opportunities for mathematically trained people to
make a contribution in signal and image processing, and yet few mathemat-
ics departments offer courses in these subjects to their students, preferring
to leave it to the engineering departments. One reason, I imagine, is that
few mathematics professors feel qualified to teach the subject. My message
here is that they probably already know a good deal of signal processing,
but do not realize that they know it. This book is designed to help them
come to that realization and to encourage them to include signal processing
as a course for their undergraduates.

The situations of interest that serve to motivate much of what is dis-
cussed in this book can be summarized as follows: We have obtained data
through some form of sensing; physical models, often simplified, describe
how the data we have obtained relates to the information we seek; there
usually isn’t enough data and what we have is corrupted by noise, mod-
eling errors, and other distortions. Although applications differ from one
another in their details, they often make use of a common core of mathe-
matical ideas. For example, the Fourier transform and its variants play an
important role in remote sensing, and therefore in many areas of signal and
image processing, as do the language and theory of matrix analysis, itera-
tive optimization and approximation techniques, and the basics of proba-
bility and statistics. This common core provides the subject matter for this
text. Applications of the core material to tomographic medical imaging,
optical imaging, and acoustic signal processing are included in this book.

The term signal processing is used here in a somewhat restrictive sense
to describe the extraction of information from measured data. I believe
that to get information out we must put information in. How to use the
mathematical tools to achieve this is one of the main topics of the book.

This text is designed to provide a bridge to help those with a solid math-
ematical background to understand and employ signal processing tech-
niques in an applied environment. The emphasis is on a small number of
fundamental problems and essential tools, as well as on applications. Cer-
tain topics that are commonly included in textbooks are touched on only
briefly or in exercises or not mentioned at all. Other topics not usually
considered to be part of signal processing, but which are becoming increas-
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ingly important, such as iterative optimization methods, are included. The
book, then, is a rather personal view of the subject and reflects the author’s
interests.

The term signal is not meant to imply a restriction to functions of a
single variable; indeed, most of what we discuss in this text applies equally
to functions of one and several variables and therefore to image process-
ing. However, there are special problems that arise in image processing,
such as edge detection, and special techniques to deal with such prob-
lems; we shall not consider such techniques in this text. Topics discussed
include the following: Fourier series and transforms in one and several vari-
ables; applications to acoustic and electro-magnetic propagation models,
transmission and emission tomography, and image reconstruction; sam-
pling and the limited data problem; matrix methods, singular value de-
composition, and data compression; optimization techniques in signal and
image reconstruction from projections; autocorrelations and power spectra;
high-resolution methods; detection and optimal filtering; eigenvector-based
methods for array processing and statistical filtering, time-frequency anal-
ysis, and wavelets.

The ordering of the first eighteen chapters of the book is not random,;
these main chapters should be read in the order of their appearance. The
remaining chapters are ordered randomly and are meant to supplement the
main chapters.

Reprints of my journal articles referenced here are available in pdf for-
mat at my website, http://faculty.uml.edu/cbyrne/cbyrne.html.
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2 Signal Processing: A Mathematical Approach

1.1 Chapter Summary

We begin with an overview of applications of signal processing and the
variety of sensing modalities that are employed. It is typical of remote-
sensing problems that what we want is not what we can measure directly,
and we must obtain our information by indirect means. To illustrate that
point without becoming entangled in the details of any particular applica-
tion, we present a marbles-in-bowls model of remote sensing that, although
simple, still manages to capture the dominate aspects of many real-world
problems.

1.2 Aims and Topics

The term signal processing has broad meaning and covers a wide variety
of applications. In this course we focus on those applications of signal pro-
cessing that can loosely be called remote sensing, although the mathematics
we shall study is fundamental to all areas of signal processing.

In a course in signal processing it is easy to get lost in the details
and lose sight of the big picture. My main objectives here are to present
the most important ideas, techniques, and methods, to describe how they
relate to one another, and to illustrate their uses in several applications.
For signal processing, the most important mathematical tools are Fourier
series and related notions, matrices, and probability and statistics. Most
students with a solid mathematical background have probably encountered
each of these topics in previous courses, and therefore already know some
signal processing, without realizing it.

Our discussion here will involve primarily functions of a single real vari-
able, although most of the concepts will have multi-dimensional versions.
It is not our objective to treat each topic with the utmost mathematical
rigor, and we shall seek to avoid issues that are primarily of mathematical
concern.

1.2.1 The Emphasis in This Book

This text is designed to provide the necessary mathematical background
to understand and employ signal processing techniques in an applied en-
vironment. The emphasis is on a small number of fundamental problems
and essential tools, as well as on applications. Certain topics that are com-
monly included in textbooks are touched on only briefly or in exercises or
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not mentioned at all. Other topics not usually considered to be part of
signal processing, but which are becoming increasingly important, such as
matrix theory and linear algebra, are included.

The term signal is not meant to imply a specific context or a restriction
to functions of time, or even to functions of a single variable; indeed, most
of what we discuss in this text applies equally to functions of one and
several variables and therefore to image processing. However, this is in no
sense an introduction to image processing. There are special problems that
arise in image processing, such as edge detection, and special techniques to
deal with such problems; we shall not consider such techniques in this text.

1.2.2 Topics Covered

Topics discussed in this text include the following: Fourier series and
transforms in one and several variables; applications to acoustic and EM
propagation models, transmission and emission tomography, and image re-
construction; sampling and the limited data problem; matrix methods, sin-
gular value decomposition, and data compression; optimization techniques
in signal and image reconstruction from projections; autocorrelations and
power spectra; high-resolution methods; detection and optimal filtering;
eigenvector-based methods for array processing and statistical filtering;
time-frequency analysis; and wavelets.

1.2.3 Limited Data

As we shall see, it is often the case that the data we measure is not
sufficient to provide a single unique answer to our problem. There may
be many, often quite different, answers that are consistent with what we
have measured. In the absence of prior information about what the answer
should look like, we do not know how to select one solution from the many
possibilities. For that reason, I believe that to get information out we must
put information in. How to do this is one of the main topics of the course.
The example at the end of this chapter will illustrate this point.

1.3 Examples and Modalities

There are a wide variety of problems in which what we want to know
about is not directly available to us and we need to obtain information
by more indirect methods. In this section we present several examples of
remote sensing. The term “modality” refers to the manner in which the
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desired information is obtained. Although the sensing of acoustic and elec-
tromagnetic signals is perhaps the most commonly used method, remote
sensing involves a wide variety of modalities: electromagnetic waves (light,
x-ray, microwave, radio); sound (sonar, ultrasound); radioactivity (positron
and single-photon emission); magnetic resonance (MRI); seismic waves; and
a number of others.

1.3.1 X-ray Crystallography

The patterns produced by the scattering of x-rays passing through var-
ious materials can be used to reveal their molecular structure.

1.3.2 Transmission Tomography

In transmission tomography x-rays are transmitted along line segments
through the object and the drop in intensity along each line is recorded.

1.3.3 Emission Tomography

In emission tomography radioactive material is injected into the body
of the living subject and the photons resulting from the radioactive decay
are detected and recorded outside the body.

1.3.4 Back-Scatter Detectors

There is considerable debate at the moment about the use of so-called
full-body scanners at airports. These are not scanners in the sense of a
CAT scan; indeed, if the images were skeletons there would probably be
less controversy. These are images created by the returns, or backscatter, of
millimeter-wavelength (MMW) radio-frequency waves, or sometimes low-
energy x-rays, that penetrate only the clothing and then reflect back to the
machine.

The controversies are not really about safety to the passenger being
imaged. The MMW imaging devices use about 10,000 times less energy
than a cell phone, and the x-ray exposure is equivalent to two minutes
of flying in an airplane. At present, the images are fuzzy and faces are
intentionally blurred, but there is some concern that the images will get
sharper, will be permanently stored, and eventually end up on the net.
Given what is already available on the net, the market for these images
will almost certainly be non-existent.
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1.3.5 Cosmic-Ray Tomography

Because of their ability to penetrate granite, cosmic rays are being used
to obtain transmission-tomographic three-dimensional images of the inte-
riors of active volcanos. Where magma has replaced granite there is less
attenuation of the rays, so the image can reveal the size and shape of the
magma column. It is hoped that this will help to predict the size and oc-
currence of eruptions.

In addition to mapping the interior of volcanos, cosmic rays can also be
used to detect the presence of shielding around nuclear material in a cargo
container. The shielding can be sensed by the characteristic scattering by
it of muons from cosmic rays; here neither we nor the objects of interest
are the sources of the probing. This is about as “remote” as sensing can
be.

1.3.6 Ocean-Acoustic Tomography

The speed of sound in the ocean varies with the temperature, among
other things. By transmitting sound from known locations to known re-
ceivers and measuring the travel times we can obtain line integrals of the
temperature function. Using the reconstruction methods from transmission
tomography, we can estimate the temperature function. Knowledge of the
temperature distribution may then be used to improve detection of sources
of acoustic energy in unknown locations.

1.3.7 Spectral Analysis

In our detailed discussion of transmission and remote sensing we shall,
for simplicity, concentrate on signals consisting of a single frequency. Never-
theless, there are many important applications of signal processing in which
the signal being studied has a broad spectrum, indicative of the presence
of many different frequencies. The purpose of the processing is often to
determine which frequencies are present, or not present, and to determine
their relative strengths. The hotter inner body of the sun emits radiation
consisting of a continuum of frequencies. The cooler outer layer absorbs
the radiation whose frequencies correspond to the elements present in that
outer layer. Processing these signals reveals a spectrum with a number of
missing frequencies, the so-called Fraunhofer lines, and provides informa-
tion about the makeup of the sun’s outer layers. This sort of spectral anal-
ysis can be used to identify the components of different materials, making
it an important tool in many applications, from astronomy to forensics.
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1.3.8 Seismic Exploration

Oil companies want to know if it is worth their while drilling in a partic-
ular place. If they go ahead and drill, they will find out, but they would like
to know what is the chance of finding oil without actually drilling. Instead,
they set off explosions and analyze the signals produced by the seismic
waves, which will tell them something about the materials the waves en-
countered. Explosive charges create waves that travel through the ground
and are picked up by sensors. The waves travel at different speeds through
different materials. Information about the location of different materials in
the ground is then extracted from the received signals.

1.3.9 Astronomy

Astronomers know that there are radio waves, visible-light waves, and
other forms of electro-magnetic radiation coming from the sun and distant
regions of space, and they would like to know precisely what is coming
from which regions. They cannot go there to find out, so they set up large
telescopes and antenna arrays and process the signals that they are able to
measure.

1.3.10 Radar

Those who predict the weather use radar to help them see what is going
on in the atmosphere. Radio waves are sent out and the returns are analyzed
and turned into images. The location of airplanes is also determined by
radar. The radar returns from different materials are different from one
another and can be analyzed to determine what materials are present.
Synthetic-aperture radar is used to obtain high-resolution images of regions
of the earth’s surface. The radar returns from different geometric shapes
also differ in strength; by avoiding right angles in airplane design stealth
technology attempts to make the plane invisible to radar.

1.3.11 Sonar

Features on the bottom of the ocean are imaged with sonar, in which
sound waves are sent down to the bottom and the returning waves are
analyzed. Sometimes near or distant objects of interest in the ocean emit
their own sound, which is measured by sensors. The signals received by the
sensors are processed to determine the nature and location of the objects.
Even changes in the temperature at different places in the ocean can be
determined by sending sound waves through the region of interest and
measuring the travel times.
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1.3.12 Gravity Maps

The pull of gravity varies with the density of the material. Features on
the surface of the earth, such as craters from ancient asteroid impacts, can
be imaged by mapping the variations in the pull of gravity, as measured by
satellites.

Gravity, or better, changes in the pull of gravity from one location to
another, was used in the discovery of the crater left behind by the asteroid
strike in the Yucatan that led to the extinction of the dinosaurs. The rocks
and other debris that eventually filled the crater differ in density from
the surrounding material, thereby exerting a slightly different gravitational
pull on other masses. This slight change in pull can be detected by sensitive
instruments placed in satellites in earth orbit. When the intensity of the
pull, as a function of position on the earth’s surface, is displayed as a two-
dimensional image, the presence of the crater is evident.

Studies of the changes in gravitational pull of the Antarctic ice between
2002 and 2005 revealed that Antarctica is losing 36 cubic miles of ice each
year. By way of comparison, the city of Los Angeles uses one cubic mile of
water each year. While this finding is often cited as clear evidence of global
warming, it contradicts some models of climate change that indicate that
global warming may lead to an increase of snowfall, and therefore more ice,
in the polar regions. This does not show that global warming is not taking
place, but only the inadequacies of some models [119].

1.3.13 Echo Cancellation

In a conference call between locations A and B, what is transmitted
from A to B can get picked up by microphones in B, transmitted back
to speakers in A and then retransmitted to B, producing an echo of the
original transmission. Signal processing performed at the transmitter in
A can reduce the strength of the second version of the transmission and
decrease the echo effect.

1.3.14 Hearing Aids

Makers of digital hearing aids include signal processing to enhance the
quality of the received sounds, as well as to improve localization, that is,
the ability of the hearer to tell where the sound is coming from. When a
hearing aid is used, sounds reach the ear in two ways: first, the usual route
directly into the ear, and second, through the hearing aid. Because that part
that passes through the hearing aid is processed, there is a slight delay. In
order for the delay to go unnoticed, the processing must be very fast. When
hearing aids are used in both ears, more sophisticated processing can be
used.
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1.3.15 Near-Earth Asteroids

An area of growing importance is the search for potentially damaging
near-earth asteroids. These objects are initially detected by passive op-
tical observation, as small dots of reflected sunlight; once detected, they
are then imaged by active radar to determine their size, shape, rotation,
path, and other important parameters. Satellite-based infrared detectors
are being developed to find dark asteroids by the heat they give off. Such
satellites, placed in orbit between the sun and the earth, will be able to
detect asteroids hidden from earth-based telescopes by the sunlight.

1.3.16 Mapping the Ozone Layer

Ultraviolet light from the sun is scattered by ozone. By measuring the
amount of scattered UV at various locations on the earth’s surface, and with
the sun in various positions, we obtain values of the Laplace transform of
the function describing the density of ozone, as a function of elevation.

1.3.17 Ultrasound Imaging

While x-ray tomography is a powerful method for producing images
of the interior of patients’ bodies, the radiation involved and the expense
make it unsuitable in some cases. Ultrasound imaging, making use of back-
scattered sound waves, is a popular method of inexpensive preliminary
screening for medical diagnostics, and for examining a developing fetus.

1.3.18 X-ray Vision?

The MIT computer scientist and electrical engineer Dina Katabi and
her students are currently exploring new uses of wireless technologies. By
combining Wi-Fi and wvision into what she calls Wi- Vi, she has discovered
a way to detect the number and approximate location of persons within a
closed room and to recognize simple gestures. The scattering of reflected
low-bandwidth wireless signals as they pass through the walls is processed
to eliminate motionless sources of reflection from the much weaker reflec-
tions from moving objects, presumably people.

1.4 The Common Core

The examples just presented look quite different from one another, but
the differences are often more superficial than real. As we begin to use
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mathematics to model these various situations we often discover a common
core of mathematical tools and ideas at the heart of each of these applica-
tions. For example, the Fourier transform and its variants play an impor-
tant role in many areas of signal and image processing, as do the language
and theory of matrix analysis, iterative optimization and approximation
techniques, and the basics of probability and statistics. This common core
provides the subject matter for this book. Applications of the core mate-
rial to tomographic medical imaging, optical imaging, and acoustic signal
processing are among the topics to be discussed in some detail.

Although the applications of interest to us vary in their details, they
have common aspects that can be summarized as follows: the data has been
obtained through some form of sensing; physical models, often simplified,
describe how the data we have obtained relates to the information we seek;
there usually isn’t enough data and what we have is corrupted by noise
and other distortions.

1.5 Active and Passive Sensing

In some signal and image processing applications the sensing is ac-
tive, meaning that we have initiated the process, by, say, sending an x-ray
through the body of a patient, injecting a patient with a radionuclide, trans-
mitting an acoustic signal through the ocean, as in sonar, or transmitting
a radio wave, as in radar. In such cases, we are interested in measuring
how the system, the patient, the quiet submarine, the ocean floor, the rain
cloud, will respond to our probing. In many other applications, the sens-
ing is passive, which means that the object of interest to us provides its
own signal of some sort, which we then detect, analyze, image, or process
in some way. Certain sonar systems operate passively, listening for sounds
made by the object of interest. Optical and radio telescopes are passive,
relying on the object of interest to emit or reflect light, or other electromag-
netic radiation. Night-vision instruments are sensitive to lower-frequency,
infrared radiation.

From the time of Aristotle and Euclid until the middle ages there was an
ongoing debate concerning the active or passive nature of human sight [112].
Those like Euclid, whose interests were largely mathematical, believed that
the eye emitted rays, the extramission theory. Aristotle and others, more
interested in the physiology and anatomy of the eye than in mathematics,
believed that the eye received rays from observed objects outside the body,
the intromission theory. Finally, around 1000 AD, the Arabic mathemati-
cian and natural philosopher Alhazen demolished the extramission theory
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by noting the potential for bright light to hurt the eye, and combined the
mathematics of the extramission theorists with a refined theory of intro-
mission. The extramission theory has not gone away completely, however,
as anyone familiar with Superman’s x-ray vision knows.

1.6 Using Prior Knowledge

An important point to keep in mind when doing signal processing is
that, while the data is usually limited, the information we seek may not be
lost. Although processing the data in a reasonable way may suggest other-
wise, other processing methods may reveal that the desired information is
still available in the data. Figure 1.1 illustrates this point.

The original image on the upper right of Figure 1.1 is a discrete rect-
angular array of intensity values simulating the distribution of the x-ray-
attenuating material in a slice of a head. The data was obtained by taking
the two-dimensional discrete Fourier transform of the original image, and
then discarding, that is, setting to zero, all these spatial frequency values,
except for those in a smaller rectangular region around the origin. Recon-
structing the image from this limited data amounts to solving a large system
of linear equations. The problem is under-determined, so a minimum-norm
solution would seem to be a reasonable reconstruction method. For now,
“norm” means the Euclidean norm.

The minimum-norm solution is shown on the lower right. It is calcu-
lated simply by performing an inverse discrete Fourier transform on the
array of modified discrete Fourier transform values. The original image has
relatively large values where the skull is located, but the least-squares re-
construction does not want such high values; the norm involves the sum
of squares of intensities, and high values contribute disproportionately to
the norm. Consequently, the minimum-norm reconstruction chooses instead
to conform to the measured data by spreading what should be the skull
intensities throughout the interior of the skull. The minimum-norm recon-
struction does tell us something about the original; it tells us about the
existence of the skull itself, which, of course, is indeed a prominent feature
of the original. However, in all likelihood, we would already know about
the skull; it would be the interior that we want to know about.

Using our knowledge of the presence of a skull, which we might have ob-
tained from the minimum-norm reconstruction itself, we construct the prior
estimate shown in the upper left. Now we use the same data as before, and
calculate a minimum-weighted-norm reconstruction, using as the weight
vector the reciprocals of the values of the prior image. This minimum-
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FIGURE 1.1: Extracting information in image reconstruction.

weighted-norm reconstruction, also called the PDFT estimator, is shown
on the lower left; it is clearly almost the same as the original image. The
calculation of the minimum-weighted-norm solution can be done iteratively
using the ART algorithm [143].

When we weight the skull area with the inverse of the prior image,
we allow the reconstruction to place higher values there without having
much of an effect on the overall weighted norm. In addition, the reciprocal
weighting in the interior makes spreading intensity into that region costly,
so the interior remains relatively clear, allowing us to see what is really
present there.

When we try to reconstruct an image from limited data, it is easy to
assume that the information we seek has been lost, particularly when a
reasonable reconstruction method fails to reveal what we want to know. As
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this example, and many others, show, the information we seek is often still
in the data, but needs to be brought out in a more subtle way.

1.7 An Urn Model of Remote Sensing

Most of the signal processing that we shall discuss in this book is re-
lated to the problem of remote sensing, which we might also call indirect
measurement. In such problems we do not have direct access to what we are
really interested in, and must be content to measure something else that is
related to, but not the same as, what interests us. For example, we want
to know what is in the suitcases of airline passengers, but, for practical
reasons, we cannot open every suitcase. Instead, we x-ray the suitcases. A
recent paper [137] describes progress in detecting nuclear material in cargo
containers by measuring the scattering, by the shielding, of cosmic rays;
you can’t get much more remote than that. Before we get into the mathe-
matics of signal processing, it is probably a good idea to consider a model
that, although quite simple, manages to capture many of the important
features of remote-sensing applications. To convince the reader that this is
indeed a useful model, we relate it to the problem of image reconstruction
in single-photon emission computed tomography (SPECT). There seems to
be a tradition in physics of using simple models or examples involving
urns and marbles to illustrate important principles. In keeping with that
tradition, we have here two examples, both involving urns of marbles, to
illustrate various aspects of remote sensing.

1.7.1 An Urn Model

Suppose that there is a box containing a large number of small pieces
of paper, and on each piece is written one of the numbers from j = 1
to j = J. I want to determine, for each j = 1,...,J, the probability of
selecting a piece of paper with the number j written on it. Unfortunately,
I am not allowed to examine the box. I am allowed, however, to set up a
remote-sensing experiment to help solve my problem.

My assistant sets up J urns, numbered j = 1, ..., J, each containing mar-
bles of various colors. Suppose that there are I colors, numbered i =1, ..., I.
I am allowed to examine each urn, so I know precisely the probability that
a marble of color i will be drawn from urn j. Out of my view, my assis-
tant removes one piece of paper from the box, takes one marble from the
indicated urn, announces to me the color of the marble, and then replaces
both the piece of paper and the marble. This action is repeated N times,
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at the end of which I have a long list of colors, i = {i1,42,...,ix}, where
i, denotes the color of the nth marble drawn. This list i is my data, from
which I must determine the contents of the box.

This is a form of remote sensing; what we have access to is related to,
but not equal to, what we are interested in. What I wish I had is the list of
urns used, j = {j1, j2, ..., jn }; instead I have i, the list of colors. Sometimes
data such as the list of colors is called “incomplete data,” in contrast to
the “complete data,” which would be the list j of the actual urn numbers
drawn from the box.

Using our urn model, we can begin to get a feel for the resolution prob-
lem. If all the marbles of one color are in a single urn, all the black marbles
in urn j = 1, all the green in urn 5 = 2, and so on, the problem is trivial;
when I hear a color, I know immediately which urn contained that marble.
My list of colors is then a list of urn numbers; i = j. I have the complete
data now. My estimate of the number of pieces of paper containing the
urn number j is then simply the proportion of draws that resulted in urn
7 being selected.

At the other extreme, suppose two urns have identical contents. Then 1
cannot distinguish one urn from the other and I am unable to estimate more
than the total number of pieces of paper containing either of the two urn
numbers. If the two urns have nearly the same contents, we can distinguish
them only by using a very large N. This is the resolution problem.

Generally, the more the contents of the urns differ, the easier the task
of estimating the contents of the box. In remote-sensing applications, these
issues affect our ability to resolve individual components contributing to
the data.

1.7.2 Some Mathematical Notation

To introduce some mathematical notation, let us denote by x; the pro-
portion of the pieces of paper that have the number j written on them. Let
P;; be the proportion of the marbles in urn j that have the color i. Let y; be
the proportion of times the color ¢ occurs in the list of colors. The expected
proportion of times i occurs in the list is E(y;) = Z'j]:l Pjxz; = (Px);,
where P is the I by J matrix with entries P;; and x is the J by 1 column
vector with entries x;. A reasonable way to estimate x is to replace E(y;)
with the actual y; and solve the system of linear equations y; = ijl Pijx;,
i =1,...,1. Of course, we require that the x; be nonnegative and sum to
one, so special algorithms may be needed to find such solutions. In a num-
ber of applications that fit this model, such as medical tomography, the
values x; are taken to be parameters, the data y; are statistics, and the z;
are estimated by adopting a probabilistic model and maximizing the likeli-
hood function. Iterative algorithms, such as the expectation maximization
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maximum likelihood (EMML) algorithm, are often used for such problems;
see Chapter 14 for details.

1.7.3 An Application to SPECT Imaging

In single-photon emission computed tomography (SPECT) the patient
is injected with a chemical to which a radioactive tracer has been attached.
Once the chemical reaches its destination within the body the photons
emitted by the radioactive tracer are detected by gamma cameras outside
the body. The objective is to use the information from the detected photons
to infer the relative concentrations of the radioactivity within the patient.

We discretize the problem and assume that the body of the patient
consists of J small volume elements, called vozels, analogous to pizels in
digitized images. We let x; > 0 be the unknown proportion of the radioac-
tivity that is present in the jth voxel, for j =1, ..., J. There are I detectors,
denoted {i = 1,2,...,I}. For each i and j we let P;; be the known prob-
ability that a photon that is emitted from voxel j is detected at detector
1; these probabilities are usually determined by examining the relative po-
sitions in space of voxel j and detector i. We denote by i, the detector
at which the nth emitted photon is detected. This photon was emitted at
some voxel, denoted j,; we wish that we had some way of learning what
each j, is, but we must be content with knowing only the i,. After N
photons have been emitted, we have as our data the list i = {i1,149,...,in};
this is our incomplete data. We wish we had the complete data, that is, the
list j = {41, 72, .-, iN }, but we do not. Our goal is to estimate the frequency
with which each voxel emitted a photon, which we assume, reasonably, to
be proportional to the unknown proportions z;, for j =1, ..., J.

This problem is completely analogous to the urn problem previously
discussed. Any mathematical method that solves one of these problems
will solve the other one. In the urn problem, the colors were announced;
here the detector numbers are announced. There, I wanted to know the
urn numbers; here I want to know the voxel numbers. There, I wanted to
estimate the frequency with which the jth urn was used; here, I want to
estimate the frequency with which the jth voxel is the site of an emission,
which is assumed to be equal to the proportion of the radionuclide within
the jth voxel. In the urn model, two urns with nearly the same contents are
hard to distinguish unless NV is very large; here, two neighboring voxels will
be very hard to distinguish (i.e., to resolve) unless N is very large. But in
the SPECT case, a large N means a high dosage, which will be prohibited
by safety considerations. Therefore, we have a built-in resolution problem
in the SPECT case.

Both problems are examples of probabilistic mixtures, in which the mix-
ing probabilities are the z; that we seek. The mazimum likelihood (ML)
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method of statistical parameter estimation can be used to solve such prob-
lems. The interested reader should consult the text [42].

1.8 Hidden Markov Models

In the urn model we just discussed, the order of the colors in the list is
unimportant; we could randomly rearrange the colors on the list without
affecting the nature of the problem. The probability that a green marble
will be chosen next is the same, whether a blue or a red marble was just
chosen the previous time. This independence from one selection to another
is fine for modeling certain physical situations, such as emission tomogra-
phy. However, there are other situations in which this independence does
not conform to reality.

In written English, for example, knowing the current letter helps us,
sometimes more, sometimes less, to predict what the next letter will be.
We know that, if the current letter is a “q”, then there is a high probability
that the next one will be a “u”. So what the current letter is affects the
probabilities associated with the selection of the next one.

Spoken English is even tougher. There are many examples in which
the pronunciation of a certain sound is affected, not only by the sound or
sounds that preceded it, but by the sound or sounds that will follow. For
example, the sound of the “e” in the word “bellow” is different from the
sound of the “e¢” in the word “below”; the sound changes, depending on
whether there is a double “I” or a single “1” following the “e”. Here the
entire context of the letter affects its sound.

Hidden Markov models (HMM) are increasingly important in speech
processing, optical character recognition, and DNA sequence analysis. They
allow us to incorporate dependence on the context into our model. In this
section we illustrate HMM using a modification of the urn model.

Suppose, once again, that we have J urns, indexed by j = 1,...,J and
I colors of marbles, indexed by ¢ = 1,...,I. Associated with each of the
J urns is a box, containing a large number of pieces of paper, with the
number of one urn written on each piece. My assistant selects one box, say
the joth box, to start the experiment. He draws a piece of paper from that
box, reads the number written on it, call it j;, goes to the urn with the
number j; and draws out a marble. He then announces the color. He then
draws a piece of paper from box number ji, reads the next number, say
j2, proceeds to urn number jo, etc. After N marbles have been drawn, the
only data I have is a list of colors, i = {i1,142,...,in}-
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The transition probability that my assistant will proceed from the urn
numbered k to the urn numbered j is b, with ijl bjr = 1. The num-
ber of the current urn is the current state. In an ordinary Markov chain
model, we observe directly a sequence of states governed by the transition
probabilities. The Markov chain model provides a simple formalism for de-
scribing a system that moves from one state into another, as time goes on.
In the hidden Markov model we are not able to observe the states directly;
they are hidden from us. Instead, we have indirect observations, the colors
of the marbles in our urn example.

The probability that the color numbered ¢ will be drawn from the urn
numbered j is a;j, with Zle a;; = 1, for all j. The colors announced
are the wisible states, while the unannounced urn numbers are the hidden
states.

There are several distinct objectives one can have, when using HMM.
We assume that the data is the list of colors, i.

e Evaluation: For given probabilities a;; and bj;, what is the proba-
bility that the list i was generated according to the HMM? Here, the
objective is to see if the model is a good description of the data.

e Decoding: Given the model, the probabilities, and the list i, what
list j = {Jj1,J2,..,jn} of urns is most likely to be the list of urns
actually visited? Now, we want to infer the hidden states from the
visible ones.

e Learning: We are told that there are J urns and I colors, but are not
told the probabilities a;; and bj,. We are given several data vectors i
generated by the HMM; these are the training sets. The objective is
to learn the probabilities.

Once again, the ML approach can play a role in solving these problems [68].
The Viterbi algorithm is an important tool used for the decoding phase (see
[149]).
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2.1 Chapter Summary

We begin with Fourier series and Fourier transforms, which are essen-
tial tools in signal processing. In this chapter we give the formulas for
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Fourier series and Fourier transforms, in both trigonometric and complex-
exponential form, summarize their basic properties, and give several ex-
amples of Fourier-transform pairs. We connect Fourier series to Fourier
transforms using Shannon’s Sampling Theorem. We solve a heat-equation
problem to illustrate the use of Fourier series while introducing fundamen-
tal aspects of inverse problems. We leave to Chapter 26 the more theoretical
details regarding Fourier series and Fourier transforms.

2.2 Fourier Series

Most mathematics students see Fourier series for the first time in a
course on boundary-value problems. There students usually study the wave
equation and the heat equation in two dimensions, using the technique of
separating the space and time variables. Fourier series and Fourier trans-
forms arise as we attempt to satisfy the initial conditions using a superpo-
sition of sine and cosine functions.

Suppose, for concreteness, that we have a function f : [-L, L] — R and
we want to express this function as a Fourier series. The Fourier series for
f, relative to the interval [—L, L], is

fla) ~ % + i ay, COS (%z) + by, sin (%x) , (2.1)

where the Fourier coefficients a,, and b,, are

ap = %/LL f(x)cos (%x) dz, (2.2)

and

1 L
b= 7 [L F(x) sin (”L—”x) dz. (2.3)
To obtain the formula for, say, a,,, the usual approach is to write
f(z) = % + ngl ap, COS (%x) + by, sin (%x) ) (2.4)

for |z| < L, multiply both sides of Equation (2.4) by cos (%4Zz), and then
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integrate both sides, integrating term-by-term inside the sum on the right
side of the equation. Orthogonality then gives the desired answer, since we

have
L
/ cos (mx) sin (Ex) dx =0,
I L L

L
/_L cos (%x) cos (?m) dex =1L,

and

L
/ sin (mx) sin (mx) dx =1L,
L L L

for all m and n, and, for m # n,

/L cos (%z) cos (%z) dx =0,
-L

and

L
/ sin (mx) sin (Ex) der = 0.
This derivation of the Fourier coefficients sweeps several important issues
under the rug, so to speak.

We haven’t said anything about the properties of the function f, so
we cannot be sure that the Fourier series converges, for a given z, and
even if it does, we cannot be sure that the sum of the series is f(z). We
also have not said anything about the integrability of the function f, and
have not specified the type of integral being used in Equations (2.2) and
(2.3). Finally, we have not justified integrating an infinite series term-by-
term. These are not issues that are easily dealt with and it is reasonable,
given our aims in this book, to leave those issues under the rug for now
and to rely on the formulas above without further comment. In signal
processing our primary concern is computing with measured data, in the
form of finite-length vectors and matrices. Functions of continuous variables
and infinite sequences guide our thinking, but enter into our calculations
only as members of finite-parameter families.

There are many texts, such as [80], that the reader may consult that ad-
dress the more mathematical aspects of Fourier analysis. The book [101] by
Korner is a highly entertaining journey through many aspects for pure and
applied Fourier analysis, while the small book [51] by Champeney summa-
rizes, without proofs, most of the relevant theorems pertaining to Fourier
series and Fourier transforms. The discussion in Chapter 26 is taken largely
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from [51]. For a sampling of more advanced material on signal processing
and its applications, the reader may consult [3, 87].

At this early stage, it is useful to address the issue of periodicity. Clearly,
the Fourier series itself can be viewed as a function of z with period 2L.
Consequently, many books on the subject assume, from the start, that
the function f is also 2L-periodic. We can, of course, extend the original
function f to the whole real line as a 2L-period function. If f is continuous
on [—L, L], but f(—L) # f(L), we can preserve continuity of the periodic
extension by first reflecting the function about the point x = L, creating a
function on the interval [—L,3L] that has the same values at —L and 3L,
and then extending that function as a 4L-periodic function. However, our
concern here is largely with problems that arise in remote sensing, such as
radar, sonar, tomography, and the like, in which the function f of interest
is nonzero only on some finite interval. As we shall see, assuming a periodic
extension at the start may not be a good idea.

2.3 Complex Exponential Functions

The most important functions in signal processing are the complex ex-
ponential functions. Using trigonometric identities it is easy to show that
the function h : R — C defined by

h(z) = cosz + isinz,

has the property h(xz+y) = h(z)h(y). Therefore, we write it in exponential
form as h(x) = ¢®, for some (necessarily complex) scalar c¢. With z = 1 we
have
h(l) =cosl+isinl =c.
Applying the Taylor series expansion
. t2 3
for t = i we have .
e’ =cosl+isinl.
Consequently, we have ¢ = €' and
h(z) = (e)* = €™,

Because it is simpler to work with exponential functions than with trigono-
metric functions, we use the identities

1 T —ix
cosx = 5(6 +e7),
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and

sinr = — W —iT
inx 22_(6 e ")

to reformulate Fourier series and Fourier transforms in terms of complex
exponential functions. In place of Equation (2.1) we have

oo

flz) =~ Z cne' T,

n=—oo
with

ST

L
Cn = % [L f(z)e L %dx. (2.5)

If f is a continuous function, with f(—L) = f(L) (so that it has a contin-
uous 2L-periodic extension), then f is uniquely determined by its Fourier
coefficients [101, Theorem 2.4], even though the Fourier series may not
converge to f(z) for some z.

2.4 Fourier Transforms

Suppose now that f is a complex-valued function defined on the whole
real line. The Fourier transform of f is the function F': R — C given by

F(y) = /jo f(z)e* da. (2.6)

Given F, the Fourier Inversion Formula tells us how to get back to f(z):

f@) =5 [ PO 2.7

The function f(x) is sometimes called the inverse Fourier transform (IFT)
of F(v). Note that the formulas in Equations (2.6) and (2.7) are nearly
identical. Because of this, the terminology in other texts may differ from
ours. As was the case with Fourier series, we have again swept several issues
under the rug for now. We have not specified the properties of the function
f that would guarantee the existence of the integrals in Equation (2.6);
indeed, we have not said which definition of integration we must use. Even
when we require that f be sufficiently well behaved, the Fourier transform
function F' may not be, and so the inversion formula in Equation (2.7)
may require some interpretation. The functions f(z) and F(y) are called
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a Fourier-transform pair. The definitions of the FT and IFT just given
may differ slightly from the ones found elsewhere; our definitions are those
of Bochner and Chandrasekharan [13] and Twomey [156]. The differences
are minor and involve only the placement of the quantity 27 and of the
minus sign in the exponent. One sometimes sees the Fourier transform of
the function f denoted f , but we shall not use that notation here.

2.5 Basic Properties of the Fourier Transform

In this section we present the basic properties of the Fourier transform.
Proofs of these assertions are left as exercises.

Let u(z) be the Heaviside function; that is, u(z) = 1 if z > 0, and
u(z) = 0 otherwise. Let x4 (z) be the characteristic function of the interval
[—A, A]; that is, xa(x) =1 for z in [— A, A] and xa(z) = 0 otherwise. Let
sgn(z) be the sign function; that is, sgn(x) = 1 if > 0, and sgn(x) = —1
if x < 0. The following are basic properties of the Fourier transform.

e Symmetry: The FT of the function F(x) is 27 f(—+). For example,
the FT of the function f(z) = S22) i v (v), so the FT of g(z) =

xa(x) is G(vy) = 2#%.

e Conjugation: The FT of f(—z) is F(v).

e Scaling: The FT of f(ax) is ﬁF(?{) for any nonzero constant a.

e Shifting: The FT of f(z — a) is "V F(y).

e Modulation: The FT of f(z)cos(vox) is 3[F (7 + 70) + F(v — 70)].

e Differentiation: The FT of the nth derivative, f(™(z), is
(—iy)"F(y). The IFT of F(™(y) is (iz)" f(x).

e Convolution in z: Let f, F, g,G and h, H be FT pairs, with
o) = [ f@)ate - )y, (28)

so that h(z) = (f * g)(x) is the convolution of f(z) and g(x). Then
H(y) = F(v)G(y). For example, if we take g(x) = f(—z), then

h(z) = /f(x +y)f(y)dy = /f(y)f(y —x)dy = ry()
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is the autocorrelation function associated with f(z) and

H(y) = |F(7)|* = R¢(v) 2 0
is the power spectrum of f(x).

e Convolution in ~: Let f, F', g,G and h, H be FT pairs, with h(z) =
f(z)g(z). Then H(y) = 5-(F * G)(v).

Ex. 2.1 Let F(y) be the FT of the function f(x). Use the definitions of the
FT and IFT given in Equations (2.6) and (2.7) to establish the following
basic properties of the Fourier transform operation listed above. To establish
the convolution formula calculate H(v) using Equation (2.8) and switch the
order of integration.

2.6 Some Fourier-Transform Pairs

The exercises in this section introduce the reader to several Fourier-
transform pairs.

Ex. 2.2 Show that the FT of the function f(z) = u(x)e ** is F(y) =

L for every positive constant a, where u(x) is the Heaviside function.
a—iy

Ex. 2.3 Show that the FT of f(z) = xa(x) is F(y) = 2%. Simalarly,
show that the IFT of the function F(y) = xr(y) is f(x) = snlz,

™

Ex. 2.4 Show that the IFT of the function F(y) = 2i/~v is f(x) = sgn(x).
Hint: Write the formula for the inverse Fourier transform of F(v) as

1 (T2 i [T 94
flz)=— / 2 cos ~yxdy — L aid sin yxdy,
21 J_ 2T J_ oo Y

which reduces to

1 [T 1
f(z) = — / — sinyxdy,
v

T J -

since the integrand of the first integral is odd. For x > 0 consider the
Fourier transform of the function x.(t). For x < 0 perform the change of
vartables u = —x.

Generally, the functions f(z) and F(v) are complex-valued, so that we
may speak about their real and imaginary parts. The next exercise explores
the connections that hold among these real-valued functions.
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Ex. 2.5 Let f(x) be arbitrary and F(v) its Fourier transform. Let F(vy) =
R(y) +iX(v), where R and X are real-valued functions, and similarly, let
f(x) = fi(x) + ifa(x), where f1 and fa are real-valued. Find relationships
between the pairs R,X and f1,fs.

Definition 2.1 We define the even part of f(x) to be the function

fe(x) = W’
and the odd part of f(x) to be
o) - 1D =S0)

define Fe and F, similarly for F the FT of f.

Ex. 2.6 Show that F(7) is real-valued and even if and only if f(x) is real-
valued and even.

Definition 2.2 We say that f is a causal function if f(z) = 0 for all
z <0.

Definition 2.3 The function X is the Hilbert transform of function R if

X(vy)= l/OO Mda.

T ) oY —

Ex. 2.7 Let F(vy) = R(v) +iX(y) be the decomposition of F into its real
and imaginary parts. Show that, if f is causal, then R and X are related;
specifically, show that X is the Hilbert transform of R. Hint: If f(x) =0
for x < 0 then f(z)sgn(x) = f(x). Apply the convolution theorem, then
compare real and imaginary parts.

Definition 2.4 When the Fourier transform function F(vy) is nonzero only
within a bounded interval [-T',T'], we say that F is support-limited, and f
is I'-band-limited.

Ex. 2.8 Let f(z), F(v) and g(x), G(y) be Fourier transform pairs. Use the
conjugation property of Fourier transforms and convolution to establish the
Parseval-Plancherel Equation

1

= o F(’Y)Wd”% (2.9)

(f.g) = / f(@)g@)dz

An important particular case of the Parseval-Plancherel Equation is

1A =5 = [17@Pde=5- [IFo)Par. (210)
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Ex. 2.9 The one-sided Laplace transform (LT) of f is F given by

F(z) = /0 ” fla)e s da.

Compute F(z) for f(x) = u(x), the Heaviside function. Compare F(—iv)
with the FT of u.

Ex. 2.10 Show that the Fourier transform of f(z) = e=*'%" is F(y) =
ge,(%y' Hints: Calculate the derivative F'(vy) by differentiating under
the integral sign in the definition of F' and integrating by parts. Then solve
the resulting differential equation, obtaining

F(y) = Ke™ @),

for some constant K to be determined. To determine K, use the Parseval-
Plancherel Equation (2.10) and the change of variables t = 2o’z to write

1 2
/|f(:17)|2d:c = /6_20‘212d:c = — [ e 22dL,

202

from which it follows that K = g

2.7 Dirac Deltas

We saw earlier that the F'(7) = xr(v) has for its inverse Fourier trans-
form the function f(z) = S2I%Z; note that f(0) = L and f(z) = 0 for the
first time when I'z = 7 or = E. For any I'-band-limited function g(x) we
have G(v) = G(v)xr(7), so that, for any x¢, we have

glan) = [ gy Iy,

. m(x — xp)

We describe this by saying that the function f(x) = % has the sifting
property for all I'-band-limited functions g(x).

As T grows larger, f(0) approaches +oco, while f(x) goes to zero for
x # 0. The limit is therefore not a function; it is a gemeralized function
called the Dirac delta function at zero, denoted §(z). For this reason the
function f(z) = $BLZ g called an approzimate delta function. The FT of
d(x) is the function F(y) = 1 for all . The Dirac delta function §(x) enjoys
the sifting property for all appropriate g(x); that is,

glan) = [ (@bl — o)

— 00
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Describing which functions g(z) are appropriate is part of the theory of
generalized functions and is beyond the scope of this text. It follows from
the sifting and shifting properties that the FT of §(x — z¢) is the function
eizo'y.

The formula for the inverse FT now says

o(x) ! /OO e dy. (2.11)

2 )

If we try to make sense of this integral according to the rules of calculus we
get stuck quickly. The problem is that the integral formula doesn’t mean
quite what it does ordinarily and the é(x) is not really a function, but
an operator on functions; it is sometimes called a distribution. The Dirac
deltas are mathematical fictions, not in the bad sense of being lies or fakes,
but in the sense of being made up for some purpose. They provide helpful
descriptions of impulsive forces, probability densities in which a discrete
point has nonzero probability, or, in array processing, objects far enough
away to be viewed as occupying a discrete point in space.

We shall treat the relationship expressed by Equation (2.11) as a formal
statement, rather than attempt to explain the use of the integral in what
is surely an unconventional manner.

If we move the discussion into the v domain and define the Dirac delta
function 6(7) to be the FT of the function that has the value - for all
x, then the FT of the complex exponential function %e*”f’x is (v — v0),
visualized as a ”"spike” at g, that is, a generalized function that has the
value +o00 at v = 7 and zero elsewhere. This is a useful result, in that it
provides the motivation for considering the Fourier transform of a signal
s(t) containing hidden periodicities. If s(t) is a sum of complex exponentials
with frequencies —,,, then its Fourier transform will consist of Dirac delta
functions §(y — 5. If we then estimate the Fourier transform of s(t) from
sampled data, we are looking for the peaks in the Fourier transform that
approximate the infinitely high spikes of these delta functions.

Ex. 2.11 Use the fact that sgn(xz) = 2u(x) — 1 and Ezercise 2.4 to show
that f(x) = u(x) has the FT F(y) = i/v + 7 (7).

Ex. 2.12 Let f,F be a FT pair. Let g(x) = ffoo f(y)dy. Show that the
FT of g(x) is G(y) = nF(0)d(y) + @ Hint: For the Heaviside function

u(x) we have

/; fy)dy = /_ O:O F)u(x — y)dy.
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2.8 Convolution Filters

In many remote-sensing problems we want values of a function f(z),
but are only able to measure values of another function, h(x), related to
f(z) in some way. For example, suppose that « is time and f(z) represents
what a speaker says into a telephone. The phone line distorts the signal
somewhat, often attenuating the higher frequencies. What the person at
the other end hears is not f(x), but a related signal function, h(z). For
another example, suppose that f(z,y) is a two-dimensional picture viewed
by someone with poor eyesight. What that person sees is not f(z,y) but
h(z,y), a distorted version of the true f(z,y). In both examples, our goal
is to recover the original undistorted signal or image. To do this, it helps
to model the distortion. Convolution is a useful tool for this purpose.

Often, the function h(z) has Fourier transform

so that h(z) is the convolution of the desired function f(x) with another
function g(x). The function G(7) describes the effects of the measuring sys-
tem, the telephone line in our first example, or the weak eyes in the second
example, or the refraction of light as it passes through the atmosphere, in
optical imaging. If we can use our measurements of h(z) to estimate H(7)
and if we have some knowledge of the system distortion function, that is,
some knowledge of G(7) itself, then there is a chance that we can estimate
F(v), and thereby estimate f(z).

If we apply the Fourier Inversion Formula to H(y) = F(7)G(y), we get

h(z) = % /F(W)G(W)eﬂ'wdm. (2.12)

The function h(x) that results is h(xz) = (f * g)(z), the convolution of the
functions f(z) and g(x), with the latter given by

1

g9(x) = o

/G('y)e_iwdz.

Note that, if f(z) = d(x), then h(z) = g(z). In the image processing
example, this says that, if the true picture f is a single bright spot, then
the blurred image h is g itself. For that reason, the function g is called the
point-spread function of the distorting system.

Convolution filtering refers to the process of converting any given func-
tion, say f(x), into a different function, say h(x), by convolving f(z) with a
fixed function g(x). Since this process can be achieved by multiplying F'(7)
by G(v) and then inverse Fourier transforming, such convolution filters are
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studied in terms of the properties of the function G(7), known in this con-
text as the system transfer function, or the optical transfer function (OTF);
when « is a frequency, rather than a spatial frequency, G(v) is called the
frequency-response function of the filter. The magnitude function |G(v)] is
called the modulation transfer function (MTF). The study of convolution
filters is a major part of signal processing. Such filters provide both rea-
sonable models for the degradation that signals undergo, and useful tools
for reconstruction. For an important example of the use of filtering, see
Chapter 27 on Reverberation and Echo-Cancellation.

Let us rewrite Equation (2.12), replacing F(y) with its definition, as
given by Equation (2.6). Then we have

h(z) = / (% / f(t)e”tdt)G(v)e_”wdv. (2.13)

Interchanging the order of integration, we get

h(z) = / f(t)(% / G(y)ew(t*ﬂdy)dt. (2.14)

The inner integral is g(x — t), so we have

a) = [ gt - )at (2.15)

this is the definition of the convolution of the functions f and g.

If we know the nature of the blurring, then we know G(v), at least
approximately. We can try to remove the blurring by taking measurements
of h(z), estimating H(y) = F(v)G(y), dividing these numbers by the value
of G(v), and then inverse Fourier transforming. The problem is that our
measurements are always noisy, and typical functions G(v) have many zeros
and small values, making division by G(v) dangerous, except for those v
where the values of G(7) are not too small. These latter values of -y tend to
be the smaller ones, centered around zero, so that we end up with estimates
of F(v) itself only for the smaller values of . The result is a low-pass
filtering of the object f(x).

To investigate such low-pass filtering, we suppose that G(y) = 1, for
|v] < T, and G(vy) = 0, otherwise. Then the filter is called the ideal T'-
low-pass filter. In the far-field propagation model, the variable z is spatial,
and the variable v is spatial frequency, related to how the function f(x)
changes spatially, as we move z. Rapid changes in f(z) are associated with
values of F'(v) for large v. For the case in which the variable x is time, the
variable v becomes frequency, and the effect of the low-pass filter on f(x)
is to remove its higher-frequency components.

One effect of low-pass filtering in image processing is to smooth out
the more rapidly changing features of an image. This can be useful if these
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features are simply unwanted oscillations, but if they are important detail,
such as edges, the smoothing presents a problem. Restoring such wanted
detail is often viewed as removing the unwanted effects of the low-pass filter-
ing; in other words, we try to recapture the missing high-spatial-frequency
values that have been zeroed out. Such an approach to image restoration
is called frequency-domain extrapolation. How can we hope to recover these
missing spatial frequencies, when they could have been anything? To have
some chance of estimating these missing values we need to have some prior
information about the image being reconstructed.

2.9 A Discontinuous Function

Consider the function f(x) = ﬁ, for |z| < A, and f(x) = 0, otherwise.

The Fourier transform of this f(x) is
p(y) = 2,
Y

for all real v # 0, and F(0) = 1. Note that F'(v) is nonzero throughout the
real line, except for isolated zeros, but that it goes to zero as we go to the
infinities. This is typical behavior. Notice also that the smaller the A, the
slower F'(7) dies out; the first zeros of F(y) are at |y| = %, so the main
lobe widens as A goes to zero. The function f(x) is not continuous, so its
Fourier transform cannot be absolutely integrable. In this case, the Fourier
Inversion Formula must be interpreted as involving convergence in the L2
norm.

2.10 Shannon’s Sampling Theorem

As one might expect, there are connections between Fourier series and
Fourier transforms, and several different ways to establish these connec-
tions. I believe the simplest way is to use Shannon’s Sampling Theorem.

When the Fourier transform function F'(y) is nonzero only within a
bounded interval [-T',T], we say that F is support-limited, and f is then
said to be I'-band-limited. Then F has a Fourier series and the Fourier
coefficients are

1/t _inz.,
Cn = 5 . F(vy)e d. (2.16)
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Comparing Equations (2.7) and (2.16), we see that

T, /T
=1/ ( T ) '
This tells us that whenever F' is determined by its Fourier coefficients, both
f and F are determined by the values of the inverse Fourier transform
function f at the infinite set of points x = 5.

The Fourier coefficients ¢,, and the inverse Fourier transform function f
play similar roles. When F' is support-limited, we attempt to represent F' as
an infinite sum of the complex exponential functions ¥ and the ¢, are
the complex weights associated with each of these exponential functions.
More generally, when F' may not be support-limited, we attempt to express
F(v) as a sum (an integral) over x of all the complex exponential functions
e and the complex numbers f(x) are the weight associated with each
exponential function.

In many signal-processing applications the variable x is time and de-
noted ¢, while the variable «y is frequency, and denoted w. Then Shannon’s
Sampling Theorem says that, whenever there is a bound on the absolute
value of the frequencies involved in the function f, we can reconstruct f
completely from values (or samples) of f at an infinite discrete set of values
of x whose spacing depends on the bound on the frequencies; the higher
the bound, the smaller the spacing between samples. When our sample
spacing is too large, we get aliasing. Aliasing is what results in the familiar
“strobe-light” effect and why the wagon wheels in cowboy movies appear to
revolve backwards.

If F(v) is supported on the interval [-T', '], then F and f are completely

nm

determined by the values of f(x) at the infinite set of points x = &&. The

spacing A = £ is called the Nyquist spacing.

Ex. 2.13 Let ' = 7, so that A = 1, f,, = f(m), and g, = g(m). Use
the orthogonality of the functions €™ on [—m, m] to establish Parseval’s
Equation:

s

F9) =D fuGm= [ F()GH)dy/2m, (2.17)

—T

from which it follows that
s = [ Py

Ex. 2.14 Let f(x) be defined for all real x and let F(vy) be its FT. Let

g(@)= > flz+2nk),

k=—o00
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assuming the sum exists. Show that g is a 2m-periodic function. Compute
its Fourier series and use it to derive the Poisson summation formula:

o0

> f(27rk):% > F(n).

k=—oc0 n=-—oo

2.11 What Shannon Does Not Say

It is important to remember that Shannon’s Sampling Theorem tells us
that the doubly infinite sequence of values { f(nA)}52 _ _ is sufficient to re-
cover exactly the function F(v) and, thereby, the function f(x). Therefore,
sampling at the rate of twice the highest frequency (in Hertz) is sufficient
only when we have the complete doubly infinite sequence of samples. Of
course, in practice, we never have an infinite number of values of anything,
so the rule of thumb expressed by Shannon’s Sampling Theorem is not
valid. Since we know that we will end up with only finitely many samples,
each additional data value is additional information. There is no reason to
stick to the sampling rate of twice the highest frequency.

2.12 Inverse Problems

In this section we introduce the concept of an inverse problem, using
Fourier series to solve a heat-conduction problem. Many of the problems we
study in applied mathematics are direct problems. For example, we imagine
a ball dropped from a building of known height i and we calculate the time
it takes for it to hit the ground and the impact velocity. Once we make cer-
tain simplifying assumptions about gravity and air resistance, we are able
to solve this problem easily. Using his inverse-square law of universal grav-
itation, Newton was able to show that planets move in ellipses, with the
sun at one focal point. Generally, direct problems conform to the usual
flow of time and seek the effects due to known causes. Problems we call
inverse problems go the other way, seeking the causes of observed effects;
we measure the impact velocity to determine the height h of the build-
ing. Newton solved an inverse problem when he determined that Kepler’s
empirical laws of planetary motion follow from an inverse-square law of
universal gravitation.



32 Signal Processing: A Mathematical Approach

In each of the examples of remote sensing just presented in Chapter 1
we have measured some effects and want to know the causes. In x-ray to-
mography, for example, we observe that the x-rays that passed through the
body of the patient come out weaker than when they went in. We know that
they were weakened, or attenuated, because they were partially absorbed
by the material they had to pass through; we want to know precisely where
the attenuation took place. This is an inverse problem; we are trying to go
back in time, to uncover the causes of the observed effects.

Direct problems have been studied for a long time, while the theory of
inverse problems is still being developed. Generally speaking, direct prob-
lems are easier than inverse problems. Direct problems, at least those cor-
responding to actual physical situations, tend to be well-posed in the sense
of Hadamard, while inverse problems are often ill-posed. A problem is said
to be well-posed if there is a unique solution for each input to the problem
and the solution varies continuously with the input; roughly speaking, small
changes in the input lead to small changes in the solution. If we vary the
height of the building slightly, the time until the ball hits the ground and
its impact velocity will change only slightly. For inverse problems, there
may be many solutions, or none, and slight changes in the data can cause
the solutions to differ greatly. In [7] Bertero and Boccacci give a nice il-
lustration of the difference between direct and inverse problems, using the
heat equation.

Suppose that u(z, t) is the temperature distribution for z in the interval
[0,a] and ¢t > 0. The function u(x,t) satisfies the heat equation

9%u 1 Ju

922~ Dot
where D > 0 is the thermal conductivity. In addition, we adopt the bound-

ary conditions u(z,0) = f(x), and u(0,t) = u(a,t) = 0, for all ¢. By
separating the variables, and using Fourier series, we find that, if

F@) = 3 fusin (225,
n=1
where "
fn= %/0 f(z)sin (7%7:1:) dx,
then

u(z,t) = Z fne PEE tgin (?) ,
n=1

The direct problem is to find u(z,t), given f(z). Suppose that we know
f(z) with some finite precision, that is, we know those Fourier coefficients
fr for which |f,| > € > 0. Because of the decaying exponential factor, fewer
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Fourier coefficients in the expansion of u(z,t) will be above this threshold,
and we can determine u(x, t) with the same precision or better. The solution
to the heat equation tends to be smoother than the input distribution.

The inverse problem is to determine the initial distribution f(z) from
knowledge of u(z,t) at one or more times ¢ > 0. As we just saw, for any
fixed time ¢ > 0, the Fourier coefficients of u(x,t) will die off faster than
the f,, do, leaving fewer coefficients above the threshold of €. This means
we can determine fewer and fewer of the f,, as t grows larger. For ¢t beyond
some point, it will be nearly impossible to say anything about f(x).

Once again, the proper interpretation of Equation (2.7) will depend on
the properties of the functions involved. It may happen that one or both of
these integrals will fail to be defined in the usual way and will be interpreted
as the principal value of the integral [80].

2.13 Two-Dimensional Fourier Transforms

The Fourier transform is also defined for functions of several real vari-
ables f(z1,...,2n). The multidimensional FT arises in image processing,
scattering, transmission tomography, and many other areas. In this section
we discuss the extension of the definitions of the FT and IFT to functions
of two real variables.

2.13.1 The Basic Formulas

For the complex-valued function f(x,y) of two real variables, the Fourier
transformation is

Fla, B) = / / F(@,y)d @) dady,

Just as in the one-dimensional case, the Fourier transformation that pro-
duced F(«, 3) can be inverted to recover the original f(z,y). The Fourier
Inversion Formula in this case is

flz,y) = ﬁ //F(a,ﬂ)efi(o‘”ﬁy)dadﬂ. (2.18)

It is important to note that this procedure can be viewed as two one-
dimensional Fourier inversions: First, we invert F(a, ), as a function of,
say, 8 only, to get the function of o and y

1

ey =5 [ Flape s,
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second, we invert g(a,y), as a function of a, to get

flz,y) = % /g(a,y)e‘i”da.

If we write the functions f(z,y) and F(«, ) in polar coordinates, we ob-
tain alternative ways to implement the two-dimensional Fourier inversion.
We shall consider these other ways in Chapter 11, when we discuss the
tomography problem of reconstructing a function f(z,y) from line-integral
data.

2.13.2 Radial Functions

Now we consider the two-dimensional Fourier-transform pairs in polar
coordinates. We convert to polar coordinates using (z,y) = r(cos6,sin0)
and (a, ) = p(cosw, sinw). Then

F(p,w) = / f(r,0)eiPeos0=<)rdrdp, (2.19)
0 -7

Say that a function f(z,y) of two variables is a radial function if 2% + y? =
2?2 + y? implies f(z,y) = f(x1,y1), for all points (z,y) and (x1,y1); that

is, f(z,y) = g(\/2? + y?) for some function g of one variable.

Ex. 2.15 Show that if f is radial then its FT F is also radial. Find the
FT of the radial function f(x,y) = —— Hints: Insert f(r,0) = g(r) in

FEquation (2.19) to obtain

F(p,w) = / / g(r)emPeosO0=w)rdrd
0 -

or
F(p,w) = / rg(r) {/ e'rP Cos(efw)dt?} dr.
0 -7

Show that the inner integral is independent of w, and then use the fact that

/ ePeosfdn = 21 Jo(rp),

—T

with Jo the 0th order Bessel function, to get

Fp.) = Hip) =2x [ rg(r) (o)

The function H(p) is called the Hankel transform of g(r). Summarizing,
we say that if f(x,y) is a radial function obtained using g then its Fourier
transform F'(«, 3) is also a radial function, obtained using the Hankel trans-
form of g.
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2.13.3 An Example

For example, suppose that f(x,y) =1 for /22 +y2 < R, and f(z,y) =
0, otherwise. Then we have

T R
F(a, p) = / / e arcos b4 Brsim Oy g,
-7 J0

In polar coordinates, with o = pcos¢ and 8 = psin ¢, we have

R 7
F(p,¢) = / / P eos0=9) dordr.
0 -

The inner integral is well known;

/ eirreos(0=¢)qp — 27w Jo(rp),
where Jy and J,, denote the Oth order and nth order Bessel functions,
respectively. Using the following identity

/ t" Jp—1(t)dt = 2" T, (2),
0

we have
F(p,¢) = TJl(PR)-

Notice that, since f(x,z) is a radial function, that is, dependent only on
the distance from (0,0) to (x,y), its Fourier transform is also radial.

The first positive zero of Jy(t) is around ¢ = 4, so when we measure
F at various locations and find F(p, ¢) = 0 for a particular (p, ¢), we can
estimate R a2 4/p. So, even when a distant spherical object, like a star,
is too far away to be imaged well, we can sometimes estimate its size by
finding where the intensity of the received signal is zero [101].

In her 1953 Nature paper with R. G. Gosling the British scientist
Rosalind Franklin presented evidence she had obtained from x-ray scat-
tering experiments that corroborated the double-helical structure of the
DNA molecule proposed a short time previously by Crick and Watson. She
showed mathematically that the scattering pattern from a helical structure
would be described by the Bessel functions J,, and noted that the observed
maximal intensities in her photographs corresponded to the zeros of these
Bessel functions.

According to Lightman [111], most historians of science who have stud-
ied the work that led to the discovery of the structure of DNA agree that
the contribution of Rosalind Franklin is understated in Watson’s account in
his book [160]. In 1962 Francis Crick and James Watson shared the Nobel
Prize in Physics with Maurice Wilkins of King’s College, London, who had
worked with Franklin on DNA. Had she not died of cancer in 1958, it is
plausible that Franklin, not Wilkins, would have shared the prize.
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2.14 The Uncertainty Principle

—a?z?

We saw earlier that the Fourier transform of the function f(z) = e

is
F(y) = ﬁef(%)z_
«
This Fourier-transform pair illustrates well the general fact that the more
concentrated f(x) is, the more spread out F(y) is. In particular, it is im-
possible for both f and F' to have bounded support. We prove the following
inequality:

[ 2|f (@) Pdz [ ?|F()Pdy
[1f(@)2de [[F(y)[2dy

This inequality is the mathematical version of Heisenberg’s Uncertainty
Principle.

As we shall show in Chapter 19, the Cauchy-Schwarz Inequality holds
in any vector space with an inner product. In the present situation, the
Cauchy-Schwarz Inequality tells us that

| [ t@g@as| < [ 1P [ lg@)Pas,

with equality if and only if g(z) = kf(z), for some scalar k. We will need
this in the proof of the inequality (2.20). We'll also need the Parseval-
Plancherel Equation (2.9), as well as the fact that, for any two complex
numbers z and w, we have

>

1
T (2.20)

1
|zw| > §(zﬁ + zZw).

In addition, we assume that

lim (a(|f(a)* +|f(~a)*) =0,

a—-+oo

so that, using integration by parts, we have

[ (gr@P) = [1r@Pa.

The proof of Inequality (2.20) now follows:

o [ #r@Pa [AFaPa = o [ler@Pas [hre)Ps
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oz [les@Pde [If@Pde = ( [lof @f@)ds)

>(/—[f()f()+f( )f()]d:c) :i(/ (—If( 2 )2

1(Jlr@pra) = & [1r@pa [ Fa)Pa,

This completes the proof of Inequality (2.20).
The significance of this inequality is made evident when we reformulate
it in terms of the variances of probability densities. Suppose that

[1s@par=5- [IFe)Pa =1,

| 2

so that we may view | f(2)|? and 5=|F(y)[? as probability density functions
associated with random varlables X and Y, respectively. From probability
theory we know that the expected values E(X) and E(Y) are given by

m = B(X) = [ alf@)Pds

and
1

M=E(Y) = - [2F)Pa.

Let
g(x) = fz+m)e,

so that the Fourier transform of g(z) is
G(y) = F(y + M)e'M=m

Then, |g(z)|> = |f(z +m)|* and |G(y)|> = |F(y + M)|?; we also have
/:C|g(x)|2dx =0

/ PG () 2y = 0.

The point here is that we can assume that m = 0 and M = 0. Consequently,
the variance of X is

and

var(X) = /x2|f(:c)|2dz

and the variance of Y is

var(Y) = %/72|F(V)|2d7
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The variances measure how spread out the functions |f(x)|? and |F(v)|?
are around their respective means. From Inequality (2.20) we know that
the product of these variances is not smaller than i.

Ex. 2.16 Show, by examining the proof of Inequality (2.20), that if the
inequality is an equation for some f then f'(x) = kxf(x), so that f(x) =
e—a’? for some a > 0. Hint: What can be said when Cauchy’s Inequality
is an equality?

2.15 Best Approximation

The basic problem here is to estimate F'(y) from finitely many values of
f(z), under the assumption that F(y) = 0 for |y| > T, for some I" > 0. Since
we do not have all of f(x), the best we can hope to do is to approximate
F() in some sense. To help us understand how best approximation works,
we consider the orthogonality principle.

2.15.1 The Orthogonality Principle

Imagine that you are standing and looking down at the floor. The point
B on the floor that is closest to the tip of your nose, which we label F,
is the unique point on the floor such that the vector from B to any other
point A on the floor is perpendicular to the vector from B to F'; that is,
FB-AB =0. This is a simple illustration of the orthogonality principle.

When two vectors are perpendicular to one another, their dot product
is zero. This idea can be extended to functions. We say that two functions
F(v) and G(v) defined on the interval [-T',T'] are orthogonal if

r
| reieman o

T

Suppose that G,,(v), n =0, ..., N — 1, are known functions, and

N-1
A(y) = Z anGn(7),
n=0
for any coefficients a,,. We want to minimize the approximation error

/_ IF() AP,
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over all coefficients a,,. Suppose that the best choices are a, = b,. The
orthogonality principle tells us that the best approximation

B = Y buGal)
n=0

is such that the function F(y) — B(v) is orthogonal to A(y) — B(v) for
every choice of the a,.

Suppose that we fix m and select a,, = b, for n # m, and a,, = b, + 1.
Then we have

I
/ (F(7) — B()Gm(7)dr = 0. (2.21)

T

We can use Equation (2.21) to help us find the best b,,.
From Equation (2.21) we have

r N-1 r

R0 ES S N Cma
0

-T - -T

Since we know the G, (), we know the integrals

r
/_F Gn(7)Gm(7)dy.

If we can learn the values

r
/ F(7)Gm(y)dy

T

from measurements, then we simply solve a system of linear equations to
find the b,.

2.15.2 An Example

Suppose that we have measured the values f(z,), forn=0,...,N —1,
where the x,, are arbitrary real numbers. Then, from these measurements,
we can find the best approximation of F () of the form

Ay) = z_: anGn(7),
n=0

if we select G, () = e?1n.
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2.15.3 The DFT as Best Approximation

Suppose now that our data values are f(An), for n = 0,1,.... N — 1,
where we have chosen A = £. We can view the DFT as a best approxima-
tion of the function F(vy) over the interval [-T',T], in the following sense.
Consider all functions of the form

N-1

A(W) = Z aneinAv’

n=0

where the best coefficients a,, = b,, are to be determined. Now select those
b,, for which the approximation error

/ F(y) — A(y)|2dy

-r

is minimized. Then it is easily shown that these optimal b,, are precisely
forn=0,1,...., N — 1.

Ex. 2.17 Show that b,, = Af(nA), forn=0,1,...,N — 1, are the optimal
coefficients.

The DFT estimate is reasonably accurate when N is large, but when
N is not large there are usually better ways to estimate F(v), as we shall
see.

In Figure 2.1, the real-valued function f(z) is the solid-line figure in both
graphs. In the bottom graph, we see the true f(z) and a DFT estimate. The
top graph is the MDFT estimator, the result of band-limited extrapolation,
a technique for predicting missing Fourier coefficients that we shall discuss
next.

2.15.4 The Modified DFT (MDFT)

We suppose, as in the previous subsection, that F(y) = 0, for |y| > T,
and that our data values are f(nA), for n = 0,1,...,N — 1. It is often
convenient to use a sampling interval A that is smaller than & in order
to obtain more data values. Therefore, we assume now that A < £. Once

again, we seek the function of the form

N-1
Aly) =) ane™,
n=0
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FIGURE 2.1: The non-iterative band-limited extrapolation method
(MDFT) (top) and the DFT (bottom) for N = 64, 30 times over-sampled
data.

defined for |y| < T, for which the error measurement

/_ IFO) = APy

is minimized.
In the previous example, for which A = £, we have

I
/ ei(n—m)A'yd,y _ 0’
-r

for m # n. As the reader will discover in doing Exercise 2.17, this greatly
simplifies the system of linear equations that we need to solve to get the
optimal b,,. Now, because A # £, we have

r w(n —m)A

which is not zero when n # m. This means that we have to solve a more



42 Signal Processing: A Mathematical Approach

complicated system of linear equations in order to find the b,,. It is impor-
tant to note that the optimal b,, are not equal to A f(nA) now, so the DFT
is not the optimal approximation. The best approximation in this case we
call the modified DFT (MDFT), given by

N-1

Fuprr(7) = xr(7) Y bae™7, (2.22)

n=0

where xr(7) is the function that is one for |y| < T and zero otherwise.

2.15.5 The PDFT

In the previous subsection, the functions A(vy) were defined for |y| < T.
Therefore, we could have written them as

N—-1 .
AM) =xr(y) Y ane™>.

n=0

The factor xr () serves to incorporate into our approximating function our
prior knowledge that F'(y) = 0 outside the interval [-I',T']. What can we
do if we have additional prior knowledge about the broad features of F'(y)
that we wish to include?

Suppose that P(y) > 0 is a prior estimate of |F(v)|. Now we approxi-
mate F'(vy) with functions of the form

N-1

C() =P(7) > cne™.

n=0

As we shall see in Chapter 25, the best choices of the ¢, are the ones that
satisfy the equations

N—-1
f(mA) = Z enp((n —m)A), (2.23)
n=0
for m=0,1,...., N — 1, where

1 /T .
— P —wxrYy
p(x) o /_ . (v)e " Vdy

is the inverse Fourier transform of the function P(7). This best approxima-
tion we call the PDFT [23, 24, 26]. The use of the PDFT was illustrated
in Chapter 1, in the reconstruction of a simulated head slice.
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2.16 Analysis of the MDFT

Let our data be f(x,,), m =1,..., M, where the x,, are arbitrary values
of the variable z. If F'(v) is zero outside [—T", '], then minimizing the energy
over [—I',T'] subject to data consistency produces an estimate of the form

M
Fuprr(v) = x0(7) Y bmexp(izmy),

m=1

with the b,, satisfying the equations

M .
Flwn) = Z bmsm(F(J:m - xn)),

(T, — X))

sin(D(zp—2n))

we call a sinc
TF(‘,L‘WL_wTL)

for n = 1,..., M. The matrix Sp with entries
matrix.

2.16.1 Eigenvector Analysis of the MDFT

Although it seems reasonable that incorporating the additional infor-
mation about the support of F(v) should improve the estimation, it would
be more convincing if we had a more mathematical argument to make.
For that we turn to an analysis of the eigenvectors of the sinc matrix.
Throughout this subsection we make the simplification that x,, = n.

Ex. 2.18 The purpose of this exercise is to show that, for an Hermitian
nonnegative-definite M by M matriz QQ, a norm-one eigenvector u' of Q as-
sociated with its largest eigenvalue, N1, mazimizes the quadratic form a'Qa
over all vectors a with norm one. Let Q = ULU?' be the eigenvector decom-
position of Q, where the columns of U are mutually orthogonal eigenvectors
u” with norms equal to one, so that UTU = I, and L = diag{\1, ..., \ar} is
the diagonal matrix with the eigenvalues of @ as its entries along the main
diagonal. Assume that A\ > o > ... > A\pr. Then maximize

M
afQa = Z A, Jafu™|?,

n=1

subject to the constraint

M
ala=alUTUa= Z lafu”|? = 1.

n=1

Hint: Show a'Qa is a convex combination of the eigenvalues of Q.
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Ex. 2.19 Show that, for the sinc matriz Q = Sr, the quadratic form a'Qa
in the previous exercise becomes

1 T M
i — ny
a'Sra = ‘ E ane
r 27T /—F el "

Show that the norm of the vector a is the square root of the integral

M
§ :aneln'y
n=1

2
dry.

2
dry.

1 T
2 J_,

Ex. 2.20 For M = 30 compute the eigenvalues of the matriz St for various
choices of ', such as I' = T, for k = 2,3,...,10. For each k arrange the
set of eigenvalues in decreasing order and note the proportion of them that
are not near zero. The set of eigenvalues of a matriz is sometimes called
its eigenspectrum and the nonnegative function xr(7y) is a power spectrum;
here is one time in which different notions of a spectrum are related.

2.16.2 The Eigenfunctions of St

Suppose that the vector u! = (ul,...,ul,)? is an eigenvector of Sr

corresponding to the largest eigenvalue, \;. Associate with u'! the eigen-
function

T

M
U6 = Y uke,
n=1
Then

r T
O RO R
I —T

and U?(y) is the function of its form that is most concentrated within the
interval [-T",T.

Similarly, if uM is an eigenvector of St associated with the smallest
eigenvalue )7, then the corresponding eigenfunction UM (v) is the function
of its form least concentrated in the interval [-I",T7].

Ex. 2.21 On the interval |y| < 7 plot the functions |U™ ()| corresponding
to each of the eigenvectors of the sinc matrixz Sr. Pay particular attention
to the places where each of these functions is zero.
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The eigenvectors of St corresponding to different eigenvalues are orthog-
onal, that is (u™)fu” = 0 if m is not n. We can write this in terms of
integrals:

™ R

/ Ur(mum(y)dy =0

—T
if m is not n. The mutual orthogonality of these eigenfunctions is related
to the locations of their roots, which were studied in the previous exercise.

Any Hermitian matrix @ is invertible if and only if none of its eigenval-

ues is zero. With \,, and u™, m = 1, ..., M, the eigenvalues and eigenvectors
of @, the inverse of ) can then be written as

Q™' = (1/anu (W) + .+ (1 ) u (0

Ex. 2.22 Show that the MDFT estimator given by Equation (2.22)
Fryiprr(y) can be written as

N
Fuprr(y Z /\— ™MIAU™ (v),

m=1
where d = (f(1), f(2), ..., F(M))T is the data vector.

Ex. 2.23 Show that the DFT estimate of F(v), restricted to the interval
[T, 1Y, is

™IAU™(y).

Mz

Fprr(y

m 1

Hint: Use the fact that I = UUT.

From these two exercises we can learn why it is that the estimate Fasppr(7y)
resolves better than the DFT. The former makes more use of the eigenfunc-
tions U™ (7y) for higher values of m, since these are the ones for which A, is
closer to zero. Since those eigenfunctions are the ones having most of their
roots within the interval [T, T'], they have the most flexibility within that
region and are better able to describe those features in F'(vy) that are not
resolved by the DFT.
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3.1 Chapter Summary

A basic problem in remote sensing is to determine the nature of a dis-
tant object by measuring signals transmitted by or reflected from that
object. If the object of interest is sufficiently remote, that is, is in the far
field, the data we obtain by sampling the propagating spatio-temporal field
is related, approximately, to what we want by Fourier transformation. In
this chapter we present examples to illustrate the roles played by Fourier
series and Fourier coefficients in the analysis of remote sensing and signal
transmission. We use these examples to motivate several of the computa-
tional problems we shall consider in detail later in the text. We also discuss
two inverse problems involving the Laplace transform.

We consider here a common problem of remote sensing of transmitted or
reflected waves propagating from distant sources. Examples include optical
imaging of planets and asteroids using reflected sunlight, radio-astronomy
imaging of distant sources of radio waves, active and passive sonar, radar
imaging using microwaves, and infrared (IR) imaging to monitor the ocean
temperature. In such situations, as well as in transmission and emission
tomography and magnetic-resonance imaging, what we measure are es-
sentially the Fourier coefficients or values of the Fourier transform of the
function we want to estimate. The image reconstruction problem then be-
comes one of estimating a function from finitely many noisy values of its
Fourier transform.

3.2 Fourier Series and Fourier Coefficients

We suppose that f : [-L, L] — C, and that its Fourier series converges
to f(x) for all z in [—L, L]. In the examples in this chapter, we shall see
how Fourier coefficients can arise as data obtained through measurements.
However, we shall be able to measure only a finite number of the Fourier
coefficients. One issue that will concern us is the effect on the estimation
of f(z) if we use some, but not all, of its Fourier coefficients.

Suppose that we have c¢,, as defined by Equation (2.5), for n =
0,1,2,..., N. It is not unreasonable to try to estimate the function f(x)
using the discrete Fourier transform (DFT) estimate, which is

N
forr(x) = Z cne' T

n=0
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When we know that f(z) is real-valued, and so ¢_, = ¢,, we naturally
assume that we have the values of ¢, for |n| < N.

3.3 The Unknown Strength Problem

In this example, we imagine that each point z in the interval [—L, L]
is sending out a signal that is a complex-exponential-function signal, also
called a sinusoid, at the frequency w, each with its own strength f(z); that
is, the signal sent by the point z is

f(:l?)eiwt.

In our first example, we imagine that the strength function f(x) is unknown
and we want to determine it. It could be the case that the signals originate
at the points z, as with light or radio waves from the sun, or are simply
reflected from the points z, as is sunlight from the moon or radio waves
in radar. Later in this chapter, we shall investigate a related example, in
which the points = transmit known signals and we want to determine what
is received elsewhere.

3.3.1 Measurement in the Far Field

Now let us consider what is received by a point P on the circumference
of a circle centered at the origin and having large radius D. The point P
corresponds to the angle 6 as shown in Figure 3.1; we use 6 in the interval
[0, 7]. It takes a finite time for the signal sent from z at time ¢ to reach P,
so there is a delay.

We assume that c is the speed at which the signal propagates. Because
D is large relative to L, we make the far-field assumption, which allows us
to approximate the distance from = to P by D — x cosf. Therefore, what
P receives at time ¢ from x is approximately what was sent from z at time
t—1(D —xzcosh).

Ex. 3.1 Show that, for any point P on the circle of radius D and any
x # 0, the distance from x to P is always greater than or equal to the
far-field approximation D — x cos@, with equality if and only if 6 = 0 or
0=m.

At time ¢, the point P receives from x the signal

jwcos 6

f(m)eiw(tfi(Dfxcose) — €iw(t7%D)f(l')€l <
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FIGURE 3.1: Far-field measurements.

Because the point P receives signals from all = in [—L, L], the signal that
P receives at time ¢ is

L
eiw(t—%D) / f(l')ez%%smdl‘
—L

Therefore, from measurements in the far field, we obtain the values

L - w cos 0
/ flx)e' = *du.
-L

When 6 is chosen so that

- (3.1)

we have c,.

3.3.2 Limited Data

Note that we will be able to solve Equation (3.1) for 6 if and only if we
have

In| < —.
me
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This tells us that we can measure only finitely many of the Fourier coeffi-
cients of f(z). It is common in signal processing to speak of the wavelength
of a sinusoidal signal; the wavelength associated with a given w and c is

2
5= 27
w
Therefore we can measure 2N +1 Fourier coefficients, where N is the largest
integer not greater than %, which is the length of the interval [—L, L],

measured in units of wavelength A. We get more Fourier coefficients when
the product Lw is larger; this means that when L is small, we want w to be
large, so that A is small and NV is large. As we saw previously, using these
finitely many Fourier coefficients to calculate the DFT reconstruction of
f(x) can lead to a poor estimate of f(x), particularly when N is small.

Consider the situation in which the points x are reflecting signals that
are sent to probe the structure of an object described by the function f,
as in radar. This relationship between the number Lw and the number of
Fourier coefficients we can measure amounts to a connection between the
frequency of the probing signal and the resolution attainable; finer detail
is available only if the frequency is high enough.

The wavelengths used in primitive early radar at the start of World War
IT were several meters long. Since resolution is proportional to aperture,
that is, the length of the array measured in units of wavelength, antennas
for such radar needed to be quite large. As Korner notes in [102], the general
feeling at the time was that the side with the shortest wavelength would
win the war. The cavity magnetron, invented during the war by British
scientists, made possible microwave radar having a wavelength of 10 cm,
which could then be mounted easily on planes.

3.3.3 Can We Get More Data?

As we just saw, we can make measurements at any points P in the
far field; perhaps we do not need to limit ourselves to just those angles
that lead to the c¢,. It may come as somewhat of a surprise, but from the
theory of complex analytic functions we can prove that there is enough
data available to us here to reconstruct f(x) perfectly, at least in principle.
The drawback, in practice, is that the measurements would have to be free
of noise and impossibly accurate. All is not lost, however.

3.3.4 Measuring the Fourier Transform

If 6 is chosen so that
wcosf _—n7

c L’
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then our measurement gives us the Fourier coefficients c¢,. But we can
select any angle 6 and use any P we want. In other words, we can obtain

the values
jwcos 9
/ fa z,

for any angle #. With the change of variable

wcos b

’
&

we can obtain the value of the Fourier transform,

L
F(y) = /_L f(x)eda,

for any ~ in the interval [, “].
We are free to measure at any P and therefore to obtain values of F'(7y)
for any value of v in the interval [-%,£]. We need to be careful how we

process the resulting data, however.

3.3.5 Over-Sampling

Suppose, for the sake of illustration, that we measure the far-field signals
at points P corresponding to angles 6 that satisfy

wcosf _—n7
¢c 2L
instead of
wcosf _—n7
¢c L

Now we have twice as many data points and from these new measurements

we can obtain .
= / f(z)e 2L % dx,
—L

for |n| < 2N. We say now that our data is twice over-sampled. Note that
we call it over-sampled because the rate at which we are sampling is higher,
even though the distance between samples is shorter. The values d,, are not
simply more of the Fourier coeffcients of f. The question now is: What are
we to do with these extra data values?

The values d,, are, in fact, Fourier coefficients, but not of f; they are
Fourier coefficients of the function g : [-2L,2L] — C, where g(z) = f(z)
for |z| < L, and g(z) = 0, otherwise. If we simply use the d,, as Fourier
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coefficients of the function g(x) and compute the resulting DFT estimate
of g(x),

2N
gprr(T) = E dpe'2L®,
n=—2N

this function estimates f(z) for |z| < L, but it also estimates g(x) = 0 for
the other values of x in [—2L,2L]. When we graph gppr(z) for |z| < L
we find that we have no improvement over what we got with the previous
estimate fppr. The problem is that we have wasted the extra data by
estimating g(z) = 0 where we already knew that it was zero. To make
good use of the extra data we need to incorporate this prior information
about the function g. The MDFT and PDFT algorithms provide estimates
of f(z) that incorporate prior information.

3.3.6 The Modified DFT

The modified DFT (MDFT) estimate was first presented in [22]. For
our example of twice over-sampled data, the MDFT is defined for |z| < L
and has the algebraic form

2N
fMDFT(UC)Z Z anei%ma (3-2)
n=—2N

for |z| < L. The coefficients a,, are not the d,. The a,, are determined by
requiring that the function fy;ppr be consistent with the measured data,
the d,,. In other words, we must have

L
dn = / fMDFT(l')eii%xdl‘. (33)
—L

When we insert fyprr(x) as given in Equation (3.2) into Equation (3.3)
we get a system of 2V 41 linear equations in 2NV 4+ 1 unknowns, the a,,. We
then solve this system for the a,, and use them in Equation (3.2). Figure
2.1 shows the improvement we can achieve using the MDFT. The data used
to construct the graphs in that figure was thirty times over-sampled. We
note here that, had we extended f initially as a 2L-periodic function, it
would be difficult to imagine the function g(z) and we would have a hard
time figuring out what to do with the d,.

In this example we measured twice as much data as previously. We
can, of course, measure even more data, and it need not correspond to the
Fourier coefficients of any function. The potential drawback is that, as we
use more data, the system of linear equations that we must solve to obtain
the MDFT estimate becomes increasingly sensitive to noise and round-off
error in the data. It is possible to lessen this effect by regularization, but
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not to eliminate it entirely. Regularization can be introduced here simply
by multiplying by, say, 1.01, the entries of the main diagonal of the matrix
of the linear system. This makes the matrix less ill-conditioned.

In our example, we used the prior knowledge that f(x) =0 for |z| > L.
Now, we shall describe in detail the use of other forms of prior knowledge
about f(x) to obtain reconstructions that are better than the DFT.

3.3.7 Other Forms of Prior Knowledge

As we just showed, knowing that we have over-sampled in our measure-
ments can help us improve the resolution in our estimate of f(x). We may
have other forms of prior knowledge about f(z) that we can use. If we know
something about large-scale features of f(x), but not about finer details,
we can use the PDFT estimate, which is a generalization of the MDFT.
In Chapter 1 the PDFT was compared to the DFT in a two-dimensional
example of simulated head slices.

The MDFT estimator can be written as

M
fuprr(x) Z ape 2L’

n=—2N

We include the prior information that f(x) is supported on the interval
[-L, L] through the factor xr(z). If we select a function p(z) > 0 that
describes our prior estimate of the shape of |f(x)|, we can then estimate
f(x) using the PDFT estimator, which, in this case of twice over-sampled
data, takes the form

feorr(z Z bne' L,

n——2N

As with the MDFT estimator, we determine the coefficients b,, by requiring
that fpprr(x) be consistent with the measured data.

There are other things we may know about f(x). We may know that
f(x) is nonnegative, or we may know that f(z) is approximately zero for
most x, but contains very sharp peaks at a few places. In more formal
language, we may be willing to assume that f(x) contains a few Dirac delta
functions in a flat background. There are nonlinear methods, such as the
maximum entropy method, the indirect PDFT (IPDFT), and eigenvector
methods, that can be used to advantage in such cases; these methods are
often called high-resolution methods.
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3.4 Generalizing the MDFT and PDFT

In our discussion so far the data we have obtained are values of the
Fourier transform of the support-limited function f(x). The MDFT and
PDFT can be extended to handle those cases in which the data we have
are more general linear-functional values pertaining to f(z).

Suppose that our data values are finitely many linear-functional values,

L
dn — / @@

forn =1, ..., N, where the g, (x) are known functions. The extended MDFT
estimate of f(z) is

fuprr( Z AmGm (T

where the coefficients a,, are chosen so that fy;ppr is consistent with the
measured data; that is,

L
dn Z/_L fMDFT(ZE)gn(CL’)dl‘;

for each n. To find the a,, we need to solve a system of N equations in N
unknowns.

The PDFT can be extended in a similar way. The extended PDFT
estimate of f(z) is

fPDFT Z bmgm

where, as previously, the coefficients b, are chosen by forcing the estimate
of f(x) to be consistent with the measured data. Again, we need to solve
a system of IV equations in N unknowns to find the coefficients.

For large values of N, setting up and solving the required systems of
linear equations can involve considerable effort. If we discretize the func-
tions f(z) and g, (z), we can obtain good approximations of the extended
MDFT and PDFT using the iterative ART algorithm [142, 143].
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3.5 One-Dimensional Arrays

In this section we consider the reversed situation in which the sources
of the signals are the points on the circumference of the large circle and we
are measuring the received signals at points of the x-axis. The objective is
to determine the relative strengths of the signals coming to us from various
angles.

People with sight in only one eye have a difficult time perceiving depth
in their visual field, unless they move their heads. Having two functioning
ears helps us determine the direction from which sound is coming; blind
people, who are more than usually dependent on their hearing, often move
their heads to get a better sense of where the source of sound is. Snakes
who smell with their tongues often have forked tongues, the better to detect
the direction of the sources of different smells. In certain remote-sensing
situations the sensors respond equally to arrivals from all directions. One
then obtains the needed directionality by using multiple sensors, laid out
in some spatial configuration called the sensor array. The simplest config-
uration is to have the sensors placed in a straight line, as in a sonar towed
array.

Now we imagine that the points P = P(f) in the far field are the sources
of the signals and we are able to measure the transmissions received at
points x on the z-axis; we no longer assume that these points are confined
to the interval [—L, L] . The P corresponding to the angle 6 sends f(6)e'“?,
where the absolute value of f(#) is the strength of the signal coming from
P. We allow f(6) to be complex, so that it has both magnitude and phase,
which means that we do not assume that the signals from the different
angles are in phase with one another; that is, we do not assume that they
all begin at the same time.

In narrow-band passive sonar, for example, we may have hydrophone
sensors placed at various points z and our goal is to determine how much
acoustic energy at a specified frequency is coming from different directions.
There may be only a few directions contributing significant energy at the
frequency of interest, in which case f(6) is nearly zero for all but a few
values of 6.

3.5.1 Measuring Fourier Coefficients

At time ¢ the point x on the x-axis receives from P = P(6) what P sent
at time ¢ — (D — x cosf)/c; so, at time t, x receives from P

eiw(t—D/c)f(e)ei% cos 0_
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Since x receives signals from all the angles, what = receives at time ¢ is
s
eiw(th/c) / f(e)el“’—cz cos@del
0

We limit the angle 0 to the interval [0, ] because, in this sensing model,
we cannot distinguish receptions from 6 and from 27 — 6.
To simplify notation, we shall introduce the variable u = cos . We then

have J
d—z = —sin(f) = —/1 — u?,

so that 1
df = ————du.

V1—u?

Now let g(u) be the function

_ f(arccos(u))
g(u) - m )

defined for u in the interval (—1,1). Since

T 1
/ f(@)ei%mcosedG = / g(u)ei%“du,
0 —1

we find that, from our measurement at x, we obtain G(7), the value of the
Fourier transform of g(u) at ~, for

v=—
C

Since g(u) is limited to the interval (—1, 1), its Fourier coefficients are

I ,
an = —/ g(u)e "™ du.
2/,

Therefore, if we select = so that

: (3.4)

27c

where A = <Z¢ is the wavelength and A = % is the Nyquist spacing.
A one-dimensional array consists of measuring devices placed along a
straight line (the x-axis here). Obviously, there must be some smallest
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bounded interval, say [A, B], that contains all these measuring devices.
The aperture of the array is B—;A, the length of the interval [A, B], in
units of wavelength. As we just saw, the aperture is directly related to the
number of Fourier coefficients of the function g(u) that we are measuring,
and therefore, to the accuracy of the DFT reconstruction of g(u). This is
usually described by saying that aperture determines resolution. As we saw,
a one-dimensional array involves an inherent ambiguity, in that we cannot
distinguish a signal from the angle 6 from one from the angle 27 — 6. In
practice a two-dimensional configuration of sensors is sometimes used to
eliminate this ambiguity.

In numerous applications, such as astronomy, it is more realistic to
assume that the sources of the signals are on the surface of a large sphere,
rather than on the circumference of a large circle. In such cases, a one-
dimensional array of sensors does not provide sufficient information and
two- or three-dimensional sensor configurations are used.

The number of Fourier coefficients of g(u) that we can measure, and
therefore the resolution of the resulting reconstruction of f(6), is limited by
the aperture. One way to improve resolution is to make the array of sensors
longer, which is more easily said than done. However, synthetic-aperture
radar (SAR) effectively does this. The idea of SAR is to employ the array
of sensors on a moving airplane. As the plane moves, it effectively creates a
longer array of sensors, a virtual array if you will. The one drawback is that
the sensors in this virtual array are not all present at the same time, as in
a normal array. Consequently, the data must be modified to approximate
what would have been received at other times.

The far-field approximation tells us that, at time ¢, every point x re-
ceives from P(7) the same signal

iw(t—D/c) (Z)
e f 5)

Since there is nothing special about the angle 5, we can say that the signal
arriving from any angle 6, which originally spread out as concentric circles
of constant value, has flattened out to the extent that, by the time it reaches
our line of sensors, it is essentially constant on straight lines. This suggests
the plane-wave approximation for signals propagating in three-dimensional
space. As we shall see in Chapter 24, these plane-wave approximations are
solutions to the three-dimensional wave equation. Much of array processing
is based on such models of far-field propagation.

As in the examples discussed previously, we do have more measurements
we can take, if we use values of x other than those described by Equation
(3.4). The issue will be what to do with these over-sampled measurements.
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3.5.2 Over-Sampling

One situation in which over-sampling arises naturally occurs in sonar
array processing. Suppose that an array of sensors has been built to operate
at a design frequency of wg, which means that we have placed sensors a
distance of A apart in [A, B], where A is the wavelength corresponding
to the frequency wg and Ay = )‘—20 is the Nyquist spacing for frequency
wp. For simplicity, we assume that the sensors are placed at points = that
satisfy the equation

T = —nE = —n& = —nly,
wWo 2
for |n| < N. Now suppose that we want to operate the sensing at another
frequency, say w. The sensors cannot be moved, so we must make do with
sensors at the points = determined by the design frequency.

Consider, first, the case in which the second frequency w is less than
the design frequency wg. Then its wavelength X is larger than Ao, and the
Nyquist spacing A = % for w is larger than Ay. So we have over-sampled.

The measurements taken at the sensors provide us with the integrals

1
| s van
—1
where K = “2 > 1. These are Fourier coefficients of the function g(u),
viewed as defined on the interval [— K, K], which is larger than [—1, 1], and
taking the value zero outside [—1, 1]. If we then use the DFT estimate of
g(u), it will estimate g(u) for the values of v within [—1, 1], which is what
we want, as well as for the values of u outside [—1, 1], where we already
know g(u) to be zero. Once again, we can use the MDFT, the modified
DFT, to include the prior knowledge that g(u) = 0 for u outside [—1, 1] to
improve our reconstruction of g(u) and f(6). In sonar, for the over-sampled
case, the interval [—1, 1] is called the visible region (although audible region
seems more appropriate for sonar), since it contains all the values of u that
can correspond to actual angles of plane-wave arrivals of acoustic energy.
In practice, of course, the measured data may well contain components
that are not plane-wave arrivals, such as localized noises near individual
sensors, or near-field sounds, so our estimate of the function g(w) should
be regularized to allow for these non-plane-wave components.

3.5.3 Under-Sampling

Now suppose that the frequency w that we want to consider is greater
than the design frequency wp. This means that the spacing between the
sensors is too large; we have under-sampled. Once again, however, we cannot
move the sensors and must make do with what we have.
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Now the measurements at the sensors provide us with the integrals

1
/ g(u)e K du,

-1

where K = “0 < 1. These are Fourier coefficients of the function g(u),
viewed as defined on the interval [—K, K|, which is smaller than [—1,1],
and taking the value zero outside [—K, K]. Since g(u) is not necessarily
zero outside [— K, K|, treating it as if it were zero there results in a type
of error known as aliasing, in which energy corresponding to angles whose
u lies outside [—K, K| is mistakenly assigned to values of u that lie within
[- K, K]. Aliasing is a common phenomenon; the strobe-light effect is alias-
ing, as is the apparent backward motion of the wheels of stagecoaches in
cowboy movies. In the case of the strobe light, we are permitted to view
the scene at times too far apart for us to sense continuous, smooth motion.
In the case of the wagon wheels, the frames of the film capture instants of
time too far apart for us to see the true rotation of the wheels.

3.6 Resolution Limitations

As we have seen, in the unknown-strength problem the number of
L

Fourier coefficients we can measure is limited by the ratio §. Additional
measurements in the far field can provide additional information about the
function f(z), but extracting that information becomes an increasingly ill-
conditioned problem, one more sensitive to noise the more data we gather.

In the line-array problem just considered, there is, in principle, no limit
to the number of Fourier coefficients we can obtain by measuring at the
points nA for integer values of n; the limitation here is of a more practical
nature.

In sonar, the speed of sound in the ocean is about 1500 meters per
second, so the wavelength associated with 50 Hz is A = 30 meters. The
Nyquist spacing is then 15 meters. A towed array is a line array of sensors
towed behind a ship. The length of the array, and therefore the number
of Nyquist-spaced sensors for passive sensing at 50 Hz, is, in principle,
unlimited. In practice, however, cost is always a factor. In addition, when
the array becomes too long, it is difficult to maintain it in a straight-line
position.

Radar imaging uses microwaves with a wavelength of about one inch,
which is not a problem; synthetic-aperture radar can also be used to sim-
ulate a longer array. In radio astronomy, however, the wavelengths can
be more than a kilometer, which is why radio-astronomy arrays have to
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be enormous. For radio-wave imaging at very low frequencies, a sort of
synthetic-aperture approach has been taken, with individual antennas lo-
cated in different parts of the globe.

3.7 Using Matched Filtering

We saw previously that the signal that = receives from P(%) at time ¢
is the same for all . If we could turn the z-axis counter-clockwise through
an angle of ¢, then the signals received from P(F + ¢) at time ¢ would be
the same for all z. Of course, we usually cannot turn the array physically
in this way; however, we can steer the array mathematically. This mathe-
matical steering makes use of matched filtering. In certain applications it
is reasonable to assume that only relatively few values of the function f(9)
are significantly nonzero. Matched filtering is a commonly used method for
dealing with such cases.

3.7.1 A Single Source

To take an extreme case, suppose that f(6p) > 0 and f(8) = 0, for all
0 # 0y. The signal received at time ¢ at = is then

S(:Z?, t) _ eiw(th/c)f(eo)ei”Tm cos 60.

Our objective is to determine 6.

Suppose that we multiply s(z,t) by e cost for arbitrary values of
6. When one of the arbitrary values is § = 6y, the product is no longer
dependent on the value of x; that is, the resulting product is the same for
all z. In practice, we can place sensors at some finite number of points z,
and then sum the resulting products over the x. When the arbitrary 6 is
not 6y, we are adding up complex exponentials with distinct phase angles,
so destructive interference takes place and the magnitude of the sum is
not large. In contrast, when 6 = 6y, all the products are the same and the
sum is relatively large. This is matched filtering, which is commonly used
to determine the true value of 6.

swax
—gwz
c

3.7.2 Multiple Sources

Having only one signal source is the extreme case; having two or more
signal sources, perhaps not far apart in angle, is an important situation, as
well. Then resolution becomes a problem. When we calculate the matched
filter in the single-source case, the largest magnitude will occur when 6 =
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0o, but the magnitudes at other nearby values of # will not be zero. How
quickly the values fall off as we move away from 6y will depend on the
aperture of the array; the larger the aperture, the faster the fall-off. When
we have two signal sources near to one another, say 6; and 5, the matched-
filter output can have its largest magnitude at a value of 6§ between the
two angles #; and 6, causing a loss of resolution. Again, having a larger
aperture will improve the resolution.

3.8 An Example: The Solar-Emission Problem

In [15] Bracewell discusses the solar-emission problem. In 1942, it was
observed that radio-wave emissions in the one-meter wavelength range were
arriving from the sun. Were they coming from the entire disk of the sun
or were the sources more localized, in sunspots, for example? The problem
then was to view each location on the sun’s surface as a potential source of
these radio waves and to determine the intensity of emission corresponding
to each location.

For electromagnetic waves the propagation speed is the speed of light
in a vacuum, which we shall take here to be ¢ = 3 x 10% meters per second.
The wavelength ) for gamma rays is around one Angstrom, that is, 10~ 1°
meters, which is about the diameter of an atom; for x-rays it is about one
millimicron, or 10™2 meters. The visible spectrum has wavelengths that
are a little less than one micron, that is, 10~% meters, while infrared radia-
tion (IR), predominantly associated with heat, has a wavelength somewhat
longer. Infrared radiation with a wavelength around 6 or 7 microns can
be used to detect water vapor; we use near IR, with a wavelength near
that of visible light, to change the channels on our TV sets. Shortwave ra-
dio has a wavelength around one millimeter. Microwaves have wavelengths
between one centimeter and one meter; those used in radar imaging have
a wavelength about one inch and can penetrate clouds and thin layers of
leaves. Broadcast radio has a A running from about 10 meters to 1000 me-
ters. The so-called long radio waves can have wavelengths several thousand
meters long, necessitating clever methods of large-antenna design for radio
astronomy.

The sun has an angular diameter of 30 min. of arc, or one-half of a
degree, when viewed from earth, but the needed resolution was more like
3 min. of arc. Such resolution requires a larger aperture, a radio telescope
1000 wavelengths across, which means a diameter of 1km at a wavelength of
1 meter; in 1942 the largest military radar antennas were less than 5 meters
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across. A solution was found, using the method of reconstructing an object
from line-integral data, a technique that surfaced again in tomography.

3.9 Estimating the Size of Distant Objects

Suppose, in the previous example of the unknown strength problem,
we assume that f(x) = B, for all z in the interval [—L, L], where B > 0
is the unknown brightness constant, and we don’t know L. More realistic,
two-dimensional versions of this problem arise in astronomy, when we want
to estimate the diameter of a distant star.

In this case, the measurement of the signal at the point P gives us

/LL f(zx)cos (wcos@x)dx

c

L wcosf 2Bc . Lwcosf
=B cos r|dr= sin ,
L c wcosf c

when cos 6 # 0, whose absolute value is then the strength of the signal at P.
Notice that we have zero signal strength at P when the angle 8 associated
with P satisfies the equation

win (Lwcos@) o,
¢

cosf = 0.

without

But we know that the first positive zero of the sine function is at 7, so the
signal strength at P is zero when 6 is such that

Lwcos6
— =7

c
If

Lw

> ﬂ-’

P

then we can solve for L and get

T

~ wcosf’

When Lw is too small, there will be no angle 6 for which the received signal
strength at P is zero. If the signals being sent are actually broadband,
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meaning that the signals are made up of components at many different
frequencies, not just one w, which is usually the case, then we might be
able to filter our measured data, keep only the component at a sufficiently
high frequency, and then proceed as before.
But even when we have only a single frequency w and Lw is too small,
us

there is something we can do. The received strength at § = 7 is

L
F.(0) = B/ dz = 2BL.
L

If we knew B, this measurement alone would give us L, but we do not
assume that we know B. At any other angle, the received strength is

2Bc . Lwcos B
Ftn) = wcos@sm< c ) '
Therefore,
sin(H (0))
Fc Fc = 5
(/E0) =
where I 0
H(O) = W COS .
c

From the measured value F.(vy)/F.(0) we can solve for H(#) and then for
L. In actual optical astronomy, atmospheric distortions make these mea-
surements noisy and the estimates have to be performed more carefully.
This issue is discussed in more detail in Chapter 2, in Section 2.13 on
Two-Dimensional Fourier Transforms.

There is a simple relationship involving the intrinsic luminosity of a
star, its distance from earth, and its apparent brightness; knowing any two
of these, we can calculate the third. Once we know these values, we can
figure out how large the visible universe is. Unfortunately, only the appar-
ent brightness is easily determined. As Alan Lightman relates in [111], it
was Henrietta Leavitt’s ground-breaking discovery, in 1912, of the “period-
luminosity” law of variable Cepheid stars that eventually revealed just how
enormous the universe really is. Cepheid stars are found in many parts of
the sky. Their apparent brightness varies periodically. As Leavitt, working
at the Harvard College Observatory, discovered, the greater the intrinsic
luminosity of the star, the longer the period of variable brightness. The
final step of calibration was achieved in 1913 by the Danish astronomer
Ejnar Hertzsprung, when he was able to establish the actual distance to a
relatively nearby Cepheid star, essentially by parallax methods.

There is a wonderful article by Eddington [69], in which he discusses
the use of signal processing methods to discover the properties of the star
Algol. This star, formally Algol (Beta Persei) in the constellation Perseus,
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turns out to be three stars, two revolving around the third, with both of the
first two taking turns eclipsing the other. The stars rotate around their own
axes, as our star, the sun, does, and the speed of rotation can be estimated
by calculating the Doppler shift in frequency, as one side of the star comes
toward us and the other side moves away. It is possible to measure one side
at a time only because of the eclipse caused by the other revolving star.

3.10 The Transmission Problem

Now we change the situation and suppose that we are designing a broad-
casting system, using transmitters at each x in the interval [—L, L].

3.10.1 Directionality

At each z we will transmit f(z)e’?, where both f(x) and w are chosen
by us. We now want to calculate what will be received at each point P in
the far field. We may wish to design the system so that the strengths of the
signals received at the various P are not all the same. For example, if we
are broadcasting from Los Angeles, we may well want a strong signal in the
north and south directions, but weak signals east and west, where there are
fewer people to receive the signal. Clearly, our model of a single-frequency
signal is too simple, but it does allow us to illustrate several important
points about directionality in array processing.

3.10.2 The Case of Uniform Strength

For concreteness, we investigate the case in which f(x) =1 for |z| < L.
In this case, the measurement of the signal at the point P gives us

F(P) = /_LL F(z) cos (wcose:r)d:r
L

c

/ cos (wcos@z)dx
—L C

2¢ ,n(Lwcosé‘)

si
wcos f
when cosf # 0. The absolute value of F(P) is then the strength of the
signal at P. In Figures 3.2 through 3.7 we see the plots of the function
5= F(P), for various values of the aperture

g w20

c

T A
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FIGURE 3.2: Relative strength at P for A =0.5.

FIGURE 3.3: Relative strength at P for A = 1.0.
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FIGURE 3.4: Relative strength at P for A = 1.5.

FIGURE 3.5: Relative strength at P for A = 1.8.
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FIGURE 3.6: Relative strength at P for A = 3.2.

FIGURE 3.7: Relative strength at P for A = 6.5.



Remote Sensing 69

3.10.2.1 Beam-Pattern Nulls

Is it possible for the strength of the signal received at some P to be
zero? As we saw in the previous section, to have zero signal strength, that
is, to have F(P) = 0, we need

win (Lwcos@) o,
¢

without
cosf = 0.
Therefore, we need
Lwcos®
— =nm,
c

for some positive integers n > 1. Notice that this can happen only if

n<Lw7T_%
-~ ¢ M

Therefore, if 2L < ), there can be no P with signal strength zero. The
larger 2L is, with respect to the wavelength A, the more angles at which
the signal strength is zero.

3.10.2.2 Local Maxima

Is it possible for the strength of the signal received at some P to be a
local maximum, relative to nearby points in the far field? We write

F(P) = 20 sin (2520) —msine (11(0),

wcosf ot
where I 9
HO) = w COoS
c
and (6
sinc (H () = %

for H(#) # 0, and equals one for H(#) = 0. The value of A used previously
is then A = H(0).

Local maxima or minima of F(P) occur when the derivative of
sinc (H(#)) equals zero, which means that

H(A)cosH(#) —sin H(#) =0,

or

tan H(0) = H(6).
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If we can solve this equation for H(#) and then for 6, we will have found
angles corresponding to local maxima of the received signal strength. The
largest value of F'(P) occurs when 6 = 7, and the peak in the plot of F'(P)
centered at 0 = 7 is called the main lobe. The smaller peaks on either side
are called the grating lobes. We can see grating lobes in some of the polar

plots.

3.11 The Laplace Transform and the Ozone Layer

We have seen how values of the Fourier transform can arise as measured
data. The following examples, the first taken from Twomey’s book [156],
show that values of the Laplace transform can arise in this way as well.

3.11.1 The Laplace Transform

The Laplace transform of the function f(x), defined for 0 < z < 400,
is the function

+oo
F(s) = /0 f(x)e **dx.

3.11.2 Scattering of Ultraviolet Radiation

The sun emits ultraviolet (UV) radiation that enters the earth’s atmo-
sphere at an angle 6y that depends on the sun’s position, and with intensity
I(0). Let the z-axis be vertical, with = 0 at the top of the atmosphere
and z increasing as we move down to the earth’s surface, at + = X. The
intensity at x is given by

I(x) = I(0)ehv/ cosbo,
Within the ozone layer, the amount of UV radiation scattered in the direc-

tion € is given by
5(6,600)1(0)e™"*/ =% Ap,

where S(0,6p) is a known parameter, and Ap is the change in the pressure
of the ozone within the infinitesimal layer [z, 2+ Az], and so is proportional
to the concentration of ozone within that layer.

3.11.3 Measuring the Scattered Intensity

The radiation scattered at the angle 6 then travels to the ground, a
distance of X — x, weakened along the way, and reaches the ground with
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intensity
S(Q, QO)I(O)G—km/ cos 006—k(X—m)/c059Ap'

The total scattered intensity at angle 6 is then a superposition of the in-
tensities due to scattering at each of the thin layers, and is then

X
S(6.80)1(0) ¥/ [ emap,
0

1 1
=k - .
p (cos 0o cos@)

This superposition of intensity can then be written as

where

X
S(0,00)I(0)e™kX/ cosbo / e Py (z)dx.
0

3.11.4 The Laplace Transform Data

Using integration by parts, we get

/ awﬂuMz:MXk”X—mm+ﬂ/’eﬂ%uMm
0 0

Since p(0) = 0 and p(X) can be measured, our data is then the Laplace

transform value
+oo
/ e Prp(a)da;
0

note that we can replace the upper limit X with +oo if we extend p(x) as
zero beyond x = X.

The variable # depends on the two angles 6 and 6. We can alter 6 as
we measure and 6y changes as the sun moves relative to the earth. In this
way we get values of the Laplace transform of p(z) for various values of 3.
The problem then is to recover p(z) from these values. Because the Laplace
transform involves a smoothing of the function p(z), recovering p(z) from
its Laplace transform is more ill-conditioned than is the Fourier transform
inversion problem.

3.12 The Laplace Transform and Energy Spectral
Estimation

In x-ray transmission tomography, x-ray beams are sent through the
object and the drop in intensity is measured. These measurements are
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then used to estimate the distribution of attenuating material within the
object. A typical x-ray beam contains components with different energy
levels. Because components at different energy levels will be attenuated
differently, it is important to know the relative contribution of each energy
level to the entering beam. The energy spectrum is the function f(FE) that
describes the intensity of the components at each energy level £ > 0.

3.12.1 The Attenuation Coeflicient Function

Each specific material, say aluminum, for example, is associated with
attenuation coefficients, which is a function of energy, which we shall denote
by u(E). A beam with the single energy E passing through a thickness x of
the material will be weakened by the factor e #(F)* By passing the beam
through various thicknesses = of aluminum and registering the intensity
drops, one obtains values of the absorption function

R(z) = /0 h f(B)e ME)2qp, (3.5)

Using a change of variable, we can write R(z) as a Laplace transform.

3.12.2 The Absorption Function as a Laplace Transform

For each material, the attenuation function u(FE) is a strictly decreasing
function of E, so u(E) has an inverse, which we denote by g; that is,
g(t) = E, for t = u(E). Equation (3.5) can then be rewritten as

R(x) = /0 " flg)e g by

We see then that R(x) is the Laplace transform of the function r(t) =
f(g(£)g'(t). Our measurements of the intensity drops provide values of
R(z), for various values of z, from which we must estimate the functions
r(t), and, ultimately, f(E).
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4.1 Chapter Summary

All of the techniques discussed in this book deal, in one way or another,
with one fundamental problem: Estimate the values of a function f(x)
from finitely many (usually noisy) measurements related to f(x); here x
can be a multi-dimensional vector, so that f can be a function of more than
one variable. To keep the notation relatively simple here, we shall assume,
throughout this chapter, that = is a real variable, but all of what we shall
say applies to multi-variate functions as well. In this chapter we begin our
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discussion of the use of finite-parameter models, a topic to which we shall
return several times throughout this book.

4.2 Finite Fourier Series

In this section we present one of the most useful finite-parameter model,
the finite Fourier series. The notation may seem unusual, but it is chosen
for convenience later, when we discuss the Fast Fourier Transform (FFT).

Let f : [0, N] — C have Fourier series

1 « 2y
fl@)~ 5 k; Fre e,
where
N -2k
Fy, :/ flx)e' ™~ dx. (4.1)
0
Note that -
T
Bi=F (T) !

where F'() is the Fourier transform of f(x). In order to calculate any Fj
we need all of f(z).
Suppose that we model f(z) on [0, N] using a finite Fourier series

| N1
—j2zk
f(a:)szZOer NT

We can still calculate the Fj, using Equation (4.1), but now there are other
ways.

Suppose we obtain N values of f(z), say f(x,), for n =0,1,..., N — 1.
Such situations arise, for example, in time-series analysis, where x repre-
sents time and we are able to measure the function f(x) at some finitely
many different times. The function f(x) could represent acoustic pressure
coming from speech, current values of a particular stock on the Stock Ex-
change, the temperature at time z in a particular place, and so on. We may
want to model f(z) to estimate values of f(z) we were unable to measure,
perhaps for prediction, or to break f(x) up into finitely many sinusoidal
components. This latter problem is important in digital sound recording
and speech recognition.



Finite-Parameter Models 75

Once we have the data f(x,), for n = 0,1,..., N — 1, we can then get
the F by solving a system of N linear equations in N unknowns:

1 N-1
-2k
o) = 5 3 B 42)

(=)

Solving this system typically requires roughly N3 complex multiplications,
which, for many applications in which V is in the thousands, is prohibitively
expensive and time-consuming. However, if we have the freedom to select
the x,, and choose x;,, = n, then sol