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Abstract

The present thesis is concerned with the finite-dimensional output feedback control of
linear time-invariant infinite-dimensional systems with bounded control and measure-
ment. This system class contains a variety of linear parabolic, hyperbolic, and bihar-
monic distributed-parameter systems with spatially distributed inputs and outputs, as
well as some time-delay systems. For these systems an observer-based compensator,
i.e., a dynamic output feedback control, is designed by the early-lumping approach.
The concept of this approach is to use an approximation of the infinite-dimensional
system as the basis for the design of the compensator, which enables to apply the well-
known methods for finite-dimensional systems. The impact of the neglected system
dynamics on the closed-loop behavior, commonly referred to as spillover, is an inherent
shortcoming of the approach that might lead to instability. Usually, this problem is
tackled by iterating the compensator design and the closed-loop analysis with a more
and more precise approximation until an acceptable control performance is achieved.
It is the intention of this thesis to extend the early-lumping-based compensator design
method such that the undesired side effect of the model reduction can be diminished
more systematically and efficiently. Thereby, approaches both for continuous-time and
discrete-time control are presented. In contrast to most contributions dealing with
the early-lumping approach the system operator is not assumed to have a discrete

spectrum.

In the continuous-time case spillover reduction is achieved by employing fictitious out-
puts of the infinite-dimensional plant, which are reconstructed by means of so-called
output observers of finite order. Since these outputs contain less contributions of the
neglected dynamics than the actual outputs of the plant that are available by measure-
ment, the spillover becomes reduced if a fictitious output, instead of the plant output,
is used as compensator input. For quantifying the resulting spillover suppression the
spectrum of the closed-loop system is analyzed in detail. Under the assumption that

the system operator is similar to a normal operator this leads to an estimate for the



spectrum perturbation, that is caused by the spillover. It is shown that this estimate
decreases exponentially with respect to the order of the output observers. Addition-
ally, the structure of the closed-loop spectrum is analyzed, leading to the result that
this spectrum coincides with the closure of the set of eigenvalues under fairly mild

assumptions.

The spillover reduction approach for continuous-time control can also be applied for
sampled-data systems in an adapted form, to which end discrete-time output observers
have to be added to the control loop. In addition, two further approaches for dis-
crete-time control are presented which require the system operator to be a Riesz-
spectral operator. Their central idea is to utilize either a specially adapted hold device
or sampling device. These are designed such that the contribution of the neglected
dynamics to the system output becomes small at the sampling time instances. The
sampled-data system has therefore a transfer behavior that comes arbitrarily close to
that of a finite-dimensional system. Thus, the spectrum perturbation can be suppressed

to an arbitrary extent, for which an estimate is provided.

The approaches are based on state space representations of the approximation and the

neglected dynamics, for which modal approximations are considered.



Zusammenfassung

Diese Arbeit befasst sich mit dem Entwurf endlich-dimensionaler Regelungen fiir lin-
eare, zeitinvariante unendlich-dimensionale Systeme mit beschrankten Stelleingriffen
und Messungen. Diese Systemklasse umfasst eine Vielzahl linearer parabolischer, hy-
perbolischer und biharmonischer Systeme mit ortlich verteilten Ein- und Ausgingen,
sowie eine Klasse von Totzeitsystemen. Die Regler fiir diese Systeme werden mithilfe
des “early-lumping”’-Ansatzes entworfen. Bei diesem Verfahren wird das zu regelnde
unendlich-dimensionale System durch eine Approximation angenahert, auf deren Ba-
sis die Regelung ausgelegt wird. Hierzu kénnen die iiblichen Verfahren fiir endlich-
dimensionale Systeme angewendet werden. Die als Spillover bezeichnete Auswir-
kung der vernachlassigten Streckendynamik auf das Regelkreisverhalten stellt eine
grundsétzliche Schwache des Verfahrens dar. Dieser wird tiblicherweise dadurch begeg-
net, dass dem Reglerentwurf eine Analyse der Regelkreisdynamik folgt und der Entwurf
gef. fiir eine erhohte Approximationsordnung wiederholt wird, bis sich eine zufrieden-
stellende Regelkreisgiite einstellt. Ziel der Arbeit ist es, die “early-lumping”-basierte
Entwurfsmethode so zu erweitern, dass der unerwiinschte Nebeneffekt der Modellver-
einfachung systematischer und effektiver reduziert werden kann. Hierfiir werden Ver-
fahren sowohl fiir zeitkontinuierliche als auch fiir zeitdiskrete Regelungen vorgestellt.
Anders als in fritheren Arbeiten zum “early-lumping”-Ansatz ist die betrachtete Sys-

temklasse nicht auf Systemoperatoren mit diskretem Spektrum beschrankt.

Im zeitkontinuierlichen Fall wird eine Spillover-Reduzierung durch Verwendung fik-
tiver Systemausgénge erzielt, welche mittels sogenannter Ausgangsbeobachter endlicher
Ordnung gewonnen werden. Da diese Ausgangsgrofien einen geringeren Beitrag der ver-
nachlassigten Dynamik enthalten als die durch Messung verfiigharen Systemausgénge,
wird der Spillover-Effekt verringert, wenn ein solcher fiktiver Ausgang anstelle des
Streckenausgangs in den Regler eingespeist wird. Zur quantitativen Bewertung der
erzielten Spillover-Abschwéachung wird eine detaillierte Analyse des Regelkreisspek-

trums angestellt. Dies fiihrt zu einer Abschatzung der Storung dieses Spektrums,

Xi



welche durch den Einfluss der vernachliassigten Dynamik verursacht wird. Als Ergeb-
nis zeigt sich, dass eine obere Schranke der Storung exponentiell beziiglich der Ordnung
der Ausgangsbeobachter verringert wird. Dabei ist vorauszusetzen, dass der System-
operator durch eine Ahnlichkeitstransformation in einen normalen Operator iiberfiihrt
werden kann. Desweiteren zeigt eine Analyse der Struktur des Regelkreisspektrums,
dass dieses unter wenig einschréinkenden Annahmen dem Abschluss der Menge der

Eigenwerte gleicht.

Auch fiir Abtastregelungen léasst sich das Spillover-Reduktionsverfahren aus dem zeit-
kontinuierlichen Bereich in angepasster Form anwenden, wozu zeitdiskrete Ausgangs-
beobachter in den Regelkreis eingefiigt werden. Zusétzlich werden fiir zeitdiskrete
Regelungen zwei weitere Verfahren vorgestellt, wobei der Systemoperator als Riesz-
Spektraloperator vorauszusetzen ist. Deren Grundidee besteht darin, entweder ein
spezielles Halteglieder oder ein spezielles Abtastglied zu verwenden. Diese werden
so entworfen, dass der Beitrag der vernachlassigten Dynamik zum Systemausgang
zu den Abtastzeitpunkten vernachlassigbar wird. Das Abtastsystem besitzt dadurch
ein Ubertragungsverhalten, welches dem eines endlich-dimensionalen Systems beliebig
nahegebracht werden kann. Dies hat zur Folge, dass die Storung des Regelkreis-
spektrums beliebig klein gemacht werden kann. Eine Abschitzung der verbleibenden

Storung wird angegeben.

Fir die Verfahren werden Zustandsmodelle der Approximation sowie der vernach-
lassigten Dynamik herangezogen, wobei speziell von modalen Approximationen des

unendlich-dimensionalen Systems ausgegangen wird.
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Chapter 1
Introduction

Many processes in the fields of engineering and physics as well as chemistry and biol-
ogy are dynamical systems whose dynamics depend both on the time and on one or
several spatial coordinates. Such systems are commonly called distributed-parameter
systems. In contrast to their counterpart, the lumped-parameter systems, whose be-
havior can be described by a finite number of scalar variables, the system variables of
distributed-parameter systems are elements of an infinite-dimensional function space.
These systems belong therefore to the so-called class of infinite-dimensional systems
which in addition covers also the class of time-delay systems. This thesis is concerned
with the finite-dimensional output feedback control of linear time-invariant infinite-
dimensional systems with bounded control action and measurement. An introduction

to the description of such systems is given, e.g., in [46, 51, 67].

The eigenvalue assignment problem for the control of linear distributed-parameter sys-
tems by dynamic output feedback has been a wide field of research during the last
decades. The restriction to finite-dimensional control, that is essential for the appli-
cation because infinite-dimensional control laws cannot be implemented directly, is a
particular challenging issue. An overview of finite-dimensional control approaches for

linear distributed-parameter systems can be found in [5, 37, 42, 51].

It is a widely spread engineering practice to design a compensator, i.e., a dynamic
output feedback control, on the basis of a system approximation. At first glance,
this so-called early-lumping approach seems to be the easiest way of a compensator de-
sign for infinite-dimensional systems because a variety of well-developed approximation
methods and their software implementations are available, and once the approximation

has been computed one can proceed with the established design techniques for lumped-



1 Introduction

parameter systems. Of course, since a part of the system dynamics is neglected for the
compensator design, the control loop may have an unintended behavior. This negative
impact of the neglected system dynamics, which even may destabilize the closed-loop
system, is known as spillover and was studied intensively during the 1970s and the
1980s (see [3, 4, b, 8, 105]).

A self-evident possibility to deal with the spillover is to reduce the approximation
error sufficiently by increasing the approximation order. In this way the spillover
can always be made marginal. However, besides the shortcoming that the resulting
compensator order may be undesired high, this approach, though being rather simple
from a conceptual point of view, is not easy to deal with in theory in a satisfying way. In
particular, an a priori bound for the required compensator order is not available and the
design procedure may require several iteration steps consisting of computing a more
accurate approximation and redesigning the compensator. The overall method can
therefore not be regarded systematic. Although some approaches have been suggested
for reducing the spillover (see [13, 31, 105]) the mentioned general difficulties have not

been overcome yet.

This is the reason why new concepts such as the late-lumping approach (see [11, 12,
42, 46]), the direct approach (see [38, 50, 121, 122]) and the robustness-based design
approaches (see [23, 42, 46]) have been developed during the 1990s. It is the concept
of the late-lumping approach to design an infinite-dimensional compensator first and
to approximate it for the implementation in a second step, where the reduction causes
spillover similar to the early-lumping approach. The other two approaches, in contrast,
avoid the spillover problem at heart by designing the compensator finite-dimensional
right from the beginning so that no approximation is involved. Nevertheless, the
early-lumping approach still plays an important role for the engineering practice which
certainly comes from the fact that its application does not require a deep theoretical

background.

It is therefore the intention of this thesis to adhere to the basic idea of early-lumping—
to design a compensator on the basis of a finite-dimensional model instead of the
infinite-dimensional plant—but to modify the underlaying finite-dimensional model
such that the impact of spillover is reduced. This leads to the system analytic problem
to identify and characterize the influence of spillover, and to the synthesis problem
to extend the classical early-lumping approach such that an efficient and systematic

spillover reduction is achieved. The considerations in the thesis for addressing these



1.1 Problem formulation and contribution of the thesis

problems make use of some basic concepts of functional analysis and the Hilbert space
theory, more specifically. However, the bare application of the proposed approaches

does not require a deep insight into this field.

1.1 Problem formulation and contribution of the thesis

This thesis is concerned with the design of finite-dimensional compensators for infinite-
dimensional linear time-invariant systems on the basis of the early-lumping approach,
where both continuous-time and discrete-time compensators are addressed. The gen-
eral objective is to extend the classical approach such that the spillover phenomenon
can be handled more systematically, whereupon a low order of the controller dynamics
is desired. For this aim different approaches are developed in this thesis, one for con-
tinuous-time control that can be adapted in a straightforward manner to sampled-data
control, and two alternative approaches for spillover reduction in discrete-time domain.

These techniques can be summarized as follows.

Spillover reduction approach for continuous-time control

The basic degree of freedom, that is used for spillover reduction in the continuous-time
domain, consists in combining the infinite-dimensional plant with a suitable finite-
dimensional dynamic extension and to design an observer-based compensator for the
resulting extended system. In this way, the actual control synthesis can still be done
in the classical way but only the system to be controlled is modified. For determining
a suitable extension the fact is used that certain fictitious outputs of the infinite-
dimensional system can be reproduced by means of a finite-dimensional dynamical
system that is named output observer (see [56]). These fictitious outputs have the
advantage compared to the plant outputs available by measurement, that they are less
affected by the neglected dynamics. In consequence, the effect of spillover is reduced
when such reconstructed outputs are used for the compensator instead of the mea-
surable outputs. This basic idea can be employed repeatedly by accomplishing the
output reconstruction multiple times, whereby the detrimental impact of the system
reduction is successively diminished. A class of reconstructible fictitious outputs is
identified and a method for the reproduction is given. These results have been pub-
lished in [55, 56, 77]. A compensator design approach that makes use of a fictitious

output is presented subsequently.
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In order to end up with a systematic approach it is necessary to analyze the spillover
reduction in a quantitative way. To this end, the spectrum of the closed-loop system
operator is examined, that determines the behavior of the control loop essentially, as
is well-known. Studies on the perturbation of the closed-loop spectrum can be found
in [40, 68]. However, in both references the assumptions are too restrictive for the
purpose of this thesis and the results do hardly give any advice for spillover avoidance.
In this work a simple estimate for the perturbation of the closed-loop spectral points is
found that is used as a measure for the spillover effect. On the basis of this result it is
shown that by using a fictitious output for the compensator the spectrum perturbation
of the control loop is reduced exponentially with respect to the order of the output
observers. Therefore, this spillover suppression method turns out to be more effective
than the classical practice to increase simply the approximation order which may lead
to a comparatively high compensator order. Finally, an a priori estimate for the overall
order of the controller dynamics is given that guarantees certain performance criteria.
This concept and the results have been presented in [55, 76, 80, 81].

Spillover reduction approach for discrete-time control

It is not surprising that the spillover reduction method for continuous-time control can
be applied in an analog way when the early-lumping approach is applied to sampled-
data system. This yields also in the discrete-time domain an efficient suppression of
the spectrum perturbation. Since the adaption of the approach for continuous-time
control to the discrete-time case is straightforward, it is not discussed in the thesis.
Instead, two alternative methods are presented that make use of the observation that
sampled-data systems provide degrees of freedom for spillover reduction that are un-
available in the domain of continuous-time control. These are related to the choice of
the hold device and sampling device that are added to the plant in order to constitute a
sampled-data system. The commonly used zero-order hold, that keeps the last control
vector of the compensator constant during the current sampling interval, is replaced by
a more general type of hold device. Its output equals in the single-input case a certain
hold function which is weighted by the control value that the compensator has gener-
ated at the last sampling time instant. Since the hold function is a step function, it
can be implemented easily, for which a zero-order hold can be used that operates with
a higher sampling rate than the compensator. Alternatively, the commonly used sam-
pling device, that simply takes the plant output vector at the sampling time instances

and passes them to the compensator, is replaced by a more general sampling device.



1.2 Outline of the thesis

It takes the system output at several time instances within the current sampling in-
terval and computes the weighted sum of these measurements. At each sampling time

instance the resulting sum is passed to the discrete-time compensator.

For suppressing the spillover the observation is used that the hold function and the
sampling function can be chosen such that the error between the output of the approx-
imation and the infinite-dimensional plant at the sampling time instances becomes
arbitrarily small. Thus, the spillover can be reduced without increasing the approxi-
mation order or the compensator order, where, in doing so, the implementation of the
general hold device or general sampling requires additional efforts, compared to the use
of a zero-order hold and standard sampling. The closed-loop dynamics is analyzed as
in the continuous-time case and an estimate for the spectrum perturbation is provided.

These concepts are addressed in [78, 79].

Generalization of the system class

It is a further objective of the thesis to generalize the early-lumping approach to sys-
tems with accumulation points in their spectra. This is motivated by the fact that
mechanical structures with Kelvin-Voigt damping, which make up a relevant system
class in the applications, possess such accumulation points (see [73, 101]). This gen-
eralization impacts particularly the spectral analysis. Almost all contributions in the
literature concerning the early-lumping approach consider systems whose spectra con-
sist solely of isolated eigenvalues. These systems do not have any accumulation points
since if the eigenvalues accumulate, the closed-loop spectrum contains additional spec-
tral points that are not eigenvalues. Since all kinds of spectral points are responsible
for the system’s stability it is essential to include also the additional spectral points in
the analysis. Therefore, the examination of the closed-loop spectrum’s structure is a

main issue of the thesis which leads to a detailed characterization.

1.2 OQOutline of the thesis

Chapter 2 provides in the first section some fundamentals for applying the classical
early-lumping approach. Since the considerations in this thesis refer to state space
representations of infinite-dimensional systems some basics of such models are summa-

rized. Afterwards, the considered system class is defined and the state space models
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for some applications are determined that are used in subsequent chapters. Modal
approximations are employed throughout the thesis for the system reduction. For
that reason this type of approximation is reviewed in the second section of Chapter 2.
Subsequently, the classical finite-dimensional compensator design by the early-lumping
approach is summarized in the third section, for which observer-based compensators
are considered. Finally, the closed-loop spectrum is analyzed in the last section of
Chapter 2 which leads to a characterization of the spillover impact on the controlled

system.

The new finite-dimensional compensator design approach is presented in Chapter 3 that
combines the classical early-lumping design scheme for observer-based continuous-time
control with the proposed spillover reduction technique. To this end, the reconstruction
of fictitious outputs by means of output observers is demonstrated in the first section.
Afterwards, the actual compensator design approach is addressed in the second section
which makes use of fictitious outputs. Both closed-loop structures with a single output
observer and with a cascaded setup of output observers are considered. In the last
section of Chapter 3 it is shown that the spillover reduction approach enables to sup-
press two different kinds of spillover, namely the observation spillover and the control

spillover.

Chapter 4 is concerned with the design of digitally implemented compensators that
thus operate in the discrete-time domain. In the first section of this chapter some
basics of infinite-dimensional sampled-data systems are summarized, and the system
class considered for discrete-time control is defined. The classical early-lumping based
compensator design approach for such discrete-time systems is discussed subsequently
in the second section, wherein also the closed-loop dynamics is analyzed in terms of

the spectrum structure and spectrum perturbation.

Finally, the spillover reduction approaches for discrete-time control systems are pre-
sented in Chapter 5. While the use of general hold devices is subject of the first section,
the second section makes use of general sampling. Besides presenting design methods

for these devices estimates for the closed-loop spectrum perturbation are given.



Chapter 2

The early-lumping approach for

continuous-time control

The design of compensators for linear distributed-parameter systems on the basis of a
finite-dimensional approximation is a classical technique. This so-called early-lumping
approach enables to use an arbitrary synthesis method for finite-dimensional systems
which is why this approach is still wide spread. The early-lumping approach has
been studied intensively during the 1970s and the 1980s (see the overview in [5] and
(3, 4, 8, 105]).

On the one hand reducing the infinite-dimensional system to a finite-dimensional ap-
proximation has the obvious merit that the design step is particular simple. On the
other hand this method entails the shortcoming that the neglected system dynamics
may affect the behavior of the closed-loop system in an undesired way, which even may
lead to instability of the closed-loop system. This phenomenon, known as spillover, is
analyzed, e.g., in [2, 14, 105]. Since the spectrum of the closed-loop system operator
is an essential characteristic of the controlled system with regard to the stability and
control performance, it is reasonable to analyze the spillover impact in terms of this
spectrum. It turns out that all eigenvalues are shifted away from the desired locations
on the complex plane, due to the neglected system dynamics. This perturbation of
the spectrum has been studied in [40] and [68]. Unfortunately, the characterization
in [40] is fairly involved and does therefore hardly give any advice for a stabilizing
compensator, and the latter reference is restricted to special applications and yields

estimates that are in many cases very conservative.

For that reason the early-lumping approach is reviewed in this chapter and an estimate
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for the spectrum perturbation, i.e., an upper bound for the deviations of the closed-
loop eigenvalues caused by spillover, is presented. It is shown that this estimate is
proportional to the norm of a perturbation operator that is related to the neglected
system dynamics. The estimate allows not only to assure the closed-loop stability
but also to guarantee performance criteria such as a minimum stability margin and

damping.

Another reason why the early-lumping approach is analyzed from a new perspective is
that most of the contributions in this field confine to system operators with discrete
spectra. These do therefore not apply to systems with accumulations in the spectrum,
such as, e.g., mechanical structures with Kelvin-Voigt damping (see [73, 101]). When
the system operator is restricted to have a discrete spectrum the closed-loop system
operator’s spectrum again is discrete and thus consists solely of isolated eigenvalues.
In the general case, however, the structure of the spectrum, i.e., the decomposition
into the point spectrum, which is the set of eigenvalues, the continuous spectrum, and
the residual spectrum is more involved. The behavior of the controlled system depends
on the spectral points of all three categories for which reason it is essential not only to
consider the eigenvalues but to identify also the remaining spectral points. Therefore,
the decomposition of the closed-loop spectrum is analyzed. As a main result of this
chapter it is shown that for a fairly large system class the whole spectrum of the
closed-loop system operator always equals the closure of the set of eigenvalues. As a
basic conclusion it is sufficient to concentrate on the eigenvalues in order to analyze

the closed-loop behavior.

The discussion of the effects of the neglected system dynamics become particular simple
when modal approximations are used for the compensator design because the infinite-
dimensional system dynamics separates then into two decoupled subsystems in a natu-
ral way, namely the modal approximation and the decoupled residual dynamics. There-
fore, the early-lumping approach using this type of approximation is presented in this

chapter.

The chapter is organized as follows. In Section 2.1 some fundamentals of infinite-
dimensional state space models are reviewed and the considered system class is de-
fined. In particular, systems with bounded input and output operators are assumed
which simplifies the considerations significantly. In addition, some examples are con-
sidered which will be referred to repeatedly later on. The computation of modal ap-

proximations is summarized in Section 2.2, and Section 2.3 addresses the classical
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finite-dimensional observer-based compensator design by the early-lumping approach.
Finally, the resulting spillover is discussed by analyzing the closed-loop spectrum in
Section 2.4.

2.1 Continuous-time state space representations

The compensator design and the analysis of the closed-loop behavior will be presented
throughout the thesis for a certain class of state space models, namely for the class
of state linear systems. This fairly well-known representation of infinite-dimensional
systems is reviewed in the following subsection. Afterwards, important properties,
such as, e.g., the solvability of the state equation and the stability of the system are
addressed in the Subsections 2.1.2 and 2.1.3. In Subsection 2.1.4 some important sub-
classes of state linear systems are discussed and the system class, that is considered for
the time-continuous control, is defined. Finally, the section ends with some examples

of state space models for standard applications.

2.1.1 State linear systems

Distributed-parameter systems are often described by partial differential equations
(PDEs), where the describing variables depend on both the time and the spatial co-
ordinates (see, e.g., [102]). These models have therefore a different form compared to

the state space representations

In(t) = Az, (t) + Bu(t), t>0, x,(0)=ux,0€eC" (2.1)
y(t) = Cx,(t), t>0 (2.2)

with u(t) € RP, y(t) € R™, and z,(t) € C" of finite-dimensional linear systems whose
state depends only on the time ¢. The analogy to these systems can be recovered for
infinite-dimensional systems by using a suitable function space as state space X, which
is the linear space that the state belongs to for all ¢ > 0, instead of C™ that is commonly
used in finite dimensions. A simple example of such a function space is the Lebesgue
space Lo(a,b) of complex-valued functions f : [a, b] — C that satisfy ff |f(2)]?dz < oo,
wherein [a,b] describes the spatial domain of the system. The state x(¢) represents
then for every time instant a function that depends on the spatial coordinate z € [a, b].

However, from the set-theoretic point of view, z(t) is just an element of the state
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space, i.e., x(t) € X, Vt > 0, for which reason the spatial argument is omitted in
the notation. Therefore, the linear time invariant (LTI) infinite-dimensional systems

considered throughout this thesis have the form

Y &(t) = Ax(t) + Bu(t), t>0, z(0)=x0€X (2.3)
y(t) = Cx(t), t>0 (2.4)

which apparently is formally almost the same as in the finite-dimensional case. Of
course, instead of the matrices A, B, and C in (2.1)-(2.2) the operators A, B, and
C in (2.3)—(2.4) are more general linear maps. The system operator A commonly
contains spatial differential operators that correspond to the spatial partial derivatives
appearing in the models on the basis of PDEs. Therefore, A can be applied only
to functions that are sufficiently smooth which means that the domain' D(A) of A
is a subset of X. For the systems to be considered the input operator B maps the
(possibly vector-valued) input u(t) € RP, p € N, onto a function Bu(t) € X and the
output operator C maps the state onto the (possibly vector-valued) output y(t) € R™,
m € N, typically by means of an integral operator. Besides the set-theoretic point of
view from which z(t) is an element of X, the geometric perspective plays an important
role for generalizing to the infinite-dimensional case. As for finite-dimensional state
space models the elements of X and thus z(¢) appear from that point of view to be
vectors that can be assigned a length by a norm || - ||x. In addition, it is useful for
many considerations to describe the relation between two vectors by aid of an inner
product (g, h)x with g,h € X. Therefore, the state spaces considered in the sequel
consist not only of a function space but of a (complex) Hilbert space* for which an
inner product and the induced norm ||h|x = \/{h,h)x, h € X, are defined. At first
glance, the model (2.3)—(2.4) does not contain any boundary conditions that are part of
PDE-based models. However, the boundary conditions are embedded in the definition
of the domain D(A). This is demonstrated in the following simple example, where a

state space model of a one-dimensional heat conductor is determined.

L The domain D(M) of an operator M : D(M) C Hy +— Hj consists of all elements of H; for that
the application of M is defined.

2 A linear space H over C, in which an inner product (-,-) is defined, is called a complex Hilbert
space if it is a Banach space with respect to the induced norm ||h||g = /{h,h)u, Yh € H, i.e.,

every Cauchy sequence in H has its limit w.r.t. to || - ||z in H.

10
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Example 2.1-1 (1-D heat conductor)

The system to be considered is a heat conducting rod with length ¢, heat conductivity
w, effective heat capacity ¢ and density p (see Figure 1). The temperature ¥(z,t) along
the spatial coordinate z € [0, ¢] is described by the heat equation

09(z,t) = %8319(2’, t)+ %b(z)u(t), t>0,z€(0,0) (2.5)

with the initial condition

¥(z,0) = Jo(2), z €0,/ (2.6)
(see [91]), wherein the abbreviation J) = a% is used. At both ends of the rod Dirichlet
boundary conditions

9(0,t) =9, t) =0, t>0 (2.7)

are considered. The input wu(t) represents the heating power of a heat source with a
spatial distribution that is described by b : [0,¢] — R. Finally, a temperature sensor

provides the weighted average temperature

¢
y(t):/O I(z,t)c(z)dz (2.8)

with weight ¢ : [0, ¢] — R which is used as the output of the system. If the temperature
V¥(z,t) is used as the state x(t) := (-, ), the system (2.5)—(2.8) can be described by
a state space model (2.3)—(2.4) on the complex state space X := L5(0,¢) (for the
definition of Ls(0,¢) see Appendix D) which is known to be a Hilbert space with the

inner product

(9. h)x = (g, )1 = / g(2)h(2)dz (2.9)

u(t)
Igheat source

temperature

Wz, t)

[ 1e(z) [ 1b(2)
9(0,t) =0 —=} CA=— 9(4,t) =0
+— temperature sensor [
z=0 \T|y(t) z=/

Figure 1 — One-dimensional heat conductor with temperature distribution ¥(z,t).
The input u(t) is the power of a heat source, and the output y(t) is the

average temperature at the sensor surface.

11
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which induces the norm |[|hl|x = ||h]|z, == \/foé |h(2)|2dz. Tt is easy to verify that the

corresponding operators A, B, and C are then given by

Ah = Cﬁpdih, Vhe D(A) = {h € Hy(0,0) ‘ h(0) = h(0) = 0} (2.10)

Bv = ibv, VveC (2.11)
cp

Ch=(hc)x, VheXx, (2.12)

in which djf = % is used as shorthand notation (for the definition of the Sobolev space
H(0,¢) see Appendix D). It is important to note that the domain D(.A) reflects the
boundary conditions (2.7). In addition, the requirement h € Hy(0,¢) within the defi-
nition of D(A) assures that A is applied only to functions that are twice differentiable

w.r.t. z in the weak sense. <

2.1.2 Solution of the state equation

The state space model (2.3)—(2.4) is meaningful only, if the abstract initial value prob-
lem (abstract IVP) composed of the state equation in combination with the initial
condition (see (2.3)) is well-posed, i.e., it has a unique solution which depends con-
tinuously on the initial state and on the input trajectory. In order to discuss this
question the homogeneous case, i.e., u = 0, is considered for the time being. Then,
well-posedness of the abstract IVP is ensured if the semigroup® S(t), t > 0, which is
the map defined by

2(t) = S(t)ro,  Vt>0, Vo € X, (2.13)

has the property to be strongly continuous, i.e., lim;_o4 [|S(t)zo —z0||x =0, Yo € X.
In this case S(t) is said to be a Cy-semigroup and A is the corresponding infinitesimal
generator of the Cy-semigroup.  Thus, A will be assumed to be such a generator
throughout this thesis so that the homogeneous abstract IVP is well-posed. In order
to make sure that the same is valid also for the inhomogeneous abstract IVP the

following assumption is used.

3 A one-parameter semigroup or just semigroup is a map S : Ry — L(X) that satisfies S(t; +t2) =
S(t1)S(t2), Vi1, ta > 0, where L(X) is the space of bounded maps on X.

12
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Assumption 2.1-2 (Boundedness of the input and output operators)

The operators B : CP +— X and C : X — C™ are assumed to be linear and bounded?

so that they have the representations

p
Bu = [bl bp} v=">" b, Vv eCr (2.14)
=1
(h,01>X
Ch=1| : |, VheX (2.15)
<hacm>X

with the input distribution functions by, bs,...,b, € X and the output distribution
functions ¢y, ¢, . . ., ¢ € X (for (2.15) see [92, Thm. 3.8-1]). Furthermore, by, bo, ..., b,

are assumed to be linear independent, and the same is assumed for ¢q,co,...,¢pn. <

This assumption combined with the property of A to be an infinitesimal generator of
a Cp-semigroup has the consequence that the considered systems belong to the class
of state linear systems (see [46]). It is well known that the abstract IVP is therefore
well-posed not only in the homogeneous but also in the inhomogeneous case. To be
more precise, (2.3) has a unique mild solution x(t), ¢ > 0, that can be shown to be
continuous with respect to ¢ for every input trajectory u € L,([0,7];RP), 7 >0, ¢ € N
(see [46, Lem. 3.1.5]; for the definition of L, see Appendix D). For the heat conductor

considered in Example 2.1-1 Assumption 2.1-2 is discussed next.

Example 2.1-3 (1-D heat conductor, continued)

If the input distribution function b(z) in Example 2.1-1 is non-vanishing on an interval
of the z-axis, the heat power enters the system in a spatially distributed way which
is why this type of input is called distributed control. Similar, if the output distribu-
tion function ¢(z) is non-vanishing on an interval of the z-axis, the sensor action is
distributed which is referred to as distributed measurement. Clearly, when b(z) and
¢(z) are real-valued bounded functions on [0, ], one has b,c € X = L(0,¢). Since
the the input and output operators B and C according to (2.11)—(2.12) have the form
(2.14)—(2.15), Assumption 2.1-2 is satisfied in this case. In some applications the size

4 A linear operator M : D(M) = Hy — Hs between two normed spaces H; and Hs with norm
Il - |z, and || - || &, respectively, is called bounded if a constant C' € R exists such that ||[Mh]/ g, <
C|\h|| &y, Yh € D(M), holds.

13
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of the heat source and the sensor are so small compared to the length ¢ of the rod
that it is natural to model them as they would act only at a single point. The heat
source is then called a point actuator at position g € [0, /] and the sensor provides a
point measurement at position v € [0,¢]. In fact, this situation can be described by
setting b(z) = 03(2) and ¢(z) = 0,(z), with d.(z) denoting the Dirac delta function®
centered at (, since then the heat enters the system only at the point 5 and the heat
power amounts to fog b(z)dzu(t) = foz ds(z)dzu(t) = wu(t), and the output becomes
y(t) = foz Iz, t)c(z)dz = f(f VU(z,t)0,(z)dz = J(v,1) as intended. In the same way also
point actuations and measurements at the boundaries—so-called boundary control and
boundary measurement—can be described. However, since d¢(z) € L2(0,¢), ¢ € [0, 4],
Assumption 2.1-2 is violated for this type of input and output distribution functions
and it is therefore not possible to describe the dynamics by a state linear system as is
assumed for the considerations in this thesis. Instead, the larger class of reqular linear
systems can be used that provides a profound theory for systems with point actuation
and point measurement (see [44, 130] and the references therein). This approach how-
ever requires advanced efforts for the analysis of the well-posedness (see, e.g., [27]). It
is therefore in most cases easier to approximate the delta functions by small rectangular
shaped functions b(z) = 5-1s_c g1¢)(2) and ¢(2) = £ 1jy—cr1(2) with e > 0, where

1[(17C2}(z> = { Loooze Kl’@] (2.16)

0 : else

is the characteristic function. In this way it is achieved that Assumption 2.1-2 holds.

<

An explicit expression for the solution z of (2.3) can be determined if the eigenvectors
¢i, 1 € N, of A have a certain property. The eigenvectors are defined as the non-trivial

solutions of the eigenvalue-eigenvector equation

with )\; denoting the eigenvalue that corresponds to ¢;. For determining the solution
x of the state equation it is assumed that {¢;,7 € N} constitutes a Riesz basis, which

is the case in many applications of practical interest. Such a basis is defined as follows
(see [46, Def. 2.3.1]).

5 The Dirac delta function §¢(z), z € R, has the defining properties ¢(z) = 0 for all z € R\ ¢ and
7. 6¢(2)a(z)dz = a(C) for any continuous function v : R +— C.

14
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Definition 2.1-4 (Riesz basis)

Suppose that a set {v; };en of vectors v; € X satisfies both of the following two condi-

tions:
1. spamcy{vi} = X

2. There exist constants m, M > 0 such that

N N N
mY > <D ik <MD ol (2.18)
=1 =1 =1

is satisfied for arbitrary but square summable «; € C, i.e., > oo |oi|* < oo, and

for an arbitrary N € N, in which m and M have to be independent from .

Then, {v;,7 € N} is called a Riesz basis for X. |

One can show that a Riesz basis satisfies (2.18) also for the limit N — oo, i.e., one has

mY il <Y awillk <MD oyl (2.19)
=1 =1 =1

for square summable a; € C. Note, that the equalities in (2.19) hold with m = M = 1 if
{v;,7 € N} is an orthonormal basis for X since the generalized theorem of Pythagoras
can be applied. For a general Riesz basis, however, only the inequalities hold with
m, M > 0. The left inequality implies that the vectors v; are linearly independent
and the right inequality guarantees that any linear combination is contained in X,
provided that > 7, |a;|* < oo holds. This, combined with spam,cy{v;} = X, assures
that any element of X can be represented as a unique linear combination of these
vectors. Thus, if the eigenvectors ¢;, ¢ € N, of A are a Riesz basis, every element

h € X has the expansion

h=> (hv)x¢, VYheX (2.20)

i=1

(see [46, Lem. 2.3.2]), wherein {¢;,7 € N} is the (unique) biorthonormal sequence

associated with {¢;,7 € N}, i.e.,

1 1=

(Dis V) x = 0y = { 0 ¢ olso (2.21)

15
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with &;; denoting the Kronecker symbol®. An explicit expression for the solution x(t)

of system X can be obtained by inserting

o0

() =Y (@), i) x (2.22)

i=1

into (2.3). Using the eigenvalue-eigenvector equation (2.17) and relation (2.21) one can

show that the state trajectory x(t) is given by

x(t) = Z e (o, i) x i + Z Z/o D (T)dr (by, Vi) x i, >0, 29 € X
=1

i=1 j=1

(2.23)
(see [46, Example 3.1.8] and [51, Sec. 2.2.2]), wherein u;(t) denotes the j-th element of
the vector u(t). Remember that for this expression a state linear system was assumed
whose system operator has an eigenvector Riesz basis. Without analyzing the conver-
gence of the infinite sums in detail it is obvious that the eigenvalues \; have to satisfy
Ao = sup;cy Re A; < oo because one has divergence for any ¢ > 0 otherwise. In fact,
this condition is necessary for generators of a Cy-semigroup in general. Observe, that

(2.23) is analog to the solution

n n p t
l’n(t) = Z €>‘it<l’0, wi>(cn’l}i + Z Z/ 6)\i(t_T)Uj(7')d’T<bj, wi)(C”'Uia t 2 O, xo € Cn
i=1 0

i=1 j=1

(2.24)
of a finite-dimensional system (2.1)—(2.2), wherein v; and w; denote the eigenvectors
of A and XT, respectively, that are related to the eigenvalues \; and \;, and b; is the
j-th column of B. Comparison with (2.23) shows that the eigenvalues influence in both
cases the solution and thus the dynamics in the same way. Particularly, the system’s
stability depends essentially on the eigenvalues which is addressed more in detail in

the next subsection.

6 If {¢;,i € N} is an orthonormal sequence, i.e., {¢;, ¢i)x = dij, 1, j € N, the biorthonormal sequence
is obviously simply given by ¢; = ¢;, @ € N. The eigenvectors of A are in fact orthonormal
(after normalization), if A is self-adjoint or skew-adjoint (see [89, Sec. V 3.5]). If {¢;,i € N} is
non-orthonormal but the eigenvalues are solely simple, the corresponding biorthonormal sequence
{1s,7 € N} can be determined by computing the eigenvectors ;, i € N, of the adjoint operator A*
(see Appendix C), where 1; corresponds to the eigenvalue \; of A* with \; denoting the eigenvalue

of A that corresponds to ¢;. That these vectors ¥;, i € N, infact satisfy (2.21) after suitable scaling
follows from A; (¢, V) x = (Adi, dj)x = (@i, AP;)x = Nj (@i, ¥j)x and \; # A for i # j.

16
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2.1.3 Exponential stability

A state linear system and its Cy-semigroup are said to be exponentially stable if its

norm decays exponentially w.r.t. the time, which means that
||S(t)l’0||x < CQWtH[L’()Hx, Vit > 0, Virge X (225)

has to hold for constants C' > 1,w < 0. Since S(t)x has the meaning of the homoge-
neous solution of the state equation (see (2.13)), the Cy-semigroup can be determined

for systems with eigenvector Riesz basis by inserting u = 0 into (2.23), yielding
w(t) = S(t)wo = Y Mao,hi)xdi,  t >0, mp € X. (2.26)
i=1
A simple calculation gives

IS@)aolli < MY e (o, i) x|’

i=1
Aot |2 - 2 M Aot\2 2
< M"Y [(wo, ¢i) x| < () ol (2.:27)
i=1

wherein (2.19), (2.22), and A\ = sup,, <y Re A; have been used. Hence, one has

M
[S(@)zol[x <4/ Et?/\ot”xo”)(- (2.28)

Comparison with (2.25) shows that the system is exponentially stable if A\g < 0. Thus,
a necessary condition for stability is that all eigenvalues of A are located in the left half-
plane as it is well-known from the finite-dimensional case, whereas they may not come
arbitrarily close to the imaginary axis. This remains true also for system operators
without eigenvector Riesz basis. However, in contrast to the finite-dimensional case,
the spectrum o(A) of A may in general contain not only the eigenvalues \; but also
additional spectral points which also influence the system’s stability. For discussing

this more in detail, 0(A) is decomposed into three disjoint parts
o(A) =0,(A)Uo.(A)Uo.(A), (2.29)

where the point spectrum o,(A) contains all the eigenvalues, and the continuous spec-
trum o.(A) and the residual spectrum o,.(A) contain additional spectral points. All

A € 0(A) have in common that the equation

(M — A)g=h (2.30)

17
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cannot be solved uniquely for arbitrary h € X. If A is an eigenvalue, i.e., A € 0,(A),
an eigenvector ¢ € X exists such that (A — A)¢ = 0 holds, implying a loss of the
uniqueness of (2.30). This relation shows that A\ — A loses its injectivity” whenever
A is an eigenvalue of A, which therefore can be considered the basic property of an
eigenvalue. Spectral points A belonging to the residual or the continuous spectrum in
contrast are defined by the requirement that the range® ran(AI — A) does not cover
the whole state space so that (2.30) has no solution for any h € X \ ran(Al — A). In
other words, these spectral points A € 0,(A) U o.(A) can be characterized by A\ — A
losing the surjectivity? but being injective. Finally, the difference between o,(A) and
o.(A) is that for A € 0.(A) one has ran(A\ — A) dense'® in X which means that an
arbitrary small change of h € X \ ran(A] — A) suffices for (2.30) to be solvable. In
contrast, this is not possible for A € 0,(A) since ran(Al — A) is then not dense in X
(see [92]). For completeness, (2.30) is solvable for arbitrary h € X if A belongs to the
resolvent set

p(A) == C\ a(A) (2.31)
so that the resolvent (operator) (A\I — A)~! is a bounded operator that is defined on
whole X if A € p(A).

In summary, not only the eigenvalues but all spectral points in ¢(.A) must necessarily
have negative real parts and may not come arbitrary close to the imaginary axis for
S(t) to be exponential stable. A quantitative characterization of the behavior of Cp-
semigroup is its growth bound wy, which is the infimum of all real numbers w for that
(2.25) holds. For system operators with eigenvector Riesz basis (2.28) makes apparent

that the growth bound is given by wy = A\g. However, the relation

wop = sup ReA (2.32)

Aeo(A)
may not hold in the more general case without eigenvector Riesz basis. If it does hold,
A and S(t) are said to satisfy the spectrum determined growth assumption (SDGA).

In view of the above reasoning the following statement is immediate.

" An operator M : D(M) = H; — H, is said to be injective if the implication Mg = Mh = g = h,
YV g.h € Hy holds. This is equivalent to the implication g # h = Mg # Mh,Vg,h € H;.

8 The range ran M of an operator M : D(M) C Hy +— Hy is the image of D(M) under M, i.e.,
ranM = {g € Hy|3h € D(M) : g = Mh}.

9 An operator M : D(M) = Hy — H, is said to be surjective if for any g € Ho it exists at least one
element h € D(M) such that Mh = g.

10°A subspace V of a Hilbert space H is said to be dense in H if its closure V satisfies V = H.

18
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Proposition 2.1-5

Suppose that A is the generator of a Cy-semigroup. If the eigenvectors of A constitute

a Riesz basis, then A satisfies the spectrum determined growth assumption.

Since the subsequent chapters discuss the compensator design by the eigenvalue as-

signment method it is reasonable to assume that A satisfies the SDGA.

2.1.4 Classes of system operators

The considerations in the subsequent chapters simplify when the system operator is

restricted to a certain system class that is established now.

Besides the discussed properties of operators A with eigenvector Riesz basis these

operators have the pleasant representation

Ah=A (i( % X(bz) Z)\ wz X¢17 Vhe D(A) (233)

i=1

which is called modal decomposition (see (2.17) and (2.20)). An important class of
such operators are the Riesz-spectral operators. These are particular important be-
cause they have some properties that avoid technical difficulties on the one hand and
appear in many applications on the other hand. Their definition is given next (see [46,
Def. 2.3.4]).

Definition 2.1-6 (Riesz-spectral operator)

Suppose that a linear operator A : D(A) C X — X, whose domain D(.A) is dense in
X, has the following properties:

1. A is closed!!,

2. the eigenvalues );, i € N, of A are isolated'? and simple,

1 An operator M : D(M) C H; + Hs is said to be closed if for every sequence hy, € D(M) such that
hy, converges in Hy and Mhy, converges in Hs one has h := lim hy, € D(M) and lim Mhy, = Mh.

12°An element s of a subset S of a metric space (V,d) is called isolated if an € > 0 exists such that
d(s,5) > e holds for every § € S\ s. In particular, an eigenvalue \; € 0,(A) is isolated if an € > 0
exists such that |A\; — A| > ¢ holds for every A € g,(A) \ ;.
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2 The early-lumping approach for continuous-time control

3. 0,(A) is totally disconnected, i.e., no two points a,b € 0,(A) with a # b can be

joined by a continuous open curve lying entirely in o,(.A)",
4. the eigenvectors ¢;, i € N, of A form a Riesz basis for X.

Then, A is called a Riesz-spectral operator. <

An important property of these operators is, that although their eigenvalues are isolated
they may accumulate. That means that the point spectrum o,(.A) contains convergent
sequences, whose limits are called accumulation points. Different from the eigenvalues
Ai, each of which has a neighborhood that entirely belongs to the resolvent set p(.A), the
accumulation point does not have such a neighborhood because the eigenvalues come
arbitrarily close to it. Therefore, 0,(A) is discrete'* while m is not. Besides the
fact that the eigenvectors of Riesz-spectral operators form a Riesz basis by assumption

so that these operators satisfy the SDGA, their spectrum has the properties

o(A) =, (A) =, i €NT (2.34)
o (A) =10 (2.35)

(see [46, Thm. 2.3.5] and [73, Thm. 2.8]). This is important because it is therefore

sufficient to consider the operator’s eigenvalues in order to analyze the stability of the

generated semigroup S(t) since (2.32) and (2.34) imply that the eigenvalue criterion
supRe \; <0 — S(t) is exponentially stable (2.36)
ieN

is valid. A Riesz-spectral operator is the infinitesimal generator of a Cy-semigroup if its

eigenvalues satisfy sup;.y Re \; < 0o. This situation is assured if the sector condition
1
JaeRe€(0,1n): 0,(A)C S, = {A eC ‘ jarg(a — X)| < 57 g}, (2.37)

is satisfied, i.e., a sector S, . with € > 0 as depicted in Figure 2 can be found such that
it contains all eigenvalues of A. Therefore, the following operator class is important

for the considerations in this thesis.

13 Let M be a set. Then, M has the meaning of the closure of M. If M is in contrast a complex

number, M denotes the complex conjugate of M.

14 A subset S of a metric space is called discrete if each element s € S is isolated. In particular,
S C C is discrete if for every s € S an € > 0, depending on s, exists such that |s — 3| > ¢ holds for
every § € S\ s.
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2.1 Continuous-time state space representations

b iIm A

Figure 2 — Sector S, . related to the sector condition.

Definition 2.1-7 (Sectorial Riesz-spectral operator)
Suppose that a linear operator A : D(A) C X — X, whose domain D(.A) is dense in
X, has the following properties:

1. The eigenvalues \;, i € N, of A satisfy the sector condition (2.37),

2. the eigenvalues \;, i € N, are isolated and simple,

3. m is totally disconnected,

4. the eigenvectors ¢;, i € N, of A form a Riesz basis for X.

Then, A is called a sectorial Riesz-spectral operator. <

Different from Definition 2.1-6 there is no closedness requirement for sectorial Riesz-
spectral operators. In fact, this property is implied by the Items 1 and 4 of Defini-
tion 2.1-7. If the sector condition holds even for a sector angle ¢ > 0 it is assured

that A generates a Cy-semigroup that is analytic!®

. This plays an important role in
Section 2.3 for the SDGA w.r.t. the closed-loop system. This leads to the following

statement that is proven in Appendix A.1.

Proposition 2.1-8

15 8(t) is said to be an analytic Co-semigroup if it is a Cop-semigroup that is defined for t € A =
{z e C : |argz| < 0} U{0} with 0 < 0 < 7/2 and S(t) is an analytic function w.r.t. ¢ € A\ {0}.
Since xp(t) = S(t)zo is the homogeneous solution of (2.3) this implies that xj is smooth in the
sense of xj, € C*°(0,00). An example of analytic Cy-semigroups are those corresponding to heat
conduction systems, where the smoothness of the solution can be motivated by the pronounced

low-pass character of these systems.
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2 The early-lumping approach for continuous-time control

If A is a sectorial Riesz-spectral operator, then it is a Riesz-spectral operator that is
the generator of a Cy-semigroup. Moreover, if the sector condition holds for € > 0,

then the generated Cy-semigroup is analytic.

So far, it has been argued that system operators A will be considered in the following
chapters that generate Cy-semigroups and that satisfy the SDGA. For simplifying the
considerations concerning the continuous-time control it turns out to be helpful to
impose some additional restrictions on the spectrum o(A). These are summarized in

the following assumption that thereby defines the considered operator class.

Assumption 2.1-9 (Properties of the system operator)

A:D(A) C X — X is assumed to have the following properties:
1. A is the infinitesimal generator of a Cy-semigroup.
2. A satisfies the spectrum determined growth assumption.
3. The spectrum o(A) of A satisfies all the following conditions:
a) o,(A) consists solely of isolated eigenvalues with finite multiplicities,
b) o,(A) is totally disconnected,

c) o.(A) =10,

While the Items 1 and 2 have been explained already above the Items 3a-3d concern-
ing the spectrum of A are satisfied by most of the system operators relevant for the
applications and are needed to avoid technical difficulties. Particularly, systems with
A being a Riesz-spectral operator and time-delay systems have these properties (see
Definition 2.1-6 and [46]). The task to check the items of Assumption 2.1-9 is simplified
if A is a sectorial Riesz-spectral operator by the following statement that immediately

follows from the mentioned properties of these operators.

Proposition 2.1-10

If A is a sectorial Riesz-spectral operator, then A satisfies Assumption 2.1-9.
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2.1 Continuous-time state space representations

In some applications —A belongs to the more specific class of Sturm-Liouville operators
which have the following form (see [106, Def. 7.5.1]).

Definition 2.1-11 (Sturm-Liouville operator)

Let p : [a,b] = R, ¢ : [a,b] — R, and p : [a,b] — R be continuous functions such
that p(z) > 0 and p(z) > 0 for all z € [a,b], and dp/dz is continuous. Then, a linear

operator of the form

1 d dh
Ash =~ (2 (4 F@) + a0 (239
D(-ASL) = {h € H2(a’ b) ‘ O‘a%(a) + ﬁah(a) =0, ab%(b) + 5bh(b) - O}> (239)

with (aq, ) # (0,0) and (o, 5y) # (0,0) is called a Sturm-Liouville operator. <

It can be shown that A is a sectorial Riesz-spectral operator if —A is a Sturm-Liouville
operator (see [49, Lem. 1] and [106, Thm. 7.5.6]). Using this makes it particularly
simple to check Assumption 2.1-9 by aid of Proposition 2.1-10.

Example 2.1-12 (1-D heat conductor, continued)

For the system operator A in Example 2.1-1, defined in (2.10), —A satisfies (2.38)—
(2.39) fora =0,b =14, p(z) =1, p(z) = Cﬂp, q(2) =0, =0, B, =1, a4 = 0, and
By = 1. Thus, —A is a Sturm-Liouville operator and hence A a sectorial Riesz-spectral

operator. Therefore, A satisfies Assumption 2.1-9 according to Proposition 2.1-10. <«

Next, the state space models for some applications are established and shown to belong

to the assumed system class.

2.1.5 Examples of state space models

In this subsection the state space models of a heat conducting plate, an Euler-Bernoulli
beam with structural damping, an Euler-Bernoulli beam with Kelvin-Voigt damping,
and a time-delay system are determined. These models will be used repeatedly in
the subsequent chapters. The first example, examining a heat conducting plate, is in

many aspects similar to the one-dimensional heat conductor considered before. The
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2 The early-lumping approach for continuous-time control

difference is however, that now two spatial coordinates have to be taken into account.

Example 2.1-13 (Heat conducting plate)

A rectangular heat conducting plate as shown in Figure 3 is considered. The tempera-
ture U(z1, 22, t) along the two spatial coordinates z; € [0, 1] and zy € [0, 7] is described

by the state space model
x(t) = Ax(t) + Bu(t), t>0, 2(0) =20 X (2.40)
y(t) = Cx(t), t>0 (2.41)
with the state x(t) = 9J(-,-,t) on the state space X = Lo(Q2) with Q@ = (0,1) x

(0,7), which is known to be a Hilbert space with the usual inner product (u,v)y =

(u,v) o) = [Jou(21, 22)v(21, 22)dz1dzs. The operators A, B, and C are given by

oh  Ph
Ah= 53+ 5 Vhe D(A) = {he Hy () ‘ b= o} (2.42)
Bv = b, VveC (2.43)
Ch = (h, c)x, VheX (2.44)

(see [91]), in which I" := 02 denotes the boundary of the plate, and Hy(2) is defined
in Appendix D. The input distribution function b(z1, 22) and the output distribution

function ¢(z1, z2) are bounded functions that characterize the distribution of the heat

i

29(21, Zg,t)

21

S

Figure 3 — Heat conducting plate with temperature 9(z1, 22,t). The input u(t) is
the power of a heat source whose distribution over the plate is described
by b(z1, 22), and the output y(t) is the weighted average temperature

with weight ¢(z1, 22).
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2.1 Continuous-time state space representations

ol

[ e(2) [ 1b(2),

Rl

? distance sensor
y(t)

Figure 4 — Euler-Bernoulli beam which is actuated by a force u(t). The resulting

displacement w(z,t) is measured by a sensor that provides the average

displacement at the sensing area as output y(t).

power u over the spatial domain and the averaging weight for the output, respectively

(compare to Example 2.1-1). The system operator A has the point spectrum
op(A) = {\jr |4, k € N} = {—5*r* — k*| j, k € N}. (2.45)

The eigenvalues \;; of A are isolated and simple, which satisfy the sector condition
for, e.g, a = 0 and ¢ = 7, and 0,(A) is totally disconnected. The normalized

corresponding eigenvectors are given by

2 .. ) .
Gjk(21, 22) = ﬁ sin(jmz1) sin(kza), j,keN (2.46)

which form an orthonormal basis and hence a Riesz basis for X = Ly(§2). Thus, A
is a sectorial Riesz-spectral operator in view of their Definition 2.1-7 so that Assump-

tion 2.1-9 holds according to Proposition 2.1-10. <

In the next example it will be demonstrated that the choice of the state coordinates
can be more difficult than it was for the heat conductors in the Examples 2.1-1 and
2.1-13. Different from these examples the state is not scalar-valued but a vector of two

spatially distributed variables in the following example.

Ezample 2.1-14 (FEuler-Bernoulli beam with structural damping)

The state space representation of a flexible one-dimensional beam with a single force ac-

tuator and a displacement sensor is considered as depicted in Figure 4. The transverse
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2 The early-lumping approach for continuous-time control

displacement w(z,t) of the beam along the spatial coordinate z € [0, ] is described by

the Euler-Bernoulli beam model with structural damping
OPw(z,t) = —0tw(z,t) + 20020,w(z,t) + b(2)u(t), t>0, z€ (0,0 (2.47)
and the initial condition
w(z,0) = w(z), Orw(z,0) = vy(2), z €0,/ (2.48)

which is based on the assumptions that cross-sections remain plane under deformation,
and the shear strain and the rotational inertia are neglected (see, e.g., [28, 75, 85,
128]). The term 20020,w(z, ) takes structural damping into account with the damping
constant 6. The input u(t) in (2.47) represents a force acting on the spatial interval
[B1,B2] with 0 < 51 < Py < £. The influence of this force on the displacement is
therefore described by the input distribution function b(z) = ﬁ - 13,,8,)(2). The
beam is simply supported, i.e., the displacement and the momentum at both ends of

the beam vanish which is described by the boundary conditions
w(0,t) =w(l,t) =0, t>0. (2.49)
and
O*w(0,t) = P*w(l,t) = 0, t >0, (2.50)

respectively. Finally, the output y(¢) of the system is the average displacement within

the sensing area of a displacement sensor, i.e.,

¢
y(t) = /0 w(z,t)c(z)dz, t>0 (2.51)

with the output distribution function ¢(z) = 1(,, 4,1(2), where [y1,7,] with 0 <

.
v1 < 72 < { is the interval that the sensor is located on. In what follows, the energy
coordinates x1(t) == 0?w(-,t) and x5(t) == dw(-,t) are used for a state space model
with state vector z(t) = [x1(t) zo(t)]T. The space X = Ly(0,£) ® Ly(0, £) turns out to
be a suitable state space, wherein the symbol @& denotes the direct sum'®, which is a

Hilbert space with the inner product

<[§l] ’ [Z;D :/0 91(Z>h1(z>dz+/0 92(2)ha(2)dz. (2.52)

16 The direct sum V = V4 @ V, of two linear spaces V; and Vs is the set Vi x V5 equipped with

the addition operation (vi,v9) 4+ (w1,w2) = (v1 + wi,v2 + we) and the scalar multiplication

c(vy,v2) = (cvy, cvg) for all (vy,v9) € Vi X Vs.

26



2.1 Continuous-time state space representations

In order to describe the operators of the state space model the operator Aq : D(Ag) C
Ly(0,¢) — L5(0,¢) is introduced that is defined by

Aoh = d2h,  Vh € D(Ag) = {h € H3(0,¢) | h(0) = h(¢) = 0}. (2.53)
Then, it is straightforward to verify that (2.47) can be represented by

0
b

i(t) = [_?40 2:54“:0] z(t) +

Thus, the operators A and B in (2.3) are given by
hy 0 Ao hy Aohs hy
- = D 2.
A [hj — Ao 25,40] [;@ [ Ao(—hy + 25@)] , v [hj € D(A)  (2.55)
0

By = b] v, Vv eC, (2.56)

Vo

u(t),  2(0) =z = ldgw()] | (2.54)

where D(A) = D(Ap) @ D(Ap). Note, that the definitions of D(A) and D(Ap)
ensure directly the boundary conditions (2.50) but do not solely imply (2.49). In-
stead, Quw(0,t) = Quw(l,t) = 0, t > 0, is implied. However, since x, always satisfies
29(0) = z0(¢) = 0 due to the mechanical setup, all the boundary conditions in (2.49)—
(2.50) are assured. It is known that Ay is self-adjoint with a bounded inverse on Lo (0, ¢)
(see [46, Example 2.2.5]) so that w(t) = Ay 'z (t). Hence, (2.51) becomes

(L), e

where it is used that also A;" is self-adjoint, and this yields

Ajte B ¢
Ch = <h, [ . ]>X - <h, H >X, Vhe X (2.58)

Therein, = Aj'c is obtained from solving the boundary value problem
Ao = d*é = c, é0)=¢(0) =0 (2.59)

in view of (2.53) which yields the piecewise defined polynomial

(242 - M 2— 72)22 , c z2€(0,m)
. 1 02 + — 2 — 2Wyy) 2+ 0
C(Z) _ = (72 71 72) 71 —_ [71’72) (2.60)
20 Y1 — 2
— (71 +72)2 + L7+ 72) D2 € [y, 4]
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2 The early-lumping approach for continuous-time control
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Figure 5 — Eigenvalue distribution of the Euler-Bernoulli beam with structural

damping.

Thus, (2.56) and (2.58) show that Assumption 2.1-2 is satisfied. It can be verified
easily that the operator A has the isolated and simple eigenvalues
242

Ay = (—5ij\/1—52)£—2, 1 €N, (2.61)
which means that the eigenvalues are located on rays through the origin of the complex
plane with angle o = arcsin(d) (see Figure 5), where the absolute values |\y;| = 72i2
increase quadratically with respect to 7. Of course, one has to make sure that the eigen-
values (2.61) describe whole 0,(A). That this is true is shown in [51, Sec. 2.2.2]. The
eigenvalues satisfy the sector condition (2.37) for a = 0 and ¢ = «, and m is totally

disconnected. In [51, Sec. B.2] it is also shown that the eigenvectors corresponding to

A4, that are given by

1 . [(dinz 1
P+i(z) = Vi S <7) [—)\ii/|>‘ii|

form a Riesz basis for X. Therefore, A is a sectorial Riesz-spectral operator so that
Assumption 2.1-9 holds due to Proposition 2.1-10. Thus, both Assumptions 2.1-2 and
2.1-9 are satisfied by the state space model (2.54) and (2.57). The choice x,(t) =
O?w(-,t) has the shortcoming that the deflection w is not represented by the state

z

. i€eN, (2.62)

directly. Instead, it is obtained from solving the boundary value problem corresponding
to Agw(-,t) = z1().

It should be remarked that the property of the eigenvectors ¢.; to be a Riesz ba-
sis does not depend on the boundary conditions but instead holds in general (see
[28]). In contrast, they do not form a Riesz basis if the more intuitive choice Z(t) =
[w(-,t) dyw(-,t)]T of the state and the inner product as defined above is used for which

A is even not a Cy-semigroup generator. That this choice of the state does not make
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2.1 Continuous-time state space representations

sense from a physical point of view can be understood by considering the sequences
wp(z) = k7 tsin(knz/l), duwi(z) = 0, k € N, of the deflection and the deflection
velocity. Then,

|75 = (2. 3)x =575 =0 for k—o0 (2.63)

shows that the state converges to its equilibrium. However, the potential energy
1 1 k*m?

¢
_ 1 2 29, _ -
Ey, = 2/0 (OZw(z,t))"dz YE (2.64)

stored in the system increases ad infinitum for £ — oco. Thus, the behavior of the state
Z does not represent reasonably the actual physical behavior of the beam. In contrast,
the state o considered before yields ||z||3 = 2E, — oo, indicating correctly that the
system does not come to rest. This shows that the choice of the state coordinates is a

critical issue. <

It is a strength of the analysis and design approaches presented in the following chapters
that systems with accumulation points in their spectra are covered by the considered

system class. An example for such a system is given next.

Ezample 2.1-15 (FEuler-Bernoulli beam with Kelvin-Voigt damping)

As in the previous example the Euler-Bernoulli beam depicted in Figure 4 is considered
with the only difference that instead of structural damping now Kelvin-Voigt damping
is assumed which is characteristic for visco-elastic materials such as many polymers.

The Euler-Bernoulli beam model with Kelvin-Voigt damping reads
Otw(z,t) = —0tw(z,t) — 20020,w(2, ) + b(2)u(t), t>0, z€(0,0) (2.65)

(see [29, 85, 101]). This type of damping, reflected by the term —2869?0,w(z,t), cor-
responds to the physical effect that the stress is proportional to the rate of strain
changes (see [47]). As in the previous example again ¢ is the beam length, z € [0, /]
the spatial coordinate, and ¢ is the damping constant. The beam is simply sup-
ported so that the boundary conditions (2.49)—(2.50) hold, and the distributed in-
put and output are described as before by b(z) = ﬁl[ﬁl,ﬁz}(z) and (2.51) with
c(z) = ﬁl[m 0] (2), respectively. A state space model of the beam with energy co-
ordinates z(t) == [0?w(-,t) dyw(-,t)]T on the state space X = Ly(0, ) & Ly(0, ) with
the inner product <[gﬂ, [Z;DX = f(f g1(2)h1(2)dz + foé 92(2)ha(2)dz can be determined
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Figure 6 — Distribution of the eigenvalues Ay; of the Euler-Bernoulli beam with
Kelvin-Voigt damping for the damping constant § = 10~3 and length
¢ = 1. While the branch A_; has the asymptotical decrease A\_; —
—26(im)*, the eigenvalues \; accumulate at A% = —500 for i — oo.
The eigenvalues satisfy the sector condition for the sector bounded by

the dashed lines.

in the same way as in Example 2.1-14. The only difference is that A in (2.55) now

becomes
hy Aohs hy
A [hJ = [—Ao(h1 +25.A0h2)] , v [h2 € D(A) (2.66)

with Ay defined in (2.53). The operators B and C remain the same as in (2.56) and
(2.58) with (2.60) so that Assumption 2.1-2 is satisfied. The main difference between
the Euler-Bernoulli beam with structural damping and the Euler-Bernoulli beam with

Kelvin-Voigt damping lies in the eigenvalue distribution of A. The eigenvalues

.\ 2 .\ 4 - N\ 2
s 2 () n »
e (Vo (D)) (2 en s

of A, whose locations in the complex plane are depicted in Figure 6, form two branches.

While the eigenvalues A_;, ¢+ € N, with negative index decay asymptotically according

to A
lim A_; = —26 <T) : (2.69)
11— 00 fg
the eigenvalues \;, © € N, with positive index satisfy
1
lim \; = A% = ——. 2.70
Fared 20 ( )
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2.1 Continuous-time state space representations

Thus, different from the Euler-Bernoulli beam with structural damping, whose eigen-
values are located on rays through the origin of the complex plane (see Figure 5), the
beam with Kelvin-Voigt damping has an accumulation point A% in its spectrum. Al-
though this spectral point is not isolated because the eigenvalues come arbitrarily close
to it, each of the eigenvalues is isolated. The eigenvalues are simple in view of (2.68)
if § # (¢/im)? holds for all i € N. Finally, it is clear that o,(A) is totally disconnected
and the sector condition (2.37) holds for, e.g., a = 500 and ¢ = 7/4 (see Figure 6).

The eigenvectors ¢4; of A that correspond to Ay; are given by

1 m \ [ 1

¢Z(Z) - —F= SiIl <_Z) _>\i€2] y Z c N (271)
Ve N T

—q Z) = —=Sin —Z _)\71_[4 5 1 .
Ve N T

and form a Riesz basis in X. In summary, A is a sectorial Riesz-spectral operator!,

and Assumption 2.1-9 is satisfies due to Proposition 2.1-10. <

A type of systems that are infinite-dimensional but do not have spatially distributed
parameters are time-delay systems. The initial state xq of state space models for such
systems consists of a trajectory of lumped-parameter states over a time interval with
the duration of the system’s time-delays. Since these trajectories belong to a function
space it is clear that the state space must be infinite-dimensional. An example for this

system class is considered next.

Ezample 2.1-16 (Time-delay system)

The time-delay system shown in Figure 7 is described by

i’l(t) = All'l(t) + Adl'l(t — T) + Blu(t), t>0 (273)
y(t) = Ch(t), £>0 (2.74)

with z;(t) € C", u(t) € RP, y(t) € R™, and delay 7" > 0. In order to describe this
system by a state space model, the delay term z;(t — T') in (2.73) can be expressed by

17 Therefore, A is a Riesz-spectral operator and thus in particular closed in view of Definition 2.1-6.

In fact, the result in [28] stating that A is not closed is false.
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2 The early-lumping approach for continuous-time control

Figure 7 — Structure of a time-delay system with delayed state feedback.

aid of the transport equation

Oyxq(T,t) = Orwy(T,t), t>0, 7€ (-T,0) (2.75)
xq(0,t) = (1), t>0 (2.76)

which has the solution
zq(7,t) = 2 (t + 7), t>0, 7e[-T,0]. (2.77)

Thus, by inserting x4(—7,t) = x;(t — T) into (2.73) the system (2.73)—(2.74) can be

written as

a(t) A Aa() = () B,
[@xd(r, o a:(+) ] [xd 7.1) N u(t) (2.78)
y(t) = [Cz 0} x:é:)t)], (2.79)

wherein the time-delay does not occur explicitly anymore. Instead, (2.79) is a state
space model of the form (2.3)—(2.4) for the state x(t) = [;(t) zq4(-,t)]" with

A [Z; _ A +dzf;illd(—T) ’ v [Z; € D(A) (2.80)
Bv = _f;z v, VveC (2.81)
Ch = __cl o} h, VheX (2.82)
and the state space
X :=C"a® Ly(]-T,0];C") (2.83)

(for the definition of Lo([—T',0];C") see Appendix D). Thereby, the domain of A is

given by
DAy = M
=1 |n,

€ €78 Wia((=T.0C") | hal0) = hl} S s
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Figure 8 — Eigenvalue distribution of the time-delay system (2.78)—(2.79) with A; =
Ad:—l, Bl:CIZL and T = 2.

(for the definition of W o([—T,0];C") see Appendix D) which reflects the boundary
condition (2.76). Now, it will be checked if this system satisfies the Assumptions 2.1-2

and 2.1-9. When the matrices B; and C; are decomposed according to

o8
Bl:[bl,1 bl,p}, = : (2.85)
T

Cl,m

and the inner product on X is introduced as

<[§j ’ [Z;D =giht /_ 9 (Dha(r)dr, (2.86)

then B and C according to (2.81)—(2.82) can be written in the form (2.14)-(2.15) with

bl ail
bi:[(l)’], i=1,2,...,p, c,:lc(’)’], i=1,2,....,m. (2.87)

Thus, Assumption 2.1-2 holds. With the inner product (2.86) the system (2.78)-(2.79)
belongs to a class of time-delay systems for which it is shown in [46, Thm. 2.4.4 and
Thm. 5.1.7] that the Items 1 and 2 of Assumption 2.1-9 are satisfied. Further, it is
stated in [46, Thm. 2.4.6] that the spectrum of A is discrete, consisting of eigenvalues
with finite multiplicities so that the Items 3a, 3b, 3¢, and 3d are satisfied. Thus, both
Assumptions 2.1-2 and 2.1-9 are verified so that the system (2.78)—(2.79) belongs to
the class of systems within the scope of this thesis. The eigenvalue distribution for the

simple case A; = Ay = —1, B=C; =1, and T = 2 is depicted in Figure 8. <

33



2 The early-lumping approach for continuous-time control

2.2 Modal system approximation

The basic idea behind most approximation schemes is to reduce the dimension of the
infinite-dimensional state by projecting it onto a finite-dimensional linear subspace'®
X, of the state space X. Thus, one considers the projected state x,(t) = Px(t), where
P denotes the projection (operator)* onto the subspace X,,. The dynamics of x,, can be
described by a finite-dimensional model which approximates the infinite-dimensional
system. Besides the question on which subspace the state x is projected, it is an
important issue to decide which part of the state space X shall be truncated by the
projection because the part x, of the state x within this subspace X, will be neglected
by the approximation. In terms of the projection this means that its range space?
ranP = X,, and its null space?' nul P = X, have to be chosen suitably. This freedom
in X,, and X, offers the possibility to determine approximations with certain properties.
A general setting that provides this kind of degrees of freedom is the Petrov-Galerkin
approzimation (see [82]). The model reduction approach considered throughout this
thesis is the classical modal approximation for which X,, and X, are modal subspaces.
These are subspaces of X that are spanned by eigenvectors of A or are A-invariant??
more generally. In this case all the eigenvalues of the approximation coincide with some
of the infinite-dimensional system. For this reason approximations of stable systems
are again stable, which is not guaranteed in general for other types of approximations.
Moreover, only for modal subspaces X,, and X, it is possible to describe the dynamics

of the projected state x,(t) = Px(t) by means of a finite-dimensional model exactly.

For what follows, the eigenvalues \; of A are divided into the eigenvalues \;, Ao, ..., A,
that will be incorporated in the modal approximation and the remaining eigenvalues
Ant1s Anto, - . . that will be neglected in the approximation. In the following subsection

the modal approximation scheme is explained for system operators whose eigenvectors

18 A subset H of a linear space H over C is called a linear subspace of H if ag + Sh € H holds for
all g, h € H and o, 8 € C. Then, H itself is a linear space over C.

19°A linear operator P : D(P) = X + X is called a projection if P? = P is satisfied. It is said to
project onto X,, along X, if ran’P = X,, and nul P = X,..

20 The range space ran M of an operator M : D(M) C H; — Hs is the set of images of D(M) under
M, ie,rtan M :={h e X|3ge DM) : h=Mg}.

21 The null space nul M of an operator M : D(M) C Hy ~ Hy is the subset of D(M) for whose
elements their images vanish, i.e., nul M := {h € D(M)| Mh = 0}.

22 A linear subspace X of X is said to be A-invariant if Ah € X holds for all h € X N D(A).
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2.2 Modal system approximation

are a Riesz basis. Afterwards in Subsection 2.2.2, the approach is extended to system

operators whose eigenvectors are not a basis for X.

2.2.1 Systems with eigenvector Riesz basis

It has been said already before that the eigenvectors ¢; of the system operator build a
Riesz basis—after suitable scaling—in many applications, which is the case especially
for Riesz-spectral operators. This situation will be assumed in this subsection, in
addition to Assumption 2.1-9. The projection P that maps x(t) onto a subspace X,

along a subspace X, apparently must have the property
Px(t) = x,(t) (2.88)

for all
x(t) = z,(t) + 2, (1), a(t) € X, x,.(t) € X, (2.89)

where X,, and X, are the modal subspaces

X,, = span{¢1, ¢a, ..., On}, X, = span{¢;} (2.90)
1>n
that correspond to the dominant eigenvalues {\1, Ag, ..., \,} and the remaining eigen-

values, respectively. Note, that the decomposition (2.89) is unique for every z(t) € X
because it was assumed that the eigenvectors ¢;, ¢ € N, form a Riesz basis and due
to X, N X, = {0} (see [106, Thm. 4.11.3]). In other words, X has the internal direct
sum® X = X,, + X,.

An explicit expression for P is given by
Ph=Y (hti)xé:, VheX, (2.91)
i=1

where {1;,7 € N} is the biorthonormal sequence associated with {¢;,i € N} (see
Subsection 2.1.2). In order to justify this expression (2.88) will be verified. Writing
z(t) € X as

(e e}

x(t) = Z(fb’(t)a Vi) xPi (2.92)

i=1

23 Let H be a Hilbert space and Hy, Hs linear subspaces of it. Then, H is said to be the internal
direct sum of Hy and Hs, denoted H = Hy + Hs, if every h € H has a unique decomposition
h = hy + ho with h; € Hy and he € Hs.
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2 The early-lumping approach for continuous-time control

(see (2.22)) immediately leads to the decomposition (2.89) with

n o0

T (t) = Z(x(t)a¢i>x¢i, (1) = Z ((t), i) x bi (2.93)

i=1 i=n+1

and application of (2.91) and use of (¢;,1;)x = d;; (see (2.21)) confirms (2.88). Now,
the projection P is used for determining the modal approximation model for z,(t) =
Px(t). From (2.3) and z(t) = z,(t) + x.(t) it follows

Pi(t) = PAx(t) + PBu(t) = PAz,(t) + P Az, (t) + PBul(t). (2.94)

Since ¢;, © > n, are eigenvectors of A it is straightforward to verify that X, is A-
invariant, i.e., Ah € X, forallh € X, ND(A). In view of X,, = nul P (see (2.88)—(2.89))
it follows therefore

PAx,.(t) =0, t>0. (2.95)

Similar, X,, is A-invariant, i.e., Ah € X, for all h € X,, N D(A), which by aid of
(2.88)—(2.89) leads to

PAz,(t) = Ax,(t) = APx(t), t>0. (2.96)
Thus, inserting (2.95)—(2.96) into (2.94) yields
Pi(t) = APx(t) + PBu(t), t>0 (2.97)
so that the dynamics of x,,(t) = Px(t) is given by
&, (t) = Az, (t) + PBu(t), t >0, 2, (0) = 2,0 = Puo. (2.98)

Note, that this model describes the dynamics of the projected state x,,(t) exactly which

is not possible to achieve if X,, and X, are non-modal. For the purpose of the controller

design it is desirable to have a lumped-parameter model ¥, on the state space C™ in
the usual form

S Ealt) = Anba(t) + Buult), t>0, &(0)=&0€eC” (2.99)

Yn(t) = CL&L(L), t >0, (2.100)

where A,, B,, and C, are matrices of appropriate dimensions. In order to convert
(2.98) to the state equation (2.99) note that (2.88) and (2.91) yield

T, (1) = Pa(t) = Z () i, (2.101)
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2.2 Modal system approximation

where
z;(t) = (z(t),¥i)x, i€N (2.102)

are called modal states. Under use of (2.17) one obtains

Az, (t) ZA:C b = i)\ix;k(t)(bi (2.103)
p
from (2.101). In addition, (2.14) and (2.91) yield
PBult) = Z (bt o (Bt dru), (2.104)
and (2.101) gives
- ix;(o)@. (2.105)
p

Thus, insertion of (2.101)—(2.105) into (2.98), combined with equating coefficients with

respect to ¢;, leads to

#() = Al () + [ Gix o (x| ul®),  @i0) = @(0),vi)x (2106)

for i = 1,2,...,n. When these equations are written in vector form with ,(t) =
[%(t) x3(t) -+ x7(t)]", and the approximative output

is introduced, the approximation model ¥, is given by (2.99)—(2.100) and

A, = diag(M\, ..., \y) (2.108)
-<bla ¢1>X e <bp> w1>X

B, = : : (2.109)
_<b17 7vbn>X o <b107 ¢n>X

C, = lco, - Cqbn] (2.110)
-<170,¢1>X

€n0 = : : (2.111)
_<$07¢n>x

Next, the dynamics of the residual state

2o(t) = (I — P)a(t) = z(t) — 2(t) (2.112)
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2 The early-lumping approach for continuous-time control

is considered. By an analog reasoning as in (2.94)—(2.98) and (2.107) this dynamics as

well as their contribution g, to the output y can be described by

(1) = Az, (t) + (I — P)Bu(t),  ,(0) = (I — P)zo € X, (2.113)
yr(t) = C, (1). (2.114)

Since x,(t) belongs to X, for all ¢ > 0 the operators A and C in this model can be

replaced by the restrictions®*
A= Alp oy, Cr=Cly - (2.115)
Thus, by introducing the new input operator
B.:=(—-P)B (2.116)

the residual dynamics (2.113)—(2.114) become

S0 an(t) = A () + Bat),  t>0, 2.(0)=0—-PeX, (2117
yr(t) = Cra, (1), t>0 (2.118)

on X, which is a Hilbert space with the inner product (g,h)x, = (g,h)x, Vg,h € X,.
A, inherits from A the property to generate a Cy-semigroup on X,. (see [46, Lem. 2.5.3,
Lem. 2.5.8]), and B, is obviously bounded as it is BB so that the abstract initial value
problem (2.117) is well-posed. Note, that (2.115) implies

o(A,) = o(A)\ o(Ay) (2.119)

by aid of (2.90) which enables to analyze the stability of the residual dynamics. For
doing so, it is important that the SDGA holds for A, because its eigenvectors constitute
a Riesz basis for X, (see (2.90) and Proposition 2.1-5). In view of (2.107), (2.112), and
(2.114) the output y(t) = Cx(t) = CPx(t) + C(I — P)z(t) has the representation

y(t) = ya () +y:(t),  t>0, (2.120)

which shows that the approximation model ¥, and the residual dynamics ., are com-
plementary with respect to their outputs. Since there is no coupling between the states
of the systems ¥, and ¥, these two systems can be regarded as a parallel decomposition

of X as depicted in Figure 9.

24 An operator M is said to be a restriction of an operator M, which is written as My C My, if
D(Ms) € D(M1) and M1h = Msh, Vh € D(Ms). Ma = Mi|g, denotes the restriction of My
with D(My) = Hs.

38



2.2 Modal system approximation

Yr

U Yn l Yy

S O

Y
\g|
5

Y

Figure 9 — Parallel decomposition of the infinite-dimensional system ¥ into the

modal approximation model ¥, and the residual dynamics ;.

It is interesting to note that projecting the state x onto X,, leads to minimizing the

approximation error in the following sense. Introducing the bijection® F : Iy — X,
defined by

Fhi=Y hi¢i, Vhel (2.121)
i=1
for the definition of [y see Appendix D) and the coefficient sequences z* := (xF, 3, .. .),
xy = (x},a5,...,25,0,0,...), and a} = (0,...,0,25 |, 2% 5, ...) one has
x(t) = Fa’, xn(t) = Fa, z,(t) = Fx, (2.122)

due to the unique expansions

2(t) = Y @i (06 wlt) =D @it wt)= Y w1 (2.123)

(compare to (2.92)—(2.93) and (2.102)). In the same way as z,, is the projection of
z, also z* can be regarded as a projection of x*, i.e., 2 (t) = Pax*(t). The related
projection operator P = F~'PF is orthogonal because (z*(t),z*(t)), = 0, Yt > 0,
is obviously satisfied. It is a well-known property of orthogonal projections that the
resulting error is minimized (see [106, Thm. 5.16.5]), which means that x(t) = 2*(t) —

x(t) satisfies

[z ()l < M2*() = 2O, V() € X, VE>0. (2.124)

In the following example a modal approximation of the one-dimensional heat conductor

introduced in Example 2.1-1 is determined.

25 A linear operator M : Hy + Hs is called a bijection if M is defined and bounded on H;, and

M1 exists and is defined as a bounded operator on whole Hs.
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2 The early-lumping approach for continuous-time control

Example 2.2-1 (1-D heat conductor, continued)

The eigenvalues \; and the corresponding eigenvectors ¢; of the system operator (2.10)

of the heat conductor in Example 2.1-1 can be found as

. 1% .
N\ = —z%r?m, i €N (2.125)

6i(2) = \/%sin (%z) , ieN (2.126)

which form an orthonormal basis for X. Therefore, the biorthonormal sequence {1;,i €
N} corresponding to {¢;,i € N} is simply given by ¢; = ¢;,7 € N (see Footnote 6).

Thus, the state z(t) has the series expansion

Z zi(t) di, 2 (t) = (x(t), i) x (2.127)

(see (2.22) and (2.102)), where the modal states o} satisfy z}(¢) — 0 fori — oo, Vt > 0,
because the infinite sum would otherwise not converge. It is therefore plausible that the
approximation error can be reduced arbitrarily by increasing the approximation order
in view of (2.101). Taking v, = ¢; into account, the approximation (2.108)-(2.111)
under use of (2.9), (2.11)—(2.12), and (2.125) becomes

0 --- 0
4

1
0
T
A, =— 2.12
cp€2 : : ( 8)

0 cooop2

fo ) sin(Zz)dz |
21 fo ) sin( 27r z)dz

N | (2.129)
_f(f b(2) sin(n%z)dz |
Cn = % [ Jysin(Z2)e(z)dz [y sin(2Tz)c(z)dz - [ sm(n%z)@dz] (2.130)

and
fogxo(z) sin(52)dz
¢ o
Tno = \/% Jo 70(2) an@? 2z (2.131)

f(f zo(2) sin(n%z)dz
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2.2 Modal system approximation

It is important to note that, depending on b(z) and ¢(z), the pair (A,, B,,) may be not
controllable and the pair (C,,, A,,) may be not observable. For example, for

b(z) =1pn_c1.g(2),  clz) =1p_1,4(2) (2.132)
with ¢ < 1/4 all rows of B,, with index i = 2,4,6,... and all columns of C,, with
index ¢ = 4,8,12,... vanish leading to the mentioned defect of controllability and
observability, respectively. Since these do not contribute to the transfer behavior of
the system they need not be contained in the approximation. For the specific case
{ =p=c=p=1and b(z), c(z) according to (2.132) with £ = 0.01 the step responses
of the approximations with orders n = 2,3,4,5,6 are depicted in Figure 10, wherein
only the dominant modes that are relevant for the transfer behavior are contained in

the approximations. The figure shows that the output trajectories converge quite fast

for increasing n. <

- reference
£
= n=2
> . _ .n=3 -
_____ n =
n =
....... n = ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
t
0.01 . . . .
0005 F .~ .
£ / e n=2 |
| o = -
R B I n=4
-0.005 n = B
....... n==6
-0.01 : : : :
0 0.01 0.02 0.03 0.04 0.05
t

Figure 10 — Step responses ¥,, of modal approximations with different orders n for
the heat conductor as well as the errors y — ¥, w.r.t. a reference model

with step response y that is a 60-th-order modal approximation.
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2 The early-lumping approach for continuous-time control

2.2.2 Systems without eigenvector Riesz basis

In some applications, for instance for time-delay systems, the assumption used in the
previous subsection that the eigenvectors of A form a Riesz basis is violated. This
condition is now relaxed by considering instead the following weaker assumption. In
this way it is possible to compute modal approximations for systems with eigenvectors

¢; that do not span the whole state space X.

Assumption 2.2-2

It is assumed that there exist n linearly independent eigenvectors ¢q, ¢o, ..., ¢, of A
that correspond to Ai, Ao, ..., \,, where these eigenvalues have finite algebraic mul-
tiplicities®® that coincide with their geometric multiplicities®”. In addition, there
shall exist n eigenvectors 151,%, e ,@n of an algebraic adjoint A* that correspond
t0 A1, A, ..., An. Without loss of generality these are assumed biorthonormalized, i.e.,
<¢,~,1/~)j)x =45, 1,7 = 1,2,...,n. Finally, it is assumed that a rectifiable, closed, sim-
ple curve I' C C can be drawn such that it contains {A;, Aa, ..., A, } in its interior and
o(A)\ {A1, A, ..., A} in its exterior. <

While an algebraic adjoint A* of A is defined as an operator A* : D(A*) € X — X
such that

(Ag,h)x = (g, A*h)x,  Vge D(A), Yh e D(AY) (2.133)

holds, the adjoint A* of A has to fulfill the additional condition that its domain is
maximal (see Appendix C). However, since Assumption 2.2-2 involves only an algebraic
adjoint the maximal domain needs not to be determined for checking the assumption.
It should be remarked that the requirement <¢i,@j) x = 6;; can be achieved always

under the mentioned assumptions by suitably scaling the eigenvectors of A*.

In the previous subsection the property of X,, and X, to be A-invariant was essential

6 Let M : D(M) C H — H denote a linear operator. The algebraic multiplicity «(\) of an
eigenvalue A of M is given by () = >"77, dimnul (A — M)F.

T Let M : D(IM) C H ~ H denote a linear operator. The geometric multiplicity v(\) of an
eigenvalue A of M is given by v(A) = dim nul (A\I — M).
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2.2 Modal system approximation

because it implied

(1)
iy (t)

Az, (t) + PBu(t) (2.134)
Az, (t) + (I — P)Bu(t) (2.135)

(see (2.98) and (2.113)). These equations have the important meaning that the ap-
proximation and the residual dynamics are decoupled subsystems. However, the de-
composition X = X, + X, with X, and X, defined in (2.90) is no longer possible if the
eigenvectors ¢; do not span the whole state space X. Therefore, the question arises in
which way X,,, X, and the corresponding projection P have to be redefined such that
(2.134)—(2.135) hold. The answer is given in the following statement. Additionally,
these subspaces must be S-invariant®® since this property is needed for assuring that

A, = A|panx, is the infinitesimal generator of a Cy-semigroup.

Proposition 2.2-3

Let X,, := span{¢q, ¢, ..., ¢n} and X, = span{z/?l, Vo, . .. ,@n}l, where (-)* denotes

the orthogonal complement?’

of a linear subspace. Then, the following holds:
1. X, +X,=X.
2. The operator .
Ph=>Y (hi)x¢;,  VheX (2.136)
i=1
15 the projection onto X,, along X,.
3. X,, and X, are A-invariant and S-invariant.

4. (2.134)-(2.135) hold for the redefined projection P according to (2.136).

For the proof see Appendix A.2. By using this redefined projection P and the bijection
F, redefined by F : C" — X,, and

Fh:=> hi¢;, VheC" (2.137)

i=1

the approximation ¥, in (2.99)-(2.100) can be derived in the same way as for systems

28 Let S(t) denote a Cp-semigroup on X. A linear subspace X of X is said to be S-invariant if
S(t)h € X holds for all h € X and all t > 0.

29 Let X be a linear subspace of X. Then, the orthogonal complement X< is the linear subspace of
X defined by X+ :={ge X|(g,h)x =0, Vh € X}.
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2 The early-lumping approach for continuous-time control

with eigenvector basis yielding

A, = diag(A, ..., A\n) (2.138)
-<b1a@51>X <bp>'¢~]1>X

B, = : : (2.139)
_<b17 7vEn>X e <bp7 dn)X

Chn=1Chpy -+ Coy, (2.140)
-<930,@51>X

Tp0 = : = F P, (2.141)
_<x07775n>X

Finally, the residual dynamics X, is described by (2.113)—(2.114) with the operators

B, = (I - P)B, C.=C

(2.142)

nx;’

A= ‘A‘D(.A) Xr
as in the case with eigenvector Riesz basis, at which X, is now redefined as in Propo-

sition 2.2-3. Again, A, is the infinitesimal generator of a Cy-semigroup
S, (t)= (I —-P)S(t), Vit >0, (2.143)
which follows immediately from [46, Lem. 2.5.3]. Furthermore,
o(A,)=0c(A)\ o(4,) (2.144)

is still valid which now follows from (2.142) and Item 1 of Proposition 2.2-3. As
explained in Subsection 2.1.3, the spectrum of A, determines the stability margin of
the generated Cy-semigroup only if A, satisfies the SDGA. This condition holds since
A satisfied the SDGA due to Assumption 2.1-9 and in view of (2.143).

It goes without saying that the discussed approach can be applied also for systems
with eigenvector Riesz basis because one can show that then 1@ =, 1=1,2,...,n,
holds so that the approximations for both approaches are the same. For convenience,
the state &, of the approximation ¥,, will be denoted z,, from now on. In the following
example a modal approximation for a system without complete eigenvector basis is

determined.
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2.2 Modal system approximation

Ezample 2.2-4 (Time-delay system, continued)

The time-delay system of Example 2.1-16 is considered for which the operators

hy Athy + Agha(=T) hy
= D 2.14
A [hd dh, : v h, € D(A) (2.145)
D(.A) = { Zl cC'o WLQ([_T, 0]7 (Cr) ‘ hd(O) = hl} (2146)
d
Bv = gl v, VveC (2.147)
Ch = [o, o] h, VheX (2.148)

of the state space model (2.3)—(2.4) have been found, wherein
X =C" @ Ly(]-T,0];C") (2.149)

is the state space. For the computation of the approximation according to (2.138)—
(2.141) the eigenvectors ¢;, i = 1,2, ...,n, of A and the corresponding eigenvectors Ui

of an algebraic adjoint A* must be determined. The eigenvalue-eigenvector equation

B | |(A=A)g — Aada(=T)| _
(M — A) [¢d] = oy — oy =0 (2.150)
shows that ¢4 has to satisfy

¢a(1) = 1" (2.151)

(see the second row of (2.150)), where ¢4(0) = ¢, following from D(.A), has been used.
The first row of (2.150), combined with (2.151), yields

()\I - Al)¢l - Ad¢d(—T) = ()\[ - Al - Ad6_>\T)¢l = 0. (2152)

This equation is satisfied if ¢; is an eigenvector of the matrix A; + Aze™T for the

eigenvalue A, where it is a necessary condition that the characteristic equation
det(A\ — A — Age™) =0 (2.153)

holds, whose solutions are the eigenvalues \;, i € N, of A. Thus,

@-(7):[ D ] ieN (2.154)

¢l,ie>\“—
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2 The early-lumping approach for continuous-time control

are eigenvectors of A with the corresponding eigenvalues \; satisfying (2.153) and ¢;;
satisfying (2.152). For the computation of the vectors ; appearing in the approxi-
mation an algebraic adjoint A* has to be found. A straightforward calculation shows
that

T hl A_dThl + hd(O) hl 1 *
A = v D(A 2.155
[hd Can, n,| € PAY) (2.155)
D(A") = { Z; € C" @ Wy([-T,0];C") } ha(=T) = A_dThl} (2.156)

satisfies the defining relation (Ag, h)x = (g, A*h)x, Vg € D(A),Vh € D(A*), of an
algebraic adjoint. The eigenvectors v; of A* that correspond to )\; can be determined
in an analog way as the vectors ¢; above which yields

oy
ot e | (2.157)

where QZM are eigenvectors of the matrix ET + A_dTe_’\_iT for the eigenvalue );, and
a; € C are scaling factors. For

1
(I + ATTeNT )y,

a; = (2.158)
the sequences {¢;,i € N} and {¢;,i € N} are biorthonormal. Inserting ¢; and v
according to (2.154) and (2.157)—(2.158), respectively, into (2.138)—(2.140) and using
(2.147)—(2.148) and (2.86) finally yields the approximation >, with

A, = diag(A, ..., A\p) (2.159)
—T
a1y
B,=| : |B (2.160)
7
a_n¢l,n
Co=Cilou - dua- (2.161)

For the special case A; = A; = —1, B, = C; = 1, and T' = 2 some of the eigenval-
ues with largest real parts are computed by numerically solving (2.153) and shown in
Table 1 and Figure 8. In Figure 11 the Bode plots of a 6-th-order modal approxima-
tion is shown. As expected, the transfer behavior of the modal approximation in the
frequency regions close to the eigenvalues A\y;, ¢ = 1,2, 3, is in accordance with the

behavior of the original system. <
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2.2 Modal system approximation

Table 1 — Eigenvalues of A with largest real parts. Due to Re A1; > 0 the system

is unstable. See also Figure 8.

i | 1 2 3 4

Agi | 0.086 £ 70.837 —0.680 £ 73.839 —0.978 £+ 76.999 —1.162 + 710.153

20 T T T

T
1

20 .
— |G(jw)|aB .
_____ |Gmodal (jw)|dB ~.

2 1 0 1 2

10 10 10 10 10

’G(]w) ’dBa ’Gmodal (]w) ’dB

360 T T T

T

270

T
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T
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----- arg Gmodai (jw)

2 1 0 1 2
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arg G(jw), arg Gmoda (jw)

Figure 11 — Bode plots of the infinite-dimensional time-delay system (|G (jw)|qB)
and the 6-th-order modal approximation (|Godai (Jw)|dB)-
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2.3 Observer-based compensator design

In this section the control of infinite-dimensional systems ¥ of the form (2.3)—(2.4) by
means of state feedback control is considered. The feedback law is implemented by
a Luenberger observer, which, combined with the state feedback, forms an observer-
based compensator. Thus, the closed-loop has the structure as depicted in Figure 12a.
In many applications it is desired not only to assure the stability of the closed-loop
system and to assign a certain stability margin but, in addition, to achieve a specified
reference tracking performance. For this purpose the two-degrees-of-freedom control, as
shown in Figure 12b, provides a suitable control scheme. While the tracking behavior
w.r.t. the reference input w is adjusted by the feedforward control X4, errors between
the desired output trajectory y4 and the actual plant output signal y are regulated
by the feedback control ¥.. It is a benefit of the two-degrees-of-freedom structure
that feedforward control and feedback control can be designed independently from
each other (see [51]). Since the spillover effect basically endangers the stability of the
closed-loop system, this thesis focuses on the stabilization issue, for which purpose
the simpler structure in Figure 12a is considered in what follows. Nevertheless, the
feedforward control X, that does not affect the closed-loop stability, can be designed
separately (see [51, 114]).

For the design of the observer-based compensator a modal approximation ¥, is used.
Hence, the standard design approaches for finite-dimensional LTI systems can be ap-
plied, which is the basic concept of the early-lumping approach. The fundamental
problem of doing so is that the observer expects to receive the output y, of the ap-
proximation model. However, since this output is not available, the observer is fed

instead with the measurable output y of the infinite-dimensional system Y. As a con-

a) U ) b) w Uq U Yy
by - — Eﬁ H(?—» by -
Y
Yo [= Yd JLA
N\

Figure 12 — a) Structure of the control loop with plant ¥ and observer-based com-
pensator .. b) Control loop in two-degrees-of-freedom structure with

feedforward control X and compensator X, besides plant 3.
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2.3 Observer-based compensator design

sequence, the observation error is excited by the residual dynamics which in turn affects
the closed-loop behavior. Due to this effect, which is introduced in [5] as observation
spillover, the closed-loop dynamics has to be checked after the compensator has been

designed.

In the following subsection the requirements concerning stabilizability and detectability
of the infinite-dimensional system are discussed. Afterwards, the design of the compen-
sator on the basis of the closed-loop structure as shown in Figure 12a is considered in
Subsection 2.3.2, and the closed-loop dynamics is analyzed in Subsection 2.3.3, where
the effect of spillover becomes apparent. Finally, the asymptotic rejection of exogenous

disturbances is considered briefly in Subsection 2.3.4.

2.3.1 Stabilizability and detectability

By an appropriately designed compensator it shall be possible to achieve a prescribed
stability margin B > 0 for the closed-loop dynamics which is defined as the negative
growth bound of the corresponding Cy-semigroup®. To this end, the system ¥ in
(2.3)—(2.4) is assumed to be exponentially 5-stabilizable in the following. This means
that it is possible to apply the state feedback u(t) = —Kxz(t) with a bounded linear
operator I : X +— CP to (2.3) such that the resulting closed-loop system operator
A — B generates a Cy-semigroup with a growth bound wg < —f. This requires to
shift all eigenvalues that are located in the right half-plane

Cly={sc€C|Res>—f} (2.162)

into the left half-plane

C_;={seC|Res < —f}. (2.163)
The fact that the considered systems ¥ have a bounded input operator B and a finite
numbers p of inputs implies that the input operator B has finite rank3!. This has the
consequence that only finitely many eigenvalues of A can be shifted by the compensator
from C*; to C_4 (see [46, Thm. 5.2.6]). Therefore, a system ¥ can be exponentially

[-stabilizable only if C* 5 contains not more than a finite number of spectral points. Of

30 That means that the stability margin 3 of a Cp-semigroup Sxq(t) on X is the supremum of all
real numbers 3 such that a constant C' exists with ||S(t)zo|x < Ce™Pt||zo|x for all 2o € X and
all ¢ > 0.

31 An operator M : Hy — Ho is said to have a finite rank if dimran M < oc.
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2 The early-lumping approach for continuous-time control

course, this requirement excludes systems with an accumulation point within the half-
plane C* 5 as may be the case, e.g., for the Euler-Bernoulli beam with sufficiently strong
Kelvin-Voigt damping, as well as systems whose eigenvalues are entirely located on a
vertical line in C* 5. such as the undamped Euler-Bernoulli beam. Since the observer-
based compensator will be designed by aid of a modal approximation ¥, only those
eigenvalues, whose corresponding eigenmodes®? are contained in the approximation,
can be incorporated in the design. Therefore, the eigenvalues A1, Ao, ..., A, of A, must
comprise all unstable eigenvalues of A as well as those that are intended to be shifted
by means of the control. The remaining eigenvalues \,y1, A\pi2,... of the residual
dynamics, i.e., the eigenvalues of A,., which are not contained in the approximation,
must have sufficiently negative real parts so that they can be left unchanged. To be

more precise, the decomposition
0(An) = {1, As, .., A} € CE o(A) cC_y4 (2.164)
of o(A) = 0(A,) Uc(A,) is assumed (see (2.144)). This assures that the residual

dynamics have a stability margin of at least § so that these dynamics need not be
changed by the control. This conclusion holds true, however, only if A, satisfies the
SDGA, which will be assured later by assuming the SDGA for the closed-loop system
(see Assumption 2.3-2).

The following considerations require that multiple eigenvalues are repeated accord-
ingly to their multiplicities. That means that the eigenvalues {A,, Ag, ..., Ay} C
{A1, A2, .., Ay} that are mutual different, i.e., A, # Ay, for i # j, are repeated as
often as the algebraic multiplicity v; of A, so that

>\Qi = )\qu'l =...= )\qi_l_yi_l, 1= 1, 2, ey T (2165)

holds. An easily verifiable condition for ¥ to be exponentially (-stabilizable can be ob-
tained from the fact that this property is equivalent in this set up to the controllability
of the modal approximation ¥, (see [46, Thm. 5.2.6]). Using the Gilbert controllability
criterion it is straightforward to see in view of (2.108)-(2.109) that this in turn is
equivalent to
<blv ¢%’>X T <b;m in>X

rank : : =, Vi=1,2,...,r (2.166)

<b17 in+Vi—1>X T <bp7 in+Vi—1>X

32 By the term eigenmode the subsystem of a state space system is meant that corresponds to a

certain single eigenvalue of the system operator.
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2.3 Observer-based compensator design

(see [86, Sec. 6.2]) under which condition the eigenvalues Aj, Ao, ..., A, are said to be
modal controllable. Of course, 1, therein has to be replaced by @Eqi if the approximation
(2.138)—(2.141) is used.

For achieving the stability margin § of the closed-loop system it has to be assumed in
addition to the -stabilizability that the system X is exponentially [-detectable which
means that it is possible to find a bounded linear operator £ : C™ +— X such that the
Co-semigroup corresponding to A — LC has a growth bound wy < —f. This is guaran-
teed if and only if the mentioned approximation is observable (see [46, Thm. 5.2.10]).
In view of (2.108) and (2.110) this in turn is equivalent to

rank [Co, - c¢qi+w_1]:ui, Vi=1,2... .1 (2.167)

by the Gilbert observability criterion (see [86, Sec. 6.2]). In this case, the eigenval-
ues A, Ag, ..., A, are called modal observable. Summing up these considerations, the

compensator design will be based on the following assumption.

Assumption 2.3-1 (Exponential -stabilizability and (-detectability)

For the system (2.3)—(2.4) the following is assumed in order to assure exponential

[-stabilizability and exponential S-detectability:

1. There are not more than finitely many eigenvalues located in the half-plane C* 5=
{s € C|Res > —f}, where 8 > 0 is the desired stability margin of the closed-

loop system.

2. The eigenvalues Ai, Ao, ..., A\, are modal controllable and modal observable, i.e.,
(2.166)—(2.167) are satisfied. <

2.3.2 Design of the observer-based compensator

Now, the observer-based compensator

Yot Zn(t) = (A, — LCY)in(t) + Bou(t) + Ly(t), t>0, i,(0) = 2,0 € C* (2.168)
u(t) = —Kiy(t), t>0 (2.169)

is designed, in which (C,, A,, B,,) are the parameters of the approximation ¥, with

the dominant eigenvalues Aj, Ao, ..., A\, € (CJ_FB. Since it is the basic concept of the
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2 The early-lumping approach for continuous-time control

early-lumping approach to consider only the approximation for the compensator design
instead of the infinite-dimensional system, the intention to achieve the stability margin
[ for the closed-loop system requires the eigenvalues of the controlled approximation
to be located in C_ - 1t is a well-known result that these coincide with the eigenvalues
of the matrices A, — B, K and A, — LC,, (see [86, Sec. 4.2]). These eigenvalues can be
assigned by standard techniques for the computation of appropriate gains K and L.
The eigenvalues A1, Apio, ... of the residual dynamics cannot be influenced by this
control method in a systematic way. But since these are assumed to be contained in C_ P
anyway (see (2.164)) they can be left unchanged by the control. Thus, the union of the
assigned spectra o(A,, — B,K) and o(A,, — LC,,) as well as the unmodified spectrum
o(A,) of the residual dynamics is regarded as the desired spectrum of the closed-
loop system. As explained in the previous subsection Assumption 2.3-1 guarantees
that the pair (A,, B,) is controllable and the pair (C,,, A,) is observable. Thus, the
controller gain K € CP*™ and the observer gain L € C™™ can be computed such
that o(A, — B,K) U (A, — LC,) C C_g, for which purpose standard methods for

finite-dimensional LTI systems can be applied.

The impact of neglecting the residual dynamics for the compensator design becomes
apparent when it is noted that not the output y,(¢) of the approximation is used in
(2.168) but instead the output y(t) of the infinite-dimensional system. This comes from
the fact that v, (¢) is not available by measurement and is legitimated by the assumption
that the approximation describes the dominant part of the system’s transfer behavior
so that the error y(t) — y,(t) = y,.(t) can be ignored. The impact of this disregard
becomes apparent when the dynamics of the observation error e, (t) = x,(t) — Z,(t),

that are referred to as observer dynamics, are considered that are given by
én(t) = (A, — LCy)en(t) — LCx,(t) (2.170)

in view of (2.99) and (2.168), using (2.100), (2.118), and (2.120). This equation shows
that the observer dynamics are excited by the residual state x,, an effect that is intro-

duced in [5] as observation spillover.

If the residual state =, approaches zero, also the error e, will vanish exponentially since
A, — LC,, is a Hurwitz matrix. However, the residual dynamics are excited by e, in
view of the control law u(t) = —K,(t) = —Kx,(t) + Ke,(t), yielding

1. (t) = Apwy(t) — B, Kz, (t) + B, Ke,(t) (2.171)

(see (2.117) and (2.169)). This influence on the residual dynamics is called control

52



2.3 Observer-based compensator design

spillover (see [5]). Since the residual dynamics and the observer dynamics impact each
other in both directions the control performance may be deteriorated which even can
lead to instability. This interplay of observation and control spillover is analyzed in

the next subsection.

2.3.3 Dynamics of the closed-loop system

Since the residual dynamics are not taken into account for the compensator design,
the impact of the compensator on the actual infinite-dimensional system  is not clear
a priori. Therefore, the dynamics of the closed-loop system will be analyzed next. To

this end, the composed state

en(t)
za(t) = |, (¢) (2.172)
(t

)

with e, (t) = z,(t) — Z,(t) on the state space X, := C" @ C" @ X, is considered that

n
Ty
is a Hilbert space with the inner product

g1 hy
< 92| 5 | he > = (g1, h1)cn + (92, ho)cn + (93, hs) x, (2.173)

93 hs <

with g1, g2, h1, ho € C™ and g3, hs € X, where (g1, h1)cn = Z?:lgl,im is the usual
inner product on C™. It can be verified easily by insertion of (2.169) into (2.99) and
(2.117) in combination with (2.170) that the closed-loop dynamics are described by

the abstract initial value problem

Yo j}cl(t) = Aclxcl(t)a t > 0, SL’CZ(O) =T € X (2174)
with the closed-loop system operator
Ag = B, K A, — B, K 0 (2.175)
B.K -B. K A,

with D(Ay) = C"® C" @ D(A,) C X,;. For the analysis of the spillover this operator

is decomposed according to

Ay = Acl,O + A, (2.176)
wherein
Aso=| B.EK A,—B,K 0|, A=]0o0 0 (2.177)
B, K —-B,K A, 0 0 0
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2 The early-lumping approach for continuous-time control

with D(A.0) = D(Ay) and D(A) = X ;. From the fact that A,—LC,,, A,,—B, K, and
A, generate Cy-semigroups and from the boundedness of the off-diagonal blocks of A, ¢
it can be concluded that also the composite operator A, is the infinitesimal generator
of a Cy-semigroup (see [46, Lem. 3.2.2]). Furthermore, due to the boundedness of A,
also Ay = Ag o+ A is an infinitesimal generator of a Cy-semigroup so that the initial
value problem (2.174) is well-posed (see [46, Thm. 3.2.1]).

Before the closed-loop behavior is discussed by considering the spectrum of A, it has
to be noted that this makes sense only if the closed-loop spectrum is meaningful for
the behavior of the control loop in the way that the stability margin 5 is given by
b= - SUDPS ,eo(a,) RE M. Therefore, the following assumption has to hold (see also
Subsection 2.1.3 for the SDGA).

Assumption 2.3-2 (SDGA for the closed-loop system)

The closed-loop system operator A, is assumed to satisfy the spectrum determined
growth assumption, u.e., f = — SUDPS ,co(4,) RE A holds for the closed-loop stability
margin f3. <

An easy method to conclude that this assumption holds is available if A generates
an analytic Cp-semigroup, which implies that A, = Alpanx, (see (2.115)) is the
generator of an analytic Cy-semigroup. Since X and X, differ by the finite-dimensional
space C*" it can be shown that also the Cy-semigroup, generated by A, , is analytic.
Due to the fact that A is bounded, finally A, = A. o+ A generates an analytic Cp-
semigroup (see [89, Cor. IX 2.5]) which in turn assures that A, satisfies the SDGA (see
[126, Sec. 2]) so that Assumption 2.3-2 holds. However, for A to generate an analytic
Co-semigroup it is necessary that its spectrum satisfies the sector condition (2.37) with
a sector angle € > 0. This excludes, e.g., entirely undamped flexible systems and beam
systems with viscous or Rayleigh damping. The following statement assures the SDGA
for the closed-loop system for spectra of A that are contained in a sector with sector

angle € = 0.
Theorem 2.3-3

Suppose that A is the infinitesimal generator of a Cy-semigroup and has an eigenvector

Riesz basis. Then, Assumption 2.3-2 is satisfied.
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2.3 Observer-based compensator design

The proof is given in Appendix A.3. Apparently, this statement can be applied partic-
ularly when A is a sectorial Riesz-spectral operator. For proving the statement it plays
an essential role that A, has “almost” an eigenvector Riesz basis under the mentioned
condition in the following sense: A.; has an infinite number of eigenvectors qgcl,i, 1> N,
that, when combined with an at most finite number N of suitable additional vectors
Qi € Xy, i=1,2,..., N, yield a Riesz basis for X. If A neither is the generator of
an analytic Cip-semigroup nor has an eigenvector Riesz basis, the SDGA for A, has to
be checked individually. This is demonstrated next for the control of the time-delay

system that has been introduced in Example 2.1-16.

Example 2.5-4 (Time-delay system)

Applying the observer-based compensator ¥, in (2.168)—(2.169) to the time-delay sys-
tem considered in the Examples 2.1-16 and 2.2-4, the closed-loop dynamics is described
by

(1) A —BK Ag( V=7 | | m(2)
i) | =l A, - B.K - LO, 0 0 (2.178)
Oyrq(T, 1) 0 0 o-(+) xq(T, 1)

with x4(0,t) = x;(¢), t > 0. This system has the same form as the time-delay system
(2.78) with (2.76), at which the lumped part z; of the state in (2.78) is extended by the
state z,, of the compensator. For these systems it is known that the SDGA is satisfied
in general (see [46, Thm. 5.1.7]). Thus, Assumption 2.3-2 holds. <

The spectrum of A, is given by
o(Auo) =0(A, — B, K)Uo(A, — LC,) Uc(A,) (2.179)

due to its triangular structure. This makes apparent that the compensator, which is
designed by eigenvalue assignment for A,, — B,K and A, — LC,, assigns the desired
eigenvalues to A o. However, the actual closed-loop dynamics are not described by
Ao but instead by the perturbed operator A, = Ao+ A (see (2.174)). In general,
all closed-loop eigenvalues 5\01,2- € o(Ay), i € N, differ therefore from the desired values
Aeti € 0(Aup), @ € N, so that the performance of the controlled system may be
unsatisfying. If one of the eigenvalues is shifted in this way into the right half of the
complex plane, the closed-loop system is unstable. It is therefore important to have an
estimate how far the eigenvalues 5\0171- may be shifted away from \.;; under the influence

of the perturbation A. This question will be addressed in Section 2.4.
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2 The early-lumping approach for continuous-time control

2.3.4 Asymptotic disturbance rejection

A stabilizing control has the effect that the plant output y approaches zero in the
considered structure of the control loop as it is shown in Figure 12a. For a two-degrees-
of-freedom control (see Figure 12b) one has y(t) — y4(t) for t — oo, which means that
the control assures that the output approaches the desired trajectory. However, this
intended behavior of the closed-loop system changes when an exogenous disturbance

d(t) € RPe affects the closed-loop system, i.e., the plant is described by

Yo @(t) = Ax(t) + Bu(t) + Gd(t), t>0, 2(0)=x0€X (2.180)
y(t) = Cx(t), t>0 (2.181)

instead of the model (2.3)—(2.4) with a bounded linear operator G : CP¢ +— X and
m outputs, i.e., y(t) € R™. For modifying the compensator such that it rejects the
influence of the disturbance d on the output y asymptotically it is assumed that d can

be described by the signal model

Bs(t) = Ay, (2), t>0, 2,00)=x,,€C™ (2.182)
d(t) = Cay(t), t>0 (2.183)

with (Cj, As) being observable, which is possible, e.g., for constant, ramp, or sinusoidal
signals. In the important case of constant disturbances one has A, = 0, C, = 1, and
n, = 1. An approach to robustly and asymptotically reject the modeled disturbance is
the internal model principle (see [48, 65]). For single-output systems, i.e., m = 1, the
plant model (2.180)—(2.181) is extended by a copy

o(t) = AsEs(t) + Bay(t),  #,(0) =0 (2.184)

of the signal model that is excited by the plant output y, where By € CI is arbitrary
except that (Ag, Bs) has to be controllable. For multi-output systems, i.e., m > 1,
one has to add such a copy of the signal model for each of the outputs, and p > m
has to hold (see [48]). Typically, A, has eigenvalues on the imaginary axis in order to
generate persistent disturbances. If the compensator stabilizes the extended plant, it
follows

tlgglo y(t) =0, Vage X, Va,oe C (2.185)

because Z is excited by y (see (2.184)) so that this state would otherwise diverge due to
the instability of the signal model and the controllability of (A, Bs). Thus, asymptotic

disturbance rejection is assured. Since the rejection is achieved whenever the control
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loop is exponentially stable, the rejection is robust w.r.t. model uncertainties that do

not destabilize the closed-loop system.

The design of the compensator is based on an approximation of the extended sys-
tem (2.180)—(2.181) and (2.184). This approximation can be obtained by adding the
signal model dynamics (2.184) to the previously used modal approximation I, (see
(2.99)—(2.100) and (2.138)—(2.141)), for what the output y(t) = Cx(t) in (2.184) is
approximated by v, () = C,z,(t). This leads to the approximation

Jae] [ A o] [w®] | [B.
P [gés(t)_ B | BsCu As| |2s(t) 1o u(t) (2.186)
[Z”((g)) = xoo eXaCr (2.187)
Yn(t) = :Cn 0} [”;”Eg] . (2.188)

In this approximation the disturbance d is not taken into account because it does
neither influence the compensator design nor the closed-loop spectrum. The state
feedback (2.169) can now be designed for the extended approximation, where this
(unstable) dynamics can be stabilized if and only if the approximation ¥, does not
have any transmission zero that coincides with any of the eigenvalues of A; in view
of the assumed controllability of (A,, B,) and (As, Bs) (see [48]). Since the signal
model (2.184) has to be implemented, the state Z; is directly available for realizing the
state feedback and needs not to be reconstructed by the observer. Thus, the observer
(2.168) can still be designed for the unextended approximation ¥,. This leads to the

compensator

See: En(t) = (Ay — LC) i (t) + Buu(t) + Ly(t), t >0, #,(0) = in0 € C* (2.189)
u(t) = =K, (t) — K,Z4(t), t>0, (2.190)

where I is taken from (2.184), which has to be implemented additionally. Apparently,
this control scheme differs from that considered in the previous subsection for the
analysis of the closed-loop dynamics. However, it will be shown later that the spillover
reduction approaches, presented in the Chapters 3 and 5, can be applied to both the
control with and without asymptotic disturbance rejection (see the Remarks 2.4-14
and 4.2-5). It should be noted that the internal model principle may lead to severe
windup problems in case of input saturation. Therefore, windup prevention measures

are necessary that can be found in [51].
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2.4 Analysis of the closed-loop spectrum

Different from the finite-dimensional case the dynamical behavior of the closed-loop
system depends not only on the eigenvalues of the system operator but also on its con-
tinuous spectrum o.(A.;) as well as the residual spectrum o,.(A,;) (for their definitions
see Subsection 2.1.3). For that reason the structure of o(A.), i.e., the decomposition
o(Ay) = 0p(Ag)Uoe(Ay)Uo,(Ae), has to be analyzed. This will be discussed in the
following subsection. Afterwards an estimate of the eigenvalue perturbation caused by

the spillover is given in Subsection 2.4.2.

2.4.1 Structure of the closed-loop spectrum

While the spectrum of A, can be described by the simple expression (2.179), the
spectrum structure of the actual closed-loop system operator A, = Ay o + A is far
less obvious due to the influence of the perturbation operator A. It is useful to note,
however, that A is a degenerate operator, i.e., A is bounded and its range ran A is finite-
dimensional (see (2.177)), because this simplifies to gain some insight into the structure
of the closed-loop spectrum o(A.;). One consequence is that, if 0(A,) does not contain
any accumulation point, the spectrum of A, entirely consists of isolated eigenvalues
with finite multiplicities and thus is discrete. This can be shown by aid of the first
Weinstein-Aronszajn formula (see [89, Sec. IV 6]). The structure analysis of the closed-
loop spectrum is more sophisticated if o(.A) contains accumulation points. An example
for such systems are mechanical vibrating systems with Kelvin-Voigt damping (see,
e.g., [73, Sec. 4]). Tt is a known fact that an accumulation point Ay € o(Ay) cannot
be shifted by any degenerate perturbation operator and thus not by the control law
(2.169) so that the stability margin § is limited by the location of the accumulation
points in o(A) (see, e.g., [46, Sec. 5.2]). However, the following questions need some

further analysis:

1. Under which circumstances may o.(Ay) or 0,(A.) be non-empty?

2. May it happen that o.(A.) or 0,(A.) contain elements that do not belong to
O'p(.Acl)?

3. Can it happen that accumulation points in o(A) appear in o(A,) as isolated

points instead of accumulation points?
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Particularly, Item 2 is an important issue because if the closed-loop can possess a
spectral point Ay € 0.(Aq) U 0.(Ay) that is not in the closure of o,(Ag), it would
not be sufficient to analyze only the closed-loop eigenvalues. A detailed characterization
of the closed-loop spectrum o(.A,;) can be derived from the following general result for

the spectrum of a perturbed operator.

Lemma 2.4-1

Suppose that a linear operator My : D(Mo) C H — H on a Hilbert space (H,{-,-)y)
has the following properties:

(P1) My is the generator of a Cy-semigroup,

(P2) the point spectrum o,(Mg) of My consists solely of isolated eigenvalues with

finite algebraic multiplicities,
(P3) (M) is totally disconnected, and
(P4) the residual spectrum satisfies o,.(Mgy) = 0.

Let the perturbation operator D : H — H be degenerate. Then, the spectrum of
M = M + D satisfies the following statements.

(SJ) UC(M) g UC(MO) C U(M)
(52) o,(M) =10

(S3) Any spectral point X of M in the set o(M)\ 0.(My) is an isolated eigenvalue of
M with finite algebraic multiplicity.

Furthermore, it holds

(M) = 7, (M) (2.191)

so that o.(M) entirely consists of accumulation points of eigenvalues in o,(M).

For the proof see Appendix A.4. The first Item (S1) states that the accumulation points
in M, are not influenced by the perturbation und are thus also accumulation points
in M, and the Properties (S2) and (S3) show that all the remaining spectral points
of M are eigenvalues with finite algebraic multiplicities. Note, that o.(M) = o.(My)
is not assured in general because an element of o.(Mj) may appear in o,(M) as an

accumulation point that is an eigenvalue. Instead, only o.(M) C 0.(M,) is assured.
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Remark 2.4-2 In the case where M, satisfies the additional requirement to be
the infinitesimal generator of an analytic Cy-semigroup the statements of Lemma 2.4-1
hold even for unbounded perturbations D that are Mg-degenerate. Such an operator
D:D(D) C H— H with D(D) 2 D(M,) has a finite-dimensional range ranD and
is unbounded in H but Mg-bounded, i.e., ||Dh||g < a||[Moh|lg + Y||h||g, Yh € D(D),
holds for constants «,y > 0. In order to show this it plays an essential role that the
infinitesimal generator of an analytic Cy-semigroup remains such a generator under
M-degenerate perturbations, which follws from [133, Prop. 1] and [89, Rem. IV 1.13].
This generalization is important for modelling pointwise measurements of parabolic

systems (see, e.g., [52]). <

Now, this general result shall be applied in order to characterize the structure of the
closed-loop spectrum. To this end, remember that it has been argued in Subsec-
tion 2.3.3 that A, has the Property (P1) in Lemma 2.4-1. This is implied by the
fact that A is the infinitesimal generator of a Cy-semigroup due to Item 1 of Assump-
tion 2.1-9. Furthermore, the Properties (P2)-(P4) can be verified for A, o under use
of the Items 3a, 3b, and 3¢ of Assumption 2.1-9 and (2.179). Thus, A satisfies the
requirements on M, in Lemma 2.4-1, and A is a degenerate operator as follows from
(2.177) so that the above result can be applied to Ay = Ao + A. Note, that for
doing so it is not required that A, o has simple eigenvalues or an eigenvector Riesz ba-
sis. Apparently, (2.179) shows that o.(Aco) = 0.(A,) = 0.(A). Hence, Lemma 2.4-1
directly yields the following characterization of the closed-loop spectrum, which is the

main result of this section.

Theorem 2.4-3
Let the Assumption 2.1-9 hold. Then, the spectrum o(A.) of the closed-loop system

operator A, can be decomposed as
o(Ag) = {aii € N} U (A), (2.192)
where chu, 1 € N, are eigenvalues of A, that have finite algebraic multiplicities and
are isolated. Particularly,
or(Aa) =0 (2.193)
o(Aa) = 0p(Aa) (2.194)

holds.
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2.4 Analysis of the closed-loop spectrum

Apparently, any spectral point in o(A) that is not an eigenvalue is an accumulation
point in o(A) and in o(A). However, an accumulation point in o(A;) might be an
eigenvalue with infinite multiplicity. This result greatly simplifies the analysis of the
closed-loop dynamics since the accumulation points in o(.A) are usually known so that
one needs only to determine the closed-loop eigenvalues. An approach for estimating
them is shown in the next subsection. It is interesting to note that the same result
as in Theorem 2.4-3 would be obtained from Lemma 2.4-1 in the more general case
where instead of the observer-based state feedback (2.168)—(2.169) an arbitrary finite-
dimensional compensator for the system (2.3)—(2.4) is used. This follows from the fact
that for any controller the closed-loop system operator A, differs from the open-loop

system operator A o by a degenerate perturbation.

According to Theorem 2.4-3 the closed-loop spectrum equals the closure of its point
spectrum (see (2.194)). In order to determine the closed-loop stability margin under
Assumption 2.3-2 it is therefore sufficient to check only the eigenvalues instead of the

whole spectrum. Thus, the following statement is obvious.

Corollary 2.4-4
Let the Assumptions 2.1-9 and 2.53-2 hold. Then,

wg= sup Rely= sup Rely (2.195)

)‘cleU(Acl) )‘cleap (-Acl)

is the growth bound w. of the Cy-semigroup Sq(t) generated by A..

This result confirms that by shifting the dominant eigenvalues Ay, A9, ..., A, of A such
that all the eigenvalues S\Cl,i, i € N, of A, are contained in the half-plane @:B’ the

stability margin [ is achieved, as it is well-known from the finite-dimensional case.

Ezample 2.4-5 (Euler-Bernoulli beam with Kelvin-Voigt damping, continued)

The Euler-Bernoulli beam with Kelvin-Voigt damping introduced in Example 2.1-15
is considered. There, it has been found that A is a sectorial Riesz-spectral operator
so that the SDGA for the closed-loop system holds because A is analytic (see the
explanation following Assumption 2.3-2). Furthermore, it has been stated that the
continuous spectrum consists of the accumulation point A\ = —1/(24), i.e., 0.(A) =

{A%}. In addition, it has been explained that the corresponding state space model
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2 The early-lumping approach for continuous-time control

satisfies Assumption 2.1-9 so that Theorem 2.4-3 can be applied to this system. Thus,
according to (2.192) the closed-loop spectrum o(A,;) consists of isolated eigenvalues
with finite multiplicities and the accumulation point A**. This means in particular
that this spectral point cannot be shifted by the compensator and that o.(A.) can
contain at most A\*“. Further, o,.(Ay) = 0 holds. Since A, satisfies the SDGA, i.e.,
Assumption 2.3-2 holds, Corollary 2.4-4 can be applied which states that it is sufficient
to consider the point spectrum of A, in order to determine the growth bound of the

corresponding Cy-semigroup. <

Clearly, a more specific characterization of the closed-loop behavior can be obtained
when the locations of the eigenvalues S\W- are known. However, since the eigenvalues
considered for the compensator design are the eigenvalues A ;, i € N, of A due to
(2.179), the difference between \;; and S\Cl,i has to be taken into account in the design

step. An upper bound for these errors is obtained in the next subsection.

2.4.2 Enclosure of the closed-loop spectrum

Now, a relation between the perturbed spectrum o(A.) of A, and the spectrum
0(Agy) of the nominal operator Ao will be determined. To be more precise, the

spectrum perturbation

d:= sup inf A — Ao (2.196)
S‘CZEO'(ACI) Aclea(Acl,O)
will be estimated by an upper bound. Note, that the term infy o4, ) |5\cl — Al

therein describes the distance of the spectral point A, of the perturbed spectrum to
the set 0(Ap). Thus, d can be regarded as the largest distance of a point Ay to its
neighboring spectral point in the unperturbed spectrum o (A, ). Knowing this worst-
case difference enables to estimate not only the stability margin of the closed-loop
system but also further performance aspects such as its damping. Therefore, having an
estimate for d, the early-lumping-based compensator design approach by assigning the
eigenvalues of the controlled approximation is justified since the closed-loop behavior

can be estimated a prior:.

A result for the spectrum perturbation can be obtained by a generalized version of
the Bauer-Fike Theorem [18, Thm. IIla] which provides estimates for the eigenvalues

of a finite-dimensional matrix under bounded perturbations. For the purposes of this
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2.4 Analysis of the closed-loop spectrum

contribution an extension to a class of unbounded operators is used that are similar to

a normal operator3®. This generalized statement reads as follows.

Lemma 2.4-6

Suppose that for a linear operator My : D(My) C H — H on a Hilbert space
(H,{-,-)g) there exists a linear transformation® T : H — H such that T *MyT
is normal. In addition, let D : H — H be a bounded operator. If the operator
M = My + D satisfies o,(M) = 0, then the spectrum perturbation
dpm = sup inf |A— A (2.199)
A€o (M) Aeo(Mp)
with respect to My and M satisfies

du < | T'DT. (2.200)

The proof is given in Appendix A.5. Note, that different from Lemma 2.4-1 this state-
ment cannot be generalized in a straightforward manner to perturbation operators D
that are My-bounded. However, this result is applied next for analyzing the spectrum
of Ay = Auo + A, where the perturbation operator A satisfies the condition to be
bounded (see (2.177)). For doing so, the following assumption is needed.

Assumption 2.4-7 (Existence of a normalizing transformation)

The existence of a linear transformation 7. : X, — X, such that ’Tcl_lAchon is

normal, is assumed. <

This condition can be assured in a particular simple way if the system operator is a

Riesz-spectral operator. For this case the following statement is useful.

33 A linear operator M : X + X is said to be normal if it holds

MM*h = M*Mh,  Yhe DMM*) (2.197)
D(MM?*) = D(M* M), (2.198)

34 A linear operator 7 : X ~ X is called a linear transformation if it is a bijection on whole X.
Thus, D(T) = D(T ') = X which implies that 7 and 7 ~! are bounded.
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2 The early-lumping approach for continuous-time control

Proposition 2.4-8

Suppose that A is a Riesz-spectral operator. If the observer-based compensator X, in
(2.168)-(2.169) is designed such that A, —B, K and A, —LC,, have simple and mutually
different eigenvalues that are not contained in o(A,), then Assumption 2.4-7 holds. In

particular, a normalizing transformation is then given by

Tah =Y (hoxbas,  To'h=> (hvai)xp, VheX, (2.201)
i=1 =1

wherein ¢o; and Ve, © € N, are the eigenvectors of Ay o and A’Zw, respectively, that
correspond to each other and are scaled such that they form biorthonormal sequences.

Furthermore, @;, i € N, is an arbitrary orthonormal basis for X .

For the proof see Appendix A.6.

Remark 2.4-9 This result remains valid if A is not a Riesz-spectral operator but
the eigenvectors ¢.;; of the closed-loop system operator Ao form a Riesz basis, and
(teri)ien is the biorthonormal sequence corresponding to (¢ ;)ien. This is relevant for
systems with multiple eigenvalues whose system operator is therefore not Riesz-spectral
in the sense of Definition 2.1-6 (see [73] for a more general definition). Furthermore,
Assumption 2.4-7 is satisfied for system operators A that are self-adjoint, skew-adjoint,
or unitary, even if their eigenvectors do not form a Riesz basis. In this case, a nor-
malizing transformation is obtained from (2.201), when ¢o 1, ¢ei1,- - ., Gei2n are the
eigenvectors of A o that correspond to the eigenvalues of A,, — B, K and A, — LC,,

the vectors ¢4, 1 > 2n, and ¢;, ¢ € N, are chosen as

T
[e,- 0 0} L 1<i<n
T
pi=4 10 e O :om<i<2 . dui=en P> (2202)
T
[O 0 Sor,i—2n] 1> 2n

with e;, ¢ = 1,2,...,n, and ¢,;, ¢« € N, being the canonical basis for R" and an
orthonormal basis for X,, respectively, and (1. ;)ien is the biorthonormal sequence
corresponding to (¢;)ien. However, for time-delay systems as considered in Exam-
ple 2.1-16 a normalizing transformation is easy to determine only under restrictive
conditions (see [46, Sec. 2.4]), so that the following spectrum perturbation estimate

cannot be applied to this system class. <
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2.4 Analysis of the closed-loop spectrum

Now, Lemma 2.4-6 can be applied to A, = Ay + A under the Assumption 2.4-7
because all requirements are met in view of A being a bounded perturbation, and
o.-(Ag) = 0 holds according to Theorem 2.4-3. Applying Lemma 2.4-6 immediately

leads to the following result.

Theorem 2.4-10
Let the Assumptions 2.1-9 and 2.4-7 hold. Then,

d < | T ' ATall < 1T I TalllA (2.203)

C

is an upper bound for the spectrum perturbation d, in which T, is the normalizing

transformation in the sense of Assumption 2.4-7.

Remark 2.4-11 An equivalent formulation of this statement is that the spectrum

of A, is enclosed by the union

o4 {Xcl eC ) Rt — M| < r} (2.204)

of disks with radius

r= |77 ATall, (2.205)

C

at which o(A0) = 0,(Aco) (see Item 3d of Assumption 2.1-9) has been taken into
account. Thus, Theorem 2.4-10 shows that all the eigenvalues 5\61,@, 1 € N, are enclosed
by at least one of the disks that are centered around the unperturbed eigenvalues

Aeri € 0(Aep) that are known (see (2.179)). <

Remark 2.4-12 A similar result can be obtained by the so-called Gerschgorin
disks. In [68] this approach was extended to the situation where the system operator
can be represented as an infinite-dimensional matrix. However, in order to assure that
the radii of the enclosing circles are finite the system operator has to satisfy certain
conditions that are restrictive for applications with discontinuous input and output
distribution functions b; and ¢; (see (2.14)—(2.15)). In contrast, the radius r in (2.205)
is always finite because A, Ty, and 7' in (2.203) are bounded. Of course, it is
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2 The early-lumping approach for continuous-time control

intuitively clear that if the controller is designed such that ||A| is small, then the
eigenvalue deviation caused by spillover is small as well. However, Theorem 2.4-10
provides a quantitative and simple relation for the possible differences between the

unperturbed eigenvalues and the actual closed-loop eigenvalues. <

In Appendix B an approach is given for computing the radius r of the enclosure (2.204)—
(2.205) exactly under the condition that A is a Riesz-spectral operator with orthonor-
mal eigenvectors. In other situations r has to be computed on the basis of an accurate
approximation of the closed-loop dynamics. To this end, one increases the approxima-

tion order until the resulting values for r converge.

Ezample 2.4-13 (Heat conducting plate, continued)

In order to demonstrate the presented approach the control of the heat conducting
plate, for which a state space model has been determined in Example 2.1-13, is con-
sidered. The temperature x(z, z2,t) over the rectangular domain 2 = (0,1) x (0,7)
with the two spatial coordinates z; € [0,1] and 2z, € [0, 7] is described by the a state
space model (2.3)—(2.4) with the operators

2h  Ph
Ah=55+ 57 Vhe DA = {heHg(Q) ) b= o} (2.206)
Bv = b, VveC (2.207)
Ch = (h, d)x, Vhe X, (2.208)

where I' = 0f) denotes the boundary of the plate and the input and output distribution

functions are given by

1—(21—1/2)2 = (22 —7/4)?) : 0<2<1,0< 2 <7/2

b = 2.209

(21, 22) { 0 : otherwise ( )
103 : 049 < 2z <0.51, 7/4 —0.01 < 29 < 7/4+0.01

(1, 20) = 0 0 9_'21_05,7r/ 001 <z <7w/4+0.0 (2.210)
0 : otherwise.

For convenience, the eigenvalues and eigenvectors, given in (2.45)—(2.46), are re-indexed
as \; and ¢, i = 1,2, ..., such that \;1; < \;, i € N. It is apparent from (2.203) that
the estimate for the spectrum perturbation d depends on the norm of the perturbation
operator A. In the following, it will be shown that this norm can be changed by

considering the transformed state Z(¢) = T,x(t), which is advantageous for obtaining
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tight eigenvalue enclosures. The operator 7, : X — X is the self-adjoint, positive, and

bounded linear operator
T.h = sz O xdi, m<p <M i>1 VheX (2.211)

with constants m, M > 0. 7T, has a bounded inverse, because all its eigenvalues p;
satisfy p; > m > 0, that is given by 7,7 = > p; ' (-, ¢:) x¢;. Rewriting the state
space model (2.3)—(2.4) in terms of the new state Z(t) = T,x(t) leads to the transformed

state space model

Z(t) = Az(t) + T, Bu(t), t >0, #(0) = Tomo (2.212)
y(t) = CT, ' 2(t), t>0. (2.213)

Observe that only the input and output operators are modified by the transformation
but the system operator remains unchanged because T,AT. ! = A holds as can be

checked easily. Combining (2.211) and the representations

Bv = bv = Z(bv, bi) x bi VveC (2.214)
i=1
Ch=(h,c)x = < Z oy X¢Z> => (e.o)x(hdi)x, VheX (2.215)
i=1 X i=1

and h = > (h, ¢;) x¢; (see (2.20)), that are possible because the eigenvectors ¢; are
orthonormal (see (2.46)), leads to

= T.Bv = sz(bv, i) x Gi, VveC (2.216)
i=1
Cho= CT =3 (e, 60 (hy 60)x, VheX. (2.217)

7

Although the observer gain L is not fixed yet it is apparent from (2.217) that ||LC,||
with C, = C|x, (see (2.115)) can be made arbitrarily small by choosing p;, i > 1,
sufficiently large. At first glance, increasing p; results in reducing the radius r of the
enclosures in view of (2.205) and ||A|| = ||LC,|| (see (2.177)). However, at the same
time when || LC, || is reduced by using large parameters p; the norm ||B, K || is increased
for a given feedback gain K as can be seen from (2.216). This in turn often leads to

o

an increased norm ||7,;"||. So, making [|Al|| small by the state transformation yields

|7, ]| being large, and the other way round. In view of (2.203) one has therefore to
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2 The early-lumping approach for continuous-time control

find a balance between ||LC,|| and ||B, K| in order to obtain good estimates. To this

end, the parameters p; are chosen in this example as
pr=15 po=01, p3=2, pe:=p;i =15 for i >4. (2.218)

Doing so, comparison of (2.216)—(2.217) with (2.214)—(2.215) leads to

3

Bv = pocbv — Y (o — pi) (b0, 1) x i, VveC (2.219)
=1
~ 3
Ch=plCh =Y (px) = pi")(c. di)x (b, i) x, VheX. (2.220)
=1

It was explained in Subsection 2.3.3 that the spillover can be divided into two different
effects, namely the control spillover, for which the operator B,K plays an essential
role, and the observation spillover, that depends on LC,.. Since these operators become
changed by introducing the state transformation, such a change of the state allows to
influence both kinds of spillover, which is the basic reason for the improvement of the

perturbation estimate. This aspect will be discussed more in detail in Section 3.3.

Next, the compensator is designed on the basis of an approximation for (C~ VA, B) such
that the slowest eigenvalue \; = —m2 — 1 = —10.87 is shifted to Aep = —13 and
all the other eigenvalues remain unaffected. In view of the decay of the eigenvalues
(see (2.45)) the approximation model ¥, (2.99)—(2.100) can be regarded to cover the
dominant part of the system dynamics if it contains the first two modes, i.e., n = 2.
Applying (2.108)(2.110) to (C, A, B) yields

A, = diag(M\1, Ay) = diag(—10.87, —13.87) (2.221)

B, — |82 (2.222)
0.060

C, = [0.213 4.513} (2.223)

which gives a controllable and observable approximation >,,. The controller gain K is
chosen as K = [2.585 0] so that it assigns the eigenvalues o(A,, — B, K) = {—13, \2} =
{—13,—13.87}, and the observer gain L = [20.260 —0.0109]" provides o (A, — LC,,) =
{—14,—15}. It has been found in Example 2.1-13 that A satisfies Assumption 2.1-9,
which is required for applying Theorem 2.4-10, and that A is a sectorial Riesz-spectral
operator. Therefore, also Assumption 2.3-2, which is the SDGA for the closed-loop
system, holds. Finally, it has been shown in Example 2.1-13 that A is a Riesz-spectral
operator. Taking this into account, Proposition 2.4-8 yields that Assumption 2.4-7
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2.4 Analysis of the closed-loop spectrum

Table 2 — The unperturbed eigenvalues A.;; € 0(A4,,—B,K)Uo(A,—LC,)Uc(A;)

and closed-loop eigenvalues A ; € o(A.) with largest real parts.

i |1 2 3 4 5 6 7
M| 13 —1387 —14 ~15 —18.87  —25.87 —40.48
Ao | 12,61 —13.87 —13.91 —17.13 4 j1.59 —17.13 — j1.59 —25.87 —40.48

is satisfied. Thus, Theorem 2.4-10 can be applied. This shows that the closed-loop
eigenvalues S\Cm of A, lie entirely within the union of circles that are centered at the
unperturbed eigenvalues A, ; of Ao (see Table 2), and their radius r = 5.11 can be
determined by (2.205) on the basis of a 60-th-order modal approximation. Due to their
location in the complex plane as shown in Figure 13 it is assured that the closed-loop
system has a stability margin of at least § = 7.89 and a damping of d = 0.92 in the
worst case. The slowest 7 closed-loop eigenvalues S\Cl,i are listed in Table 2 that were
computed on the basis of a modal approximation of order 40. The actually occurring
maximal difference to the desired values is d = 2.36 so that due to r/d = 2.17 the disk
radius r is about 2 times larger than it would be in case of an ideal estimate. This
shows that the proposed approach yields a viable eigenvalue estimate. Note, that the
overestimation depends on the parameters p;, so that these should be chosen with care.

<

The system operator A, (see (2.175)) of the closed-loop dynamics X.; has been divided
in (2.177) into the sum of A, and A. This decomposition of the system operator
is chosen with the intention that the estimate (2.203) is particularly sharp. For the
further considerations in the next chapter, however, it is more convenient to use a

different decomposition

Aa=Aup+ A (2.224)
with redefined operators
Aco = 0 A, —B,K 0], A= |B,K 0 0 . (2.225)
0 -B.K A, B.K 0 0

Theorem 2.4-10 remains valid for this new decomposition if the changed operators

Ao and A are used therein. The only difference is that the estimate for the spectrum
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Figure 13 — Locations of the first six unperturbed eigenvalues A\ ; ('0") and closed-
loop eigenvalues 5\01,1’. i=1,2,...,6 ("x") with largest real parts (com-
pare to Table 2). The gray disks describe the estimated regions for the
closed-loop eigenvalues that assure the stability margin § = 7.89 and

the damping d = cos(y) = 0.92 due to v = 23.1°.

perturbation is different. Instead of (2.203) one has now the more conservative upper
bound
d<d with d=|[T; 7allA] (2.226)

In the next chapter a control system design method is presented that allows to sys-

tematically reduce d.

Remark 2.4-14  In Subsection 2.3.4 it has been explained that asymptotic distur-
bance rejection can be assured by adding a signal model of the exogenous disturbance
to the control loop. The analysis of the corresponding closed-loop spectrum can be
done in an analog way as shown in this section. To this end, the operators in (2.225)

have to be replaced by

(A, —LC, 0 0 0
0 A B.C 0
_ s stn 9.92
Acl,O 0 _BnKs An i BnK 0 ( 7)
L 0 _BrKs _BT’K 'AT
0 00 —LC
0 0 0 B
A = ser 2.22
B,K 0 0 0 ( 8)
BEK 00 0
in order to describe the dynamics w.r.t. the state r. == [e, T, x, z,]7, where Z, is
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the state of the signal model (see (2.184)). Note, that the sub-block

As B,C,
—-B,K, A,— B,K

n

(2.229)

in Ao has the eigenvalues that are assigned by the compensator to the extended
approximation (2.186)—(2.188). Thus, A, has the desired eigenvalues due to its block-
diagonal structure. Using these modified operators the statements of this section as

well as those of the next chapter remain valid. <
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Chapter 3

Spillover reduction for

continuous-time control

The detrimental influence of the residual dynamics on the closed-loop behavior has
the consequence that an iterative design procedure may be needed: After an initial
compensator design, the analysis of the closed-loop system may yield that its behavior
is unsatisfying so that the design has to be repeated with modified parameters, until
the closed-loop behavior meets the specifications. Since it is not clear a priori in
which way the redesign has to be modified this approach can hardly be considered as
systematic. This motivates to seek for an approach that reduces the spillover effectively

and systematically (see [2, 105]).

A quite natural approach is to increase the order of the approximation so that less of
the system dynamics is neglected, so that in consequence the residual dynamics has
less influence on the closed-loop behavior. Alternatively, the same can be achieved by
reconstructing some of the residual modal states by means of a so-called residual mode
filter, that acts as an observer for single eigenmodes without correction term. These
reconstructed states can be used to eliminate their contributions to the measurement
y (see [13]). Consequently, those modes do then not cause observation spillover since
they do not excite the observation error (see (2.170)). In principle, the spillover can be
made arbitrarily small in these ways by increasing the order of the compensator or the
residual mode filter. However, for these approaches no a priori estimates are available
that yield the required order for assuring prescribed performance criteria so that the
design procedure still has to be done in a “trial and error” manner. Furthermore, it

turns out that typically a comparatively large number of residual modes have to be

73
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eliminated and thus a high order of the compensator or the filter may be needed for
a satisfying reduction of the spillover (see Example 2.1-15). In case that it is desired
that the total order of the compensator is low, a more efficient approach for spillover

reduction is thus needed.

In this chapter the classical early-lumping design scheme for observer-based continuous-
time control is improved by combining it with a new effective spillover reduction tech-
nique. The reduction relies basically on the results in [56, 77], where it is shown that
certain linear combinations of the modal states can be reconstructed by means of a
finite-dimensional dynamical system, which is named output observer. These linear
combinations have the essential characteristic that the error of the reconstruction can
be assured to decay exponentially. This makes it possible to use them as fictitious out-
puts, because the error dynamics is separated from the remaining closed-loop dynamics
so that both dynamics can be designed independently from each other. It turns out
that the fictitious outputs contain less contributions of the residual modes than the
measurable output so that the spillover becomes reduced when they are used for an
observer-based compensator (see Figure 14a). In this chapter the results of [56] are
extended in two directions. First, it is shown that the spillover reducing effect can
be increased by using several output observers that are arranged in a cascaded struc-
ture (see Figure 14b). Second, the properties of the resulting closed-loop spectrum are

analyzed using the results of Section 2.4.

A comparison of the spectrum perturbations of the closed-loop with and without an
output observer yields a measure for the achieved spillover suppression. It turns out
that an upper bound for the spectrum perturbation decreases exponentially with re-
spect to the order of the additional dynamics that is used for the reconstruction of
the fictitious output. For the classical spillover reduction approaches by increasing the
order of the approximation or the residual mode filter, in contrast, it is not possible
to describe the spectrum perturbation by a simple relation. Moreover, the proposed
method proves to be significantly more effective in many applications so that the ap-
proach is useful when low order controllers are desired. Furthermore, an a priori upper
bound for the total compensator order, that assures a prescribed reduction of the

spectrum perturbation, is given.

Inserting output observers in the control loop has the effect that both the observation
and the control spillover can be reduced. It is shown that the impact on these two

kinds of spillover depends on the choice of the state variables of the plant. However,
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Figure 14 — Structure of the closed-loop system with the infinite-dimensional sys-
tem X and with a) a single output observer 3, and b) several cascaded
output observers 1 ... 3% The observer-based compensators 3. and

3¢ use the resulting reconstructions ¢, and 9, 4, respectively.

the resulting reduction of the spectrum perturbation is the same, regardless if the

approach is applied for the suppression of observation or control spillover.

In the first section of this chapter the reconstruction of fictitious outputs is introduced.
The design of the compensator on the basis of a system approximation for the fictitious
output and the analysis of the resulting spillover suppression are subject of Section 3.2,
where also a cascaded arrangement of output observers is considered. The approach is
presented in this section such that solely the observation spillover becomes reduced. It
is shown in Section 3.3 how the approach can be used also for the reduction of control

spillover.

3.1 Reconstruction of fictitious outputs

In Section 2.3.3 it has been discussed how the residual dynamics, that is not contained
in the approximation and thus neglected during the compensator design, influences the
spectrum o (A,;) of the closed-loop system operator, and an estimate for the spectrum

perturbation was given in Section 2.4.2. The causation for the spillover effect becomes
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apparent if the dynamics (2.170) of the observation error e, (t) = z,(t) — Z,(t) are
considered. It shows that the output y,.(t) = C,x.(t) of the residual dynamics ex-
cites the error dynamics so that the observer cannot converge correctly because the
residual dynamics itself is excited by the observation error due to the control law
u(t) = =Kz, (t) = —Kx,(t) + Ke,(t) (see (2.169)).

In order to reduce the spillover it is for this reason the core idea to design the observer
on the basis of a fictitious output y, instead of the measurable output y, where the
contributions of the residual state to y, are reduced compared to y. The spillover can
then expected to be small since the observer is less affected. In terms of the closed-loop
dynamics (2.174)—(2.177) this can be understood when it is taken into account that
suppressing the contributions of the residual state corresponds to reducing the norm
of C, in (2.177) so that the spectrum o(A. ), that contains the desired closed-loop

eigenvalues, is less perturbed (see Theorem 2.4-10).

If the error dynamics of the output observer can be excited by the input u or the states
x and z, the usage of the output observer will cause additional spillover and thus might
destabilize the control loop. It is therefore essential for the approach that the error
dynamics are homogeneous and asymptotically stable so that the error decays and
cannot be excited. In this case the separation principle holds for the output observer
which means that the spectra of the output observer dynamics and the dynamics of
the remaining closed-loop system are independent from each other. Hence, the output

observer does then not cause additional spillover in the closed-loop system.

Let the fictitious output operator that corresponds to y, be denoted as C; : X — C",

1.€.,

yo(t) = Cra(t),  t>0. (3.1)

Since the fictitious output y, is not available by measurement, it must be possible to

generate this output by means of a finite-dimensional dynamic system
S0t Uo(t) = Agllo(t) + Bou(t) + Loy(t), >0, §,(0)=7,0€C™.  (3.2)

Such a system is called output observer ¥, (see [56, 77]). It provides the reconstructed
output g, that converges toward the fictitious output y,. In Section 3.2 a compensator
will be designed that uses ¢, instead of y in which way the spillover turns out to be
reduced (see Figure 14a). Due to the above discussion the output operator C; in (3.1)

must satisfy the following two requirements:
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3.1 Reconstruction of fictitious outputs

1. The output g, can be reconstructed asymptotically, i.e., §,(t) — y,(t), by means

of a finite-dimensional output observer ¥, according to (3.2).
2. The contribution of x, to y, must be suppressed.

In the following subsection a class of fictitious outputs, that satisfy Item 1, is identified.

Item 2 is addressed afterwards in Subsection 3.1.2.

3.1.1 Characterization of reconstructible fictitious outputs

While an infinite-dimensional Luenberger observer for the plant would reconstruct the
whole state x so that an output y, for any fictitious output operator C; can be obtained,
one cannot expect that this is possible with an output observer of the form (3.2) with
finite order n,. For that reason it will be analyzed under which conditions on C; it is

possible to satisfy Item 1. More precisely, the following problem is considered.

Problem 3.1-1

Find a bounded linear operator C; : X — C" such that there exist matrices A,, B,,

and L, for which the output observer 3, in (3.2) reconstructs y,(t) = C1x(t), i.e.,

lim go(t) = 4o(t),  Vyo(0),50(0) € C™ (3.3)

t—00

holds. <

In order to solve this problem, A, € C**" B, € C"*P and L, € C"™*™ are designed

such that the dynamics of the error

€olt) = Yo(t) — Uo(t), =0 (3.4)

are homogeneous and exponentially stable. These dynamics are obtained from (3.2),
Uo(t) = C12(t) = CrAx(t) + C1Bu(t), and y(t) = Cz(t), yielding

éo(t) = _Aogo(t) + (ClA - LOC)ZL'(t) + (618 - Bo)u(t)> (35)

and insertion of
—Go(t) = €o(t) — Yo(t) = eo(t) — Cr(t) (3.6)

gives

Eo(t) = Ageo(t) + (C1A — LoC — AC)a(t) + (C1B — Bo)ult). (3.7)
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3 Spillover reduction for continuous-time control

Condition (3.3) implies that neither x nor w can excite the error e,. Therefore, it is
apparent from (3.7) that

B,v = C,Bv, Vv e Cr (3.8)

CiAh — L,Ch — A,Cih = 0, Yh e D(A) (3.9)

has to be satisfied, in which case (3.7) simplifies to

éo(t) = Aveo(t),  t>0. (3.10)

1

Thus, A, has to be a Hurwitz matrix", so that the error e, decays and consequently

(3.3) holds. These considerations yield the following general result (see also [56, 99]).

Lemma 3.1-2

Let A, be a Hurwitz matriz and suppose that L, and Cy are such that (3.9) holds. Then,
Cy solves Problem 3.1-1 and the corresponding B, is given by (3.8).

The Sylvester-operator equation (3.9) has a unique solution if and only if the spectra
of A and A, are disjoint (see [100]). Furthermore, in [56] a parametric solution of (3.9)

was proposed. However, the special choice
A, = pl, <0 (3.11)

will be used in the following to simplify the derivation of the results, in which I denotes

the identity matrix on C"*"°. Then, (3.9) can be solved for C; yielding
Cih = L,C(A—pul)'h, VheX, (3.12)
where L, € C™*™ can be chosen arbitrarily and p has to satisfy
peS:=(—00,0)Np(A) (3.13)

for ensuring that the resolvent in (3.12) exists and that A, is a real Hurwitz matrix
(for the definition of p(A) see Subsection 2.1.3). The corresponding B, according to
(3.8) becomes

B, = L,C(A — pul)™'B = —L,G (1) (3.14)

LA matrix M is called a Hurwitz matriz if Re A < 0, VX € o(M), holds.
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3.1 Reconstruction of fictitious outputs

with
G(s)=C(sI — A)'B (3.15)
denoting the transfer matrix of the system X (see, e.g., [43]). In conclusion, the

following result has been obtained.

Theorem 3.1-3

Suppose that A, = ul and B, = —L,G(u) for arbitrary L, € C"*™ and p € S (see
(3.13)). Then, the output observer %, in (3.2) reconstructs the output

Yo(t) = Cra(t) = L,C(A — ul) tz(t), t>0 (3.16)

asymptotically, at which
éo(t) = pey(t), t>0 (3.17)

holds for the error e,(t) = y,(t) — Uo(t), t > 0.

An important question in this regard is whether it is possible to reconstruct outputs
that contain only the contribution of a single modal state. If this is possible, these
outputs can be used directly for the implementation of state feedback control resulting
from the early-lumping approach. In this way the spillover could be avoided completely.
In order to analyze that question, the case m = n, = 1 is considered for simplicity, and
A is assumed to be a Riesz-spectral operator. In order to reconstruct the modal state
x} by the output observer, i.e., zf(t) = y,(t) = Cix(t), relation z}(t) = (x(t),¥s)x,
i € N, (see (2.102)) is used that makes Cih = (h,1;)x apparent. Inserting this output
operator and A, = ul into the Sylvester-operator equation (3.9) yields

<.Ah, ¢2>X — LOCh — ,u(h, wz>X = O, Vhe D(A) (318)

By taking
(Ah, i) x = (b, Ai)x = Nilh, ¥i) x (3.19)

into account, for which it is used that v; is an eigenvector of A* corresponding to the

eigenvalue ); (see Footnote 6 on page 16), (3.18) can be rearranged as
O\ — )k )y = LoCh,  Vh e D(A). (3.20)

This finally leads to

y(t) (3.21)
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3 Spillover reduction for continuous-time control

when h is replaced by z(t). This shows that y, coincides with the modal state z}
only if the system output y is proportional to the same modal state. In this case,
however, which is very restrictive for the applications, no spillover would be present
anyway when y is used as compensator input so that the output observer does not
gain any advantage. Thus, except for this degenerate case the reconstruction of single
modal states is not possible by means of the output observer >,. Nevertheless, the
reconstructed output y, has the property to suppress the contributions of the residual

modal states in many cases as was claimed before. This is discussed next.

3.1.2 Suppression of the residual modal state contributions

It has been argued at the beginning of Section 3.1 that the spillover can be expected to
be reduced by using a fictitious output y, for the compensator design if the contribu-
tions of the residual modal states to y, are suppressed compared to the contributions to
y. This reduction of the contributions is analyzed now, at which its extent depends on
the application so that only a qualitative discussion is possible. The situation is most
transparent if A is a Riesz-spectral operator. For more general systems the spillover
reducing effect of the output observer becomes apparent in Subsection 3.2.2. If A is a

Riesz-spectral operator, it has the representation
Ah = }:A i) x¢i,  Vhe D(A) (3.22)

(see (2.33)) with ¢; and 1); denoting the eigenvectors of A and A*, respectively. Then,

¢; in (2.15) and x can be written as
c,zzjgjcjj¢g, i=1,2,...,m, ¢ ,;€C (3.23)

}:x Vi,  t>0, xi(t)eC, (3.24)

wherein z; are the modal states (see (2.22) and (2.102)). Using this, one obtains for
the k-th output

yr(t) = ), Ck X—ZZx )Ci;(Dis 5) X—Zcm x; (3.25)

=1 j=1

wherein the biorthonormality of ¢; and v; (see (2.21)) has been used. In contrast,
when (A — pl)™'h = 3372, 5= (b ¢i)xdi, Yh € X, following from (3.22), is taken
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3.1 Reconstruction of fictitious outputs

into account, the k-th fictitious output y, x is obtained from (3.16), (2.15), and (3.23)—
(3.24) yielding

oo *
Cr.i

i=1 Ai = o

Youi(t) = i (1), (3.26)

where the case n, = m and L, = [ has been assumed for simplicity. In the more

general case n, # m and L, # I one has to replace ¢} ; in (3.26) by

i =los | (3.27)

with IZ, denoting the k-th row of L,. Comparison of (3.25) and (3.26) shows that the
absolute values |xfﬁ| of the contributions of the modal states x} are reduced in the
output y,x by 1/|\; — p]. This factor decreases fast in many applications for increasing
index ¢ so that the modes of the residual dynamics ¥, do less contribute to y, than
to y. Note, that it is not required for the spillover reducing effect that the real parts
of the eigenvalues of A decay, but instead, their absolute values have to increase. For
instance, the eigenvalues \; of the Euler-Bernoulli beam in Example 2.1-14 and those
of the heat conductor in Example 2.2-1 satisfy |\;| ~ i* so that 1/|\; — u| — 0 for
1 — 00. For that reason, the usage of the fictitious output y, for feedback control can be
expected to cause less spillover than the use of the output y. This is the basic concept
of the spillover suppressing compensator design presented in [56]. This approach is

further refined in the next section to obtain a systematic spillover reduction scheme.

In the following example the reconstruction of a fictitious output for the Euler-Bernoulli
beam with Kelvin-Voigt damping considered in Example 2.1-15 is demonstrated. Since
this system has an accumulation point in its spectrum (see Figure 6), the contributions
} (t)ci i/ (N — 1) to the fictitious output y, do not become arbitrarily small for i — oo,
which is why the accumulation point reduces the effectiveness of the approach. It will

be demonstrated, that the spillover is reduced significantly, nevertheless.

Ezample 3.1-4 (Euler-Bernoulli beam with Kelvin-Voigt damping, continued)

For the Euler-Bernoulli beam with Kelvin-Voigt damping, that was considered in Ex-
ample 2.1-15, a fictitious output shall be reconstructed by aid of an output observer
Y, with order n, = 1. For the length ¢ = 1 and the damping constant ¢ = 0.004
the most dominant eigenvalues of the system operator A are Ay; = —0.39 + 79.86,
Aig = —6.23 £ 738.98, A1z = —31.56 £ j83.03 according to (2.68). Thus, choosing
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3 Spillover reduction for continuous-time control

A, = pu = —4, the observer dynamics is sufficiently fast compared to the system dy-
namics in view of (3.17). Since the observer gain L, € C"*™ may be chosen arbitrarily,

L, =1 is a natural choice due to n, = m = 1. Thus, it remains to determine
B, = —G(u) = —C(ul — A)~'B. (3.28)

Therein, A, B, and C are given by (2.66), (2.56), and (2.58), respectively, in which the

input and output distribution functions b and ¢ are given by
1 1
b(z) =

-1 z), c(z) =

By — B [51752]( ) (2) e —
with 81 = 0.25 — 1072, By = 0.25 + 1072, 4 = 0.75 — 1072, and v, = 0.75 4+ 107>,
Instead of computing the inverse in (3.28) the equation

N R

is solved, which yields h = (ul — A)~'B, and then

), e

is evaluated (see (2.58)). Assuming a beam length ¢ = 1 and taking Agh; = h,
h; € D(Ap), i = 1,2, with D(Ap) defined in (2.53) into account, (3.30) amounts to

solve the boundary value problem

) 1[“/1 /Y2](z> (3'29>

B, = _G(:U’) =—C

phi(z) — hy(2) = (3.32)
WY (2) + pho(2) +25h””( ) = b(2) (3.33)
hi(0) = ( ) = h3(0) = hy(1) =0, (3.34)

which can be done by means of symbolic computing software. In a second step, B, is

obtained from (3.31) which becomes

- _<h1>"40_16>L2 = _<A0_1h1>C>L2 (335)
by the definition of the inner product (2. 52) and the self—adjointness of Ay. Using
Agth = %hg, following from (3.32), and ( fo h(z)dz yields

1 500 [
B, = ——(hy,¢)p, = ——— ho(z)dz = —0.006275, (3.36)
K 4 Jy

where (3.29) has been taken into account. In order to show that the fictitious output
Yo(t) = LC(A — ul) 'z(t) = C(A+4I)"'z(t) (see (3.16)), that is reconstructed by
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3.1 Reconstruction of fictitious outputs

Table 3 — Comparison of the first ten modal state weights |cf| of the measurable

output y and the modal state weights |c} ;| of the fictitious output y,.

i J1 -1 2 -2 3 -3 4-4 5 —5
lci|/lei] |1 0.101 0.354 0.0090 0.111 0.0013 0 0 0.040 1.62-10~*
¢4l /les,] | 10.101 0.095 0.0024 0.013 0.0002 0 0 0.002 0.07-10*

the designed output observer, suppresses the higher modal states, the absolute values
of the modal state weights ¢ and ¢ ; == cj /(A — p) (see (3.25)-(3.26)) are given in
Table 3 for i = £1,£2,...,£5, scaled by the first weights |cj| and |c} |, respectively.
The comparison of these coefficients shows that the high frequency modal states do
significantly less contribute to the fictitious output y, than to the measurable output
y. The same result is obtained when the step responses with respect to y and y, are
compared to the step responses of modal approximations with respect to y and v,.
In Figure 15 these are plotted for modal approximations with order n = 2. In the
subfigure (a) the output y and the output y,, of the approximation differ significantly.
This error corresponds to the contributions of the modal states x%,(t), i > 2. As shown
in the subfigure (b) the difference and thus the contribution of the residual dynamics
is much smaller when the fictitious output g, and the corresponding approximation is
used. Therefore, one can expect that an observer-based compensator designed on the
basis of y, is less affected by the residual dynamics so that the spillover effect becomes

small. This is the basic idea of the design procedure presented in the next section. <«

3.1.3 Extended System with the reconstructed output

In the following, it is investigated how the reconstruction of a fictitious output influ-
ences the controller design. To this end, consider the extended system .. consisting of
the plant ¥ and the output observer ¥, (see Figure 16). Its state-space model with

the states x and e, reads

Y &(t) = Ax(t) + Bu(t), t>0, z(0)=z€X (3.37)
éo(t) = peo(t), t>0, €,(0)=e,0€C™ (3.38)
Jo(t) = Crx(t) — eo(t), t>0 (3.39)
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Figure 15 — Step responses of the Euler-Bernoulli beam with Kelvin-Voigt damp-
ing with respect to (a) the measurable output y and (b) the fictitious
output y,. The solid lines show the behavior of reference modal ap-
proximations of order n;,, = 60 and the dashed lines correspond to

modal approximations with low order n = 2.

with
Ci=LC(A—pul)™! (3.40)

(see (2.3), (3.1), and (3.16)—(3.17)). Due to the fact that the dynamics of e, are
homogeneous, they are uncontrollable and do therefore not contribute to the transfer
behavior of the extended system .. Since only the transfer behavior is relevant for
the compensator design while uncontrollable subsystems do not affect the impact of
the controller, it is essential for the design approach proposed in Section 3.2 to observe
from (3.37)—(3.39) that the transfer behavior of ¥, equals that of 3 when C in (2.4) is
replaced by the output operator C;.
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3.2 Compensator design using output observers

3.2 Compensator design using output observers

In this section an observer-based compensator will be designed using a fictitious output
that is reconstructed by an output observer. The corresponding structure of the closed-
loop system is depicted in Figure 16. It has been shown in the previous section that the
output observer suppresses the contributions of the residual modes to the reconstructed
fictitious. This fact will be exploited in the following to reduce the spillover, where
the extent of the reduction is analyzed in terms of the spectrum perturbation. The
basic idea to reduce the spillover by adding an output observer to the closed-loop
can be used in a repeated manner. Thus, after the spillover reduction technique has
been presented for the use of a single output observer, the approach is extended by
utilizing several output observers. This ends up in a systematic approach to assure a
predefined spectrum perturbation that can be summarized as follows: The observer-
based compensator, that was determined in Subsection 2.3.2, forms the starting point
of the design approach. The resulting spillover will then be suppressed by adding a
sufficient number of output observers into the control loop. Since the compensator is
fed by a reconstructed output instead of the plant output, the observer gain has to be
adapted such that the eigenvalues of the controlled approximation, remain the same
that were used for the compensator design. Thus, the spillover reduction technique
consists of two parts: first, adding successively output observers until the spectrum
perturbation becomes sufficiently small, and second, adapting the initially designed

compensator to the fictitious output.

\i
™

\i
™
Q

\j

e
|

Y
A

Figure 16 — Structure of the closed-loop system with an output observer X, whose

output g, is used by the observer-based compensator 3.
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3 Spillover reduction for continuous-time control

3.2.1 Observer-based state feedback control using a single output

observer

In order to simplify the following considerations the gain L, and the dynamic matrix
A, of the output observer and its order n, are chosen as L, = I, A, = pl, and n, = m,
wherein m is the number of outputs of system Y. Thus, the output observer (3.2) has

the form
Dot Go(t) = udo(t) + Boult) + y(t), t>0, §(0)=7o0€C™, (3.41)

and the output operator of the extended system Y, becomes C; = C(A — pl)™! (see
(3.37)—(3.40)). The compensator is designed on the basis of an n-dimensional approxi-
mation of .. Note, that the subsystem of ¥, that corresponds to the observation error
e, is uncontrollable (see (3.38)) so that it does not have to be taken into account for
the approximation since only the transfer behavior plays a role for the control perfor-
mance (see Section 3.1.3). A modal approximation of ¥, with e, = 0 is obtained from
(2.108)-(2.110) when the output operator C therein is replaced by C; = C(A — ul)~'.

It is straightforward to verify that doing so yields the approximation

S d,(t) = Apw,(t) + Bault), t>0, 2,(0) = F "Pxy € C" (3.42)
yml(t) = Cn,lxn(t)a t>0 (343)

with
Con = Co(Ay, — pul)™". (3.44)

For the analysis of the closed-loop behavior a state space representation of the residual
dynamics 3! of the extended system is needed that describes the error of the approx-
imation 3!. That means that the output y,; of ¥} and the output y,; of X! are

complementary w.r.t. the output g, of X, i.e.,

Y1 (t) + yra(t) = 9o(t), ¥Vt >0. (3.45)

In Appendix A.7 it is shown that the following state space model describes the residual

dynamics ;.
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3.2 Compensator design using output observers

Lemma 3.2-1

The infinite-dimensional system

Yoo d(t) = A, (t) + Bou(t), t>0, 2.(0)= (I —P)xg € X, (3.46)
€o(t) = peo(t), t >0, e(0) =ey0€C™ (3.47)
Y1 (t) = Craz, (1) — eo(t), t>0 (3.48)
with
Cri=Cr(A, —pl)™! (3.49)

satisfies (3.45) and thus describes the residual dynamics of the extended system ..

Comparison of X! with the approximation ¥, of the infinite-dimensional plant ¥ shows
that the matrices A, and B, are the same but the output matrix C,, is different (see
(2.99)-(2.100)). Therefore, ! is stabilizable, respectively controllable, if 3, is. In
contrast, it is less obvious whether (C,, 1, 4,,) is observable. The following lemma gives

an answer to this question.

Lemma 3.2-2

Suppose p € S with S according to (3.13). Then, (Cy1, Ay) is detectable if and only if
(Cn, Ay) is detectable. Furthermore, (Cy 1, Ay,) is observable if and only if (Cy,, Ay,) is

observable.

The proof is given in Appendix A.8. Since observability of (C),, A,) was assumed before

so that also (C), 1, A,) is observable, an observer-based compensator

2L 2,(t) = (Ay — LiCo)in(t) + Bau(t) + Lige(t), t >0, &,(0) € C"  (3.50)
u(t) = —Kin(t), t>0 (3.51)

may be designed for X! that uses the output ¢, provided by the output observer X,,.
For the assignment of the desired eigenvalues of A,, — B, K the state feedback gain K
remains the same as for the closed-loop system without output observer since A, and
B,, have not been changed. In contrast, the observer gain L has to be adapted to the
new output matrix (), ; such that the prescribed eigenvalues of A,, — LC), are also the

eigenvalues of A, — L1C), 1. A relation between L and L; can be derived by help of
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3 Spillover reduction for continuous-time control

the observer dynamics that, by aid of e, (t) = z,(t) — 2, (), (3.42)—(3.43), and (3.50),
is given by
én(t) = (An = LiCra)en(t) = La(o(t) = yna(t)). (3.52)
The transformed error é,(t) = (A, — uI)~te,(t) has thus the dynamics
en(t) = (A — pl) " (An = LiCup)en(t) = (An — pI) ' Li(Go(t) = yna(t)),  (3.53)
which by use of (A, — ul)7'A, = A, (A, — puI)™" (see [89, Problem III 6.2]) and
(3.44)—(3.45) can be written as
en(t) = (A, — (A, — pI) ' L1CL)En(t) — (A — )" Lyy, (1) (3.54)
Defining
Ly = (A, — ul)L (3.55)
as the new observer gain therein yields
én(t) = (A — LC,)én(t) — Lypa(t). (3.56)

This shows that by use of the observer gain (3.55) the observer dynamics of the compen-
sator (3.50)—(3.51) is the same as the observer dynamics of the compensator (2.168)—
(2.169) that was designed for the control loop without output observer.

In the next subsection the spillover is analyzed, which is resulting from the excitation
of the observation error dynamics (3.56) by the output y,; of the residual dynamics
Y1 This excitation signal apparently contains the contribution ¥, ;(¢) of the residual
dynamics to the reconstructed output g, and thus is responsible for the observation

spillover.

3.2.2 Analysis of the spillover reduction

In Section 2.4 the spectrum perturbation due to spillover was estimated for the classical
compensator design scheme. Now, the spectrum perturbation for the control loop with
the additional output observer is considered and the improvement determined in a
quantitative way. The behavior of the closed-loop system consisting of the extended
system and the observer-based compensator can be described in terms of the redefined

composed state

To(t) = [z, (t)| . (3.57)
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3.2 Compensator design using output observers

When the state feedback
u(t) = —Kz,(t) = —Kx,(t) + K(A, — ul)é,(t) (3.58)

is applied, which results from z,(t) = x,(t) — e,(t) and e,(t) = (A, — pl)é,(t),
combining the dynamics of €, (see (3.56)), X! (see (3.42)-(3.44)), and X! (see (3.46)—
(3.49)) yields

Eil . i’cl(t) = Acl,lxcl(t) —+ £€o<t), t > 0, LL’01<0) = Tl,0 c Xcl (359)
éo(t) = peo(t), t>0, €(0) =e, 0 C™ (3.60)

with X, = C" @ C" @ X,. Therein, the operators A, ; and £ are given by

[ 4, - LC, 0 —LC (A, — pI)™
Agyr = | BoK(Ay — pI) A, — B,K 0 (3.61)
B.K(A, —pul) —B.K A,
'L
£L=10|, (3.62)
0

where D(A. 1) =C"@& C"® D(A,) and D(L) = C™. A comparison of A, and Ao
in (2.225) shows that A, ; can be decomposed into

Agr=Ago+ Ay (3.63)
with
0 0 —LC.(A, — pul)™?
Ay = |B,K(A, —pl) 0 0 : (3.64)
B.K(A,—pl) 0 0

Thus, the system operators A, = Ao+ A (see (2.224)) and Ay = Aeo + Ay of
the control loop without and with output observer, respectively, distinguish themselves
only by the perturbation operator. If A; = 0, the eigenvalues of the system operator
A1 are the desired eigenvalues of A, — LC,,, A, — B, K, and A, due to the block
diagonal structure of A;o. For A; # 0 all these eigenvalues are perturbed which
is again the consequence of spillover. Note, that the error e, does not influence the
spectrum of Ao because of its homogeneous dynamics. Some insight concerning a
quantitative measure of this perturbation can be gained from the observation that A;
relates to A (see (2.225)) by

A; = AA (3.65)
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with

A, —pl 0 0
A=| 0 0 0 . (3.66)
0 0 (A —pul)?

It has been shown in Section 2.4 that the spectrum perturbation depends on the norm
of the disturbing operator (see (2.226)). The following estimate for ||A,] is therefore

useful for the analysis of the spectrum perturbation.

Theorem 3.2-3

Suppose that Ly and L are related according to (3.55), and assume p € S with S
according to (3.13). Then, the perturbation operators A and Ay, that correspond to
the closed-loop systems 3. and X}, without and with output observer, respectively, (see
(2.174) and (3.59)—(3.60)) satisfy

A m
Al 1
with
m=An—pIll, = [(A —p)7H (3.68)

For the proof see Appendix A.9.

Remark 3.2-4 In case that A, and A, have orthogonal eigenvectors the constants
7, and 7, have a simple interpretation. In this case A, and A, can be shown to be
normal which leads to

= A— = inf |A\— 3.69
m Aéﬂfﬁi)' pls M AG{TI%AT)I il (3.69)

(see [89, Sec. I 6.6 and Sec. V 3.8]). Thus, n; describes the radius of the smallest disk
with the origin as its center that contains the whole spectrum of the approximation
that is shifted by the output observer eigenvalue p, and 7, is the largest radius of a
disc, centered at the origin, that does not contain any of the shifted spectral points
of the residual dynamics (see Figure 17). So, the ratio n;/ns in (3.67) characterizes
the “spectral distance” between o(A, — ul) and o(A, — ul). Of course, the estimate
(3.67) is useful only, if n < 1 holds so that a reduction of the perturbation opera-

tor norm is assured. Fortunately, this condition is satisfied in most applications since
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3.2 Compensator design using output observers

the approximation contains typically the eigenvalues with the smallest absolute values
while the eigenvalues of the residual dynamics have larger absolute values (see Subsec-
tion 2.3.1). Furthermore, it is possible to lower 7 by means of a residual mode filter (see
[13]). By such a filter some of the modes of ¥, with largest eigenvalue absolute values
can be compensated so that these modes do not contribute to the spillover effect. In
consequence, the corresponding eigenvalues of A, need not be taken into account for
computing the infimum in (3.69), which leads to a lower value of 7. In this way the
effectiveness of the approach can be increased essentially, in particular when several

output observers are used (see the next subsection). <

A more precise characterization of the spillover reduction can be obtained by estimating
the spectrum perturbation

dy:==  sup inf Ay — Ao (3.70)

Ac€0(Ac0tA1) Ag€o(Aco)

of the closed-loop system. Such an estimate can be obtained by help of (2.226) wherein
only the perturbation operator A has to be replaced by A;, which is possible because
A1 is a bounded operator as A is. This yields the relation d; < Jl with

. _ _ [AL— S[[A]]
dy = (| T I Tall AL = (17 Tl A N d R (3.71)
JIm A
Ay % XAy —p ¢
)«379—“\/)‘)\\3—M
ST A
D e X e
oA xé//m >k:A1‘:—,J Re A
\\ \\ A X )/()\7},_'u
\\ \\2\72 x )( )\72/_ ,LL
Nl | xAg—p
Ag % XA y4—p

Figure 17 — lllustration of the spectral distance 771 /72 with 171 = maxycs(a,,) [A—p|
and 7o = infyc,(4,) |A — 1| between the spectra o(A, — pul) = {Ayi —
p,t=1,2} and o(A, — pl) = {Ay; — p, i > 3}.
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3 Spillover reduction for continuous-time control

in which 7, is the normalizing transformation in the sense of Assumption 2.4-7. These
considerations yield the following bound for d;, that makes use of the Theorems 2.4-10
and 3.2-3.

Corollary 3.2-5

Consider the closed-loop system consisting of the plant 33, the output observer %, and

the observer-based compensator ¥.. Suppose that the following conditions are met:
1. The Assumptions 2.1-9 and 2.4-7 hold,
2. the observer gains Ly and L satisfy (3.55), and
3. it holds p € S (see (3.13)).

Then, the spectrum perturbation dy in (3.70) of the closed-loop system has the upper

bound

where 1 is given by (3.67)~(3.68) and d = || T | I Tall| Al (see (2.226)).

C

Remember that d is an upper bound for the spectrum perturbation d that corresponds
to the control loop without any output observer (see Section 2.4). In contrast, dy is
an upper bound for the spectrum perturbation d; of the control system that utilizes
an output observer. According to (3.72) this upper bound is reduced compared to d
if n < 1. Thus, when the spectrum perturbation is considered as a measure of the
spillover, this makes apparent that the spectrum perturbation is suppressed whenever
n is small, which in fact is satisfied in many applications as explained above (see
Remark 3.2-4). Hence, (3.72) characterizes the benefit of inserting the output observer

into the control loop.

3.2.3 Improved spillover reduction by cascaded output observers

The full strength of the approach presented so far lies in the fact that it can be applied
in a repeated manner for successively reducing the spillover. To do so, an additional
output observer is added to the extended system (3.37)—(3.39) as shown in Figure 18
(see also Figure 14b). Therein, ! equals the output observer ¥, that was used already

in the subsection before, and 32 is an additional output observer. This one is designed
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3.2 Compensator design using output observers

Yo,1 . Yo,2

Figure 18 — Structure of the system extension with two output observers ¥} := 3,
and 2.

in the same way as X} with the only difference that 3! := 3, is taken as the basis for
its design instead of X. The observer-based compensator uses the output g,s of the
doubly extended system and is designed for an approximation of it. It suggests itself
to add output observers repeatedly since in this way the spectrum perturbation of
the closed-loop system operator can be successively reduced (see Figure 14). In what
follows, it is assumed that ¢ > 1 output observers are used. In order to describe the

cascaded control system structure adequately some notation has to be introduced.

Definition 3.2-6

Let X! = (X1, %0), i = 1,2,...,q, denote the composition of a system X! and
the associated output observer X! wherein X0 := ¥ and X! := Y,. The fictitious
output of 3¢ is denoted y,; for that the output observer ! provides the asymptotic
estimation g,;. Furthermore, X! stands for the n-dimensional modal approximation
of ¥ with output v, ;, and X’ is the corresponding residual dynamics with output y,;
that satisfies

’ynﬂ(t) + yr,z(t) = goﬂ‘(t), 'l = ]., 2, (. (373)

Finally, 3 denotes the observer-based compensator designed on the basis of 3 with

controller gain K and observer gain L;. <

As before, the output observers have the form
Ei : Zjo,i(t> = mjm(t) + Boﬂ-u(t) -+ gjo,i_l(t), t > 0, QO,Z‘(O) c (Cm, (374)

for i = 1,2,...,q, where 9,0(t) == y(t) (compare to (3.41)). They are intended to
reconstruct the fictitious output v, ;(t) asymptotically. The same reasoning as in Sec-

tion 3.1 reveals that the fictitious outputs, that can be reconstructed by the output
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3 Spillover reduction for continuous-time control

observers, have the form y,;(t) = C;xz(t) with
Ci=C(A—pul)™ (3.75)

In Section 3.1 it was found that the fictitious output y,; contains less contributions
of the residual modes than the system output y does, which leads to reduced spillover
when v, is used for the compensator. This effect can be understood in a way that
the factor (A — pul)™ in C; = C(A — pl)~" deals as a filter which suppresses the
residual modes. For that reason it is clear that using the reconstructed output y,, =
Cox = C(A — pl) % (see (3.75)) for the compensator allows to successively reduce the

spillover by increasing the number ¢ of output observers.

For discussing the dynamics of the observation errors

eo,i(t) = yo,i(t) - go,i(t) = Ciﬂf(t) - 'go,i(t)> 1=1,2,...,q (3-76)

note, that in view of (3.74) all output observers have the same eigenvalue p € S =
(—00,0) N p(A), for simplicity. While 3! was designed in Section 3.1 such that the
error e, satisfied the homogeneous dynamics é,:(t) = pe,1(t) (see Theorem 3.1-3),
the further output observers X! i > 1, have different error dynamics because the error
of an output observer ¥! is fed into the following output observer X1, By the same
considerations as in Section 3.1 it can be shown that the matrix B,; in (3.74), that

corresponds to the output operator (3.75), is given by
B,i=CiBB, (3.77)

and the dynamics of the observer errors read

éo’i(t) = ,ueo,i(t) + €o’i_1(t), 7> 1. (378)
Thus, the vector
€o,1
60,2
€oi=| . (3.79)
€o.q

of the errors of all output observers satisfies

E,(t) = Me,(t) (3.80)
with
0 0
M= | o (3.81)
0 | 1. I
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3.2 Compensator design using output observers

Since M is a Hurwitz matrix due to pu € S, the error €, decays exponentially to-
ward zero so that the fictitious outputs y,;, ¢ = 1,2,..., ¢, are indeed reconstructed

asymptotically as intended.

For the compensator design the approximation

Y d,(t) = Apx, () + Buult), t>0, 2,(0) = F '"Pxy € C" (3.82)
ynvq(t) = Cqun(t)a t>0 (3.83)

with
Crg = Cp(Ay — pl)™ (3.84)

is considered which is the modal approximation of ¥? that contains the eigenvalues
Aty A, ..oy A, of Al The residual dynamics

S9: o d(t) = Az () + Bou(t), t>0, 2,(0)=(I —Plzg € X, (3.85)
Eo(t) = Me,(t), t >0, &(0) = é&,9 € CI™ (3.86)
Yrg(t) = Crgz,(t) = [0 -+ 0 I]e,(t), t>0 (3.87)

with
Cry = Cr( Ay — )™ (3.88)

describes the output error
Yra(t) = Goq(t) = Ynq(t) (3.89)

of the approximation ¥¢, which can be verified in the same way as Lemma 3.2-1. Next,

the observer-based compensator on the basis of 3¢ is designed that reads

Y90 2,(t) = (Ay — LyChg)in(t) + Buu(t) + Lyijog(t), t>0, £,(0) € C* (3.90)
u(t) = —Ki,(t), t>0. (3.91)

The corresponding error é,(t) := (A, — pl)"%,(t) has the dynamics
en(t) = (An — (An — ud) "Ly Cr)én(t) — (An — 1) Loyrq (1) (3.92)

which is the analog of (3.54). Apparently, the observer dynamics is the same as the

dynamics of the observer in the control system without output observer if
L, = (A, — ul)'L (3.93)

is used as the new observer gain because the dynamic matrix in (3.92) simplifies then
to A, — (A, — pul)"9L,C,, = A, — LC,,. By combing the dynamics of é,, £, and ¥4
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3 Spillover reduction for continuous-time control

(see (3.92), (3.82)—(3.84), and (3.85)—(3.88)) the closed-loop dynamics in terms of the

state

za(t) = | zn(t) (3.94)

reads

Zgl : i’cl(t) = (Acl,O + Aq)xcl(t) + ﬁéo(t), t > O, ZL’CZ(O) =Ta0 € X (395)

Eo(t) = Mé, (1), t>0, 8(0) = &,0 € C™  (3.96)
with Ao according to (2.225), M according to (3.81), and
[0 0L
=10 00 (3.97)
0 0 0
[ 0 0 —LC.(A, — pul)~1
A, = | BuK (A, — ul)? 0 0 = A A, (3.98)
B.K(A, —upl)? 0 0

wherein the right equation for A, follows from the comparison with (2.225) and (3.66).
As before, the part A, o of the system operator in (3.95) has the desired eigenvalues of
A, — LC,, A, — B, K, and A, that are perturbed by the operator A,, while the error
€, does not influence the spectrum of A because of its homogeneous dynamics. As
argued in the previous subsections, the spectrum perturbation due to spillover depends
on the norm of A, which is analyzed next. From (3.93) it follows L, = (A, — pul)L,—1,
and (3.98) gives A, = A,_1A. Therefore, Theorem 3.2-3 can be applied when L, Ly, A,
and A; are replaced by L,_1, L,, A,—1, and A, respectively, within the theorem. This
yields the estimate [|A,||/||Aq=1|| < n with n according to (3.67)-(3.68), and using this
result recursively leads to

1A
<n
1A

(3.99)

In case that 7 is smaller than 1 this shows that the norm ||A,| of the perturbation
operator decreases rapidly by increasing the number ¢ of output observers. One can

therefore expect that also the closed-loop spectrum perturbation

dy = sup inf Ay — Ao (3.100)
Xet€0(Ac,0+2q) A€0(Acio)

is successively reduced by repeatedly adding output observers. In order to derive an

upper bound Jq for d, (2.226) is applied with A replaced by A,. This is possible
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3.2 Compensator design using output observers

because the system operator of ¢, has the same unperturbed part Ao as the system
operator of the closed-loop system ¥, without any output observer (compare (3.95)
and (2.174) using (2.224)), and A, is a bounded operator as A is. Doing so yields
d, < d, with

[Aqll _ 1A

d

dy = T NI Talll Al = 1T Tl A ’||A|| ~ Al

C

(3.101)

in which 7, is the normalizing transformation in the sense of Assumption 2.4-7. Using
this result the following upper bound for d, is obtained from Theorem 2.4-10 and
Theorem 3.2-3.

Corollary 3.2-7

Consider the closed-loop system consisting of the plant 3, the q output observers X, i =
1,....q, and the observer-based compensator X1. Suppose that the following conditions

are met:
1. The Assumptions 2.1-9 and 2.4-7 hold,
2. the observer gains L, and L satisfy (3.93), and
3. all output observers have the same eigenvalue p € S (see (5.13)).

Then, the spectrum perturbation d, of the closed-loop system has the upper bound d, <
d, with
dy, = dn, (3.102)

wherein 1 is given by (3.67)-(3.68) and d = || T || Talll|All (see (2.226)).

Relation (3.102) makes apparent that the bound ciq for the spectrum perturbation d,
decreases exponentially toward zero with respect to ¢ provided that n < 1 holds. For
that reason a certain degree of reduction of the spectrum perturbation can be achieved
in many cases with a smaller compensator order compared to the conventional early-
lumping design. If an admissible perturbation d, is given and d is known, then (3.102)

can be solved for the number

dy _ Inldy/d) (3.103)

> log —
1= T Tnn)

of output observers that are needed in the worst case to guarantee the specified spec-

trum perturbation d,. Since each output observer has the order m by assumption, the
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3 Spillover reduction for continuous-time control

required compensator order is n. = n + mq which hence can be determined a prior:.
When, for comparison, a classically designed observer-based compensator is used, an
estimate is not available that relates the order n. to the spectrum perturbation or vice
versa. Furthermore, the applications reveal that a significant decrease of the spec-
trum perturbation requires often a comparatively high compensator order so that the

required efforts for design and implementation may be undesired high.

Remark 3.2-8 A smaller compensator order can be achieved when the assumption
that the order of the output observers satisfies n, = m is removed. The output
observers have then the more general form (3.2) with the extra parameter L, € C"*™
The degrees of freedom in L, can be used for additionally reducing the spillover because
the impact of m — 1 modal states of the residual dynamics >, can be eliminated by

choosing L, appropriately. |

Remark 3.2-9  For the evaluation of (3.102) and (3.103) d = || 7.7 ||| Tall[|A] (see

c

(2.226)) is needed. In fact, since A has finite rank, it is possible to compute ||A]]

exactly by means of standard software tools, and for || 7|l and ||7."|| some easy to

cl
evaluate upper bounds can be derived when it is taken into account that 7. and 7;;1
have a special form due to the triangular structure of A o. However, the constant d
leads often to very conservative estimates (3.102). This relation is therefore primarily
of qualitative value. Most applications reveal that the actual spillover reduction is
much better than guaranteed by this estimate. This turns out also in the following

example. <

Ezample 3.2-10 (FEuler-Bernoulli beam with Kelvin-Voigt damping, continued)

The presented approach is applied to the control of the Euler-Bernoulli beam with
Kelvin-Voigt damping for that a state space model (2.3)—(2.4) with

ml | Aohs hy
_ D 104
A [hJ _—Ao(h1+25A0h2)] Y [hJ € D(A) (3.104)
Bo = 2] . VeecC (3.105)
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3.2 Compensator design using output observers

—1
Ch = <h, [A% C]> . VYheX (3.106)
X

was derived in Example 2.1-15, where A( is given in (2.53). The parameters that

determine the input and output distribution functions b(z) = ﬁ 13,8, and c(z) =
ﬁ'lhm]a respectively, are 5, = 0.199, 85 = 0.201, v; = 0.749, and 5 = 0.701 in this
example, and the length and the damping constant are ¢ = 1 and § = 1072, respectively.
It has been found in Example 3.1-4 that the SDGA for the closed-loop system operator
is satisfied which is preliminary for a compensator design by eigenvalue assignment to
make sense. Since the pairs of eigenvalues \y; = —0.097 + 79.9, A1 = —1.6 £ j39.4
and A\p3 = —7.9 £ j88.5 are badly-damped with damping constants Dy, = 0.0099,
D4iy = 0.040, and D3 = 0.089, respectively, it is desired to shift these eigenvalues
by means of an observer-based compensator that is designed on the basis of a modal
approximation >, of the order n = 6 that contains these modes. In order to determine
A,, B,, and C, of the approximation by aid of (2.108)—(2.110), the biorthonormal
sequence {t;,i > 1} associated to the eigenvectors {¢;,i > 1} according to (2.71)-
(2.72) is needed. It is straightforward to verify that this sequence is given by

o =oim)t [ ] ,
Yi(2) = sin(imz) =——= | 7" |, 1eN (3.107)
)\i - )\—i :(m)2:
2(im)* | 2
v_i(z) = sin(iﬁz)% (“i) : i €N (3.108)

so that the approximation can be computed by aid of (2.108)—(2.110). Next, the
observer-based compensator Y. (see (2.168)—(2.169)), that uses the available measure-
ment y, is designed by eigenvalue assignment. It is desired to achieve a stability margin
£ > 5 and a damping D > %\/5 The eigenvalues A.; that are assigned to A,, — B, K
and the eigenvalues A, ; assigned to A,, — LC,, are listed in Table 4. Unfortunately, the
resulting closed-loop system consisting of the plant ¥ and the compensator . has an
unstable complex conjugate pair of eigenvalues S\Cl,il = 0.15£75.53 due to the spillover.
For its suppression ¢ output observers X!, ... ¥4 according to (3.41) are added, where,

in doing so, their eigenvalues are assigned to u = —12. The resulting distribution of

Table 4 - Eigenvalues \.; assigned to A,, — B, K and ), ; assigned to A,, — LC,,.

i 1,2 3,4 5,6
A —8+ 52 —23 + 514 —39 + ;28
Ao, —12 4+ 52 —27 4+ 414 —43 £ j28
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3 Spillover reduction for continuous-time control

the seven most dominant pairs of closed-loop eigenvalues chldﬂ, chldﬁ, ooy Agl a7 are
displayed for ¢ = 4 in Figure 19, together with the desired eigenvalue locations and
the boundary of the specified eigenvalue region. The computation of the closed-loop
eigenvalues has been carried out on the basis of a 60"-order modal approximation of
the closed-loop system. For comparison, a residual mode filter is applied instead of
the cascade of output observers. The filter order is n,,s = 4 so that the order of the
dynamic system consisting of the observer-based compensator and the residual mode
filter coincides with the order of the compensator with the ¢ = 4 output observers, since
each of which has the order n, = 1. The resulting eigenvalue distribution is also shown
in Figure 19. Apparently, the residual mode filter does not yield satisfying closed-loop
dynamics because there are several pairs of eigenvalues outside the specified region. In
fact, the eigenvalues are not placed within that region unless n,, is increased up to
Neme > 23. The decrease of the spectrum perturbation d, by increasing ¢ and 7, is
illustrated in Figure 20, where the mentioned modal approximation of the beam with
order nyp;gn = 60 has been used for the computations. The figure shows that the effect
of the residual mode filter is moderate even for a comparatively high order n.,; while
the presented approach allows to lower d, effectively. According to Theorem 3.2-3 one
obtains n = ||A1||/[|A]| = 0.53 < 1, where it is taken into account that the eigenvalues
Aiyq and Ai5 are not modal observable and not modal controllable, respectively, so
that these can be omitted in the evaluation of (3.68) (see Remark 3.2-4). It has been
found in Example 2.1-15 that Assumption 2.1-9 is satisfied and Assumption 2.4-7 holds
in view of Proposition 2.4-8 because A was shown in Example 2.1-15 to be a Riesz-
spectral operator and the eigenvalues of A, — B, K and A, — LC,, have been assigned
appropriately (see Table 4 and (2.68)). Thus, Corollary 3.2-7 can be applied with the
observer gain L, = (A, — ul)?L so that relation (3.103) can be used. It reveals that
the number ¢ = 16 of output observers assures closed-loop stability of the transformed
system which is equivalent to the stabilization of the original system. However, this
estimate is quite conservative. In fact, for achieving the specified minimum stability

margin and minimum damping ¢ = 4 output observers are sufficient. <
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Figure 19 — Desired eigenvalue locations (‘0), eigenvalues resulting from the use of

q = 4 output observers (‘x’) and from the use of a residual mode filter

of the order nyus = 4 (‘+'). The dashed lines define the boundary

of the region with the required stability margin 8 > 5 and damping

D> 1V2.
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Figure 20 — Spectrum perturbation d, of the closed-loop system with ¢ output

observers of order n, = 1 (‘0’) and with residual mode filter of the

order nyye (‘O").

The spectrum perturbation has been computed on

the basis of a modal approximation of the beam with order ny,;,, = 60.
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3 Spillover reduction for continuous-time control

3.3 Observation spillover reduction versus control

spillover reduction

It has been explained in Subsection 2.3.2 that the overall spillover is caused by two
different effects: first, the observation spillover, by which the impact of the residual

dynamics on the observer dynamics
én(t) = (A, — LCy)en(t) — LCyx, () (3.109)

(see Section 2.3.2) is meant, where e, = x, — &, is the observation error. The second
spillover effect comes from the excitation of the residual dynamics by the observation

error, which is called control spillover and is described by
. (t) = Az, (t) — B, Kx,(t) + B, Ke,(t) (3.110)

(see (2.171)). Since the term LC,x.(t) = Ly,(t) in (3.109) is responsible for the obser-
vation spillover it is the basic idea of the compensator design approach in the previous
Section 3.2 to utilize reconstructed outputs for the compensator. In consequence, the

mentioned term is modified in an advantageous way. In fact, the observer dynamics
(3.109) becomes

en(t) = (A — LyCo(An — )™ en(t) — LeCo(Ar — pI) %2, (1) + Lyeog(t)  (3.111)

for the control loop with ¢ output observers, which follows from (3.82)-(3.84), and
(3.87)—(3.90). The comparison with (3.109) shows that the excitation of e, by the
residual state x, has changed due to the new output operator C,.(A, —pl)~% in (3.111).
Thus, the spillover reduction of the design approach is achieved by modifying the ob-
servation spillover. In contrast, the control spillover is unaffected since (3.110) remains
valid for the control loop with output observers (see (3.85) and (3.91)). This raises the

following questions:

1. Is it possible to suppress the control spillover alternatively or additionally to the

observation spillover?

2. How is a modification of the control spillover related to the corresponding spec-

trum perturbation?

These issues are discussed in the following two subsections.
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3.3.1 Modification of the control spillover

Here, the possibility to affect the control spillover instead of or in addition to the

observation spillover is analyzed. For this purpose the residual dynamics

X g, (t) = Apx,(t) + Bou(t), t>0, z,(0) =z,0 € X, (3.112)
eo(t) = Me,(t), t>0,6,(0)=¢,eC™ (3.113)
Yrg(t) = Co(Ar — pl) 92, (t) — €,(t), t>0 (3.114)

of the extended system (see (3.85)—(3.88)), that corresponds to the closed-loop system

with ¢ output observers, is rewritten in terms of the transformed state
() = (A, — D) F2,(t),  ke{0,1,...,q}, (3.115)

in which (A, — pl)~* is defined on whole X, because u € p(A) C p(A,) was claimed
before (see (3.13)). This leads to

Y9 2,(t) = A (t) + (A — pI)*Bau(t), t>0, 7,(00)=i,0€ X,  (3.116)
eo(t) = Me,(t), t>0, &,(0) =e,p € C™ (3.117)
Yraq(t) = Cr(Ar — ,u[)k_qfr(w — &(t), t >0, (3.118)

where it is used that an operator and its resolvent commutes® (see [89, Problem III
6.2]) so that

(A, — p)FA(A, — pD)* = A (A, — p) A, — ul)F = A, (3.119)

holds. Apparently, the state transformation has the effect that both the input and
the output operator become changed while the system operator remains unaffected.
Similarly, the approximation of the extended system with ¢ output observers, which is
described by

S0 dn(t) = Apzn(t) + Bau(t), t >0, 2,(0) = 2,0 € C" (3.120)
Ynq(t) = CnlAn — pl) (1), t>0 (3.121)

(see (3.82)—(3.84)), is expressed by the transformed state

Fn(t) = (A, — pD)Fa,(t),  ke{0,1,...,q} (3.122)

2 Two operators My : D(My) = H — H, My : D(Ms) C H — H are said to commute if My My C
MaM; holds, i.e., Mih € D(My), Vh € D(My), and MoMih = MyMsh, ¥V h € D(M,).
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where the existence of the inverse follows again from p € p(A) C p(A4,), yielding

Yo T (t) = A (t) + (A, — pnI)*Buu(t), t>0, 3,(0) =Z,0€C" (3.123)
Yng(t) = Cn(A, — D)%%, (1), t>0. (3.124)

By insertion of z,,(t) = (A, —ul)*%,(t) and z,(t) = (A, —pul)*,(t) into (3.110)—(3.111)

one arrives at

2o (t) = A2 (t) = (A, — pI) " B K (Ay — D) ¥ &, (t) + (A, — pI) "B, Key(t) (3.125)
én(t) = (Ay — LyCp(A, — pI) ™ Den(t) — LCr( Ay — u)* ™ 9%,.(t) 4+ Lyeog(t).  (3.126)

This shows that the operators B, and C, (A, —ul)~9in (3.110)—(3.111), that are related
to the control and observation spillover, respectively, are replaced by (A, — uI)~*B,
and C,(A, — pl)¥~% in (3.125)—(3.126). Thus, the state transformations have the con-
sequence that both the control and the observation spillover are changed, at which the
parameter k controls the individual change of both kinds. However, it will be shown
in the next subsection that it is not possible to suppress both sorts of spillover at
the same time. Instead, the parameter k determines if the control or the observation
spillover is more dominant while the other is suppressed. For the particular choice
k = q the operator C.(A, — uI)¥~% in (3.126) simplifies to C.(A, — ul)?~% = C, so that
the observer dynamics is influenced by the same output of the residual dynamics as in
the control loop without any output observers (see (3.109)). Thus, the compensator
design approach in Section 3.2 yields in this case a modification of the control spillover
the observation spillover is not affected. For k£ = 0, in contrast, one has the situation
discussed in Subsection 3.2.3, where the utilization of the output observers suppressed
solely the observation spillover but not the control spillover. Finally, by choosing k
in between these two special cases the impact of the fictitious outputs is divided up
between both kinds of spillover. However, the question remains whether for any choice
of k£ the same extent of reduction of the spectrum perturbation is achieved. This is

investigated next.

3.3.2 Reduction of the spectrum perturbation by modification of

the control spillover

Since only state transformations have been used in the considerations before it can

be expected that modifying the control spillover by introducing fictitious outputs and
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3.3 Observation spillover reduction versus control spillover reduction

choosing k € {1,2,...,q} has the same effect on the spectrum perturbation as it was
shown in Subsection 3.2.3, where the observation spillover was modified. This is proven

in the following by considering the closed-loop dynamics in terms of the state

Ty(t) = |Z,(t) (3.127)

that is composed of the transformed states €,(t) = (A, — ul) %, (t) and &, and Z,
from (3.122) and (3.115), respectively. It is straightforward to show that the dynamics

of the control loop with ¢ output observers with regard to Z.; is described by

g .
Ecl-

Ta(t) = Aagia(t) + Le(t), t>0, Zq(0)=Fq0€ Xy (3.128)
E,(t) = Me,(t), t>0, &(0)=¢e,0ecC™ (3.129)

with X, = C" @ C" @ X,., M according to (3.81), and

Ap, — LC, 0 —LCT(AT — ,u[)k_q
Aug= (A, — pI)*B,K (A, — ul)? A, — (A, — pul) B, K (A, — ul)* 0
(A = p) B K (A, — pul)? (A, — ) "B K (A, — pl)* A,
(3.130)
[0 0 L
L=10 0 0 (3.131)
0 0 0

(see (3.80), (3.91), (3.93), (3.123) and (3.125)—(3.126)). In order to examine the spec-
trum of A, , it is compared to the system operator A, = Aqo+ A, that was derived
in Subsection 3.2.3 for the closed-loop system 37, with respect to the untransformed

states. This system operator is given by

An - LCn 0 —LCT(AT — ,u,[)_q
Aug = | BuK (A, — pl)? A, — BK 0 (3.132)
BK(A —pl)t  —BK A,

(see (2.225), (3.95), and (3.98)) and apparently related to A, according to

Apg=TAu T (3.133)
with
I 0 0
T=10 (A, —pul)™* 0 . (3.134)
0 0 (A, — pl)*
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3 Spillover reduction for continuous-time control

It is well-known that two linear operators that can be converted into one another by
a linear transformation have coinciding spectra. However, 7! is unbounded on X
and hence not a transformation. In order to show that the spectra of A, and Ay,

coincide nevertheless, the fact is used that the state Z.; is confined to the subspace
X ={Th, he X } (3.135)

with X, =C"a@ C* @ X, since
T =T (3.136)

(see (3.94), (3.115), (3.122), (3.127) and (3.134)). Therefore, it is sufficient to consider
the state space model X%, in (3.128)-(3.129) on the reduced state space X,. In this

space the norm
17l 5, = IT~"Rllx, (3.137)

is used which is defined for all h € Xcl since for all h = 7~’g with ¢ € X one has
bz, = 79l
Appendix A.10.

%, = llgllx,. This leads to the following result that is proven in

Theorem 3.3-1
The closed-loop system operator Ay, in (3.130) is the generator of a Co-semigroup on

the state space X,. Furthermore,

0(Aeg) = 0(Acyg) (3.138)

holds.

This statement shows that the spectrum of the closed-loop system is independent of
the parameter k of the state transformations. The considerations in this section can
be summarized therefore as follows: The compensator design method for reducing the
spectrum perturbation was formulated in Section 3.2 such that only the observation
spillover is reduced. However, whether the control spillover or the observation spillover
or both are affected by the approach depends on the choice of the state variables for the
approximation and the residual dynamics. Thus, the observation spillover reduction
can be converted into control spillover reduction simply by transforming these states.
The achieved suppression of the spectrum perturbation for a given ¢ is in any case the

same.
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Chapter 4

The early-lumping approach for

discrete-time control

In the previous chapters the compensator design for linear infinite-dimensional systems
on the basis of the early-lumping approach was addressed, where the considerations
referred to dynamical systems and controllers that operate in continuous time. While
this assumption is appropriate for processes in many applications it deserves a more
differentiated treatment regarding the compensators. These are implemented almost

always by digital devices, which leads to a discrete-time operation.

In Figure 21 the structure of a sampled-data closed-loop system is shown. While a
continuous-time operation is assumed for the infinite-dimensional plant > the observer-
based compensator ¢ works in discrete time at instances t; == kT, k € Ny, of time,
where T' > 0 is the sampling constant. It generates the discrete-time control input
uqlk], and is fed by the discrete-time measurement y,[k| as well as ug[k]. For the
conversion between the discrete-time signals u4 and y, and the continuous-time signals

w and y a hold device H and a sampling device S is used.

Often, the sampling constant is chosen small compared to the time constants of the
controlled system. In this case, that is referred to as quasi continuous-time control, the
sampled-data closed-loop system has almost the same behavior at the sampling time
instances as the corresponding continuous-time control system. It is then admissible
to apply the considerations in the Chapters 2—3 for continuous-time control although a
discrete-time compensator is used. However, the smaller the sampling constant is, the
more computational efforts are needed for evaluating the control algorithm. Therefore,

it may be desirable to choose the sampling constant so large that a quasi continuous-
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4 The early-lumping approach for discrete-time control
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Figure 21 — Structure of a sampled-data control system consisting of a continuous-
d

time plant X, a discrete-time observer-based compensator %¢, as well

as a hold device H and a sampling device S. The latter ones convert
the discrete-time control input uy4[k|, & € Ny, to the continuous-time
plant input u(t), t > 0, and the continuous-time plant output y(¢),

t > 0, to the discrete-time measurement y,[k|, k € Ny, respectively.

time treatment is not suitable and the sampled-data nature of the control system has

to be taken into account.

When using the continuous-time control, a new value can be assigned to the input
u(t) at each and every instant of time ¢. In the discrete-time case in contrast, the
compensator provides a new control input uy[k] only at the discrete sampling time
instances t;. In this way, the digital control is significantly restricted. This observation
can be described by the fact that the resulting input u is confined in the discrete-time
case to a certain subspace of L,([0,7];RP), 7 > 0, ¢ € N, while these whole function
spaces are admissible for continuous-time control (see Subsection 2.1.2). That the
excitation of the plant is restricted in this way has the consequence that a number of
technical difficulties of the continuous-time domain appearing for infinite-dimensional
systems are avoided in the discrete-time case. In particular, the stability of both
the open-loop and the closed-loop system is determined by the corresponding spectra,
which is not true in general for continuous-time systems (see Subsection 2.1.3). At the
same time, however, considering the system dynamics only at discrete instances of time
leads to the shortcoming that the behavior of the plant within the sampling intervals
is not covered by the system description so that its analysis requires additional efforts.
Furthermore, inserting the hold and sampling devices into the control loop leads to the

problem that additional controllability and observability defects may be introduced.

As can be expected, the compensator design for sampled-data systems on the basis
of the early-lumping approach equals the procedure in the continuous-time case to a

large extent. After an approximation of the infinite-dimensional plant has been de-

108



4.1 Discrete-time state space system representations

termined it is transformed to the corresponding sampled-data system. Subsequently,
the compensator can be computed by the established approaches for finite-dimensional
sampled-data systems (see, e.g., [93]), whereat observer-based compensators are con-
sidered in this chapter as has been done before. It will be shown that the spillover
discussed in Chapter 2 appears in an analog manner also for sampled-data systems
which affects the closed-loop spectrum and thus influences the performance of the con-
trol loop (see also [9]). In order to analyze the spectrum perturbation the residual
dynamics have to be taken into account for which purpose a discrete-time description
of these continuous-time dynamics have to be determined. Then, the spectrum pertur-
bation can be estimated analog to the statements in Section 2.4 for the continuous-time

control.

The chapter is organized as follows. In Section 4.1 the representation of sampled-data
systems is reviewed and the differences of their properties in comparison to continu-
ous-time infinite-dimensional models are addressed. Furthermore, the class of systems
in consideration is defined in that section. In Section 4.2 the compensator design by
means of the early-lumping approach for discrete-time control is summarized and the

spillover is characterized by analyzing the spectrum perturbation.

4.1 Discrete-time state space system representations

It comes from the nature of a digitally implemented compensator that its state I,
changes only at the discrete sampling time instances t, k € Ny, which suggests itself
to describe it as a sequence Z,, = (Zp, 1 )ken, instead of a function that depends contin-
uously on the time. Since the elements of this sequence correspond each to a certain
instant of time #;, such a sequence can be regarded as a map that is defined on the
discrete set

E:={ty = kT, k € Ny}, (4.1)

where T" > 0 is the sampling constant. For instance, the compensator state z, =

(Zn.k)ken, defines the map
B it Gyr,  VEEE (4.2)

In order to emphasize the character of a map depending on the time, any discrete-
time signal (yx)ren, Will be referred to in the following by x[k], k¥ € Ny. This notation

is convenient because it is closer related to the notation of a continuous-time signal
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4 The early-lumping approach for discrete-time control

v(t),t > 0, than the sequence form, where the square brackets indicate that the signal
belongs to the discrete-time domain. Thus, u4[k] and y4[k] denote the discrete-time

inputs and the output of the compensator (see Figure 21).

The hold device considered in this chapter is the commonly used zero-order hold. It
keeps the last control instant wu4[k| of the compensator during the current sampling

interval [ty,tr+1) and passes it to the system input w, i.e.,
u(t) = uqlk], t € [tk te1), k € No. (4.3)

The standard sampling device simply takes the plant output y at the sampling time

instances and passes it to the compensator, i.e.
yalk] = y(tr), k € Np. (4.4)

For doing so it is important to note that y is continuous in general (see [46, Lem. 3.1.5])
so that y(t) is well-defined for all £ € Ny. Due to the output equation y(t) = Cx(t)
of the continuous-time system 3 (see (2.4)) this makes apparent that the compensator
takes only the state z of ¥ at the sampling time instances t; into account while x(t)
for t ¢ = does not influence the compensator at all. This motivates to describe the
infinite-dimensional system 3 only at the sampling time instances. Thus, instead of
using the model (2.3)-(2.4) a discrete-time model will be applied throughout this and

the following chapter. Such a model is determined next.

4.1.1 State space models of sampled-data systems

The following considerations are based on the continuous-time plant model

Y &(t) = Ax(t) + Bu(t), t>0, z(0)=x0€X (4.5)
y(t) = Cx(t), t>0 (4.6)

with u(t) € RP, y(t) € R™, and z(t) € X. Thereby, it is assumed as before that
this model is a state linear system. That means that B and C are bounded and
hence satisfy Assumption 2.1-2; and A is the generator of a Cy-semigroup (compare to
Subsection 2.1.1). It is the aim of this subsection to determine a model that takes the
hold device and the sampling device into account and that describes the system state

x on the discrete-time axis. That means that the state

k] = 2(kT), k€N (4.7)
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4.1 Discrete-time state space system representations

k] | = u(t) y(t) yalk]

Y
=
Y
\g|
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Figure 22 — The sampled-data system, that consists of the continuous-time plant
Y, the hold device H, and the sampling device .S, is described by the
infinite-dimensional discrete-time model £¢. It is controlled by the

discrete-time observer-based compensator %¢.

is described by a discrete-time system ¥¢ that models the aggregation of the continu-
ous-time plant 3 as well as the hold device H and the sampling device S (see Figure 22).
Such a combination of a continuous-time system with a hold and sampling device is
referred to as sampled-data system. Note, that for both the continuous-time and the
discrete-time signal the same identifier x is used for simplification of the notation. For
the output y, of this system (see Figure 22) it follows directly from (4.4) and (4.6) that

yalk] = y(tr) = Ca(ty) = CulK] (4.8)

holds which is the output equation of $¢. In order to obtain a relation between (k] =

z(ty) and z[k + 1] = x(tg+1) the state equation (4.5) is solved formally using
tht+1
T(trsr) = Stper — tr)x(ty) + / S(tgr1 — 7)Bu(r)dr (4.9)
tg

(see [46, Thm. 3.1.7]), wherein S(¢) is the Cp-semigroup generated by A. Making use
of the fact that the input u is constant within the sampling intervals due to (4.3) this

can be transformed to

xlk + 1] = S(T)x[k] + /T S(T — 7)dT Bugylk] (4.10)

by substituting 7 by 7 — t;. Thus, when theooperators
Agh = S(T)h, Vhe X (4.11)
B = /OTS(T —7)dt Bv = /OT S(7)dr Bu, VveCP (4.12)

are introduced, where the right equation in (4.12) is obtained by aid of the substitution
7 — T — 7, one obtains from (4.8) and (4.10) the discrete-time model

S 2l + 1] = Agx[k] + Bauglk], keNy, z[0]=mp€X (4.13)
Yalk] = Cx[k], k € Ny (4.14)
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4 The early-lumping approach for discrete-time control

of the sampled-data system. Note, that (4.12) can be simplified to
By =AS(T)-1)Bv, VoveC? (4.15)

in case that A is invertible on X (see [46, Thm. 2.1.10]). An explicit expression for A,
and B, can be obtained when A is a Riesz-spectral operator. Then, taking (2.26) and
(2.14) into account for (4.11)—(4.12) yields

Adh =Y M (h i) x i, VheX (4.16)
i=1
o P T

Bow =) Z/ eNTAT (by, i) x i, Vo e C?, (4.17)
i=1 j=1"0

wherein \; are the eigenvalues of A, and ¢; and 1); denote the corresponding eigen-
vectors of A and A*, respectively. Note, that fOT eMTdr in (4.17) can be simplified

to
T 1 NT . .
/ Prar = ¢ AT T AAD (4.18)
0 T . )\Z = O

It is shown later that A, again is a Riesz-spectral operator if A is a Riesz-spectral
operator that satisfies a mild condition (see Proposition 4.1-3). Comparison of (4.16)
with the modal decomposition (2.33) of A shows that A, has the same eigenvectors ¢;

as A, and its eigenvalues are

Aii=ed T ieN. (4.19)
This shows that the eigenvalues A\;; of A; accumulate at A\j* = 0 if Re \; = —oo for
17— 0.

Of course, the model ¢ provides a description of the system state only at the time
instances t € = so that no information is available about x(t) for ¢ ¢ = directly from this
model. However, restricting the class of input signals and confining the considerations
to the discrete-time axis has the consequence that some basic properties, such as the
solvability of the state equation (4.13), become simplified compared to the continuous-

time counterpart. This is discussed in the following subsection.

4.1.2 Solution of the state equation and power stability

The difference equation and the initial condition (4.13) determine the state x on the

discrete set = of time instances t; uniquely. This can be seen by applying (4.13)
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4.1 Discrete-time state space system representations

recursively which directly yields the solution

k—1
wlk] = Abzo + " ASTTBauglll,  kEN, Vg € X, Vugll] € C. (4.20)
1=0
Note, that A; = S(T') is a bounded operator in view of (2.25), so that it is unprob-
lematic to consider the powers of this operator. This is an important difference to the
system operator A of the continuous-time system 3 that is unbounded. For systems

with A being a Riesz-spectral operator this becomes

ize(k 1— l,\T/ Ny by, 1) xtuas (1]

1

Z k/\T (o, i) x i +

k—1
=

k—1
=0 i=1 j=
oo P

0 i=1 j=1

][3 (o, i) xPi + AZ} l/ eNTdr (by, i) xua e, (4.21)
0

where (2.21), (4.16)—(4.17), and (4.19) have been used.

The stability of discrete-time systems is commonly characterized by the power stability

of Ay. It is defined by the existence of constants C' > 1 and 0 < v < 1 such that
lAGI < CF, Yk eN (4.22)

(see [97, Def. 2]). This relation implies that ||z(¢x)| decays exponentially toward zero
for w = 0 because in this case z[k] = Akzy, k € N, follows from (4.20) so that
lz[k]llx < || A%|||lzollx — O for k& — oo. Moreover, if and only if the discrete-time
system ¢ is power stabilized, the continuous-time system ¥ is stabilized exponentially
so that ||z(t)||x — 0 for ¢ — oo (see [111, Prop. 2.1]). A sufficient and necessary

condition for A, being power stable is

ra, = sup |Ag <1 (4.23)
Ag€a(Ay)

(see [97, Lem. 1]) which is the generalized version of the well-known condition for
finite-dimensional discrete-time systems. Therein, 74, denotes the spectral radius of

Ajg. More generally, for the homogeneous state solution z[k] = Akx, the relation
lz[K]lx < Cllzollx B3, VB> Ba, Yk € No (4.24)

with a constant C' > 1 and
Ba =14, (4.25)

113



4 The early-lumping approach for discrete-time control

1

can be shown'. Since x approaches zero for 5; < 1 with a certain minimum decay

rate, [y is referred to as the stability margin of the discrete-time system, which is
then called power By4-stable. Thus, in contrast to the continuous-time case, where the
(exponential) stability is determined by the spectrum only if the spectrum determined
growth assumption (SDGA) holds (see Subsection 2.1.3), it is possible for discrete-time
systems in general to analyze the power stability with the help of the spectrum o(.A,).
This relies basically on the fact that A; = S(T") is a bounded operator (see (2.25))

which is an important difference to A which is unbounded.

Usually, only the spectrum o(A) is known while o(Ay) is unknown initially. The

relation between both spectra is characterized by the following statements.

Proposition 4.1-1
The spectra o(A) and o(Ag) are related by

(X ea(A)} Co(Ay). (4.26)

More specifically, the relations
{ N €0,(A)} Cop(Ag) CL{M A€, (A)}TUD (4.27)
o.(Ag) C{eM N €0, (A)} (4.28)

hold.

The proof follows immediately from [107, Chapter 2, Thm. 2.3-2.5]. Unfortunately,
a relation for o.(A;) analog to (4.28) is not assured in general. In fact, it may exist
a A\ € 0.(Ayg) that is not contained in {e* |\ € o(A)}. Consequently, (4.26) is in
general an inclusion but not an equality relation. As a simple example consider the
spectrum

o(A) = 0,)(A) = {~1/k £ j2rk | k € N} (4.29)

consisting of isolated eigenvalues. Equation (4.26) yields for 7' =1

(e V/RER2TR | | e NY = {eVE |k e N} C o(Ay), (4.30)

! For proving this one considers the operator Ag = Bg L A4 with Bd > f4 =r1r4,, that is power stable
in view of r 5, = B'ra, <1 and (4.23). Thus, it holds ||A%| = ||B5A%| < CBE, VB4 > Ba, by
(4.22) yielding (4.24).
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where the left hand-side accumulates at A\ = 1 while o (.A) has no accumulation point.

This is an additional spectral point in .(A4) that is not contained in {e* |\ € o(A)}.
In consequence, it is not possible to conclude the power stability of A, alone from
the spectrum o(A) in general. This, however, is not surprising because it is known
that the stability of continuous-time systems is determined by the spectrum of its
system operator only under the SDGA (see Subsection 2.1.3). If this assumption holds,
SUPyepa) ReA < 0 implies exponential stability of S(t), i.e., there exist constants
C > 1, w < 0 such that ||S(t)|| < Ce“", Vit > 0 (see (2.25)). Thus,

G = IS*(T)| = [S(T)|| < Ce™ = C(e*")*, Yk eN (4.31)

is satisfied?, which shows that also power stability of Ay is assured in this situation in
view of (4.22) and e*T < 1.

In the next subsection a class of continuous-time systems is defined that is consid-
ered for sampled-data control in the following with the aim to avoid some technical
difficulties.

4.1.3 Definition of the considered system class

It has been shown in the previous subsection that it is not easy in general to describe
the continuous spectrum o.(A;) in terms of the spectrum o(A) of the continuous-
time plant’s system operator so that this spectrum is unknown in many applications.
Since the continuous spectrum of A,, however, plays an important role for the analysis
of the spectrum perturbation caused by spillover, the focus will be restricted for the
discrete-time control to systems with A being a Riesz-spectral operator. Thus, As-
sumption 2.1-9, that is the basis for the considerations in the continuous-time domain,

is replaced from now on by the following one.

Assumption 4.1-2 (Properties of A for discrete-time control)

The system operator A of the continuous-time model ¥ is assumed to have the following

properties:

1. A is the generator of a Cjy-semigroup.

2 The relation S¥(T) = S(kT) follows from the semigroup property S(t1)S(t2) = S(t1 + ta),
Vti,ta > 0, that yields S*(T) = S(2T) for t; = to = T. Repeated application gives
S*(T) = S(kT), k € N.
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2. A is a Riesz-spectral operator.
3. The eigenvalues \;, i € N, of A satisfy

2
Ai—AHAjTW, Vie N, (4.32)

for all 7,k € N. <

Note, that it is avoided by Item 3 that several eigenvalues of A correspond to the same
eigenvalue of A, according to (4.19). In this way it is assured that the eigenvalues Ay,
i € N, of A; are simple. Consequently, an eigenvalue )\;; is modal controllable and
modal observable whenever the corresponding eigenvalue \; of A has this property. In
addition to this assumption also Assumption 2.1-2, that requires the boundedness of
B and C, has to hold also in the discrete-time case. For the relation between o(.A) and

o(Ay) one has for this system class the following characterization.

Proposition 4.1-3

Let Assumption 4.1-2 hold. Then, the associated system operator Ay of the sampled-

data system X9 is a sectorial Riesz-spectral operator. For its spectrum the relations

o, (Ag) = {eM | N €, (A)} (4.33)
0e(Ad) = 0p(Aa) \ 0,(Ag) 2 {M [ X € 0(A)} (4.34)
o.(Ag) = 0,(A) =10 (4.35)
o(Ag) = 0,(Ag) (4.36)

are satisfied.

For the proof see Appendix A.11. Besides having the characterization (4.33)—(4.36)
the considered class of system operators A has the benefit that A, and B, have the
modal representations (4.16)—(4.17), and also the state equation can be solved in the
explicit form (4.21). Furthermore, considering the defined class enables to apply the
statements in Section 2.4 concerning the spectrum analysis of continuous-time systems
also to sampled-data systems. Before this will be done in the next section the sampled-

data system corresponding to an Euler-Bernoulli beam is determined.
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Ezxample 4.1-4 (Euler-Bernoulli beam with Kelvin-Voigt damping, continued)

For an Euler-Bernoulli beam with Kelvin-Voigt damping, that was introduced in Ex-
ample 2.1-15, a discrete-time model shall be determined that results from adding a
zero-order hold and a standard sampling device. Compared to Example 2.1-15 the
considerations are specialized here to the beam length ¢ = 1. There, a continuous-
time model ¥ on the state space X := Ly(0,1) @& Ly(0,1) with the inner product
<[§;], [Z;] )x = fol g1(2)h1(2)dz + fol 92(2)hy(2)dz was found. It was verified that A is
a Riesz-spectral operator with the eigenvalues

At = (—5(m)2 + \/32(im)i = 1) (im)?,  ieN, (4.37)

that have an accumulation point A** = — & (see (2.68) and (2.70)). The corresponding

eigenvectors of A are given by

1
¢i(2) = sin(inz) _’\é] , €N (4.38)
_(i7r)
F L
¢_i(z) = sin(irz) (_27;)21] , ieN, (4.39)
GOk

and the related biorthonormal sequence is

—o(im)* [ 2]
i(2) = sin(imz) = (i) w{) , €N (4.40)
_(ﬂ)
7
v_i(z) = SlIl(Zﬂ'Z))\ X “?2 : teN (4.41)

(see (2.71)—(2.72), and (3.107)—(3.108)). By taking the zero-order hold and the stan-
dard sampling device with sampling constant 7" into account one obtains from (4.16)—
(4.17) the operators

Ash =Y N (h, i) x o, VheX  (4.42)
1€2Z\{0}
1, r 0
Bav = Z )\—(e v —1) L4 i ) G, VveC (4.43)
iezvioy 5 L)) p

of the sampled-data system %, wherein (2.56) and b(z) = 62
used. The output operator C of ¥, coincides with that of the contlnuous time system
Y (see (4.6) and (4.14)) and thus is given by

Ch— <h, H > . Vhex (4.44)

117

-1y, 8,)(%) have been



4 The early-lumping approach for discrete-time control

0-5 T T
X x X C
X
X
X
X
X
<
= 0 . -
’.R‘
X
X
“ X
X
x X X |>\| =1
_0-5 1 1
-0.5 0 0.5 1 1.5
Re A

Figure 23 — Spectrum of the system operator A, of the sampled-data system %.¢
that corresponds to the Euler-Bernoulli beam with structural damping
for damping constant § = 8 - 10~* and sampling constant 7" = 1073.
While the system operator A of the continuous-time system has a
single accumulation point A% = —625, the spectrum of A, has two

accumulation points at A\{§ = eMT = 0.535 and Ags =0.

according to (2.58), in which ¢(z) is defined in (2.60).

It has been shown in Example 2.1-15 that A satisfies Assumption 2.1-9 and hence
is the generator of a Cy-semigroup. One can show easily that (4.32) holds for T #
Im/Im \;, V1,7 € N. Since A is a Riesz-spectral operator that generates a Cy-semigroup,
Assumption 4.1-2 is confirmed so that Proposition 4.1-3 can be applied. Therefore, A,

is a sectorial Riesz-spectral operator and its spectrum is given by

op(Ag) = {MT]i € N} (4.45)
oe(Ag) = {0,eM T} (4.46)
or(Ag) = 0. (4.47)

Note, that o(Ay) has two accumulation points while o(.A) has only one. For § = 8-10~*
and T' = 1073 the eigenvalue distribution of A, is shown in Figure 23. <
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4.2 Observer-based control and analysis of the closed-loop spectrum

4.2 Observer-based control and analysis of the

closed-loop spectrum

In this section the design of an observer-based compensator is addressed that is imple-
mented digitally and thus operates in discrete time. Since the early-lumping approach
is applied the design is based on an approximation that can be determined in two ways:
In the first approach a discrete-time model $¢, that corresponds to the continuous-time
plant 3, is determined in a first step, and an approximation $¢ of ¢ is computed in
a second one. In the second approach the continuous-time system ¥ is reduced first
yielding the continuous-time approximation >, which is converted subsequently to the
discrete-time model ¥¢ (see Figure 24). While both approaches lead to the same ap-
proximation ¥4, the second one is certainly more relevant for the applications because
both the approximation of the continuous-time system Y and the time-discretization of
the approximation can be computed by standard techniques. Therefore, this approach
is considered here. To describe the approximation error, also the sampled-data system

¥4 corresponding to the continuous-time residual dynamics ¥, is determined.

As in the continuous-time case the output feedback control design is considered without
taking a reference input into account. However, this and the related feedforward control

can be added separately by means of the two-degrees-of-freedom control method that is

Zd
7 u(t yr(t Ya,rk
R KL e P2 @
d
uglk X u(t n(t nlk Yalk
it Ry G e V0] e | PG NP
- Y e

Figure 24 — Structure of a sampled-data control system. For applying the early-
lumping approach the continuous-time infinite-dimensional plant is ap-
proximated by the finite-dimensional system 3,,. In combination with
the hold and sample devices H and S it yields the sampled-data approx-
imation Eflr In the same way, the continuous-time residual dynamics

¥, are converted to the sampled-data residual dynamics ¢,
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4 The early-lumping approach for discrete-time control

mentioned at the beginning of Section 2.3. In addition, robust asymptotic disturbance
rejection can be achieved by extending the continuous-time plant model by a suitable
continuous-time signal model as it is explained in Subsection 2.3.4. However, one has
to take care about the eigenvalues that are added in this way since Assumption 4.1-2
requires the system operator of the continuous-time system to be a Riesz-spectral
operator which has simple eigenvalues (see Definition 2.1-6). For this reason, a more
general class of Riesz-spectral operators, as defined in [73], has to be considered when,
e.g., a signal model for the rejection of ramp disturbances shall be used, which would
have an eigenvalue \; = 0 with algebraic multiplicity v, = 2. Such a generalization
has to be considered also when the plant has an eigenvalue that coincides with one of

the signal model.

In the following subsection the discrete-time systems ¥¢ and X¢ are determined. A
digital observer-based compensator is designed in Subsection 4.2.2, and the resulting

dynamics of the control loop is analyzed in Subsection 4.2.3.

4.2.1 Discrete-time system approximation

The compensator will be designed on the basis of the sampled-data system that corre-

sponds to the modal approximation
Yot an(t) = Apzn(t) + Buult), t>0, x,(0)=F 'PryecC" (4.48)
Yn(t) = Cra,(t), t>0 (4.49)

of order n, that was introduced in Section 2.2. For determining this system the hold
device, whose operation is described by u(t) = uylk] for t € [ty, txs1), k € No, and the
sampling device yielding y4,[k] = yn(tx) = yn(kT) have to be taken into account. This
can be carried out in the analog way as the conversion of the plant > to the sampled-
data system X7 that was discussed in Subsection 4.1.1. The resulting discrete-time

approximation is

Yo aulk+1] = Agnw,[k] + Banualk], k €Ny, 2,[0] = F Pxyc C" (4.50)

yd,n{k] = Crxalk], ke Ny (4.51)
with
Agp = e (4.52)
T
By, = / e7dr B, (4.53)
0
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4.2 Observer-based control and analysis of the closed-loop spectrum

(see [93, Sec. 2.1]). In view of (2.108) one can evaluate (4.53) by

T T
B, = diag (/ eMTdr, . ,/ e’\"TdT) B, (4.54)
0 0

T 1 NT . .
/ eMNTdr = { 2 R (4.55)
0

with

T N =0.
By construction, the discrete-time state and the output of this model coincide with the
respective state and output of the continuous-time approximation ¥, at the sampling
time instances, i.e., x,[k] = z,(t;) and yg,[k] = yn(ti), & € No. In order to describe
the approximation error, the residual dynamics
Y0 a.(t) = Az (t) + Bou(t), t>0, z,0)=(—P)r € X, (4.56)
yr(t) = Crz, (1), t>0, (4.57)

that was introduced in Section 2.2, is time-discretized yielding

Sz, [k] = Agew,[k] + Bayuglk),  k€Ng, x,[0] = (I —Plxog € X,  (4.58)

Yarlk] = Cra,[K], k €Ny (4.59)

with
Aarh=S,.(T)h, VheX, (4.60)
B, v = /OT S, (7)dt Bu, Vo e CP. (4.61)

Thereby, S,.(t) is the Cyp-semigroup generated by A,. Since A is a Riesz-spectral
operator due to Assumption 4.1-2 one has the representation

o0

S(h =Y e h)xe,  VheEX, (4.62)

i=n+1

which follows from (2.26) when restricted to X, in view of the Riesz basis property.
The derivation of $¢ is analog to the approach for determining > in Subsection 4.1.1.
In view of (4.60) and (4.62) Ay, is bounded so that the difference equation (4.58) has
a unique solution (see Subsection 4.1.2). Note, that y.,[k] = y,(tx) and z,[k] = z,(tx),

k € Ny, hold due to the construction of ¥¢. In view of

Yanlk] = Crnlk] = Cran(ts) = yn(te) (4.63)
yd,r[k] = Crxr [k] = Crxr@k) = yr(tk> (464)
yalk] = Cxlk] = Cx(ty) = y(tx) (4.65)
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4 The early-lumping approach for discrete-time control

(see (4.6), (4.14), (4.49), (4.51), (4.57), and (4.59)) as well as y(t) = yn(t) + y,(t) (see
(2.120)) it holds

Yan K] + Yarlk] = yn(te) + 4 (ts) = y(ts) = valk], Yk €N, (4.66)

which shows that the sampled-data models ¢ and %¢ of the approximation and the

residual dynamics are complementary w.r.t. their outputs.

In general, controllability and observability may be lost when a hold and a sampling
device is added to the closed-loop system for certain isolated values of the sampling
constant 7" > 0. Necessary and sufficient conditions for (Ag,,, Ba,) to be stabilizable
are provided in [115]. Of course, it is assumed for the following, that (Ag,, Ba,) is
controllable and (C,,, Ag,,) is observable, since this enables to assign the dynamics of
the controlled system ¢ by output feedback arbitrarily. These properties have to be
checked after the approximation X4 has been determined. In case that a controllability
or an observability defect has occurred in (Agy,, Bay) or (Cy, Agy,) that is not present
in (A, B,) and (C,, A,,), respectively, a slight change of the sampling constant is
typically sufficient to avoid the defect.

4.2.2 Design of the discrete-time observer-based compensator

In accordance with the explanations in Subsection 4.1.2 the discrete-time closed-loop
system is power stable if and only if the spectrum of the corresponding system operator

A o 1s entirely contained within the unit circle, i.e.,

sup  |Ag| < 1. (4.67)
Aa€o(Ad,cr)

For stabilization of the control loop it is therefore necessary to shift all spectral points
of the system operator Ay, that are located outside the unit circle, into its interior
by means of control. Instead of stability of the closed-loop system the stronger design
objective is often desired that the closed-loop system is power [;-stable for which

purpose the spectral points of the system operator Ay located in
5, =1s€C } Is| > Ba} (4.68)

have to be shifted into
Cy, ={s€C | |s] < Ba} (4.69)
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4.2 Observer-based control and analysis of the closed-loop spectrum

(compare to (4.25)). According to Assumption 4.1-2 the system operators .4 and thus
also Ay are Riesz-spectral operators for which reason the spectrum o(A,) consists
of isolated eigenvalues A;; and possibly accumulation points (see Proposition 4.1-3).
Analog to the continuous-time case the finite rank and the boundedness of both the
input operator By and the output operator C allow to shift only a finite number® of
eigenvalues from ng into @;d. Therefore, the number of eigenvalues A\;; of A, that
are contained in Cj must be finite. Particularly, they may not have any accumula-
tion point in this set. Of course, the eigenvalues to be shifted by the control must
be contained in the approximation in order to take them into account in the design
procedure. These considerations lead to the following assumption, in which it is useful
to remember that the eigenvalues \; of the continuous-time models ¥, and ¥, and the
eigenvalues A4, of the discrete-time counterparts are related by A\g; = eMNT i e N, in
view of (4.33).

Assumption 4.2-1 (Stabilizability of the closed-loop sampled-data system)

For the discrete-time systems X4 and X¢ the following is assumed:

1. There are not more than finitely many eigenvalues of Ay, located in C3 =
{s € C | |s|] > Ba}, where 0 < By < 1 is the desired stability margin of the

discrete-time closed-loop system.
2. (Agn, Ban) is controllable and (C,,, Ag,) is observable.

3. All spectral points of Ay, are located in @;d ={seC | |s| < Ba}. <

For distinct values of T" Item 2 of this assumption may be not satisfied, although the
continuous-time counterparts (A,, B,) and (C,, A,) are controllable and observable,
respectively, as said in the previous subsection. Besides this aspect for choosing the
sampling constant, 7" should be not larger than the largest time constant Tr;; == 1/| A4
of the desired closed-loop eigenvalues A;; in the continuous-time domain. Otherwise,
the rejection of initial errors or (unmodeled) disturbance influences is limited by a
too low sampling rate instead of the assigned dynamics. Thus, an unsatisfying inter
sampling behavior would be the consequence (see also [61, Sec. 12.2]). Additionally,

unstable modes of the approximation lead to large input amplitudes when the sampling

3 This follows from [46, Thm. 5.2.6 and Thm. 5.2.7] when applied to sampled-data systems under
use of (4.26).
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constant is large. The discrete-time observer-based compensator to be designed has

the form

>4 @[k 4+ 1] = (Agn — LC) @y [k] + Banualk] + Lyalk], k€ Ny (4.70)
#n[0] = 3o € C" (4.71)
uglk] = — K[k, keNyg. — (4.72)

Following the early-lumping approach the controller gain K and the observer gain L are
chosen such that applying this compensator to the approximation $¢ assigns the desired
eigenvalues. It is well-known that these are the eigenvalues of the matrices A4, — By, K
and Ay, — LC, (see [93, Sec. 5.1]). Appropriate gains K and L can be determined by

the established design methods for finite-dimensional eigenvalue assignment.

However, the compensator X¢ is actually not applied to the approximation but to the
infinite-dimensional sampled-data system X?. The discrete-time residual dynamics %¢
consequently influences the closed-loop behavior, leading to the same spillover effect
that was discussed in the Chapters 2-3 for continuous-time control. This impact is

investigated next.

4.2.3 Analysis of the closed-loop dynamics

In this subsection the behavior of the controlled system is analyzed in the analog way
as it has been discussed in the Sections 2.3-2.4 for continuous-time control by investi-
gating the spectrum of the closed-loop dynamics. For determining these dynamics the

extended state

en k]
zolk] = |xn[K] (4.73)
Ty [K]
with e,[k] == x,[k] — 2,[k] is considered. By taking the system equations of ¥¢ 3¢,

and X¢ into account (see (4.50)—(4.51), (4.58)—(4.59), and (4.70)—(4.72)), some basic

manipulations result the closed-loop model

d .
P

l’cl[k‘ -+ 1] = -Ad,clxcl[k], k€ NQ, ZL’CZ[O] =T0 € Xcl (474)
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4.2 Observer-based control and analysis of the closed-loop spectrum

on the state space X, = C" @ C" @& X,, wherein the closed-loop system operator is

given by
Ay — I, 0 e,
Ader = BynK  Agp— BanK 0 (4.75)
Bd,TK _Bd,rK Ad,r

with D(Age) = X. Since all sub-blocks in Ay, are bounded this system operator
is also bounded, which is why the discrete-time closed-loop system ¢, has a unique
solution (compare to Subsection 4.1.2). Furthermore, the spectrum of A, ; determines
the stability margin and thus the behavior of the control loop in the usual way as for
finite-dimensional systems (see (4.24)—(4.25)). Particularly, the continuous-time plant
Y is stabilized in the sense that the norm ||z(t)||x of its state decays exponentially if

and only if A, . is power stable. This can be shown in the same way as [111, Prop. 2.1].

For the spillover analysis the system operator A, . is decomposed as

Age = Agepo+ A (4.76)
with
Agn — LC, 0 0 00 —LC
Ad.ci0 = By, K Agn — BinK 0 |, A=100 0 [, (4.77)
Bd,T’K _Bd,T’K Ad,r 0 0 0

where D(Agq0) = D(A) = X,. Since Ay o has a triangular structure its spectrum

is given by
U(Ad,cl,o) = U(Ad,n — Bd,nK) U U(Ad,n — LCn) U U(Ad7r). (478)

This makes apparent that the compensator, which is designed such that A,, — By, K
and Ag, — LC,, have the desired eigenvalues, assigns these eigenvalues also to Ag 0.
However, the closed-loop dynamics are described by the perturbed operator Ay . =
Ag.c1,0+A so that the controlled system has the intended behavior only if ||A|| = || LC, ||
is sufficiently small. In general, however, all closed-loop eigenvalues S\Clﬂ- € o(Aga),
i € N, differ from the desired values A.;; € 0(Agcr0), @ € N, due to the spillover impact
so that the performance of the controlled system may be unsatisfying. In this concern
it is interesting to note, that the summands in (4.17), that correspond to eigenvalues \;
of A; in the left half-plane with large absolute values, become small in view of (4.18).
In relation to the spillover effect this has the consequence that the corresponding

eigenmodes, that belong to the residual dynamics, are qualitatively less influenced
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4 The early-lumping approach for discrete-time control

than in the continuous-time case which suggests that the spillover becomes reduced
just by using sampled-data control. However, small perturbations of the eigenvalues
Aq,i close to the origin in the discrete-time domain correspond to larger changes of the
related eigenvalues \; = 771 In \g; (see (4.19)), wherein In(+) is the complex logarithm.
Thus, the spillover impact qualitatively remains the same for discrete-time and con-

tinuous-time control.

The deviations of the eigenvalues and the structure of the closed-loop spectrum can be
characterized by help of the results of Section 2.4 that have been presented there for the
continuous-time control. Theorem 2.4-3, which gives a description of the closed-loop
spectrum’s structure, requires that the system operator A satisfies Assumption 2.1-9.
In fact, since A is a Riesz-spectral operator that generates a Cy-semigroup due to
Assumption 4.1-2, the corresponding system operator A, of the sampled-data system
¥4 satisfies Assumption 2.1-9%. Since, in addition, Aqg 10 has the same structure as the
closed-loop system operator A for the continuous-time case, and the perturbation
operator A is even the same (compare (2.177) with (4.77)), Theorem 2.4-3 can readily
be applied.

Corollary 4.2-2

Let the Assumption 4.1-2 hold. Then, the spectrum o(Agc) of the closed-loop system

operator in (4.75) can be decomposed as
0(Adget) = {hetisi € N} Uoo(Ag), (4.79)

where 5\0171-, 1 € N, are eigenvalues of Ag ¢ that have finite algebraic multiplicities and

are isolated. Particularly,

or(Adge) =0 (4.80)
0(Ag,er) = 0p(Ad,cr) (4.81)

holds.

Thus, the closed-loop spectrum consists simply of isolated eigenvalues and of the ac-

cumulation points in o(A,). Now, the deviations of the eigenvalues caused by the

4 This is stated by Proposition 2.1-10 when applied to A4. This is possible since this operator is a

sectorial Riesz-spectral operator according to Proposition 4.1-3.
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spillover are estimated, for which purpose the spectrum perturbation is redefined as

dg=  sup inf A — Al (4.82)
Aet€0(Ag,c1) Aa€0(Ad,cl0)

with Ag 0 and Ag according to (4.77) and (4.75), respectively. An estimate for the
spectrum perturbation can be obtained directly by aid of Theorem 2.4-10. For the
applicability of this theorem Assumption 2.1-9 has to hold for A, which is satisfied as
discovered before. In addition, a transformation 7 : X, +— X, must exist such that
TCl_lAd,cl,oTcl is normal. Since A, is a Riesz-spectral operator and A, .o has the same
structure as the continuous-time closed-loop system operator A.; o, Proposition 2.4-8
can be applied by replacing A, A,, A,,, and B,, by Aq, A4, Adn, and By, respectively.
It states that a normalizing transformation 7, exists if Ag,, — Bq,K and A4, — LC,
have simple and mutually different eigenvalues that are not contained in o(Ag,). Thus,
Theorem 2.4-10 can then be applied where, in doing so, it is again essential that A ..o
and A have the same structure for both continuous-time and discrete-time control
(compare (2.177) with (4.77)). This leads immediately to the following estimate for
dyg.

Corollary 4.2-3

Let the Assumption 4.1-2 hold and assume that the observer-based compensator X4 in
(4.70)-(4.72) is designed such that the eigenvalues of Agqyn — BanK and Ag,, — LC,, are
simple, mutually different, and not contained in o(Aqg,). Then,

da < | T ATall < (175 1 Tall| Al (4.83)

C C

is an upper bound for the spectrum perturbation dg, wherein T, denotes a transforma-

tion such that 72?1«4d,cl,0721 18 normal.

As in the continuous-time case the evaluation of |7, AT, is not straightforward
because 7, and A are operators on the infinite-dimensional state space X. In fact,
T. has the same structure as in the continuous-time domain, and the perturbation
A is even the same. As before, the algorithm in Appendix B can be applied for the
evaluation of | 7,; ' AT || by means of standard numerical computing software, provided

that A is normal. Otherwise this norm has to be determined on the basis of an accurate

approximation of the closed-loop dynamics.
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An alternate estimate for dy, that will be used in Subsection 5.1.3, can be obtained by

reformulating the closed-loop dynamics X% as

chll T [k‘ + 1] = (Ad,cl,o + A)[Z’cl [k‘], ke No, Tl [0] = ZZ'CLO € Xy (484)

with
Falk] = | enlk] (4.85)
2 [K]
and
Ad,n - Bd,nK Bd,nK 0 0 0 0
Ad,e10 = 0 Agn — LC, —LC.|, A= 0 0 0|, (4.86)
0 0 Ad, —Bi, K By, K 0

where D(Ad7cl,0) = D(A) = X. This form of the closed-loop dynamics follows from
(4.73)—(4.75) when the order of the states e, and xz,, is interchanged in the composed
state vector (compare (4.73) and (4.85)). Since Ad,cl,o has, as Ag 0, the desired
eigenvalues of Ag,, — By, K, Aq, — LC,, and A, due to its triangular structure, this
shows that the control loop behaves as intended if || By, K || and thus ||A| is negligible.

This observation is characterized quantitatively by the following statement.

Theorem 4.2-4

Let the Assumption 4.1-2 hold and assume that the observer-based compensator ¥4 in
(4.70)-(4.72) is designed such that the eigenvalues of Agqyn — BanK and Agq,, — LC,, are

simple, mutually different, and not contained in o(Aqg,). Then,

dg < | T3 ATl < 1T I Talll Al (4.87)

C

is an upper bound for the spectrum perturbation dg, where T, denotes a linear trans-

ormation such that 7~'_1Ad el 07~—cl 18 normal.
Cl ) &by

Analog to Theorem 2.4-10 this result follows immediately from Lemma 2.4-6 when
applied to .[ldd = ftd,cl@ + A. This is possible because A is a bounded perturbation
operator, a,,(fld,cl) = 0,(Aga) = 0 holds according to Corollary 4.2-2. Finally, the
existence of a normalizing transformation is ensured by Assumption 4.1-2 as argued

above, because the difference between the state vectors z, and . is only the order
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of the first two vector elements. Thus, all requirements of Lemma 2.4-6 are met. Its

application to .[ldd leads to Theorem 4.2-4.

Remark 4.2-5  For achieving asymptotic disturbance rejection w.r.t. the discrete-
time dynamics a signal model of the exogenous disturbance has to be incorporated into
the control loop (see Subsection 2.3.4). The considerations in this and the following
chapter remain true for the modified control structure when the matrices in (4.77) are

replaced by

Ad,n - LC, 0 0 0
0 Ad s Bd an 0
= ' ’ 4.
Awa0 =1 p K By K. Agn- BuK 0 (4.88)
L Bd,TK _Bd,rKs _Bd,rK Ad,r
[0 0 0 —LC,
0 0 0 By,
A = ’ 4.
000 o0 | (4.89)
000 0
and the matrices in (4.86) are replaced by
[ Ad,s Bd,an 0 Bd,scr
1 _BdnKs Adn - BdnK Bd nK 0
Ay = : : : : 1.90
beto 0 0 Agp — LC, —LC, (4.50)
0 0 0 Adr
[0 0 0 0
~ 0 0 0 0
A = 4.91
0] 0 0 0 ( 9 )
_—Bd,rKs By, K By, K 0
AT

Therein, A;s =€ and By, = fOT es7d7 B, are the discrete-time counterparts of A,

and B, respectively (compare to (4.52)—(4.53)). <

The design of a discrete-time observer-based compensator and the analysis of the

closed-loop spectrum are demonstrated in the following example.

Ezxample 4.2-6 (Euler-Bernoulli beam with Kelvin-Voigt damping, continued)

The sampled-data system determined in Example 4.1-4 for an Euler-Bernoulli beam
with length ¢ = 1 and Kelvin-Voigt damping is considered here for designing a dis-

crete-time compensator. The damping constant is chosen as ¢ = 0.005 and the input
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and output distribution functions are given by

b(z) = 2i€ “L.4—c,0.44€)(2), c(z) = 2i€ + 10.6-c,0.64¢] (%) (4.92)
with ¢ = 1073, Some of the eigenvalues of the continuous-time system operator A
with largest real parts, that are given by (4.37), are listed in Table 5. In order to shift
the eigenvalues \y; and Ayp more to the left in the complex for reducing the settling
time of the system response an observer-based compensator is designed on the basis
of a 4-th-order sampled-data modal approximation X¢. For determining ¢ the con-
tinuous-time approximation ¥, with order n = 4 of the continuous-time plant ¥ has
to be computed first which subsequently is converted to a sampled-data system. The
approximation Y, is obtained from (2.108)—(2.110) when the eigenvectors ¢; and the
vectors 1); of the corresponding biorthonormal sequence are inserted, which are given
by (4.38)—(4.41). The resulting parameters A,, B,, and C,, of the continuous-time
approximation lead, by help of (4.52)—(4.53), to the discrete-time approximation ¢
with

Agn = diag(0.9581 £ j0.2410, 0.4669 + j0.6777) (4.93)
—0.00289 + j0.02342
—0.02857 — §0.23117

By, = , 4.94

¢ —0.00591 + j0.01169 (4.94)

—0.23314 — j0.46144
C, = [—0.09636 —0.00976 0.01489 0.000377]. (4.95)

Taking Ay, Bg,, and C, into account, it can be verified easily that (Ag,, Bay) is
controllable and (C,,, Ag,,) is observable so that Item 2 of Assumption 4.2-1 holds.

Next, the observer-based compensator X¢ (see (4.70)-(4.72)) is designed by eigenvalue
assignment. Instead of choosing the eigenvalues \j.; = 0(Ag, — Bg,I) of the con-

trolled discrete-time approximation and the eigenvalues \y,; = 0(Aq, — LC),) of the

Table b — Eigenvalues \; of the continuous-time system operator A with largest
real parts and corresponding eigenvalues \;; of the discrete-time system

operator A,.

i At Ad, +i | Ad,+il
1 —0.487 £+ 59.86 0.9581 4 50.2410 0.9879
2 —7.79 + 338.70 0.4669 4 50.6777 0.8229
3 —39.45 £+ 579.59 —0.1517 £ 70.3407 0.3730
4 —124.68 + 796.91 —0.0333 + ;0.0292 0.0443
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4.2 Observer-based control and analysis of the closed-loop spectrum

discrete-time observer dynamics directly, it is easier to select the eigenvalues A.; and
Ao,i of the corresponding continuous-time counterparts of these dynamics since the
influence of the eigenvalues on the behavior of a continuous-time dynamics is well-
known (see, e.g., (2.24)). In order to reduce the settling time of the system response
and to increase the damping the eigenvalues Ay, and Ai, are shifted by choosing
Aer1 = —10 £ 75, Acpo = —10 £ 510 and Ay = —15 £ j5, A\pae = —15 £ j10.
Thus, for assuring a stability margin 5 = 7 of the controlled system in continuous
time the spectrum perturbation must satisfy d < 3 since the maximal real parts of
the desired eigenvalues is given by Re\.; = —10. The sampling constant, is chosen
as T = 1/40 = 0.025 so that (4.32) is satisfied. Thus, as claimed in Subsection 4.2.2,
it is smaller than the largest time constant T.;; = 1/|A.;| of the desired closed-loop
eigenvalues {A.;,7 € N} = {0 = £1,£2} U {\,;,i = £1,£2} U o(A,) in the
continuous-time domain (for o(A,) see Table 5). The corresponding eigenvalues to be

assigned in the discrete-time domain are obtained from

Aaci =T Nop=eT = 4142 (4.96)

)y

(compare to (4.19)), and the stability margin of the discrete-time closed-loop system is
Ba = €T = 0.839. Since there are two and hence finitely many eigenvalues \g; located
within C§_ (see Table 5), and since these eigenvalues belong to the approximation »d
(see (4.93)), Assumption 4.2-1 is satisfied which enables to design a compensator that
achieves the desired stability margin. Note, that the stability margin is limited by
the accumulation points of o(Ag) that are A = 0.0821 and A\ = 0 (see (4.46) and
(2.70)).

In Example 4.1-4 it has been shown that Assumption 4.1-2 is satisfied so that Corol-
lary 4.2-2 can be applied. It states that the spectrum (A4 ;) of the closed-loop system

operator (4.75) consists of isolated eigenvalues A.;, i € N, with finite algebraic mul-
tiplicities and the accumulation points AjT and A§% of A The resulting eigenvalue
distribution of the closed-loop system is depicted in Figure 25. It shows that five eigen-
values of the closed-loop system are located outside the region @;d so that the specified
control performance is not achieved, which reflects the impact of the spillover. The
requirements of Corollary 4.2-3 are satisfied in view of the mentioned eigenvalue as-
signments and since Assumption 4.1-2 holds. Applying this corollary yields the bound
dg < 15.7 for the spectrum perturbation, where the computations have been carried
out on the basis of a 60-th-order modal approximation. A computation of the eigen-

values by using this accurate approximation reveals that the perturbation is actually
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4 The early-lumping approach for discrete-time control

dg = 0.329, which confirms the correctness of the estimate, though being rather con-

servative.

JIm A

0.5

-0.5

DED

Re A

Figure 25 — Closed-loop eigenvalues (‘0") in comparison with the desired eigenval-
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ues. The desired ones consist of the eigenvalues assigned to A, ,,—LC,
and Ay, — Bqn K (‘') and those of Ay, (‘+'). Only some of the lat-
ter eigenvalues are visible in the plot because most of them are located
0.0821 and Ay = 0. The

dashed circle defines the boundary of the region @iﬁd that corresponds

close to the accumulation points A3 =

to the specified control performance, and the circle with solid line de-

scribes the region of stability.
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Chapter 5

Spillover reduction for discrete-time

control

It was shown in the previous chapter that the early-lumping approach for the design
of sampled-data control systems leads to the same spillover effect as in the continu-
ous-time case that was discussed in Chapter 2. It is straightforward to adapt the
spillover reduction approach of Chapter 3 to discrete-time control. To this end, the
continuous-time output observers introduced in Section 3.1 have to be converted to
the discrete-time version, which is straightforward in the light of Subsection 4.2.1. By
extending the discrete-time plant X¢ (see (4.13)(4.14)) by a sufficient number of such
output observers the spillover effect can be made arbitrarily small. The results of Sub-
section 3.2.3 about the reduction of the spectrum perturbation can be adapted to the
discrete-time description of the closed-loop system. Thus, this spillover reduction ap-
proach is typically more efficient, as in the continuous-time case, than the conventional

approach to increase simply the approximation order.

Alternatively to the approach based on output observers the control of sampled-data
systems offers degrees of freedom that do not exist for continuous-time control, namely
the choice of the hold device and the sampling device. In this chapter it is therefore the
basic idea to use this freedom for spillover suppression. For that, a general hold device
or a general sampling device is used instead of the zero-order hold and the standard

sampling that was considered previously.

The hold functions 6;(t) of a hold device, defined on the sampling interval [0, 7], de-
scribe the relation between an element wug;[k] of the discrete-time control vector wu,[k]

and the corresponding continuous-time system input u;(¢) during the current sampling
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5 Spillover reduction for discrete-time control

interval [ty, txi1), i.€.,
ui(t) = 0;(t — tp)ug.lk), t € [thytht), k€N, i =1,2,...,p. (5.1)

In contrast to a zero-order hold, where the hold functions are simply constant, a gen-
eral hold device can have in principal arbitrary bounded hold functions. Since these
determine the excitation of the continuous-time residual dynamics ¥, the freedom in
the choice of the hold functions can be used to influence ¥, in a desired way. Par-
ticularly, the hold functions will be chosen in the following such that the state of the
continuous-time residual dynamics has a small norm at the sampling time instances
trx. Thus, when a standard sampling device is used that passes the measurements
ya[k] = y(t) to the compensator the contributions of the residual dynamics do hardly
appear in the discrete-time signal y4[k]. In this way, the influence of these dynamics on
the compensator becomes small so that the spillover effect is suppressed. The fact that
the general hold device causes the state of the continuous-time residual dynamics to
have a small norm at the sampling time instances has the meaning that the excitation
of the corresponding sampled-data system becomes reduced. In other words, it is the
aim of the general hold device to suppress the control spillover while the observation

spillover is not affected (see Subsection 2.3.2).

The implementation of the general hold device becomes particularly simple when the
hold functions are step functions, since it is then possible to realize the general hold
by a conventional zero-order hold that operates at a higher sampling rate. This class
of hold functions is therefore considered in the following. When the step heights are
considered as the free parameters of a step function it is clear that only a finite number
of degrees of freedom is available for reducing the spillover effect. For this reason, the
spectrum perturbation caused by spillover cannot be eliminated entirely, but can be
made arbitrarily small by choosing the number of steps sufficiently large. An estimate
of the resulting spectrum will be provided. The approach requires to solve the state
equations for both the approximation and the residual dynamics for a certain input
signal. While the solution of the approximation model can be determined by standard
software, the solution of the residual dynamics can be computed by a suitable PDE

solver or on the basis of an accurate approximation.

The spillover reduction approach based on output observers and the alternative method
involving a general hold device can be compared transparently when the continuous-
time output u(t) of the general hold is regarded as the response of a dynamical system

that is excited by the discrete-time control ug4[k]. To be more precise, the general
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hold has the effect of a finite impulse response (FIR) filter since the excitation u4[0] =
11 -+ 1)7 and uglk] = 0, k > 1, yields the signal u(t) = [01(t) 6(t) --- 6,(¢)]" on the
finite interval ¢ € [0, 7] and u(t) = 0 for ¢ > T". For this reason both spillover reduction
methods introduce additional dynamics, which are contained in the output observers
on the one hand, and in the general hold device on the other. The implementation of
both types of dynamics, however, is apparently quite different. While a conventional
discrete-time dynamical system is implemented as a recursion formula, the general hold
device can be implemented by reading the step heights of the hold functions 6; directly
out of a memory and multiplying them by the control w,,[k]. For both approaches
the order of the additional dynamics has to be increased for increasing the extent of
spillover reduction. Which of both is more suitable for a specific application depends
on several aspects. Particularly, the actor has to operate at a high sampling rate for
realizing the general sampling law. In return, the output observer based approach
leads to a comparatively complex structure of the control loop and may require more

efforts for the design procedure.

Alternatively to the use of a general hold device it will be shown that the spillover
can also be suppressed in a similar way by using a standard zero-order hold device but
replacing the conventional sampling device by a general sampling device. It generates
the instances y,[k| of the discrete-time output signal by computing the mean value of

the weighted system output y(¢) over the previous sampling interval, i.e.,

tg
yd,i[k] - / 71-2'(7- - tk—l)yi(T)dT> L= 1a 27 RN (52)

lg—1
where y4,; and y; denote the i-th element of the vectors y; and y, respectively. The
related weighting functions m;(t) are called sampling functions, and are chosen such that
the contributions of the residual dynamics ¥, to y4[k] are kept small. Consequently, the
observation spillover is suppressed (see Subsection 2.3.2), in contrast to the approach
with a general hold, where the control spillover becomes small. In general, it is not easy
to implement the general sampling law since it involves an integration of the weighted
continuous-time system output. In order to avoid this problem the sampling functions
are restricted to a certain set of functions. The integration reduces then to a finite sum
of output values that are obtained from standard sampling with higher sampling rate.
Thus, the general sampling can be implemented in this way easily. The comparison
of this approach to the output observer based spillover reduction technique is similar
as discussed for the use of a general hold device. Also the general sampling device

can be regarded as a dynamical system whose order increases for a larger extent of
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5 Spillover reduction for discrete-time control

spillover suppression. Different from the use of a general hold device not the actor but
the sensor has to operate with a high sampling rate for general sampling, which may

be easier to implement.

In the first section of this chapter the spillover reduction technique for sampled-data
control systems with a general hold device and a standard sampling device is pre-
sented. The design of the hold functions is discussed and an estimate for the spectrum
perturbation is given. Section 5.2 addresses the sampled-data control scheme with a
zero-order hold device and a general sampling device, where again a design procedure

and a perturbation estimate are presented.

5.1 Control using general hold devices

In this section the control of sampled-data systems is discussed that contain a general
hold device while the sampling device is of the standard type (see Figure 26). The

functionality of the considered general hold device Hg can be described by
u(t) = @(t — tk)ud[k], te [tk,tk+1), ke N(] (53)
with
O(t) = diag(6;(t), ..., 0,(t)). (5.4)
Therein, the hold functions
0; : [0,T] — R, 1=1,2,...,p (5.5)

are arbitrary but bounded, i.e., ; € L(0,T) (see Appendix D), since only bounded

control inputs can be implemented, and p is the number of inputs, i.e., the length of

wll [ e v ] vl
I e 2

\j

Y

e
|

A

Figure 26 — Structure of a control system with a sampled-data system 3¢ and a
discrete-time observer-based compensator 2. The first one consists of
a continuous-time plant X, a general hold device Hg, and a standard

sampling device S.
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5.1 Control using general hold devices

I 01(t)uqll]
E ——————— o ¢ (t)ud[Q]
5 | 01(t)uql0] !
A N . Oi(bual3
S P :

—— u general hold - - - u zero-order hold ) ug
0 } } } }
0 T 2T 3T 47T t
0 1 2 3 4 k

Figure 27 — Continuous-time system input u(t) generated by a general hold device
(solid lines) with hold function 6, and a zero-order hold (dashed lines)

for the discrete-time control ug[k].

the vector u(t) € RP. Figure 27 illustrates the operation of a general hold device for
single-input systems. It shows that the continuous-time input u(t) is obtained from
concatenating the hold function repeatedly, where the discrete-time control instances
ugq[k] have the meaning of weights of the hold function. Apparently, the general hold
device behaves in the special case 6, = 1, i = 1,2,...,p, as a zero-order hold. It
is the aim of the approach presented in the following to design the hold functions
such that the residual dynamics is excited in a specific way, namely such that their
contributions to the system output y become marginal at the sampling time instances.
In consequence, these contributions to the sampled output sequence 34 vanish almost so
that the residual dynamics hardly influence the compensator and thus the closed-loop

behavior.

As in the previous chapter, the sampled-data control is designed for continuous-time

state linear systems

S a(t) = Ax(t) + Bu(t), t>0, 2(0)=ap€X (5.6)
y(t) = Ca(t), >0 (5.7)

that satisfy the Assumptions 2.1-2 and 4.1-2, and a standard sampling device is used
for converting the continuous-time system output y to the corresponding discrete-time
signal yg4 by

yalk] = y(tx), k € No. (5.8)

In the following subsection state space representations of sampled-data systems with
a general hold device are determined. A modal approximation is provided for the

compensator design and a state space model of the corresponding residual dynamics

137



5 Spillover reduction for discrete-time control

for the purpose of closed-loop analysis. Subsection 5.1.2 addresses the design of the
hold functions. Finally, the resulting closed-loop dynamics and the impact of spillover

are analyzed in Subsection 5.1.3.

5.1.1 Sampled-data systems with general hold devices

The sampled-data systems considered in Chapter 4 were derived from the continuous-
time plant models under the assumption that a zero-order hold device was used. Now,
a discrete-time model of the sampled-data system will be determined that involves a
hold device of the general type, whose functionality is described by (5.3)—(5.4). Since

a sampled-data approximation of ¥ is used for the compensator design the modal

approximation
St () = Ayza(t) + Buult), t>0, x,(0)=F'PxoecC" (5.9)

that was introduced in Section 2.2, is converted to a discrete-time model. For this

purpose, the solution of the state equation (5.9) is represented as
tet1
Tp(tps1) = eA”(t’““_tk)xn(tk) + / eA"(t’““_T)Bnu(T)dT, VEkeNy (5.11)

tk

(see [86, Sec. 2.5]). Inserting (5.3) and tr41 — tx = T, and substituting 7 by 7 +
yields

T
Tolk+ 1] = e T, [k] + / AN B O(r)dr uglk], Yk €Ny, (5.12)
0

So, by introducing the matrices

Agy =T (5.13)

T
B, = / T B O(r)dr (5.14)

0

one arrives at the discrete-time model

S mulk+ 1] = Agaan[k] + Banuglk], k€N, 2,[0] = F "Pxyc X (5.15)
yd,n{k] = Crxa[k], ke Ny (5.16)
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5.1 Control using general hold devices

of the sampled-data approximation, where (5.16) follows immediately from (5.10) and
the sampling law (5.8). In the analog way also the sampled-data system that corre-

sponds to the continuous-time residual dynamics

Y0 a.(t) = Az (t) + Bou(t), t>0, z,0)=(—P)r € X, (5.17)
Yyr(t) = Cra,(t), t>0 (5.18)

(see (2.117)—(2.118)) can be determined, yielding the discrete-time model

> x [k 4+ 1) = Ag,ae k] + Baulk], ke€Ng, 2,00]=(I—-P)rg € X, (5.19)

T

Yar[k] = Cra,[K], k € Ny (5.20)

with
Agrh = S.(T)h, VheX, (5.21)
By,v = /OT ST — 7)B,O(r)dr v, Vv e CP, (5.22)

wherein S,.(t) is the Cy-semigroup generated by A, (compare to Subsection 4.2.1). As
in Subsection 4.2.1 one can show that the sampled-data approximation %¢ and the
sampled-data residual dynamics ¥¢ are complementary w.r.t. the transfer behavior,
i.e.,

Yanlk] + Yarlk] = yalk] = y(te),  VkeNg (5.23)

(see (4.66)). Comparison of the models ¢ and ¢ with those determined in Sec-
tion 4.2.1 shows that the system operators and output operators are the same but
By, and By, are changed and depend on O(t) = diag(6;(¢), ..., 0,(t)) (see (5.14) and
(5.22)). The freedom in the choice of the hold functions 6; is used in the next subsec-
tion to keep the impact of the residual dynamics on the closed-loop behavior small so

that hence the spillover is suppressed.

5.1.2 Design of the hold functions

It suggests itself to choose the sampling functions such that ||Bg,| becomes as small
as possible because the excitation of the discrete-time residual dynamics X¢ is then
reduced due to (5.19) so that it impacts the closed-loop system less. This is described
in a more quantitative way by Theorem 4.2-4 that can be applied here because only

B, and By, have been modified, compared to the closed-loop system considered
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5 Spillover reduction for discrete-time control

in Subsection 4.2.3. This theorem shows that the perturbation of the closed-loop
spectrum becomes small if so is || By,.|| because then also the perturbation operator A
has a small norm due to (4.86). For this reason the relation (5.22) between © and
B, is analyzed with respect to the objective to minimize ||Bg,|. However, besides
B, also By, depends on © according to (5.14). Therefore, the choice of the sampling
functions is restricted by the requirement that (A4, Bg,) is controllable in order to
ensure that an arbitrary eigenvalue assignment by the state feedback is possible. Thus,

for determining the hold functions the following problem is considered.

Problem 5.1-1
Minimize ||B,,|| under the constraints
1. 0, € Lo(0,T), i=1,2,...,p

2. (Agn, Bay) is controllable. <

For analyzing this problem the solution x,; of the state equation (5.17) is considered

that results from the input

u(t) = e;0;(t) = O(t)e; (5.24)

with e; denoting the i-th canonical basis vector of RP, and vanishing initial state

z,.;(0) = 0. This solution, evaluated at the time instant ¢t = T', is given by
T
i (T) = / S (T —1)B,O(1)dT €;, i=1,2,...,p (5.25)
0

(see [46, Thm. 3.1.7, Def. 3.1.4]), where the subscript ¢ stands for the index of the hold
function that is used for the input. Comparing this with (5.22) yields

(1) = By e, 1=1,2,...,p. (5.26)

This shows that the minimization of ||Bye;|| is achieved if and only if the state x,; of
the continuous-time residual dynamics ¥, is steered by the input u(t) = €;6;(t) from
the initial state x,;(0) = 0 to a final state z,,;(7") with minimal norm, for which reason
it is desirable to yield z,,;(T) = 0. Thus, the design problem for the hold functions
has the form of a feedforward control problem for the continuous-time residual dy-

namics >,.. It is a well-known fact that the considered state linear systems are not
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5.1 Control using general hold devices

ezactly controllable' due to the finite number p of inputs (see [46, Thm. 4.1.5]). Thus,
one cannot expect to achieve x,;(7") = 0 and thus a complete spillover suppression
in general?. Instead of exact controllability the concept of approzimate controllabil-
ity® is adequate for state linear systems with a finite-rank input operator (see [46,
Sec. 4.1]). The fact that a system is not exactly but approximately controllable has
the meaning that no input signal u € Lo([0, 7]; RP) exists such that ||z,;(T)|x, = 0
holds, but instead ||z, ;(7")| x, can be made arbitrarily small. This leads to two impor-
tant practical difficulties. Firstly, any algorithm for computing v that minimizes this
norm cannot terminate since a smallest value of ||z, ;(T")| x, does not exist. Secondly,
the corresponding input signals u that result from reducing the norm further and fur-
ther divergate, i.e., the maximal absolute values max;cjo ] |u(t)| exceed any bound.
Of course, both shortcomings are unacceptable for an implementation which is why
Problem 5.1-1 is not feasible in general. Another difficulty comes from the fact that
the minimization problem is infinite-dimensional as long as u € L., (0,7") is considered.
In order to avoid these difficulties the hold functions are restricted in the following to

the finite-dimensional set of step functions over the interval [0, T| with N steps, i.e.,

N
0, € Ko — {Z_Zlaﬁj | o €R, j:1,2,...,N}, i=1,2,....p  (5.27)

J

with N > 1 and the characteristic functions

: _\L T
%j(t)z{(l) Zlfe[(j D Jiw) for  tel0,T),j=1,2,...,N. (5.28)

Note, that the coefficients «; in (5.27) have the meaning of the step heights (see
Figure 28). These parameters will be determined in the following such that ||Bg,||
becomes small. This task will be done by solving a finite-dimensional convex opti-

mization problem. Once they have been computed, the «; are constant at runtime of

LA system X on the state space X is said to be exactly controllable if for any z, € X an input
u € Lo([0,7]; RP) with a finite 7 > 0 exists such that the corresponding system state x satisfies
2(0) = 0 and z(7) = =, (see [46, Def. 4.1.3]).

2 For some certain classes of parabolic and biharmonic systems it is possible to find feedforward
controls u such that z,;(T) =0,i=1,2,...,p, and thus B4, = 0 so that the spillover is avoided
entirely (see [19, 118]).

3 A system ¥ on the state space X is said to be approzimately controllable if for any z, € X and
any € > 0 an input u € Lo([0, 7]; RP) for finite 7 > 0 exists such that the corresponding system
state x satisfies (0) = 0 and ||z(7) — z,||x < e. If the system is approximately controllable but
not exactly controllable, |lul|? = [ [u(7)||3,d7 tends toward infinity for e — 0. Thus, ¢ = 0

cannot be yield due to the limitation to a finite amount of control energy (see [46, Def. 4.1.3]).
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Figure 28 — Step function 6; as characterized by the set K¢ in (5.27), which consists

of linear combinations of the characteristic functions x; (see (5.28)).

the control. The use of this type of hold functions has the advantage that the gen-
eral hold device can be implemented in an easy way by using a zero-order hold that
operates with the reduced sampling constant Ty = T//N. Thus, the resulting closed-
loop system can be regarded as a multirate control system*. The second constraint
of Problem 5.1-1, the controllability of (A4, Bay), can be assured by choosing a ma-
trix By € C™ such that (Agy, Bj%™) is controllable, and designing the hold

. _ pdesired
functions such that By, = Bj5"™

. This approach, to assign the input matrix of the
discrete-time approximation, offers the possibility to avoid not only uncontrollability
but also that (Ag,, Bay,) is “almost not controllable”, which means that the closed-
loop performance could be achieved only by undesired large input amplitudes |u(t)].
This issue is explained more in detail in Remark 5.1-5. These considerations lead to

the following relaxed problem formulation.

Problem 5.1-2

Choose the hold functions 6; such that ||B,, || is minimized under the constraints
1. GZ-EK@, 1=1,2,...,p

__ Rdesired
2. By, = Biesird, <

4 Multirate control systems are considered, e.g., in [32, 119].
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For solving this problem single-input systems are considered first so that (5.3) becomes
N

u(t) = 01 (uglk] = > agr;(tyualk],  t€[0,T), (5.29)
j=1

wherein (5.27) is used. Then, the results are extended to the multi-input case subse-
quently. Let xf,,l, j=1,2,... N, denote the solutions of (5.17) that result when the
residual dynamics ¥, with initial state SL’?I(O) = 0 are excited by u(t) = k;(t). Then,
the solution x,; of ¥, with initial state x,;(0) = 0 that corresponds to the input u

according to (5.29) can be written by superposition as

2 (t) = Z ajal (1) (5.30)

due to the linearity of the system. By taking ||Bas.| = |l.1(T)]x,. (see (5.26))
into account this shows that the minimization of ||Bg,| is equivalent to minimizing
I Z;V:1 ajzvf,,l(T)H x, with a; € R. In order to reformulate the second constraint of
Problem 5.1-2 one finds

T
1 (T) = / TN B 0, (1)dr = By, (5.31)
0

in an analog way as (5.25)—(5.26). Similar to (5.30), the state trajectory x,; of the
approximation ¥, that results from the input u(t) = Zﬁvzl a;k;(t) and the initial state

25,1(0) = 0 can be represented as

Lo (t) = Z ajal (1), (5.32)

J

n,1y
u(t) = k;(t) and vanishing initial state xfl’l(O) = 0. Thus, Item 2 of Problem 5.1-2
becomes Zjvzl aj:)sgl,l(T) = Bged due to (5.31)-(5.32). In summary, Problem 5.1-2

can be solved in the following way, leading to a design approach for the hold function

wherein the trajectories x; ;, 7 = 1,2,..., N, correspond to the excitations of ¥, by

0, for systems with a single input.

Theorem 5.1-3

Assume that X has a single input u(t) € R and let 953;71 and xiL’l denote the respective

state trajectories of ¥, and ¥, for vanishing initial state and input u(t) = r;(t).
Suppose that aq, g, ..., an solve the minimization problem
min o’ Ma (5.33)
aeRN
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with
o (@ (T), 2y (T))x, <+ (2 (D), 23 (T)) x,
a=1| 11, M = Re : : (5.34)
ay (@ (1), 2y (T))x, -+ (2 (D), 20 (T))x,
subject to
o (T) a}y(T) -+ al(T)|a= By (5.35)

Then, 6,(t) = Zjvzl a;kj(t) is the optimal hold function that solves Problem 5.1-2 for

the single-input case.

The proof is given in Appendix A.12. Of course, the constraint (5.35) can be satisfied in
J
n,l

by the number N > n of steps of the hold functions. It is possible to assure that (5.35)

general only if the states z) ;(7") span C" for real coefficients «;. This can be influenced
has a (real) solution a by choosing the vector Bi%" equal to the input vector By, in
(4.53) that results when a zero-order hold is used. Since a general hold with a; = 1,
j =1,2,... N, is the same as a zero-order hold, this means that (5.35) has at least
the solution «; = 1, and the optimization problem is thus feasible. If (5.35) has a
solution, the optimization problem is convex because M is positive semidefinite and
hence (5.33) a convex objective function, and (5.35) is an affine constraint (see [24]).
Thus, every local minimum is a global one which can be computed, e.g., by the solver

quadprog of MATHWORKS’ numerical computing software MATLAB.

Remark 5.1-4  For determining xfhl(T) and :c?l(T), j = 1,2,..., N, the state
equations (5.9) and (5.17) have to be solved for vanishing initial states and the cor-
responding input u(t) = k;(t). Since the approximation ¥, is described by a set of
ODEs the computation of xfhl can be done by standard software tools. In contrast,
the residual dynamics involve the same PDEs as the plant X so that a suitable solver
has to be available for computing the state trajectories. Alternatively, it might be eas-
ier to consider a sufficiently accurate finite-dimensional approximation of the residual
dynamics that is based on ODEs whose treatment is a standard issue. For reducing

the computational costs it is useful to observe that it holds
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5.1 Control using general hold devices

due to the time-invariance of the considered systems, where x), \(t) =z, ,(t) = 0 for

n,1
t < 0. This shows that :Ef%l(T) and x£71(T) have to be computed only for j = 1 while
the remaining trajectories for j = 2,3,..., N are yield from (5.36)—(5.37). <

Remark 5.1-5  As mentioned before, the freedom in the input vector Bgfjmd can be

used to avoid that the approximation is hardly controllable, which leads to large am-
plitudes of the discrete-time control uy. A particularly simple measure for quantifying
the individual controllability of the single modes of the discrete-time approximation,
that makes use of the diagonal shape of the dynamic matrix Ay, (see (2.138) and
(5.13)), is given by

,Uc,i = ||bd7n,i||((jp, Z = 1,2,...,77,, (538)
where by, ; denotes the i-th row of By, (compare to [96]). This measure has the
following meaning: Applying the state feedback uglk] = —kel'x,[k] to the approxi-

mation enables to shift the eigenvalue \y; to S\dﬂ-, where the difference has the bound
|Aai — S\dﬂ-\ < ticillk|lce. Thus, low numbers p., correspond to large feedback gains
and thus large input amplitudes |ugq|k]| for a specified eigenvalue shift. Therefore, it
suggests itself to choose B{%"* such that the numbers pi; are large and thus |ug[k]]
is kept small. However, doing to leads to qualitatively large step heights «; in view of
(5.35) and (5.38), which has the consequence that the reduction of the amplitudes of
ug is compensated by a large gain of the general hold device. A more detailed analysis
shows that the amplitudes of the finally resulting continuous-time input signal u de-
pend on the quotients p. /i ;, %, j = 1,2, ..., n, which should not be excessively large

in order to avoid large amplitudes.

The algorithm of Theorem 5.1-3 yields a minimization of ||By,|. In addition, it may
be desirable that the differences o1 — o, that describe the step height changes of
the holds function 6y, are not excessively large because otherwise the resulting input
trajectories might be not realizable by the actor. These differences can be described
by

s — o 11 0 -0

a3 — « -1 1 .

T Zpa= |V T o (5.39)
QN — AN_1 o --- 0 -1 1

Thus, for taking the step height differences into account in the design, (5.33) is replaced
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5 Spillover reduction for discrete-time control

by

min o’ (M + D' D)a, (5.40)

aeRN

where o DT Do describes the square of the norm of the difference vector, and 6 > 0 is

a corresponding weight. <

Remark 5.1-6  If the system X has several inputs, i.e., u(t) € RP, p > 1, the
approach of Theorem 5.1-3 has to be applied for each of the inputs. This means that

the trajectories x! . and 2%, i = 1,2,...,p, of ¥, and %,, respectively, have to be

computed, that result from the input u(t) = e;x;(f) and vanishing initial states. By
aid of Remark 5.1-4 the trajectories xﬁ” and xil, 1=1,2,...,p,7=2,3,..., N, that
correspond to u(t) = e;x;(t) are obtained from

o () = an; (t= (G = DT/N), ], (t) =2, (t = (j — DT/N). (5.41)

n,t 7,0

Then, the minimization problems

. T .
Mz Qs :1,2,..., 5.42
ariré%nN a; M« i P (5.42)
with
Qg (@7, (T), 2p4(T)) x, (7, (T), 225(T)) x,
a=1 |, M; = Re : : (5.43)
N, (@), 2 (T))x, - (D), 22(T))x,
subject to
b (1) B2 (T) e (D) e =B, =120 (544)

have to be solved. Finally,
N
0i(t) = ajir;(t) (5.45)
j=1

are the corresponding hold functions. However, instead of the operator norm || By, =

min ., <1 ||Basv|lx, the Hilbert-Schmidt Norm ||Ba, || s = \/ P |1Bare:l%. is min-
imized which comes from minimizing each of the norms ||Bg,e|x,., i = 1,2,...,p,
independently. Thus, Problem 5.1-2 is solved for multi-input systems in the sense that
the minimization refers to the Hilbert-Schmidt norm. Note, that ||Bg,|| and ||Bg, | #s
coincide in the single-input case, and one has ||By,| < ||Ba,||ns in general. Thus, by

minimizing the Hilbert-Schmidt norm also the operator norm becomes small. <
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5.1 Control using general hold devices

By minimizing the norm ||B,, || zs the excitation of the residual dynamics ¥, and hence
the control spillover become small, as has been argued in detail in Subsection 2.3.2
for the continuous-time control. In consequence, the perturbation of the closed-loop

spectrum can be expected to be small. This will be analyzed in the following subsection.
5.1.3 Analysis of the closed-loop dynamics for observer-based
control

As in Section 4.2 the sampled-data system 3¢ is controlled by an discrete-time observer-

based compensator

Y4y dk 4+ 1) = (Agn — LC,) k] + Banualk] + Lyalk], ke Ny (5.46)
3n[0] = 0 € C" (5.47)
uglk] = —Ki,[k], keNy  (5.48)

(see Figure 26) that is designed on the basis of the discrete-time approximation 3¢
in (5.15)-(5.16), for which purpose the aspects of Subsection 4.2.2 for achieving a
prescribed stability margin have to be taken into account. Consequently, the closed-
loop spectrum is again described by (4.84)—(4.86). Furthermore, the results in Corol-
lary 4.2-2 and Theorem 4.2-4 concerning the structure of the closed-loop spectrum
and the spectrum perturbation can be applied. As discussed before, the use of the
general hold device instead of the zero-order hold has the effect that the norm of B,
becomes small when the hold functions are designed as suggested by Theorem 5.1-3.
Therefore, also the norm of the perturbation operator A has a small value in view of
(4.86). An expression for B, follows directly from (5.26), wherein the state z,; of 3,
that corresponds to the input u(t) = e;0;(t) = Zjvzl a;ik;(t), is given by

N
Tra(t) = ol ,(t),  i=1,2,....p (5.49)
j=1

in view of Remark 5.1-6 and the linearity of the system. Taking this in (5.26) into
account gives

N
Bd,rU:Z[oszmz’l(T) 02 o(T) - ajpad (T)|v,  YoeC.  (550)

J=1

It can be shown easily that it holds ||A|| < V2| K||||Ba,|| for the perturbation operator
A in (4.86). Consequently, Theorem 4.2-4 can be reformulated as follows.
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5 Spillover reduction for discrete-time control

Corollary 5.1-7

Let the Assumption 4.1-2 hold and assume that the observer-based compensator ¥4 in
(5.46)-(5.48) is designed such that the eigenvalues of Agqyn — BanK and Agq,, — LC,, are

simple, mutually different, and not contained in o(Aqg,). Then,

da < V2 T I Talll K Bas | (5.51)

C

is an upper bound for the spectrum perturbation dg (see (4.82)). Therein, By, is
given by (5.50), where the xﬁZ(T) result from the approach of Theorem 5.1-3 and Re-
mark 5.1-6, and 7~Zz s a linear transformation such that t?ljld,cz,oﬁz with Ad,cl,o from
(4.86) is normal.

Thus, the influence of the residual dynamics on the closed-loop behavior can be
suppressed by suitably choosing the hold functions such that the norms || Z;VZI a;;
) (T)|lx,, i = 1,2,...,p, are minimized. Note, that these norms can be made small
in a trivial way by choosing ij"ed in (5.35) and (5.44) with a small norm. However,
doing so leads to a large norm of K so that both effects cancel in the right hand-side
of (5.51). Nevertheless, d; can be reduced arbitrarily by increasing N, so that the

spectrum perturbation becomes arbitrarily small, which is stated next.

Theorem 5.1-8

Let the assumptions of Corollary 5.1-7 be satisfied. Then, for every e > 0 a number
N of steps of the step functions in (5.27)- (5.28) exists such that the design approach
of Theorem 5.1-3 and Remark 5.1-6 yields a spectrum perturbation dg that satisfies
dg < €.

The proof is given in Appendix A.13. In the following example the approach of this

section is demonstrated.

Ezxample 5.1-9 (Control of an Euler-Bernoulli beam with Kelvin-Voigt damping, con-
tinued)

In Example 4.2-6 a sampled-data control was designed for an Euler-Bernoulli beam
with Kelvin-Voigt damping. The length of the beam is ¢ = 1, the damping constant
is 6 = 0.005, and the input and output distribution functions are given by (4.92).
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5.1 Control using general hold devices

As there, also here the most four dominant eigenvalues Ay; = —0.487 + j9.86 and
Apo = —7.79 + 738.70 of the system operator A in the continuous-time domain are
shifted by assigning the eigenvalues A\, 41 = —10 £ j5, Ac 12 = —10 % 510 of the con-
trolled continuous-time approximation and A\, 11 = =15+ 75, Ay 10 = —15% 510 of the
continuous-time counterpart of the observer dynamics. In view of the sampling con-
stant T' = 0.025 this should yields a stability margin S; = 0.839 for the discrete-time
closed-loop system. The discrete-time approximation 3¢ determined in Example 4.2-6
(see (4.93)-(4.95)) is used. Thus, the discrete-time observer-based compensator %¢ in
(5.46)—(5.48) is the same as in Example 4.2-6. There, it was shown that the compen-
sator in combination with the standard hold device and standard sampling did not
yield the desired stability margin 5; = 0.839 for the discrete-time closed system opera-
tor due to the spillover impact. In order to reduce the spectrum perturbation a general

hold device is designed in the following.

For applying the approach of Theorem 5.1-3 the state trajectory z,lhl of the approxima-
tion X, that results from the input u(t) = 1 (t) (see (5.28)) and initial state x;, ,(0) =
0, is computed by numerical integration. The trajectories xﬁl,l, j=2,3,...,N, are ob-
tained subsequently by suitable time-shifts of z}hl (see Remark 5.1-4). For determining
the trajectory :)371“71 of the residual dynamics ¥, the state trajectory z1 of the plant %
is computed first, that results from the input u(t) = x;(¢) and initial state x1(0) = 0.
This is done by discretizing the spatial coordinate uniformly into 200 intervals and

using the method of lines (see [95]). Then, x}, is determined from

2,1 (t) = (I = P)ay(t) = z1(t) — Fap, 1 (1), t>0 (5.52)

T

J
T

of Remark 5.1-4. For the choice of the vector B§%*** in (5.35) the vector

(see Section 2.2). Finally, x7.,, j = 2,3,..., N, is obtained by time-shifting m,{l in view

—0.0029 + 50.0234
—0.0286 — j0.2312
—0.0059 + 50.0117
—0.2332 — j0.4615

Bt = (5.53)

is used that coincides with the input vector B, in (4.94) that results when a zero-order
hold is used. In this way it is assured that (5.35) can be fulfilled for N = 1 and hence for
any N € N at least by choosing a1 = 1. Moreover, and (Ag,, Bc‘liﬁf"ed) is controllable
and the quotients fi.;/ftj, 1,7 = 1,2,...,n, are acceptable (see Remark 5.1-5). Since,
finally, (C,,, Ag.,) is observable, the desired eigenvalues \j.; = e*iT i = £1, 42, can
be assigned to Ay, — BanK and \g,,; = eroiT to Agn — LC,. The hold functions
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5 Spillover reduction for discrete-time control

0, with N € {4,10,20} steps that result from the minimization (5.42)—(5.44) are
shown in Figure 29, and the corresponding closed-loop eigenvalue distributions are
depicted in the Figures 30-32. The latter ones show that the perturbation of the
desired eigenvalues becomes smaller when the number of steps NN is increased, as can
be expected in view of Theorem 5.1-8. This can be seen also from Table 6 in which the
related spectrum perturbations d, are given that have been determined on the basis
of a modal approximation of the beam with order nyz, = 60. The desired stability
margin 3; = 0.839 is achieved for N € {10,20} steps, as becomes apparent from the
Figures 31-32.

In order to demonstrate the effect of taking the step height differences «; 11 — o into
account as suggested in Remark 5.1-5 the parameter ¢ in the modified objective func-
tion (5.40) is chosen 6 € {0,107%,107°}, where N = 20 is considered. The resulting
hold functions are depicted in Figure 33. As can be expected this figure shows that
increasing 0 leads to hold functions with reduced changes of the step heights, so that
the required bandwidth of the actor is lowered. On the other hand, the spectrum
perturbation dy increases as ¢ is chosen larger. While § = 0 yields d; = 0.077, one has
dy = 0.104 for 6 = 1079, and dy = 0.142 for 6 = 107°. In all three cases the desired
stability margin 83 = 0.839 is obtained. |

Table 6 — Spectrum perturbation dy of the closed-loop system with a general hold
device with N = 1,4,10,20 steps that is yield by minimizing (5.33)
subject to (5.35). The case N = 1 corresponds to the conventional
zero-order hold. The Spectrum perturbation has been computated on

the basis of a modal approximation of the beam with order ny,;e, = 60.

N | 1 4 10 20
dy | 0320 0220 0136  0.077
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Figure 29 — Hold functions with N = 4, 10,20 steps that minimize (5.33) subject
to (5.35).
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Figure 30 — Eigenvalues ‘o’ of the closed-loop system with a general hold device
with N = 4 steps. For comparison the desired eigenvalues are shown,
where ‘X" marks Aj. 41, Adc+2, Ado+1, Ado+2, and ‘+' describes
0(Agy). The dashed circle defines the boundary of the region @%d
that corresponds to the stability margin 34 = 0.8309.
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Figure 31 — Eigenvalues ‘0o’ of the closed-loop system with a general hold device
with V = 10 steps. For comparison the desired eigenvalues are shown,
where 'x" marks Agc 41, Ade+2, Ado+1, Ado+2, and ‘+' describes

U(Ad,r)'
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Figure 32 — Eigenvalues ‘0o’ of the closed-loop system with a general hold device
with NV = 20 steps. For comparison the desired eigenvalues are shown,
where X" marks A\gc+1, Adc+2, Ado+1, Ado+2, and ‘+' describes

U(Ad,r)'
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Figure 33 — Hold functions with N = 20 steps that minimize (5.40) with § =

0,106,107 subject to (5.35).
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5 Spillover reduction for discrete-time control

5.2 Control using general sampling

In this section a spillover suppression technique for sampled-data systems is consid-
ered whose basic concept is to use a general sampling device St instead of standard
sampling. As hold device the usual zero-order hold H is applied (see Figure 34). The
general sampling device computes the instances y,[k| of the discrete-time output as the
mean value of the system output y(¢) over the previous sampling interval, where, in
doing so, the output is weighted by specifically designed sampling functions m;. That

means that its operation is described by

0 k=0
ty
Com(T =ty (T)dT
alk] =< | " : Chen (5.54)
tg

T (T — th_1) Y (7)dT

th—1

wherein m is the number of outputs, i.e., y(t) € R™. The sampling functions
m 2 [0,T] — R, i=1,2,....m (5.55)

are considered at first as arbitrary functions. Later, however, they are restricted to
a class of weighted linear combinations of Dirac delta functions since the integrals
in (5.54) can then be replaced by sums. This has the consequence that the general
sampling law can be implemented easily by means of standard sampling with a higher

sampling rate. By introducing
I1(t) := diag(m(t), mo(t), ..., mm(t)), (5.56)

(5.54) can be simplified to

H=1" e (5.57)
= fl:il (7 —te—)y(r)dr : keN. :
d
wlk] | * I u(t) - y(t) S valk]
- . A _

Figure 34 — Structure of a sampled-data control system that contains a zero-order

hold device H and a general sampling device St.
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5.2 Control using general sampling

The sampling functions will be designed in the following such that the contributions of
the residual dynamics to the discrete-time output y4 are suppressed as far as possible.
In consequence, these dynamics hardly influence the compensator and thus the closed-

loop behavior.

As before, continuous-time state linear systems

Yoo a(t) = Ax(t) + Bu(t), t>0, z(0)=x0€X (5.58)
y(t) = Cx(t), t>0 (5.59)

that satisfy the Assumptions 2.1-2 and 4.1-2 are the basis for the considerations in this
section. In the first subsection state space representations of sampled-data systems

with a zero-order hold, which is described by
u(t) = uglk],  t€ [ty trs1), k € Ny, (5.60)

and a general sampling device according to (5.57) are determined, where a modal
approximation is determined for the compensator design and a state space model of
the residual dynamics. In Subsection 5.2.2 an approach for the design of the sampling
functions is presented. Finally, the resulting closed-loop dynamics and the impact of

spillover are analyzed in Subsection 5.2.3.

5.2.1 Sampled-data systems with general sampling and

observer-based control

It was shown in the previous section that the general hold device Hg impacts the
state space models for the approximation and the residual dynamics such that only
B, and By, become changed. It is not surprising that the influence of the general
sampling device is dual in the sense that the output matrix of the approximation and
the output operator of the residual dynamics depend on the sampling functions ;
but the remaining operators are independent from 7;. Nevertheless, the situation with
generalized sampling is more involved than the approach with a general hold device. To
see this, it is important to observe from (5.57) and (5.59) that the discrete-time output
yq does not depend only on the current state x(¢;) of the plant ¥ but on the whole
state trajectory x(t), t € [tx—1,tx], over the last sampling interval. Clearly, this effect
cannot be taken into account by simply modifying C',, and C, since the output equations
would then still depend only on z(t;). Instead, one has the following description of

discrete-time approximation and the residual dynamics.
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5 Spillover reduction for discrete-time control

Proposition 5.2-1

Define the operator
By(r)v == / S(k)dk B, T>0, VveCP, (5.61)
0

where S(t) is the Cy-semigroup generated by A that is given in (2.26), and consider

the finite-dimensional system

zplk + 1] = Agnan[k] + Banualk], k €Ny, ,[0]=F"'Px,ecC" (5.62)
g {0 . k=0
Y=\ ST Cuetdr wlk — 1) + [T T()CBa(r)dr uglk — 1] ¢ k€N
(5.63)

and the infinite-dimensional system
zr [k + 1] = Ag,z,[k] + Bayualk], keNy, z.[0]=(—-P)xye X, (5.64)

k=0

H=1," '
vl = s mar a1 ¢ ke

(5.65)

Therein, Aq, and By, are the matrices of the discrete-time approximation Ei given in
(4.52)—(4.53), and A,, and C,, are the matrices of the continuous-time approzimation
X, (see (2.138) and (2.140)). Analog, Aqg, and By, are the operators of the dis-
crete-time residual dynamics X4 given in (4.60)-(4.61), C, is the output operator of
the continuous-time residual dynamics X, (see (2.142)), and S,(t) is the Cy-semigroup
generated by A, that is given in (4.62).

Then, the output yq of the sampled-data system with input ug, that consists of the con-
tinuous-time plant 33, a zero-order hold device H, and a general sampling device Sy,
satisfies yalk] = yanlk] + ya,[k], Yk € No.

The proof can be found in Appendix A.14. This shows that the systems (5.62)—(5.63)
and (5.64)—(5.65) are complementary w.r.t. their outputs, i.e., yan|k] + yar k] = valk],
Vk € Ny, holds. Therefore, the first system can be regarded as an approximation for
the sampled-data system and the second system describes the corresponding residual

dynamics.

Remark 5.2-2  The integral in (5.61) can be evaluated by help of the representation

/T S(k)dr h = Z /T e dk (h, ;) x bi, Vhe X (5.66)
0 — Jo
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(see (2.26)) and using
T LT 1) - .
/ e)‘“‘d/ﬁ:{ (e ) _ Ai# 0 (5.67)
0 . = U.

In a similar way the integrals in (5.63) and (5.65) can be evaluated by considering the

integrals for the single eigenmodes. <

Remark 5.2-3 Observe, that standard sampling is obtained from the general sam-
pling in the special case m;(t) = d7(t), i = 1,2, ..., m, where dr denotes the Dirac delta
function® centered at T, since insertion of these sampling functions into (5.54) yields

yalk] = y(tr). One can show that in this case
Yalk] = Yanlk] + yar k] = Cx[k], keN (5.68)

holds, which, as expected, coincides with the output equation found in (4.14). <

Note, that the state equations (5.62) and (5.64) are the same as in (4.50) and (4.58).
This is not surprising since the latter ones were determined for the use of a zero-order
hold that is considered also here. In consequence, x,[k| coincides with the state x,,(ty)
of the continuous-time modal approximation ¥,,. However, the equations (5.62)—(5.63)
do not constitute a state space model of the usual form since the output y,, depends on
xplk — 1] and ug[k — 1], which means that the input-output relation contains dynamics
that are not covered by the state equation. Hence, this model is not suitable as a basis
for the compensator design. For that reason, the additional states x,, _1[k] == x,[k —1]

and x, _1[k] .= uqlk — 1] are introduced and the extended state

Tplk] = |zp k]| = |zalk —1]| € X,, =C"dC" @ CP (5.69)
Ty, —1 K] uqlk — 1]

is considered in the following. This leads to the discrete-time approximation

S Bk + 1) = AgnTalk] + Banualk), ke Ny (5.70)
T _

T, [0] = [J—“—lP:co 0 0] € X, (5.71)

Yanlk] = Cannlk], ke N (5.72)

® That means that &, to € [0,7], has in this context the defining properties d;,(t) = 0 for all
t€[0,T]\ to and fOT 01, (T)n(T)dT = n(to) for any continuous function n : [0,T] — R.
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with

Bin=1 0

Cin = [0 fOT I(7)Cretmdr fOT II(7)CB,(T)dr

by help of (5.62)—(5.63). Similar, the extension

_ R 2 LA I R v
Zrlk] = [xr,_l[k]] = [x - 1]] ST A O

yields the discrete-time residual dynamics

Sz k + 1) = Ay, 7 (k] + Barualk], k € Ny
70 = |V _OP)”“"O €X, 0 X,
yd,r[k] == éd,rjr [1{3], ke N(]
with
 [ag, 0
Aar =17 0]
_ B,
Bd,r = 87
Cor =0 [TI()CS,(r)dr

(5.73)

(5.74)

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)

under use of (5.64)—(5.65). Since Ay, is bounded as Ay, is, the difference equation
(5.77) has a unique solution (see Subsection 4.1.2). Note, that (A, ), compared to

0(Agy), has an additional eigenvalue A\;o = 0 whose multiplicity is infinite, i.e.,

op(Aar) = 0p(Aar) U{0}.

(5.83)

Apparently, this additional spectral point is irrelevant for the stabilizability of the

closed-loop system (see Assumption 4.2-1) since it is contained in @iﬁd for any By > 0.
It is straightforward to verify that (A, By,) is controllable if and only if (A4, Ba.n)
is controllable. The observability of (Cy,, A4,), in contrast, depends on II and thus

on the sampling functions. This issue will be addressed later.
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5.2 Control using general sampling

The discrete-time approximation ¥¢ is used in the following as the basis for the design

of an observer-based compensator ¥¢ that, analog to (5.46)—(5.48), is described by

Sy Bk 4 1] = (Agn — LCy,) 30 [k] + Banualk] + Lyalk], k€ Ny (5.84)
7,00] = Zn0 € X, (5.85)
uglk] = =K,k keNy.  (5.86)

Note, that the controller order is n. = 2n + p instead of the order n. = n of the
previously discussed compensators due to the extension of the state space. The con-
siderations concerning the assignment of a desired stability margin, that have been

discussed in Subsection 4.2.2, are relevant also here in analog form.

It becomes apparent from (5.65) that y,, depends on the sampling functions 7; in view
of TI(t) = diag(m(t), m2(t), ..., mn(t)). The freedom in the choice of them will be used
subsequently with the aim to suppress y,, since this contribution to the discrete-time
output y, excites the observer dynamics and thus leads to spillover (see Subsection 2.3.2

for the detailed discussion in continuous-time).

5.2.2 Design of the sampling functions

It is clear that the spillover is avoided entirely if the operator
T
Cirh = / II(7)C.S,(T)dT h, VheX, (5.87)
0

in (5.82) vanishes so that yg,.[k] = C4,Z,[k] = 0 holds, because then the residual
dynamics ©¢ have no influence on the closed-loop system. Therefore, it is the aim in
this subsection to design II(¢) such that ||C4, || becomes small. To this end, the adjoint

of Cq, is considered that reads
T
Ci,v= / S:(1)CHI*(T)dT v, VoeCm. (5.88)
0

By introducing

(r) =0T — 7) = diag(m (T — 7), me(T — 7),...,7(T — 7)) (5.89)
(5.88) becomes

T T
Ci,v= / SHr)CI(T — 1)dr v = / SHT — 7)CTI(r)dr v, VoeC™ (5.90)
0 0
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5 Spillover reduction for discrete-time control

wherein 7 is substituted by 7" — 7 for the right term. Observe that this is the dual
equation® of

T
Bi,v = / ST —71)B,O(1)dr v, VoveCrP (5.91)
0

that was found in (5.22), wherein II in (5.90) plays the role of O(t) in (5.91). In
Subsection 5.1.2 an approach was presented for the design of ©(¢) such that ||Bg,||
becomes small. Since [|Cj || shall be minimized here, it suggests itself to apply again
this method because (5.90) and (5.91) have the same form. To this end, the dual

residual dynamics

T (t) = A%E. (1) 4 Crul(t), t>0, #(0)=0 (5.92)

is considered for which the input signals u(t) = Il(t)e; = e;m(T —t), i = 1,2,...,m,

yield the state trajectories
¢
Ti(t) = / S (t —71)CrI1(T)e,dr, i=1,2,....m (5.93)
0
for the initial conditions Z,;(0) = 0 (see [46, Thm. 3.1.7, Def. 3.1.4]). Thus,
T ~
Ci e = / ST — 7)Cr1I(7)e;dr, i=1,2,...,m, (5.94)
0

which follows from (5.90), coincides with the state ,;(T") of the dual residual dynamics
when excited by u(t) = e;m; (T — t), i.e.,

Cirei=an,(T), i=1,2...,m. (5.95)

The objective to minimize ||Cj, || can be regarded therefore as the feedforward control
problem to find 7; such that ||Z,;(T)||x, is as small as possible. To solve this problem,

impulse functions are considered for the sampling functions, i.e.,
N . .
7€ K= {ijlajmj | o, €R, j= 1,2,...,N}, i=1,2,...,m (5.96)
with N > 1 and

Ri(t) = 0,z (t),  t€[0,T], j=1,2,...,N, (5.97)

T
N

6 In the context of linear system theory an equation E; is called the dual equation of another
equation Fjs if F; is obtained from FEs by substituting a system operator A and the corresponding
Cy-semigroup S’(t), an input operator B, and an output operator C in By by A, S*(t), C*, and

B*, respectively.
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5.2 Control using general sampling

where d;, denotes the Dirac delta function centered at t;. A general sampling de-
vice with such sampling functions can be implemented comparatively simple by using

standard sampling with a higher sampling rate. To see this, note that insertion of
N
mi(t) =D bz (1) (5.98)
j=1

into the sampling law (5.54) yields”

0 k=0

Zj—vzl a1y ((j = D)T/N + (k= 1)T)

yalk] = (5.99)

S Y (( = DT/N + (k= 1)T)
Thus, the integrations in the general sampling law are replaced by weighted sums
gained by standard sampling with the smaller sampling constant Ts = T'/N, as it is
known from the concept of multirate control (see, e.g., [32, 119]). A further advantage
of restricting the sampling functions to a finite-dimensional function space is that the

minimization of ||C}, || becomes a finite-dimensional problem.

Besides the minimization of the norm of Cj, it has to be avoided that the discrete-time
approximation 3¢ becomes unobservable since its output matrix Cy,, depends on II(#)
in view of (5.75). More precisely, it suffices that the subsystem of 3¢ that corresponds
to the states z,, and xz,, _; is observable because the subsystem that corresponds to
Z,,—1 has only eigenvalues at Ay = 0 so that these need not to be changed by the
compensator. For ensuring this, the sampling functions shall fulfill the additional

requirement that the matrix
T
Clip = / II(7)Cpetrmdr (5.100)
0

in (5.75) coincides with a specified output matrix C§%*. Thus, the following problem

is considered.

Problem 5.2-4

Choose the sampling functions m; such that [|C; || zs is minimized under the constraints

1. me Ky, i=1,2,...,m

T Tt is used that y is continuous (see [46, Lem. 3.1.5]).
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5 Spillover reduction for discrete-time control

__ (desired
2. Cyy = Clesired,

This problem can be solved by an approach that is analog to that of Theorem 5.1-3.

Note, that it is claimed to minimize the Hilbert-Schmidt norm |[|C],[[ns =

\/ZZL IC; eill%, instead of the operator norm ||Cj, || = minj)..<1[|C},v[|x, since
Theorem 5.1-3 minimizes the Hilbert-Schmidt norm in the multi-input case (see Re-

mark 5.1-6). To solve Problem 5.2-4, the dual approximation
Tn(t) = AL, (t) + Clu(t), t>0, #,(00=0 (5.101)

is introduced. Then, the following design method for the sampling functions can be
shown in an analog way as Theorem 5.1-3 when Remark 5.1-6 is taken into account.
The basic difference is that the considerations refer now to the dual approximation
(5.101) and the dual residual dynamics (5.92) instead of 3,, and ¥,.

Theorem 5.2-5

Let iﬁl and if“ denote the state trajectories that solve (5.92) and (5.101), respectively,
for u(t) = er;(I'—1t), 1 = 1,2,...,m, j = 1,2,...,N. Suppose that the vectors
T
o = [au Qg o ang| o, t=1,2...,m, solve the minimization problems
min oy M;a;, i=1,2,....,m (5.102)
aiERN
with
(@0i(T), 37 i(T))x, -+ (Z0,(T), 35(T))x,
M,; = Re : : (5.103)
(@(T),20,(T))x, - (@), 30(T))x,
subject to
5T BT - END)] e = (Gl e i=12,me (5.104)

Then, m;(t) = ZN Layik(t), i =1,2,...,m, are the optimal sampling functions that

J]=

solve Problem 5.2-4.

Similar to Theorem 5.1-3, the constraints (5.104) can be satisfied in general only if the

states :Ei”(T) span C" for real coefficients «; ;. This can be influenced by the number
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5.2 Control using general sampling

N > n. In Example 5.2-10 an approach is shown how it can be assured that (5.104)
has a (real) solution «a; so that the optimization problems are feasible. If they are
feasible, they are also convex because the matrices M; are positive semidefinite which
is why (5.102) describes convex objective functions, and the constraints in (5.104) are
affine. Thus, every local minimum is a global one (see [24]) which can be computed,

e.g., by MATLAB’s convex programming solver quadprog.

Remark 5.2-6  For determining :Ei”(T) and :%il(T), i=1,2,....,m,j=1,2,..., N,
the state equations (5.101) and (5.92) of the dual approximation and the dual residual
dynamics have to be solved for vanishing initial states and the corresponding input
signals u(t) = e;r;(T" —t) = eié(j_l)%(T —t). Thus, :’i’ﬁ” and iﬁl are time-shifted

8

impulse responses of the dual approximation (5.101) and the dual residual dynamics
(5.92). Under use of

t
ool (t) = eATLtifm(O) +/ eA”(t_T)C:Lu(T)dT (5.105)
0
t
2t =8 (1)F,00)+ [ Si(t —7)Cru(r)dr, (5.106)
0

wherein S (t) is the Cy-semigroup generated by A} (see [86, Sec. 2.5] and [46, Thm.
3.1.7]), one obtains for :EZ”(O) = :Ei,l(()) =0 and u(t) = eié(j_l)%(T —t)

# () = eMETHI-DR) O, (5.107)

n,t

) =8St—T+(j—1)L)Cre,. (5.108)

Ty

Comparison with (5.105)—(5.106) shows that especially for j = N + 1 the trajectories

a1 and 20" can equivalently be obtained from
) = AsE ), t>0, FH0)=Cle (5.109)
Nt = AENTNE), >0, ENTN0) = Cles. (5.110)

Thus, instead of considering the impulse excitation the homogeneous (abstract) initial
value problems (5.109)—(5.110) with appropriate initial states can be considered. The
system (5.109) of ODEs can be solved by standard software tools, and the solution of

8 Note, that despite the impulse excitation the resulting state trajectories are well-defined since a
mild solution exists for u € L,([0, 7], RP) for a p € N, 7 > 0 (see [46, Lem. 3.1.5]). This is satisfied
for p = 1.
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5 Spillover reduction for discrete-time control

(5.110) can be computed by a suitable PDE solver or by considering an accurate finite-
dimensional approximation. The trajectories for 7 = 1,2,..., N are finally obtained
from

7 O=a " t-T+(G-1)

n,t

#.) =2t =T+ (- 1)

X Ty

., i=1,2,....m, j=12,...,N  (5.111)
), i=12...m, j=12...,N (5112)

=[5 35

in view of (5.107)—(5.108) and the time-invariance of the considered systems, where
N (t) =@M (t) = 0 for t < 0. <

n,t

Note, that Remark 5.1-5 applies also here in an analog form. In the next subsection
the closed-loop dynamics that result from the designed general sampling device and

the observer-based compensator %¢ (see (5.84)—(5.86)) are analyzed.

5.2.3 Analysis of the closed-loop dynamics

A state space model for the closed-loop system can be obtained by taking the system
equations of ¥4, ¥4 and ¥¢ into account (see (5.70)—(5.72), (5.77)-(5.79), and (5.84)—
(5.86)). This yields

iccll : i’cl[k‘ + 1] = Ad,clfcl[kL k€ Ng, Zg [O] =Tu0 € Xcl (5.113)

with the state

&I

and the state space X, = X, ® X, ® X, (see (5.69) and (5.76)). The system operator
in (5.113) has the decomposition Ay = Ag 0 + A with

Ad,n - LC_’d,n 0 0 0 0 —Lcdm
Adgcr0 = BynK Agn— Ba,K 0 |, A=10 0 0 (5.115)
By, K —Bi, K A, 00 0

with D(/th,cl,O) = D(A) = X,;. Comparison with (4.74)-(4.77) shows that the control
loop considered here has the same structure as the closed-loop dynamics determined
in Subsection 4.2.3. The only difference is that the state space X is replaced here by
the extended one X ;. For that reason, Corollary 4.2-2 needs to be modified slightly, at
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5.2 Control using general sampling

which (5.83) has to be taken into account. This yields the following characterization

of the closed-loop spectrum a(/_ld,cl).

Corollary 5.2-7

Let the Assumption 4.1-2 hold. Then, the spectrum o(Aqq) of the closed-loop system

operator in (5.113) can be decomposed as
U(./Idd) = {S\CM-,i € N} U Uc(Ad,r) U {)\d,o}, (5116)

where 5\0171-, 1 € N, are eigenvalues of Ad,cl that have finite algebraic multiplicities and

are isolated, and A\gp = 0 is an eigenvalue with infinite multiplicity. Particularly,

o (Age) =0 (5.117)

o(Age) = 0p(Adc) (5.118)

holds.

It has been argued before, that the use of the general sampling device leads to a small
norm [|C; || < ||C; .|| s if the sampling functions are designed by Corollary 5.2-5. Thus,

the norm of the perturbation operator A becomes small in view of
Al = I LCa, || < ILIICar |l = ILINCE, | (5.119)

(see (5.115), (5.82), and (5.87)). An expression for Cj, follows from (5.95) when
Tt Za,@ i=1,2,...,m (5.120)

is taken into account, which follows from (5.93) by aid of ITe;(t) = Z;VZI a;;k;(t) and
the definition of :if,l Thus, insertion into (5.95) yields

N
Cv Z [a] 19%1 amiﬁg(T) e aj,ma?Z’m(T)] v, YoeC™.  (5.121)

Jj=1

By use of this and (5.119), Corollary 4.2-3 can be reformulated as follows.

Corollary 5.2-8

Let the Assumption 4.1-2 hold and assume that the observer-based compensator $4
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5 Spillover reduction for discrete-time control

is designed such that the eigenvalues of fldm — Bd,nK and Adm — LC’dm are simple,

mutually different, and not contained in o(Aq,). Then,

da < |73 Tl IZINCE, (5.122)

C

1s an upper bound for the spectrum perturbation

dg== sup inf A — Aal. (5.123)
Xet€o(Ag,ct) Aa€o(Ag,er0)
Therein, T, denotes a linear transformation such that ﬁl_lﬂd,cwﬁl 18 normal, and C;,T,

is given in (5.121), where the iZ,Z(T) result from the approach of Theorem 5.2-5.

Thus, the impact of the residual dynamics ©¢ on the closed-loop behavior can be
suppressed by suitably choosing the sampling functions such that || Zjvzl aj,ifi7i(T )| x,
becomes small for ¢ = 1,2,..., m. Note, that these norms can be made small just by
choosing C’fﬁmd in (5.104) with a small norm. This, however, leads to a large norm
of L so that both effects cancel in the right hand-side of (5.122). Despite this, the
spectrum perturbation d; can be made arbitrarily small by choosing the number N of
Dirac delta functions in (5.96)—(5.97) sufficiently large, as for the spillover reduction

approach with a general hold device. This is stated next.

Theorem 5.2-9

Let the assumptions of Corollary 5.2-8 be satisfied. Then, for every e > 0 a number
N of Dirac delta functions in (5.96)— (5.97) exists such that the design according to
Theorem 5.2-5 yields dg < €.

The proof is given in Appendix A.15. The approach of this section is demonstrated in

the following example.

Ezample 5.2-10 (Control of an Euler-Bernoulli beam with Kelvin-Voigt damping, con-
tinued)

In Example 5.1-9 a sampled-data control with a general hold device was designed for an
Euler-Bernoulli beam with Kelvin-Voigt damping. Instead of a general hold a general
sampling device is designed now for the purpose of spillover reduction. The length ¢ = 1

of the beam, the damping constant o = 0.005, and the input and output distribution
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5.2 Control using general sampling

functions, given by (4.92), are considered as before, and it is again the intention to shift
the most four dominant eigenvalues A\y; = —0.487+79.86 and A1o = —7.79+ 738.70 of
the continuous-time system operator A. In view of the sampling constant 7" = 0.025
these assignments shall yield a stability margin S; = 0.839 for the discrete-time closed-
loop system. For the design of the compensator (5.84)—(5.86) the approximation from
Example 4.2-6 is extended as in (5.70)—(5.75) which yields a discrete-time approxima-
tion ¢ of order n = 9. Apparently, Cy,, depends on the sampling function whose
design is described below. Note, that the dynamic matrix Ay, of the approximation
has the eigenvalues of A;, and, in addition, an eigenvalue \;o = 0 with algebraic
multiplicity vy = 5 (see (5.73)). Since this latter eigenvalue is located already within
the circle @;d that corresponds to the specified stability margin §; = 0.839, it needs
not to be changed by the control. The eigenvalues of A, are shifted by assigning
the eigenvalues A\, 11 = —10 & j5 and A 4192 = —10 £ 710 to the controlled continu-
ous-time approximation as well as A\, 11 = —15 £ j5 and A\, 1o = —15 £ 710 to the

continuous-time counterpart of the observer dynamics.

For the design of the general sampling device the approach of Theorem 5.2-5 and Re-

mark 5.2-6 is applied. To this end, the state trajectory :inN Tt of the dual approximation

(5.101) is computed, that results from the initial state #%;(0) = C* and the input

n,l
u(t) =0 (see (5.109)). The trajectories :’i’ihl, j=1,2,..., N, are obtained subsequently
by suitable time-shifts of & {' (see (5.111)). The trajectory Z,; " of the dual residual

dynamics (5.92) is computed on the basis of a modal approximation of order n, = 60,
where :I:f,vfrl results from the initial state :i:fnvfrl(()) = Cf and the input u(t) = 0 (see
(5.110)). Afterwards, i?l, j=1,2,...,N, is obtained by time-shifting Z);™" in view

of (5.112). In (5.104) the vector
Cgesired .= €, = [—0.0964 —0.00976 0.0149 0.000377] (5.124)

is used. In this case it follows Z,, (T) = (Cy,)* = (C%™4)* from (5.109) and (5.111) so
that (5.104) can be fulfilled for any N € N at least by a; = [1 0 --- 0]T. Furthermore,
the eigenvalues of A, ,, that shall be shifted by the compensator, are observable. The
additional eigenvalue \go = 0 of Ay, (see (5.73)) is unobservable, but is there is no
need to shift it, as explained above. Since, in addition, (Ag,, Ba,) is controllable,
the desired eigenvalues \j.; = e’ i = £1,42, can be assigned to fld,n — Bde
and A\go; = el to Ay, — LCy,. The minimization (5.102)-(5.104) finally yields
the sampling function 7 that is shown in Figure 35 for N € {4,10,20}, and the

corresponding closed-loop eigenvalue distributions are depicted in the Figures 36-38.
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5 Spillover reduction for discrete-time control

These figures make apparent that the perturbation of the desired eigenvalues becomes
smaller when the number of Dirac delta impulses N is increased, as is expected in
view of Theorem 5.2-9. Table 7 gives the related spectrum perturbations dy. These
have been determined on the basis of a modal approximation of the beam with order
nhigh = 60. For N € {10,20} the desired stability margin 5, = 0.839 is achieved, as
becomes apparent from the Figures 37-38. In summary, the use of a general sampling
device yields a spillover reduction to qualitatively the same extent as the approach with
a general hold device. However, the extension of the state spaces for the approach with
general sampling leads to discrete-time approximations with the order 2n 4+ m, where
n is the order of the corresponding continuous-time approximation. In contrast, the
orders of the discrete-time and the continuous-time approximation coincide for the

approach with a general hold device. <

Table 7 — Spectrum perturbation d,; of the closed-loop system with a general sam-
pling device with N = 4,10,20 Dirac delta impulses. The case N =1
corresponds to the standard sampling device. The Spectrum perturbation
has been computated on the basis of a modal approximation of the beam

with order npig, = 60.

N | 1 4 10 20
d; | 0329 0173 0108  0.0997
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].O T T T T

6% i

T
<
D
<>

O g O -

0 0.005 0.01 0.015 0.02 0.025
t

Figure 35 — Sampling functions with N = 4,10, 20 Dirac delta impulses that min-
imize (5.102) subject to (5.104). A marker at (7, ) stands for the

Dirac delta function ad(t).
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Figure 36 — Eigenvalues ‘o' of the closed-loop system with a general sampling device
with N = 4 steps. For comparison the desired eigenvalues are shown,
where 'x' marks Aj. 41, Adc+2, Ado+1, Ado+2, and ‘+' describes
0(Agy). The dashed circle defines the boundary of the region @gd
that corresponds to the desired stability margin 5, = 0.839.
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Figure 37 — Eigenvalues ‘o’ of the closed-loop system with a general sampling device
with N = 10 steps. For comparison the desired eigenvalues are shown,
where X" marks A\gc+1, Adc+2, Ado+1, Ado+2, and ‘+' describes

U(Ad,r)'
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Figure 38 — Eigenvalues ‘o’ of the closed-loop system with a sampling hold device
with N = 20 steps. For comparison the desired eigenvalues are shown,
where ‘X' marks Aj. 41, Agc+2, Ado+1, Ado+2, and ‘+' describes
o(Ag).
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Chapter 6

Concluding remarks

The classical early-lumping based compensator design scheme exhibits two basic short-
comings: firstly, the spillover problem itself, that is inherently connected to utilizing an
approximation in the overall approach. Secondly, the resulting design procedure, that
consists of alternating compensator synthesis and control loop analysis steps, lacks an
approach to improve the redesign such that the spillover is reduced systematically and
efficiently. These problems are attenuated by the suggested approaches in the following

way.

For the continuous-time control the impact of the neglected system dynamics is de-
creased by reconstructing suitable fictitious system outputs by output observers. Such
an observer has the effect of a filter that suppresses the contributions of the residual
dynamics to the system output but passes the contributions of the approximation. Re-
peated application of this filtering method allows to reduce the spillover in the sense
that an upper bound for the provoked closed-loop spectrum perturbation is lowered.
The implementation of the additional dynamics of the output observers can be con-
sidered as the expenses of the spillover reduction. However, since the perturbation
estimate decreases exponentially with regard to the order of the additional dynamics
the suggested approach is more effective than the bare increase of the approximation
order. An a priori estimate is available that relates the order of the output observers
to a maximum perturbation specification. Though being rather conservative this es-
timate helps to constitute a systematic design procedure. It should be remarked that
the spillover reduction approach can be applied not only for the considered modal
system approximations but also for alternative types of approximations. However, it
is particularly simple to determine a state space model of the residual dynamics that

correspond to a modal approximation and to analyze their spectrum.
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6 Concluding remarks

For sampled-data systems two approaches for spillover reduction in the discrete-time
domain are presented, where the system operator is assumed to be a Riesz-spectral
operator. The first one makes use of a general hold device with specially shaped hold
functions, and the second uses a general sampling device. The general sampling is
designed such that the contribution of the residual dynamics to the output becomes
small at the sampling time instances. The general hold, in contrast, is chosen such
that the residual dynamics are excited only to a minor amount so that these again
have small contributions to the plant output in consequence. Thus, the action of
the digital control is affected only marginally for both approaches. Upper bounds for
the perturbation of the closed-loop spectrum are provided for both methods. Since
step functions are considered for the hold functions, it is possible to implement the
general hold by a conventional zero-order hold that operates at a higher sampling
rate in relation to the control. Similar, general sampling can be implemented by
standard sampling with lower sampling constant because Dirac delta functions are
used for the sampling functions. It has been shown in Section 3.3 that control spillover
can be converted to observation spillover and vice versa. Therefore, it has the same
spillover reducing effect, regardless whether a general hold device, that suppresses the
control spillover, or general sampling, which aims at observation spillover reduction,
is used. From the practical point of view, however, there are some aspects that help
to decide between both approaches. Since the approach with the general hold device
uses standard sampling and thus does not require measurements of the system output
within the sampling intervals, this approach is more suitable when digital sensors
with a comparatively low rate of measurements are used. In contrast, the approach
with general sampling is more suitable when the actors cannot operate at the fast
sampling rate of a general hold device. Another difference between both approaches
is that a discrete-time approximation for general sampling has a higher order than a
comparable discrete-time approximation for the general hold approach since the state
space has to be extended in a certain way. Although the utilization of a general
hold and general sampling have been discussed separately, it is possible to combine
both approaches to yield an increased spillover suppression. Finally, if the additional
efforts for implementing the general hold or the general sampling device are undesired,
one has the possibility to adapt the spillover reduction approach for continuous-time
control based on adding ouput observers to the control loop. Since this adaption to

the discrete-time case is straightforward, it has not been discussed in the thesis.

In summary, both in the continuous-time and the discrete-time case the classical
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early-lumping approach is extended to a systematic design approach for the finite-

dimensional control of linear distributed-parameter systems.

The methods in the thesis have been presented under the assumption that the con-
trol and measurement is spatially distributed. However, the approaches can readily
be applied to systems with boundary control by aid of the boundary control system
approach in [46, Sec. 3.3|, which enables to convert such an input to a distributed one.
A desirable extension of the approaches, however, is the generalization to pointwise
measurements and measurements at the boundary. A suitable framework to this end

might be the theory of regular linear systems (see [130]).

An alternative to the observer-based compensators, that are considered throughout the
thesis, is the use of a static output feedback controller for the plant that is dynamically
extended by the output observers. This enables to assign some of the eigenvalues
exactly, i.e., without any spillover perturbation. This approach has been elaborated in
[55, 56]. In addition, it is interesting to remark that the concept to reconstruct fictitious
outputs has a dual counterpart that provides fictitious inputs. This is possible in the
framework of the dual state feedback approach (see [50, 52]) that allows to assign some

of the closed-loop eigenvalues without any spillover impact.

Besides in the field of infinite-dimensional systems the suggested methods can readily
be applied for systems that are finite-dimensional but whose order is too high to design
the compensator on the basis of the plant model. Systems with a very high but finite
order result commonly from finite-elements models of distributed-parameter systems.
In order to apply the presented compensator design approaches to such systems the
high-dimensional state space of the plant plays the role of the infinite-dimensional state

space considered throughout the thesis.
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Appendix A

Proofs

A.1 Proof of Proposition 2.1-8

Due to Item 1 of Definition 2.1-7 there exist constants a € R, ¢ € (0, 27) such that
0,(A) C Su. (see (2.37)). Now, the operator

Qh_z)\—)\ AWi)xén  do>a, VheEX (A.1)

is considered, in which ¢; are the eigenvectors of A that correspond to its eigenvalues
\; and 1; are the eigenvectors of A* corresponding to ;. Note, that from o,(A) C S,
it follows

|IAi — Xo| > Ao —a >0, VieN (A.2)

so that the fraction in (A.1) is defined. Using (2.19) for (A.1) yields the upper bound

2

h|E < h)x MZIA Sl (a3
for h € X, which by aid of (A.2) becomes
|0 < M it S (A
for which the upper bound
et Z\ )xP < | Z )5y = s Il
(A.5)
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again follows from (2.19) and (2.20). Thus, (A.4)—(A.5) show that Q is bounded and
thus can be defined on whole X. From

[e.9]

(A= 2D)Qh =AY
i=1

= 1
o e Yhxdi = Aozmm, Vi) x i

|
\M8

Il
—

by
)\Z < wz X¢Z Z )\ — )\0 ¢2>X¢z

7

[
Mg

< wz>X¢z — h, Vh S X (A6)

=1

wherein (2.17) and (A.1) have been used, it follows that Q is the (bounded) inverse of
A — \oI that is defined on X. Thus, A — Ao/ is closed according to [46, Thm. A.3.46]
and hence also A is closed in view of [89, Problem III 5.6]. Taking the Items 2-4 of
Definition 2.1-7 into account, all requirements of Definition 2.1-6 are satisfied so that

A is a Riesz-spectral operator as stated.

That A is the infinitesimal generator of a Cy-semigroup if its eigenvalues \; satisfy the
sector condition o,(A) C S, for a sector angle ¢ > 0 follows from [46, Thm. 2.3.5].
Finally, it is stated in [46, Exercise 2.18] that A is the infinitesimal generator of an
analytic Cp-semigroup if its eigenvalues \; satisfy the sector condition o,(A) C S, for

an € > 0. Thus, the proof is complete.

A.2 Proof of Proposition 2.2-3

First, observe that the biorthonormality relation (¢;, %) x =0ij, 4,7 =1,2,...,n (see
Assumption 2.2-2) implies that P according to (2.136) satisfies P?h = Ph, Vh e
X, showing that this operator is a projection. Obviously, ranP = span{¢;,i =
1,2,...,n} = X, and nulP = {h € X|(h,¢)x = 0,5 = 1,2,...,n} = X, hold
which is why P projects onto X, along X,.. In [106, Thm. 4.11.2] it is stated that these
subspaces satisfy therefore X,, + X,, = X. Thus, the Items 1 and 2 of the proposition

have been verified.

Now, it will be shown that X, and X, are S-invariant. To this end, introduce the
projection
1

- o -1
Prh =5 ()\I A)'hd),  VheX, (A7)

in which T" is the closed curve in the sense of Assumption 2.2-2. It follows from [46,
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Lem. 2.5.7¢] that this operator has the range

ran Pr = span{ ¢y, ¢o, ..., o} = X, (A.8)

when it is taken into account that \;, 1,2,... n, are assumed to have coinciding al-
gebraic and geometric multiplicities. Using nul Pr = (ranPy)* (see [89, Sec. IIT 3.3])

and

Prh = 2i (M — A9 'hd),  VheX (A.9)

mjJr
(see [89, Sec. III 6.6]) one obtains

) Jr

L
nul Pr = (ran% (N — A*)_lhd)\) : (A.10)
Applying [46, Lem. 2.5.7¢| again yields

nul PF = (Spaﬂ{wb wz, s >wn})J— ) (All)

where 9;, i = 1,2,...,n, are the eigenvectors of A* that correspond to ;. Due to
Assumption 2.2-2 the algebraic adjoint A* has n eigenvectors @Z, that correspond to
these eigenvalues, which are also eigenvectors of A*. Therefore, 1; = ¢y, i = 1,2,...,n,
has to hold. Thus, (A.11) gives nulPr = X,. This and (A.8) show that Pr is a
projection onto X, along X, as is P. However, since every h € X has a unique
decomposition h = h,, + h, with h, € X, and h, € X, due to X = X,, + X, (see
Item 1), the projection is uniquely determined so that Pr = P. It follows therefore
from [46, Lem. 2.5.7a] that X,, and X, are S-invariant and from [46, Lem. 2.5.3] that

X, and X, are A-invariant. Thus, Item 3 of the proposition has been shown.

For verifying Item 4
1(t) = Pi(t) = PAx(t) + PBu(t) = PAz,(t) + PAz,(t) + PBu(t) (A.12)

is considered. Therein, one has PAz, (t) = Axz,(t) because Ax,(t) € X,, due to the
A-invariance of X,, and Ph = h, Vh € X,,. Furthermore, PAz,(t) = 0 holds since
Az, (t) € X, and Ph =0, Vh € X,. Thus, (A.12) simplifies to (2.134). Similar,

B0 (t) = @ () — n(t) = Az(t) + Bu(t) — in(t) (A.13)

simplifies to (2.135) by inserting (2.134), which completes the proof.
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A.3 Proof of Theorem 2.3-3

In order to prove the theorem some auxiliary lemmas are presented first.

Lemma A.3-1

LetD : H— H denote a degenerate linear operator on a separable Hilbert space H with
inner product (-,-)y. If Py : H — Hy C H is a projection onto a finite-dimensional
subspace Hy of H, then one has ||D(I — Pn)|| — 0 for N — oo.

Proof. Let Hi denote an algebraic complement of Hy, i.e., H = Hy + Hp.
Since H is separable one has basis vectors ¢;, i € N, such that Hy = span{p;,i =
1,2,..., N} and {y;,i > N} is a Riesz basis for Hg. Furthermore, one has correspond-
ing biorthonormal vectors v, i € N, i.e., (¢;,¥j)n = 65, 1, j € N. It is straightforward
to check that

Pyh = Z dmes,  YheH (A.14)

is a projection onto Hy along Hg, and I — Py is given by

o0

(I-Pwh= > (hv)up, VheH (A.15)

i=N+1

Since D is degenerate it has the representation
Dh = Z ynG,  VYheEH (A.16)

with appropriate v; € H, in which {(;,7 = 1,2,..., Np} is a basis for ranD (see [89,
Sec. 11T 4.3]). Thus, (A.15)—(A.16) yield

D(I — Py)h = Z > hidulenv)ut,  YheH. (A.17)
j=1i=N+1
Since {(;,j = 1,2,...,Np} is a finite-dimensional basis for ranD and thus a Riesz

basis this leads to

0 2
ID(I — PRIl < MDZ\ N e i
j=1 i=N+1
<2MDZ S (b a2l 1) al? (A.18)
j=1i=N+1
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with Mp > 0 (see (2.19) and the parallelogram inequality). Since {p;,i > N} is a Riesz
basis for Hg also {1;,7 > N} is a Riesz basis for Hg so that one has the representation

o0

V= ZW,%)H% j=12,...,Np (A.19)

i=1

(see [46, Sec. 2.2]). Using again the Riesz basis property and (2.19) yields

vl = my > Hvedul®,  my >0, (A.20)
i=1

which implies 3% v (75, @i)m|* — 0 for N — co. Using this in (A.18) shows ||D( —
Pn)h|lg — 0 for N — oo, Vh € H. Thus, |D(I — Pn)|| = 0 for N — oo has been

confirmed which completes the proof. [ |

Lemma A.3-2

Let Mo : D(My) € H — H be a linear operator on a Hilbert space H. Suppose
that My has eigenvectors ¢;, i > Ny, that, augmented by appropriate vectors p; € H,
i =1,2,..., Ny, form a Riesz basis for H. Let D : H — H be a degenerate linear
operator. Then, a number N > Ny exists such that the following holds: M = Mg+ D
has eigenvectors qu, t > N, which can be augmented by appropriate vectors p; € H,
i=1,2,...,N, such that {p;,;i =1,2,...,N}U{¢;,i > N} forms a Riesz basis for H.

Proof. Define the subspaces

Hy =span({p;, i =1,2,...,No} U{¢;,i = Ng+ 1, Ng+2,...,N}) (A.21)
Hp = span{¢;,i > N} (A.22)

with N > Ny, and let Py : H — Hy denote the projection onto Hy along Hg. Thus,
one has
Pnoi =0, Vi> N. (A.23)

In the following, the eigenvectors of

M=My+D=My+DPy+D(—Puy) (A.24)

are analyzed. Since H has a countable basis it is separable. Thus, Lemma A.3-1 can
be applied, yielding ||D(I — Py)|| — 0 for N — oo. Since D is degenerate and thus
bounded, this implies that M has eigenvectors (52 for sufficiently large N that are
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related to the eigenvectors of My + DPy by a linear transformation 7 : H — H (see
(89, Thm. IV 2.24 and Thm. IV 4.16]). Note, that the eigenvectors ¢;, i > N, of M,

are also eigenvectors of My + DPy in view of (A.23). Thus, one has

¢i=T¢i > N. (A.25)

Since {p;, 1 = 1,2,..., No} U{¢p,i > Ny} is a Riesz basis for H and T is a linear

transformation also
{Toii=1,2,... Ny U{Tdi,i=No+1,No+2,...,N }U{¢i,i >N} (A.26)

is a Riesz basis for H (see [46, Exercise 2.21]). This proves the assertion. u

Lemma A.3-3

Let Hy and Hy be Hilbert spaces with inner product (-,-)g, and {-,-)g,, respectively.
Suppose My1 : D(Myy) C Hy — Hy and Moy : D(Mas) C Hy — Hy are the infinites-
imal generators of Cy-semigroups on Hy and Hs, respectively, that satisfy the SDGA,

and May : Hy — Hy is a bounded linear operator. Then,

M 0 ] (A.27)

M =
[M21 M22

is the infinitesimal generator of a Cy-semigroup on H = Hy & Hy with the growth bound

wo = sup Re A (A.28)
)\EO’(Mll)UU(Mzz)

and satisfies the SDGA.

Proof. Since the SDGA holds for M;;, i = 1,2, the corresponding Cp-semigroups
S;(t) satisfy
ISi)]| < Cie™*,  i=1,2, ¥Vt >0 (A.29)

for appropriate constants C; > 1, depending on w;, and for all
w; > wp; = sup Rel, i=1,2 (A.30)

)\EU(M“')

(see Subsection 2.1.3). In order to prove the assertion, that the Cp-semigroup S(t),
generated by M, has a growth bound wy according to (A.28), it has to be shown that
S(t) satisfies

1S(1)]| < Ce, V>0 (A.31)
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for all w > wg and some C' > 1, depending on w. Observe
Wy — max(wo,l, w072) (A32)

due to (A.28) and (A.30). For any & > wy choose w; == @ and w := (& + wp). Thus,
wp > wo > woq and wy > wp > wpe holds in view of (A.32), so that (A.29) holds.
Furthermore, one has w; # ws. Under these conditions [46, Lem. 3.2.2] can be applied,
which states that the S(t) satisfies (A.31) for

w =max(wy,ws) = (A.33)

Since @ > wy is arbitrary (A.28) is confirmed. In order to show that S(t) satisfies the

SDGA it remains to check that wy = sup,c,(rq) Re A holds. This, however, is apparent
from (A.28) and o(My;) U 0(Mg) = o(M), which comes from the block-triangle
structure of M. Thus, the proof is complete. [ |

Lemma A.3-4

Let M : D(M) C H — H be the infinitesimal generator of a Cy-semigroup on a Hilbert
space H. Suppose that M has eigenvectors (52-, 1> N, that, augmented by appropriate
vectors p; € H, 1 =1,2,..., N, form a Riesz basis for H. Then, M is the infinitesimal
generator of a Cy-semigroup that satisfies the SDGA.

Proof. Define
Hy =span{@;,i =1,2,..., N}, Hp = span{¢;,i > N}. (A.34)

Since H = Hy + Hpg, the map

L:Hi—)]ZINEBI:[R:hH[ZN], hy € Hy, hp € Hp (A.35)
R

is an isomorphism. One can check easily that the operator M = M~ has the form

M= | M . A.36
[M21 M22] ( )

when it is taken into account that H r 1s M-invariant. Since M is the infinitesimal
generator of a Cy-semigroup by assumption My, is the infinitesimal generator of a Cy-
semigroup in view of M22 = M| DM R Furthermore, also Mll is the infinitesimal

generator of a Cy-semigroup since Hy is finite-dimensional, and Ms; is compact and
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thus bounded for the same reason. Thus, Lemma A.3-3 can be applied, which states
that M and hence M satisfy the SDGA. So, the proof is complete. [ |

Now, Theorem 2.3-3 can be proven easily by aid of the lemmas above. First, observe

that Ao has the eigenvectors

0
¢ai=1| 0 |, i>2n, (A.37)
¢i—n

in which ¢;, i > n, are eigenvectors of A, and thus of A in view of the block-triangular
structure of A, (see (2.177)). These eigenvectors are a Riesz basis for X, due to
(2.90) and in view of the assumption that 4 has an eigenvector Riesz basis for X.
Thus, {¢ei,7 > 2n}, augmented by any basis for C" & C" @ 0, is a Riesz basis for X ;.
In addition, A is a degenerate operator (see (2.177)), so that Lemma A.3-2 can be
applied to A, and A. It states that A, = Aq o+ A has eigenvectors gz~5i, i > N > 2n,
which can be augmented by appropriate vectors ¢; € X, ¢ = 1,2,..., N, such that
{¢i,i=1,2,...,N} U{(ﬁi,i > N} forms a Riesz basis for X ;. Recall that A, has been
found in Subsection 2.3.3 to be the infinitesimal generator of a Cy-semigroup on X,;.
Thus, Lemma A.3-4 can be applied to A.; which states that this operator satisfies the
SDGA, which completes the proof.

A.4 Proof of Lemma 2.4-1

For the proof the theory of semi-Fredholm operators is used. A closed, linear operator
F : D(F) C H~— H is said to be semi-Fredholm if ran F is closed and at least one
of the spaces nul F and (ran F)* is finite-dimensional. Let Dp(M,) denote the set of
all A € C for which A\ — M, is a semi-Fredholm operator. The complementary set of
Dp(F) with respect to C is introduced in [89, Sec. IV 5.6] as the essential spectrum
0e.(My) == C\ Dp(F) C a(F).

Now, Statement (S1) will be shown. In view of the general relation C = p(-) U 0,(-) U
0.(-) U 0,(+) (see Subsection 2.1.3) and the assumption o,(My) = 0 (see Property P4)

one has the decomposition

C = p(Mo) U 0,(Mo) U 0.(M), (A.38)
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where 0.(M,) contains the accumulation points of the eigenvalues of M, if there are
any. Due to Property P2 the eigenvalues of M, are isolated and have finite multiplic-
ities so that

p(Mo) U 0,(Mo) € Dp(M) (A.39)
holds in view of [89, Thm. IV 5.28 and Problem IV 5.6]. In contrast,

o.(Myp) C 0.(My) (A.40)

follows from the fact that ran(AI — M) is open for any A € 0.(My) (see [89, Thm. IV
5.2]) so that AI — M, cannot be semi-Fredholm according to the definition. Hence,
(A.38)—(A.40) and C = Dp(M) U o.(M) yield

e (Mp) = oe(Mo). (A.41)

It is an important result of the perturbation theory for semi-Fredholm operators that
the essential spectrum is not changed under arbitrary compact! perturbations (see [89,
Thm. IV 5.35]). Consequently, one has

0e(M) = (M) (A.42)

since D is a degenerate operator and therefore compact. By aid of (A.41) one obtains
(M) = 0.(My) = 0.(M,), and since 0.(M) C (M) this proves the part o.(M;) C
(M) in the statement. To verify the relation o.(M) C o.(M) note that by an analog
reasoning as for (A.40) it holds o.(M) C 0.(M), and in virtue of (A.41)—(A.42) it
follows 0.(M) C 0.(M) = 0.(My) = 0.(M,) as claimed.

Now, Statement (S3) shall be shown. From (A.41)-(A.42) it follows
C\o.(Mpy) =C\ 0.(M)=Dp(M), (A.43)

where the right equality holds by definition. As argued in [89, Sec. IV 5.6] each of the
spectral points of M within Dp(M) is an isolated eigenvalue of M and has a finite
algebraic multiplicity, provided that both of the following conditions are met:

1. Dp(M) is connected® and

L' A bounded linear operator Q : H; — Hs defined on whole H; is said to be compact if for any
bounded sequence (h;);en in Hy the sequence (Qh;);en has a subsequence that is convergent in

Hy. A sufficient condition for Q to be compact is that it is degenerate.

2 A subset of a topological space is connected if it cannot be partitioned into two nonempty subsets

such that each subset has no points in common with the set closure of the other.

183



A Proofs

2. p(M) # 0.

The first condition is satisfied because Dp(M) = C\ 0.(M) and .(M) = g.(M,) C
o(My) is totally disconnected (see Property P3). In order to verify the second condition
the fact is used that, due to the boundedness of D, the perturbed operator M = My+D
is the infinitesimal generator of a Cpy-semigroup as M is (see Property P1 and [46,
Thm. 3.2.1]) which implies p(M) # 0 (see [46, Lem. 2.1.11]). So, both conditions are

met which proves Statement (S3) of the lemma.

Now, in order to show Statement (S2), assume that there exists a A € 0,(M). Then,
dimnul(Al — M) = 0 holds because \I — M is injective by the definition of o,(-),
and ran(A] — M) is closed which follows from the fact that (Al — M)~ is bounded
again due to the definition of o,(-) (see [89, Thm. IV 5.2]). Consequently, A € Dp(M)
follows by the properties of Dg(-). But in view of (A.43) this means A € C\ o.(My)

which contradicts Statement (S3) of the lemma.

Finally, the last statement can be shown by aid of the Weinstein-Aronszajn determinant
of the first kind

w(A) == det((M — XI)(Mg — M) = det(] + D(Mo — AI)™H). (A.44)

This function is analytic on any domain® of C that is a subset of p(M;) and has (not
removable) singularities at all spectral points of M. To be more precise, if ) is a pole?
of w with order v < oo, then A is an eigenvalue of M, with algebraic multiplicity v.
Similar, if A is a zero of w with order 7 and A\ € p(M,), then M has an eigenvalue
with algebraic multiplicity 7 < oo (see [89, Sec. IV 6]). Now, consider a A € o%(M) (if
there is any), where o’(M) C o.(M) consists of all spectral points in o.(M) that are
isolated in o.(M). Clearly, w(\) has a singularity at A because \ € g.(M) C og.(My)
(see Statement (S1)). This singularity is not a pole with finite order because A is not
an eigenvalue of (M) with finite multiplicity. Therefore, A must be an essential
singularity of w. According to Picard’s Great Theorem the map w(\) can have all
complex values on any open set containing A, with at most a single exception (see
[33]). If the exceptional value 7 is different from zero, w(A) has therefore a zero in any
neighborhood of A. Taking into account that A is an isolated spectral point of My
so that A has a neighborhood entirely belonging to p(M,), this shows that M has

3 A subset of a topological space is called a domain if it is nonempty, connected, and open.

1 A singularity wp of a function f(w) is called a pole with order m if the Laurent series f(w) =
S ak(w — wo)k satisfies a_,, # 0 and a_y, = 0, Vk > m.
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eigenvalues arbitrarily close to A. Thus, 0,(M) accumulates at A which yields

ol(M) C a,(M). (A.45)

The case where the exceptional value 1 equals zero can be excluded as follows. In this
case A is not a point of accumulation but by replacing D = M — M, by a modified
perturbation (1 4+ ¢)D with € > 0 arbitrarily small it follows n # 0 in view of the
right part in (A.44). Thus, the property of A being a point of accumulation depends
discontinuously on € which contradicts the fact that any isolated eigenvalue with finite
multiplicity depends continuously on the perturbation D (see [89, Sec. IV 3.5]). In order
to prove (2.191) it remains to consider the part 0%(M) = o.(M) \ ¢-(M). This set is
totally disconnected as (M) is because of 0%(M) C g.(M) C o.(My) C 0(My) in
view of Statement (S1), and because My is totally disconnected (see Property P3). For
that reason and since the elements in o%(M) are not isolated in o.(M) by definition
it follows that all elements of (M) must be points of accumulation in ¢.(M) which

yields 0%(M) C 0i(M) and thus

To(M) = 5t (M) U 0%(M) C ai(M). (A.46)

— C

Relation (A.45) implies 0i(M) C 0,(M) so that by aid of (A.46) and o,(M) = 0 (see
Statement (S2)) it has been shown that (2.191) is satisfied.

A.5 Proof of Lemma 2.4-6

First, it is assumed that M, is normal so that 7 = I and hence (2.200) becomes
dm < D], (A.47)
which in view of (2.199) equivalently can be written as

dist(\,0(Mg)) == inf |[A=X<|D|, VXeaM), (A.48)

i
Aea(Mo)

wherein dist(w, ) denotes the distance between w € C and 2 C C. The general case
follows later. In case that (M) C o(M,) (A.48) is trivially satisfied. Now, suppose
o(M) Z a(My) so that there is a A € a(M) N p(My) in view of p(Mg) = C\ o(My).
As a first step it will be shown that such a \ always satisfies ||(\] — M) ™5 < ||D]l 4.
To this end, consider a ¢ € D(M) with |¢||g = 1 and define 0 := (M — ), yielding

Ap=Mep—0, A€ a(M) N p(My). (A.49)
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Subtracting My ¢ on both sides of (A.49) and using M — M, = D yields (S\I—Mo)go =
D ¢ — 6 and thus
= - M) (Dy—0) (A.50)

because \ € p(M,). Taking the norm on both sides of (A.50) yields
L= (AL = Mo) ™ (D = 0) | < (AL = Mo) [ (1P| + (161 2), (A.51)

wherein the triangular inequality and the fact that the operator norm || - || is sub-
multiplicative are used. It is essential to observe, that ||f]|y can be made smaller than
any positive number by a suitable choice of ¢. To verify this for all A € o(M) N p(M,)
it is sufficient to consider the two cases A € g,(M) N p(My) and A € g.(M) N p(My)
because 0, (M) = 0 holds by assumption so that o(M) = 0,(M) U o.(M). For the
case A € 0,(M) N p(M,) take ¢ as an eigenvector of M corresponding to \, so that
0 = (M—X)p = 0and thus |||z = 0. For A € g.(M)Np(M,) note that (A —M)~!
is densely defined on H but unbounded. By the definition of the operator norm this
means that for every o > 0 there is a ¢» € H with [[¢)||g < 1 such that

I(M =AD"y > a > 0. (A.52)
Choosing
—_ )71
Y= M ~)\I) L (A.53)
(M =AD"
one obtains s
0=(M—X\)p= . , (A.54)
[(M =AD" [|m
which yields
10|l — 0 for a — 00 (A.55)

due to (A.52) and ||¢||z < 1. Taking this result into account, (A.51) implies
[ = M) < DI, WA € o (M) N p(Mo). (A.56)
It is known that
|(A — M)~ = Aeir(l/f/to) A=\ =dist(\, 0(Mp)), YAea(M)np(M,g) (A.57)

holds for any normal operator M (see [89, Sec. V 8]). In addition, one has

dist(\, o(My)) = 0, VA€ o(M)Nao(M,). (A.58)
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Thus, (A.56)—(A.58) yield (A.48).

Now, the case where My is not normal is considered. Applying the transformation 7
to the perturbed operator M = M, + D yields

T 'MT =T '"MT +T 'DT. (A.59)

Therein, 7' M,T is normal by assumption and 7 'AT is bounded due to the bound-
edness of A, T, and 7! (see [89, Thm. ITI 4.8]). In addition, o,.(T *MT) = () because

o,(M) = () was assumed and
o(T'MT) = a(M) (A.60)

holds due to the similarity of 7-*M7T and M. Consequently, My, M, and D in
(A.48) can be replaced by T *M,T, T MT, and T DT, respectively, yielding

dist O\, o(TIMeT)) < |TDTY, YA€ a(TIMT). (A.61)

Taking (A.60) and the analog relation o(7'MyT) = o(M,) into account, (A.61)

gives

dist(\, o(Mp)) < | T'DT|, VA€ aM), (A.62)

which is equivalent to (2.199)—(2.200).

A.6 Proof of Proposition 2.4-8

First, it is shown that Ao is a Riesz-spectral operator under the assumptions in the
proposition. For that, the four items in Definition 2.1-6 will be checked. In Section 2.3
it was argued that A, is the generator of a Cy-semigroup so that A, is closed
(see [46, Thm. 2.1.10]) which is Item 1 of the definition. To verify the Items 2 and
3 first note that the eigenvalues of A, are isolated and simple, and m is totally
disconnected in view of the assumed Riesz-spectral property of A. Further, according
to (2.179) 0,(Aep) and o,(A,) differ only by a finite number of eigenvalues which is
why also m is totally disconnected, and the contained eigenvalues are isolated
and simple due to the prerequisites in the proposition. Thus, the Items 2 and 3 of

the definition hold. Finally, in order to verify the Riesz basis property observe from
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(2.177) that the eigenvectors ¢; of Ao have the form

Geli = ¢2*"] . i=1,2,....2n (A.63)
- . |
Geri = 5 ] , i=2n+12n+2,... (A.64)
ri—2n

with ¢, ; being the eigenvectors of the sub-block

A, — LC, 0

A, —
n B,K A, — B,K

(A.65)

of Ac o, and ¢,; denoting the eigenvectors of A,. Since the eigenvalues of A,,, are sim-
ple by assumption, the vectors ¢g,; € C*", i = 1,2,...,2n, are linearly independent
and thus form a basis for C*". In addition, the vectors ¢,.; € X,., i = 1,2, ..., constitute
a Riesz basis for X, because A, inherits from A the property to be a Riesz-spectral
operator. Finally, since the eigenvalues of A,, are assumed to be disjoint from the
eigenvalues of A, so that the ¢, + = 1,2,...,2n, are linear independent from ¢,
i=2n+1,2n+2,... (see [92, Thm. 7.4-3]), this shows that {¢.;,i € N} is a Riesz
basis for X, = C** @ X,. In summary, Ao is a Riesz-spectral operator. Therefore,
the eigenvectors 1 ; of A}, can be scaled such that {be1i,i € N} and {¢,1 € N}
are biorthonormal sequences (see [46, Thm. 2.3.5]), as is assumed in the proposition.
In consequence, it is easy to verify that ’Tcl_l is given by (2.201). Taking the modal de-
composition A, oh =Y o0 Aei(h, ¥i) x,, ¢, and the biorthonormality of {¢;,7 € N}

and {1 ;,7 € N} into account, one obtains by aid of (2.201) that Acw =T "AeoTa
has the representation
Aaoh = Z Aevilhy 0)x.0i,  h € D(Aup) (A.66)
which leads to
th Z)\m i) X Pis h € D( clO) (A.67)
Combining (A.66)—(A.67) yields
Acl (]Acl Oh Z Ael z>\cl i X Pi = Z Actideli(h, 0i) x i = Azl,o-ficl,oha (A.68)

=1

where the orthonormality of {p;,i € N} has been used. Moreover, using the Riesz
basis property of {¢;,7 € N} and the orthonormality of {;,i € N} one can show that

T and Tcz_l are defined on whole X which is why 7, is a linear transformation. This
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can be used to verify that Acl,o is a Riesz-spectral operator as A is. Therefore, one

has the domains

D(AaoAiyg) = {h € Xu | D PMadaillih wdx, P <00} (A69)
i=1

D(AypAao) = {h € Xa | 3 Raidaillth eix <o} (AT0)
i=1

(see [46, Thm. 2.3.5]) which reveals D(flcwflzl,o) = D(A’ghoflcl,o). This and (A.68)
confirms that -Zlcz,o = Tl_lAcz,oTcz is normal (see (2.197)—(2.198)). Thus, the proof is

C

complete.

A.7 Proof of Lemma 3.2-1

First, note that the operator F in (2.137) satisfies

n n

Fo=)Y (ve)endi, YoeC,  F'h=) (hih)xe, VheX, (A7)
i=1 =1

where e; denotes the i-th unit vector of R™ and (¢;, V) x = 05, 1,7 = 1,2,...,n, (see
Assumption 2.2-2) is applied. Using this and the projection P according to (2.136),
that yields z,(t) = F'Px(t) and z,.(t) = (I — P)x(t), the fictitious output y, =
C(A — pl) ™ x(t) (see (3.16) for L, = I) can be written as

Yo(t) = C(A — puI) ' Pa(t) + C(A — uI) NI — P)a(t)
=CFF Y A—pul) ' FF'Pa(t) + C(A — ul) (I — P)x(t)
=CFF YA —pl) ' Fa,(t) + C(A— pul)  z,(t). (A.72)

Taking (A — pul)™*¢; = (A — 1) "' (see (2.17)) into account, one has in (A.72)

CFv=> Coiv,er)cn = Cp, VoeC' (A.73)

i=1

FHA=pD) 7 Fo=>Y F A —p) " ve)cd;

1=1

=> (A=) v e)ene; = (A, —pul)7lo, Yo eC", (AT4)
=1

wherein (2.138) and (2.140) are used. Moreover, (A— ul)~" in (A.72) can be replaced
by (A, — pI)™" because it holds A, = A|, (see (2.142)) and z,(t) € X,. Similar,
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C can be substituted by C, since C, = C|, (see (2.142)) and X, is A-invariant due
to Proposition 2.2-3 implying (A — pl) 'z, (t) € X,. Using these observations and
(A.73)-(A.74) for (A.72) gives

Yo(t) = Cp(A, — pud) ran(t) + Co( A, — ), (2). (A.75)
Finally, subtracting e,(¢) on both sides of this equation yields
Jo(t) = Cn(Ay — pd) (1) + Co( Ay — pd) (1) — eo(2) (A.76)

in view of y,(t) — e,(t) = Uo(t) (see (3.4)). This confirms that (3.45) holds by aid of
(3.43)—(3.44) and (3.48)—(3.49), which completes the proof.

A.8 Proof of Lemma 3.2-2

First, note that T := A,, — ul is invertible because u € S C p(A) C p(A4,) is assumed
(see (3.13) and (2.108)). Thus, T qualifies as a similarity transformation. Applying T
to the realization (C), 1, A, By,) of ¥} yields the new realization (C’n, A, Bn) with

Cp = CoiT = Cpi(A, — pul) (A7)
A, =T AT = (A, — pI) P A (A, — ul). (A.78)

Taking (3.44) into account as well as the fact that (A, — ul)~! and A,, commute (see
[89, Problem III 6.2]) (A.77)—(A.78) simplify to

C,=C,  A,=A,. (A.79)

Since the properties detectability and observability are preserved under similarity trans-
formations (see [86, Sec. 6.2.2]), (Cy.1, A,) is detectable, respectively observable, if and
only if so is (C‘n, fln), and in view of (A.79) this proves the statement.

A.9 Proof of Theorem 3.2-3

First,

1A ]
IA]

< max(n, 7, ) (A.80)
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is shown instead of (3.67). From (3.66) it follows with E = {(hy,hy) € C" x
X, | [|ha]|&n + ||he|/%, < 1} and the definition of the operator norm® that

[All = sup \/H(An — D)2 + (A — )" ha1%, (A.81)
(h1,h2)EE

holds. The submultiplicativity of the operator norm applied to (3.65) yields ||A;]] <
IA][[|A]| and insertion of (A.81) gives

[Adl < [[A]l sup \/||(An — pD)h g + 1(Ar — pI) " hall,
(h1,h2)EE

< [|All sup \/IIAn = pl[PlAaf|En + [[(Ar — ) 7H1P 21X,
(h1,ho)EE

< [|Allmax (| An — I, (A — uI)7)  sup \/thH(%:n + 2%, (A82)

(h1,ho)EE

Taking therein sup,, ,,cp \/||h1 Zn + [[h2]|%, = 1 into account one obtains

A
Rl < max (14, = 1] A, = 0 ) (A89)

which confirms (A.80) in view of (3.68).

Now, (3.67) shall be shown. To this end, it is essential to observe that n depends on
the choice of the time coordinate. To explain this, the normalized time 7 := ¢/T with
respect to the time basis T' > 0 is introduced. The dynamics of Z(7) := z(t(7)), given
by
dzx d dt
aéu):a%@u»a;:(Aﬂaﬂ)+Bmuﬂ»qn:ATﬂ¢y+BTmﬂ (A.84)

with u(7) := u(t(7)), leads to the transformed plant model

Y. z(r) = Az(r) + Bu(r), 7>0, z(0)=ux (A.85)
y(r) = Cx(7), >0 (A.86)

with A = AT, B = BT, and (1) := y(t(7)). To analyze the influence of the time
transformation on (A.80) observe that A, = A,T is the dynamic matrix of the approx-
imation that corresponds to ¥ (see (2.138)). Furthermore, the system operator A, of
the related residual dynamics satisfies A, = A, T (see (2.142)), and the corresponding

output observer has the eigenvalue i = uT', which follows from reformulating (3.38)

5 The operator norm ||M|| of a bounded operator M on a Banach space (H, || - ||x) is defined by
M| == SUP ||| g <1 M|
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w.r.t. the time coordinate 7. Applying the time transformation to the closed-loop sys-
tem X in (2.174) without output observer shows that its closed-loop system operator

A, is modified to A, = A,T, and the related perturbation operator is
A =AT (A.87)

(see (2.176)). Analog, the time transformation has the effect that the perturbation
operator A; of the closed-loop system X!, in (3.59)-(3.60) with output observer is

transformed to

When the considerations for proving (A.80) are repeated on the basis of the state space

models w.r.t. the new time coordinate 7 one arrives at

12 < max(7y, 7y ) (A.89)
1A]
with
i = A, = pI|| = [|Ay — pI||T =mT (A.90)
__ - o i1 .1
= (A = D)7 = (A = D)7l = (A.91)

(see (3.68)). Inserting (A.87)—(A.88) and (A.90)—(A.91) into (A.89) yields

1A
IA]

1
< max (an, 7}2_1?) : (A.92)

In order to obtain a tight estimate, the right hand-side is minimized over 7" > 0.
Apparently, this minimum is yield if 7,7 = 7, * /7T holds, which gives
1

T = . A.93
V2 ( )
Inserting this into (A.92) yields (3.67), so that the proof is complete.
A.10 Proof of Theorem 3.3-1
In view of the norm || - ||z ~defined in (3.137) it holds
IThilg, = hllx,, VheXq (A.94)
1Tkl = lkl%,,  YheEXa (A.95)
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implying ||7|| = ||7'|| = 1. This shows that both operators 7 : X, — X, and
T Xcl — X are bounded which is why T is a bijection between X, and Xcl-
Thus, . and z. can be converted into one another by (3.136). Let S.(t) denote
the Cy-semigroup generated by A, i.e., x(t) = Sei(t)x(0) holds for ¢ > 0. Using
(3.136) this yields

jcl(t) = 7:‘fljcl(t) - %Scl(t),id_ljcl(o) = Scl(t)i’cl(o)’ t Z 0 (A96)

with S.y(t) = TSu(t)T ", ¥t > 0. This operator inherits the semigroup property from
Sd(t), i.e., Scl(tl -+ tg) = Scl(t1)8d<t2>, th, tg Z O, in view of

Sa(ty + 1) = TSty +to)T = TSu(t)Sa(ta) T}
= TSu(t) T TSu(ta) T = Su(t1)Salts), Vit >0 (A.97)

That S, (t) is in addition strongly continuous w.r.t. || - |5, follows with (A.95) from

ISet(t)2cr(0) = Za(0)l| ., = [T (TSa()T ! Twa(0) = Twa(0))lx,,
— Su(B)2a(0) — 2a(0)]x, = 0 for t—0+ (A98)

for all 7,(0) € X, since S (t) is strongly continuous. Thus, Acl,q is the infinitesimal

generator of a Cy-semigroup as stated.

Now, 0(Aeq) = 0(Aey) is proven by verifying p(Ae,) = p(Acq), which is equivalent
since the resolvent set and the spectrum are complementary sets in general. To this
end, it is used that

(M — Acg)g = h, he X (A.99)

has a unique solution g for any h € X if and only if A € p(A.,) (see Subsection 2.1.3),
which is assumed for the following. Taking (3.133) into account this equation can be

rewritten as
AT T —T'Au,Ng=h, heXy, (A.100)
which by multiplication with 7 from the left becomes
AT = Au,T)g= N —Au)Tg=Th, he Xy (A.101)

Since the right hand-side represents all elements of X, and ¢ and hence Tg are

uniquely determined this shows that A is contained in p(A.,) whenever X € p(Ac,)-
The same argumentation applies also in the reverse direction, which finally gives

p(Acq) = p(Auy) and hence o(Ay,) = 0(Ae,). Thus, the proof is complete.
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A.11 Proof of Proposition 4.1-3

In order to prove that A, is a sectorial Riesz-spectral operator the items of Defini-
tion 2.1-7 are checked. Comparison of (4.16) with the modal decomposition (2.33) of
A shows that A, has the same eigenvectors ¢; as A, which hence form a Riesz ba-
sis for X because A is a Riesz-spectral operator by Assumption 4.1-2 (see Item 4 of
Definition 2.1-6). Thus, Item 4 of the definition holds.

Taking the biorthonormality of ¢; and 1; into account (see (2.21)), (4.16) shows
that the eigenvalue \g; of A, that corresponds to ¢; can be expressed by a function
f:Cw— C\ {0} according to

Mii=f\)=eM  ieN, (A.102)

wherein ); is an eigenvalues of A. Note, that 4, cannot have any additional eigenvalue
Aao besides the eigenvalues A\g;, ¢ € N, because the eigenvector corresponding to Az
would be linear independent from ¢;, i € N, (see [92, Thm. 7.4-3]) which contradicts
the fact that the latter ones form a Riesz basis for X. Thus, (4.33) is confirmed.

That the eigenvalues \;; satisfy the sector condition follows from the assumption that
A is the infinitesimal generator of a Cy-semigroup (see Assumption 4.1-2) which implies
sup;ey Re A\, < 0o (see [46, Lem. 2.1.11]). Using (A.102) this shows that 4; has a
bounded spectral radius 74, = sup,cy [A4i| so that the sector condition holds. Thus,
Item 1 of Definition 2.1-7 is confirmed.

In order to prove Item 3 assume that o,(A;) is not totally disconnected, i.e., there
exist two points a,b € 0,(Ay) with a # b that can be joined by a continuous open

curve I' C 0,(Ay). First, the situation is considered, where

[CF:=C\(-00,0]. (A.103)

Then, every v € I is the limit point of a sequence (Ag;, )ren C F' because v € 0,(Aqg).
While the map f in (A.102) is not invertible on C, it has an inverse f~': F — {s €

C| —7m < Ims < 7} on the smaller set F', and one has

(f_l()\d,ik))k)EN = ()‘ik)keN C Up(-A) (A-104)

due to (A.102). Since f~! is continuous on F this sequence has an accumulation point
3 € 0,(A), because (Ai;, )ken accumulates at 7, and it holds 5 = f~(y) (see [116,
Thm. 4.6]). Using again the continuity of f~! shows that the image

L={f"(vIver} (A.105)
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of I' is a continuous curve contained in o,(.A). This however contradicts the fact that
m is totally disconnected since A is assumed to be a Riesz-spectral operator. Thus,
a curve I' C F'No,(Ag) does not exist. Now, the case is considered, where T' has one
or several intersections with (—oo,0] so that I' ¢ F. Then, I' can be split at the
intersection points into open curves that each are entirely contained in F. These,

however, lead to the same contradiction as above which shows that o,(.A4) is totally

disconnected. This gives Item 3 of Definition 2.1-7.

Finally, Item 2 of Definition 2.1-7 has to be shown. To this end note, that f is injective
on

E={seC|0<Ims<2r/T} (A.106)

for which reason the A\gs; = f(\;) for A\; € E are simple and mutual different because
the eigenvalues \; are simple and mutual different due to the Riesz-spectral property
of A. Relation (4.32) assures that the same is true for the images of all eigenvalues
of A so that A\g;, i € N, are distinct numbers. It follows from [46, Cor. 2.3.6] that
Ay is therefore a Riesz-spectral operator when it is taken into account that it has the
representation (4.16), its eigenvectors ¢; form a Riesz basis for X, and (¢;);eny and
(1;)ien are biorthonormal sequences. Thus, Item 2 of Definition 2.1-7 is verified in
view of Item 2 of Definition 2.1-6 so that, in summary, A, is a sectorial Riesz-spectral

operator.

The equations (4.35)—(4.36) immediately follow from (2.34)—(2.35) since A and A, are
Riesz-spectral operators. The equality in (4.34) is obtained from o(A;) = 0,(Aq) U
o(Ag) Uo,.(Ag) and (4.35)—(4.36). Finally, the inclusion in (4.34) follows from (4.26),
(4.33), and (4.35). Thus, the proof is complete.

A.12 Proof of Theorem 5.1-3

First, it is shown that the Items 1 and 2 of Problem 5.1-2 hold. Item 1 is apparently
satisfied due to the ansatz 0;(t) = Z;VZI a;k;(t) and in view of (5.27). Since (5.31)-
(5.32) and (5.35) yield

N
By =x,1(T) = Z aijhl(T) = ij,f”ed (A.107)
j=1

also Item 2 is confirmed. Finally, it has to be shown that ||B,,|| is minimized in the

case of single-input systems for 6(t) = Z;VZI a;jk;(t). To this end, the norm of the
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operator

N
Biv=z,1(T)v = Zajxi71(T) v, VveC (A.108)
j=1

(see (5.26) and (5.30)) is expressed by

N
1Bas ]l = <Z aga),(T), ) akx'ﬁ,l(T)>
k=1

Jj=1

X,
N N ' )
= 33wyl (1), 2k, (D) x, = o Nt (A109)
=1 k=1
with « as defined in (5.34) and
) (2;1(T), 2}, (T))x, (2,1(T), ) (1)) x,
= : : , (A.110)
(@M (T), 20 (T))x, - (@) (T), ) (T))x,

where it is used that the «; are real. Note, that M is hermitian. It can be shown
easily that for this reason Im M is skew-symmetric, and that Im M does therefore not
contribute to the right hand-side in (A.109). Consequently, M therein can be replaced
by M = ReM. Thus, if the objective function o M is minimized, as claimed in
(5.33), then ||B,,|| becomes minimal. So, Problem 5.1-2 is satisfied, which completes

the proof.

A.13 Proof of Theorem 5.1-8

Recall that z,;,(T), i =1,2,...,p, is the state of the continuous-time residual dynamics
Y., at the instant of time ¢ = T for vanishing initial state and input u(t) = e;0;(t) =
Z;V:l e;ajiki(t) (see (5.24) and (5.45)). By introducing the controllability map B :
Ly([0,t]; R?) — X, defined by

¢
Blu = / S, (t — 1) B,u(r)dr, Vu e Ly([0,t]; RP), (A.111)
0

this can be expressed by
() = B/ ei, (A.112)
wherein (5.25) and ©Oe¢; = ¢;6; are used. Analog, z,,;, 7 = 1,2,...,p, is the state of the

continuous-time approximation ¥, for vanishing initial state and input u(t) = e;0;(t)
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which can be written as z,,;(T) = Ble;0; with
Bl = /Ot AT Bo(r)dr, Vu € Ly([0, t]; RP) (A.113)
(see [86, Sec. 2.5]). In the following, input signals @ € E; with
E; = {u=e0;]0; € Ly([0,T|;R), BLesf; = Bje™e;},  i=1,2,...,p (A.114)

are considered. The hold functions 91 that define this set are not confined to the set
Ko of step functions (see (5.27)—(5.28)) but assure that Item 2 of Problem 5.1-2 is
satisfied (see (5.31)).

For the moment it is assumed that

ran(BT|g,) = X,, i=1,2,...,p (A.115)

(3

is satisfied which means that the space of input signals u € E; allows to approach all
states of the residual dynamics arbitrarily close. Thus, a feedforward control u(t) =
eiéi(t) € E; exists such that the state

7.,(T) = Bra (A.116)

T

of X, that corresponds to the input @ and vanishing initial state, satisfies ||Z,;(7)| < ¢
for arbitrary € > 0. Since the hold functions 6; are confined to the set Kg of step
functions, the control @(t) = e;0;(t) may not be implementable by the general hold
device exactly. However, the error ||t — u||z,(0,7);re) can be made arbitrarily small by
using a sufficiently large number N of steps, which follows from the construction of the
Lebesgue integral and the L, space (see, e.g., [112, Sec. 2.3]). Thus, ||&—u||r,(0,1];rr) <
¢ for arbitrary £ > 0 may be assumed. Taking into account that B! is bounded (see

[46, Lem. 4.1.4]) it follows by aid of (A.112) and (A.116)
lri(T) = Zra(T)llx, = 1By (u — @), < [IB/l<. (A117)
Using the triangular inequality yields
|z i(D)lx, < 2D, + l2ri(T) = &i(T)llx, < e+ 1B (A.118)

Since € > 0 and £ > 0 can be made arbitrarily small as argued above, this shows that
for a sufficiently large N a hold function 6; € K¢ exists such that By,e; = x,;(T) (see
(5.26)) satisfies

| Bareill x, <9, i=1,2,...,p (A.119)
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for any given o > 0. Since the approach of Theorem 5.1-3 and Remark 5.1-6 minimizes
|| Bareil|, this approach yields 6; such that (A.119) indeed holds if NV is sufficiently large.
Thus,

WMHW%ﬂDxMﬂ~~xMﬂN%ObrN%m. (A.120)

Hence, by help of (5 51) the statement is proven under the assumption (A.115). Note,
that the norms || 7.7}, ||7all, and || K| in (5.51) are independent from N because only
Ba, depends on the choice of the general sampling device when Item 2 of Problem 5.1-2

is taken into account.

Now, the situation is considered, where (A.115) does not hold. To this end, the state
space X, is divided into X, = XT + XTL, where

X, = ran(B7|g,). (A.121)

By restricting X, to the subspace X,, i.e., X,, A, and C, in (5.17)(5.18) are replaced
by X,, A, r|x,, and C,| g , respectively, the resulting system 3, is approximately con-
trollable (see [123, Thm. 9.1.9]). Hence, when the state z,; is decomposed according
to

woa(t) = 2l () +ah), 2l e X, o) e X (A.122)
the same considerations as above can be applied to the part [E”, yielding

lz! (T)|x, =0 for N — occ. (A.123)

The part :)srlZ satisfies
z,(T) =0 (A.124)

because one has z, ; (1) € X, due to 2,,;(0) = 0 and the definition of X,. Thus, (A.122)-
(A.124) and B,e; = z,,;(T) yields (A.120). In view of (5.51), this finally confirms the

statement so that the proof is complete.

A.14 Proof of Proposition 5.2-1

Let y*#*~1(¢) denote the output of the plant X in (5.58)(5.59) for t € [t;_1,t), k € N,
that results from v = 0 and z[k — 1] € X, and similar, let y*(¢) be the output of ¥ for
t € [te—1,tx), k € N, that results from z[k — 1] = 0 and u # 0. Then, the output y of

> can be decomposed into

y() =y @) +y (1), telthor,te), kEN (A.125)
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due to the linearity of ¥. Using (2.120) the part y**~! in turn has the decomposition

y 1) = 2By 42 B0@), e [t tr), k€N, (A.126)

T

[k

where yn I denotes the output of the continuous-time approximation 3, in (4.48)—

(4.49) with u = 0, and yr =1 ig the output of the continuous-time residual dynamics
Y, in (4.56)—(4.57) for u = 0. By taking y,[k] = fOTH(T)y(T + tr—1)d7, k € N, (see
(5.57)) and (A.125)—(A.126) into account, the discrete-time output y,; can be written

as

yalk] = /T TI(r)y* " (T‘i‘tk—l)dTﬂL/TH(T)yf[k_l] (T+tk—1)dT+/TH(T)yu(T‘i‘tk—l)dT

’ ’ " (A.127)
for k € N, and y,4][0] = 0. Now, observe that ya =1 s obtained from (4.48)—(4.49) and
Zp(tp—1) = x,[k — 1] by

yalE (T 4+ te1) = Coten (T + tr1) = Cre™ Ty [k — 1] (A.128)
for 7 € [0,T) (see [86, Sec. 2.5]), and yr " satisfies analog
yf[k_l} (T + tk—l) = C,«LL’T(T + tk—l) = CTST(T>xT[k - 1] (A129>

in view of (4.56)—(4.57) and x,(tx—1) = x.[k — 1] (compare to (2.13)). Furthermore,
(5.58)—(5.59) yields

y U (T+tp—1) = Cx(t+1t,—1) =C /T S(k)Bu(t+tg_1—r)dk = CBa(T)uglk—1] (A.130)

for 7 € [0,7"), where (5.60) and (5.61) have been used (see [46, Def. 3.1.4, Thm. 3.1.7]).
Insertion of (A.128)—(A.130) into (A.127) confirms that y4,, and y,, according to (5.63)
and (5.65) satisty yalk] = yanlk| +var[k], as claimed. Finally, the equations (5.62) and
(5.64) have been determined in Subsection 4.2.1 (see (4.50) and (4.58)). Thus, the

proof is complete.

A.15 Proof of Theorem 5.2-9

Consider some sampling functions 7; € Lo([0,T];R), i = 1,2,...,m, that are not con-
straint to consist of Dirac delta functions but are such that Item 2 of Problem 5.2-4
is satisfied. It can be shown in the same way as in the proof of Theorem 5.1-8 (see

Appendix A.13) that these sampling functions can be chosen such that the norms
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|Z-:(T)|| x, become arbitrarily small, where Z,; is the state of the dual residual dy-

namics (5.92) for the input u(t) = e;m; (17" — t) and z,;(0) = 0. For the operator
T
Carh = / diag(7y(7), m2(7), . . ., (7)) C. Sy (T)dT h, VhelX, (A.131)
0

that results when the sampling functions 7; are used in (5.87) instead of m;, one has
CA;,T,eZ- = 2,,(T), i = 1,2,...,m, analog to (5.95). Consequently, the above reasoning
shows that one can assume

G s < & (A.132)

for arbitrary £ > 0. The corresponding general sampling law (5.54) with m; replaced
by 7; cannot be implemented exactly in general since the sampling functions m; are
confined to the set K of weighted Dirac delta functions, which means that m; has
the form m;(t) = Z;VZI ozj,ié(j_l)%(t) (see (5.96)—(5.97)), so that the integrals in (5.54)
become for k =1 . N
| mrniar =3 s - D). (A.133)
j=1
In order to make the error between this sum and the integral fOT 7:(7)y; (7)d7 small,
that is the analog to the left hand-side of (A.133) for the use of the sampling function
7;, this integral is approximated by the rectangle method for integration calculus, i.e.,

| woutnr = 4 3 w6 = DE)u(G-n3) (A131)

(see, e.g., [74, Sec. 1.3]). Apparently, by choosing «;; = %fr,((] - 1)
hand-sides of (A.133)—(A.134) coincide, which gives

) the right

N T
S (- )E) ~ / (T )a(r)dr (A.135)
i=1 0
and equivalently
N T
Z diag(1, ..., 5m) y((j — 1)L) =~ / diag(71(7), ..., Fm(7))y(r)d7r.  (A.136)
j=1 0
By substituting y(¢) therein by C,S,(t)h and taking (A.131) and
N
Z diag(aj,l, e ,Oé]"m) CTST((j — 1)%)}1
j=1

T
_ / N(F)C,S,(r)dr h = Carh,  VheX, (A.137)
0
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(see (5.56), (5.87), and (5.98)) into account, (A.136) becomes

Ciph = Cyrh,  VheX,. (A.138)

It is well-known that the error in (A.134) and thus also in (A.136) can be made arbi-
trarily small for sufficiently large N if y is continuous (see [74, Sec. 1.3]). For (A.137)—
(A.138) y(t) has been replaced by yr g (t) := C,S,(t)h which is the output of the residual
dynamics ¥, that results from v = 0 and x,.(0) = h (see (A.129)). This output is known

to be continuous (see [46, Lem. 3.1.5]). Therefore,
IC;, = Civllis = ICar = Carllus <&, €>0 (A.139)

is achieved if N is sufficiently large. Taking (A.132) into account, this shows that for

sufficiently large N sampling functions 7; € Ky exist such that
1€ s < 1€, = Cillas + 1Cillms < &+ € (A.140)

by the triangular equation. Since the approach of Theorem 5.2-5 minimizes [|C}, || xs,
this approach yields 7; such that (A.140) indeed holds if N is sufficiently large. Thus,
by help of (5.122) and |Cj.|| < [|Cj,|lms the statement is proven since the norms
|7 M, || Tall, and || L] in (5.122) can be verified to be independent from N by use of
Item 2 of Problem 5.2-4.
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Appendix B

Computation of the disk radius for

spectrum enclosure

In this appendix the numerical computation of the disk radius r for the spectrum
enclosure (2.204)-(2.205) is addressed. Indeed, making use of the fact that T, 'AT,
has finite rank, i.e., dimran(7,;'AT,) < oo, it is possible to convert the computation
of || T,;' ATl to the standard problem of determining the norm of a finite-dimensional
matrix. The following lemma provides a step-by-step procedure for the calculation of
r that is suitable for the computation by standard numeric software. However, it has
to be assumed that A is normal. An important class of operators that satisfies this

condition consists of Riesz-spectral operators with orthonormal eigenvectors ¢;,7 € N.

Theorem B-1
Suppose that A is normal. Accomplish the following procedure:

1. Compute the eigenvectors ¢, © < 2n, of the operator A, o by solving the bound-

ary value problems
Acl,O ¢cl,i - )\cl,iqbcl,ia ¢cl,i € D(Acl,0)7 L= 17 27 cey 2n (Bl)

for the assigned eigenvalues \.; € o(A, — B,K)Uo(A, — LC,,).

2. Define the 2n x 2n-matriz T, and the operator Ty : C** — X, by the partitioning

T;

75 = |:¢cl,1 ¢cl,2 ¢cl,2n (BQ)
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B Computation of the disk radius for spectrum enclosure

and compute

Tt

TT_l , 1% c Xcz, 1=1,2,...,2n. (B.3)
~TLT;

Gt e | =

Therein, T can be calculated easily because Ty is an invertible 2n x 2n-matriz.

3. Calculate the m x 2n-matriz G = C,. Ty and define the vectors

Co = H L i=1,2,....m (B.4)
Ci
with ¢, o, ..., Cp from (2.15) and g1, g2, .. ., Gm from
91
| =G. (B.5)
I

4. Compute the Gramian matrices

(O, V) x, o (Wn 1) x,,
_<w17 wn)Xcl T <wm ¢n>XCl
[ <Ce,17 Ce,l)Xcl e <Ce,m7 Ce,l)Xcl
I'= : : (B.7)
_<Ce,1> Ce,m)Xcl Tt <Ce,m> Ce,m>Xcl
with the vectors in (B.3) and (B.4).
Then, the radius r in (2.204)-(2.205) of the enclosing circles is given by
T = ||H%LF% Cnxm (BS)

where L is the observer gain of ¥. (see (2.168)).

Note, that the boundary value problems in the first step of the procedure can be solved
numerically because the assigned eigenvalues A\.;; € 0(4,, — B,K)Uo(A,, — LC,,) are
known (see (2.179)). The Steps 3 and 4 require the evaluation of several inner products
on X which involves in most cases a numerical integration. Thus, the presented

algorithm can be implemented by numerical software packages.

In order to prove the statement Theorem 2.4-10 will be applied, in which the normal-
izing transformation 7, can be shown to have a certain structure under the condition

that A is normal. This is subject of the following auxiliary statement.
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Lemma B-2

Assume that A is normal. Let Ty and T3 be as defined in Theorem B-1. Then, the
operator Te » X +— X defined by

hay,
b

Tl 0 h2n 2
;o Vhey € CT b € X, B.9
noalli] oY

with Ix, denoting the identity operator on X,., is a linear transformation, and 7:3]1./4@1,07'@1

1s normal. Furthermore, ’Tcl_l s given by
—1 h2n _
cl hr

Proof. First, it can be verified easily under use of (B.9) that (B.10) holds. Since

Ty, T3, and Ix, are bounded operators, also 7, and Tcz_l are bounded so that T, is a

V hy, € C, by € X, B.10
_7'2T1—1 IXT] [hr] 9 2 S € ( )

linear transformation as claimed. Using the fact that the eigenvectors ¢.;; satisfy the

eigenvalue-eigenvector equation
Acri®eri = Neti®eii, t=1,2,...,2n, (B.11)

one obtains from (B.2)

T T
A, Ay, B.12
o | 12 7| A2 (B.12)
with
Agn = diag()\l, )\2, ceey )\2n)7 (B13)
and thus
T, 0 T, 0 Ay, O
Ac 72 - Ac . B.14
1,0/ ¢l 1,0 T Iy T Ix 0 Ar] ( )

by aid of (2.177). Combined with (B.10) this yields

T 0|7y 0o]|A 0 A 0
—1 1 1 2n 2n
c cl — _ = B15
T Aaola =1 _pro n |15 || o 4 0 AT] (B.15)
and
A¥ 0
CAaeTa) = | . B.1
(T AcoTa) 0 A;i] (B.16)
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B Computation of the disk radius for spectrum enclosure

Using the fact that A, is normal, u.e., A, A7 = A*A,, since A is normal by assumption
and A.h = Ah, Vh € D(A,) (see (2.115)), it follows from (B.15)-(B.16) and (B.13)

Ao A 0 A5 A 0
—1 —1 * 2niion 2nti2n
Ac c Ac c - -
(7‘c l70Tl)(7‘cl lyoTl) 0 ATA: 0 A:Ar]
= (T Ao Ta) (T, Ao Ta) (B.17)
D((T " Ao Ta) (T Ao Ta)™) = C" @ D(AAY) = C" @ D(AA,)
= D((T ' AaoTa) (To  Aco Tar)- (B.18)
Thus, T,; ' Ae0Tz is normal, so that the proof is complete. [ |
Now, the proof of Theorem B-1 follows next.
Proof of Theorem B-1. In order to show (B.8) Theorem 2.4-10 is applied,

for which the transformation 7, according to (B.9) will be used. In order to avoid
confusion the identity operator on X, is denoted Iy, in this proof. With the structure
of A (see (2.177)) A == T AT, can easily be verified to be given by consequently

C

!
— LTt

. —L

A:

OTLXTI’L

]C{E &J (B.19)
with 0,,%,, being the n X m zero matrix. Defining
@:cﬁg &J (B.20)
= [?/)1 Yo oo ?/)n} ; (B.21)
where ;, 7 =1,2,...,n, are as in (B.3), the relation (B.19) becomes

A=-ULC, (B.22)

by aid of (B.3). Next, a connection between C. and ¥ on the one hand and I' and II in
(B.6)—(B.7) on the other will be examined. As a first step it has to be be shown that

the operator C. can be represented as

([2r], cen) x (Bans g1)cn + (o, 1) x,
Cli] = : = : o V[ e Xu (B23)
< [};f:b] ’ Ce,m)Xcl <h'2n> gm)CZ” + <h'r> Cm>XT
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with c.1,...,cen defined by (B.4)—(B.5). In order to prove this relation apply C. to
; ; y Y
2] € X with hy, € C* and h, € X, yielding

Ce hy hy

hzn] = Cr [75 [XT] [hzn] = Gh2n + Crhr (B'24)

(see (B.20)), where G is the m x 2n-matrix defined in Step 3 of Theorem B-1. Using

(B.5) leads to
E han (hon, g1)cen
Gha, = : = : , (B.25)
E han <h2na gm>(C2"
and from (2.15) and (2.115) one gets

(hr, Cl>XT
<h7"7 Cm>XT

Then, insertion of (B.25)-(B.26) into (B.24) yields (B.23). It is straightforward to
check by aid of (B.21) and (B.23) that the adjoint operators of ¥ and C, are given by

<h'7“?w1>Xcl

Uh, = : . VYh eX, (B.27)
<hrvwn>XCl

Chm = [con - ce7m] hy  Whp € C™, (B.28)

and consequently the matrices IT and I" in (B.6)—(B.7) satisfy
=0T, T =CC. (B.29)

Note, that v;, ¢ = 1,2,...,n, are linearly independent because Tcz_l is invertible (see
(B.3) and (B.10)) so that any o € C™*\ {0} yields W # 0. Similar, ¢.;, 1 =1,2,...,m,
are linearly independent as a consequence of ¢;,i = 1,2,...,m, being linear indepen-
dent (see Assumption 2.1-2), and this assures C; 3 # 0 for all 5 € C™\ {0}. Using
ATV Wa = (Va) Ta = ((Va)* Va, 1)c = (Va, Ta)x,, (B.30)
BTC.C;B = (CIB) Ci8 = ((C:B)" CLB, 1)c = (CIB,CLB) x., (B.31)

the relations in (B.29) lead to

oo =TV Va = (Va, Ya)x, = Vo, >0 Va0 (B.32)
BTT B =BTC.LIB = (C:B,CcB)x, = IC:BI%, > 0 VB #0, (B.33)
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B Computation of the disk radius for spectrum enclosure

showing that IT and I' are positive definite matrices. In addition, these matrices are
hermitian which is obvious in view of (B.29). For that reason there uniquely exist
the square root matrices II: and ' which are invertible because the square roots

themselves are positive definite (see [21, Sec. 8.5]).

In order to avoid the computation of |A| = ||7; ATy in the infinite-dimensional

cl

space X, it is the aim in the sequel to show that the operators
Ho=1"20* and J=CT 2 (B.34)
are isometric so that HAJ is an n x m-matrix that satisfies
IA] = [IHAT]. (B.35)

This allows to determine the norm of A easily as the norm of the n X m-matrix
HAJ. First, it will be verified that |HAJ| = ||AJ|| holds. In the light of (B.22),
”HAJB = —HV LC.JpB with g € C™ can be written as

HATB = HVa (B.36)
with
a=-LC.JB € Cr, (B.37)
and using (B.29) and (B.34) gives
HVa =I"2Ma = I2q. (B.38)

Consequently, by an analog reasoning as in (B.31), it follows with (B.36)
IHAT B2 = |[HVa|2, = <H%a,H%a>C —af (H%>* M:a=alla, (B.39)

where the fact was used that 17 is hermitian since so is II (see [21, Sec. 8.5]). Fur-
thermore, in view of (B.22), (B.29), and (B.37), one obtains

IAT 8]

%, == VLC.TBl%, = (Yo, Vo), =T ¥ Va =aT lla. (B.40)

Since the relations (B.39)—(B.40) are valid of arbitrary g € C™, comparison of (B.39)
and (B.40) yields
IHAT| = |AT]. (B.41)

Now, it shall be shown that also 7 is isometric, i.e., |AJ|| = ||A||. This can be done
by an analog way as above, when it is used that |AJ]| = [[(AJZ)*| and |A| = || A
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holds in general (see [89, Sec. III 3.3]), so that it is sufficient to check the equality
| 7*A*|| = ||A*||. Making use of the defining relation (B.34) as well as (B.22) and
(B.29) it holds

TA* = — (r—%>*cec;;L*\1/* — DDLU = DL (B.42)
because I'"2 is hermitian. Consequently, for any h € X it follows

|T*A*h| 2 = ( ~T2L*U*h, ~T2L*U*h) = KTW LT L*U*h, (B.43)
C cm

and comparison with
IA*R|%, = (—C;L*W*h, —C;L*V*h) = hTWLC.C;L*"U*h = hTW LI L*U*h (B.44)
(see (B.22)) makes apparent that || 7*A*|| = ||A*||. Thus, J has the desired property
IAT] = |A]. (B.45)

Hence, (B.41) and (B.45) give (B.35). By aid of (B.22), (B.29), and (B.34) it follows

IHAT| = || = T 2U*WLC,CT 2| = |1 2IILIT 2| = ||z LTz |. (B.46)
In view of 7 = ||T;'ATall = [|A] (see (2.205)), insertion of (B.46) in (B.35) finally
completes the proof. [ |
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Appendix C

The adjoint operator

In this section it is demonstrated on the basis of an example how the adjoint A* of a
system operator A can be determined in many cases. For that purpose a system is con-
sidered that consists of two connected heat conducting rods as shown in Figure 39. The
temperature distributions ¥(z;,t) along the heat conductors with spatial coordinates

2 € [0,¢1] and zy € [0, fs] are described by the homogeneous heat equations
OV (zi,t) = 0292, 1), t>0,i=1,2, 2 € (0,4) (C.1)
(see Example 2.1-1). Since the heat flow
D, (2, t) = 0,9 (2, 1), i=1,2 (C.2)
is considered to vanish at z; = 0 and 2z, = {5 for all t > 0 Neumann boundary conditions

.,91(0,1) =0, t>0 (C.3)
822192<£2, t) - 0, t > 0 (C4)

are used. In the following the shorthand notation ¥ (z1,t) := 0.,V1(z1,t), ¥5(29,1) =
0.,U9(22,t) is applied. The temperatures of both heat conductors must coincide at the
connection point, and the energy flow ®;(¢y,t) out of heat conductor 1 at its right end
has to equal the energy flow ®5(0,¢) into the heat conductor 2 at the left end, which
is described by

191(61,15) - ﬁg(O,t), t>0 (C5)
9 (6, 1) = 05(0, ), t>0. (C.6)

211



C The adjoint operator

heat conductor 1 i heat conductor 2

| NS N % A
— = |
2120 21261 2’220 22:€2

Figure 39 — Two connected heat conductors with lengths #; and /5, and tempera-

ture distributions ¥4 (21,t) and ¥a(z2,t), respectively.

In conjunction with the initial condition 9;(2;,0) = ¥;0(2;), z; € [0,6], 1 =1,2, (C.1)~
(C.6) shall be described by a state space model with the state

aozlztgl (©7)

on the state space X = Ly(0,¢1) @ Ly(0,¢3), which is a Hilbert space with the inner
product

92

2 Lo
s 91]> 12/(; hl(Zl)gl(Zl)d21+A hQ(ZQ)gg(Z’g)dZQ. (08)

Then, using (C.1)—(C.6), the system can be described by the homogeneous state equa-
tion

i(t) = Ax(t),  t>0, 2(0) = 20 € X, (C.9)

where A is given by

hy b hy
-] o -

hy(6) = hy(0) } (C.11)

which is the generator of a Cy-semigroup (see Appendix D for the definition of Hy(0, ¢;)).

Now, an algebraic adjoint of A shall be determined, which by definition is an operator

A DA C X —» X (C.12)
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such that
(Ah,g)x = (h,A*g)x,  Yh e D(A), g€ D(A") (C.13)

holds. Introducing g = [iﬂ, h = [Z; , and
?] —g=Ay (C.14)

this means in view of (C.8) and (C.10) that g, g» must satisfy

01 2
/ W () g (e e + / B () ga(za)dz
0 0

:/01h1(21)§1(21)d21+/02h2(22)Md22. (015)

Integration by parts, applied two times to the left-hand side of (C.15), yields
0 I 0
/ h'{mdzl + / hg%dZQ = h/lm‘él - hlg_ﬂél + / hlg_i’dzl
0 0 0 .
+ gzl — hagh| o + /0 haglidzs, (C.16)

wherein the spatial arguments have been omitted for the sake of a simple notation.
Relation (C.15) can be satisfied with g, g2 € X only if the part

hig1 él - hlg_ﬂél + hlz%‘? — h29_§}§2
= h/1(€1) M - hi(o) 91(0) = ha(tr) g1 (¢1) + 11(0) g1(0)
+ hlz(gz) ga(la) — hlz(o) 92(0) — ha(l2) g5(¢2) + h2(0) g5(0) (C.17)

in (C.16) vanishes. Inserting the boundary conditions (see (C.11)) this means that

JR— J— - J— - |

h1(0) g1(0) — ha(l2) g5(£2) + h;(O) (91(51) - 92(0)) + h(0) (Qé(o) — 9 (51)) =0 (C.18)

has to hold which can be satisfied for arbitrary hy(0), ha(ls), h5(0), and he(0) only if

the adjoint boundary conditions

91(0) =0 (C.19)
93(l2) =0 (C.20)
91(41) = 92(0) (C.21)
91(6) = g(0) (C.22)
hold. Under these conditions (C.16) simplifies to
1 12 1 o 12 .
/ higidz + / hygadzy = / higidz + / hogldzs (C.23)
0 0 0 0
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C The adjoint operator

which leads to
A* g1 _ gil
92 95|’
in view of (C.14)(C.15). Before the domain of A* is discussed it should be remarked
that (C.24) defines an algebraic adjoint for any D(A*) that incorporates the conditions

(C.19)—(C.22) and that assures that the derivatives in (C.24) exist, since the defining

relation (C.13) is then satisfied. Thus, an algebraic adjoint is not unique since any

[?] € D(AY) (C.24)

subset of this domain D(A*) leads to another algebraic adjoint. In case however that
D(/l*) is mazimal', this special algebraic adjoint is called adjoint, which is denoted
A*. Such an operator can be found if A is densely defined® (see [89, Sec. III 5.5]).
Since g; and gy have to be sufficiently smooth for g{ and ¢4 in (C.24) to be defined,
one could assume g; € C*(0,4,), go € C*(0,43) (see Appendix D for the definition of
C?(0, £5)) which yields
D(A") = {g1 € C*(0, 1), g2 € C*(0, () |

91(0) = g5(£2) = 0, g1(£1) = g2(0), g1(61) = 95(0)} (C.25)
in view of (C.19)—-(C.22). However, the operator (C.24)—(C.25) can be extended be-
cause g1 € Hy(0,01), go € H(0,¢5) still yields A [gﬂ € X as postulated in (C.12) so
that a larger domain for A* is achieved in view of Hy(0,¢;) D C*(0,4;). In fact, it can
be shown that the adjoint A* is given by (C.24) and

D(A*) = {g1 € H(0,41), g2 € Hy(0,03) |
91(0) = g5(l2) = 0, g1(£1) = g2(0), g1(¢1) = gé(O)} (C.26)
Comparison of A* and A (see (C.10)—(C.11)) shows that both operators coincide in
this example, i.e.,
Ah = A*h, h e D(A) (C.27)
D(A) = D(A"). (C.28)
An operator A with adjoint A* satisfying these two conditions is called self-adjoint.

If A and A* satisfy (C.27), but instead of (C.28) one has D(A) C D(A*), then A is

called symmetric.

! This means that if A} and Aj are algebraic adjoints of A, in which D(A%) is maximal, then
D(A%) € D(A3) implies D(A%) = D(A3) and thus A% = Aj.

2 An operator M : D(M) C X ~ X is said to be densely defined if D(M) is dense in X, i.e.,
D(M)=X.




Appendix D

Definitions of function spaces

Ck(a,b)

C*(a,b)

L2 (CL, b)

classical functions space

Space of complex functions f : [a,b] — C over the inter-
val [a, b] for that the derivative f*), k € Ny, is continu-
ous on (a,b) and has a continuous extention on [a, b].
classical functions space

Space of complex functions f : [a,b] — C over the in-
terval [a,b] for that any derivative f®) VEk € Ny, is
continuous on (a,b) and has a continuous extention on
la, b].

Lebesgue space

Space of complex functions f : {2 +— C over the compact

set € that are absolute square Lebesgue integrable, i.e.,

J P < o

Ly(€2) is a Hilbert space with the inner product

(9, 1)1, :/Qg(w)h(w)dw.

Lebesgue space

Lg(a, b) = LQ(Q) with Q= [CL, b]
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D Definitions of function spaces
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Ly([a, b];C")

Ly (a,b)

Winp(a,b)

Lebesgue space

Space of C"-valued functions f : [a,b] — C" over
the interval [a,b] C R that are absolute Lebesgue
p-integrable with p € N 7.e.,

b
/nﬂMWAw<w.

Lo([a,b]; C™) (i.e., p = 2) is a Hilbert space with the

inner product

b
(9, 1) oo = / o () A(@)dw.

Lebesgue space
Space of C-valued functions f : [a,b] — C over the
interval [a,b] C R that satisfy

| f(w)] < o0, Vw € [a,b]

Sobolov space
Space of complex functions f : 2 + C over the com-
pact set 2 that and their first m derivatives are absolute

Lebesgue p-integrable. To be more precise, it holds
m
[l < o
Q=0
where the derivatives are to be taken in the weak sense.

Sobolev space

Wip(a,b) = Wi (Q) with Q= [a,}]



W p([a, b1; C")

(%)

Hg(a, b)

Sobolev space
Space of complex functions f : [a,b] — C" over the
interval [a,b] C R that and their first m derivatives are

absolute Lebesgue p-integrable. To be more precise, it

holds ) m
[ i)
@ =0

where the derivatives are to be taken in the weak sense.

fndw < o0,

Sobolev space

HQ(Q) = WQQ(Q).

H3(Q) is a Hilbert space with the inner product

e S

Sobolev space

Hy(a,b) == Hy(Q2) with Q= [a,b]

Sequence space
Space of complex-valued sequences that are absolute

square summable, i.e.,

b= {()ien| Y |1il* < o0}
i=1

ly is a Hilbert space with the inner product

i=1
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Controllers for systems with spatially distributed parameters are often designed on
the basis of an approximation model. Doing so, the neglected system dynamics
might have a negative impact on the closed-loop behavior. This dissertation presents
several approaches to deal with this undesired effect in a systematic way. These
address continuous-time as well as discrete-time compensators with particular low
order.

The considered system class covers a variety of linear parabolic, hyperbolic, and
biharmonic systems with spatially distributed inputs and outputs, as well as a class
of time-delay systems. The dynamics of these systems and the closed-loop behavior
are represented on the basis of state space models. The applied functional analytic
tools are explained in detail.
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