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Preface

The motivation behind writing this book arises from the growing need
in contemporary engineering for highly interdisciplinary research to
address complex global challenges, such as nuclear waste disposal,
carbon capture and storage, and effective contaminated land restora-
tion. In these areas, the gap between geomechanics and geochemis-
try has become a significant barrier to progress. To bridge this gap,
the development of a unified theory is crucial, one that can form the
foundation for constructing complex, coupled multiphysics and mul-
tiscale equations. Relying on borrowed equations from other disci-
plines has often led to stagnation and struggles in further development.
Current approaches, which are heavily dependent on empirical experi-
ence, are inadequate for tackling the evolving challenges of modern
engineering.

A theoretical framework is needed that enables the development of
new, advanced equations capable of capturing new discoveries directly
from fundamental principles, rather than relying on experiments for
inspiration. This book aims to fill that gap by offering a new approach.
While grounded in geotechnical engineering, the theory presented here
transcends disciplinary boundaries. Non-equilibrium thermodynam-
ics, the foundation of this theory, has been successfully applied across a
wide range of engineering and scientific disciplines. It is hoped that this
book will serve as a useful resource for researchers and practitioners
in fields beyond geotechnical engineering, particularly those working
with porous media.

Porous media serve as the scientific bedrock in various disciplines,
including geotechnical and geoenvironmental engineering (e.g., soils/
rocks), structural engineering (e.g., concrete), and chemical engineer-
ing (e.g., catalysts). The challenge of multiphysics coupling within
deformable porous media—especially involving multiphase flow and
multicomponents—represents one of the most complex topics in sci-
entific and engineering research. This challenge arises from the need
for interdisciplinary knowledge and the absence of a unified theory for
multiphysics-multiscale coupling.

This book introduces a novel theoretical framework, known as
“Mixture-Coupling Theory,” based on fundamental non-equilibrium
thermodynamics. By integrating energy and entropy states within
the mixture, this theory establishes a robust mathematical structure.
Mixture-Coupling Theory aims to address the challenges in theoretical

Xix



XX Preface

development by bridging physics and chemistry under the umbrella of
thermodynamics and accounting for energy dissipation.

The primary application areas of Mixture-Coupling Theory lie in
geotechnical and geoenvironmental engineering, specifically address-
ing multiphase flow (e.g., water, gas) and multicomponent systems (e.g.,
chemicals) within porous media (soils/rocks). This book delves into the
development of Mixture-Coupling Theory, covering hydro-mechan-
ical (HM) coupling, unsaturated hydro-mechanical-chemical
(HMC) coupling, thermo-hydro-mechanical (THM) coupling, and
thermo-hydro-mechanical-chemical (THMC) coupling. These models
incorporate considerations of chemical and thermo osmosis and micro-
scopic swelling mechanisms. All these models follow a consistent
structure: (1) energy analysis of the mixture, (2) dissipative processes,
(3) constitutive relationships, and (4) coupled field equations.

Mixture-Coupling Theory provides a foundational framework that
allows for the development of tailored constitutive equations to meet
the specific needs of various fields. By offering a unified theoretical
approach, this framework is versatile enough to address a wide range
of applications and scenarios in porous media.



’I Fundamentals of
porous media

1.1  INTRODUCTION

Porous media encompass materials characterized by the presence of
pores. This definition encompasses a wide array of both natural and
engineered materials, including soils, rocks, cements, concretes, bio-
logical tissues (such as organs, cells, bones, and wood), sponges, and
rubbers.

The passage of a fluid through the pores of a porous medium can
induce deformation in the medium, through either fluid pressure or
alterations in pore size resulting from chemical reactions. Moreover,
the presence of multiphase fluids introduces additional complexity, as
these fluids interact not only with each other but also with the porous
medium itself, leading to intricate multiscale physical-chemical cou-
pling phenomena. These couplings are influenced directly or indirectly
by factors such as pore structure (solid phases), pore pressure (fluid
phases), effective stress (interactions between solids and fluids), and
chemical composition (both solid and fluid phases).

In the realm of geotechnical and geoenvironmental engineering,
modeling multiphase flow in deformable geomaterials finds wide-
spread application in various engineering contexts. These applications
include but are not limited to addressing ground subsidence, ensuring
foundation and slope stability, managing groundwater pollution and
restoration efforts, implementing permeable reactive barriers, con-
structing embankments on soft or swelling ground, ensuring tunnelling
and borehole stability, optimizing agricultural soil management, and
managing oil, water, and gas reservoirs. Emerging applications also
encompass areas such as radioactive waste disposal, carbon capture
and storage, and shale gas exploration.

This chapter serves to lay the groundwork by introducing the fundamen-
tals of geomaterials, with a specific focus on soils and rocks. It will cover
basic physical laws governing fluid-solid interactions, provide an overview
of the historical and current state of theoretical developments concerning
multiphase couplings in geo-porous media, identify existing knowledge
gaps, and present a conceptual model for the proposed Mixture-Coupling
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2 Multiphase Flows in Deformable Geomaterials

Theory. Through this discussion, readers will gain insights into the intri-
cate interplay between physical and chemical processes within porous
media, setting the stage for further exploration in subsequent chapters.

1.2 UNDERSTANDING POROUS MEDIA:
PROPERTIES AND PHYSICAL LAWS

1.2.1  MICROSCOPIC AND MACROSCOPIC PERSPECTIVES

Porous media present a dynamic interplay of various phases, constitu-
ents, and components, functioning across diverse scales. In the realm of
thermodynamics, the notion of phase serves as a macroscopic concept,
denoting substances that exhibit chemical and physical uniformity or
homogeneity. These phases encompass familiar states such as solids, lig-
uids, and gases, prevalent in soil/rock porous media. Additionally, they
may encompass more intricate forms like crystalline, colloid, glassy,
amorphous, and plasma phases, among others. Properties or variables
associated with multiple phases are denoted using subscript & =1: N,
in which N, is the total number of phases. Consequently, in a scenario
with one solid, one liquid, and one gas, N, = 3.

To differentiate between phases, solids are designated with subscript
s, liquids with subscript /, and gases with subscript g. Solids typically
constitute the structural framework of the porous medium, whereas liq-
uids may comprise water or aqueous solutions, and gases may include
air, for instance. For simplicity, liquids and gases are collectively
referred to as fluids (denoted by subscript f). The solid matrix provides
the framework housing pore spaces that accommodate fluids. Within
these pore spaces, interactions among fluids occur, often resulting in
the generation of pressure exerted on the solid structure. This interplay
among phases within porous media underscores the complexity inher-
ent in understanding their behavior and properties.

Components, on the other hand, refer to the constituents present
within the mixture of a phase. In practical scenarios, the orth phase of
a mixture, such as a fluid, may consist of multiple components (such as
chemical species and colloidal or suspended particles) denoted as i or
k = 1: N.. This representation enables a comprehensive understanding
of the intricate composition of phases, particularly in complex mixtures.

The examination of porous media spans both microscopic and mac-
roscopic scales. Microscopic analyses delve into intricate details like
pore geometry and adsorption phenomena, offering valuable insights
into the physical and chemical mechanisms operating at the pore
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scale (Romm, 2004). However, these studies encounter notable limita-
tions: (1) pore geometries observed at the micrometer scale may not
seamlessly translate into practical applications in geotechnical and
geoenvironmental engineering, where measurements typically range
from centimeters to hundreds of meters (Gambolati and Verri, 1995).
(2) Microscopic analyses often grapple with accurately distinguish-
ing between voids and solid matrices. Most mathematical approaches
necessitate considering volumes much larger than individual pores to
accommodate the variability in material properties (Okabe and Blunt,
2005). (3) Current computational capabilities are constrained, capable
of handling only a few thousand molecules of simple shapes for short
durations (Parmigiani et al., 2011).

The average method, rooted in continuum mechanics, bridges
discrete pore spaces into a continuous framework. It assumes that all
quantities at any mathematical point can be defined by the mean of
the appropriate quantity over the entire sample (Moyne et al., 2000).
For example, macroscopic parameters, such as porosity and permeabil-
ity, are obtained by regarding the porous medium as a whole instead
of individual pores. Flow quantities (e.g., velocity and pressure) are
variables of time and space, and are measured over areas or volumes
that cross a large number of pores. Mixture-Coupling Theory uses the
assumption of the average method that all phases are continuous.

At the core of average methods lies the representative elementary
volume (REV), a microscopic domain within porous media with a sig-
nificant enough volume to encapsulate all components, including solid,
water, chemicals, and gas. A REV delineates an arbitrary microscopic
domain Q within a porous medium (Figure 1.1), with a sizeable enough
total volume V' to encapsulate all components, including solid, water,
chemicals, and gas. Across its boundary I', multiple components, along
with energy like heat, may traverse, facilitating a comprehensive under-
standing of porous media behavior.

1.2.2 PORE STRUCTURE AND DENSITY DYNAMICS IN POROUS MEDIA

This section delves into the intricate characteristics of pore space
within porous media and its implications on fluid dynamics and density
dynamics. Additionally, the section addresses the fundamental con-
cepts of permeability and hydraulic conductivity, elucidating their roles
in fluid flow through porous materials.

Porous media comprise two distinct types of pore space: effective
and isolated. Effective pore space constitutes a continuous phase within
the medium, facilitating fluid transport, while isolated pore space lacks
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Solids (s)

Gases (g)
Liquids (/)

(Chemical species i or k=1: N¢)

FIGURE 1.1 Conceptual model of a REV

connectivity and does not contribute to fluid flow (Chatzis and Dullien,
1983). In this book, the focus lies on understanding the interactions
between fluids and solids, thus emphasizing effective pore space
exclusively.

Porosity (¢) serves as a measure of the pore space (V) relative to
the total volume of the material, typically expressed as a percentage
between 0% and 100%. It presents a kind of measurement of how much
fluid the material can hold (Ehrenberg and Nadeau, 2005). The equa-
tion of porosity can be described as

¢=%x100% (1.1)

When the pore space is fully saturated with multiple fluids (volume V),
including liquids (V}) or gases (V,), it results in

Vpore = Vf = ‘/1 + Vg (12)

Therefore, the porosity can be expressed as the volume fraction of the
fluids

_Yr VitV

v v (1.3)

s
and the measurement of fluid volume fraction can determine the poros-
ity. For example, in a water-saturated porous medium (e.g., sand), the
porosity equals the volume fraction of water ¢, in a REV:
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Vo
¢ - (Pw - 7 (14)

in which the relationship between the water volume V,,, solid volume V,,
and total volume V is

V=V,+V, (L.5)

The mass density (p,,) of the icomponent within & phase is defined as
its mass (m,) divided by its corresponding phase volume V,,:

i
i My

Pa = v,

(1.6)

Since this density is relative to the phase within which the ith com-
ponent presents, it is termed as the partial density. When the phase is
composed of one single component, the density becomes the true den-
sity used in science and engineering. For example, in a water (liquid)-
saturated medium, the water density may be defined as

w [‘,V
_m 1.7
pl = 1 ( )

If there is salt (NaCl) dissolved in the water of a saturated porous
medium (e.g., soil), the density of the salt in the pore liquid may be
described as

NaCl

NaCl ny
= 1.8
PI ‘/1 ( )

However, the density of water may also be expressed relative to the
total volume of the mixture (V) in a REV as

m;’

v = —— 1.9
Pu="y (L9)

which is more convenient for analyzing the motion of the total mixture.
Such an expression is termed the mixture density. The relationship
between the two densities (p;" and p,,) can be obtained by dividing
equation (1.7) by equation (1.9), leading to

w Vi
pw=pl e

=00 1.10
v bupr (1.10)
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The concepts of “water partial density” and “mixture density” are
distinct yet intertwined, serving as vital descriptors for all phases and
components present in the mixture. Further elucidation on these inter-
connected concepts will be provided in Sections 1.3.4 and 1.4.1.

Permeability (k) is a measure of the ability of a porous material to
allow fluids to pass through it. Intrinsic permeability (also known as
absolute permeability or specific permeability) denotes the permeabil-
ity in a porous medium that is 100% saturated with a single-phase fluid
(Nield and Bejan, 2006). Effective permeability is the ability to prefer-
entially flow or transmit a particular fluid when other immiscible fluids
are present (e.g., effective permeability of gas in a gas-water reservoir).
The relative saturation of the fluids, as well as the nature of the medium,
affects the effective permeability. In contrast, absolute permeability is a
measure of the permeability when a single fluid or phase is present in the
geomaterial (Civan, 2010). The concepts of permeability apply to lami-
nar flows! that are nonreactive with respect to the material. However, for
the fluid reacting with the solid matrix, such as water causing the clay to
dissolve, a difference can be expected (Ibrahim et al., 2008).

Hydraulic conductivity (Ky) quantifies how easily a fluid flows
through a soil or rock under a hydraulic gradient. Although the con-
cepts of permeability and hydraulic conductivity are often used synony-
mously in geotechnical and geoenvironmental engineering, they differ
significantly, because the intrinsic permeability (k) is a property of the
porous medium and independent of the fluid, whereas hydraulic con-
ductivity is not. The relationship between k and K can be described as

w

Ky=kP8 (1.11)
1%

where v is the dynamic viscosity of the fluid with density p;” (e.g., water
density), and g is the acceleration due to gravity.

1.2.3 DARCY’S LAW AND MASS FLUX

Darcy’s law, pioneered by Henry Darcy in 1856, serves to elucidate uni-
directional water flow within homogeneous and isotropic porous media
(Darcy, 1856). It presents a proportionality between the Darcy velocity
u and the water pressure gradient Vp,, as

u=-K Vp,, [saturated | (1.12)
v
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with an extension for unsaturated flow (Richards, 1931) as

LY Vp,, [unsaturated | (1.13)
v

where k., is the relative permeability for the unsaturated condition,
which can also be denoted as k,, for liquids (with chemical species in the
water) and for chemical-related modeling in this book (e.g., Chapter 5),
and V is the gradient which can be expressed in three-dimensional
space (xi, X2, X3) as

0 0 0 J
Ve P e+ T e+ Zes= e 1,14y
ox; @t 0x, @ 0x3 & ox; ¢ (119)

where e; is the unit vector in the ith direction (i.e.,i =1, 2, 3). The fun-
damentals of scalars, vectors, and tensors can be found in Appendix 1.
The interstitial (pore) velocity of fluid (e.g., water), denoted as v,,,
correlates with Darcy velocity, solid velocity v, (accounting for solid
deformation), and porosity ¢, as delineated by (Gersevanov, 1934)

(v, —Vv,)=— [saturated]

|

or

(V,—V,) = SL(D [unsaturated | (1.15)

w

w

where §,, is the saturation ratio of water defined as S,, =

pore

A more comprehensive form of equation (1.15) for the a:th phase of
a multiphase flow may be described as

u
Vy—V,)=—"2 1.16
(Vo = Vy) 5.0 (L.16)
where S, is the saturation ratio of the octh phase, given by S, = VVD’ .
pore

Equation (1.16) elucidates the connection between the microscopic
interstitial (pore) velocity and macroscopic velocities like Darcy veloc-
ity. Utilizing the pore velocity and multiplying it by the density of the
ath fluid phase (p,) or kth species (p;) in the phase, the mass flux of
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the ath phase (I,) or kth species (I;) in the porous medium can be
obtained:

Ia = pa(va _Vs)
or

L = pe (Vi — V) (1.17)

where v, and v, are the velocities of the arth phase and kth species,
respectively.
For example, if the phase is water,

L,=p,(v,~-V,) (1.18)

In a saturated solid-water porous medium, the water component mass
density p,, is related to the unit volume of the solid-water mixture.
Thus, it is related to the true mass density p;" (connected to the fluid
volume in the unit) through equation (1.10):

Pw=0.p"

In an unsaturated solid-water coupled field, p,, is related to the true
mass density p;"through

P! (@S,)=p/" (1.19)
Ow

where ¢S,, equals the mass fraction of water ¢,,.
By using the definition of Darcy velocity based on equation (1.16) as

u= Sw¢(vw _vs) (120)

and using equations (1.18) and (1.19), the relationship between I,, and u
can be obtained as

upw w
L= =u 1.21
S, ) (1.21)
Note here: the u in equation (1.21) is for water transport. If there are k
species in the water, the u represents the liquid transport, rather than
the velocity for a single species.
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Equation (1.21) can be expanded to a general octh fluid phase (e.g.,
gas or oil) in geomaterials, leading to

Uy Py

I =
5.0

= u,p¢ (122)

This relationship between I, and u,, is very useful for derivations in
later chapters. If the octh phase is liquid, equation (1.22) may be writ-
ten as

up; I
I,=—"F= 1.23
! S up; ( )

in which the liquid mass mixture density p, and true density pj can be
described as a combination of all the species in the liquid by p, = Z; p;

and p; = X, pf, respectively.

1.2.4 Fick’s LAW AND DIVERGENCE OF FLUX

Fick’s law, established by Adolf Fick in 1855, provides a funda-
mental principle governing chemical diffusion (Fick, 1855). This
law states that the transfer of the kth species in a fluid is propor-
tional to its concentration gradient. At the molecular scale, the dif-
fusion is the transport of compounds due to the random motion of
the molecules (Bourg and Sposito, 2010). The diffusion mass flux,
Ji, is the rate of mass transferred across a plane perpendicular to
the direction of the mass flow per unit time, per unit area. It is
expressed as

Jk =—pP DVCk (124)

k
where ¢, is the species mass fraction that is defined as ¢, = p—ll = P

P P
and D is the diffusion coefficient which varies with the temperature
and molecular weight of the diffusing molecule.

For a moving liquid, the diffusion flux of the kth species (J;) within
the liquid can be related to the liquid barycentric velocity v; (Bedeaux
et al., 2000), as illustrated

Je = pr(Vi —v;) (1.25)
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where v, is described as

v, = Zk (P! POV (1.26)

These fluxes J; are not entirely independent; they must adhere to a
constraint (equation (1.27)), resulting in one independent diffusion flux

per species present.
Zka -0 (1.27)

For example, under the condition that a binary solution comprises a
solute (e.g., NaCl) and a diluent (e.g., H,O), there is one independent
diffusion flux. Equation (1.27) leads to

Jnact + 1,0 =0

and then

Jnact ==J H,0

Therefore, it can be viewed as one independent diffusion flux. Similarly, if
there are n species in the liquid, there should be n — 1 independent diffu-
sion fluxes. Since the solute (NaCl, mass mixture density p.) and water are
amixed liquid, the total liquid mass mixture density P: can be defined as

pl = pw + pc (128)

In the mixed liquid, there is a difference between the velocities of the
species (v,.) and the water (v,,). The liquid barycentric velocity may then
be defined as the mass flux divided by the liquid mixture density, that is,

Vi =(Pw /! POV +(pc ! PV (1.29)

Equation (1.29) establishes a crucial connection between the pore
velocities of species within a moving fluid, such as a liquid. The dif-
fusion flux is intricately influenced by both the mass flux and Darcy
velocity, as introduced in Section 1.2.3. Therefore, it becomes impera-
tive to establish the relationship between these variables.

Since the diffusion flux of the kth species relative to the barycentric
motion (Herzig et al., 1970) can be written as equation (1.25), the rela-
tionship between I, and J; can be obtained as

Ji =L = pe(vi—vy) (1.30)*
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For example, in a binary solution, the diffusion flux is expressed as
Jc :Ic_pc(vl_vs) and Jw :Iw_pw(vl_v.v) (131)

By considering the relationship between p, and pf, equation (1.30) can
be written as

Li=Ji+pe(vi—v,)=Ji +Plk¢Sz(Vz—Vs) 1.32)

Introducing the Darcy velocity for unsaturated flow, u = S;¢(v, —v,)
(1.20), into equation (1.32) leads to the relationship between mass flux,
diffusion flux, and Darcy velocity

Ik=Jk+P1kU
or

J. =L -plu (133)

This equation is particularly useful in later chapters for defining flux
interactions.

Divergence of diffusion flux: The divergence conceptually repre-
sents the net flow in or out of the REV. In the absence of chemical reac-
tions and solution advection, species mass remains conserved, meaning
it cannot be created or destroyed. Any change in mass occurs solely due
to inflow or outflow of J; (see Figure 1.2). Consequently, alterations in
species mass fraction within a liquid flow within a saturated porous
medium are directly linked to the diffusion flux (Appelo and Postma,
2004):

(¢pf)a(.9it"=—v.Jk (1.34)

ac, . . N . .
where a—k describes the partial derivative of ¢; with respect to the time ¢.
t

V- J, is the divergence of J;, which can be expressed as

d d d
V'Jk: — e +t—e+—¢€;3 -(Jk(l)el+Jk(2)e2+Jk(3)e3)
axl axz X3

(1.35)

axl ax2 aX3
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where dJ;q), 0Ji2), and dJ;3, are the components in the space direc-
tions (xi, x,,x3) of the vector J, and e, e,, and e; are the unit vectors in
the directions of x;, x5, x3, respectively. A positive divergence means a
net outflow of the kth component, whereas a negative divergence means
a net inflow.

In the context of chemical reactions (Appelo and Postma, 2004),
equation (1.34) is extended to become

d
(¢pi)%=—V-Jk +vidan (1.36)

where J, is the rate of species change per unit volume, described as

Jo = 7 (in which d¢ is the extent of a chemical reaction®), and vy is
1

the stoichiometric coefficient for the kth component chemical reactions
(Groot and Mazur, 1962). Equations (1.34) and (1.36) have not included
the coupled influence of water flow. This will be discussed in Chapter 2
for a more general thermodynamic expression.

1.2.5 FOURIER’S LAW

Fourier’s law (Fourier, 1878) describes the heat conduction flow rate
through a material controlled by the negative gradient in the tempera-
ture (7). It is given by

I, =—AVT (1.37)

where I is the heat conduction flux density and A is the thermal con-
ductivity of the material.

While Fourier’s law provides a fundamental understanding of heat
conduction in homogeneous materials, its application to porous media is
limited. In porous media, heat transfer can also occur through multiphase
flow processes, such as convection and advection. These additional mech-
anisms play a significant role in heat transport in porous media and are not
fully captured by Fourier’s law alone. Further details on multiphase heat
transfer mechanisms in porous media will be discussed in Section 2.3.6.

1.3 SOLIDS-FLUIDS COUPLING: THEORY
DEVELOPMENT AND CONSTITUTIVE MODELS
After establishing the fundamentals of single physics phenomena in

porous media in Section 1.2, including water flow (Darcy’s law), chemi-
cal diffusion (Fick’s law), and thermal conduction (Fourier’s law), this
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Je

FIGURE 1.2 Inflow or outflow of a porous medium mixture

section investigates the interplay between two distinct physical phe-
nomena: fluids and solids, particularly in the context of soils.

The strength of soils arises from the friction between soil particles.
The total normal stress (6) is the force per unit area transmitted in a
normal direction across a plane, assuming the soil to be a solid matrix
and a single-phase material without any fluid (e.g., water). However,
when pore water is present in the soil pores, the pore water pressure (p,,)
tends to push the soil particles apart and reduces the friction between them.

1.3.1  EFFECTIVE STRESS AND PORE WATER PRESSURE

The concept of effective stress that controls the strength of the soil/rock
solid matrix was developed by Terzaghi (1943), based on the assump-
tion that the solid particles (but not the matrix) are incompressible. This
principle, which applies to fully saturated soils, relates to three stresses.
For example, in the vertical z-direction of the space coordinates x, y,z
(equals to x1, x,, x3as introduced in previous sections), the relationship
between the total vertical normal stress (0,), the pore water pressure
(p.), and the vertical effective normal stress (o7) may be expressed as

0.=0.— Dy (1.38)

In the water-saturated condition, the water pressure (p,) equals the
pore pressure (p,..). In a multiple phase flow (e.g., water, gas) condi-
tion, the pore pressure is the total pressure caused by the water pressure
(pw), gas pressure (p,), and other immiscible phases (e.g., the oil pres-
sure p, in a porous oil reservoir).
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The effective stress concept was extended to consider the compress-
ibility of solid particles and fluids in three-dimensional space by Biot
(1941). Hence, the general form of the effective stress concept may be
defined as

6} =Gy — L Pyore; (1.39)

where 0}; and 0; are the components of effective stress and total stress,
respectively; { is Biot’s coefficient, where, for soft soils, { =1; and
0; is the Kronecker delta, which equals to 1 if i=j and to 0 if i # j
(Appendix 1). The total stress is carried partly by the water and partly
by the solid constituent. In equation (1.39), the stress components can
be expressed using tensors. For example, ¢; can be expressed as a
matrix O (tensor), which is described as

(O] Oy;1 O O3
o= [O-U] =10, [(=|021 O O3 (i,j= 1, 2, and 3) (140)
(o) O3 O3 O33

The pore pressure may be interpreted as the average pressure p
through (Lewis and Schrefler, 1982)

Np
Prore=P= D Sape (141)
a=1
where o (1, 2, ... N,) denotes the immiscible phase (e.g., water, gas,

etc.), N, is the total number of phases, and S, is the saturation ratio of
the corresponding phase (e.g., S,, and S, are the water and gas saturation
ratios, respectively), which can be expressed using the fraction of the
volume of the & th phase V,, divided by the total pore volume V., as

(1.42)

The pressure differences of the multiple phases may influence the satu-
ration ratio. For example, in unsaturated soils/rocks, p. is the capil-
lary pressure representing the pressure difference across the interface
between air and water, which is defined as (Fredlund and Rahardjo,
1993)
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Pe = Pam — Pw (1.43)

where p,, is the atmospheric pressure. Since p,, for unsaturated soils/
rocks is defined as negative, therefore p. is positive. The degree of satu-
ration and the pressure are characterized by the van Genuchten rela-
tionship (van Genuchten, 1980)°:

1 m
S, {(I pe 1M +l] (1.44)

where M [Pa or MPa] is proportional to the capillary entry pressure,
m is a constant related to pore size distribution, and S, is the effective
saturation defined as

_ N w T Sr

S, = 1.45
I_s, (1.45)

where S, is the irreducible water saturation after drainage.

Effective stress presents a link between the deformation of solids
and the pore water pressure, although it does not sufficiently account for
dynamic couplings between soils/fluids. Traditionally, two major aver-
age approaches have been developed to model water- and solid-phase
coupling in deformable porous media, namely, the mechanics approach
and the mixture theory approach. The mechanics approach is based
on the classical geomechanics consolidation theories of Terzaghi and
Biot (Biot, 1962, 1972; Terzaghi, 1943). Meanwhile, the mixture theory
approach employs continuum mechanics to model individual compo-
nents of the mixture (Bowen, 1976).

1.3.2  TERZAGHI’S ONE-DIMENSIONAL CONSOLIDATION THEORY

Terzaghi devised a straightforward one-dimensional vertical consoli-
dation model to explore the dynamic interplay between soil deforma-
tion (specifically in the vertical z-direction) and water flow, expressed
as the equation (Terzaghi, 1943)

ap, 3*p,
5 -C, asz (1.46)

Here, C, represents the coefficient of consolidation, denoting the rate
at which a saturated soil consolidates under an increase in pore water
pressure.
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This model operates under several key assumptions: (1) the soil is
both homogeneous and isotropic; (2) individual particles within the soil
are incompressible, though the soil skeleton is compressible; (3) any
additional stress applied to the soil is evenly distributed horizontally,
resulting in vertical compression and water seepage; (4) Darcy’s law
remains valid; (§) the hydraulic conductivity in vertical direction K,
remains constant; (6) external loading occurs suddenly and remains
constant throughout the consolidation process; (7) soil deformation is
solely due to the dissipation of pore water pressure.

The derivation process unfolds as follows: upon the application of a
vertical external load to a fully saturated cohesive soil, the initial stress
increase is borne by the water, initiating its escape and gradually trans-
ferring the load to the soil skeleton over time. Consequently, the soil
undergoes compression, leading to alterations in its properties.

In constructing the model, the top surface is designated as the coor-
dinate origin and is permeable, with the positive z-direction indicating
downward movement. Assuming a soil layer resting atop an impervi-
ous base at depth b;, an element (REV) situated at depth b within the
saturated soil experiences an upward flow of porewater subsequent to
the application of an external load on the surface (refer to Figure 1.3).

In accordance with Darcy’s law, the inflow rate Q; (at the lower sur-
face of the element) and the outflow rate Q, (at the upper surface) of
this element are:

0 =K, (—aﬂ) dxdy (1.47)
0z

_0 499 g (OH _OH
QZ_Q1+ aZ dZ_Kv( aZ aZZ

dz) dxdy (1.48)

where %—H is the gradient of the hydraulic head in the z direction (H)
z

and dxdy is the cross-sectional area perpendicular to the water flow
direction (z). The change in the volume of the flow rate can be derived as

2

0 -0, =K, 8871;1 dzdxdy (1.49)

Since the volume of this element changes due to the consolidation pro-
cess, the time-dependent change in water volume within this element
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can be calculated by considering the variation in the pore volume V,,,,,
as follows:

aV ore
0-0,= a—”t (1.50)

As Ve =@V in which ¢ is the porosity and Vcan be expressed as
dxdydz, equation (1.50) becomes

a‘/p()re a(P
-0, =——=—""dxdyd. 1.51
0 -0, Y Y xayaz ( )

Considering the relationship between ¢ and the void ratione as ¢ = 1 ,
+ ey

in which e, is the initial void ratio that is a constant depending on the
properties of the soil, equation (1.51) can be rewritten as

e
_ % _ ( 1 + €y )
0-Oh= o dxdydz = T dxdydz (1.52)

Substitution of equation (1.49) into equation (1.50) leads to

o*H 1 Ode

K, ITE= %
9z l+e, Ot

(1.53)

Equation (1.53) gives the relationship between the water pressure head
H and the void ration e, and H is described as

H=H,+2 (1.54)

pi'g
where H, is the initial pore water pressure head before the external load
is applied (the constant depends on the gravity potential datum point)
and g is the gravity.
By substituting equation (1.54) into equation (1.53), the relationship
between p,, and e can be obtained as

K, @p, _ 1 9e
pl'g 07° l+ey Ot

(1.55)
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FIGURE 1.3 Conceptual model of Terzaghi’s consolidation theory

. . . . de . . .
Since the change in the void ratio — is governed by soil deformation,

ot

the next step will focus on deriving the relationship between the void
ratio and the effective stress (and eventually the water pressure p,,).
This will allow equation (1.55) to be simplified further, containing only
one variable, thereby making it solvable.

For the solid part of a saturated soil, the relationship between e and
the effective stress ¢’ is expressed as

de Jo
o < ot

(1.56)

where Q, is the vertical compressibility of the soil. Substituting the
effective stress equation (1.38) for saturated soils into equation (1.56)
leads to

% =0, a” v_9, & (1.57)

Substituting equation (1.57) into equation (1.55) leads to

ot ot

K, ¥p,_ O (apw_ac)
pl'g 07 l+e
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or simplified as

’p, _9p, _do

C, = — 1.58
0z° ot ot (1.58)
where
c,=Xlre) (1.59)
val g

is the coefficient of consolidation (vertical).

Assuming the total stress is constant (8_0':0), equation (1.58)

ot

becomes identical to equation (1.46):

2
CV a pzw’ — apw’
0z ot

1.3.3 BIOT’S THREE-DIMENSIONAL CONSOLIDATION THEORY

In spite of Terzaghi’s later development of a new differential equation
for two- and three-dimensional consolidation, the assumption of con-
stant total mechanical stress during consolidation lacks rigor (Cryer,
1963). Biot (1941) expanded Terzaghi’s one-dimensional theory into a
three-dimensional consolidation theory. The key difference between
Biot’s and Terzagh’s theories lies in their treatment of mean total
stress. While Terzaghi’s theory assumes it to be constant, Biot’s theory
acknowledges its variability throughout consolidation (Sills, 1975).

Biot’s elasticity, rooted in continuum mechanics, delineates the
three-dimensional consolidation process in a porous saturated medium
(i.e., containing water). In contrast to Terzaghi’s theory, Biot’s theory
incorporates two fundamental coupled phenomena: (1) solid-to-fluid
coupling, wherein stress variation leads to corresponding changes in
fluid properties (e.g., fluid pressure and mass); (2) fluid-to-solid cou-
pling, wherein changes in fluid properties induce variations in solid
frame/skeleton properties (e.g., displacement or stress).

The equation governing solid deformation is

2 2 2
(K_zc;\ Pde o &d, Pd; | apW:fj
3 )axkaxj 0x;0x; dx;0x; ox;

(1.60)

where G represents the shear modulus of the geomaterial, K denote the
bulk modulus of the solid skeleton, and d =[d;, d;, di]1 G, j, k=1, 2,
and 3) symbolizes the total displacement in which d, is the displacement
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in the i axis direction. { P is the fluid-to-structure coupling, in which

Xj
{ is the Biot constant that can be determined through experimental
methods (Franquet and Abass, 1999).

The fluid flow is described as

9%d, ap, ka’p,

o o v ool

¢ =0 (1.61)

where s, represents the elastic storativity of the pore space, and the
2
i

x; dt

time derivative signifies the structure-to-fluid coupling term.

Equations (1.60) and (1.61)) encapsulate poroelastic effects. Biot’s
theory relies on several assumptions (Biot, 1941): (1) isotropic material,
(2) reversibility of stress-strain relations under final equilibrium condi-
tions, (3) linearity of stress-strain relations, (4) small strains, and (5)
adherence to Darcy’s law for water flow through the porous skeleton.

The derivation process for Biot’s equations unfolds as follows:

Part 1: Solid deformation: Consideration of a small cubic soil ele-
ment (REV) in the subsurface reveals its sides to be parallel with the
coordinate axes, sufficiently large to encompass both pores and solid
parts, and treated as homogeneous. The equilibrium condition for the
corresponding stress components of the element is

00
a.xj'

+£f=0 (L.62)

where f; is the body force (e.g., gravity) and o; is the three-dimensional
Cauchy stress tensor.
Substituting equation (1.39) into equation (1.62) leads to

9% ¢ aapw +£=0 (1.63)
x.

axj j

The soil deformation is then characterized using strain &; and displace-
ment d =[d;,d;,d,]. Assuming the strain &; is small, it can be defined
ad; a

X

in terms of displacement gradients | d; ; = S

1 1( dd;  dd;
J i
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and

od
Ey =dix = —*

1.65
ox, (1.65)

As the effective stress o determines the deformation and follows a
linear elastic stress-strain relationship, o can be described as

2G ad; ad
f=—| K="= lend; — G —L
! ( 3 }k d (ax ax,«) (1.66)

Note: In equation (1.66), the minus sign is included to indicate that
stresses are considered positive for compression. It’s worth noting
that, for Chapters 3-7, the convention is adopted where compression

, 2G ad; ad ;
of= (K - )ekk 6;+G isrepresented by anegative sign.
3 ox; axl

This convention aligns with the standard notations in engineering
mechanics, as commonly observed in continuum mechanics literature
(Haupt, 2013, Chaves, 2013). This approach facilitates the analysis of
both swelling (positive) and consolidation (negative) phenomena within
the framework of the book.

Substituting equation (1.66) into equation (1.63) leads to

d 26 ad,  ad, l ap
| K- lewd; -G —L “+f=0 1.67
axj[ ( 3 )ﬁ [axj ox; J ¢ ox; i (167

Using gy =di s = gﬂ, equation (1.67) can be simplified as’
Xk

2 2 2
(K—ZG\ Odi | T Tdi | O (g8
3 )axkan a.Xja.X'j axiaxj an

Part 2: Liquid transport (water): Considering the mass balance
equation for water, the change in water volume can be calculated by
accounting for the inflow and outflow of water from the soil element.
This change in water volume is dependent on alterations in soil volume
and water density, and can be expressed as

Ap!') _

ot -V (¢levw (169)
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If the porosity is not constant, equation (1.69) can be rewritten as

pi" 99 8¢ 9opr”

+V. v,)=0 1.70
5 o PPV, = (1.70)
The density equation can be linked to water pressure as

aip’ dpy
=p'C,_,
a Py

(171

in which C,_; is the compressibility of the water. Substituting equation
(1.71) into equation (1.70) leads to

pi’ ¢
ot

ap,
Py

+¢p/'C +V-(@pi'v,)=0 (1.72)

To introduce the deformation of the solid into equation (1.72), it is nec-
essary to consider the solid balance equation, which is

a| (1-9)p; '
[(a?)p] =-V-((1-9)p;v,) (1.73)
where pj is the true density of the solid (relative to the solid phase).

To simplify the tensor discussion and facilitate a comparison with
Terzaghi’s one-dimensional derivation, the initial derivation will be
based on a one-dimensional (e.g., vertical) framework. Subsequently,
it will be expanded to three dimensions. The change in solid density
over time, which is linked to stress and pressure, can be expressed as:

ap: _ piCuy (86 P )

ot 1-¢ ot (174)
Substituting equation (1.74) into equation (1.73) leads to
o0 Jdoc  dp,
- | =— V. . = 1.
o +C, ( o —0— o )+ v, — ((])VS) 0 (1.75)

By using both equations (1.75) and(1.72), and removing the term ?Tq;’ it
leads to
L o D RIES

ot
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Since equation (1.39) can be rewritten in one-dimensional analysis as

. —-& . . .
o0=0"+{p,, and 6’ may be described as ¢’=——, in which C,, is
m

the compressibility of the porous medium, which links with { and C,_;
through the relationship

C,_
=1-= 1.77
¢ c (L77)
Equation (1.76) can be rewritten as
o€ op,
L5, EI; = —V-(¢(v, —v,)) ==V -(u) (178

where s, is the elastic storability of the pore space, defined as
$p =¢C,p +(E=9)Coos -

By using equation (1.12) for the Darcy velocity for the saturated con-
dition, equation (1.78) can be reformed as

EVZpW:Ca—€+spj)w (1.79)
v ot
where
V2 =09%*/9x? + 9%/ ijz- +9°/ ox} (1.80)

Equation (1.79) can be changed to three-dimension by using the relation-
ship between strain and displacement (1.64), which leads to equation (1.61):

ad, kd*p
i + «w _r w =0
ox; SoP v ox?

¢

Note that equation (1.61) reduces to Terzaghi’s equation under one-
dimensional conditions when the time-dependent displacement is
neglected, resulting in:

LI
s,V 0x7

= p. (1.81)

where i:Cv is the coefficient of consolidation. This leads to the
Ry

conclusion that Terzaghi’s equation for one-dimensional consolidation
is a special case of Biot’s three-dimensional consolidation model.
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1.3.4 MIXTURE THEORY

Compared with Biot’s theory, which emphasizes interactions between
water and soils, mixture theory is developed for several overlapping
continua based on continuum mechanics (Bowen, 1980). Mixture the-
ory assumes that all phases are present at every material point, allowing
for the use of momentum and mass balance equations. This section pro-
vides an overview of using mixture theory to analyze water-saturated
porous mediums as a comparison with Biot’s theory and Terzaghi’s
theory.

1.3.4.1 “Partial density,” and “mixture density”

Two different but interlinked concepts of density are used in mixture the-
ory (and Mixture-Coupling Theory), entitled “partial density” p, (or true
density pg for asingle-phase) and “mixture density” p; (or p, for a single-
phase), respectively.

1.3.4.1.1 One fluid-saturated medium (liquid or gas)
The volume fraction of the solid ¢, and the fluid ¢, can be denoted as

(1.82)

I

|

I
<

Vi
¢S_V’ ¢f

where V,(or V;) and V are the volumes of the solid (or fluid) phase and
total mixture, respectively.
The relationship between the porosity ¢ and ¢; is

¢, =1-¢, (solid) (1.83)
The ‘mixture density’ of the solid-fluid mixture system is described as

_pVi+plVy

v (1.84)

where p; and p-ff- are the “true density” of the solid and fluid phases,
respectively.

By introducing equation (1.82) into equation (1.84), it leads to
the relationship between the density (p) of the mixture, the solid
and fluid “mixture density” (p, and p;), and their “partial density”
(p; and p}), respectively:

P=pid+pior=p,+ps (1.85)
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If only water and solid particles are considered in the mixture (e.g.,
saturated soil), the partial density and mixture density of (1) the water
are described as p;" and p,,, and of (2) the solid particles are described
as p; and py, respectively. These densities are also used for the deriva-
tion process of Mixture-Coupling Theory (more details are given in
Section 1.4.1).

1.3.4.2 Constitutive equation development

The dynamic movement of solids and fluids adheres to the principles
of mass balance and mechanical equilibrium. When considering only
one solid phase and one fluid phase in the mixture, and employing con-
tinuum mechanics, the mass balance equations using mixture density
in the absence of chemical reactions are derived as follows (Bowen,
1976; Araujo and McElwain, 2005):

p,+V-(p,v,)=0 and p;+V-(p,v,)=0 (1.86)

which analogue to equations (1.69) and (1.72), respectively. The major
difference between equation (1.86) and equation (1.69) is that the mix-
ture density p,, = p;"¢ is used in equation (1.86) to replace the porosity ¢
and simplify the derivation process.

The mass balance equation for the whole mixture is described as

p+V-(pv)=0 (1.87)
where v is the macroscopic medium velocity described as

=Py 4Py (1.88)
P

Using a similar derivation process to Section 1.3.3 (equations (1.68)—
(1.74)) leads to the same function as equation (1.78)

ap, dJo
C,.,—=0
ot " ot

V ‘ (Vs) + ¢(Vw - Vs) + ¢(Cv-f - Cv-.r)

Conservation of momentum

Fluid: WW(WWH pug+x =0 (1.89)
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Solid particles: a(paftvs) +V(G—p)+pg—x=0 (1.90)

where ¢ is the total stress tensor and X is the internal frictional inter-
action force between the solid and fluid phases that can be described as

2
4 =¢Tv(vw—vx)+ pwVo (1.91)

2
. . v .. .
in which the term ¢7(V ¢ —V,) denotes the friction between moving

fluids and the solid particles system, and p, V¢ defines the interaction
caused by the change of the pore space resulting from water pressure.

Using equation (1.15) for saturated conditions, equation (1.91) can
be reorganized as

=¢(Vz:v.v)
¢’y

1= v+ pVo= WT“WWW (1.92)
Substitution of equation (1.92) into (1.89) leads to

a(pwvw)
ot

VO + pug+ %“ +pVP=0 (1.93)

With the assumption of a quasi-static condition and ignoring the inertia
terms, it leads to

=0
—

A(PuV.) gvu  —
$+V(¢pw)+pwg+7+pﬂ¢= 0 (1.94)
which can be reformed as
_ k(Y +pi'e) (195)10

14

Equation (1.95) is Darcy’s law with the consideration of gravity.
Adding equations (1.89) and (1.90) leads to

C[AM)

(p,v,)
ot ot

+V(6_¢Pw)+P58_X:0
(1.96)

+V(gp)+pug+tx+—15 "
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By ignoring quasi-statics and the inertia term, equation (1.96) leads to
V-6+pg=0 197

which is the same as equation (1.62). Following the rest of the derivation
steps in Biot’s consolidation, the same final equation of solid/fluid cou-
pling can be obtained.

Mixture theory has found extensive applications across diverse
fields, including civil engineering and biological sciences. In the realm
of biological systems, it has been instrumental in developing constitu-
tive equations for organs, tissues, and cells (Humphrey, 2003; Mow
and Lai, 1979). For instance, it has been employed in modeling tumor
growth and soft tissues (Byrne and Preziosi, 2003; Ambrosi and
Preziosi, 2002; Preziosi and Tosin, 2009), arterial tissue (Klanchar
and Tarbell, 1987; Jayaraman, 1983), lungs (Ford et al., 1990), and skin
(Oomens et al., 1987).

In civil engineering, mixture theory has been applied to various areas
such as soils, rocks, and concretes. For example, it has been utilized in
modeling fluid injection into saturated geological porous media (Chen,
1996), analyzing mixtures of fluids and elastic solids interacting with
electromagnetic fields (Eringen, 1998), developing one-dimensional
sedimentation constitutive equations using the method of Lagrangian
multipliers (Cvetkovi¢ et al., 2011), and understanding heat conduction
in laminated composites (Nayfeh, 1975). Moreover, mixture theory has
been instrumental in studying reactive granular materials (Baer and
Nunziato, 1986), exploring physical oceanography and meteorology
(Kirwan, 1985), and investigating turbulent phenomena such as snow,
air flows, and sedimentation (Decker, 1990).

1.3.5 COMPARISON OF THESE THEORIES

A comparison between the mechanics approach and the mixture
theory approach has been elucidated by Chen and Hicks (2013). The
mechanics approach offers the advantage of addressing hydrome-
chanical coupled processes effectively, as it can establish a connec-
tion between water pressure and material stress through the concept
of effective stress. However, to incorporate more intricate chemical
processes into the coupling, the mechanics approach often necessi-
tates borrowing chemical transport and reaction formulations from
geochemistry due to the divide between geomechanics and geo-
chemistry. Substantial research has been conducted in this domain,
encompassing hydromechanical coupled models (Sanavia et al., 2002;
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Meroi et al., 1995; Lewis and Schrefler, 1987, 1998), unsaturated soils
(Thomas, 1985, 1988; Thomas and Rees, 1993), thermal coupling
(Thomas and King, 1991; Thomas and Sansom, 1995; Thomas et al.,
1998), and chemical coupling (Seetharam et al., 2007; Li et al., 2006;
Huyghe and Janssen, 1999).

On the other hand, mixture theory preserves the individual
characteristics of the solid and fluid phases (Truesdell and Toupin,
1960; Bowen, 1984), yet it can be challenging to obtain insights into
the interaction between the phases and to address molecular couplings
(Laloui et al., 2003). Nevertheless, mixture theory offers a deeper
understanding of the mechanisms underlying solid and fluid interac-
tions during the consolidation process (e.g., the consideration of X and
the velocity of the solid v;). Biot’s equation and Terzaghi’s equation
thus become specific cases of mixture theory with simplifications (e.g.,
quasi-statics).

However, as the concept of friction (X) derived from Newtonian
mechanics primarily accounts for macroscale friction forces, a
new theory, Mixture-Coupling Theory, is necessary to encom-
pass molecule-scale frictions and other dissipative processes.
Mixture-Coupling Theory is adept at handling both large and small
deformations of fluid-filled porous media, necessitating the introduc-
tion of concepts such as large deformations and the Reynolds transport
theorem.

1.3.6 LARGE DEFORMATION BASICS AND
REYNOLDS TRANSPORT THEOREM

The preceding discussions concerning Terzaghi’s theory, Biot’s theory,
and mixture theory in Sections 1.3.1-1.3.3 have primarily centered on
the small deformation of porous media utilizing the Cauchy stress ten-
sor (o). However, it’s important to acknowledge that geomaterials may
undergo significant deformations, prompting the introduction of the
fundamentals of large deformations.

1.3.6.1 Reference configuration vs current configuration

Configuration: The configuration of a solid is defined as the spatial
arrangement occupied by the solid within a mixture. A reference con-
figuration is typically chosen as a convenient reference point, often
corresponding to the initial configuration prior to any deformation,
represented by X (X, X,,X3) in Figure 1.4. The region now occupied
by the solid following deformation is termed the current configuration,
represented by x(x;,x;,x3) in Figure 1.4. In mathematical terms, the
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mapping between the current configuration and the reference configu-
ration is assumed to be one-to-one and can be expressed as

x = X(Xo,1) (1.98)

where X, is the position vector of the particle at the reference time
when f = ¢,.

The current configuration x may be described using the displace-
ment d(X, ) and reference configuration X as

x=X+d(X,t) or x; =X;+d;(X;,X5,X3,)(in index notation)
(1.99)

The local velocity of the solid v, (X,¢) (the average velocity of the solid
particles) in the REV may be derived using the displacement as
ox _ad(X,?)

WXN=5 =0
Utilizing displacement and velocity descriptions, the vectors of the
current configuration can be expressed as functions of the positions
of material particles before deformation, denoted as X. This descrip-
tion is referred to as Lagrangian motion. Conceptually, the Lagrangian
specification of motion can be likened to an observer moving along
with a fixed point within the material (solid/fluid) through both space
and time (Badin and Crisciani, 2018; Batchelor and Batchelor, 2000).

(1.100)

1.3.6.2 Deformation gradient and Euler’s identity

Utilizing classical continuum mechanics to analyze large deformations
as depicted in Figure 1.4, the deformation state of the soil/rock can be
characterized. The deformation gradient for the solid, denoted as F, is
defined as (Bergstrom, 2015)

o aw o aw
X, 09X, 09X,
ox(X,r) ai 0x, 0x,
X | 9x, 99X, 9X;
X, 09X, 09X,

F(X,1) = (1.101)

Here, both X and x are vectors: X =[X;,X,,X5] and x =[x;,x2,%3].
The determinant of the deformation gradient (F), which is a measure of
the change of volume, is described as
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det(F) = j—“// =J (1.102)
0

where dV is the volume element of the current configuration, while
the corresponding volume element of the reference configuration is
denoted as dV,. The time derivative of J adheres to Euler’s identity:

EzJ':JV-vS (1.103)
Dt

Note: J =%=1 remains constant at the reference configuration,
0

while J=JV-v, can vary throughout the deformation process. If

J =det(F)=1 remains constant throughout the deformation process,

the deformation is termed isochoric (Bergstrom, 2015).

By utilizing equations (1.102) and (1.103), the evolution pathway
of the physical-chemical properties between the reference and cur-
rent configurations can be determined. For instance, the relationship
between the mixture mass density po and the porosity v of a REV at
the reference configuration can be established using its density p and
porosity ¢ at the current configuration, respectively, as

po=Jp and v=Jp (1.104)2

m
V) has been used to

distinguish its density against current volume and reference volume, rather
than using py.

Note: In the following chapters, the mass Pref (PO =

1.3.6.3 Second Piola-Kirchhoff stress (PK2, T)
and Green Strain (E)

The stress tensor at the current configuration is represented by the Cauchy
stress tensor G , while for Mixture-Coupling Theory, the stress tensor at the
reference configuration is the second Piola-Kirchhoff stress T. This choice
is motivated by the following reasons: (1) The second Piola-Kirchhoff
stress can be derived from the derivative of the Helmholtz free energy with
respect to the Green strain tensor E for a thermoelastic body (Mase et al.,
2009), and the Helmholtz free energy is utilized in Mixture-Coupling
Theory (see Section 2.2.3); (2) The second Piola-Kirchhoff stress is sym-
metric, which facilitates computational modeling.
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x =X(Xo, t)

K_\ Current configuration

after deformation (t=t)

Reference configuration
before deformation (t=t,)

Vo X0

v

X (%1, X, X3)

es

e
el

FIGURE 1.4 The concept of continuum mechanics (reference configuration
vs current configuration), where el represents the unit direction

The PK2 stress T and Green strain E are defined as
T=JF'oF " and E= %(FTF -1) (1.105)

where I, is the identity matrix that can be described by using the
Kronecker delta as I =[8;] (Appendix 1), with 1 along the main diago-
nal and O for the rest of the entries.

1.3.6.4 Reynolds transport theorem and
the divergence theorem

To track changes in a quantity within a deforming volume (REV) that
moves with the solid, the Reynolds transport theorem is employed. Let
m(x,t)be a general quantity (scalar or vector) that varies with time and
space, defined as the bulk density of an extensive thermodynamic prop-
erty (e.g., mass density p). Utilizing Reynolds transport relations, the
rate of change of m(x,#) within the evolving REV volume (V(¢)) of a
deformed solid, excluding flux in/out and chemical reactions, can be
expressed as

4 ndv =j (an)dv+ (vy -m)mdl (1.106)
dt Jva vin\ Of INO)

where dV and dI" are volume and surface elements, n is the outward
unit normal vector on a changing surface I'(¢), and v; is the velocity of
the solid (which equals the boundary velocity in continuum mechanics).
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In equation (1.104), the surface integral term (Vs . n)n dT” canbe
NG
converted into a volume integral term using the divergence theorem as

j (7v, -n)dT" =I V- (v, )dVv (1.107)
T |4

The divergence theorem (Pfeffer, 1986) states that the flux of the arth
phase (j,) through a closed surface I'(¢) is mathematically described
as the surface integral of the vector field over the closed surface
( Jo -n)dl". This is equal to the volume integral of the divergence

r

(V- jo) over the region Q (with volume V') inside the surface, expressed

as J (V- j«)dv . Generally, the divergence theorem can be written as
\4

J (Ja -n)dr = j (V~ja)dV (1.108)
r v

Using equation (1.108), equation (1.106) can be transformed to

iJ. ndV :J. (an)dVJrJ. (v m)adl=| ("+7nV-v,)dVv
dt Jva vin\ ot r V()
(1.109)13

in which 7t is the material time derivative considering the change along
with both the time () and velocity (v,), defined as
. Drn

on
= — :—x-l- S'V 1110
T Dt‘X at‘ VoV m ( )

where x is with respect to the original configuration and |+ is with
respect to the current configuration.

To derive the Reynolds transport theorem in equation (1.109),
equations (1.103) and (1.110) are employed. When considering the

term _t ndV , it’s crucial to note that the time derivative cannot
V(1)
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be directly applied inside the integral ndV, given that the volume
V(t)

V(¢) is time-dependent. In response, the integral is remapped back to V;,
which remains constant at the reference configuration:

4 ndV:iJ‘ wav =[ {10 +2%) dV:J. (Jﬂmﬂ)dv
dt Jvo dt Jv, w\ ot ot w\ Dt Dt

=J‘ (J@+nﬁ~vs)dV=J. (E+nV-VX)JdV
Vo Dt vo\ Dt

=I (ﬁ_,.nv.vs)dvzj (T+nV-v,)dV
Ao ) (L111)

1.4 MIXTURE-COUPLING THEORY INTRODUCTION

Figure 1.5(a) illustrates a conceptual model depicting multiscale-
multiphase and multiphysics couplings within a mixture. Within the
selected REV (Q), various multiphase couplings can occur, involving
solid phases (e.g., soils/rocks), liquid phases (e.g., water), or gaseous
phases (e.g., air). These o phases interact with each other, such as when
compression of solids expels liquid, as seen in geotechnical engineer-
ing’s consolidation problems (Yong and Townsend, 1986).

Multiscale couplings are also prevalent, where phenomena at the
microscale, such as water molecules in clay platelets causing swelling,
influence macroscale deformation of porous mediums (Al-Rawas and
Goosen, 2006). Chemical diffusion processes occurring at the molecu-
lar scale may lead to osmosis (Sections 1.4.4 and 1.4.5) at the meso-
scale, subsequently affecting material deformation at the macroscale
(Graf, 1982; Chen and Hicks, 2013).

Moreover, multiphysics couplings are observed, such as heat trans-
port leading to geomaterial expansion (Vardon, 2015; Abu-Zreig et al.,
2001) and affecting water transport through thermal osmosis (Zhou
et al., 1998).

1.4.1 MixTURE-COUPLING THEORY

Assumption: Mixture-Coupling Theory shares a foundational assump-
tion with average methods, positing the presence of all phases at every
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material point, facilitating the formulation of a mass balance equation
for the multiphase.

Dissipation process of coupling: Diverging from mechanics
approaches or the mixture theory approach, Mixture-Coupling
Theory employs entropy production for dissipation processes occur-
ring in porous media. Multiscale dissipative processes are propelled
by relative entropy changes. Couplings between phases/species aim
to minimize energy consumption (e.g., chemical potential) and maxi-
mize entropy (e.g., distribution of molecules) within the mixture to
attain equilibrium. The concept of entropy will be introduced in
Chapter 2.

Key advantages: Mixture-Coupling Theory excels in handling mul-
tiscale and multiphysics couplings. Unlike mixture theory and mechan-
ics approaches, which utilize continuum mechanics as the foundational
theory and study multiphase interactions employing Newton’s classical
mechanics for friction forces, Mixture-Coupling Theory is grounded
in general nonequilibrium thermodynamics (e.g., free energy and
entropy). This equips the theory to address irreversible processes of
multiphase-multicomponent transport. Leveraging thermodynamics,
widely employed in chemistry (e.g., chemical thermodynamics) and
physics (e.g., thermomechanics), Mixture-Coupling Theory inherits
the capability to address multiscale coupling (e.g., molecular-scale
coupling) and multiphysics coupling (e.g., thermo, hydro, mechanical,
chemo, bio, etc.).

For instance, in Figure 1.5(b), the illustration depicts liquid passing
through a micropore, featuring a very narrow end (e.g., nano-channels)
that facilitates the passage of small molecules (e.g., water) more read-
ily than large molecules (e.g., sugar). While Newtonian mechanics
(by mixture theory and mechanics approach) suffice for calculating
liquid-solid surface interactions, molecular frictions between water and
sugar fall beyond the scope of Newtonian mechanics. However, such
frictions can be incorporated into entropy changes using nonequilib-
rium thermodynamics in Mixture-Coupling Theory.

The Mixture-Coupling Theory framework was initially proposed
by Heidug and Wong for saturated rocks (Heidug and Wong, 1996)
and subsequently extended to unsaturated and non-isothermal condi-
tions by Chen and others (Chen et al., 2013, 2018; Chen and Hicks,
2013; Ma et al., 2020). Formerly referred to as “Modified Mixture
Theory,” it was renamed Mixture-Coupling Theory in 2016 (Chen
et al., 2016) to better encapsulate its core principles and differenti-
ate it from other forms of “Modified Mixture Theory” (Katsube and
Carroll, 1987).
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1.4.2  “PARTIAL DENSITY” AND “MIXTURE DENSITY” FOR
MULTIPHASE-MULTICOMPONENT IN UNSATURATED MEDIA

Mixture-Coupling Theory employs the concept of “mixture density”
and “partial density” from mixture theory. The “partial density” of the
kth species dissolved in the arth phase is its density relative to the phase
volume V.

In Figure 1.6, the distinction between “partial density” and “mixture
density” is illustrated. For instance, in a REV comprising three phases
(solid, liquid, and gas), assuming k species present in the liquid occupy-
ing volume V;, the mixture density of the k th species (with mass m;)
is defined as

my
= 1.112
Pk V4V, +V, ( )
and its “partial density” (in-liquid density) is defined as
pk =% (1.113)

V

The relationship between “partial density” and “mixture density,” and
volume fractions for the unsaturated condition, can be derived as follows:
The volume fraction of the ath phase ¢, can be denoted as

G =2 (1.114)

where V,, and V are the volumes of the « th phase and total mixture,
respectively.
The relationship between the porosity ¢ and ¢, is

g =1-¢(solid) andp= Y g, =Y Sup(cr#s, fluids) (1115)

where S, is the saturation ratio of the ¢rth fluid in the void. For exam-
ple, S; is the saturation ratio of liquid. If the liquid is water only, S; may
also be denoted as S,,.

Hence, using a similar derivation process as in equation (1.10), the
relationship between p, (x,t) and pg (x,7) is given by

Pa(X,1) = o pg (X,1) = SePpg (X, 1) (1.116)%
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If there are i or k species in the o phase (or liquid), equation (1.116)
becomes

pi 1 (9Sa) = piy or pi /(@S) = pi (inliquid phase) ~ (1.117)
where

i_ﬂor k
Pa v pi

= % (mass/phase volume) (1.118)
a !

Considering only one component in the o phase (e.g., water), the density

is givenas p;’ = v which is usually called true density; since V; =V,,, it
1

leads to p;" S T
Vw SW¢V SW¢

, which is the same as equation (1.19).

The “true density” of a liquid (containing i species) can be described as

N,

I NS

Py,

i=1
or
N. N

1 _ ﬁ _ i . .

pl = Z V= ;p, (liquid as an example) (1.119)

Note here: because pj is the “partial density” according to the volume V;,
the volume fraction (e.g., ¢,) is not needed, compared with equation (1.116).
Further consideration of gas can be included as

Z¢k = S1¢15

or
D 0+ 00 =59+ 50 =6 (with gas) (1.120)

where ¢; is the volume fraction of the i th gas, ¢ denotes the volume
fraction of the kth species in the liquid (not gas), S, is the saturation
ratio of the gas, and S, denotes the saturation of the liquid (not gas).
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FIGURE 1.5 (a, left) Conceptual model of multiscale-multiphase coupling
in a mixture; (b, right) Phases interactions and molecule interactions in fluids
(e.g., liquid)

1.4.3 MULTISCALE COUPLING KNOWLEDGE GAP

Particles in a porous medium vary in diameter from 107'° (1 A) to
10%m, encompassing molecules, colloids, and suspended particles,
as depicted in Figure 1.7. Geochemistry typically focuses on molec-
ular-scale reactions (below or around 10~ m=1nm (nanometers))
(Luther, 2016), while geomechanics concentrates on particles larger
than 107 m =100 nm (Soga et al., 2014). Consequently, there exists
a knowledge gap of approximately 100 nm between these scales, with
significant multiscale physical-chemical couplings:

Molecular-scale chemical processes can profoundly impact
physical phenomena, such as membrane function at the molecu-
lar-nanoscale, resulting in osmosis flow that influences the defor-
mation of soils and rocks at the macroscale. For instance, water
molecules penetrating clay platelets can trigger physical swelling.
Additionally, suspended particles and colloids, formed from chemical
reactions (e.g., CaCO,/Si0O,), may obstruct nanoscale pores and alter
nanoscale porosity. Moreover, biological elements like viruses, bacte-
ria, and algae, spanning from the molecular to macroscale can inter-
act with biogeochemical reaction processes. All of these aspects pose
significant challenges that remain largely unexplored in geotechnical
engineering.

This book will introduce the utilization of Mixture-Coupling
Theory to develop constitutive models for:

1. Molecular-macroscale coupling: Swelling induced by water
molecules accumulated in clay platelets.

2. Molecular-mesoscale-macroscale coupling: Membrane func-
tion, including chemical osmosis and thermal osmosis.

3. Multiphase coupling: Hydro-mechanical-chemical and ther-
mal interactions.
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1.4.4 SWELLING

Hydration swelling is a common phenomenon observed in water-
sensitive materials like clays or clay-rich shales, such as montmorillon-
ite (Al-Rawas and Goosen, 2006). This process gives rise to macroscale
hydration forces due to the alignment of polar water molecules near
hydrated surfaces (Figure 1.8). These forces are repulsive in nature and
can cause the stacked silicate layers to separate, leading to swelling.
Typically, about one to four layers of water molecules can intercalate
between the clay platelets, resulting in an increase in spacing that deter-
mines the extent of swelling (Laird, 2006).

1.4.5 CHEMICAL OSMOSIS

An ideal semipermeable membrane permits only small molecules
to pass through, whereas a permeable membrane in reality allows
some larger molecules to permeate. Figure 1.9 illustrates a scenario
separated by an ideal semipermeable membrane. Due to the selective
nature of this membrane, sugar molecules are unable to traverse it,
allowing only water molecules to pass through. Water moves from
regions of lower sugar concentration to higher concentrations, even-
tually reaching equilibrium with a fluid pressure differential. This
flow induced by chemical concentration differences is known as
chemical osmosis. In this book, “positive” chemical osmosis refers
to flow from lower to higher chemical concentration, while “nega-
tive” chemical osmosis denotes flow in the opposite direction, as
theorized.

Osmosis frequently occurs in soil or rock with very low permeabil-
ity, effectively acting as a permeable membrane that restricts solute
molecule transport (e.g., when permeability is less than 1071 m/s).
Solute molecules may include salts or other chemicals relevant to
geotechnical and geoenvironmental engineering applications (e.g.,
drilling fluids or landfill pollutants in case of leaks). Consequently,
industrialists must consider the potential and implications of chemi-
cal osmosis. Previous studies (Chen and Hicks, 2013) have addressed
chemical osmosis in radioactive waste disposal, and some research
has extended Darcy’s law to include chemical osmosis effects in
low-permeability saturated shales (Schlemmer et al., 2003). However,
chemical osmosis is complex, with osmotic efficiency generally
contingent upon pore size and chemical composition of the porous
medium.
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In biological tissues, which are porous in nature, osmotic effects can
be significant (Gu et al., 1999). However, osmosis in rocks or clays may
be more intricate due to numerous species and possible microorgan-
ism presence, making the osmotic capacity of different rocks or clays
toward various species uncertain. Currently, most osmotic efficiency
measurements have been conducted for common nonreactive chemical
ions like Na* or Cl- (Graf, 1982); further experimental research is nec-
essary to evaluate osmotic capacity for radionuclide complexes, organic
matter, and gases, especially concerning intermediate and low-level
radioactive waste. While the influence of osmosis on geomaterials may
be minimal for simple chemical ions like Na*, it may be more pro-
nounced for complex chemical compounds or organic matter, or in the
presence of microbial activity.

1.4.6 THERMAL OSMOSIS

Thermo-osmosis refers to the phenomenon of fluid diffusion
through a membrane driven by a temperature gradient (Denbigh and
Raumann, 1952a). Experiments investigating thermal osmosis using
a rubber membrane for CO, or H, individually revealed intriguing
behaviors: CO, migrated from the colder side to the warmer side,
while H, moved in the opposite direction, from the warmer side
to the colder side (Figure 1.10) (Denbigh and Raumann, 1952b). A
similar phenomenon was observed for liquids, such as helium II
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FIGURE 1.8 Concept of water-induced swelling

(Kapitza, 1941). Similar to the definition for chemical osmosis, the
direction of flow from cooler to warmer is termed “positive” ther-
mal osmosis, whereas flow from warmer to cooler is termed “nega-
tive” thermal osmosis.

Numerous studies on thermal osmosis have utilized cellophane
and weakly charged cellulose acetate membranes (Ferndndez-Pineda
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(lower)

and Vazquez-Gonzdlez, 1988; Mengual and Garcia-Lopez, 1988) or
ion-exchange membranes like Nafion or Neosepta membranes (Tasaka
etal., 1984, 1992). In geotechnical materials, thermo-osmosis in clay or
shale with very low hydraulic conductivity (e.g., 1071010~ m) has gar-
nered interest due to its potential significance compared to the direct
effect of Darcian flow (Carnahan, 1983). A coupled thermoporoelastic
model demonstrated the importance of thermodynamic coupling with
thermo-osmosis (Zhou et al., 1998).
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Nevertheless, understanding the detailed mechanism of thermo-
osmosis in geomaterials or geomembranes remains challenging due
to their complex physical structures, including various pore sizes and
microstructures, as well as the presence of multiple species (e.g., reac-
tive leachate transport).

1.5 CONCLUSION

This chapter has explored the foundational concepts and laws gov-
erning multiphase, multicomponent transport in porous media. Key
topics discussed include effective stress, transport laws, classical
theories for water-solid coupled models, and conservation principles.
The chapter also touched on the influence of various couplings and
introduced the conceptual framework of Mixture-Coupling Theory.
The objective was to equip readers with a broad understanding of
the fundamental mechanisms within porous media, an overview of
current model development, and an awareness of existing knowledge
gaps.

Through a comparison of different theories, a clear gap is identi-
fied, particularly in the areas of multiphase-multiscale interactions
and physical-chemical couplings. Addressing this gap demands a
shift toward more fundamental principles, with the development of
rigorous mathematical models. Chapter 2 will introduce the core
principles of nonequilibrium thermodynamics, providing the neces-
sary foundation for the new Mixture-Coupling Theory outlined in
this book.

NOTES

1 Laminar flow is characterized by high momentum diffusion and low
momentum convection.

2 Vyu andV - Yo' Assuming Yo and Yo are general scalar and vector/ten-
sor variables of the @ th phase, respectively; Vy, and V .y, denote the
gradient and divergence, respectively. V¥, is a vector, whereas V - Vo IS
a scalar.

3 Note: The symbol ““.”” represents “because/since’” and “..”” represents
“therefore.” This applies to all the footnote mathematical derivations in
this book. The numbering scheme for equations in footnotes is defined
as “fn” to distinguish from the numbering scheme in the main text of the
book, in which “f” denotes the footnote and the subscript “n” denotes the
equation number.

Mathematical proof of equation (1.27): " Jx = Px (Vi = Vi) |
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s de=p.(ve—v)) and J,, = p, (v, —V)).

. J(' + Jw =P (vc - V1)+ Pw (VW - V]) (fl)

v = Zk(pk 1 P0)Vi vy = (/:";JVC +(’I’;’va (2)

1

By substituting (equation (f2)) into (equation (f1)), it leads to

S A

Pe(PeVe+PuVy) P (PeVe+PuVi)

Pi pi

=PVt PuVy = (PetPu)(PevetPu¥e) 0

pi

= Pch +pwvw -

where Pr=PctPw.
4 Equation (1.17) can be rewritten as vkzl—k+vs. Substitution of

Pk
this equation into equation (1.25) leads to J,=p;(Vi—V,)=,

I
Pl{k"'Vs—Vz]:Ik—Pk (vi—v).

Pk
5 The extent of a reaction is defined as d{ =% , which is a quantity
Vi

measuring the extent to which the reaction proceeds. In other words, it
defines the amount of substance that is being changed in an equilibrium
reaction. In this equation, »; denotes the amount of the i th reactant and
v; is the stoichiometric coefficient of the i th reactant.

6 van Genuchten relationship is only one of many published equations
linking saturation and pressure.

J 2G 2G ) 0 2G ) 9
7 Lk -"Deus, || k-2 §)=—| K- |2
axj( ( 3 i ]) ( 3 ax~(£kk j) [ 3 )ij

J
26 9 (ad,
dy)=—| K -2 | 9| 9%
(i) [ 3 )ax,(axk)

" Jo ap, w op.,
8 == v.—-V- P
o/ [C‘S(az i) o~ )+V v,—-V (¢v3):|+¢p,C o

+V-(9pi'v,,)=0
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,a w a w w w w a w
Cvfsplw a_(:_ pPi ¢Cv—x a’; + pPi \% Vs — P '(¢Vs)+¢pl Cvff (—;;
+V-(¢p,wvw):0
a y a w w w
Cv—splwaif-i_ p;ﬂ¢(cv—/ - Cv—x) 5 + Pi \% Ve =pPi \% (¢v\)
-V (q)pl”vw)
C,. a70--1-(;)(C,_f—C,_ )apw +V.v,==V-(¢v, —¢v,)
V=S at v v=s at as 5 w s

o
Note for V~vx=g—£: Since v,=d (where d is the displacement
t

vector), ..V-v,=V-d. .. V-.-d=¢, .'.V~d:3—j, and therefore,

Viv,=V-d= 3—? leads to equation (1.76).

Je ap, 20
9 5+¢(CV7/'_CV7$) a’; +Cvfs§:_v'(¢(vw_vs))
Je ap, do'+¢p,
5+¢(Cv,/—CH) g; +Cv—s%=—v'(¢(vw—vs))
3[_8+§pw]
o€ 9py Cn
E+¢(Cvff_cv—s) a’; +Cv—sT=_V‘(¢(VW—VS))
oe C,_, de Py
E—TME‘F[Q)(CV-/ _Cv—s)+ccv—s]?:_V'(¢(Vw -v,))
/_j\_ﬁa Sp a
Cy_g € w
[1— C. ]at+[¢cv,/+(c—¢)c”] e =V-(o(va=v)

Substitution of Darcy velocity through equation (1.15) for the saturated
condition leads to equation (1.78).
10

“’%“ = —(0V(pu)+ pug)

k(¢V (pu)+ pug) K (0V(pu)+pug)  k(V(pu)+pi'g)

ov ov %
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11

12

13

14

15

a M/VM/ a
X)L (9pu)+ pug+ x+ X8 V(6 -0p,) 4 pg -1 =0
ot ot
a WV a Vs
(pat Vv (op.)+ (’3, )19 (0-9p)+(p. +p.)2=0
_ =
a WV a Vs K—ZJO%
(pat s (gt V9GP~ V(op)+Vo+ (.- p.)e=
mn
Assuming the mass of the mixture is m, since PV VTV ’
m- v W
v

it leads to pPo=J p. Considering a water-saturated soil, it leads
0 Puo)=J Puwey in which p,q is at the reference configuration

and p,( is at the current configuration. Using equation (1.102),
(Puo) =0pP!" 5 Puiy =9p1") for both the reference configuration and cur-

rent configuration (in which p;” is the partial mass density of water,
which equals the true density of water), leads to v=J ¢.

d on on
o VndV J (at)dV+J.r(1tvs~n)dl" —JV( > )dV+J V-(nv,) dv

—J. (aaanV+J. (RV vy +v,-m)dV = J. (—+VV T+7nV-v, )dV
Vv Vv

=I (1’t+nV-v3)dV
14

Derivation note (1) for water-saturated soils/rocks: " pw=% and
p) = LAY p_ =—=¢, p,=p'¢; () for unsaturated: - p, = M
Vi P/ v
pw
and p, = Vi =Ves., ———q)S,
P Vz pr
Vi
Considering k chemicals in a liquid, it leads to @ —*k and
v
SI:W:%. Since 2¢k: % ZVk and, sz—Vz thus,
Vi S ore
z¢k ! =1—p—Sz¢ where ¢—— Considering i chemicals

in a gas, using a similar derivation process, it leads to Z‘Pl =Sg0 .
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2 Nonequilibrium
thermodynamics
concepts for
multiphase
porous media

2.1 INTRODUCTION

Thermodynamics is a branch of physical science concerned with
the relationships between different forms of energy (e.g., mechani-
cal, chemical, heat) and the properties of matter. It finds applications
across various fields such as mechanical engineering, chemical engi-
neering, and physical chemistry. Unlike continuum mechanics, which
is grounded in Newtonian mechanics, thermodynamics adopts an
energy-based perspective. It encompasses two main directions: equi-
librium thermodynamics and nonequilibrium thermodynamics, distin-
guished primarily by the time courses of physical processes, with the
former neglecting while the latter emphasizing.

Nonequilibrium thermodynamics addresses physical systems that
are not in thermodynamic equilibrium, building upon the second law
of thermodynamics regarding entropy. In such systems, there is energy
dissipation (e.g., due to friction) that cannot be harnessed for mechani-
cal work. Nonequilibrium thermodynamics offers a robust framework
for deriving the evolution equations of dissipative systems. By “unify-
ing dissipative and nondissipative evolution,” as articulated by (Van,
2020), nonequilibrium thermodynamics serves as the foundation for
innovations like Mixture-Coupling Theory, which seeks to integrate
multiple dissipative and nondissipative processes within complex
porous medium systems.

This chapter will primarily introduce key concepts of nonequilib-
rium thermodynamics relevant to Mixture-Coupling Theory, such as

DOI: 10.1201/9780429324925-2 53
This chapter has been made available under a CC BY 4.0 license.


https://doi.org/10.1201/9780429324925-2

54 Multiphase Flows in Deformable Geomaterials

free energy, entropy, and chemical potential. These concepts facilitate
the analysis and transformation of energy into dynamics within mix-
tures of soils/rocks, water, gas, chemicals, and other constituents.

2.2 THERMODYNAMIC PROPERTIES OF
MULTIPHASE/MULTICOMPONENT FLOW
IN PORES AND THEIR RELATIONS

Traditionally, fluid mechanics has relied on pressure to propel flow,
chemical concentration gradients to drive diffusion, and temperature
disparities to induce chemical reactions. Yet, grappling with the intri-
cate interplay of pressure, heat transfer, and chemical concentration
changes has posed a challenge.

Enter the representative elementary volume (REV), a microcosm
featuring multiphase flow encompassing solids, liquids (laden with
chemical species), and gases (see Figure 2.1). Here, the nexus between
non-useful work (e.g., entropy), total energy (e.g., enthalpy), and useful
work (e.g., Helmholtz free energy) unfolds. Through this exploration,
the internal energy of chemical constituents (e.g., chemical potential)
is swayed by temperature and entropy, emanating from the fluid within
the solution (e.g., fluids or gases). This connection forges a vital link
between molecular-scale potential (i.e., chemical potential) and macro-
scopic thermodynamic attributes (e.g., temperature and pressure) ubiq-
uitous in geotechnical and geoenvironmental engineering.

Mass —— n, = ——

m;

Gas phase

Water and i chemical Temperatare

Chemical Potential
Entropy

=h —Tr
N H; i 1

Enthalpy
hy
Entropy production y

(Caused by phase frictions)

FIGURE 2.1 Overview of relationships between thermodynamical proper-
ties within a REV
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Moreover, the concept of entropy production, the byproduct of dis-
sipative processes (e.g., frictional forces), takes center stage in nonequi-
librium thermodynamics for scrutinizing irreversible phenomena.

These foundational concepts pave the way for a unified analysis,
seamlessly transitioning from the microscale (e.g., fluid chemical
potential) to the macroscale (e.g., pressure). As a result, the knowledge
chasm highlighted in Figure 1.7, spanning down to 100 nm, is bridged.

2.2.1 ENTROPY AND ENTHALPY

In a geoporous medium, understanding entropy from a statistical
mechanics perspective helps grasp its essence, wherein entropy char-
acterizes the randomness or disorder of a system (Mishra, 2012). For
instance, in a saturated soil comprising only soil and water, with no
change in the solid phase (no deformation), when water transitions to
ice, each water molecule’s freedom decreases as it becomes bonded
within the solid. This reduction in freedom reduces the system’s ran-
domness, primarily due to the water’s evolution process, leading to a
decrease in the system’s entropy.

In thermodynamics, entropy (©) is defined as a measure of thermal
energy per unit temperature (7') that is not available for doing useful work
of a system. It may be more convenient to use entropy density (17) rather
than the total entropy (®) for the REV system, with a description as

n=y 2.0

If the heat density stored in the mixture of a REV is described as g, the
entropy density may also be described as

2.2)

The heat at this temperature is to measure the freedom of the system
(e.g., distances between molecules in equilibrium). If the ith component
is considered, its entropy density is given by

qi
n; —_— 2.3

Compared with entropy density, enthalpy density (/) for the ith compo-
nent is not a state but an energy definition, measuring the energy of the
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selected thermodynamic system. The total enthalpy density of the ith
components (e.g., species) in the arth phase may be described as

péthi =&t p;i 24)

where ¢; is the internal energy density required to create the system
for the components, which can be described as a sum of terms that
can be interpreted as kinetic energy (e.g., motion) and potential energy
(e.g., chemical potential energy that is stored in chemical bonds of a
substance).

In a REV, if the pore space (V,,.) is selected as the thermodynamics
system, the enthalpy density of the water phase is a sum of the inter-
nal energy of the water (e, contained within water molecules) and its
water pressure, which is defined as

pl'h, =€, +py

2.2.2 CHEMICAL POTENTIAL

The chemical potential, denoted as y; or i, pertains to the ith compo-
nent (e.g., species) in a solution (liquid, gas, or solid) or a pure & phase.
It represents an energy that can be absorbed or released due to changes
in pressure (p; or p,), temperature ('), or chemical reactions. This rela-
tionship among the chemical potential of the ith component/species (or
the arth phase), entropy, and enthalpy can be expressed using general
thermodynamics, as described (Haase, 1969)

f = —Tn; o = hy T, 2.5)

In chemical thermodynamics, the chemical potential of the ith species
in the a solution can be expressed as a function of its molar activity
a;, which measures the “effective concentration” of the solute in the
mixture (Wolt, 1994). The relationship can be described as (Kondepudi
and Prigogine, 2014)

RT
i =& (pi, T)+| ——
Hi=gi(pi,T) (M'

)(In a;) (2.6)

where R is the gas constant; M; is the molar mass of the ith species, and

gi(p;,T) is a function that depends on pressure and temperature.
Under the ideal solution assumption, equation (2.6) simplifies to
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i = (%)an @) @)

1

where U, is the term of chemical potential that only depends on molar
activity of the ith species. a; can be expressed as mole fraction x; using
the equation

ai = ri-xi (28)

where 7; is the activity coefficient that accounts for the intermolecular
interactions between the ith species with itself (between molecules) and
other different species (e.g., the jth species, and j #i).

In a geoporous medium, if only two chemical components are pres-
ent in a system, the solute (chemical potential y.) and diluent (water
chemical potential ), and assuming the solution is an ideal solution,
the relationship between the activity a. and the mole fraction x. of
chemical c is given by

a. =1.x, 2.9

where r, is the activity coefficient.

It is more convenient to use mass faction rather than mole fraction.
Assuming the solution is ideal, which leads to 7. =1, the solute activ-
ity a, becomes equal to the solute mole fraction x, (ac = xc). The mole
fraction x. can be related to the solute mass fraction c. through

ce=xM. .l (x M. +(1A-x.)M,) (2.10)

where M, and M,, are the molar mass of the chemical and water,
respectively.

2.2.3 HELMHOLTZ FREE ENERGY

2.2.3.1 Helmholtz free energy of the mixture

To relate the system’s freedom (entropy) with the energy available
for useful work, Hermann von Helmholtz introduced the concept of
Helmbholtz free energy (F) in 1882. This thermodynamic potential
quantifies the usable work obtainable from a thermodynamic sys-
tem and is defined as the difference between internal energy (U) and
entropy (®) (Tillner-Roth and Friend, 1998; Helmholtz, 1882):
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F=U-TO @.11)

For a selected system (e.g., REV), the Helmholtz free energy density
(y) can be described as

70
—=¢-T 2.12
v n 2.12)

where € = % is the total internal energy density of the REV and n = %

is the total entropy density.

In a geoporous medium, the useful work described by Helmholtz
free energy may encompass soil/rock deformation and the transport of
heat and fluids (e.g., liquid and gas). Entropy may be generated during
fluid transport processes. For instance, in an isothermal saturated soil
undergoing deformation (consolidation process), the internal energy of
the REV system includes soil deformation energy (e.g., 6v,) and water
flow energy exchange (e.g., I,,4,). The entropy flux during this pro-
cess mainly arises from water flow (e.g., I,7n,,), with additional entropy
generated by friction between the solid and fluid surfaces. Dissipative
processes will be further discussed in Section 2.4.

2.2.3.2 Helmholtz free energy of the pore fluids

In a REV, fluids (e.g., water) in the pores are minimally influenced by
intermolecular and surface forces due to the large pore dimensions rela-
tive to the distances over which these forces act (Israelachvili, 1991).
Thus, thermodynamic relations are appropriate for bulk fluids.

Considering a saturated soil as the simplest case, using equation
(2.4), the internal energy density may be described as

gpore = lehw - pw (213)

in which p,, = p . is the pore pressure.
Substitution of equation (2.13) into equation (2.12) yields

l//pore = lehw -Pw— Tplwnw = le (hw - an) — DPw (214’)
Using equation (2.5) for chemical potential, it follows:

v/pore = p;vva — Pw (215)
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Based on classical thermodynamics and a similar derivation process,
the Helmbholtz free energy density of a single phase (o) with multiple
chemical species (total i species) is described as

l//pore :_ppore +2Prix,ui (216)

where p,,. is the pore pressure.

For multiple immiscible phases (o > 2), such as oil, air, and water,
with multiple chemicals (e.g., i,k) in each phase, the equation can be
extended to

Np-1 Ne
l//pore :_ppore +ZS(1 zp:x,ut (217)
a=1 i=1

where S, = Ve is the saturation ratio of the orth fluid and ZS”‘ =1,

pore ~
N, is the total number of phases, and N, is the total number of chemi-
cals in the a phase.

Using equation (2.17), the free energy density for a gas and liquid
mixture in a pore can be written as

l//pore = ~Ppore + Slzplk,uk +Sg2pé.ui (218)
k i

where (; and p; are the chemical potential of the kth and ith chemical
components in the liquid and gas, respectively; S, and S, are the satura-
tion of the liquid and gas, respectively; and p,,. is the total pore pressure
of the fluids in the pore that can be replaced using average pressure as

p]mre = f) = Slpl +Sgpg (219)

2.2.4 GiBBS-DUHEM EQUATION

Considering a multiphase-multiconponents mixture in a REV, the
Gibbs-Duhem equation describes the relationship between the chemi-
cal potential of the ith components (e.g., species) and other macroscopic
thermodynamical properties (e.g., pressure and temperature) for the ath
fluid phase (containing i chemicals) as (Sacchetti, 2001; Darken, 1950)

N
Z niditl, = Voydpy —©,dT (2.20)

i=1



60 Multiphase Flows in Deformable Geomaterials

where n; is the mole of the ith chemical, 1, is the molar chemical poten-
tial of the ith species; ©, is the total entropy of the a:th phase within the
mixture, V, is the volume of the ¢ th phase (compare with the mixture
volume V), and p, is the pressure of the ¢ th phase. For the conve-
nience of linking with mass density (p,’;,) in this book, equation (2.20)
can be organized as

N
Y pidy, = dp, ~nidT @21y
i=1

where U; = ]'l‘l/l" is the chemical potential of the i th chemical within

i

the phase relative to the mass density p}, and M, is its molar mass, and

a

No = Ou is the true density of entropy of the orth phase (this definition

o

applies throughout the book).

The derivative of equation (2.21) with respect to Eulerian space (dx,
dy, dz) or time (df) leads to the following discussions regarding various
scenarios or assumptions:

N
« If dT = 0, which is the isothermal, then Z pldu; = dp,. This

i=1

gives the relationship between chemical potential and fluid

pressure change with respect to space, as
Y PV =V, (2.22)

or with respect to time (with the assumption of constant
density) as

Y Pt = pe (2.23)
e Ifdp, =0and dT =0, then

Ne
z pldt; =0 (2.24)
i=1
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which gives the relationship of chemical potential between k
chemicals with in the ath phase under isothermal and equilib-
rium conditions.

For a liquid-and-gas mixture under unsaturated conditions, equation
(2.22) can be applied to the liquid and gas separately, resulting in

Zp,';V,uk =Vp, or ZPQVM =Vp, (2.25)
k i

where p; is the liquid pressure and p, is the gas pressure, respectively.
Considering the saturation ratio of gas (S,) and liquid (e.g., water satu-
ration as S,,), respectively, the equation (2.25) can be changed by mul-
tiplying S; and S, on both sides, leading to

S ). Vi =S,Vp or S, Y. Vit =S, p, (2.26)
k i

2.3 GENERAL BALANCE LAW FOR
THERMODYNAMIC PROPERTIES: CURRENT
AND REFERENCE CONFIGURATIONS

2.3.1 CURRENT CONFIGURATION

Considering a REV as a region volume V (boundary surface I') within
a deformable porous medium, the mixture of fluids may move into and
out of the region. Since the porous medium may deform, the solid part
of the region has a velocity v,. The modified general balance laws of
the thermodynamic open system (REV), coupled with the movement of
the solid, can be described as (Truesdell and Toupin, 1960; Kondepudi,
2008; Sandler, 2017)

d(J TC(X,I)dV):—J jn,ncon ndl—‘—J. jﬂ,con ndl—‘+J‘ Ty dV
dt\ Jve r r o (207

In this book, the integration domain denoted by the subscript V(t) can be
abbreviated as V. Where © denotes the bulk density of some extensive
thermodynamic quantity (e.g., mass density, energy, and so on); jr.con
(e.g., I for the kth species) and jy ucon (e.g., I for heat conduction) are
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the convective flux and nonconvective flux into the region Q (volume
V() is time-dependent. In this book, the integration domain denoted
by the subscript V(¢) can be abbreviated as V.), respectively; n is the
outward unit normal vector on I'; and r; is a source term pertaining to
the production of 7.

By using similar decrivation process for d(J. n(x,t)dV) in
\4

(1)
Section 1.3.6, and employing the divergence theorem (Pfeffer, 1986),
the local version of equation (2.27) can be obtained as

1:E+ TEV V= _V : jrc,m‘on - V : jn,con +r7( (228)

where 77(x, 1) is the material time derivative following the motion of the
solid defined as in equation (1.108):

_ on(x,1)

n(x,t) +Vn(x,1)-v, (2.29)

The classic Reynold’s transport theorem (Reynolds et al., 1903) can be
derived from equation (2.28) as a special case for fluid transport. For
example, in Mixture-Coupling Theory for the REV, the balance law for
the mass density of the a th phase in the absence of chemical reactions
is given by

ij padV=—J. Poa (Vo —Vy)-ndD (2.30)
dt Jv r

where v, is the velocity of the octh phase. Using the divergence theorem
(Pfeffer, 1986) leads to the local version of equation (2.30):

PatpPaV v, +V-I,=0 2.31)

Equation (2.31) presents the balance equation of the a th phase at the
current configuration.

2.3.2  REFERENCE CONFIGURATION

Since Mixture-Coupling Theory includes a deformation pathway for
reference configuration, multiplying J on both sides of equation (2.31)
leads to

IPa+IpaV vy +JV -1, =0 (2.32)
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Using the Euler identity as J = JV - v, leads to
(Jpo)+JIV -1, =0 (2.33)
Substituting the relationship between p, and pg in equation
(1.114) and the porosity evolution relationship in equation (1.102),
respectively, as
Pa(X,1) = §o p5 (X,1) = S Ppg (X,1) and v = J
into equation (2.33) leads to
(S,up)+JV-1,=0 (2.34)
Invoking equation (1.22), equation (2.34) can be written as
(SaUPe)+ IV -(ugpf)=0 (2.35)

Equation (2.35) includes the porosity (v) evolution, representing the
balance equation at the reference configuration.

2.3.3 BALANCE EQUATION FOR SOLID MASS

The balance equation for the solid mass, considering no solid mass
crosses the boundary I' and the motion of the solid, is

ij pstz—J Ps(vi—vy)-ndl'=0 (2.36)
dt Jv r

and the local version of the equation can be derived as

P +pV v, =0 2.37)

2.3.4 BALANCE EQUATION FOR WATER MASS

The balance equation for the water mass is

ij P dVZ—JA P (v, —vy)-ndl' (2.38)
dt Jv r
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Using the divergence theorem (Pfeffer, 1986) leads to

—J pw(vw—vs)~ndF=—J. V-1,dv (2.39)
r v

Hence,
d
—J- P dV=—J. V-1,dv (2.40)
dt Jv v

and the local version of the equation can be derived as
Pn+p,V-vi+V-I,=0 (2.41)

Note: Derivation of the balance equation for the solid and water mass

at the reference configuration can be obtained by following the same

process as in equations (2.31) to (2.35). The details can be found in
Chapters 3 and 4, and are not reiterated here.

2.3.5 BALANCE EQUATION FOR CHEMICALS

2.3.5.1 Current configuration

The balance equation for the kth chemical in a liquid (in the absence of
chemical reaction) is

:;(J.Vpk a’VJ:—J.rIk-ndF (2.42)

and the local version of the equation can be derived using the diver-
gence theorem as

pk +ka'VS+V'Ik =0 (243)4

Substitution of the relationship p; / (¢S)) = plk into equation (2.43) leads
to the equation of partial mass density:

(PrOSH+pi oSV v+ V I =0 (2.44)
By transferring I to J, and using equation (1.33), this leads to

(PfdS) + pfoSV vy +V-(Ji + pfu) =0 (2.45)
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2.3.5.2 Reference configuration
By multiplying both sides of equation (2.45) with J, this leads to

J(pI9S)+ poSIIV -V + IV -(J; + piu) =0 (2.46)
Since J = JV -v,, equation (2.46) can be rewritten as
P SH)+JIV-(pfw)+JV-J, =0 (2.47)
Introducing the mass fraction ¢; = p,k / p,l leads to

(Sypici)+JIV-(pleu)+JV-J, =0 (2.48)

Because X.c; =1 and X;J; =0, summing over all the liquid compo-

nents leads to the relationship for the fluid (e.g., liquid) transport>:
Sp))+JV-(piu)=0 (2.49)
By invoking equation (2.49), equation (2.48) can be transformed to
WS, pHé +Jpiu-Ve, +JV-J, =0 (2.50)

which is a general equation for chemical transport in the absence of
chemical reaction.

2.3.6 BALANCE EQUATION FOR HEAT

2.3.6.1 Current configuration
In a REV, heat (g) can be stored in the solids/fluids according to the
relationship

qo = PaCoT (2.51)

where ¢,, Cy, and p, are the heat density, specific heat capacity, and
mass density of the arth phase, respectively. For example, the heat den-
sity of a solid can be defined as

g, = p,C,T 2.52)
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where C; is the specific heat capacity of the solid and p; is the density
of the solid. The heat density of water can be defined as

qw = prwT (253)

where C,, denotes the specific heat capacities of water and p,, is the
density of the water.

The total heat flow I, across the boundary I" of the REV (which may
alter the total heat ¢g) can be separated into two parts:

1. The heat flow contained in the fluids (or thermal convection)
expressed as

hel, (2.54)

in which A, denotes the enthalpy of the o phase, defined as
h, =C,T, with T representing temperature. For example, A,
for the enthalpy of water is defined as k,, = C,,T, where C,, is
the specific heat capacity of the water.

2. The reduced heat flow I/, (thermal conduction or diffusive heat
flow) is defined as

Np-1
I =1,- 2 hol,, (2.55)

a=1

where N, —1 means the solid is excluded.

To establish the relationship between the total heat within the REV and
the heat flow crossing the boundary of the REV, using the fundamen-
tal balance equation for thermodynamically open systems (equation
(2.27)), the thermo balance equation of the REV is obtained:

Np-1
qS+an dV:—JrIq-ndr

a=l1

dr Jv (2.56)

Np-1
where 2 q. 18 the total heat density of o fluid phase. The local version

a=1
of the balance equation can be derived as
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Np-1 Np-1

0+ D e @t Dt [T,V 1, =0 2.57)
a=1

a=1

2.3.6.2 Reference configuration

Multiplying both sides of equation (2.57) by J and utilizing the Euler
identity J = JV - v, leads to

Np-1
(Jqs +Jz gu)+JIV-I,=0 (2.58)

a=1

Since g, and g, are related with the mass densities p; and p,, expressed
relative to the unit volume of the liquid and solid mixture, the thermo
density relative to the “true density” can be defined as ¢; and gg. The
relationships between ¢, g; and g, go can be defined as

qs =q, 1 ¢ and g = qo / Sud (2.59)

Substituting equation (2.59) into (2.58) and using the relationship
v =J¢ leads to

Np-1
GU-0)+V Y S,y [FIV-1,=0 (2.60)

o=1

If there are a total of N, chemicals (i for an individual chemical) in the
octh phase, and each chemical has a different heat capacity (g,), equa-
tion (2.60) may be further extended as

Np-1 Nc
G000 Se| Dot |[#171,=0 2.61)
a=1 i

Nc
where gg = z gi,. Note: In this book, the thermo transport in multiple
chemicals within the o states are not extensively considered in equa-
tion (2.61), as chemicals are mixed in the state of matter at molecular
scales. If only one liquid is considered, equation (2.60) can be simpli-
fied using equation (1.23) as

(¢ (7—v)+vg]S)+JV-1,=0
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or

Np—1

(@ (I 0)+VgiSH+IV | T+ 3 L, =0 2.6

a=l1

2.3.7 BALANCE EQUATION FOR ENTROPY

2.3.7.1 Current configuration
This section provides entropy density flow (I,)) for analysis in Chapter
6 of non-isothermal conditions. From classical thermodynamics, the
entropy flow equation is described as
Ne
I=—"5:"—- (2.63)

Since the chemical potential can be interpreted as y; = b; — Tn; in equa-
tion (2.5), the relationship between I,; and I} can be reorganized as

Ne Ne N
LD (L) 1,- ) (Lh=Tn)) 1,- Y (Lh-LTm,)
I = i=1 - i=1 - i=1
! T T T
N
I+ Y (LT,)
= i=l (2.64)
T

This relationship is useful for Section 2.5.1 and Chapter 6 for entropy
production analysis.
The balance equation of entropy density flow can be written as

; |
E v 77s+277a dV =— FI,,-naT (265)

where 1] is the entropy density of the solid related to the unit volume of
the solid-fluid mixture and 1, is the entropy density of the fluid. In equa-
tion (2.65), if there is only a liquid (e.g., water and chemicals) and a solid
(e.g., geomaterials) in the mixture, equation (2.65) can be simplified as
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ij (+n)av =~ 1, -nar 2.66)
dt Jy r

where 7, is the entropy density of the liquid related to the unit volume
of the solid-fluid mixture. The local balance version of equation (2.66)
can be derived as

My +n)+ @ +n)V-v, =-V-1, 2.67)

2.3.7.2 Reference configuration

Multiplying by J on both sides of equation (2.67) gives
J, +m)+ @, +1)JIV v, ==JV -1, (2.68)
and using the Euler identity J = JV - v, leads to
(N, +Jn) ==V 1, (2.69)

Substituting the relationship between entropy density related to the unit
volume of the solid-fluid mixture (e.g., 1), and 77;) and the “‘state entropy
density” (e.g., 7} and 1)) as

n 1 (@S)=mnand 1, /¢, =103 (2.70)

and v = J¢, equation (2.69) then becomes

(J—v)n +Sun)=-JV -1, Q271)°

2.4 HELMHOLTZ FREE ENERGY FOR THE
MIXTURE SYSTEM AND PORE FLUIDS

The Helmbholtz free energy density (y) offers a means of integrating
mechanical energy, fluid energy, and thermal energy of the mixture
system. To derive the balance equation of y, which is related to the
internal energy density (¢) and entropy density (1) as per equation
(2.12), it is imperative to establish the balance equations of € and 7.

2.4.1 FLUX AND CREATION OF INTERNAL ENERGY AND ENTROPY

The creation of internal energy and entropy within a deformable mul-
tiphase porous media refers to the processes by which internal energy
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and entropy are generated or altered within the medium. In a deformable
porous media, such as soils or rocks containing multiple fluid phases, sev-
eral mechanisms contribute to the creation of internal energy and entropy:

1. Mechanical deformation: Deformation of the porous
medium due to mechanical forces results in the creation of
internal energy. As the medium deforms, mechanical work is
done on the material, leading to changes in its internal energy.
This deformation can occur due to external loads or stresses
applied to the medium.

2. Heat conduction: Heat conduction through the porous
medium generates internal energy and entropy. When there
is a temperature gradient within the medium, heat flows from
regions of higher temperature to lower temperature, resulting
in the creation of internal energy and entropy along the path
of heat transfer.

3. Chemical reactions: Chemical reactions taking place within
the porous medium can generate or consume internal energy
and entropy. Exothermic reactions release heat energy, increas-
ing the internal energy of the system, while endothermic reac-
tions absorb heat energy. Chemical reactions can also lead to
changes in entropy, depending on the nature of the reaction
and the accompanying changes in molecular order.

4. Fluid flow: Fluid flow within the porous medium can also
contribute to the creation of internal energy and entropy.
Frictional forces associated with fluid flow result in the gen-
eration of heat, increasing the internal energy of the system.
Additionally, fluid mixing and transport processes can lead to
changes in entropy, particularly in multiphase flow systems
where mixing of fluids with different properties occurs.

2.4.1.1 Nonconvective flux of internal energy and entropy

The nonconvective flux of internal energy (je ucon) and entropy (jn.ucon)
within a porous medium encompasses various mechanisms contributing
to energy and entropy transfer that do not involve bulk fluid movement.
In the context of deformable multiphase porous media, the nonconvec-
tive flux of internal energy is primarily driven by mechanical deforma-
tion and heat conduction. Mechanical deformation, characterized by
changes in the material’s shape or volume due to applied forces, leads
to the generation of internal energy through the Cauchy stress tensor
(o) acting on the boundary surfaces of the medium (I"). Simultaneously,
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heat conduction (I}) across the boundaries of the medium contributes
to the nonconvective flux of internal energy, wherein temperature
gradients induce heat flow, altering the internal energy distribution
within the system. The nonconvective flux of entropy (jy;ucon), On the
other hand, arises predominantly from heat conduction processes, as
the movement of heat within the porous medium leads to changes in
entropy without the concurrent displacement of material. This flux is
particularly relevant in analyzing thermal processes and their associ-
ated entropy generation within the porous medium.

(1) The nonconvective flux of internal energy j ..., composes the
mechanical deformation energy and heat flow energy:
e The integral form of the mechanical deformation energy
of the boundary of € can be described as

j ov. -ndl’ 272)
T

where ¢ is Cauchy stress tensor and dI' is the per unit con-
tact surface of the fluid and solid. The term J (ov,)-ndl’
T

represents the rate of deformation energy caused by the trac-

tion 6 on deforming the element area of the boundary with a

velocity of v,. Note that equation (2.72) neglects the impact

of body forces for simplification.

e The heat conduction energy across the boundary I’ is
given by:

J (-I;)-ndl’ (2.73)
T

(Note: The heat energy along with fluids transport is included
in convective flux.)
By combining equations (2.72) and (2.73), it leads to

jé‘,ncon = Gvs - I:i (274)

(i) The nonconvective entropy ji ucon
In the absence of entropy flux related to elastic deforma-
tion, the nonconvective flux of entropy arises solely from heat
conduction and can be represented as
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_I;

.
.]17,ncl)n =

.75)

(Note: Plastic deformation in soils involves processes that rearrange soil
particles, leading to entropy generation which needs to be accounted
for in the nonconvective entropy.)

2.4.1.2 Convective flux of internal energy
Je.con and entropy J;, con

The convective flux of internal energy (j¢ c.») and entropy (jp.co») Within
a deformable multiphase porous medium accounts for the transport of
energy and entropy due to bulk fluid flow. In saturated media, such as
water-saturated soils, the convective flux of internal energy is primar-
ily governed by the movement of the water phases (I,,), with energy
(h,,) being carried along as the water flow through the porous medium.
Similarly, the convective flux of entropy accompanies fluid flow and is
influenced by changes in fluid composition, temperature gradients, and
other factors. In multiphase systems involving multiple species (e.g., I;),
the convective fluxes of internal energy (/;) and entropy (7;) become
more complex, reflecting the interactions between different fluid phases
and their respective energy and entropy contributions. Understanding
and quantifying these convective fluxes are essential for analyzing heat
and mass transfer phenomena within deformable porous media and elu-
cidating their broader thermodynamic behavior.

i. For single-phase flow, saturated media such as water-saturated
soils, the internal energy and its associated entropy flux are

defined as

jé‘,con = _thw and jn,con = _nWIW (276)

ii. In the case of multiphase flow systems with multiple species,
Jecon == D 1l and jy o == 0L, @77)

2.4.1.3 Source term of energy production

and entropy within the system
The source term of energy production and entropy within a deform-
able multiphase porous medium encapsulates the mechanisms by
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which energy is generated or consumed within the system. This term
encompasses various processes such as frictional heating, chemical
reactions, and other energy-producing phenomena occurring within the
porous medium. Frictional heating, for example, arises from mechani-
cal deformation and the associated energy dissipation due to frictional
forces between solid particles or between the solid and fluid phases.
Chemical reactions occurring within the medium may also release
or absorb heat, contributing to the overall energy balance. Similarly,
entropy production within the system reflects the irreversible processes
that lead to an increase in entropy, often associated with dissipatio of
energy and irreversible transformations.
The entropy produced within V is described as

J. ydv 2.78)
14

where v is the entropy production per unit volume. The entropy produc-
tion links with the dissipative process.
The heat generated due to chemical reaction may be described as

J qrdV 2.79)
v

In this book, g is assumed to be zero to simplify the discussion. For
chemical reactions that involve significant heat transfer, this term
should be considered.

2.4.2 BALANCE EQUATION OF HELMHOLTZ FREE
ENERGY DENSITY FOR THE MIXTURE SYSTEM

The balance equation of Helmholtz free energy density (y) for the
mixture system delineates the evolution of this fundamental thermody-
namic quantity within the porous medium. As articulated in equation
(2.12) y = € —Tn, the relationship between free energy density, inter-
nal energy density (€), and entropy (17) underscores the interconnected
nature of these variables. Thus, obtaining the balance equation for
internal energy and entropy is a prerequisite for elucidating the dynam-
ics of Helmholtz free energy density within the system.
Recall equation (2.27), the balance equation of internal energy is

4 edV=J.F(GVS—Iq)'ndl“—J.r(Zhili)'ndl“ (2.80)

dt Jv
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and the balance equation of entropy is

d I
— dV=—J i) dr—'[ ( ,»I,-)~ dl” J dV .
dt V(r)n r( T n r Zn nat ¥ vy (2.81)

By considering isothermal condition, and multiplying temperature 7 on
both sides of equation (2.81), it leads to

d
af 7 dV=—J 1 ~nd1"—j T( ,«I,-)-ndl"+J TydV (2.82
dt V(1) n T ! r ZTI 1% ¥ ( )

Substitution of equation (2.12) into equation (2.82) leads to

%Lm(e —Tm)dV = jr(ms) ndl - L(Z(h,. — T, ) “ndl — IVTde

(2.83)

By considering the relationship between entropy, enthalpy, and chemi-
cal potential in equation (2.5), i; = h; —Tn;, it leads to

d
d dV:J. . -ndT’ _IE ili-dr—J.T dv (284
le.Vy/ oven 2 MLion 7 (2.84)

By using the divergence theorem for equation (2.84) to transfer surface
integral to volume integral, it leads to

%Ly/dV = LV-(CM)dV— JVV-[ZuiIi]dV— _[VTWV

(2.85)

and its local balance equation becomes (see Chapters 3-5 for detailed
derivations of various coupling scenarios) (Chen and Hicks, 2013;
Heidug and Wong, 1996)

‘/}+W'VV.c—V'(GVS)+V-(2,u,»I,-):—Ty (2.86)

This equation serves as a cornerstone for comprehending the thermody-
namic characteristics of multiphase, multicomponent systems, playing
a pivotal role in the development of comprehensive models for transport
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and thermodynamic phenomena in porous media in isothermal condi-
tions. However, in non-isothermal conditions where chemical reactions
are absent, deviations from the Helmholtz free energy density balance
equation may arise, as detailed in Chapter 6.

2.5 DISSIPATIVE PROCESSES AND
ENTROPY PRODUCTION

Dissipative processes within multiphase multiscale porous media sys-
tems are fundamental mechanisms driving irreversible energy trans-
formations and entropy production. Four major processes leading to
dissipation, as illustrated in Figure 2.2, include (1) friction at the bound-
aries between solids and fluids; (2) friction at fluid interfaces, such as
between gas and water phases; (3) dissipation resulting from chemical
reactions; and (4) dissipation through thermal transport. These pro-
cesses contribute to the generation of entropy, reflecting the system’s
tendency toward increased disorder and randomness. It is essential to
note that while these four processes represent significant contributors
to entropy production, additional factors such as nuclear radiation or
biogeochemical reactions involving bacteria may introduce further
dissipation mechanisms. However, this book primarily focuses on the
aforementioned processes, with future research potentially exploring
additional fields within the framework of Mixture-Coupling Theory.
Understanding entropy production is crucial for distinguishing between
traditional thermodynamics and nonequilibrium thermodynamics,

(1) Friction at solids/fluids interface

Thermo

==(2) Friction at

(4) Dissipation :
: i fluids interface

by thermo
transport

(3) Dissipation by chemical reaction

FIGURE 2.2 Entropy density production
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highlighting the importance of incorporating dissipative processes into
modeling porous media systems accurately.

2.5.1 ENTROPY PRODUCTION DENSITY GENERATED
BY THE DISSIPATIVE PROCESS

Dissipative processes within the porous media system are quantified by
entropy production, denoted as entropy production density ¥ in this book.
This term represents the amount of entropy generated during any irre-
versible processes occurring within the system (Groot and Mazur, 1962).
It’s important to note that the entropy production density is defined as i
to distinguish it from the general definition of entropy density introduced
in Section 2.2.1. This distinction enables a clear differentiation between
the concepts of entropy production and entropy within the context of the
thermodynamic analysis presented in this work.

2.5.1.1 Isotherm and non-reaction

In the context of isothermal conditions without chemical reactions, the
local entropy production density function for a single fluid (e.g., liquid)
with multiple chemicals transported within porous media is described by:

N,
1
0<y=2 Vi) (2.87)

i=1
This equation presents a combination of flows (I;) and their respec-

tive driving forces (V(_I“I)J Under isothermal conditions, the tem-
T

perature remains constant. The equation illustrates the entropy density
generated by frictional resistance between the solid and fluid interfaces
(e.g., soils and water) and the interactions among multiple chemicals
(e.g., molecular interactions). This formulation provides insight into the
entropy production arising from mechanical and chemical processes
within the porous media system.

2.5.1.2 Non-isotherm and non-reaction

If the temperature 7 is not constant and a temperature gradient is
applied to the system, it generates a heat flow I, which consequently
affects the chemical potential y;. The entropy density production func-
tion, encompassing both frictional and thermal dissipative processes,
can be described in two different forms:
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(i) Total heat flow (i.e., I,) or entropy density flow (i.e., I,;) and
chemical potential (i.e., )

Ne
1 —LU; )
0<sy=L-V|=|+ ) L,-V|— 2.88
=1, (T) 2 ( . (2.88)
where I, V(%) is the entropy density generated by the heat
dissipative process, which is the product of total flow of heat
I, and its driving force V(;) Following the ordinary differ-

entiation rule, the V(;) can be expressed as

1 1
V(?)_ =l (2.89)

Therefore, V(_T'u’) can be described as

-y _ -1 i
V( T )—?V,u,-+FVT (2.90)
Introducing equations (2.89) and (2.90) into equation (2.88)
leads to
Ne
1=l v
OSy:%-V(—T)+Z?i-V(—u,-) Q.91

i=1
Introducing the entropy density flow function (2.63),
Ne
I, _z,uili
I, =";Tl into equation (2.91) leads to a simplified

version:
| o 1
0<y="2.V-D+ Y —-V(-u, 292
v =V Z V) 292)
which provides a different form of the entropy equation (2.88)

VD and
T

with flows I; and I, and their and driving force as
V(=)
T

, correspondingly.
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(i) Reduced heat flow (I’) and concentration-dependent part of

the chemical potential (L))

In equation (2.88), the driving force for I, is V(%) which is not

convenient for equation derivation, whereas, in equation (2.92),

V(-T)
T

is not used in geotechnical and geoenvironmental engineering. It

the driving force has a corresponding flow as I,,, which

is therefore necessary to derive other forms. Since from equation

(2.90), the V(_T‘ui) can be expressed as

—Hi,_ -1 —Hi
\% =—Vu + vT
( T ) T H T2

in which Vy; can be expressed using a function of temperature
gradient (VT), pressure gradient (Vp,), and the gradient of the
concentration-dependent part of the chemical potential (Vi)
as (Mandl, 1988)

Vu; =-n,VT +V,Vp, + V., (2.93)

where [;, represents the concentration-dependent part of the
chemical potential.

If the system is at the mechanical equilibrium condition that
leads to Vp; = 0, equation (2.93) can be simplified as

Vi =-nVT + Vi (2.94)
Substituting the equation (2.94) into equation (2.90) and using the

relation from equation (2.5), #; = Tn; + U;, Equation (2.90) can be
rewritten as

-1 ) 1 1
V(TJ_ —h,-V(T}‘TV(_.ui(C)) (2.95)

By introducing equation (2.95) into equation (2.88), it leads to

Ne N
1 “Hi(e
y=|1,-Y 1, .V(T)+ZI,--V(“T”) (2.96)
il il
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N,
Using the reducing heat flow I}, =1, —Zhil,«, the equation can
be reformed as -
0<y= L;z V(D + ih V(=Hice)) (297)
T et T

i=1

in which the flux has been changed to I;, I,, and the driving force

0 V(T_ZT) , V(_;f i(c)), respectively. Equation (2.97) will be used
for Chapter 6, whereas, equation (2.87) will be used for Chapters
3-5. The detailed derivation between equations (2.97) and (2.92)

can be found in Note®.

t

2.5.1.3 Non-isotherm and reaction

If a chemical reaction is included, equation (2.92) or (2.97) can be
extended as

N

I I, A
0<y=-L.V(T)+ Y L-V(—u)+1,= 2.98
yT(),-le(#) = (2.98)

or

I -1 A
0<y = 4 .Y(-T V(=) + 1, = 2.99
v=gaV )+,§1T (~p+ Lo (2.99)

where 1, % is the entropy generated by chemical reactions. The affinity

A is the negative partial derivative of Gibbs free energy IT with respect
to the extent of the reaction &!° at constant pressure and temperature

_ (o
A= (aé)”

and can be further simplified as A =-X N; u; (Katachalsky and Curran,

1965), in which N is stoichiometric coefficient for the ith component.

Note here: The entropy production of solid matrix including fracture
and plasticity can be included for further extension of the theory to deal
with complicated geoengineering applications.
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2.5.2 DISSIPATION PRODUCTION

By using equations (2.98) and (2.99), the dissipation function for
non-isothermal chemical reactions can be presented as the sum of
the products of flows with their conjugated forces (Katachalsky and
Curran, 1965):

’ Ne
OST’J/:I%V(—T)‘FEI, 'V(_,ui(c))+1chA (2.100)

i=1
or

Ne
0<Ty =1, -V(—T)+ZL V(pt;)+ 1A (2.101)

i=1

These functions provide a thermodynamical description of the dissi-
pative process, and they are an extension of Lord Rayleigh’s dissipa-
tion function for studying the effects of velocity-proportional frictional
forces (Goldstein, 1980).

If it is assumed that only a single dissipation (namely the friction) is
generated at the solid/fluid boundary when the fluid moves through the
porous skeleton, a macroscopic expression for isothermal fluid (includ-
ing i chemicals) transport and dissipation process can be obtained
by using standard nonequilibrium thermodynamics. This expression
(known as Rayleigh’s dissipation function), is given by

0<Ty=-) 1 -Vy, (2.102)

The chemical potential y; in equation (2.102) is described as the driving
force for the corresponding flux I;. To link the y; with fluid pressure
that is normally used as the driving force of fluids and to establish the
links of the entropy of fluids, the Gibbs-Duhem equation is employed.
Equation (2.102) gives the relationship between the flux I;(relative to the
solid velocity v;) and its driving force f;. It is necessary to obtain the
driving force for the diffusion flux J; (relative to the barycentric velocity
of the fluid, e.g., v, for liquid) and Darcy velocity u. For example, in a
liquid phase, by connecting I, with J; in Section 1.2.4, it leads to

Ji =L = pe(vi—Vy) (2.103)

By using equations (2.22) and (2.103), equation (2.102) for saturated
conditions (and unsaturated condition) can be rewritten as
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0<Ty =—u -Vp, —ZJk Vi (2.104)"
k

where p, denotes the pore pressure of the fluid.

2.6 PHENOMENOLOGICAL EQUATIONS

Equation (2.104) establishes the overall dissipation link between the
flows (e.g., u and J,) and the corresponding driving forces (Vp,, and V).
The relationship between these flows and driving forces will be devel-
oped by using phenomenological equations as (McMullin, 1968;
Davidson and Tinkham, 1976; Tyrrell and Harris, 2013)

Ji =Lk + Liof, + Lisfs +---+ Ly, f,

Jo = Loy + Loy, + Lysfs +-+-+ Ly, f,
(2.105)

Jn = Lnlfl + Ln2f2 + Ln3f3 +eeet Lnnfn

or J;= ZL,-kfk (i=1,2,3,...n) (2.106)

k=1

Equations (2.105) and (2.106) are a set of functions to express the linear
dependence of the flows (J;...J,) on the corresponding forces (f;...f,)
(Onsager, 1931). Each flow (J;) is linearly proportional to its conjugated
and nonconjugated forces, and the coefficient for the main driving force
is L;, and for the side driving force is Ly (i # k).

For example, the linear relationships between the liquid flow pju
and one chemical diffusion flux J. and their corresponding driving
forces Vp, and V¢ can be derived with phenomenological equations as
(Chen and Hicks, 2013)

piu=—(Ly, / p))Vp, — L,V (2.107)
Jo=—(Ly /pll)vpl —LyVe

In equation (2.107), Darcy’s law for water transport and the diffusion
law for chemical transport have been extended to include additional
driving forces from their couplings (e.g., water flux driven by chemical
diffusion process L, Vc).
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TABLE 2.1
Fluids and thermal coupling
Gradient
Flow Hydro (H) Thermo (T) Chemo (C)
Fluid Darcy’s law Thermo osmosis Chemo osmosis
(hydraulic flow)
Heat Heat convection Fourier’s law Dufour effect
(thermal
conduction)
Chemical (ion) ITonic current Soret effect Fick’s law
(streaming (diffusion)
current)

Modified from Keijzer (2000).

The phenomenon of interactions between multiple fluids/fluxes
presented in equation (2.105) in a porous medium system is summa-
rized in Table 2.1 (Keijzer, 2000), excluding the electric flow (Keijzer
and Loch, 2001). Chemical osmosis and thermo osmosis have been intro-
duced in Chapter 1. The Soret effect describes a chemical flux generated
by a temperature gradient (Soret, 1880). For example, if a temperature
gradient is applied to two ends of a tube containing a salt solution, the
concentration (of salt) does not remain uniform, but becomes higher near
the cold end than near the hot end. In contrast, the Dufour effect is the
reciprocal phenomenon to the Soret effect, representing the energy flux
caused by a chemical concentration gradient (Dufour, 1873). Ionic cur-
rent (also named as streaming current) is a phenomenon that a chemical
flow is driven by the gradient of hydrostatic pressure, which is the recip-
rocal phenomenon of chemical osmosis (Cheryan, 1986).

2.7 CONCLUSION

This chapter has introduced and extended key concepts of nonequi-
librium thermodynamics for application within Mixture-Coupling
Theory. Nonequilibrium thermodynamics offers a powerful framework
to bridge the gap between geomechanics and geochemistry, particularly
through the concepts of free energy and entropy. The Gibbs-Duhem
equation plays a crucial role by integrating the microscopic chemical
potential with macroscopic properties, such as pressure, thereby pro-
viding strong support for multiscale modeling processes. Furthermore,
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phenomenological equations are employed to establish relationships
between multiphase flows, which form the foundation for analyzing
complex physical-chemical coupled processes within porous media.

As the subsequent chapters (Chapters 3—7) unfold, they will dem-
onstrate how the Mixture-Coupling Theory framework can be estab-
lished, starting from simple hydro-mechanical (HM) coupled models
and progressing to more complex thermo-hydro-mechanical-chemical
(THMC) models. This book addresses the long-standing challenges in
capturing molecular-scale coupling (e.g., swelling induced by water
molecules) and nanoscale phenomena (e.g., osmosis), which have proven
difficult for traditional mechanical and mixture theory approaches. By
solving these challenges, the book offers a novel and comprehensive
approach to modeling coupled processes in geotechnical and geoenvi-
ronmental engineering.

NOTES

1 Inequation (2.4), p;/ is the amount of energy required to make room for
the system by displacing its environment and establishing its volume (V)

and pressure p;. The energy density of p;/ can be obtained as yZ4 =pr
V 1
2 Note: Molarchemicalpotentialisdescribedas ), = g; (p,,,T)+ RT(ln a,-) .

To link with mass density, the total chemical potential in ¥, of a REV
may be described as

mj '.'pfx:m,/Va simplified as 1;
i i i i i
ni:un _ niMi.un _ mi,un _ Pa#n _ pi ,un _ PI,U
- - - — Fa - FaMi
Vo MV, MV, M; M,

i

It is more convenient to use y; = % () accordingly) in this book cor-

responding with mass densites (e.g.p}), rather than using ul-

M ) “"’,&—:a'"h’;l/“ N .. N
Zdnlun Zd”’ “”=;d zr\nxllll/a zgd”;;fugpéd

simplified as p;
~

U na
— " y=dp, - dT
( M, )=dp
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4 The divergence theorem applied for the kth chemical leads to: .
J Pk ndr Jlk -ndl = J‘ \B Ide

5 Summing over all the liquid components for equation (2.48) leads to

(vSip,’ch)+JV~(p,12cku)+JV~2Jk =0
k k

k

a;jgintroducing equation zkc" =1and Zka = ( results in equation
(2.49).

N, +Jn)+JV-1,=0

Jon +JoSmi)+JV-1,=0

< gy=1-9 =l
—— ~~ .
JA-gni+ v SmH)+JV-I,=0

(J-vm+vSm)=-JV-1,

d
— e-Tn)dv
dt V(r)( m

7 = _L(cvs ~1,)-ndl - J-F(Zh,ll-)mdl“+ qu ‘ndl

+ JFT(ZniI,)AndF— JVTde

- L(cvs).ndr— J.F(Z(h,—Tni)li)-ndF— JVTde
8 r=I, V( ) ZI V( —H ): -(_TIQVT},i]i.

[‘TIVM u VT) )
1 ,- NS
(—TZVT)+;L (‘T‘z VT)+§1,. .(Tvu,)
-1, -(TIZV(—T))—EI,- (’T‘z V(—T))+ZI,- -(;V(—,u,-))

I, —Zﬂili :
== ~V(—T)+Z%~ V(=)

i=1
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9 0sy=11.V(- T)+2I Vi) = 15V 1)~
N

ZI;"-(V(uiHn,-V(T))

i=1
Nc

Z (LTn)

1V (1)~ ZI (V(D)) ZI (V)
V(@) —ZI—; (V)

I +i‘(IiTni) 14_2'(11'(#"))

Since, from equation (2.64), izl = i=l = Ii, it
2 T? T
Ne
I,- wl; N I N I
leadsto0<y=—FE . V(=T)+ Y —.V(=T)+ Y —=.V(-p;
S T D A O WAL

10 The change of the extent of reaction of the ith chemical can be defined as

d&; = " in which dn; is the change of the moles of the ith reactant (dn;),
N;

i

and N; is the Stoichiometric coefficient of the ith chemical.

11 Mathematical proof for equation (2.102) = equation (2.104):
substituting equation (1.16) (u=S,¢(v,—~v,)) and equation (2.25)

[z oIV = Vpa] into equation (2.104) leads to
k
0<Ty=-Si¢(v Zplvﬂk—ka Vi

" SOpf = i 0< Ty = zpkvﬂk ka Vi

-'.Jk:Ik_pk(Vl_Vx)’ "'OST’)/:_ZII{'V.LLI{ (2.102)
k
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3 Hydro-mechanical
coupled model for
molecule-induced
swelling geomaterials

3.1 INTRODUCTION AND ENGINEERING
BACKGROUND

Swelling in geomaterials, particularly in soils and rocks, is a signifi-
cant challenge in geotechnical engineering. This phenomenon occurs
when water molecules interact with soil or rock particles, causing them
to expand. Swelling is often induced by molecular forces and is espe-
cially prevalent in materials such as clays or clay-rich shales, includ-
ing montmorillonite. The swelling of soils and rocks can have serious
implications for infrastructure, affecting the stability and performance
of structures such as tunnels, foundations, and highways. For example,
in rail and highway tunnels, swelling can lead to changes in volume and
pressure, creating substantial risks for the stability of these structures.

Despite its importance, swelling in geomaterials remains difficult
to model, as traditional geomechanics approaches typically do not
account for molecule-induced forces. This is because classical con-
solidation theories focus primarily on macroscale physical processes,
such as soil and rock deformation, without addressing the underlying
molecular interactions. As a result, there is a significant gap in accu-
rately modeling the swelling behavior of materials under different
environmental conditions.

This chapter aims to provide a comprehensive approach to devel-
oping a constitutive model for swelling in geomaterials, incorporat-
ing molecular forces through Mixture-Coupling Theory. By including
these molecular-level interactions, the chapter presents a more com-
plete framework for understanding and predicting swelling behavior in
soils and rocks. Additionally, it demonstrates how Biot’s consolidation
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model (Biot, 1941), which addresses hydro-mechanical coupling, can
be viewed as a simplified case within this broader theoretical frame-
work (Chen and Hicks, 2010).

3.2 ENERGY IN THE MIXTURE

Swelling in geomatrials is influenced not only by macroscopic forces
but also by molecular interactions that contribute to the deformation.
These molecular forces lead to volume changes that are critical for
understanding the behavior of geotechnical materials. To analyze this
behavior, it is essential to study the material at a local scale, which can
be represented by a representative elementary volume (REV).

In a REV, the boundary (I') is attached to the solid phase, meaning
that the solid phase does not move across the domain boundary; only the
fluid phase moves. In the case of a constant temperature field, and in
the absence of chemical reactions, it is useful to consider the Helmholtz
free energy density, which is defined as y = € — Tn, where € is the inter-
nal energy density, 7 is the temperature, 7 is the entropy density, which
is defined in equation (2.1).

Thus, the balance equation for the Helmholtz free energy density,
based on the principles outlined in equation (2.84), can be expressed
as follows:

iJ. de=J Gvs~ndF—J ,uWIw-ndl"—TJ‘ ydVv (3.1
dt Jv r r v

where J I, -ndl is the water energy flowing in or out, in which
r
the chemical potential of water i, is defined as W, =h, —1n,;
J. ov, -ndI'is the deformation energy; and TJ ydV is the energy
T Vv

consumed by the dissipative process within the REV.
The derivative version of the balance equation for free energy den-
sity can be expressed as

V+YW.v, -V-(ov)+V-(u,l,)=-Ty <0 (3.2)

3.3 DISSIPATIVE PROCESS

In a porous medium, water moving through the solid matrix gener-
ates dissipation, which leads to a reduction in the flow rate. This dis-
sipation arises from various mechanisms that resist the movement of
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water, particularly friction between the fluid and the solid skeleton. To
model this dissipation, the primary mechanism is assumed to be fric-
tion generated at the solid-water boundary as the fluid moves through
the porous matrix. This assumption allows for the derivation of a mac-
roscopic expression for the dissipation caused by the frictional resis-
tance at the interface.

By applying the principles of nonequilibrium thermodynamics, as
discussed in equation (2.102) (Groot and Mazur, 1962), the dissipation
generated by the frictional resistance can be represented by

0<Ty=-1,-Vyu, (3.3)

In this equation, I, is the water flux, and the driving force is the gradi-
ent of the chemical potential of water. However, in the context of hydro-
geology or geomechanics, the primary driving force for water flow is
the pressure gradient. Therefore, it is essential to establish the relation-
ship between the chemical potential and the pressure gradient.

By using the Gibbs-Duhem equation for a fluid at constant tempera-
ture as stated in equation (2.22), the relationship between the water
pressure and the chemical potential is derived:

pr = plwvlvlw G4

where p,, is the pore water pressure. Also, the Darcy velocity may be
defined by

u:¢w(vw_vs) (35)

Hence, by using equations (1.18), (3.4) and (3.5), the dissipation func-
tion of (3.3) can be rewritten as:

0<Ty=—u-Vp, (3.6)!

The relationship between the flow p;"u and the driving force Vp, is
obtained using phenomenological equations (Katachalsky and Curran,
1965) which express the linear dependence of flow on the correspond-
ing force. This leads to

pl'u=—(Ly/ p")Vp,
or u=—(Li/(p')*)Vp, (37
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where L;; denotes a phenomenological coefficient. The coefficient
(Li; /(p')*) can be determined through the experimental study. As
Darcy’s law is defined as

u =—£pr (3.8)
v

where v is the fluid viscosity and k is the permeability. Substituting

equation (3.8) into equation (3.7). This leads to (L;; / (p}")*) = ~.
v

3.4 CONSTITUTIVE RELATIONS

The formulation of constitutive equations for stress and strain response
in porous materials is a critical aspect of modeling their mechani-
cal behavior under various conditions. These relations are derived by
considering the principles of nonequilibrium thermodynamics, which
govern energy dissipation and the flow of fluids within the material.
In particular, the evolution of free energy density within the mixture
plays a central role in these equations, linking the material’s mechani-
cal properties, fluid flow, and thermodynamic state.

3.4.1 FREE ENERGY DENSITY EVOLUTION PATH OF THE MIXTURE

This section explores the evolution of free energy density within a mix-
ture, focusing on the changes that occur as the material deforms and the
phases interact. The concept of free energy density is central to under-
standing the thermodynamic behavior of porous materials, especially
in the context of coupled mechanical and fluid processes. To model
these changes, two key configurations are considered: the current con-
figuration and the reference configuration.

The current configuration refers to the state of the mixture after it
has undergone deformation, where the material and fluid phases are in
their present spatial arrangement. The reference configuration, on the
other hand, is the initial, undeformed state of the material, typically
used as a baseline for measuring changes in stress, strain, and energy.

The path of free energy density evolution is analyzed by relating the
free energy density in the current configuration to its counterpart in
the reference configuration. This transition is crucial for understand-
ing how energy is stored, dissipated, and transferred within the mate-
rial system during deformation, fluid flow, and phase changes. The
following equations (3.9)—(3.76) outline this process, beginning with
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the assumptions for mechanical equilibrium and moving through the
mathematical derivations for both configurations.

3.4.1.1 Current configuration

To model this scenario, it is assumed that the geomaterial maintains
mechanical equilibrium, meaning that the material is in a stable state
where all forces are balanced. Under the assumption of no volume
forces acting on the system (such as gravitational or electromagnetic
forces), the material is considered to be in equilibrium, which leads to
the following expression:

V-a+b=00rv.a=o(a""f'=0] (3.9)
a.xj'

where b is the body force. For simplicity in this discussion, the body
force is ignored (b=0), as its inclusion complicates the analysis.
However, readers are encouraged to consider the impact of body forces
in their own work and derive the corresponding equations if needed.

Since V- (0V,) in equation (3.2) for balance of free energy can be
derived using tensor product rules as (Mase et al., 2009)

V-(ov,)=tr(c"Vv,)+v,-(V-0) (3.10)

where tr() represents the trace of the matrix; by using V-o =0 for
mechanical equilibrium assumption from equation (3.9), it leads to

V-(ov,)=tr(c Vv,) (Appendix 1) (3.11)

By substituting equation (3.11) into equation (3.2) and using equation
(3.3) for entropy production, the resulting balance equation for y is
derived as

V+WWev, —tr(6"Vv,)+ 1, VI, =0 (3.12)2

Equation (3.12) describes how the Helmholtz free energy density
evolves within the current configuration of the material system, taking
into account both mechanical deformation and fluid flow. This equa-
tion forms the foundation for the thermodynamic modeling of coupled
processes in the material.

Next, the free energy density at the reference configuration—
the initial, undeformed state of the material—can be determined by
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applying classical continuum mechanics. The free energy at this initial
configuration can be derived from the established expressions in equa-
tion (1.103), and subsequent mathematical transformations provide the
necessary framework to compare the changes in free energy from the
reference state to the current configuration.

3.4.1.2 Reference configuration

In the reference configuration, the material is in its undeformed state,
serving as the baseline for evaluating the changes in energy and strain
during deformation. To derive the balance equation for the Helmholtz
free energy density in the reference configuration, equation (3.12) is
multiplied by the determinant of the deformation gradients, denoted
as J. This step accounts for the geometric changes in the material as it
deforms. The equation then becomes

Jy +JyV v, —Jur(c'Vv)+Ju, V1, =0 (3.13)

This multiplication transforms the equation to reflect the volumetric
changes from the current configuration to the reference configuration.

Next, to account for the evolution of the system in time, equation
(1.103), JV -v, = J, which relates to the time derivative of a quantity
in the reference configuration, is introduced into equation (3.13). This
provides the time derivative of the free energy density for the reference
configuration:

¥ =Jy)=Jy+JyV v, (3.14)

This step bridges the temporal changes in the system from the cur-
rent configuration back to the reference configuration, ensuring the
energy is evaluated with respect to the original, undeformed state of
the material.

From classical continuum mechanics theory (Haupt, 2013), the cur-
rent configuration’s deformation is related to stress and strain through
the second Piola-Kirchhoff stress (T) and the Green strain (E). The
second Piola-Kirchhoff stress tensor is commonly used to express
the stress in a reference configuration, while the Green strain tensor
describes the strain based on the current configuration. Therefore,
the term Jtr(g"Vv,) in equation (3.13) can be linked with the second
Piola-Kirchhoff stress (T) and the Green strain (E) through

Jtr(6"Vv,) = tr(TE) (3.15)
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Using equations (3.13), (3.14), and (3.15), the balance of the Helmholtz
free energy density at the reference configuration is derived. This final
equation captures the evolution of free energy from the undeformed
(reference) state, taking into account the energy dissipation due to
deformation and the flow of materials:

¥ = 1r(TE) + Uy Py e (3.16)3
where
\P = JW’ pw,ref = Jpw = J¢p1w (317)

where p,, ., represents the mass of water per unit reference volume,
a term necessary for accurately quantifying the energy contributions
from the water phase in the system. These equations form the founda-
tion for understanding how energy is conserved and transformed in the
system as it deforms and evolves over time.

3.4.2 HELMHOLTZ FREE ENERGY DENSITY OF THE
PORE WATER AND WETTED SOLID MATRIX

In saturated water-absorbing geomaterials, particularly those rich in
clay content, fluid resides within the spaces between individual clay
platelets (around 1 A or 0.1 nm) or within the broader pore space.
Water within these pores does not experience the direct influence of
intermolecular forces due to the relatively large dimensions of the
pore spaces compared to the distances over which such forces typi-
cally operate (Madsen and Muller-von Moos, 1989). Therefore, ther-
modynamic relations can be applied to treat the water in the pores as
a bulk fluid. This treatment allows the application of classical ther-
modynamics to model the behavior of the water phase within these
materials.

3.4.2.1 Current configuration

The Helmholtz free energy density for the pore water under saturated
conditions, based on classical thermodynamics, can be expressed as

Y pore = —DPw +/vtwplpore (3.18)
where p/”” is the mass partial density of the fluid in the pore. Since
some of the pore water is absorbed into the clay platelets, it leads to

pr < pi*. The time derivative of equation (3.18) leads to
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pore

l/’/pore = _pw + ,uwpl + Iuwplpore (319)
Also, according to the Gibbs-Duhem equation,

pore

Pw =PI My (3.20)

Hence, introducing equation (3.20) into equation (3.19) leads to

V pore = W P17 (3.2D)

3.4.2.2 Reference configuration

The free energy density of the wetted solid matrix (i.e, matrix with
absorbed water but excluding pore water) in the reference configuration
is expressed as p — JOW pore® and its time derivative can be defined, by
using equations (3.16), (3.18) and (3.20), as

(‘P - th//rmrej = tr(TE) + ,uwp.bnund,ref + pwv (322)4

where v=J¢ is the pore volume per unit reference volume and
Poound.ref = Pwrer —JOPF® is the reference mass density of the bound
water.

Equation (3.22) establishes a time-dependent relationship between
the Helmholtz free energy density in the reference configuration, the
strain (E), the mass density of bound molecular water (Opouma ), and
the porosity of the material (V). This relationship is fundamental for
building constitutive models in geotechnical engineering, as it couples
the mechanical response (through strain) with the chemical and physi-
cal behavior of the pore water.

However, measuring the mass density of bound molecular water is a
challenging task in experiments or engineering applications. Therefore,
rather than directly using equation (3.22), it is often more practical to
incorporate the solid matrix deformation energy (such as elastic
energy) into the model. This approach simplifies the modeling process,
making it more accessible for practical applications.

3.4.3 CONSTITUTIVE STRUCTURE

To derive the constitutive relations for the solid phase in porous
media, the solid matrix deformation potential density, W, is essen-
tial. This potential is often referred to as the dual potential (Heidug
and Wong, 1996). W represents the free energy density of the solid
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phase, encapsulating the energy contributions from all phases in the
porous media. The form of W is influenced by the coupling mecha-
nisms present within the system. Specifically, this chapter focuses on
the coupling between the pore fluid and the bounded fluid within the
solid phase.

In the context of saturated swelling geomaterials, the solid matrix
deformation potential W is obtained by considering the energy con-
tributions from various components. It can be expressed as the energy
density of the wetted solid matrix, from which the energy density
of the water molecules in the clay platelets and the energy resulting
from the pore water pressure (which, in a saturated condition, equals
the pore pressure) applied to the surface of the solid matrix are sub-
tracted. This formulation is described in the work of Chen and Hicks
(2010).

W= (\P - J¢l//p0re) - pwv - :uwpbound,ref (323)

The term “dual potential” refers to the fact that W accounts for both the
mechanical (elastic) energy stored in the solid matrix and the energy
contributions from the pore and bounded fluids. This dual nature of
the potential is critical in establishing a comprehensive constitutive
model, as it allows for the incorporation of interactions between the
solid matrix and the fluids, such as swelling, compaction, and pressure-
driven deformations.

By including the energy contributions from the pore fluids, bounded
fluids, and solid matrix, the solid deformation potential W captures
the full range of energy changes and dissipative processes that occur
in porous media. This enables the development of more accurate and
robust constitutive models that can predict the behavior of geomaterials
under a variety of loading and environmental conditions.

Substituting equation (3.22) into the time derivative of equation
(3.23) results in the deformation power density function (that is the rate
at which potential energy density is transferred), as

W = tr(TE) = PO~ b Poound.ref (3.24)

which indicates W is a function of E, p,, and u,, described as
W(E, Pw,Ml,). Equation (3.24) establishes a time-dependent relation-
ship between the dual potential (W), the Green strain (E), the pore
pressure (Pw = Ppore under the saturated condition) and the chemical
potential of water (i, ).
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From equation (3.22) to (3.24), the variables v and Pround.rer are
replaced by p,, and u,,, respectively. This substitution is based on the
Legendre transformation,’ which is an involution transformation com-
monly used in classical mechanics and thermodynamics (Arnol’d,
2013). In the context of porous media and coupled fluid-solid systems,
this transformation enables a shift from the description of the system in
terms of variables like volume and chemical mass density to a descrip-
tion in terms of pressure and chemical potential. This shift allows for
the formulation of more practical models that describe the behaviors
of the system under pressure-driven processes, such as fluid flow and
deformation in porous materials, thereby providing a more convenient
mathematical framework for solving the system’s equations.

If the tensors T and E are written in a Cartesian coordinate system
asT; /I Tyand E; | Ey (i, j=1,2,3; k,[ =1,2,3), using the total derivative
and chain rule of partial differentiation, equation (3.24) must have

oW ow e)i4
T;'j =l =< V=~ — ’pbound,ref ="l5 (325)6
aElj Pw sHw apw Ejj .t a”w Eij.pw

Equation (3.25) may be differentiated with respect to time to give

AR T8 I R I
" o or| 0E; - OE; \ ot ot JdE; -

59U __9[W __ a(aw) __[wW
o a\dp. )y, op. o)), . ap. | 320

Eij ty

. _ OPromdg __ 0 OW. == a(aw)
pbound,ref at at a‘uw Ejp a,uw at Eij.pw

_ _(GWJ
a‘uw Ejj.pw

Since equation (3.24) for W(E, Dw, M) can be rewritten using tensor
components 7;; and Ej; as

W(E7 pw9,uw) = ];]El] - vi)w - phound,re_'fllw (327)

and by substituting equation (3.27) for W into the equation group (3.26),
the fundamental constitutive equations for the evolution of stress, pore
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volume fraction, and mass density of the bound water can be expressed
as the group equations:

aT,-,-_(aW) _(aTuJ B (81))
S — = i e
ot OE; ot Ey ), . OE; Dot

3.28)7
p _ [ apbaund,ref J ,u ( )
aEl] PwsHw
W _ _(aW) _ _(anf'] E. +[ v )
ot dp. Eittn Ip, Ey s "\ oap, Et (3.29)
pw + ( apbound,ref ‘L.lw
9P

apbound,ref _ ( 3W J _ ( 87:] ) E +( a'() ]
- == K ——
ot oL, i I, By oL, b (3.30)

a ound ,rej
pw +( pb dre

a‘UW /-tw

Eij.pw

For convenience, equation (3.30) may be written in matrix form as follows:

1) (2) (3)

aTkl _ av _ apbountl,ref
oE; JE; OE;
PwsHw PwsHw PwHw

7’;}. ) ®) ©) Eij

) = _( aT;j ) ( v ) (apbound,ref ) pw

phound,rﬂf apm Eij thw apw Eij,phw apw Eijj,phw /..lw
(7) (3) (2

<

_( oT; ) ( v ] [apbound,mf)
Ofdy Ejj.pw O Eij.pw O Eij.pw

(3.31)8

The matrix function of equation (3.31) describes the relationship
between variables T,vj,l'), Pbound ref » a0 E,-j, Dy .. The matrix that links
these two groups of variables is called the coupling matrix for the open
thermodynamic system.

There are nine coefficients in this matrix (with numbers allocated at
the top of each coefficient), and the next step is to discuss these coeffi-

cients (from 1 to 9). Substituting equation (3.25) into the coupling matrix



Hydro-mechanical coupled model 99

1. As T; =(§Z/] , it leads to
i PwsHw
[aT,j) |2 (aw] { W ]
aEk[ o aEkl aE,j o e - aEk1 aE,j ot
o7,
=| YK =Ly (3.32)
aEl] Pwstw

where Ly, is a stiffness tensor (fourth-order tensor represented
by a matrix of 3 x 3 x 3 x 3 = 81 numbers). As a property
of the material, it depends on physical state variables such as
microstructure temperature, pressure etc.

2. Asv:—(aw) , it leads to
Dw Eij .t
aE,j il aE,j apw Ey b - aElJ apw Ejth -
IW )
=550 | =My (3.33)
(apw OE; "

where M;; describes the couplings between solid and fluids.
It is an analogue of Biot’s coefficient and is extended as a
second-order tensor, depending on the solid material. To align
with the effective stress concept in geomechanics, and to com-
pare with Biot’s theory, a minus sign “~" is added before M.

ow
ou,,

0 ) IE; { \ o )y, . (3.34)

, PwsHw
oW
(BE,,- oL, l -

where S; describes the coupling between the chemical poten-
tial of water molecules within the clay platelets and their
influence on the deformation.

3. As pbnund,rcff = _( ) s it leads to
Eij.pw
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] , it leads to
PwHw

0w ey 0w\ ), Byt (3.35)

2
__ W M,
ap, JE; "

) , it leads to
Eij ot

ow
Pw

(GUJ _| o _(WJ
v )y, | OPw | \OPw (3.36)

Ejj
9w B
=5 =0
Pv J g

where Q is a coefficient for the coupling between the pore
water pressure and the porosity.

5. Asv=—(

ow
oL,

(apbound,ref) _ i _(a_W)
0w iy (902w Ot )y, _— (3.37)

2
:_(ﬂ] _ 3
apw a,uw Ezjf

6. AS Ppound ref = —( ) , it leads to
Eij,pw

7. AsT; = (gg/] , it leads to
y PwHw
() alm) )] e
‘uw Ejj.pw /“Lw Eij Pl By

*W
(auw OE; l'
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ow
Pw

[av) _| 9 _(BWJ
O )y, | Ot P )iy ; (3.39)

) ij sPw
a,LLw apw Ej

where B is a coefficient to describe the coupling between the
porosity and the water chemical potential.

8. Asvz—( J , it leads to
Eij.tw

ow
oLy,

(apbound,ref) — i _(avv)
Ot Jgyp \ O\ Ot g, )|

a'uvzv Eij.pw

where Z describes the chemical potential of water influence
on the mass density of water molecules in the clay platelets.

9' AS pbound,ref = _( ) N lt leads to
Ejj.pw

(3.40)

Equations (3.32)—(3.40) demonstrates the interrelationship between the
coefficients and also concludes that some of these coefficients are equal
in value. Incorporating equations (3.32)—(3.40) in equation (3.31), and
using simple symbols to replace the complex coefficients, leads to

Ty = LyuEx — My p,, + St (3.41)
U= M;E; +0p,+ B, (342)
pb()und,)'gf' = _SUEU + Bpw + Zuw (343)

Equations (3.41) and (3.43) may be written in matrix format as

Ty Ly My s, ||

v =l M; Q@ B |[|p (3.44)
: S, B Z ,

P bound ,ref ,uw
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where the parameters Ly, M, S;;, Z, B, and Q are material-dependent
constants that can be expressed as the equations (3.32)—(3.40). Note
that (1) Ek, has been replaced as Eij (as well as Ly; accordingly) for
convenience of the matrix format.

The matrix reduces nearly half of the number of coefficients that
need to be determined, thus partially addressing the challenge posed
by the large number of coefficients in coupled analyses. The diagonal
coefficients of the matrix represent the primary couplings within the
system. For example, if the coupling between water and swelling is
not considered, the equation T,j = L,»jk,Ek, —M;;p,, + S, simplifies to
T;j = Lijk,Ek, (or T,J = LklijEU), which describes the relationship between
stress and strain without the influence of these additional couplings.

3.5 COUPLED FIELD EQUATIONS

Several assumptions are now made to simplify equations (3.41)—(3.43)
by physical and geometrical linearization (Chen & Hicks, 2013). (Note
that this simplification will be used throughout the remaining chapters
to allow this book to focus on physical-chemical coupling.)

S

L. Itis assumed that Ly, Mj;, S,

constants.

2. The strains are assumed to be small, so that the Green strain
tensor E; and Piola-Kirchhoff stress T}; can be replaced by the
strain tensor &; and Cauchy stress 0;:

Z, B, Q are material-dependent

E,‘j =& T;‘j = O-,‘j (345)

ijs

3. Material symmetry is assumed, so that isotropic relationships
are incorporated into the constitutive laws. For isotropic mate-
rials, the tensors M;; and S;; are diagonal, i.e., they can be writ-
ten in the form of scalars { and @:

M,‘j = Céij’ S,J = a)6,] (346)

4. The elastic stiffness L;;; can be expressed as a fourth-order iso-
tropic tensor (which has 81 components for three-dimensional
analysis) by applying the analogue of Hooke’s law for contin-
uous porous media. This relationship represents a linear map-
ping between second-order tensors as o and ¢, and is given by

2G
Ly, = G(6ik6jl + 5i15jk) + (K - 3)6ij5k1 3.47)
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where G is the shear modulus of the geomaterial and K is the bulk
modulus. Due to inherent symmetries, the 81 components of Ly, can
be reduced to 21 independent elastic coefficients (note: k, / =1, 2, 3).

3.5.1 SoOLID PHASE AND POROSITY

3.5.1.1 Small strain constitutive equations
Substitution of equations (3.47) and (3.46) into equation (3.41) leads to

. 2G . . .
G, = (G(&kéﬂ +640;)+ (K - 3)5,-,&, )sk, -{po; +ou,0; (3.48)
in which the bracketed term can be expanded to give

2G ) . .
(G(5ik5jl +640 ) +(K - 3)51';514 )Skl =G6y0 1€ +Gby0 i€

+(K - %)5951{1&1 G4

Since G5i,5jkék, = G5,-,-5jjéj,- and (K—z?)G)&j(sk,ékl =(K—23G)
0,;;0uEw.” equation (3.49) can be changed to

G848y + GO xén + (K - Zf)aijak,ék, - (K - zf)ékka,,. 126,

(3.50)

and equation (3.48) can be reformed as
. 2G . . . .
O = K- T &‘kk5,~j + 2G8ij - (;pw&j + (DIUW(S,‘]' (351)

The influences of water molecules in the clay platelets and the pore
water pressure have been incorporated in equation (3.51).

By substituting equations (3.45) and (3.46) into equation (3.42), the
pore fraction equation can be written as

U =& +Op. + B, (3.52)

3.5.1.2 Parameter discussion

Based on the general assumption from equation (3.45) to equation
(3.47), the parameters in equations (3.51) and (3.52) can be char-
acterized through the assumption of linear elasticity of fluid-filled
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geomaterials in response to mechanical and chemical loading (Nur
and Byerlee, 1971, Rice and Cleary, 1976). This leads to the following
relationships: the incremental relationship between the stress and the
pore fluid pressure

Gy =—pudj (3.53)

whereas the strain rate is related to the pore fluid pressure by

gy =— 3’;; 5; (3.54)

and the volume change is related to the pore fluid pressure by

: Dw
V=—¢ X, (3.55)
where K is the bulk modulus of the solid particles and ¢, is the initial
porosity as a constant. Please note that v is the porosity at any reference
configuration, and it is a variable representing the porosity evolution
pathway.
The parameters can be obtained through the following steps:

3.5.1.2.1 The quantity

Substituting equations (3.53) and (3.54) into equation (3.51), and
neglecting the swelling term (w = 0), leads to

. 2G .w .w .
_pwaij = (K— 3)(— Z‘v )60 + ZG(— Sl;(Y 6,_',']_pr5ii (3.56)

Then, by eliminating the term p,,6; from both sides of the above equa-
tion, this leads to

PR O R P

Hence, the quantity  is related to the bulk moduli, K (of the solid skel-
ton of a porous medium), and K (of the solid particles forming the solid
skelton) in a poroelastic manner:

{=1-(K/K,) (3.58)
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where { is also Biot’s constant, which is also expressed using
compresiblity (inverse of bulk modulus) as § =l—ﬁ (equation
(1.77)). If the soil/rock particles are assumed to be inc”(l)mpressible,
K,= ccand{=1.

3.5.1.2.2  The void compressibility Q

By substituting equations (3.54) and (3.55) into a simplified form of
equation (3.52) (where the influence of chemical potential is ignored,
i.e., 0 =_&; +0p,), and considering the relationship

the resulting expression for —¢ = (— )+pr can be obtained,
which results in

9 e L
g =SCre

and leads to

0=(1/K)C—¢o) (3.59)

If the soil/rock particles are assumed to be incompressible, then K = oo,
so that Q = 0.

3.5.1.2.3 The coefficient B
At the equilibrium condition, when

pw=0and O-,J:O
equation (3.51) can be simplified as
2G). . .
K- T Ekkﬁ,-j + 2G£,:f + w,uwaij =0 (360)

where o is the swelling coefficient.
Since @ f1,,0; must exist (i = j), equation (3.60) can be written as

(K — 23G)ékk6ii + 2GS” +5,-ia)/.lw =0 (361)
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Since 8; = 3, it leads to
2G ). . .
3 K—T Eik +2G8,',' +3a)/.lw =0 (362)
Because £y = €,
£ ——ia) / (3.63)
i K ,uw .

From equation (3.52), when there is no mechanical loading and p,, =0,
and by substituting (3.63) into (3.52), this leads to

O:—%w [, +B [, (3.64)

Because €; = U (when p =0, 6;; = 0 in equation (3.52) and assume { = 1),

1. . .
0 =20 i, +B L, 3.65
KO =— 0 f f (3.65)

By eliminating tt,, from the above equation, this leads to the relationship

6 w=- £ w+B
K K
and finally to
B=1/K)¢-DHo (3.66)

The coefficient B is related to K, {, and @. It can be assumed to be
zero if K is very big (e.g., for rocks). However, for soft geomaterials
with a high potential for swelling (e.g., bentonite clay (Komine and
Ogata, 1994)), the coefficient cannot be ignored. Further experimental
and theoretical studies are needed to understand the influence of the
coefficient B.

3.5.1.3 Simplified constitutive equation for
solid phases and porosity
Substituting equation (3.20) that results in

. 1 . . w ore
i, = ( pw) Py (assuming p” = p/”")

1
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into stress equation (3.51) and volume fraction equation (3.52) leads to

G, = (K—%)ékk&j +2Gé, —(g—%) Db, (3.67)
1 f
= Cés +(Q + BWJ P (3.68)
P

3

where ¢, = l(d,-,j +d;;) and d; (i=1,2,3) is the displacement
component.

Note: The numbers below equations (3.67) and (3.68) are used for
discussing the physical meanings of the corresponding equation terms.
This applies to the whole book. The physical meaning of terms in equa-
tions (3.67) and (3.68) may be summarized as follows:

* 1: Elastic deformation of the solids.
e 2: The coupling term, describing the influence of the water
pressure on the deformation of the solids. The novelty of this

equation is the swelling term %

1
e 3: The coupling pressure term associated with the porosity,
describing the influence of water pressure on the porosity
change. The novelty of this equation is the swelling-related

term ——.
P

3.5.2 FLUID PHASE

Since the balance equation (refer to Section 2.3) for water is
Py +p,V-vi+V-I,=0 (3.69)
using the relationship between p,, and p;” leads to
(PI'®)+ P9V v, +V-(p'u) =0 (3.70)

Multiplying both sides of equation (3.70) with J, and using the Euler
identity as J = JV -v; and v = J¢, leads to

(p")+JV-(pi'w)=0"
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or
plw'l.) + ,Uplw +JV- (plwu) =0 (371)

If the reference configuration is selected at any given instant, it leads
to J =1, whereas j = J - Vv, remains nonzero. By substituting equation
(3.8) for the Darcy velocity and equation (3.68) into equation (3.71), and
using equation (3.19),

W 2
§éii+(Q+ Ii]pw+vplw+v-|:—£aa—pf}:o (372
Dy pi pi v ox;

5

Physical meanings of terms and novelties in equation (3.72) are:

e 4: This coupling term in the water transport equation describes
the influence of solid deformation on the water transport
process.

e 5: This term describes the water transport with consideration
of volume change.

* Key novelties: The swelling-related term [Q + BW) P, and the
volume change-related term vp;". pi

3.6 NUMERICAL SIMULATION

The numerical simulations presented in this book are primarily for
demonstration purposes, illustrating the differences between the
new constitutive model and classic approaches (e.g., the Biot coupled
model) or established laws (e.g., Darcy’s law). The commercial soft-
ware COMSOL, which has been validated for such applications, will
be used to perform the finite element analysis and provide the results.

3.6.1 MATHEMATICAL EQUATION

Mechanical (M): If the mechanical equilibrium condition, do; / dx; =0
(3.9), is introduced into equation (3.67), the final equation is (Chen and
Hicks, 2010)

5 - 2 7 2 .
[K_z(;) 2 d, +G[ d°d, 4 d°d,; J_ _o %20(3,73)11

3 axk ax,- an an ax,» ax_,- Pzw Xi

—
Swelling
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The porosity is assumed to be constant, so that equation (3.68) can be
ignored to simplify the discussion for the numerical simulation.

Hydro (H): Considering the compressibility of water p;,"in equation
(3.72) as

. 1 dp!" \dp. 1 .
Y =0p"| — =p’ — 3.74
pi=pi (plw op ] ot p K, Pw G749

where K,, is the bulk modulus of water.
By substituting equation (3.74) into equation (3.71) and eliminating
P from both sides, it leads to

D+v%pw+V~u=0 (3.75)

w

Therefore, the governing equation for the fluid phase can be written as

i (48K, +BI P )py—
axi

ko*p,
v ox?

¢

=0 (3.76)

3.6.2 DISCUSSION AND COMPARISON

Equations (3.73) and (3.76) govern the coupled hydro-mechanical pro-
cess for swelling geomaterials in porous media. The difference between
equations (3.73) and (3.76), and the classical Biot’s consolidation equa-
tions are the terms —@ / p;" and B/ p;*, which are related to the chemi-
cal potential of water. If the term —@ / p;" in equation (3.73) and B/ p;"
in equation (3.76) are ignored, the equations revert to Biot’s equations.
The influence of the term { —@ / p;” in equation (3.73) can be shown
by using finite elements. { is known as Biot’s coefficient and @ is the
swelling parameter introduced in the new formulation.

3.6.3 CONCEPTUAL MODEL

By using the classic finite element method (Lewis and Schrefler,
1987; Smith and Griffiths, 2004), the governing equations are solved
to analyze the mechanical and hydraulic behavior of a swelling geo-
material sample. To simplify the terms (Q+¢/K,+B/p/") and
B=(1/K)¢ -1 in equation (3.76), it is assumed that Biot’s constant
is 1, leading to B = 0. Meanwhile, the term @/ p;" = sw in equation
(3.73) is defined as the swelling parameter (note that sw is the swelling
coefficient rather than the water saturation S,,), and its value has been
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selected as 0.2. The swelling coefficient can be obtained by experi-
ments (Madsen and Muller-von Moos, 1989; Komine and Ogata, 1994;
Karnland et al., 2005), which is not discussed in this book as the atten-
tion is on the theoretical model.

A saturated geomaterial (plane stain) sample (0.1 m x 0.1 m) is con-
strained between two stiff and frictionless boundaries (Figure 3.1),
which allow movement only in the horizontal direction (i.e., the
x-direction). The adopted material parameters for the numerical sim-
ulation are listed in Table 3.1. Other details of the analysis are as
follows:

Boundary conditions: Boundary B is fixed (displacement = 0),
whereas boundary A is free to move. Both boundaries A and B are
permeable, allowing free flow of water in and out of the sample.

Initial conditions: An equilibrium state is assumed at ¢ = 0, with
an external pressure (5 MPa) at boundary A to maintain equilibrium.
At t = 0, the initial effective stress in the sample is zero and the water
pressure is p,, =5 MPa.

Start of the simulation: The water pressure at free boundary A
is increased from 5 to 10 MPa and maintained at that value for the
remainder of the analysis (# > 0); the water pressure at fixed boundary B
is maintained at 5 MPa.

Stiff constraint

|
Free Fixed
c permeable permeable
p boundary A boundary B
]
| }
[ ]
™ 0.1m -

FIGURE 3.1 Geometry and boundary conditions
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TABLE 3.1

Material parameters for swelling shale

Parameter Physical meaning Value and units

k Absolute permeability 2.75E-21 m?

v Dynamic viscosity 8.54E—4 Pa-s ©

G Shear modulus 239.08 MPa (SUGITA et al., 2004)®
E Young’s modulus 645.52 MPa®

[ Poisson’s ratio 0.35 (Rutqvist and Tsang, 2004)
¢ Porosity 0.41

¢ Biot’s coefficient 1 (assumed)

K, Bulk modulus of solid oo (assumed)

K, Bulk modulus of water 2E3 MPa

S, Swelling parameter 0.2 (assumed)

Zheng and Samper (2008), Zheng et al. (2010, 2011).
Table notes:@: calculated with 7'=300 K; @: calculated with density = 2,780 and satura-
tion = 1; @: calculated from the relationship: E = 2G(1+0) .

3.6.4 NUMERICAL SIMULATION RESULTS

Figure 3.2 presents a comparison of the evolution of pore water pres-
sure under two different conditions: swelling and non-swelling. In the
swelling case, the swelling coefficient is denoted as “Swelling” in the
figure, while the non-swelling condition is represented by Biot’s con-
solidation equation (Biot, 1941), denoted as “Biot (1941)” in the fig-
ure. The comparison is made at various time intervals to illustrate the
impact of swelling on pore water pressure evolution.

As shown in the figure, the pore water pressure increases over time
across the entire domain. This increase is driven by the pressure gradi-
ent, which provides the necessary force for water to flow through the
material. However, a noticeable difference arises between the swelling
and non-swelling conditions. Under swelling conditions, the pore water
pressures are consistently lower than those under non-swelling condi-
tions. This discrepancy can be attributed to the swelling effect, which
acts to reduce the rate at which the pore water pressure increases.

The swelling of the material, particularly in clay-rich soils or rocks,
causes the soil matrix to expand as water is absorbed, resulting in a
reduction in the rate of pressure buildup. In contrast, under non-swelling
conditions, where the solid matrix remains unchanged, the pore water
pressure increases more rapidly, as there is no counteracting volumetric
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%107 T T T T T
—A— Biot(1941), t=5 h
—B— Biot(1941), t=20 h
095 —0— Swelling, t=5h B
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FIGURE 3.2 Evolution of pore water pressure with time

expansion. This behavior highlights the significant role that swelling
plays in modifying the hydraulic response of the material, with impli-
cations for understanding and managing subsurface processes, such as
those involved in land subsidence, foundation stability, and groundwa-
ter flow.

Figures 3.3 and 3.4 illustrate the evolution of effective stress and
horizontal displacement, respectively, under different boundary condi-
tions. In the simulation, the water pressure at boundary A is increased
at the beginning of the analysis, while the pressure at boundary B
remains constant. This pressure differential causes a sudden increase in
effective stress at boundary B, which then stabilizes, while the effective
stress at boundary A remains constant at zero. This behavior reflects a
consolidation process, where the material adjusts due to the pressure
gradient, leading to changes in the internal stress distribution.

The change in effective stress (shown in Figure 3.3) is notably
smaller for the swelling geomaterial compared to the non-swelling geo-
material. This is because the swelling effect in the material reduces the
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pressure’s influence on the solid skeleton. When the material swells, the
solid matrix expands due to the absorbed water, which limits the pres-
sure buildup and, in turn, the increase in effective stress. In contrast,
the non-swelling geomaterial does not undergo this expansion, so the
applied water pressure results in a larger increase in effective stress.

This difference in effective stress leads to corresponding changes in
horizontal displacement, as shown in Figure 3.4. The non-swelling geo-
material experiences a larger horizontal displacement than the swelling
geomaterial. This is due to the fact that in the absence of swelling, the
solid matrix is more responsive to changes in water pressure, leading
to greater deformation. On the other hand, the swelling material, which
already undergoes expansion due to water absorption, resists further
displacement under the same pressure conditions. This analysis high-
lights the important role that swelling plays in modulating both the
stress response and the deformation behavior of geomaterials, which is
critical for understanding and predicting the performance of soils and
rocks in engineering applications.

xloS T T T ) T

2.8
2.6
2.4

2:2

1.8
1.6

1.4

Effective stress (Pa)

12

0.8+

0.6 A
0.4f / —A&— Biot(1941), t=5h
73 -8- Biot(1941), t=20 h
0.2 -0- Swelling, t=5 h B
—-a— Swelling, t=20 h

0 0.02 0.04 0.06 0.08
Distance (m)

FIGURE 3.3 Evolution of effective stress with time
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FIGURE 3.4 Evolution of horizontal displacement with time

3.7 CONCLUSION

This chapter introduces a novel constitutive equation for hydro-
mechanical coupled analysis of swelling rocks and soils based on the
Mixture-Coupling Theory. Biot’s three-dimensional consolidation
model is demonstrated as a specific case within the framework pre-
sented in this chapter.

The key innovation of this theory lies in the integration of entropy
and dissipative processes, offering a significant advantage over tra-
ditional mechanical approaches. By incorporating entropy produc-
tion as an energy variable within the balance equation for Helmholtz
free energy, this theory captures the interactions between multiple
coupled processes driven by various gradients. This unified approach
enables the consideration of multiscale coupling effects, such as
molecular-scale phenomena, by analyzing the Helmholtz free energy
difference between the pore water and the wetted matrix.
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Although the derivation process involves numerous equations, the
overall structure of the theory remains clear and straightforward. It
consists of three main components: (1) energy in the mixture, (2) dis-
sipative processes, and (3) constitutive relations. This formulation not
only addresses the complexities of swelling and deformation but also
provides a solid foundation for extending the theory to other coupled
processes in porous media.

Looking ahead, Chapter 4 will focus on the development of an
unsaturated model based on the Mixture-Coupling Theory, further
expanding the scope of coupled models for complex geotechnical
systems.

NOTES
I Vit
W
1 T?’ = _Iw : V,u'w =—Pw (Vw - vx)' prw =- ptf, (Vw - V.v)' pr

i Pr
= _¢(Vw -V ) . pr =-u- pr
2 Substituting equation (3.3) Ty=-I,-Vpu, into equation (3.2)

YV v, =V (ov,)+ V- (ul,)=-Ty <0 leads to

v+yVov, -V (ov,)+V-(,1,)=L,-Vu,
V+yYW.v,-V-(ov))+u, V-1, +LV-u, =1, -V,
v+yV-v,-V-(ov,)+u,V-1,=0

Finally, substituting equation (3.11), V-(O'VS)Ztr(O'TVVS)Z(O'-VVA.)
leads to equation (3.12).

3 WP = (I Pu) = P + 1, J P, using  equation (231) and

j =JV- Vo therefore, ,uwpw,ref = Uy (‘,pw) = ,UwaJV Vst I-lw‘]pww
= /-lw‘l(pw + pwV : V.v) = _,uw]V 'Iw

4 (\P - J¢l//pore) =¥- vll/pore - v‘//pore
Vi pore W pore

pore pore

= [tr(TE)J’_,uwpw,rcf]_v:uwpl —V|—Pw +,uwpl

= tr(TE) + ,uwpw,ref - v#wp/?l)fe - ,uwplporel.) + pw‘l.)

pore

= tr(TE) + :uwp.w,ref — My (vpl ) + pwv
= IV(TE) + ,uw (pvv,rq[ - (vplp[m’ )) + pwl-)
= tr(TE) + )uw(pmn'f - (‘]¢p1p0m )) + PWU

= tr(TE) + ,uwpbound,ref + pwv

5 The Legendre transformation is a mathematical procedure that allows
for the transformation of a thermodynamic potential from one set of
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variables to another, often to facilitate easier manipulation or to switch
between different forms of energy representations.
6 Equation (3.24) can be rewritten as

d—szr(Ta—E)— 8 v— Oy
dt ot ot

ound ,ref (fl)
o Pround ref

AsW = W(E, Puws My ), using the total derivative and chain rule of partial

differentiation leads to dw _ oW 9E; + W dp, + W dp,

dt  OE; ot dp, ot Ou, or
comparing with equation (f1), it leads to (3.25). By using equation (3.25),

the expression for W(E DPu» ,uw) can be obtained as

i ow . ow ) ow .
W(E?pw’uw)z(ﬁj E,'j +(8—J DPw +(a ) 'uw (fz)
Y pw P ey, o Ty p,

7 E; is the second-order strain tensor, which can be expressed as Ey; T;; is
the second-order strain tensor, which can be expressed as 7,;. The reason
of using k/ (rather than #j for the derivation) is that the fourth-order ten-
sor (e.g., L) is to relate the two second-order tensors (e.g., T; and Ej,)
(Bower, 2009).

8 (97T; in equation (3.28) is replaced as Ty for the conve-
aE]d Pt BE,/ Pt

nience of using the E,-j (rather than changing all to Ej;) for the matrix form

in equation (3.31). The relationship of these two forms can be found in
equation (3.32).

9 Using the Kronecker delta i (Appendix 1) that is defined as
1(i=1J)

O(i;tj) , it leads to §; =1 (only ifizl) and 6y =1 (only if

i
i= k) — & =8; and & =0 ; therefore, G5,8 ey = G55 -
10" 7(pro)+ 1prV v, +JV-(pru)=0
< J=JV Vg
—
I(pro)+(pr9)J +V-(pi'u)=0
(7p'9)+ IV (pi'u)=0
- =J¢
(vp,w)+ JV~(p,Wu) =0
11 This equation can also be described as GV2d+( G )V(V .d)
- © 9p, 1-26

o ) ox; =0 (Chen & Hicks, 2011), where 0 is Poisson’s ratio.

—
Swelling
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4 Unsaturated
hydro-mechanical
model for swelling
geomaterials

4.1 INTRODUCTION

There often exists air along with water in the pores of soils/rocks.
This represents an unsaturated condition. In geotechnical engineer-
ing, unsaturated soil mechanics has attracted much attention in recent
decades, due to a wide range of engineering applications such as geo-
logical disposal, tunnels, and shallow foundations. Consequently, rapid
development has been seen in unsaturated soil mechanics.

This chapter uses Mixture-Coupling theory to develop a coupled con-
stitutive model for unsaturated soils/rocks. The final formulations are
similar in format with those formulations obtained from the mechanics
approach, but offers further advantages with respect to molecular cou-
plings. This chapter demonstrates that the well-recognized unsaturated
hydro-mechanical coupled model without considering swelling (Lewis
and Schrefler, 1987) is a special case of the model.

In adopting Mixture-Coupling theory, the representative elemen-
tary volume (REV), comprising solid, water, and gas phases, is con-
sidered within a soil or rock matrix (Figure 4.1). The volume of this
domain is denoted as €, with its boundary (I') attached to the solid
phase. Consequently, only fluid movement, such as water and gas,
occurs across the domain boundary. Unlike the saturated case dis-
cussed in Chapter 3, the influence of air is now accounted for, with the
pore fluid pressure (p,,) on the solid being a combination of air and
water pressures. The hydration swelling effect remains similar to that
in Chapter 3.
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Hydration Swelling

AIR+WATER

Prore =P

FIGURE 4.1 Conceptual model

4.2 ENERGY IN THE MIXTURE

The balance equation for the Helmholtz free energy density for
two-phase coupled flow is

iJ‘ y/dV=J‘ ov, -ndl’ —J uwlw-ndl“—j UJd, -mdl' =T | ydV
dtJv r r r V@)

where u, is the chemical potential of the gas (i.e., air) and I, is the mass
flux of the gas defined as

I, = p,(vy—V,) “4.2)

where p, is the mass density of the gas and v, is the velocity of the gas.

Compared with equation (3.1) for the Helmholtz free energy density
for the saturated condition, the new terms are the gas-related term I,
and the gas potential y,. To simplify the discussion and allow com-
parison with the mathematical equation derived using the mechanics
approach, it is assumed that the air phase is continuous in the unsatu-
rated zone and remains at atmospheric pressure, p,,, =0 (Neuman,
1975; Safai and Pinder, 1979). Since gas transport has not been consid-
ered here, I, =0, so that the derivative version of the balance equation
for the free energy density can be expressed as

v+yV-v,—-V-(ov)+V-(u,l,)=-Ty <0 4.3)



Unsaturated hydro-mechanical model for swelling geomaterials 121

4.3 DISSIPATIVE PROGRESS AND
UNSATURATED DARCY’S LAW

By neglecting gas transport and assuming only a single dissipation
mechanism at the solid/fluid boundary when water moves through the
porous skeleton, a macroscopic expression for the dissipation can be
obtained by using standard arguments of nonequilibrium thermody-
namics (Katachalsky and Curran, 1965):

0<Ty=-1,-Vu, “.4)

The driving force of I,, is the gradient of the chemical potential y,,.
Since u,, is not commonly used in geotechnical engineering, the rela-
tionship between i, and the water pressure p,, can be established by
using the Gibbs-Duhem equation for the pore fluid, which leads to

Vi, =P @.5)
P
L, links to the Darcy velocity through the definition
u = SW¢(VW - Vs) (46)
which leads to
IW = p[wu (4.7)1

Substitution of equations (4.7) and (4.5) into equation (4.4) leads to a
reformed dissipation equation with Darcy’s velocity and its correspond-
ing driving force Vp,:

0<Ty=-u-Vp, @.8)

Equation (4.8) is different from equation (3.6) because of the saturation
ratio influence. Next, using phenomenological equations (Case, 1994)
for the water flow and the corresponding driving force, the unsaturated
Darcy’s law can be derived as

u=—k X (vp,) 4.9y
\%

where k K = Lvlvl 5
v )

and k,,,is the relative permeability.
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4.4 CONSTITUTIVE RELATIONS: SWELLING
GEOMATERIALS

In this section, the constitutive equations for the stress and strain response
of unsaturated swelling geomaterials (e.g., hydration swelling rock) can be
formulated. The same process as followed in Chapter 3 for swelling mate-
rials will be adopted. In the material, water resides between individual
clay platelets and in the pore space (the gas effect in the clay platelets has
not been considered here). Water in the pores is not strongly influenced by
intermolecular forces and surface forces, because the pore dimensions are
much larger than the distances within which the intermolecular forces are
active (Israelachvili, 1991). Hence, bulk fluids in pores can follow thermo-
dynamic relations. Note that multiple chemicals may be involved in the
swelling process in real applications (Heidug and Wong, 1996), which can
be included in the general structure of the theory.

4.4.1 FREE ENERGY EVOLUTION PATH OF THE MIXTURE

This section is to obtain the balance equation of the free energy den-
sity of the mixture system at current configuration and reference
configuration.

4.4.1.1 Current configuration
It is assumed that the geomaterial maintains mechanical equilibrium so

that vV . g = (). Substituting the entropy production equation (4.4) into the
Helmbholtz free energy density balance equation (4.3), the equation for yis

v+yYV-v,—(o:Vv,)+u, VI, =0 4.10)

4.4.1.2 Reference configuration

Multiplying by J, the determinant of the deformation gradient, on
both sides of equation (4.10), and using the same process of continuum
mechanics as in equations (3.13)—(3.15) (refer to Section 3.4.1), the bal-
ance of the Helmholtz free energy density in the reference configura-
tion can be obtained as

¥ = tr(TE) + Py s @.11)
where

Y= JW’ pw,ref = Jpw = JSw¢plw (412)



Unsaturated hydro-mechanical model for swelling geomaterials 123

Compared to equation (3.17), a saturation term (S,,) has been included.
Therefore, equation (3.17) represents a specific case of equation (4.12)
under the saturated condition (S,, =1). The mechanical deformation is
included in equation (4.11).

4.4.2 HELMHOLTZ FREE ENERGY DENSITY OF PORE WATER
AND WETTED SOLID MATRIX

4.4.2.1 Current configuration (pore water)
pore

The water mass density per unit fluid volume is denoted as p|
(pl™ < p/’, as some water has been absorbed into the clay platelets,
see Section 3.4.2), and the Helmholtz free energy density of the pore
water is denoted as ¥ ,,,. Based on classical thermodynamics and
ignoring gas (i.e., air) chemical potential influence (i.e. i, = 0), using
equation (2.18), the free energy density of the pore fluid can be writ-
ten as

pore

l//pore = _pp()re + Swpl ,uw (413)

According to the Gibbs-Duhem equation (2.23) for constant tempera-
ture, the relationship between the time derivative of pore pressure and
chemical potential can be obtained as

pore

p]mre = Swpl ,uw (414)

Substituting equation (4.14) into the time derivative of equation (4.13) as

pore

ll./rmre = _ppnre +ﬂwaP1 +,uw(Swplpam) (415)

it can be concluded that

l/./pore = ,uw(Swplpwe) (416)

which gives the relationship between ¥ .. and the water content within

the pores S,, p/”".

4.4.2.2 Reference configuration (wetted solid matrix)

The free energy density of the unsaturated “wet” solid matrix includes
fluid “bound” between the platelets, which follows the principle of
molecular forces other than nonequilibrium thermodynamics. Hence,
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the free energy density can be obtained by subtracting from the com-
bined solid/fluid system (the total free energy density V') the contribu-
tion J@y . due to the pore fluids (e.g., water and gas). v = J¢ is the pore
volume per unit reference volume, and Ppound rer = Powrer — JSWPPL” is
the reference mass density of the bound water. Note: The air (or gas)
may have an influence on the free energy density. The void space is
considered; however, its mass density is ignored in this chapter to sim-
plify the discussion (p§ < p;"). Such influence may be accounted for
multiphase flow (e.g., gas and liquid).

The time derivative of the free energy density density of the wetted
solid matrix (i.e., ¥ — J@W ) is then described as

(¥ =IOV o) =¥ = VY e =W oV @17y

Substitution of equations (4.13) for ¥ .., (4.16) for /., and (4.11) for
¥ into equation (4.17) leads to the time derivative of the free energy
density of the wetted solid matrix:

(‘P - J¢y/porej = ﬂ’(TE) + uwpbound,ref + pparev (418)4

4.4.3 CONSTITUTIVE STRUCTURE

The free energy density of the wetted matrix in the unsaturated condition
includes (1) the bounded water on the surface of the solids or between
fine grains, (2) the molecules in the clay platelets, and (3) the deformation
potential. The deformation potential density can be expressed as

W = (\P - J¢Wpore) - pporev - /-twpbouml,ref (419)

Substituting equation (4.18) into the time derivative of equation (4.19)
leads to

W = tr(TE) - pparev - ,awpbound,ref (420)5

where W is a function of E, p,,,., and i, so that expressions for T, v,
and Ppounaor can be obtained as

. _(aw v__( ow J ) __(B_W)
! aEii Ppore Hw ’ apﬂure Ejj iy o a‘uw Eij,ppore

@.21)

Equation (4.20) can be rewritten as
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: ow . 1514 .
W(E, Ppores 1) = (BE] E;+ [8 ] Dpore
i Ppore sHw ppore Ejj Ly

a'u W JEij.ppore "

W(E’ Ppore 9”‘/\)) = T;/Et/ - vppore - pbnund,refﬂw (423)

4.22)

or

If equation (4.21) is differentiated with respect to time, the fundamental
constitutive equations for the evolution of stress, pore volume fraction,
and mass densities in the bound water can be obtained (Appendix 3):

j:'j = LijklEkl - Mijppore + Sij.uw (424’)
V= MyE; +Oppor + Bil,, 4.25)
pbound,ref = _SijEij + Bppore + Z.uw (426)

In a matrix form, these equations can be written as

Ty Ly =My S; E;
) =l M; (0] B Dpore @.27)°
pbnund,ref _Sij B Z ‘llw

where the parameters Ly, My, S;, Z, B ,and Q are expressed as fol-
lows (see equation (3.38) for details):

T; T,
aEkl Pporestw aEl/ Pporetw appnre Ej

a El] Ppore Hw
S..—_(i’TvJ __(apbm,ef) Z_(W)
i= = 7=
a/”’w Eij,ppore aElj Ppore Huw a/J“W Ej ppore

B — (av) — ( apbound,ref ] Q [ av ) (428)
a,u Ej ppore a p pore Ejj pw ap pore Eyjodt
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4.5 COUPLED FIELD EQUATIONS

4.5.1 SoOLID PHASE AND POROSITY

The constitutive equations (4.24) and (4.25) define the alteration in solid
stress and volume fraction. Following the same assumptions of physical
and geometrical linearization, and also small strain, as in Chapter 3, as
well as the condition of mechanical equilibrium do; / dx; =0, equa-
tions (4.24) and (4.25) can be changed to

0 = (K - %)ékk&j +2GE;; = Ppore 0y + 0L, Oy 4.29)
V= géii + Qppore +B ,uw (430)

where €; = l(di +d;;)and d;(i =1, 2, 3) is the displacement compo-
i 2 sJ J

nent (Note here: The detailed discussion and derivation of the param-
eters can be found in Section 3.5.1).)

By comparing these equations with the constitutive equations (3.67)
and (3.68) for the saturated condition, the water pressure p,, is replaced
by the average pressure p,,,., which considers the influence of unsat-
uration. The chemical potential of water u, remains the same, even
though the relationship with p,,. has been changed using equation
(4.14), leading to

1
1, = o | Prore 4.31)
H [Swp[ ) P

Hence, using equation (4.31), the stress equation (4.29) can be rewritten as

. 2G. . . o .
O-ij = (K - T)Skk&-j + 2G£ij - (C - W)ppore(sij (432)

wll

1 2
and the porosity evolution equation (4.30) can be changed to

1
V=C¢ +|Q+B (7w) D pore (4.33)
si{oer )

4
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Compared with equations (4.29) and (4.30), equations (4.32) and (4.33)
have fewer variables (i.e., removing 1, from the equations) and are
more convenient to use in geotechnical engineering.

The physical meanings of the terms in equations (4.32) and (4.33)
are as follows:

e 1: This term represents the elastic deformation of the solids.
e 2: This is the coupling term, which describes the influence of
water pressure on the deformation of the solids, incorporating

the swelling term

W
wHl

the impact of the saturation ratio within the pores, which dif-
ferentiates it from equation (3.67).

e 3: This term represents the change in porosity induced by
deformation.

* 4: This term represents the pressure-induced porosity change,

The pore pressure p,,,. here includes

with the influence of swelling (i.e., the term B [1))

included. Supr

* Key novelties: Terms 2 and 4 provide a comprehensive consid-
eration of the swelling influence.

4.5.2 FLUID PHASE

The balance equation for the water mass is (refer to Section 2.3)
P +p,V-vi+V-1,=0 4.34)

Since p,, is related to the in-phase mass density p;” through

pw = ¢wplw

where ¢, is the volume fraction of the water, and since the relationship
between ¢,, and the porosity of the medium ¢ is

P = Su0
equation (4.34) can be derived as
(PI'9S, )+ P oS, Vv, +V-(p/ ¢S, (v, = v,)) =0 4.35)
Substitution of the Darcy velocity (equation (1.20))

u =S5,0(v,—-vy)
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into equation (4.35) leads to
(P'PS.)+ PP,V v, +V-(pl'u)=0 4.36)

By multiplying both sides of equation (4.36) by J, and using the Euler
identity as

J=JV-v, and v =J9,
this leads to
(S.0p! 5 +V (prw) =0’
or
(S, )+ S, Pl 0+ V- (pu)=0 @.37)

From equation (4.37), substituting equation (4.30) for v and equation
4.9) for u leads to

: . . . w kny
D(Swplw)*_SWPIW [Cgii +Qppore+B ,uw:|+v'(pl [_k pr:l)=0
—_— 1%

Y ¥ 4.38)

7

The physical meanings of the terms in equation (4.38) are:

» 5: This term represents the influence of water density and the
variation in saturation ratio on water transport.

e 6: This term describes the effect of changes in porosity—due
to deformation, water pressure, and the chemical potential of
water in the clay platelets—on water transport.

e 7: This term represents Darcy’s law, incorporating the effects
of water density and the unsaturated conditions.

4.6 NUMERICAL SIMULATION

Equation (1.41) provides the relationship of average pressure and pore
pressure. Since the average pressure p can be simplified by ignoring
the gas pressure as

P=Supy (4.39)
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and its time derivative as

8pw aS,, dp,
a op, o P

P=SuPu+Supw =5, (4.40)

The specific moisture content defined in terms of pressure can be
described as

cr=22m

or

S, _ ¢
ap. C!

@.41)

Substituting equation (4.41) into equation (4.40) leads to (Lewis and
Schrefler, 1987)

Ipy  C7  9p. Cc!  dp,
w = SW w
o To Py Ty,

=S, 4.42)
The rate of change of saturation function and the rate of change of

water density function ¢(S,, p,wj can be defined as (Lewis and Schrefler,
1987)

Sw Bpw
K, at

6,00 = 9pi"° +¢Sy. Bpt, =PI (Cl+6- 443y

where K,, is the bulk modulus of water (liquid) which can be defined

as K, =p) ap; W.
If the chemlcals do not strongly affect p,, (in the absence of chemi-
cal reaction), the above equations (4.39)~(4.43) can be applied to the

dilute chemical fluid for p; (defined as the liquid pressure and p; = p,,).

4.6.1 MATHEMATICAL EQUATION

Mechanical: By using equation (4.42) for p, and the relationship

between ¢; and d, ;, equation (4.32) can be rewritten as

2G. 9*d; o’d, | 9d,
k-2 G i i |
( 3 )axk 8x, " (axj ox; +8x, ox;

cr
[(S +— 0 pn)pwj|

@.44)
(
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Hydro: Considering the strain and displacement relationship, equation
(4.38) can be written as

;W ] w Wy — Wy w km
S"p"EV-d+S,p"(Q+B/p")p+¢(S,.p")+ pi [—kTvzpw]Z 0
4.45)

Using equations (4.42) and (4.43), equation (4.45) can be derived as

—kk 2y (C 49 LIy ©+B/p})
Kw ot
e ap . 4.46)
Sw — w - Sw -d=0
(S, + s Pw) o v

Equation (4.46) can be arranged as

kﬁv2 P [(CP+
1%

9p, .
Pv 4 S,V -d=0
At v

cr
S+ m)} wan

W

in which

C Sw
(C”+¢K )+ S8, (@ +B/p (S, +— - 0 pw) = 0OS., +¢K—w 4.48)

w

can be obtained through the following assumptions: (1) the term
(Q+ B/ p/") can be simplified to Q as discussed in Section 3.5.1.2; (2)
C? is assumed to be zero.

Hence, equation (4.47) becomes

i kg, g2 aa”tw +5,8V-d=0 (4.49)
v

The interations between degree of saturation, pressure, and relative
permeability are characterized by the van Genuchten relationship in
Section 1.3.1 (van Genuchten, 1980). Since p,,, is assumed to be zero
leading to p. =—p,, S, is assumed to be zero leading to S,, = S,, equa-
tion (1.44) becomes

S, = [(—pw IM )ﬁ + 1]_ 4.50)
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and the relative permeability can be described as

m-1"T?

Ky =(8,)" 1—(1—(Sw)%) " @.51)

where m and M are material constants, e.g., as 0.18 and 20 MPa, respec-
tively, for the sample rock used in this book for the numerical examples
in Chapters 4-7 (Wild et al., 2015).

4.6.2 DISCUSSION AND COMPARISON

The coupled equations (4.44) and (4.46) can be compared with non-
swelling unsaturated hydro-mechanical coupled equations derived
by the mechanics approach, which have been tested by a number of
researchers (Lewis and Schrefler, 1987). Without considering hydra-
tion swelling, equations (4.44) and (4.46) can be reduced to the classic
equations from the mechanics approach (Lewis and Schrefler, 1987).

The differences are the swelling term in equation (4.44), and

the flow buffer term B/ p;" in equation (4.46), and these t\vJvol terms
need to be determined by experiments.

The key identification of two stress state variables for unsaturated
soil mechanics are matric suction (p,—p,) and net normal stress
(0 —6;p,), which govern the soil behavior (Fredlund and Rahardjo,
1993). They are not used in the derivation process, although they can be
obtained through the final equations (4.44) and (4.46), in which the net

normal stress has been extended by including molecule-induced swelling.

4.6.3 MODEL GEOMETRY AND BOUNDARY CONDITIONS

The conceptual model and the geomaterial parameters are similar to
those used in Chapter 3, apart from some modified parameters as in
Table 4.1, and different initial conditions and boundary conditions.

Boundary conditions: Boundary B is fixed (displacement = 0),
whereas boundary A is free to move. Both boundaries B and A are
permeable (free draining).

Initial conditions: An equilibrium state is assumed at ¢ = 0, with
an external force at boundary A to maintain the equilibrium (the ini-
tial effective stress is assumed to be O initially). The water pressure is
P =—5 MPa (t = 0) under the unsaturated condition.’
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TABLE 4.1

Additional parameters for numerical simulation

Parameters Physical meaning Values and units
¢ Porosity 0.41

m van Genuchten parameter 0.18

M van Genuchten parameter 20 MPa

Start of the simulation: The pore water pressure at the fixed
boundary B is decreased to —10 MPa (¢ >0), and the pore water
pressure at free boundary A is maintained at =5 Mpa. The external
load at boundary A remains the same as it was in the equilibrium
condition.

4.6.4 NUMERICAL SIMULATION RESULTS

Figure 4.2 illustrates the evolution of pore water pressure in both
swelling and non-swelling geomaterials. As discussed in Chapter 3,
the influence of water in the clay platelets is assumed to be negligible
on the absolute permeability, simplifying the simulation (note: poros-
ity changes are accounted for using equation (4.30)). As a result, the
absolute permeability is treated as constant throughout the simula-
tion. This assumption leads to very similar pore water pressure pro-
files for both swelling and non-swelling geomaterials, as shown in
the figure.

The label “Lewis” refers to the numerical simulation based on the
classical unsaturated hydro-mechanical model (Lewis and Schrefler,
1987), while “swelling” refers to the simulation results derived from
the model developed in this chapter. Notably, the pore water pres-
sures for the swelling geomaterials are slightly lower than those for the
non-swelling geomaterials. This difference occurs because the swell-
ing effect reduces the buildup of pore pressure. As the material swells,
it expands due to the absorption of water, which dampens the increase
in pore pressure compared to the non-swelling material, where the
absence of swelling leads to a greater pressure buildup.

Additionally, when the pressure at boundary B drops to —10 MPa,
water begins to flow out of the system, influencing the saturation levels,
as depicted in Figure 4.3. This change in saturation follows a trend very
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FIGURE 4.2 Evolution of pore water pressure with time

similar to the pore water pressure profile in Figure 4.2, as governed by
the van Genuchten relationship. The saturation decreases in response to
the pressure drop, reflecting the interconnected nature of pressure and
saturation in unsaturated soils and the complex interactions between
the water and solid phases within the material. This analysis under-
scores the importance of swelling effects in modulating both the pore
pressure and saturation in porous materials, and highlights the signifi-
cance of incorporating these effects into models for accurate predic-
tions of geotechnical behavior.

Figures 4.4 and 4.5 illustrate the evolution of effective stress
and horizontal displacement, respectively, showing a clear consoli-
dation process. The effective stress increases over time due to the
pressure gradient, which drives the movement of water and leads to
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the consolidation of the geomaterial. As the degree of saturation in
the system is very high, the mechanical behavior observed is very
similar to that of a saturated condition, as discussed in Chapter 3.
However, despite this similarity, there is a notable physical deforma-
tion change induced by saturation, which is particularly evident in
the swelling geomaterial.

The inclusion of molecular-scale swelling effects in the constitutive
model presented in this chapter significantly enhances the understand-
ing of the material’s behavior. This model successfully incorpo-
rates the swelling influence at the molecular level, which, in turn,
reduces the overall deformation compared to the classic unsaturated
hydro-mechanical model (Lewis and Schrefler, 1987). In the classic
model, the absence of molecular-scale effects such as swelling leads to
a larger deformation response under similar conditions.
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The incorporation of swelling at the molecular scale in this chap-
ter allows for a more accurate representation of real-world behaviors
in unsaturated soils and rocks, where swelling can significantly affect
the material’s response to changes in pore pressure and saturation. By
considering these molecular influences, the model better captures the
complex interactions between the solid matrix, pore water, and gas,
offering a more comprehensive approach to modeling unsaturated
porous media. This refinement is crucial for addressing engineering
challenges such as soil expansion, land subsidence, and other phenom-
ena where swelling plays a critical role.

4.7 CONCLUSION

This chapter introduced the theoretical framework of Mixture-Coupling
theory applied to unsaturated soils and rocks, providing a coupled model
that considers the intricate interactions between the solid matrix, pore
water, and air. By incorporating molecular-level effects, such as swell-
ing processes, this model presents a more comprehensive and flexible
approach compared to traditional geotechnical models. The integration
of these molecular influences allows for a more accurate representation
of unsaturated soil behavior, offering a foundation for further advance-
ments in the field of geotechnical engineering.

The model developed in this chapter demonstrates that the cou-
pled interactions between the solid matrix and pore fluids are criti-
cal in accurately capturing the behavior of unsaturated materials.
This approach extends beyond traditional models by addressing the
complexities of molecular interactions, which are often overlooked
in standard geotechnical models. Furthermore, the model provides
a robust platform for future research into the behavior of unsatu-
rated soils and rocks, paving the way for more refined and predictive
modeling in practical engineering applications, such as land subsid-
ence, slope stability, and the design of foundations in unsaturated
conditions.

Looking forward, Chapter 5 will build upon the insights presented
here by exploring the chemical influences on very low permeability
geomaterials, such as clays and shales, which can act as semiper-
meable membranes. These materials are crucial in applications like
landfills and waste disposal, where solute migration is a concern. In
such materials, the interaction between chemical diffusion and water
flow can lead to chemical osmotic flow, which is not accounted for by
Darcy’s law.
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NOTES
1 Iw = pw(vw _Vs) = ¢Swplw(vw _Vs) = leu .

2 Equation (4.8) can be reorganized in the form of flow and the corre-

sponding driving force as 0<Ty = p}”u(— fo” ) . Using the phe-
pw

1

nomenological equations leads to p}'u= L, (_ Vp. ] and therefore,
Py
Lll

5 VDb where Lu —kﬁ.
(")

(pry v

u=-

3 (\P - J¢Wpurfj = (\P - lllporevj = \I‘ - (Wporevj = \P - vl/./pore - l//purel.)

4 Substitution of equations (4.13), (4.16), and (4.11) into equation (4.17)
leads to
(\P - J¢v/porej = LP - vll}pore - Wpore‘b

pore pore

= [r(TE) + Py |~ 01t (S0P ) = [ = Prore + Sup!” 1 0

pore

= tr(TE) + #vva,ref - v:uw(SWpl

pore

j+ p;:nreb_b(svvpl ,uw)

= 11(TE)+ Py = [ (S0P ) |+ Ppored
= ”’(TE) + Uy phound,ref + Pporel)
5 The derivation of equation (4.20) can be described as follows:
W(E, Ppores ) = (¥ = JOY pre) = (Ppore) = (M P s )
=1r (TE) + Ly Pround ref + PporeD — (Ppmvj = (L phound,n'fj
=1r (TE) + Uy Pround ref + PporeD = PporeV — v(p[mrej — M Pround.ref = L Pround.rer

= [}’(TE) - (ppure )U - .L.twpbound,ref

6 In order to write in a matrix form as equation (4.27), Lijszkz in equation
(4.28) is written as Ly;;Ej;, with the definition of Ly, = Ly;; in equation
(4.28).
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J(pr9S,, )+ proS, IV -v, +IV-(plu)=0

7 The derivation is J(pz‘"q)Sw ) +pI'9S,J+JV -(p,‘"u) =0

—
(7p!"9S.)+JV-(pI'u)=0
(vp,WSW)+ JV. (p,wu) =0
As the configuration at any given instant has been selected as the refer-

ence configuration, it leads to J =1, although the time derivative of J
exists (Euler identity).

w w w w aSw a !
0(S.p1") =0, Pl +6S.pi" = dpi" S +65, D
) aSw ¢SW aplw aSw ¢SW aplw apw
8 =p + =V + =
P (¢ o pr J P p ot o opar )
S, . 9Py
rCr o+
P (Tw ¢KW) ot
:¢m
where K, = p/’ apz.
api

9 In classic unsaturated soil theory, an unsaturated zone has mixed air and
water, and is above a water table. The pore water pressure is negative
mainly due to matric suction (Fredlund and Rahardjo, 1993).
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5 Unsaturated hydro-
mechanical-
chemical coupled
modeling with
chemical osmosis

5.1 INTRODUCTION

Very low permeable soils and rocks (e.g., clays or shales) can act as
actual semipermeable membranes and restrict the migration of large
solute molecules. Such membrane-like materials have many engineer-
ing applications, such as in landfills and waste disposal. Solute trans-
port in the engineered barrier may result in chemical osmotic flow. The
water flow direction is from a lower to a higher chemical concentration.
Such a flow is not accounted for by Darcy’s law, which is the foundation
of much of the existing software used in hydrogeology and groundwa-
ter modeling. Hence, false or unrealistic predictions of transient flow
may occur in some situations.

This chapter will discuss the dynamical interactions between chem-
ical diffusion driven by chemical concentration and water flow driven
by water gradient using Mixture-Coupling Theory, presenting a new
hydro-mechanical-chemical coupled model. This chapter demonstrates
that Darcy’s law is not applicable for predicting chemical osmotic flow
in very low permeability geomaterials, and the well-recognized Lewis’s
unsaturated hydro-mechanical coupled model (Lewis and Schrefler,
1987) is a special case of the model without considering chemical influ-
ence (Chen and Hicks, 2013; Chen et al., 2016).

Figure 5.1 shows the representative elementary volume (REV) with
air, water, and chemicals in the pores, and a combination of micro-
channels and macrochannels through the solids. The pore pressure is
generated by a combination of air pressure and water (and chemical)
pressure. The micro channels may allow small molecules (e.g., water

140 DOI: 10.1201/9780429324925-5
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molecules) to breakthrough, however, block large molecules (e.g.,
chemicals). As the actual flux is a combination of flux through both
micro- and macro-channels, such materials are regarded as an actual
semipermeable membrane.

To focus on the osmosis function and simplify the discussion, this
chapter will not include swelling, which has been extensively discussed
in Chapters 3 and 4. It is assumed that (1) there is only one solute in the
water, and the chemical potential of the solute and solvent (i.e. water)
are U. and U,, respectively. The solution is an ideal solution' (Smith
et al., 2016); (2) the gas phase is continuous in the unsaturated zone and
remains at atmospheric pressure, p,, =0 (Neuman, 1975; Safai and
Pinder, 1979) so that the gas transport can be ignored.

5.2 ENERGY IN THE MIXTURE

The balance equation for the Helmholtz free energy density () consid-
ering chemicals transport can be obtained as

iJ. y/dV=J. ov, -ndI’ —'[ (w, L, +,uCIL.)-nd1"—TJ. ydv (5.1)
dtJv r r v

where [, is the chemical potential of the chemical, o is the Cauchy
stress tensor, n is the outward unit normal vector, 7 is the constant
temperature, and 7 is the entropy production per unit volume, where
the material time derivative is given by

D
94,V .
o oY ©2)
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By using equation (5.2) and divergence theorem, the balance equation
for the free energy density is

V+YW-v,—V-(ov)+V-(u, I, +ul)=-Ty <0 (5.3)

5.3 DISSIPATIVE PROCESS: EXTENDED DARCY’S
LAW AND FICK’S LAW

It is assumed that only one dissipation mechanism is present, spe-
cifically the friction generated at the solid-fluid boundary (which
includes both water and chemicals) when the fluid moves through
the porous skeleton. The friction generated by gas flow is neglected.
A macroscopic expression for the dissipation caused by the frictional
resistance at the interface can be derived using standard principles of
nonequilibrium thermodynamics (Katachalsky and Curran, 1965) as
follows:

0Ty =-1,-Vu, -1.-Vu, (5.4)

where the fluxes I, and I are driven by their corresponding forces Vi,
and V., respectively.

5.3.1 FLUXES AND DRIVING FORCES

Equation (5.4) can be rearranged to establish the Darcy velocity (i.e. u)
and chemical diffusion flux (i.e. J.) with respect to their corresponding
driving forces. Substituting the relationship between mass flux and dif-
fusion flux obtained using equation (1.33),
I,=J,+p'uandI. =J.+p/u

into equation (5.4) leads to

Ty =-(J. +leu)'vﬂw - +plcu)'vluc
which can be reorganized as

Ty =—u-(p'Vu, +piVu)—J, -V, = J. - Vi, (5.5)

where the fluxes w, J,, J. link with their driving forces
(p'vVu, + pivVu.).,vu,, V., respectively.
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By introducing the Gibbs-Duhem equation (2.22) for the liquid as

P’V + piVu. =Vp

into equation (5.5), it leads to
0<Ty =—u-Vp,-({J,,-Vu,, +J.-Vu.) (5.6)

Thus, the driving force of u is simplified from (p;"Vu,, + piVu.) in
equation (5.5) to Vp,. Note that the gas chemical potential is assumed
to be zero in equation (5.6) (Sacchetti, 2001).

The diffusion fluxes J,, and J. in equation (5.6) have to satisfy

J,+J.=0o0r J,—-J. 5.7)

because there is only one independent diffusion flux. Hence, the entropy
production (5.6) can be rearranged by substituting equation (5.7) into
equation (5.6) to remove J,, as

OSTJ/ :_u'VPI_Jc'V(:uC_,uw) (58)

where the three variables (e.g., u, J,,, and J,.) are reduced to two vari-
ables (e.g.,u and J,).

The relationship between the flows pju and J., and the correspond-
ing driving forces Vp, and V(u. — ,,) in equation (5.8), can be obtained
using phenomenological equations in Section 2.7 leading to

Pllu =—(Ly / Pll)VPI —L,V(ue — i) (5.9
J.=—(Ly /PII)VPI —LrV(u — ) (5.10)

where Ly, Ly», Ly, and L,, denote a set of phenomenological coefficients.

The term V(u.—u,) in equations (5.9) and (5.10) needs to be
expressed in terms of chemical concentration for convenience. Using
the Gibbs-Duhem equation (Darken, 1950) for the liquid at constant
pressure in the micropore leads to

c.(du)y, +c,(du,), =0 (6.11)

where ¢, and c¢,, are the solute and diluent mass fractions, respectively,
which can be defined as
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ce=piIpI=pcl Prycn=plpl=pulp (5.12)
Using equation (5.11) leads to

1 au.
V(.uc_.uw)zi #

Cy acc

Ve, (5.13

Hence, equations (5.9) and (5.10) can be rewritten using chemical con-
centration rather than chemical potential

1
we—k Kty PLOM g (5.14)
v ' OCe
Jo=1pl VP piDVe, (5.15)
P
where
k, L L L L Jdu,
k l: Illz,r:—ilz,L: ZIIPé,D: 22[ 3 /J (516)
v (pr) Ly, (p,) cw(p,) de.
where

L . . . .
° r=-— L—lz is the chemical reflection coefficient that serves as a
11
measure of the efficiency of the osmotic transport (Heidug and

Wong, 1996, Staverman, 1951);

e L= % is the pressure diffusion coefficient for chemical
(ol)
transport;
D =£aﬂ is the dispersion-diffusion coefficient for

7
CyP; dC.
chemical transport.

Equation (5.14) is an extended Darcy’s law accounting for chemical
osmosis, and equation (5.15) is the extended Fick’s law of chemical dif-
fusion with consideration of pressure influence.

5.3.2 CHEMICAL POTENTIAL AND MASS FRACTION

o,
The term oK in equation (5.14) can be further interpreted using

de.

chemical concentration c.. The solute chemical potential g, is given in
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Section 2.2.2. With the assumption of g.(p,T) = 0, U, can be simplified
to give

e = (ff)(ln a.) (5.17)

&

where R is the gas constant, M, is the molar mass of the solute, and a.
is the activity of the solute and is a measure of the “effective concentra-
tion” of the solute in the mixture. If the solution is assumed to be ideal,
it leads to a,. = x..

The relationship between the molar fraction x, and the mass frac-
tion c. described in equation (2.10) can be simplified if the solution is
assumed to be diluted as

M. ccM
L= X = (if x. i all 5.18)3
c wa or x M, @f x. is very small) (5.18)
By substituting equation (5.18) into equation (5.17), the term OHe. can
be derived as dc.
ol _ E din(c.) (5.19)*
oc. M. ) Odc.
Since % = l, which can be obtained using Taylor series’ (Kincaid
Cc Ce
et al., 2009), equation (5.14) can be transformed as
1
u=—k Ly p =y P (RTJVQ) (5.20)
v wtc ML‘

5.4 CONSTITUTIVE RELATIONS

In this section, the constitutive equations for the stress and strain
response are formulated.

5.4.1 FREE ENERGY DENSITY EVOLUTION PATH OF THE MIXTURE

5.4.1.1 Current configuration

By substituting equation (5.4) into equation (5.3), and assuming that the
geomaterial maintains mechanical equilibrium, so that, in the absence
of volume forces, V. g = (), the balance of free energy density in the
current configuration ¥ can be rewritten as
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¥+ v, —(0:Vy, )+ i,V L+ VI =0 (6.21)°

5.4.1.2 Reference configuration

Multiplying by J (the Jacobian of F, J = JV -v,) on both sides of equa-
tion (5.21) leads to

T+ YN v, = J (0:VV, )+ T,V 1, + TV 1. =0 (5.22)

The time derivative of the free energy density in the reference configu-
ration (¥ = Jy) can be defined as

Y =(Jy)=Jy+JyV v, (5.23)

By substituting equation (5.23) into equation (5.22), and using the rela-
tion of ¢:Vv, = tr(c’Vv,) in appendix 1, as well as the equation

(3.15) of JtI'(O'TVVS) =tr(TE) from continuum mechanics, in which

T is the second Piola-Kirchhoff stress and E is the grain strain tensor,
equation (5.22) can be reorganized as

¥ —tr(TE)+Ju, VI, +Ju V1. =0 (5.24)

where Ju,, V-1, and Ju.V -1, can be transferred using the general bal-
ance law for liquids (2.31), leading to

J,uwv 'Iw = _,uwpw,ref and J,uLV 'Ic = _,ucpc,ref (525)7

where p,, s = Jp,, = J9,,p" and p, ,.r = Jp. = J@.p[ are the densities at
the reference configuration.
Substituting equation (5.25) into equation (5.24) leads to

\ij = IV(TE) + uwpw,ref + ,uc pc,ref (526)

5.4.2 HELMHOLTZ FREE ENERGY DENSITY OF THE
PORE WATER AND SOLID MATRIX

5.4.2.1 Current configuration (pore water)

Thermodynamic relations can be used for the bulk fluids in the pore
spaces. Hence, the Helmholtz free energy density of the pore fluid,
W ore» can be derived using equation (2.18) in the absence of gas
transport, as
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l/lpore = _ppore + SI (,ucplc + .uwplw) (527)

According to the Gibbs-Duhem equation, this leads to

ppore = ,ac (Slplc)+,uw(Slpr) (528)

The time derivative of equation (5.27) gives

W pore == Ppore + L (S5 + 1, (S8 ) + e (S1p1) + 1y (Sip1)  (5.29)

Substituting equation (5.28) into equation (5.29) leads to

W pore = U (S1p) + 1, (Si01") (5.30)

Equation (5.30) gives the dynamic change of free energy density in
the current configuration, providing a useful function for free energy
density analysis in the reference configuration in the following
section.

5.4.2.2 Reference configuration (Solid matrix)

The free energy density of the matrix may be found by subtract-
ing the contribution JQy ,,,. due to the pore fluid from the total free
energy density ¥ (note: even though the swelling is not considered
here, the matrix still includes water molecules attached on the solid
surfaces, which follow the principle of molecular forces rather than
nonequilibrium thermodynamics). If v =J¢ is the pore volume per
unit reference volume, the free energy density of the matrix may be
written as

(¥ = JOY pore) = tr(TE) + P, 0 (5.31)

By comparing equation (5.31) with equation (4.18), the swelling term is
not included.

5.4.3 CONSTITUTIVE STRUCTURE

The deformation potential density, which is used for reasons of conve-
nience, can be written as

W = (‘P - J¢y/pm‘e) - pp()rev (532)

Substituting equation (5.31) into the time derivative of equation (5.32)
leads to
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W(E, pyore) = tt(TE) = p, 0 (5.33)

where W is a function of E and p,,,. The expressions for 7 and v can
be derived as

T; :[aW] ’v:_(aW) (5.34)
aEij Ppore p pore J g
and also
. ow . oW .
W(E’ppore):(aE,] Eij +(a] Ppore (535)
ij ,}pre ppore EI_/

The fundamental constitutive equations for the evolution of stress and
pore volume fraction can be obtained by differentiating equation (5.34)
with respect to time and substitution of equation (5.35) to give (refer to
Appendix 4)

7: = L"klEkI _Mijppore (536)

y i
U= M;E; +OPpore (5.37)

where the parameters Lyy, M
equations:

and Q are defined by the following

ijs

T 9Ty
Ly = ( ! J =534 = Ly,
y a E ki Ppore a E if Do y

M. =— IT; - v
! apfmre E: aEI] ’

Ppore
v
P pore Ej

(5.38)
Equations (5.36) and (5.37) can be written in the matrix form:
j;‘j Lklij -M ij Er
0T . 5.39
v Mij Q ppore ( )
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Compared with equations (4.27) and (3.44) for swelling materi-
als, this matrix is much simpler. Swelling can be included in an
Hydro-Mechanical-Chemical (HMC) model with consideration of
chemical osmosis (Chen et al., 2016).

5.5 COUPLED FIELD EQUATIONS

The constitutive equations, (5.36) and (5.37), define changes in solid
stress (7;) and volume fraction (V) in terms of independent variables
such as EkI and ppore.

5.5.1 SoOLID PHASE AND POROSITY

Following the same assumptions of physical and geometrical linear-
ization, and small strain, as in Section 3.5, the equations for the solid
phase and pore volume fraction, respectively, can be written as

. 2G. . . .
3 2
1
O = g‘;ﬁ; + Qpp()re (54])
7

(Note here: The detailed discussion and derivation of the parameters
can be found in Section 3.5.1.)
Physical meanings of terms in equations (5.40) and (5.41) are:

* 1: Elastic deformation of the solids.

e 2: The coupling term, describing the influence of the water
pressure on the deformation of the solids. Note: Since swell-
ing is not considered in this chapter (in contrast to Chapters 3
and 4), there is no swelling term present in this equation.

* 3: Deformation-induced porosity change.

e 4: Pressure-induced porosity change, with consideration of
only pore pressure influence (i.e. B =0, compared with equa-
tion (4.33)).

5.5.2 FLUID PHASE

The local balance equation for the fluid is described in equation (2.49)
as

WS,p)+V-(piu)=0 (5.42)
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Substitution of equation (5.20) for u into equation (5.42) leads to fluid
transport equation:

k RT

" (Vp — Pz’rM1VCC)]) =0 (5.43)

v c L‘CW

(SipHO+v(S;p)—-V-(p} [k

Substituting equation (5.41) into equation (5.43) leads to

. - k, RT 1
(S1p)(&Ei + OPpore) +0(S1p1) — V- (pi [k =L (Vp - pierc)]) =0

3 c CC CW

b1

(5.44)

Equation (5.44) is the liquid transport equation, with physical meanings
of terms in the equation:

e 5: Liquid variation caused by the porosity change, due to
deformation and pore pressure time-dependent variation.

e 6: Liquid change within a pore caused by liquid mass density
and saturation ratio change.

e 7: Extended Darcy’s law with consideration of chemical osmo-
sis, which is one of the key novelties of the equation.

5.5.3 CHEmICAL
The balance equation for chemicals is described in equation (2.50) as
S,pH)é.+piu-Ve,+V-J. =0 (5.45)

Substitution of equations (5.14) and (5.15) into (5.45) leads to the chemi-
cal transport equation:

. k., RT 1
WS1p1)Ce — pl’[ =(Vpy - p,’erL.)} Ve,
— A% M

] c CCCW

9

+V-|:Lp;vpf—pllDVCC:|= 0 (5.46)

10

Physical meanings of terms in equation (5.46) are:

* 8: Chemical concentration change over time.
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* 9: The chemical transport caused by the liquid flow (convec-
tion flux). The novelty in this term is that chemical osmotic
flow is embedded.

* 10: The extended Fick’s law of the chemical diffusion process.
The novelty of this term is that the pressure gradient may have
an influence on the chemical diffusion.

5.6 NUMERICAL SIMULATIONS

In this section, a simple numerical simulation is presented for illustrative
purposes, especially for the influence of nanoscale chemical osmosis.

5.6.1 MATHEMATICAL EQUATIONS

Mechanical: By considering the mechanical equilibrium condition
(do; / 9x; = 0), equation (5.40) leads to

(K- zg)ékk&j +2GE; —CVPyore =0 (5.47)

Considering equations (1.41) and (4.42) for the average pressure of a
dilute chemical fluid, and using the strain-displacement relationship,
equation (5.47) can be written as

2G, 94, 9°d, a2dj C, -
(K 3 )Bxkax +G(axjaxj+ax,»axj VI (Si+ 0 poD|=

(5.48)

Hydro: Using the strain-displacement relationship €; = V-d, and sub-

stituting the term (5, pl) =p} aaStl +S; ag;j " into equation (5.44) leads to
S ap;
S,pIEV -4+ 51p1Qpyur +0p! 508, 1+

pi [—V gl (Vpl—p{rRTVcc)]=o (5.49)
% M. c.c,

By using the rate of change of saturation function and the rate of
change of liquid density function equations (4.42) and (4.43), and by
assuming these two equations apply liquid containing chemicals (This
applies to Chapters 6 and 7.), dividing p; from both sides of equation
(5.49), and invoking equations (1.41) and (4.42) for the average pressure
(Ppore = P), equation (5.49) can be rewritten as
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. C?  adp S, 9p;
SV -d+S,0(S, +?P1)§+(C§ +¢wa)§+ (5.50)

[—V-k ki wp, —pirﬂivm}:o
1% M, c.c,
The degree of saturation and relative permeability are characterized
by the van Genuchten relationship (van Genuchten, 1980) in equa-
tion (4.50). Note: The parameters M and m are assumed as the same for
unsaturated water as in Chapter 4.

Chemical: By assuming the density p; is constant, equation (5.46)
can be written as

RT 1
Mc¢ c.c,

Vcc)]-Vcc - LV -(IVp,]— DV?c, =0

. ky,
Si¢c. —|:k’(Vpl - pl[r
v P
(5.51)

5.6.2 DISCUSSION AND COMPARISON

The simplified equations (5.48), (5.50), and (5.51) of the coupled HMC
model are based on a more comprehensive group of equations developed
in Section 5.5. Comparing these simplified equations with the HMC
model developed using the mechanics approach, the major advantage
is the inclusion of chemical osmosis in equation (5.50), which conse-
quently affects the chemical transport and mechanical deformation.

The following sections will be focusing on the discussion of chemi-
cal osmosis influences.

5.6.3 MODEL GEOMETRY AND BOUNDARY CONDITIONS

Figure 5.2 shows a simple (plane strain) experimental setup (0.1 m x
0.1 m) with an unsaturated geomaterial sample (e.g., unsaturated rock).
The top and bottom boundaries are fixed, stiff, and frictionless, allow-
ing movement only in the horizontal (i.e., x) direction.

Boundary conditions: Boundary B is fixed (displacement=0) and
impermeable, whereas boundary A allows movement and permeable,
so that water is free to flow in or out.

Initial conditions: An equilibrium state is assumed at ¢ = 0, with
an external force applied at boundary A to maintain equilibrium (it is
assumed that the initial effective stress = 0). The initial water pressure
is p,, =—5 MPa (¢ = 0) in unsaturated conditions. The initial chemical
mass fraction in the domain is 0.1.
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Stiff constraint Stiff constraint
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FIGURE 5.2 Geometry and boundary conditions

Start of the simulation: Since the numerical simulation is focused on
the influence of chemical osmosis, only chemical gradient is applied to
the model (fluid convection is ignored). At the beginning of the simu-
lation, the mass fraction at boundary A rises to 0.3. The initial water
pressure in the domain is =5 MPa, and the water pressure at boundary
A is maintained at —4 MPa throughout the analysis. The van Genuchten
relationship for unsaturated conditions is used, as given by equations
(4.50) and (4.51).

The parameters adopted in the simulation are listed in Table 5.1.

5.6.4 NUMERICAL SIMULATION RESULTS

The numerical simulation results are compared with classic Fick’s
law for chemical transport and with equations from an unsaturated
hydro-mechanical coupled model developed using the classical
mechanics approach (Lewis and Schrefler, 1982) for comparison of
interactions between solids and fluids.

Figures 5.3 and 5.4 show the distribution of chemical mass fraction
over time (short term and long term, respectively). The chemical spe-
cies move from areas of higher chemical fraction to areas of lower frac-
tion, from boundary A to boundary B, driven by the diffusion process.
As time progresses, the chemical mass fraction increases gradually
throughout the domain and eventually reaches a steady state. These
results align with predictions made by Fick’s law, which is applicable
since the pressure influence on the chemical diffusion process is not
considered in equation (5.51). In this case, Fick’s law can be seen as a
special case of the more general formulation used in this chapter.

Figures 5.5 and 5.6 depict the changes in pore water pressure caused
by chemical osmosis. Chemical osmosis occurs due to the chemical
gradient, which drives water molecules to flow out from the domain
through boundary A, leading to a more negative pore water pressure. At
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TABLE 5.1

Material parameters for shale

Parameter  Physical meaning Value and units

k Absolute permeability 2.75E-21 m?

v Dynamic viscosity 8.54E-4 Pa-s

G Shear modulus 239.08 MPa (SUGITA et al., 2004)
E Young’s modulus 645.52 MPa

(%] Poisson’s ratio 0.35 (Rutqvist and Tsang, 2004)
] Porosity 0.41

¢ Biot’s coefficient 1 (assumed)

K, Bulk modulus of solid oo (assumed)

K, Bulk modulus of water 2E3 MPa

R Gas constant 8.314

M, Molar mass 0.0585 kg/mol

Pl Density of fluid 998.2 kg/m?3

r Chemical reflection 0.2

D Diffusion coefficient 5E-9 m¥s @

Zheng and Samper (2008), Zheng et al. (2010, 2011).
Table note: (1): calculated at T = 300 K.

t = 3,600 s, the pressure at boundary B reaches a maximum. As bound-
ary A is fixed at =5 MPa, water eventually flows back into the domain,
driven by the decreasing chemical gradient. These results are compared
with those obtained using the classical unsaturated hydro-mechanical
coupled model (Lewis and Schrefler, 1987), which does not account
for osmotic effects and thus fails to predict the osmotic flow behavior.

Figures 5.7 and 5.8 illustrate the displacement changes associated
with the chemical transport process and the evolution of saturation.
The sample undergoes a shrinking and recovering process as chemical
osmosis takes place, highlighting the complex relationship between
chemical processes and material deformation.

Chemical osmosis may occasionally occur in the opposite direction,
driven by processes such as ion exchange (Roettger and Woermann,
1993) or multiple chemical osmosis interactions (Chen et al., 2018). In
such cases, flow may occur from regions of higher chemical concentra-
tion to lower concentration (i.e., negative osmosis). This phenomenon,
however, is distinct from reverse osmosis, which is commonly discussed
in water desalination (Ghaffour et al., 2013). Reverse osmosis involves
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FIGURE 5.3 Evolution of chemical mass fraction with time (short term)

0.3

0.28

0.26

0.24

0.22

0.2

Mass fraction

0.18

0.16

0.14

0.12

0.1

FIGURE 5.4 Evolution of chemical mass fraction with time (long term)
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FIGURE 5.5 Pore water pressure change induced by chemical osmosis (short
term)
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FIGURE 5.6 Pore water pressure change induced by chemical osmosis (long
term)
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FIGURE 5.8 Displacement change induced by chemical osmosis (long term)
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the transport of water against the natural osmotic flow, typically driven
by higher external pressure than osmotic pressure. Research into nega-
tive osmosis in geotechnical and environmental engineering is still
limited.

For the sake of completeness, the simulation includes both positive
and negative osmosis scenarios. A chemical reflection coefficient of
r = —0.2 is used to represent the opposing flow, modeling the reverse
transport process. The result is shown in Figure 5.9. The results for this
scenario are compared with those for a positive reflection coefficient
(r=0.2). In both cases, chemical osmosis causes changes in pore water
pressure. However, in the positive osmosis case (r = 0.2), the water pres-
sure decreases, whereas, in the negative osmosis case (r = —0.2), the
water pressure increases

Figure 5.10 shows the positive and negative displacement changes
associated with the selection of reflection coefficient. These findings
demonstrate that the direction of osmotic flow has a significant impact
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FIGURE 5.9 Pore water
(r=02and r=-0.2)

pressure change induced by chemical osmosis
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on the deformation of geomaterials, influencing the overall behaviour
of soils and rocks in various environmental conditions.

These findings demonstrate that the direction of osmotic flow has
a significant impact on the deformation of geomaterials, influenc-
ing the overall behaviour of soils and rocks in various environmental
conditions.

5.7 CONCLUSION

This chapter has introduced the Mixture-Coupling Theory framework
to account for chemical influences in geomaterials, resulting in fully
coupled constitutive equations for hydro-mechanical-chemical behav-
ior. By integrating chemical effects with hydro-mechanical processes,
the model offers a more comprehensive understanding of material
behavior in low-permeability geomaterials, such as clays and shales,
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FIGURE 5.10 Displacement change induced by chemical osmosis (r = 0.2
and r=-0.2)
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which are commonly involved in applications like landfills, waste dis-
posal, and groundwater modeling.

When compared to the models presented in Chapters 3 and 4, the
structure of the equations in this chapter follows a similar format,
demonstrating one of the key advantages of the Mixture-Coupling
Theory: its ability to consistently extend previous models to incor-
porate additional physical processes, such as chemical influences.
This consistency makes the theory highly adaptable, allowing for the
inclusion of more complex chemical interactions in future research.
For instance, dual chemical osmosis has been successfully explored
in previous studies (Chen et al., 2018), where the coupling of chemi-
cal concentration gradients and osmotic flow was integrated into the
framework.

Although this chapter has focused on the theoretical and mathemati-
cal modeling aspects, further experimental research is encouraged to
validate and expand these findings. Experimental studies will provide
a deeper understanding of how these coupled processes manifest in
real-world applications, ensuring that the theoretical models can be
refined and better aligned with practical engineering needs. As the
research advances, it will be crucial to explore the potential implica-
tions of chemical coupling in a wider range of geotechnical applica-
tions, from the design of waste containment systems to understanding
the long-term stability of geological formations. This chapter lays the
groundwork for future exploration of these complex interactions and
invites further interdisciplinary research to continue developing robust,
predictive models for geotechnical engineering.

NOTES

1 In chemistry, an ideal solution or ideal mixture is defined as a solution
in which the enthalpy of the solution (or “enthalpy of mixing”) is zero
(Smith et al., 2016). In an ideal solution, the activity coefficients (which
measure the deviation from ideality) are equal to one.

.

2 Equation (5.11) leads to vy, ==V,
¢

w

V('uc _‘uw): Vi, —(—%V‘u(,): MV,UC; e te, =1,

w

V(e -py)= CLV”C. Since Vy, = %l;c Ve,, therefore
1 du,
V(,uL - ,uw): 7 K VCL"

¢, 0c,
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3 Equation (2.10) ¢. =x.M, ./ (xL.ML. + (1 - xc)Mw) can be reformed
as ¢, = x.M. /(Mw + xE(MC —Mw)) If x. <<1, it leads to

xeMe+(1=xc )My,

M.
X, (MC — Mw) ~( and equation can be simplified as ¢, = Mf&

(Note: This assumption is only applied to molecules with small
molemass (e.g., Na*). If, for big molecules, the original equation should
be applied.)

+ ou =(mja(ln a) _(mf[’"(n% JJ

dc, M, dc, M. dc,

c

dc.

) 8(ln( r‘;j"’ )+ n(c, ))

_(kT
M,

Note: During the derivation process, the i = () is obtained

dc.
as ., M, ,and M, are all constants, independing on c,. r,. is the

activity coefficient, which is assumed to be 1 for ideal solution.

5 Taylor series: d(ln x) /dx =1/ x . Since, for an ideal solution,

o Ry
go= R e s 1, RT 1 dinc) RT 1
c Mc C 77VC‘C:7*7:77
Cy dc. M. c, Oc. M. c,c.

Substitution into equation leads to

] ! olina‘
u=—k sz—r&a’u”Vcc L sz—’&(RT) ( )Vcc
v ¢, 0C. v ¢, \M¢ de.

1
K [Vpl_r pi (R{)Vq)
% CcoCe \ M

6 SinceV-(6-v,)=0-Vv,+(V-0) v, and + V-0 =0, therefore,

V(o-v,)=0-Vv,.
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T T V-1 ==J e (pr +Px Vv ==, (Jpi + pid - V)
==y (JPr) = =My P e -

8 (W= JOY pore) =¥ = OW pore = W D
¥

VY por Y pore

; - - N : o I w c 1 -
= [IY(TE) + l'twpw,r('f + :ucpc.ref]_ U:uw(Slplw)_ U:uc(Slpl ) - [_ppore + Slpl My + S1P1 :ur]v
2

1

= 1r(TE) + [ Prv.es v, (Sipi) = 0(Sipy 1) + ProrcD + HefPes ~OH(S1Pf )= D(Sipi )
=11 (TE) + Wy Pu.rer = K (S101"0) + PporeV + UePeres = He(S101V)
=tr(TE)+ pporc0

Note: The superscripts 1 and 2 indicate the major devrivation pathway.
Since Pirs =J P =IO Pl | itleads to Piry = JSi0pf = vSipf , which
indicates the terms H pw,ref — W1, (S p)" YUj =0 and

HePeser — e (S, pf0) =0 -
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6.1 INTRODUCTION

Thermo transport caused by a temperature gradient (e.g., A to B in
Figure 6.1 of the representative elementary volume (REV)) has an
influence on all components (e.g., water and solid) within the geomate-
rial and is significant in geoengineering applications. For example, dur-
ing the drilling process in the petroleum industry, the high-temperature
gradient generated between the drilling mud and the wellbore will place
a thermal field on the formation of the wellbore. This consequently
affects the deformation of the geomaterials (e.g., wellbore instability)
(Steiger and Leung, 1988) and water flow. The water flow caused by
thermal effects is known as osmotic flow and can flow directly from
warmer to cooler or from cooler to warmer zones (Dirksen, 1969),
influenced by electrical phenomena or chemical solution (Barragdn and
Kjelstrup, 2017).

The traditional analysis ignores thermal osmosis, even though it is
found to be very important for controlling flow in very low-permeabil-
ity geomaterials (e.g., shales), and consequently on impacting deforma-
tion. Based on a temperature gradient of 2 K/m, a hydraulic gradient
of 10 J/m*, and the experimental study (Srivastava and Avasthi, 1975),
it was estimated that the thermo-osmotic flow through Kaolinite can
be 800 times larger than Darcy’s flow (Carnahan, 1983). An analysis
of mud filtrate invasion due to a temperature gradient found that the
thermal osmotic flow can be several times larger than hydraulic flow
(Ghassemi and Diek, 2003). Thus, thermal effects will alter the pore
pressure and geomaterial strength.
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Research on coupled thermo-hydro-mechanical (THM) models
has been based on the mechanics approach and the mixture theory
approach. The mechanics approach originated from hydro-mechanical
coupled theory (Terzaghi, 1943; Biot, 1962, 1972) and was extended for
THM coupling (Lewis and Schrefler, 1987). This chapter will discuss
a THM model for unsaturated conditions extended from a saturated
THM model (Chen et al., 2013) with consideration of thermal osmosis.
The chapter demonstrates that Darcy’s law is not applicable for predict-
ing thermal osmotic flow in very low-permeability geomaterials, and
the well-known Lewis’s unsaturated THM coupled model (Lewis and
Schrefler, 1987) is a special case of the model not considering thermal
osmotic influence (Chen et al., 2013).

6.2 ENERGY IN THE MIXTURE

6.2.1 INTERNAL ENERGY AND ENTROPY BALANCE EQUATION

The transport of thermal flow changes the energy in the mixture. In the
absence of chemical reactions (as these will generate or absorb heat),
it is still convenient to use the Helmholtz free energy density (Haase,
1969), which combines both internal energy and entropy. Following the
discussion in Section 2.4.2, the balance equation for internal energy is
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d £dV=J (ov,—1I,)-ndT"- I hJ, -ndl’ 6.1
dt Yva r r

\——W——/
Heat carried by water flow

Compared with previous chapters for isothermal condition, reduced
heat flow (heat by conduction) I is included in equation (6.1) which is
expressed as

=1, —ihala

a=1

In equation (6.1), as 4 edvV = (E+€V-v,)dV (see equation
dt Jva 0

(1.107)), and using divergence theorem (1.105), the local form of equa-
tion (6.1) is obtained as

é+eV-v,=V-ov,~V-I,~ V-1, 6.2)
which can be rewritten using the total heat flow I, = I/, + A, I,, as

€+eV-v,=V.ov,-V-1, (6.3)

The entropy balance equation is

iJ‘ ndV=J‘ -1, -ndI' + J. ydv (6.4)
dt Jv r 1%

Entropy exchange Entropy production

where I, is the entropy flow described as

In — Iq - ,Lthw — Iq - thw + anIw — Iq + anIw (65)
T T T
and the local version of equation (6.4) can be obtained as
n+nV-v,=-V-I,+y (6.6)

6.2.2 HELMHOLTZ FREE ENERGY DENSITY BALANCE EQUATION

Since Helmholtz free energy density v is defined as y = € —Tn, it leads
to
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d J‘ d J‘ d d J’ 6.7
= dv="-| (e=Tm)av="-| eav-=| t1ndv ©7)
dt V(t)l// dt V(t)( n) dt v dt v g

Using similar derivation process of footnote (13) in Chapter 1, the term

4 J. TndV leads to
dt

V()
ij‘ TndV:J. (@n)+TnV v, )av = j (Tn+AT+TnV-v,)av (6.8)
dtJy v 14

Substituting equation (6.8) into equation (6.7) leads to
Y+yYVov,=é+eV-v,—Tn-T(7+nV-v,) 6.9)!

Introducing local form of entropy balance equation (6.6), equation (6.9)
can be rewritten as

Y+YV v =é+eV v, —Tn-T(-V-1,+7) (6.10)
=é+eV-v,~Tn+TV-1,-Ty

and reformed as

VAW v, —(é+eV-v)+Tn-TV-1,=-Ty <0 (6.11)

6.3 DISSIPATIVE PROCESS: EXTENDING DARCY’S
LAW AND THERMAL DIFFUSION LAW

A macroscopic expression for the dissipation generated by the frictional
resistance at the solid and fluid interface, along with thermo transport,
can be obtained by using standard arguments of nonequilibrium thermo-
dynamics in equation (2.18) (Katachalsky and Curran, 1965; Chen et al.,
2018). The entropy production Ty can be obtained in terms of entropy
flow from equation (2.92) in the absence of chemical reaction as

Ty=-1,-VT-1,-Vu, (6.12)

or in terms of reduced heat flow from equation (2.97) as
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ry=1,. Y CD

+ Iw : V(_,ufw) (613)
in which the reduced heat flow is expressed as
I,=1,-4,I,

Equation (6.13) is different from the dissipation function for the isother-
mal condition (3.3) because of the term I M

Equation (6.13) is based on the assumption of mechanical equilib-
rium with constant pressure. The relationship between water chemi-
cal potential M, and water pressure pP» can be derived by using the
Gibbs-Duhem equation (Moran and Shapiro, 2000), equation (2.21),
hence,

plwvluw = pr (6.14)

Introducing equation (6.14) into equation (6.13) and using the relation-
ship between Darcy velocity and I, leads to

OST)/:I;-V(_T)—

u-Vp, (6.15)

Since u is velocity, the term u - Vp,, should be rewritten by introducing
pl’ as

1

w V w
U'pr :(pl u)[ Izv J
p
Thus, the dissipation function (6.15) can be written as

Ty=—(pi'w) .(pr v J»I; ven (6.16)
pi T

The relationships between the water flow p;"u and the thermal flow I,

and their driving forces VP and V(_T), respectively, are obtained
pi T

with phenomenological equations, which express the linear depen-

dence of flow on the corresponding force as
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(p/'w)=-L;, ( Vliw )"‘ L, veD (6.17)
P r

) T

I =—L21(pr )+L22 veD (6.18)
P
where Ly, Ly, Ly, Ly, are phenomenological coefficients.
Darcy’s law in equation (6.17) can be derived as

Ly, Ly, \pi'VT
=— Vp, +| — 6.19)*
((Pzw)zJ[ b +(L11) T :| e

Lll _ krw L12 .
where =k— and === r, can be defined as the reflection coef-

(le)2 v Ly,
ficient, which serves as a measure of the efficiency of the osmotic trans-
port (Chen et al., 2013).
Consequently, Darcy’s law is changed to

u=-k krw|:pr +7, pi VT:| (6.20)
v T

in which the thermal osmosis reflection coefficient r, has been included.
The thermal flow equation (6.18) can be expressed as

I,=-L, (pﬁ' VP )— %VT 621y

w

where L, =(L21p w) is pressure diffusion coefficient for thermal

(le)2
Ly A . .
effects and ? = A is the conduction coefficient.

A coupling matrix can be written based on equations (6.17) and
(6.18) as
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kkim kk,,quplw
[ l: J:_ v vT Vp. ] 6.22)
I L,p 1 vT
Pw

If the coupling term relating heat flow and water flow is not considered,
the matrix equation can be written as

ki
[ I“ ]:_ k== 0 ( Vp, ] 6.23)
q 0 1 vT

which comprises the traditional Darcy’s law and Fourier’s law.

6.4 CONSTITUTIVE RELATIONS

The constitutive equations for the stress, strain, and temperature
responses are formulated here by considering the dissipation function
and free energy in the mixture.

6.4.1 FREE ENERGY DENSITY EVOLUTION PATH OF THE MIXTURE

6.4.1.1 Current configuration

Equation (6.10) gives the balance equation of the Helmholtz free energy
density as

VAYW v, =é+eV-v,-Tn+TV-1,-Ty
Substituting the entropy production 7’y that described in equation (6.12) as
Ty=-1,-VT-1,-Vp,
The Helmholtz free energy density balance equation becomes

VAW v, =é+eVev,—Tn+TV-1,—(-L,-VT-1,-Vp, )

Ty

(6.24)

Since 7V -1, +I,-VT = V-(T1,), it leads to
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VAU v, =E+eVev,—Tn+V-(T1,)+1,-Vu, (6.25)

I,—u,l
%‘uww into equation (6.25) leads to

Invoking I, =
. . . I, -uI,
V+YV.-v,=e+eV-v,—-Tn+V- Tf +1,-Vu, (6.26)

which can be rearranged as

YUV v, =€+6V v, —Tn+V-1,-V- (u,1,)+L, -V,  (6.27)
=€+€eV-v,-Tn+V-1,-u, V-1,

Substituting the energy balance equation (6.3) £+&V v, =V ov, -V I,
into equation (6.27) leads to

II.I+W.VS=V.GVS_TTI_;L[WV'IW (6.28)

6.4.1.2 Reference configuration
Multiplying by J on both sides of equation (6.28) leads to

Jy+JyV v, =JV.-ov,—JIn—-Ju,V-1, (6.29)
and using ¥ = Jy + JyV - v,, equation (6.29) becomes
¥ = tr(TE)-TJn—Ju,V-1, (6.30)

where W = Jy is the free energy density at the reference configuration
and T is the second Piola-Kirchhoff stress.

By substituting Euler’s identityj = JV - v,, and the balance equations
for I, from Section 2.2, equation (6.30) becomes

\P = ﬂ"(TE) - TJT] + )uwp.w,ref (631)

where P, .s = Jp" =J@,p/" is the mass of water per unit reference
volume (or density of pore water at the reference configuration).
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6.4.2 HELMHOLTZ FREE ENERGY DENSITY OF THE
PORE WATER AND SOLID MATRIX

6.4.2.1 Current configuration (pore water)
If the mass and entropy density per unit fluid volume are defined as

pore

P (=P!"in this chapter for nonswelling geomaterials) and /" (= n;"),
respectively, and the Helmholtz free energy density of the pore water
1S W o, then, based on classical thermodynamics and using equation
(2.18), the free energy density can be expressed as

l//pore = —Ppore + Sw/-lwplw (632)

(note here: the y . is relative to the volume of the pore space, and pl
is the “partial density”) and its time derivative as

Y pore = = Ppore + S P+ 1 (S 1) 6.33)
According to the Gibbs-Duhem equation (2.21),
Proe = TS,M" = S,pi' 11 (6.34)
and by introducing equation (6.34) into equation (6.33), it leads to

l/./pare :_Tswnlw +,uW(SWprj (635)

6.4.2.2 Reference configuration (solid matrix)

The free energy density of the solid matrix can be derived by subtract-
ing from the free energy density ¥ of the combined material/fluid
system the contribution J@y .. due to the pore water. Using the time
derivative of ¥ pore in equation (6.35) leads to

(\P - J¢v/p0rej = ZV(TE) + pporei) - THs (636)6

where v=J¢ is the pore volume per unit reference volume, and
H, =Jn-J(S,0n") = Jo,n; = Jn, is the reference entropy density
of the solid.

6.4.3 CONSTITUTIVE EQUATION STRUCTURE

The deformation potential density is defined as
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W= (\II - J¢Wp0re) — PporeV (637)

The time derivative of equation (6.37) becomes

W = tr(TE) - THs + l)ppore - Oppore - vppore (638)
= tr(TE) - THA - vppore

Substituting equation (6.36) into equation (6.38) leads to
W = tt(TE) = po0—TH, (6.39)

which indicates that W is a function of E, Ppore, and T, so that the fol-
lowing equations are also obtained:

() o) () e
aEif PporesT ap pore J i aT Eij»ppore

By substituting equation (6.40) into equation (6.39), the expressions of
Wfor T (or T}), v, and H,; may be obtained:

: oW . W . oW
W(E’ Ppore T) = El/ + Ppore +( )
JE, oo T
Y/ ppore T p E;j.T

If equation (6.40) is differentiated with respect to time, the fundamen-
tal constitutive equations for the evolution of stress, pore volume frac-
tion, and temperature can be expressed as

Eij sPpore

(6.41)

Ty = LjuEx — My ppore + SET (6.42)
U= MyE; +0ppore + B,T (6.43)
H, ==S{E; + B, pyore + Z,T (6.44)

where the parameters Ly, M;, Si, Z,, B;, and Q are material-

dependent constants defined by the following group of equations (note:
the derivation process can be found in Appendix 5):
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' aEkl Ppore;T aEl/ PporesT ' appore E;.T aEU PporesT

s = _(BTUJ _ _[aHs J (6.45)
aT Ejj.ppore aEU PporesT

oH, (80) ( oH, ) ( ) )
Z = N B =| — = . Q =
' ( of )Ef/.ppore ! or Eij-ppore ap pore J gy Ip pore J gyt

The matrix format of equations (6.42)—(6.44) can be obtained as

T;j Lijkl - Ml] Sl;’ E kl
D =| M; 0 B, Prore (6.46)
H, -s{ B, Z, T

6.5 COUPLED FIELD EQUATIONS

6.5.1 SOLID PHASE AND POROSITY

Following the same assumption of physical and geometrical lineariza-
tion and small strain as in Section 3.5, and assuming an isotropic rela-
tionship Sg = w70, for the thermal coefficient, the governing stress, and
pore fraction equations, (6.42) and (6.43), can be changed to the form

. 2G . o, :
O-ij = (K - )gkkaij + 2G£ij - gppore6ij + wTT6ij (647)
3 2 3
1
0 =C&i +OPpore + B,T (6.48)
4 5 6

Physical meanings of terms in equations (6.47) and (6.48) are:

* [: Elastic deformation of the solids.
* 2: The coupling term associated with pore pressure, describ-
ing the influence of the pore pressure on the deformation of
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the solids. Note: Since swelling is not considered in this chap-
ter, there is no swelling term present in this equation.

* 3: The temperature coupling term, describing the influence of
the temperature variation on the deformation of the solids.

e 4: Deformation-induced porosity change.

e 5: Pressure-induced porosity change, with only consideration
of pore pressure influence (i.e., B = 0, compared with equation
4.33)).

* 6: Temperature-induced porosity change (e.g., thermal expansion).

The detailed discussion and derivation of parameters (e.g., {, Q, etc.)
can be found in Section 3.5.1. The discussion will be focused on B,
and its relationship with @7, using a similar process to that followed in
Section 3.5.1, for a fully saturated condition.

At equilibrium, when Dpore =0 and d-l.j =0, equation (6.47) can be
simplified to

(k-2 )eus, +262, + 8,0, =0 (649

where @7 is the thermal expansion coefficient of the solid. Since wTT5ij
must exist (i = j), equation (6.48) can be written as

(K - 23(;)8.[(/(5,’,‘ + 2G8” + 5,‘,‘er = O (650)
Since 8; = 3, it leads to
3(1{ - 23c;)ékk +2Gé; +3w;T =0 (6.51)

Because £y = €;;,

. 1 :
8[[ =——00 T 652
o (6.52)

As &; = ﬁST' in which B is the thermal expansion coefficient, it leads

to Dy = _Kﬁ:'
From equation (6.48), when there is no mechanical loading and
Dpore = 0, and by substituting (6.52) into (6.48), this leads to



Thermo-hydro-mechanical coupled modelling with thermal osmosis 177
- _£ . .
V= KwTT+BqT (6.53)

Because €; =0 (when p,,. =0, T=0in equation (6.48) and assuming

L=,

L o7 =—S 0,7 +B,T- 6.54)
K K

By eliminating 7" from the above equation, this leads to the relationship

1 ¢
-—wr=—>0r+B
K ' kK T
and finally to
B, =(1/K)¢ - Doy (6.55)

Equation (6.55) is very similar to the coefficient B (Chapter 3) for
water-molecular induced swelling.

6.5.2 FLUID PHASE

Since the balance equation (equation (2.49) in Section 2.2) for the water
can be described as

(S, )+ V-(pu)y=0
or
S, P O+0(S, P )+ V- (p'u)=0 (6.56)

by substituting equation (6.43) for u into equation (6.56), the control
equation for the fluid phase can be written as

B . 2 Wy w krwk 3
Swplw [ggii + Qppnre + BqT]+ U(Swpl )_ V . (pl |: (VP + rqpl VT)}) = O
8 v T

b1

9

(6.57)
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Physical meanings of terms in equation (6.57) are:

e 7. Water flow caused by porosity change, due to deformation of
the solid, and pore pressure and temperature time-dependent
variation.

» 8 Water flow caused by its mass density and saturation ratio
change.

* 9: Extended Darcy’s law with consideration of thermal osmo-
sis, which is one of the key novelties of the equation.

6.5.3 THERMAL

The balance equation for heat transport can be obtained from the gen-
eral equation (2.62) (refer to Section 2.2) as

(S,0g" +(J =) )+ IV -1+ h,1,)=0 (6.58)

By substituting equation (6.22), and invoking equation (1.21)

(IW = l;p ;) =up,’ |so that equation (6.58) can be rearranged as

(S, 0g" +(1=v)g)+JV - [—Lqp’vp - AVT} +JV-(puC,T)=0
p R —

10 12

11

(6.59)

Physical meaning of terms in equation (6.59) are:

e 10: Thermal density change over time.

e 11: The thermo transport caused by the temperature differ-
ence (conduction), which is an extended Fourier’s law. The
novelty in this term is that the water pressure gradient has an
influence on the conduction process.

e 12: The heat transport caused by convection of the water flow.

6.6 NUMERICAL SIMULATIONS

This section presents a simple numerical simulation to illustrate the
influence of thermal osmosis. Particularly, attention is focused on the
pressure change induced by thermal osmosis.
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6.6.1 MATHEMATICAL EQUATIONS

Mechanical: By considering equations (1.41) and (4.42) in Section 1.3.2
for the average pressure, and assuming the mechanical equilibrium
condition 96 / dx; = 0, equation (6.47) can be rewritten as

2G) 9°d, Pd,  9d, [ cr }
K-== G ! ! Sy w) P
( 3 Joxeox, [axjax,+ax,.axj V| Sty P

aT
axl

=0

(6.60)

Hydro: By assuming the porosity is constant and using the rate of
change of saturation function and the rate of change of water density
function, equation (6.57) can be rewritten as

8 ap,

Supl'CV -d + 8,0 (O + BI PI") Ppore + 0P

knok

+pzw[—V- (Vp+rq’T)lVT)]+BqT =0 6.61)

Considering equations (1.41) and (4.42) for average pressure leads to

V. (v ¥ nupi’ VTJ (C”+¢)apw+Sw(Q+B/p,w)
y K, ) ot
(6.62)

Cc? 9Py . .
Sy +—— Dy *+8.LV-d+BT=0
( ¢p)m Vd+ By

Thermal: By assuming the porosity is constant, and neglecting the ther-
mal coupling term due to pressure, equation (6.59) can be rearranged as

a K} w T
5{[(1 —9)piC, +5,8p1 CW]T} —VIAVT =0 (6.63)
which is the same function as that derived based on Fourier’s law.

6.6.2 DISCUSSION AND COMPARISON

The simplified THM equations (6.60), (6.62) and (6.63) are nearly
the same as those developed via the mechanics approach (Lewis and
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Schrefler, 1987). The major advantage is the inclusion of a nanoscale
thermal osmosis in equation (6.61), which will consequently affect
mechanical deformation.

Considering the more comprehensive equations in Section 6.5 (e.g.,
equation (6.47)), the classic THM is a simplified case without considering
the porosity change and thermal osmosis. Since thermal osmosis is a com-
plicated phenomenon, more research in theoretical and experimental stud-
ies will be needed. The following section will present a simple numerical
example to demonstrate the potential thermal osmosis influence.

6.6.3 MODEL GEOMETRY AND BOUNDARY CONDITION

The geometry of the model (Figure 6.2) is the same as that used in
Chapter 5: a simple (plane strain) experimental setup (0.15 m x 0.3 m)
with an unsaturated geomaterial sample (e.g., unsaturated rock).

Boundary conditions: The top and bottom boundaries are fixed,
stiff, and frictionless, allowing movement only in the horizontal (i.e.,
x) direction. Boundary B is fixed (displacement = 0) and impermeable
for water, whereas boundary A allows free movement and water flow in
and out of the sample.

Initial conditions: An equilibrium state is assumed at ¢ = 0, with an
external force applied at boundary A to maintain the equilibrium (the
initial effective stress = 0). The initial water pressure is p,, =—5 MPa
(t = 0) in unsaturated conditions. The initial temperature in the domain
is 300 K.

Start of the simulation: Similar to Chapter 5 which is focused on
chemical osmosis, the numerical modeling is now focused on the influ-
ence of thermal osmosis, and no water pressure gradient is applied ini-
tially. An external temperature of 380 K is applied to boundary A to
generate a temperature gradient (Figure 6.2). The water pressure in the

Stiff constraint Stiff constraint
f j E j
Free Fixed Boundary conditions| Initial conditions
£ permeable impermeable
| boundary A boundary B p =-5MPa p, =-5MPa
o T =300 to 380K T, =300K
T ] P ]
0.1m

FIGURE 6.2 Model geometry and boundary conditions
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domain is set to =5 MPa, and a constant value of —5 MPa is maintained
at boundary A.
The parameters adopted in the simulation are listed in Table 6.1.

6.6.4 NUMERICAL SIMULATION RESULTS

The temperature distribution over time is illustrated in Figure 6.3. As
heat is conducted from boundary A to boundary B, the temperature
throughout the domain gradually rises. Eventually, the temperature
reaches a stable state. These predictions align with the results derived
from Fourier’s law, as the influence of pressure on thermal transport is
ignored in equation (6.63). This confirms that Fourier’s law represents a
specific case of the more general thermal transport equation for porous
media presented in equation (6.59).

As a result of the temperature gradient within the domain, thermal
osmosis occurs. This phenomenon causes water to move into or out of
the sample, leading to changes in the water pressure. Previous studies

TABLE 6.1
Material parameters
Parameters Physical meaning Values and units
C, Specific heat of solid 835.5 J/kgC
C, Specific heat of water 4,202 J/kgC
ﬁ; Thermal expansion coefficient for ~ 2E-5/K

solid
A Thermal conductivity of solid 1.5 W/mC®
A Thermal conductivity of liquid 1.23 W/m'C®
T, Thermal reflection coefficient 5.21E5®

Table notes: ©: The conduction coefficient A is obtained through A = A, (1 - ¢) + 2,0 ;
@: calculated from the relationship between the thermal reflection coefficient and the
thermal osmotic permeability with 7'= 300 K and relative permeability = 0.927.

Note: The r,is normally determined by experimental studies. Whether the osmosis is
positive (e.g., +1) or negative (e.g. —1) is determined by the chemicals present in
the fluid and the physical/chemical (e.g., ion charged membrane) properties of the
geomaterials.
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have indicated that thermal osmosis-driven water flow typically moves
from regions of lower temperature to higher temperature (Gongalves
et al., 2012).

The evolution of water pressure is depicted in Figure 6.4. Two differ-
ent reflection coefficients r,=35.21E5 or r, =-5.21ES are selected, caus-
ing the water pressure to either decrease or increase within the domain,
respectively. At the early stages, the pressure near boundary A exhibits
more significant changes than that near boundary B due to the higher
temperature gradient at boundary A. As time progresses, the pressure
near boundary A begins to decrease after reaching its maximum value,
while the pressure near boundary B also decreases.

The corresponding displacement changes are shown in Figure 6.5,
reflecting the expansion or contraction of the sample. In contrast to
the traditional mechanics approach (Lewis and Schrefler, 1987), which
predicts no change in pressure or displacement, as indicated by the con-
stant horizontal lines in both Figures 6.4 and 6.5, the constitutive model

380 s = & A
375 b
370 J
3651 E
360 E
3551 —©- Thermal osmosis, t=0.5 h
—+— Thermal osmosis, t=1 h
B 350 —#— Thermal osmosis, t=5 h R
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% 345 —&— Chemical osmosis, t=200 h | |
] 340} -0~ Fourier(1878), t=0.5 h |
Q
£ —+- Fourier(1878), t=1h
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—&— Fourier(1878), t=200 h
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300 L s L L
0 0.02 0.04 0.06 0.08
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FIGURE 6.3 Evolution of temperature with time
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developed in this chapter accurately predicts the thermal osmotic
effects.

Finally, once the temperature reaches a steady state and the tempera-
ture gradient diminishes, the water pressure within the domain returns
to its initial state, and no further water flow occurs. This highlights the
effective role of thermal osmosis in influencing the physical behavior of
porous media under thermal gradients, a key aspect that is not captured
in traditional models.

6.7 CONCLUSION

This chapter has provided a comprehensive derivation of an unsaturated
THM model, incorporating thermal osmosis, within the framework
established in Chapters 3-5. By utilizing the Mixture-Coupling theory,
the chapter illustrates how nanoscale influences in geomaterials can
be integrated into the model, offering a significant advantage over tra-
ditional models derived from mechanics approaches. These nanoscale
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FIGURE 6.4 Evolution of water pressure with time
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FIGURE 6.5 Displacement change induced by thermal osmosis

effects, such as the impact of molecular interactions on material behav-
ior, are often difficult to capture through experimental means, making
this theoretical framework especially valuable in advancing our under-
standing of complex geomaterials.

The focus of this chapter has been primarily on thermal osmosis, and
as such, swelling effects have not been included in the model. However,
the foundation laid here provides a clear path for incorporating swelling
into the model, drawing from the theory presented in Chapters 3 and 4.
By building on this foundation, readers can extend the current model to
include swelling materials, further enhancing its applicability to a wide
range of geotechnical and geoenvironmental problems.

Looking forward, Chapter 7 will build upon this work by explor-
ing the chemical influence within an unsaturated thermo-hydro-
mechanical-chemical (THMC) model, developed within the same
theoretical framework. This extension will allow for a more comprehen-
sive understanding of the coupled processes that govern the behavior of
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geomaterials, particularly in low-permeability soils and rocks, where
chemical interactions and transport processes play a critical role. This
progression will help bridge the gap between fundamental theory and
practical applications in geotechnical engineering, advancing the abil-
ity to model complex environmental systems and improving predictive
capabilities in areas such as waste disposal, soil stabilization, and natu-
ral resource management.

NOTES

1 Since ij. l//dV=I (y +yV-v,) and
dt V() V(1)

d

- edV:J (e+&V-v,)dv,
dt Jvi 70)

using equation (6.7), it leads to

(W+wV-v,)=
40

:I (é+&V-v,=Tn-T(n+nV-v,))dv
V(t)

(é+£V~vs)dV—J- (Tn+nT+TnV-v,)dV

V(1) V(1)

2 The influence of temperature variation on the chemical potential is
ignored here.

3 T’)/:I' .M_Iw,.(m]

b P
. V(-T
v L,=up), Ty=1,- (T )—u~(pr)
L L, VT L L 'VT
4 uz_%(va)_ 1»37=— 1’12 [pr+(1z)P1 :|
(plw) Pi T (plu) Lll T

V W VT L W w V W \74
5L :_LZI[ li )—Lzz():_ 2|p2 (Pl p)—Lzz():
pl T (plw) Pw T
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6 (\P - J¢l//purej : \P - vl/./pure _v/porel)
4

W pore

= [0TE)+ o prser = TIm |~ [ 018 (Suopf ™) - 0TS |

Y pore
I 1
pore

_[_ppore +Swp1 :uw]v

1

pore

= t}"(TE) '*2' ,u'wpw,ref _v,uw(Swp/

pore

j_D(Swpl :u'w)+ppore‘(.)

——
- [TJn - vT'Swn,“’]

1 2

N
= 1r(TE) + fh Pr ey = oo (Sup}”" V) + Pyorc® = T = JOTS, 1} |
. ——
= tr(TE) + ppurel.) - TJTIs
=TH,

Note: Compared with the note 4 in Chapter 4, the bounded mass density van-
ishes as swelling phenomenon is not considered in this chapter. 7Jn, has
been included.
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7 Unsaturated
thermo-hydro-
mechanical-
chemical coupled
model

7.1 INTRODUCTION

Chapters 3 and 4 introduce the use of Mixture-Coupling Theory in
molecular induced swelling, while Chapters 5 and 6 introduce chemi-
cal osmosis and thermal osmosis at the nanoscale. In this chapter,
Mixture-Coupling Theory is used to develop constitutive coupled ther-
mal (7), hydro (H), mechanical (M), and chemical (C) processes in
geomaterials.

The conceptual model of the representative elementary volume
(REV) for thermo-hydro-mechanical-chemical (THMC) is shown in
Figure 7.1: a microscopic region (£2) is selected with the solid phases
attached to the boundary (T") to ensure no movement of solid across the
boundary. The thermo transport caused by the temperature difference
between A and B, the chemical transport due to the change in concen-
tration from ¢, to ¢, and their influence on pore water pressure and
solid deformation are analyzed.

The structure of the THMC formulation based on Mixture-Coupling
Theory remains the same as the structure described in Chapters 36,
demonstrating one of the major advantages of Mixture-Coupling
Theory: a unified theoretical framework for multiphase physical-
chemical coupling.

7.2 ENERGY BALANCE IN THE MIXTURE

The balance of the Helmholtz free energy density combines both inter-
nal energy and dissipative energy.

188 DOI: 10.1201/9780429324925-7
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Temperature A + Chemical ca

[ Temperature B + Chemical c» |

FIGURE 7.1 Conceptual model of THMC coupled behavior in the porous
media

7.2.1 INTERNAL ENERGY AND ENTROPY DENSITY BALANCE EQUATION

For a non-isothermal unsaturated field in the absence of chemical reac-
tions and gas transport, the internal energy density balance equation
may be described as

d
4 gdv=j ov.—T)- dr_j W par (T
i etv=[ o -tomar-[ S ¥ pitin

V() a

Heat carried by fluids (¢r)
each contains k chemicals

where the reduced heat flow (heat by conduction) in equation (6.1) can
be expanded to accommodate multiple phases and chemicals as

=1,-) ) K (7.2)
a k

By using Reynolds transport theorem and divergence theorem, the
local form of equation (7.1) is obtained as



190 Multiphase Flows in Deformable Geomaterials

E+eVov, =Voov, -V I,= ) D HVIj (7.3)
o k

which can be rewritten by wusing the total heat flow,
I,=1I,+ ZZhéjI’g, leading to
o k
€+eV-vy,=V.ov,-V-1, (74)
The entropy density balance equation is

d
— dVZJ -1, -ndl'+ j dv
dt J” Lo g (7.5)

Vit
@ Entropy exchange Entropy production

where I, is the entropy flow described as

L= Y it 1= Y Hah+ Y THiL
— o Tk — a k T a k (76)

I+ EZTnglg
— o k
T

L,

The local version of equation (6.4) can be obtained as

n+nv.-v,=-V-I,+y (7.7)

7.2.2 HELMHOLTZ FREE ENERGY DENSITY BALANCE EQUATION

Since the Helmbholtz free energy density ¥ is defined as y = €17, its
time derivation for non-isothermal conditions (following Chapter 6) is

d d d d
= dV=—J e-T dV=—J st——J Tndv (1.8)
dt v([)v/ dt v([)( n) dt vy dt Jvw n

Using a similar derivation process to footnote (13) in Chapter 1, leads to

Y+ v, =é+eV-v,—Tn-T(7+nV-v,) (7.9)
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Introducing a local form of the entropy balance equation (6.6),
equation (6.9) can be rewritten as

VAW v =€+eV-v,—-Tn-T(-V -1, +7) (7.10)
=£+eV-v,—-Tn+TV-1,-Ty
and

VAW v, —(é+eV-v)+Tn-TV-1,=-Ty <0 (7.11)

7.3 DISSIPATIVE PROCESS IN THE MIXTURE

Here, a macroscopic expression for the dissipation generated by the
frictional resistance at the solid-fluid interface under non-isothermal
conditions can be obtained by using standard arguments of nonequilib-
rium thermodynamics as

Ty =1, VT - Y IV (7.12)
a k
or in the form of reduced heat flow as
_ ’ V(_T) k k,c
Ty =1, +;§Ia V(-p) (7.13)

where —ué is the chemical potential depending on the concentration
of the kth chemical.

If only one chemical and one solvent are considered, equations (7.12)
and (7.13) become (Chen et al., 2018b)

Ty=-1,-VT -1, -Vu, -1.-Vyu, (7.14)
or

Ty =-1, - V(T)

Iw : V#w - Ic : V:u( (715)

where the reduced heat flow, which is the difference between the total
heat flow and the heat flow caused by the water and chemical flux, can
be simplified as

It’l =q- thw - thc
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To discuss the interactions between heat and the multiphase flow, it is
more convenient to use equation (7.15). Substituting the relationship
between mass flux and diffusion flux from equation (1.33),I, = J, + pfu,
into equation (7.15) leads to

V(T
Ty =—u-(pi'Va, + pi V)= 0, Vit = I Vit 41, 20T (716)

In order to obtain a relationship between chemical potential and liquid
pressure, by introducing the Gibbs-Duhem equation (2.22) for the lig-
uid and assuming the temperature influence on nonreactive chemicals
(e.g., water) can be ignored, it leads to

PV, +piVu. = Vp, (7.17)

Substituting equation (7.17) into equation (7.16) results in (Chen et al.,
2018b)

, V(-T
0<Ty=—u-(Vp,)—(J., -V, +J. -V )+ 1, % (7.18)

Since the diffusion fluxes J,, and J, in equation (7.18) have to satisfy
JM’ + J(.' = 0

because there is one independent diffusion flux, the entropy production
(7.18) can be rearranged as

, V(-T
05T7=—u-sz—JC-V(uc—uw)Hq-% (7.19)

By substituting the relationship between g, and u,, in equation (5.13),
equation (7.19) can be rewritten as

0<Ty =(prw)- (-1, -[1 e g, ]— Y g0
Pi Cy acc T

By using phenomenological equations and following similar steps as
in previous chapters, the complete coupling matrix for multiphase
flow with corresponding driving forces (including the major driving
force and the coupled driving force) can be written as (Chen et al.,
2018c),
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ﬁ _kﬁﬂaﬂc kﬁrqp,l

k
v v ¢, Odc v T v
u yZi
Lp; L
J. |=_| fP oD Lr Ve,
. Di T
I, , VT
Lypi

2

piD, A

(7.21)

where
ky; _ Ly
- 2
v (el)
relative permeability;

e 5=—"2 is the chemical reflection coefficient (Heidug and

Lll

Wong, 1996; Staverman, 1951);

; k is the absolute permeability and k,, is the

L
s 1= = is the thermal reflection coefficient (Chenetal., 2013);

Ly p

 L=—-—is the pressure diffusion coefficient for chemical
1

transport;
* Lristhe thermal conduction coefficient for chemical transport;

e D= Lzzl Oe is the dispersion-diffusion coefficient for

Cy p 1 Cc
chemical transport;

e L,= Lap é is the pressure diffusion coefficient for thermal
()
transport;

-D—ﬁﬂ'hd' ion-diffusi fficient f

=\ el o, is the dispersion-diffusion coefficient for

thermal transport, which links to the Dufour effect (Ingle and
Horne, 1973) in Table 2.1;

Ls; . . .
e A= % is the conduction coefficient;

Ly . . . .
. % is the thermal influence on the chemical transport which

links to the Soret effect (Eastman, 1928) in Table 2.1.

Equation (7.21) extends Darcy’s law, Fick’s law, and Fourier’s
law by including the coupled influence. If this matrix is used in
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Mixture-Coupling Theory, the coupled thermo-chemical osmosis for
the THMC model can be obtained (Chen et al., 2020). However, as
this section is to build the foundation for THMC coupling, a simplified
matrix, which incorporates the traditional Darcy’s law, Fick’s law, and
Fourier law, is used:

u K0 o Vo,
A%
JC == i VCC
I 0 piD 0 vr (7.22)
! 0 0 A

7.4 CONSTITUTIVE RELATIONS OF THE MIXTURE
7.4.1 FREE ENERGY DENSITY EVOLUTION PATH OF THE MIXTURE

7.4.1.1 Current configuration

It is assumed that the material maintains mechanical equilibrium, so
that V-0 = 0. By substituting the entropy production equation (7.14)
into the Helmholtz free energy density balance equation (7.11), The
Helmbholtz free energy density balance equation becomes

VAYW v, =é+eV.v, —-Tn+TV I, —(-L,- VT -1, -Vu, - 1. - Vi)

Ty

(7.23)

Since TV I, +1, -VT=V'(TL,),it leads to
YAYV v, =é+eVev, —Tn+ V- (TL)+1, -V, (7.24)

L, -, —L -V,
T

Invoking I,= into equation (7.24) leads to

Iq - ,uqu - ,Lthc )
T (7.25)

Iy

VYV v, =é+eV-v,-Tn+V (T

+IL,-Vu, +1.-Vu,
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which can be rearranged as

VYV -, =s'+sV~vs—T:n+V~Iq—V~(/,LWIW+uwlc)+IW~Vuw+Ic~V/,Lc
=€+eV-v,-Tn+V-I,-u,V-I,—uV-I,

(7.26)

Substituting the energy balance equation (7.4) into equation (7.26)
leads to

v+yW-v,=V.ov,-Tn—pu, V-1, - u.V-1. (7.27)

7.4.1.2 Reference configuration
Multiplying by J on both sides of equation (7.27) leads to

T+ YW v, = IV -0V, I = I,V L= I, VL 590

and by using Y=y v + JyV - v, equation (7.28) becomes
¥ = i(TE)-TIn - Ju, V-1, —Ju.V -1, (7.29)

in which ¥ = Jy is the free energy and T is the second Piola-Kirchhoff
stress.

By substituting Euler’s identity, and the balance equations for I,, and
I. from Section 2.2, equation (7.29) becomes

\P = tr(TE) - TJT[ + ,uwpw,ref + ,ucpc,ref (730)

where

* Duwrr =Jp, =JPp;" is the mass of the water per unit reference
volume;

e Pers =Jp. =JPp; is the mass of the chemical per unit refer-
ence volume.
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7.4.2 HELMHOLTZ FREE ENERGY DENSITY OF THE
PORE WATER AND SOLID MATRIX

The free energy density of the solid matrix can be derived by subtract-
ing from the free energy  of the combined material/fluid system the
contribution Joy . due to the pore water.

7.4.2.1 Current configuration (pore water)

The Helmbholtz free energy density of the pore water, ¥/ ., can be

obtained using equation (2.18) based on classical thermodynamics as
l//pore = _ppore +,ucS1pIC + ,UWSIPIW (731)

and its time derivative as

ll/p(l}’(’ = _ppnre + /JLSIPIC + ,LthIplw + uc (Slplc ) + ,Llw (Slplw) (732)

Also, according to the Gibbs-Duhem equation (equation (2.21), refer to
Section 2.6),

Prore = MSiPf + W, S, 01" + TSimi (7.33)
and by introducing equation (7.33) into (7.32), this leads to

W pore = e (SipF )+ s (Sip1") =T (Sl (7.34)
7.4.2.2 Reference configuration (solid matrix)
From equations (7.30) and (7.34), the following equation can be obtained:
(¥ = JOY o ) = tr(TE) + p,o 0 — TH, (7.35)!
where H, =Jn, =Jn—-J (S,(I)n,l ) is the entropy density of the solid at

the reference configuration and H is the entropy per unit reference vol-
ume of the solid and fluid mixture, given by

H= ((1 -0)m; + S,vn,l) = ((1 -0)piC, + S,vprs)

Note: The relationship between 17, and p, can be found in
equation (2.70).



Unsaturated thermo-hydro-mechanical-chemical coupled model 197

7.4.3 CONSTITUTIVE STRUCTURE
The deformation potential W of the solid matrix is
w :(\P_J¢y/pore)_pporev (736)

Substituting equation (7.35) into the time derivative of equation (7.36)
leads to

W =1r(TE) = TH, = 00z (1377

which indicates that W is a function of E, Ppore, and T, and thus, expres-
sions of W for T (or T;), v, and H, are obtained:

: oW . oW . r°)14 .
W(E,ppore,T) = [—) Eij + [—J ppore + (—) T
oE; o 9P pore i oT

Eij.ppore
(7.38)

the following equations are also obtained:

v ALY I L4 ,HS:—(a—W) (7.39)
aEU PporesT appore Ejj,T aT Eyjsppore

If equation (7.39) is differentiated with respect to time, the fundamental
constitutive equations for the evolution of stress, pore volume fraction,
and temperature can be expressed as

j}i - LijklEkl - Miji]pore + S;IT (740)
1.) = MIJEIJ + Qﬁpore + BqT (741)
H, ==S{E;+ B, ppore + Z,T (7.42)

where the parameters L;y, M, S,_-‘f», Z,, B, and Q are material-dependent
constants defined by the following group of equations (the derivation
process can be found in the Appendix 6)

( oT; ) (aTkl J
Lijkl = =l 54
aEkl PporesT aE,] prore.T

i
appore E,‘j,T aEﬂ P]wresT
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oT;; H
Si;lz( /) :-(a ) (7.43)
oT Eij Ppore oE G/ ppore.T

BHSJ (av) ( JH, ] ( v J
Z = N B =| — = s Q =
! ( aT Ejj,ppore ! aT Ejj.ppore appore Ej,T appore Ej.u

The matrix format of equation (7.43) is

T; Ly —-M; S E,
o |=| My 0 B, Drore (7.44)
H, -S¢ B, Z, T

Equation (7.44) looks the same as equation (6.46), and it does not
include the chemical influence. This is because nonreactive chemicals
do not directly engage with solids (unlike swelling materials or osmotic
function influence), but link only with water transport as an internal
coupling (Chen et al., 2016).

7.5 COUPLED FIELD EQUATIONS

7.5.1 SOLID-PHASE AND POROSITY

Following the same assumption of physical and geometrical lineariza-
tion, and small strain as in Chapter 3 (Section 3.5), the governing stress
and pore fraction equations, (7.40) and (7.41), can be changed to

. 2G ) . . . :
O','j = (K - 7) gkkézj + 2G8,] — Cp,,m&»j + wTT6,] (745)
1
O = z—v“é‘ii + Qppore + BqT (746)
4 5 6

where

* wr =, /3 and B, is the thermal expansion coefficient of the
solid;

* B, is the thermal expansion coefficient. (Note here: The detailed
discussion and derivation of other parameters can be found in
Section 3.5.1. and Chapter 6.)
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Since reactive chemicals are not considered, these two equations are
very similar to equations (6.47) and (6.48). For the purpose of com-
pleteness of the chapter, the physical meanings of the terms in equa-
tions (7.45) and (7.46) have been included as follows:

* 1: Elastic deformation of the solids.

e 2: The pore pressure coupling term, describing the influence
of the pore pressure on the deformation of the solids. Note:
The pore pressure comprises pore liquid pressure and gas
pressure (assumed to be zero).

* 3: The temperature coupling term, describing the influence of
the temperature variation on the deformation of the solids.

e 4: Deformation-induced porosity change.

* 5: Pressure-induced porosity change, without consideration of
swelling influence (i.e., B = 0, compared with equation (4.33)).

e 6: Temperature-induced porosity change (e.g., thermal
expansion).

7.5.2  FLUID PHASE
In the absence of chemical reaction, the balance equation (2.49) for the
liquid is

(vSipf)+V-(piu)=0 (747)

By introducing equations (7.46) and (7.21) for u as

! !
u= —kQVpl —kﬁ—r]pl oM Ve, —k—k'l —rqﬁl vT
v

v ¢, Oc. y

c

the control equation for the liquid phase can be written as

S/P/l (ggii + Qppare + BqT)+v(Slpll)
[SERER—

b1

8
, 1 (7.48)
+V7 . p! {—kk”Vp,—kk’]rlpla‘chc —kk”rqprT}=O
A%

v ¢, odc v T

g
The physical meaning of terms in equation (7.48) are:
e 7. Liquid flow caused by porosity change, due to the

time-dependent variations of the solid deformation, the pore
pressure, and the temperature.
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» 8&: Liquid flow caused by liquid mass density and saturation
ratio change.

* 9: Extended Darcy’s law with consideration of chemical osmo-
sis and thermal osmosis, which is one of the key novelties of
the equation.

7.5.3 CHEMICAL

The balance equation for the chemical transport is equation (2.50) (refer
to Section 2.2), i.e.

(vSipt)éu + piu-Ve, + V-3, =0 (7.49)

By assuming only one chemical is present (c; = c. in equation (7.49)),
and substituting the equations for modified Darcy’s law and chemical
diffusion from equation (7.21), equation (7.49) can be written as

¢, Odc, y
11 (7.50)

I
+v-[— LPi vy, _ p,DVe, —LTVT:| ~0
b r |

I I
Slpfvcf+p,l |:—kkr1Vp,—kk’1rlpla’uCVcc —kﬁ@VT Ve,
— v v T

10

12

The physical meaning of terms in equation (7.50) are:

e 10: Chemical concentration change over time.

e 11: The chemical transport caused by the liquid flow (convec-
tion flux). The novelty in this term is that the chemical and
thermo osmotic flows have been embedded.

e 12: The extended Fick’s law of the chemical diffusion process.
The novelty of this term is that the pressure and temperature
gradient may have an influence on the chemical diffusion
process.

7.5.4 THERMAL

The balance equation for heat transport is equation (2.62) (refer to
Section 2.2), i.e.
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(¢:(1-v)+vgi$ )+ IV (L, + b1, +hI)=0 (7.51)

By substituting equation (7.21) in the form

L 1
1, =—~P.yp, — pID,Ve, — AVT
p
and summarizing all the chemical components into one phase as

N iy =y = g plu, (7.52)

into equation (7.51), it leads to

1
%{[(1 -0)piCs + S,vp,’cf]T}Jr v (L, o D, Ve AVT)
p

13 14

+JV (p;u,ClT) =0

| S
15

(7.53)
The physical meaning of terms in equation (7.53) are:

e 13: Thermal density in a pore changes over time.

e 14: The thermo transport caused by the temperature differ-
ence (conduction), which is an extension of Fourier’s law. The
novelty in this term is that the water pressure and chemical
gradient have an influence on the conduction process.

e 15: The thermo transport by the fluid (e.g., liquid).

7.6  NUMERICAL SIMULATION

7.6.1 MATHEMATICAL EQUATIONS

Mechanical: 1f the mechanical equilibrium condition, 90; =0, is

Xij
introduced into equation (7.45), and considering equations (1.41) and
(4.42) for the average pressure (assuming these equations apply to a
liquid with chemicals), the final equation for the mechanical deforma-
tion is
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0 d, 0 d; 0*d,; C .
(K )Bxk ox; +G(8xj ox; " ax; ax]J CV[(SI * ) pl)p’:|(7.54)
oT
+0r — o, =0
To simplify the discussion, the porosity is assumed to be constant, and
equation (7.46) for porosity change is not used in the simulation.
Hydro: By simplifying equation (7.48) using equation (7.22) for u
(simplified from equation (7.21) by ignoring the chemical osmosis and
thermo-osmosis), and considering equations for the rate of change of
saturation function and the rate of change of water density function
(4.43) (with the assumption that the chemicals do not present significant
influence), the control equation for the liquid phase can be written as

(7.55)

d
SipiEv - d+SzP1(Q+B/P1)Ppore+¢P17+¢1 p/
wwﬂ+@rzo
2\

|: kuk
+p/—'

By substituting equations (1.41) and (4.42) for the average pressure,
equation (7.55) can be rewritten as

k. k aPl
SV -d V- (vp) 4| cr
’ y (Ve ( Ok, )ar (7.56)
P
+S1(Q+B/p1')[S,+CS )aaI;’+BqT 0

Chemical: By assuming that the chemical osmosis and thermo-osmosis
can be ignored (for high-permeability porous media n, = 0 =r,), and the
influence of temperature gradient on c, is zero, equation (7.50) can be
simplified as

S,¢c. —[k o (Vp,):I-VcC —V(LVpl )— DV, =0 (7.57)
4 P

Thermo: If the coupling terms of p; and c. in equation (7.53) are ignored
(and assuming the fluid transport influence term is V - ( p,lu,C,T) =0),
then the same function as derived using Fourier’s law is obtained:

ad

at{[(l 9) piC,+S,9piC | T} -V AVT =0 (7.58)
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where A is the material thermal conductivity.

7.6.2 DISCUSSION AND COMPARISON

The simplified unsaturated THMC coupled model equations (7.54),
(7.56), (7.57), and (7.58) are essentially the same as those developed
via the mechanics approach (Thomas et al., 2001, 2002), establishing
a direct validation of the theory. These equations are simplified with-
out consideration of swelling, chemical osmosis, thermal osmosis, etc.
Relevant research has already been done on the extra features not con-
sidered in the validation (Chen et al., 2018a), which shows the great
advantage of the theory.

For those who are not familiar with THMC coupled modeling, the
following section will again focus on comparing with classic laws
(e.g., Darcy’s law, etc.) and the model previously used as a comparison
(Lewis and Schrefler, 1987).

7.6.3 MODEL GEOMETRY AND BOUNDARY CONDITIONS

The model geometry and boundary conditions are presented in
Figure 7.2 and are similar to those for the models in Chapters 5 and 6:
a simple (plane strain) experimental setup (0.15 m x 0.3 m) with an
unsaturated geomaterial sample (e.g., unsaturated rock) has been ana-
lyzed. Other details are as follows:

Boundary conditions: The top and bottom boundaries are fixed,
stiff, and frictionless, allowing movement only in the horizontal (i.e., x)
direction. Boundary B is fixed (displacement=0), whereas boundary A
allows free movement. Boundaries A and B are both permeable and
allow water to flow in and out of the sample.

Initial conditions: An equilibrium state is assumed at # = 0, with
an external force applied at boundary A to maintain the equilib-
rium. The initial effective stress of the domain is assumed to be
zero. The domain is assumed to contain water at a pressure of —5
MPa with a degree of saturation of 0.97 and has been modelled
using the same van Genuchten relationship as used in Chapter 4.
The initial temperature in the domain is 300 K and the chemical
mass fraction is 0.1.

Start of the simulation: As for the numerical simulations in Chapters
5 and 6, no pressure gradient is applied initially. At boundary A, the
water pressure is set at —5 MPa and remains constant during the model-
ing process. At boundary B, the pressure drops to —10 MPa as in Chapter
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Stiff constraint Stiff constraint
Free Fixed Boundary conditions| Initial conditions | Boundary conditions
permeable rmeable
El boundary A boundary8 P = -5Mpa p, =-5MPa p= -5t0-10Mpa
S T =300 to 380K T, =300K
c=011003 ¢,=0.1
[ ——— —

0.1m

FIGURE 7.2 Geometry and boundary conditions

4. A chemical mass fraction of 0.3 is applied to boundary A (r >0)
to simulate the chemical gradient, and the temperature at boundary A
is increased to 380 K to set up the thermal gradient.

The parameters adopted in this numerical simulation are a combina-
tion of the parameters adopted in Chapters 5 and 6, and are listed in
Table 7.1.

7.6.4 NUMERICAL SIMULATION RESULTS

In this chapter, the classical finite element method has been employed
to solve the governing equations, with results compared to those
obtained using Lewis’s THM (thermo-hydro-mechanical) equation
and fundamental laws such as Fick’s law, Fourier’s law, and Darcy’s
law. This approach demonstrates how these classical equations fit
within the broader framework of the more comprehensive model
developed here.

Figure 7.3 illustrates the evolution of chemical mass fraction
over time. Initially, the chemical mass fraction at boundary A is
increased from 0.1 to 0.3, which drives the chemical transport from
regions of higher to lower mass fraction within the domain. As time
progresses, the chemical mass fraction gradually increases in the
domain. By # = 200 hours, the chemical mass fraction reaches a
steady state, after which it stabilizes. This behavior mirrors the pre-
dictions made by Fick’s Law, as the influence of temperature and
pressure on chemical transport is assumed to be negligible in equa-
tion (7.57).

Next, Figure 7.4 shows the temperature change over time. The tem-
perature evolution follows a pattern very similar to the chemical mass
fraction change, but with a faster rate of temperature change compared
to the mass fraction, given the specific coefficients selected for the sim-
ulation. As with the chemical mass transport, the absence of pressure
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TABLE 7.1

Material parameters (Rutqvist and Tsang, 2004)

Parameter Physical meaning Value and units
k Absolute permeability 2.75E-21 m?
n Dynamic viscosity 8.54E-4 Pa-s
G Shear modulus 239.08 MPa (Sugita et al., 2004)
E Young’s modulus 645.52 MPa
% Poisson’s ratio 0.35 (Rutqvist and Tsang, 2004)
1) Porosity 0.41
4 Biot’s coefficient 1 (assumed)
K, Bulk modulus of solid oo (assumed)
K, Bulk modulus of water 2E3 MPa
R Gas constant 8.314
M. Molar mass 0.0585 kg/mol

Y Density of fluid 998.2 kg/m?
ol Density of solid 2,780 kg/m?
r Chemical reflection 0.2
D Diffusion coefficient 4.48E~10 m¥/s®
m van Genuchten parameter 0.18
M van Genuchten parameter 20 MPa
C, Specific heat of solid 835.5 J/kg°C
C, Specific heat of water 4,202 J/kg°C
B, Thermal expansion coefficient for 2E-5/K

solid

Ay Thermal conductivity of solid 1.5 W/m°C®
A, Thermal conductivity of liquid 1.23 W/m°C®
I, Thermal reflection coefficient 521E5®@

Table notes:

(@ calculated at T'=300 K.
(2 calculated from the relationship between thermal reflection coefficient and thermal
osmotic permeability with T=300K and relative permeability=0.927.

and chemical influences on thermal transport results in predictions
consistent with Fourier’s law.

Figures 7.5-7.7 show the evolution of pressure, saturation, and dis-
placement within the domain. As saturation and pressure are coupled
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FIGURE 7.3 Evolution of chemical mass fraction with time

through the van Genuchten relationship, their trends are closely
aligned, reflecting similar changes over time. Since swelling and
osmotic phenomena, discussed in previous chapters, are not consid-
ered in this simulation, the results align closely with those obtained
using the classical mechanics approach. These results suggest that
the influence of osmotic and swelling effects, when excluded, leads
to a behavior in agreement with traditional mechanical models.

The simulations confirm that classical equations such as Darcy’s
law, Fick’s law, and Fourier’s law are indeed special cases within the
broader framework developed in this chapter. Additionally, the THM
equations derived from the classical mechanics approach provide
a simplified version of the full constitutive equations presented in
equations (7.45), (7.46), (7.48), (7.50), and (7.53). These results dem-
onstrate that the newly developed Mixture-Coupling Theory offers a
more general, comprehensive framework for modeling the behavior
of multiphase, multicomponent, and deformable porous media.
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7.7 CONCLUSION

This chapter builds upon Mixture-Coupling Theory to establish a com-
prehensive, fully coupled unsaturated THMC model. The equations
derived in this chapter, although simplified, retain the fundamental
structure and key insights of the classical mechanics-based models
while introducing more intricate coupling mechanisms and coefficients
that were previously unaccounted for. These advanced couplings pro-
vide a deeper understanding of the interactions between the various
phases and processes within geomaterials. Notably, the model accom-
modates both large strain formulations and small strain as a special
case, offering a versatile approach to modeling complex material
behaviors.

The inclusion of large strain mechanics allows for the develop-
ment of a matrix with symmetric coefficients, ensuring that the model
captures realistic material deformations under a wide range of condi-
tions. Furthermore, by reducing the number of coefficients, this model
exhibits significant advantages over traditional approaches to THMC
modeling, streamlining the computational process while maintaining
accuracy.

The current model lays a solid foundation for further development.
It can be extended to incorporate additional physical processes, such as
chemical osmosis, thermal osmosis, swelling, chemical reactions, and
biological reactions. Each of these processes can be integrated into the
existing framework, following the same rigorous mathematical deriva-
tions used in this chapter. This flexibility makes the model a powerful
tool for advancing the study and application of coupled processes in
geotechnical engineering, environmental management, and other fields
where understanding the interactions between multiple physical phe-
nomena is crucial.

In conclusion, this THMC model represents a significant step for-
ward in the integration of complex physical processes in unsaturated
geomaterials. It offers a more comprehensive and accurate modeling
approach compared to traditional methods, with the potential to address
a wide range of engineering challenges in areas such as waste disposal,
resource management, and environmental remediation. Future research
can continue to refine and extend this model, further enhancing its pre-
dictive capabilities and practical applications.
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NOTES
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Conclusions and
future research

This book presents a unified theoretical framework for multiphase-
multicomponent deformable porous media, termed Mixture-Coupling
Theory. The theory offers several advantages, making it a significant
contribution to the field of porous media research:

1. Bridging multiscale physics and chemistry: Mixture-Cou-
pling Theory effectively addresses the long-standing challenge
of integrating multiscale physical and chemical processes in
porous media. This is achieved by unifying thermodynamic
principles and extending their applicability to a range of
coupled phenomena, including molecular-scale interactions
and macroscopic flow behaviors.

2. Flexibility in model development: The theory provides a
coherent and unified structure, allowing for the development
of constitutive models across various engineering scenarios.
These scenarios include large deformation, porosity evolution,
gas migration, and the interaction of multiple reactive chemi-
cals. The flexibility of the theory allows it to adapt to different
applications in geotechnical engineering, environmental sci-
ence, and other fields involving porous materials.

3. Filling the 100-nanometer gap in geoscience and geoen-
gineering: Mixture-Coupling Theory addresses the gap in
understanding processes at the nanometer scale, a critical area
in geoscience and geoengineering. This theory provides a the-
oretical foundation that could potentially open new avenues of
research, particularly in coupled geomechanics and geochem-
istry, including biochemistry.

While Mixture-Coupling Theory provides a robust foundation for ana-
lyzing multiphase-multicomponent systems, further research is needed
to refine and expand the theory. Based on the author’s experience, the
following directions are proposed for the future development of the
theory:
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1. Large deformation: Although the basic equations for large
deformation have been developed, including those in equation
(3.31), the numerical modeling and coupled influences remain
at an early stage. This research is especially relevant for appli-
cations in landfill design and waste management, where clay
materials are commonly used. The exploration of large defor-
mation coupled with other processes will enhance the model’s
applicability.

2. Moisture and gas transport: The unsaturated model pre-
sented in this book does not account for gas flow, which is an
important consideration for research in shale gas extraction,
landfills, and similar applications. Future work could focus on
the inclusion of gas transport mechanisms to further enhance
the versatility of Mixture-Coupling Theory.

3. Reactive chemistry: This book primarily addresses nonre-
active chemicals, leaving out reactive chemical processes.
Future versions of this theory could include reactive chemis-
try, considering the interactions and transformations between
different chemical species, which are common in many envi-
ronmental and engineering applications.

4. Liquefaction, debris flow, landslides, and nanoparticle
transport: In this book, the assumption is made that solid
phases are attached to the boundary and that no solids move
across the boundary. This assumption can be relaxed to enable
the analysis of solid particle transport, which is crucial for
understanding phenomena like liquefaction, debris flow, land-
slides, and the transport of nanoparticles.

5. Biological and chemical industry applications: While this
book focuses on geomaterials, Mixture-Coupling Theory has
the potential for broader applications, including the analysis
of biological tissues. Exploring the theory’s application in
biological and chemical industries could lead to new research
directions and advancements in tissue engineering and related
fields.

6. Applicability to soft and hard porous media: Mixture-
Coupling Theory can be applied to both soft porous media (e.g.,
soils, clays, biological tissues, fluids) and hard porous media
(e.g., rocks, bones). In large deformation theory, where finite
strains and rotations are involved, the undeformed (reference)
and deformed (current) configurations differ significantly.
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This makes it necessary to move beyond infinitesimal strain
theory (Atkin and Craine, 1976), which Mixture-Coupling
Theory is well equipped to handle.

In conclusion, Mixture-Coupling Theory offers a comprehensive,
adaptable framework for understanding and modeling the complex
interactions within multiphase-multicomponent porous media. The
areas highlighted for future research will allow for the continued
refinement of the theory and its application across a variety of disci-
plines, driving further advancements in both theory and practical engi-
neering solutions.
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APPENDIX 1: FUNDAMENTAL TENSORS

SCALAR, VECTOR, MATRIX, AND TENSOR

A scalar is a physical quantity defined by its magnitude without direc-
tion. For example, in this book, the mass partial density and mixture
density of the crth phase (denoted as ;" and Pu, respectively) are scalars.

A vector describes a physical quantity with both magnitude and
direction. For example, the velocity of the ath phase v, is a vector.

A tensor is a matrix that can be used to describe the physical/chemi-
cal state or properties of a material. A mathematical matrix is an ordered
rectangular array of numbers or symbols. Tensors are described using a
matrix, with an associated physical meaning. For example, the Cauchy
stress tensor © is a matrix described as

O O;1 Opp Op3
o=[o;]=|02|=| 02 0n 0x| (i,j=1 2, and 3) 8.1
G3 031 O3 O3n

where 0,,is a scalar and O, =[07,,012,013] is a vector. An impor-
tant function is that ¢; =, which indicates the Cauchy stress is
symmetric.

The order (or rank) of a tensor determined by the number of sub-
scripts (e.g., i, j in equation (8.1) indicates ¢ is a second-order tensor).
Zero-order tensors are scalars (e.g., mass density P); first-order tensors
are vectors (e.g., V).

The Kronecker delta §; is the derivatives of the coordinate axis
with respect to themselves. For example:

ji*

%:1; Op=-—=0; 63=

5 = _—=
a axl a.x2 aX3

0 (8.2)
d; can be defined as
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{1 @@= }
5 = 8.3)
0@+

where 0 is a scalar value that serves as an identity matrix I,as it equals
1 when i = j and equals O when i # j. The matrix I, is defined as

1 0 O
L=[61=| 0 1 0 (8.4)
0 0 1

Vector and tensor: A and B are second-rank tensors. Two 3x3 matri-
ces for the second-rank tensors A; and Bjx, where the indices i, j, k range
from 1 to 3, are given to demonstrate some key calculation processes:

1 2 3 9 8 7
A= 5 6 and B=| 6 5
7 8 9 3 2 1

1. tr(A) denotes the trace of matrix A, and it is the sum of
the elements (e.g. Ai) on the main diagonal. For example,
tr(A)= A+ Ay + A3 =1+5+9=15.

2. The transpose of matrix A, denoted A", is obtained by swap-
ping rows and columns:

1 4 7
A= 2 5 8
36 9

3. C = ATB is defined as the product of matrices A and B; it is an
i X k matrix, described as

c=| @ = 8.5)
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where

n

Cik = E by = anby +apbyy + ...+ aiby

Jj=1

For example:

The resulting matrix product A"B can be calculated ele-
ment by element:

(1#%9+4%6+7%3) (1*8+4%5+7%2) (1*xT+4%4+7%1)
AB=| (2%9+5%6+8%3) (2#8+5%5+8%2) (2xT+5%4+8x])
(B3%9+6%6+9%3) (B*x8+6%5+9%2) (3*7+6%4+9%1)

54 42 30
= 72 57 42
9 72 54

4. The double inner product (also known as the Frobenius inner
product) of two second-rank tensors A and B is defined as the
sum of the products of the corresponding components of the
matrices A and B.

The double inner product of two matrices is given by the
formula:

A:B=tr(ATB)= EAUBjk (8.6)
i,j.k
This represents a scalar quantity. For example,

54 42 30
Since ATB=| 72 57 42 |, therefore

90 72 54
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A:B=tr(A"B)=54+57+54=165

APPENDIX 2: MATHEMATICAL
PROOF OF EQUATION (3.15)

Since
T=JF'oF " andE = %(FTF -1,

by using

E:%(FTFJFFTF) and F=F-Vv’,

the following relationship can be established:

TE=JF'oF " 1 (F'F+F'F) = % (F'oF "F'F+F 'oF "F'F)
= % (oF "F" +F'oF) = J

5 (oF "F'Vv,+F'6FVv,)=Jc" Vv,

8.7

APPENDIX 3: MATHEMATICAL DERIVATION
OF EQUATIONS (4.27) AND 4.28)

The derivation process for equation (4.28) is very similar to that fol-
lowed in Chapter 3, except for replacing pw with Ppore. To provide a
complete chapter for readers, as well as a reference for later chapters
in unsaturated conditions, some of the major derivation processes are
listed as:

aw

Since T; = ( 3E
.

J , using differentiation by the chain rule
Ppore st

leads to
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oT; o[ oW d oW J
aiew e =2 =|-S-w 8.8
ot a;(a;:,,l " (8E,-j(az )),, . (BE,-]( )] ®5

Ppore \Hw

Substituting equation 4.23 in equation (8.8) leads to

wel] A o)
14 E ij 'Ppore tw El] Ppore sHw Eij Pporeskhw (89)
. ap bound ,ref y
P pore ( Py Ei/« - My
poresHtw

Comparing equation (8.9) with equation (4.24) leads to

oT; Jv 9 Pound
Ly =| =2 M, = |8, = —| Fhound.ref.
: ( IE; ) : ( IE; Jﬂpme M : ( JE;

Ppore sHw

Ppore sHw

Note: Other derivations are as follows:

0P pore

aa(aw) (a(aw)J (aw)
N at at app()re Ezj,,uw appore at Ezjj,/lw app()re Eij,,uw

Sl AL )
at appr)re EI] Ay appr)re EI] Ay appore EI/ Ay

. 8pb d .
ppgre+[ ound ref ‘uw
Eijfw

TU= —( oW J , using differentiation by the chain rule leads to
Eij.tw

a P pore

'M.:_( IT; J Q:[ v ] Bz(aphouﬂdﬂf]
ij appore Ej fw apﬂore Eyj ot appore Ej i
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oW
oL,

J , using differentiation by the chain rule
Eij.ppore

O pbound,ref = _(

leads to

. OPvound.res _ _ 9 [ OW _ [0 W, _ (oW
a al at a,uw Eyjppore a;uw at Ejjppore a'uw Ejj.ppore

apbound,ref aW :_(aTk] ] E+{aUJ
at a,lvlw ij sPpore a,lJ“w Eij sPpore a‘llw Eg'/ >Ppore

p +(apbound,ref J #
pore w
M Jp

. S = —(%) B :( av ) 7 :(_aph”“”dfef)
' auw Eij.ppore a/'LW Eij.ppore a'LLW Eij.ppore

APPENDIX 4: MATHEMATICAL DERIVATION
OF EQUATIONS (5.36)-(5.38)

Since T}; = (Ba;,VJ , using differentiation by the chain rule leads to
i I

oy _ 9 oW J_ W
ji_ Y9 — - W 8.10

Ppore 'pore

Substituting equation (5.33) in equation (8.10) leads to

o, o, () .
- - E 8.11)
ot [aE,,( )l (aE,,l e [HEU)E Prore

Therefore,

pore

Tij = LijklEkl - Mijppore (812)

where
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aT; v
L =| -1~ M, =
ijkl (BE,}) ) s ij (aEUJ ‘ (813)

oW
Since U = _(ap] , using differentiation by the chain rule leads to
pore Ej

dv__9f aw | _ [ 9 W) _ [ W ) gy
at at appore E;i appore at E;i appore E:

Substituting equation 5.33 into equation 8.14 leads to

a_v:_( aW ) :_( aZj ) E+( al) J ppw.e (815)
at appore Ej appure Ej appore Ej

1) = MUEU + Qppnre (8.16)
where
T.
Mij:_(aav ) ’Q:(aav J 8.17)
P pore Ej P pore Ej
T.
The proof of M; =— RS [ in equations (8.13) and
ap pore Ej aEz] Ppore
(8.17) can be described as follows:
M_[E)v] B a(aw} B a(aw)
=] = = =2 [ =7 - 9
aE,-j o pore aE,j appare £y -~ aE,] appore E; e
__ oW
0P pore OE;;
Mo 9T} __|_9 [oW ___IW
! appore Ej ap]mre aEl] appnre aEI

pore
Pp Eji
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APPENDIX 5: MATHEMATICAL DERIVATION
FOR SECTIONS 6.4.3 AND 7.4.3

Following a similar process to that in Section 3.3.3 as follows, the con-
stitutive relationship of equation (6.46) can be obtained (Note: As swell-
ing is not considered in Chapters 6 and 7, the deformation potential
equations are the same.):

Equation (6.39) is described as

W =tr(TE) = p0, 0 — TH,

where W is a function of E, Ppore, and T, and the following equations
are obtained:

PO AL ISR LU ,sz—(aw) 8.18)
aEij PporesT ap pore JEy.m or Eij.ppore

Therefore, expressions of W for & , v, and H, may be obtained:

W(E’p ()re9T) = al El + al p ore + al T
’ IE; "o e\ ar
v PporesT pp()re Ej, T Eij.ppore
8.19)
or as
W = tr(TE) - por,0— TH, (8.20)

Equation (8.18) may be differentiated with respect to time to give

. dT; Jf oW 0 JdwW d .
];.. = vy 2 = ——(—/— =l =W
ij ot ot ( aEii ]p . [E)EU ( ot )l; , (BEU ( )l) )

f,:av:_a(an z_(a(aw)] (aw]
at at app()re E;.T ap]mre at Ej.T appore E;.T

8.21)
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(B (w
oT ~ ot By ppoe oT

By substituting equation (8.19) into the equation group (8.21), the fun-
damental constitutive equations for the evolution of stress, pore volume
fraction, and entropy density of the solid can be expressed as the group
equations:

w2 2]
! Elj 'Ppore,T Elj Ppore,T Ey 'Ppore,T

ppore _ (ai] T
aE"j PporesT

at appore Ey,T app()re Ey.T app()re Ej,T (8.22)
ppore +[ aHS J T
appare Ey.T
oH, _ oW :_(%) E+(a—v)
ot oT i Ppore T Jey sy o ey

. oH, .
ore + : T
i P pore

For convenience, Equation (8.22) can be written in matrix format as
follows:

Lo __a()
oo ot\aT

Ejj,ppore Ejj.Ppore
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S S O R ()

T oE; Ppore.T oL, Ppore.T PporeT Ey

| ) ) ( )
ODpore ) \OPpore )y 1 OPpore )y, 7 e

R I N € N 5
oT Eij,ppore or Eij.ppore Ejj.Ppore

(8.23)

The matrix function of equation (8.23) describes the relationship
between variables T,,,v H, and Ey, ppo,e,T. The matrix that links these
two groups of variables is called the coupling matrix for the open ther-
modynamic system. There are nine parameters in this matrix, and the
next step is to discuss the relationships defining these coefficients.

Substituting equation (8.18) into the coupling matrix leads to

(ar,., ) | o |[ow FW
aEkl ppore-T aEkl BEU ppore T aEkl aEl/ pporesT
Ppore>

= (aTk{ = Lyju

- - Hi
aEl] Ppore:T

_[a_v _ L( aw] (aiw] —_wm,
aEU Pooret aE,/ appm BT 8pp0re aE,j T v

PporesT

_( aT; J | o (aw] __( PW ] u

ap,,m Ey.T ap,,m aE,, Ppore.T . app(;m aEl/ r y

[E’H) {2 {(2) :( oW ) i
aEl] Ppore,T aE'J aT Ejj.ppore aElj BT v

Ppore>T Ppore
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(BL) R i B NI B
or Jp,, | oT |\ 9E; - \orog, ) Y
1 »Ppore PporesT Ejppore Ppore
(8.24)
( oH, J _|a (aw) [ W J 5
app()re Ej.T app()re aT Eij Ppore . ap,,,,,e aT E; K
(2) 2 (oW ),
aT Ejj.ppore - aT appore Ej.T . - aTappore Ej -
ij s Ppore
_( v ) _ |0 _( W :( O W ] o
appnre E,,,T appnre appore E,/,T . appﬂrﬂ2 E,],T

oH, d ( ow ) *wW
= — = — 5 = Zq
a ), , or\ \or ), , a ),
ij,Ppore j »Ppore E ij . Ppore

i, Ppore

Equation group (8.24) demonstrates the interrelationship between the
coefficients and also concludes that some of these coefficients are equal
in value. Note that the matrix reduces by almost one half the number of
coefficients that need to be determined, thereby partly addressing the
challenge of too many coefficients for coupled analysis. Incorporating
equation (8.24) in equation (8.23) and using simple symbols to replace
the complex coefficients lead to

Ty = LyjuEy = Myppore + S{T (8.25)

V= M;E; +Oppore + B, T (8.26)

H, = ~S{E;j + B, ppore + Z,T (8.27)
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