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Abstract

Technical processes such as in biological or chemical reactors, magnetohydro-
dynamic channel flows, or crystallization processes are described by coupled
parabolic partial differential equations. Typically, these equations are nonlin-
ear and require a proper linear reformulation to be able to apply common
control design methods. Due to time dependent reaction kinetics, time-
varying spatial domains or by the linearization of a system around a desired
trajectory, the equations can be traced back to the class of coupled parabolic
systems with space and time dependent coefficients. So far, no constructive
controller design methods exist for this system class. Therefore, this thesis
considers the backstepping design method for coupled parabolic systems with
space and time dependent coefficients on one-dimensional spatial domains
and actuation at one or both boundaries of the domain. The backstepping
design of a state feedback controller and observer for one-sided actuation and
sensing is presented for the general class of coupled parabolic partial integro-
differential-equations with spatially varying diffusion coefficients, a space and
time dependent reaction matrix and time-varying boundary matrices. By a
boundedly invertible Volterra-integral transformation, called backstepping
transformation, the system and observer error dynamics are mapped into a
uniformly exponentially stable target system. Due to the invertibility of the
transformation, this stability property also applies for the controlled system
and the observer error dynamics.

To determine the required controller and observer gains, the so-called
kernel equations determining the utilized transformation need to be solved.
To this end, they are converted into integral equations, allowing to utilize the
method of successive approximations, which provides a systematic, practical
tool for the controller and observer determination. Combining observer and
state feedback controller leads to an exponentially stable output-feedback
controller for which the separation property holds.

A natural restriction for the controller performance in applications are
input constraints. One way to further increase the decay rate of a controlled
system without exceeding these limits is to add additional actuators to dis-



tribute the control effort. In the case of boundary controlled systems, this
leads to the bilateral case with inputs at both ends of the spatial domain.
The backstepping design method for time dependent coupled parabolic sys-
tems with bilateral actuation is presented based on a folding-transformation,
which maps the system into a representation with unilateral, i. e. one-sided
actuation. Hence, the usual backstepping transformation can be utilized.
An additional Fredholm-type integral transformation is introduced to en-
able an assignable decay rate in the bilateral case. Applying the folding-
transformation requires to introduce certain folding-boundary conditions
to ensure the regularity of the solution. These are inherited by the derived
kernel equations, resulting in a boundary coupling so that a new procedure
for their solution is necessary. By introducing different directions of integ-
rations for the coupled kernel elements, they can be converted into integral
equations like in the unilateral case, leading to the same constructive solution
procedure.

vi



Kurzzusammenfassung

Viele technische Prozesse, wie in biologischen oder chemischen Reakto-
ren, magnetohydrodynamische Strémungen oder Kristallisationsprozesse
werden durch verkoppelte parabolische partielle Differentialgleichungen be-
schrieben. Diese Gleichungen sind typischerweise nichtlinear und miissen
in geeigneter Form linearisiert werden, um vorhandene Entwurfsmethoden
anwenden zu konnen. Aufgrund zeitabhangiger Reaktionskinetiken, zeitab-
hangigen Ortsbereichen oder der Linearisierung entlang von Solltrajektorien
konnen diese Systeme auf die Klasse der verkoppelten parabolischen Systeme
mit orts- und zeitabhangigen Koeffizienten zurtickgefiihrt werden. Hierfiir
existieren bislang jedoch keine konstruktiven Entwurfsmethoden. Deshalb
behandelt diese Arbeit die Backstepping-Methode fiir verkoppelte paraboli-
sche Systeme mit orts- und zeitabhdngigen Koeffizienten auf eindimensio-
nalen Ortsbereichen und sowohl ein- als auch beidseitiger Aktuierung. Der
Backstepping-Entwurf von Zustandsriickfiihrung und Beobachter fiir einsei-
tige Aktuierung und Messung wird fiir die allgemeine Klasse parabolischer
partieller Integro-Differentialgleichungen mit ortsabhdngigen Diffusionskoef-
fizienten, orts- und zeitabhdngigem Reaktionsterm und zeitveranderlichen
Randbedingungsmatrizen formuliert. Durch eine beschrankt invertierba-
re Integral-Transformation, genannt Backstepping-Transformation, werden
System- und Beobachterfehlerdynamik auf ein gleichmaflig exponentiell
stabiles Zielsystem transformiert. Durch die Invertierbarkeit der Transforma-
tion ist sichergestellt, dass diese Stabilitatseigenschaft auch fir das geregelte
System bzw. die Beobachterfehlerdynamik gilt.

Um die zur Stabilisierung benoétigten Regler- und Beobachterverstarkungen
zu berechnen, miissen die sogenannten Kerngleichungen gel6st werden,
welche die beschriebene Transformation festlegen. Hierzu werden sie in
Integralgleichungen umgewandelt, welche mit der Methode der sukzessiven
Approximation gelost werden konnen. Dies ergibt ein systematisches und
praktikables Werkzeug zur Bestimmung von Zustandsregler und Beobachter.
Der durch die Kombination von Zustandsregler und Beobachter entstehende
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Ausgangsregler sorgt fir die exponentielle Stabilisierung des Systems und
erfiillt das Separationsprinzip.

Eine natiirliche Grenze fiir das erzielbare dynamische Verhalten geregelter
Systeme stellen Eingangsbeschrankungen dar. Eine Mdglichkeit, das Abkling-
verhalten eines Systems bei vorhandener Stellbegrenzung weiter zu beschleu-
nigen ist das Hinzunehmen zusatzlicher Stellglieder. Bei Systemen mit Rand-
eingriff fiihrt dies zum bilateralen Fall, bei dem sich Systemeingange an beiden
Enden des Ortsbereichs befinden. Der Entwurf des bilateralen Zustandsreg-
lers fiir zeitabhdngige verkoppelte parabolische Systeme mit beidseitiger
Aktuierung basiert auf einer Faltungstransformation, welche das System in
eine unilaterale Darstellung, d. h. mit einseitiger Aktuierung, iiberfiihrt. Dies
ermoglicht die Anwendung der bekannten Backstepping-Transformation.
Diese wird um eine Fredholm-Integraltransformation erganzt, um auch im
bilateralen Fall eine einstellbare Abklingrate des Systems zu ermdglichen.
Das Falten des Ortsbereichs erfordert die Einfithrung bestimmter Faltungs-
Randbedingungen, welche die Regularitdt der Losung sicherstellen. Diese
finden sich auch in den resultierenden Kerngleichungen wieder und fiihren
zu einer neuen Verkopplung des Kerns am Rand seines Definitionsbereichs,
was eine Anpassung der Losungsstrategie erfordert. Durch die Einfithrung
unterschiedlicher Integrationsrichtungen fiir die verkoppelten Kernelemente
konnen die Kerngleichungen wie im unilateralen Fall in Integralgleichun-
gen uberfiihrt werden, wodurch die gleiche konstruktive Entwurfsmethode
ermoglicht wird.
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1 Introduction

Modern controller design approaches for technical systems are based on a
mathematical model of the system, abstracting the relevant system beha-
viour into mathematical equations. Depending on the characteristics of the
system under consideration, called plant, it may be sufficient to use ordin-
ary differential equations (ODEs) to describe the dynamics. However, if the
time-behaviour of the system variables is significantly distributed over one or
several spatial coordinates, partial differential equations (PDEs) are required
to represent the system’s dynamics. This leads to distributed-parameter sys-
tems (DPS), describing the system class whose dynamics incorporate at least
one PDE.

The main subclasses of DPS derived from the type of the PDE are parabolic
systems describing balancing processes like heat transfer or matter diffusion,
hyperbolic systems modelling transport phenomena like time delay, fluid flow
or wave propagation and biharmonic systems which represent quantities with
spatially distributed oscillations appearing for example in flexible mechanical
structures. Each of these classes have strong unique characteristics, which
cannot be found in one of the other classes. Consequently, the controller
design for each of these classes leads to its own theoretical field.

As a common tool to handle DPS, the abstract formulation in terms of op-
erators on Hilbert spaces [26] allows to describe such systems by a state-space
representation. In contrast to ODEs, the state belongs to a suitable infinite-
dimensional function space rather than to a finite-dimensional vector space
and, in the linear case, the system operator is not a matrix but a differential
operator. This provides the basis for various controller design methods for
DPS, where especially optimal control by solving Riccati-equations [67] and
modal approaches [16, 32, 102] turned out to be effective.

If the inputs and outputs of the DPS are distributed over the spatial domain,
the abstract description leads to bounded operators in the state space repre-
sentation. Then, the controller and observer design methods become similar
to the finite-dimensional case, which has been studied intensely during the
80s (see e. g. [8] and the contained references). In practice, however, many
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DPS can only interact with their environment through their boundary. This
leads to unbounded operators in the abstract representation, rising new math-
ematical challenges. In particular, the application of the state space method
in the framework of regular linear systems [105, 106] or boundary control
systems [26, 89] requires a strong mathematical background on functional
analysis and operator theory.

The second widespread class of methods can be described as PDE-based,
meaning that they directly consider the PDE rather than its abstract represen-
tation. The most important approaches in this fields are either based on the
extension of Lyapunov’s theory for PDEs [71, 76] or the backstepping method
[63].

Transformation-based design methods or normal form approaches are very
common in control theory, especially in the field of nonlinear [52, 53, 61]
or time-varying systems [go]. As an extension of the backstepping method
for ODEs, PDE-backstepping [63] is such a normal form approach' as well,
making its success not surprising at first glance. The astonishing fact, how-
ever, is its power despite its simplicity. The first important fact is that due
to the structure of the utilized transformation in form of a Volterra-integral
transformation, structural invertibility is always ensured. Moreover, while
ODEs must mostly be of a certain structure to be able to apply a specific
normal form transformation, it turned out that most PDEs with boundary ac-
tuation or sensing appearing in applications automatically have the required
structure to be able to apply backstepping. This becomes apparent when
having a short look on the history of PDE-backstepping.

1.1 The origin of infinite-dimensional backstepping

The terminology backstepping® was initially introduced by [58] and the related
works as a method for the control design of a certain class of nonlinear ODEs
which are at least strict-feedback? systems and is explained in detail in [64].
Described in a simplified manner, these systems contain a chain of integrators
exciting an input-affine system. Now the idea is to use the output, say ¢;, of
the integrator chain as a virtual input for the affine system and to determine
its value to stabilize the affine system as a nonlinear function ¢(z) of the
states x. Then, ,stepping back“ one step in the integrator chain, the input of

' An interesting interpretation of the backstepping transformation was established in [35] by
showing that it can be seen as an infinite-dimensional map into controller canonical form.

*In detail, this was called integrator backstepping.

3To be precise, the systems must at least be block-strict-feedback systems. The so-called
pure-feedback and strict-feedback systems are subclasses thereof.
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the last integrator, £, is considered as virtual input to control the output &;
of the integrator chain to the desired calculated stabilizing function ¢(z). To
this end, new coordinates z; = & — ¢(z) describing the deviation of ¢; and
its desired value are introduced, which need to be stabilized, i. e. controlled
to zero. This backstepping is repeated consecutively until the actual input
of the integrator chain is determined as a function of the original states z,
which is the control law.

This method gained vast popularity, since it allowed to obtain explicit
stabilizing feedback laws and provided the ability to include perturbations,
disturbances and unmodelled dynamics [g] as the stabilization is proved
by the help of Lyapunov-functions. In addition, it can be combined with
adaptive control [64]. On the other hand, the restriction to strict-feedback
systems is no obstacle for many applications. Therefore, great efforts to
generalize this method to PDEs began at the beginning of this century in the
research group of M. Krstic [9, 10, 12-15, 69].

The first ideas in this direction started by a finite-difference discretization
of a parabolic PDE [9]. Realizing that the resulting ODEs have the required
strict-feedback form, ODE-backstepping could be applied. However, since
this leads to an eigenvalue placement for all eigenvalues, the controller gains
tend to infinity with increasing approximation order. The authors under-
stood that the ODE-backstepping changes the parabolic character of the
equation and that a suitable transformation needed to preserve it. Therefore,
the target system of the transformation is the key which needs to be chosen
different to the ODE-backstepping case and is later called the ,subtle differ-
ence between ODE backstepping and PDE backstepping“ [63]. Setting the
finite-difference approximation of a stable heat equation as the target system
of the transformation, they now determined a finite-dimensional invertible
transformation between the approximations. It turns out that this transform-
ation is calculated recursively with highly oscillating and non-converging
elements. However, the resulting control law has an existing bounded limit
when the approximation order goes to infinity. The transformation matrix has
a lower triangular structure, as known from ODE-backstepping. Extended
to infinite dimensions, the limit of this transformation is a Volterra-integral
transformation. Showing that it is possible by principle to stabilize the system
with a change of coordinates that is such a transformation paved the way for
the actual infinite-dimensional backstepping.

Due to the structure of the Volterra-integral transformation, it can be
regarded as an infinite-dimensional transformation matrix that has a lower-
triangular structure with ones on the main diagonal. The entries below the
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main diagonal correspond to the values of the kernel of the transformation.
It is obvious that such a matrix is invertible by principle, which can be seen
as the outstanding property of the PDE-backstepping transformation.

The subsequent works [69, 79, 81] were the first to consider this problem
more generally and introduced the backstepping method in its form to which
it is known nowadays. The backstepping transformation is formulated as a
map of the original system into a suitably chosen target system with stable dy-
namics and the same differential operator as the original system. Comparing
original and target system in combination with the utilized transformation,
conditions on the kernel of the transformation are derived. They consist
of a PDE with a hyperbolic differential operator* and rather uncommon
BCs forming a boundary value problem (BVP) for the kernel, called kernel
equations.

With this approach, the stabilization problem is turned into the solvability
analysis of the kernel equations. These are converted into integral equations,
which can be solved by fixed-point iteration. Having proved the uniform
convergence of this iteration, a series truncation can be applied, allowing the
successive approximation of the solution, which provides a practical tool for
the explicit or numerical calculation of the kernel.

In fact, [22, 23, 78] had already considered these problems long before, but
only for the purpose of analysing the well-posedness of initial boundary value
problems (IBVPs) for parabolic PDEs with spatially and temporally varying
coefficients. Thus, they were ,rather poorly-known“ [93] to the control com-
munity so that [69] independently discovered the ideas for the backstepping
design>. With these results, the modern PDE-backstepping was born as the
starting point for generalizations into various different directions. Though it
has not much in common with the original ODE-backstepping except that
the structure of the transformation can be regarded as triangular in both
cases and that it is a transformation into a stable target system, the inventors
kept the name backstepping to emphasize the analogy [63, Ch. 4.10].

To put it in a nutshell, the backstepping method for PDEs can be seen as
a transformation-based design procedure for boundary controlled DPS. It
turned out especially successful due to its explicit calculations, requiring a
comparably low amount of mathematical background.

*In physics, the appearing PDE is known as Klein-Gordon equation.
> The work of Smyshlyaev [79] which is based on [69] is the first who cites [23, 78]. His extension
to time-varying systems [81] is the first to actually utilize the results of [23].
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1.2 Contribution

The birth of PDE-backstepping not only gave rise to numerous considered ap-
plications including observer design [80], systems with Volterra-nonlinearities
[94, 95], higher-order spatial domains [55, 72], output regulation [33], ro-
bust output regulation [28], control of the Schrédinger-equation [109] or
finite-time stabilization [24, 83]. It was also generalized to time dependent
coefficients [73, 81, 100], motivated by various applications such as time-
varying spatial domains [54, 62], state-of-charge estimation in lithium-ion
batteries [85] or chemical reactors with time dependent reaction kinetics
[2]. Moreover, time dependent coefficients appear when linearizing a non-
linear system around a desired trajectory, e. g. when applying flatness-based
tracking control [73]. A more detailed overview of different applications of
backstepping can be found in [93].

The backstepping control of coupled parabolic systems has been in the
research focus especially for the past five years. Though [1, 99] already exam-
ined systems of two coupled parabolic PDEs with constant and equal diffusion
coefficients, it took some time until the considered system class was further
extended. Inspired by the results achieved for hyperbolic systems [25, 36,
37], where coupled systems arise naturally in applications as well, [5, 6] gen-
eralized the controller and observer design to n coupled parabolic systems
with constant parameters and equal diffusion coefficients. In this case, the
matrix-valued kernel has a diagonal structure with equal entries, so that the
kernel equations to be solved are the same as in the scalar case. Subsequently,
[7, 68, 74] extended the setup to distinct diffusion coefficients, where the
solvability of the appearing kernel equations can only be ensured if the struc-
ture of the target system is restricted. Choosing a target system with the
same couplings as in the original system allows to trace the solution back
to the scalar case again. This idea was applied in several applications like
sliding mode control [46] or the backstepping observer design for coupled
semi-linear parabolic systems with constant coefficients [43]. By including
the time-dependent nonlinearity in the target system, solving the kernel
equations with the results from the scalar case is directly possible in the latter
reference. However, the method is not capable to handle spatially varying
coefficients.

In the meantime, the case of coupled hyperbolic systems, which is still
an active research topic, was studied intensely in numerous contributions
(see [3, 4, 24, 29-31, 34, 39, 42, 65, 84]). The results of [50, 51] in this field
provided new ideas for the generalization of the backstepping method in the
parabolic case. Thus, the very general setup of coupled parabolic PDEs with
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distinct diffusion coefficients, when all parameters are spatially varying was
considered by [98]. Here, the authors achieved the required structure of the
target system to obtain solvable kernel equations by a local coupling term
with strictly lower-triangular structure. The resulting kernel equations can
no more be traced back to the scalar case but are transformed into the form
in which they appear during the backstepping design of hyperbolic systems,
whose solvability has already been shown in [50, 51]. Based on these results,
[17, 18] presented the corresponding observer design for two and n coupled
systems, respectively. Therein, [18] further simplified the target system to
eliminate all appearing couplings by a Fredholm-type integral transformation.

However, since the kernel equations in the scalar parabolic case [79] had
been solved without a backtrace to the hyperbolic case, the generalization
of this direct solution to the case of coupled systems was still of particular
interest. The first idea to this solution was given in [11] for PDEs with con-
stant diffusion coefficients. Then, [113] provided the direct solution of the
kernel equations for general partial integro-differential equations (PIDEs),
with spatially varying, distinct diffusion coefficients. This is the direct exten-
sion of the original result [79] to coupled systems and provides the basis for
further considerations like observer-based output regulation [114] and robust
output regulation [115]. Just like in [79], the kernel equations are converted
into integral equations and solved by fixed-point iteration.

This thesis covers the extension of the backstepping method to the class
of coupled parabolic systems with space and time dependent coefficients.
While the control of time-varying systems is a rather difficult subject even for
ODEs, where plenty of results are available, hardly anything can be found for
DPS. Particularly, operator-theory becomes significantly more complicated
and is less founded as in the time-invariant case. Moreover, there exists no
modal decomposition of the time-varying system operator. On the other
hand, a completely different approach in control theory for DPS is to create a
finite-dimensional approximation of the system, which can be handled by
standard control methods for ODEs rather then designing a controller for the
DPS. This early-lumping approach is widespread in practical applications. In
the time dependent case, it leads to a time-varying approximation model of
probably high order. The theory of stabilizing time-varying ODEs, however,
suffers under the fact that it may become computationally and numerically
problematic for high system orders [go, 91]. Therefore, the controller design
for the system class in question is a very challenging task and it is of great
interest to determine realizable solutions to this problem.



1.2 Contribution

With the direct solution of the kernel equations in [113], the basis for the
extension to the time-varying case was built. This was finally presented in
[118] for coupled PDEs with Robin BCs.

The second main contribution of this thesis is the bilateral backstepping
control of coupled parabolic systems. The first work in this direction was
presented in [97], where the backstepping method on balls of arbitrary dimen-
sion with actuation on their whole boundary was introduced. This inspired
the work [96] on scalar parabolic systems actuated at both ends of their do-
main, called bilateral case, since this is nothing else than a one-dimensional
ball. It was shown that there are two possibilities to include bilateral ac-
tuation in the backstepping design. The first one is to apply a symmetric
backstepping transformation which results in different kernel equations as
in the unilateral case and the second one is to apply a certain folding trans-
formation to map the system into a form with unilateral actuation, to be able
to apply the standard backstepping transformation. In the scalar case, the
resulting system then consists of two coupled PDEs, where the results for
coupled systems come into play. This was further studied in [19, 20], where
it was shown that the folding point can be used as a design parameter to
influence the distribution of the control effort between the inputs. These
approaches are based on the transformation of the kernel equations into the
form in which they appear in the hyperbolic case like in [98]. Due to the
folding transformation, the kernel is coupled by special folding BCs, requiring
significant changes in the solution procedure of the kernel equations.

Rather than using the hyperbolic results, [113] provided the basis to tackle
the bilateral problem with a direct solution of the kernel equations. With
this, the extension of the folding technique to coupled parabolic PDEs works
in a straightforward fashion and is presented in [117].

Therefore, there are two main contributions of the present thesis. The first
one is the extension of the unilateral backstepping control method to the
controller and observer design of coupled parabolic PIDEs with space and
time dependent coefficients. As already mentioned, some of the results to
this problem have been published in [118] but are further extended in view
of integral terms, general BCs, possibly equal diffusion coefficients and the
time-varying observer design.

The second contribution is the bilateral backstepping design method for
time-varying coupled parabolic PDEs, where the time-invariant case has
mainly been published in [117].

In the unilateral case, the classical Volterra-type backstepping transform-
ation is enough to map the original time-varying system into a set of time-
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invariant systems with time dependent couplings and a cascade structure,
allowing an explicit prescription of the uniform convergence of the closed-
loop system, which is a very strong property for time-varying DPS. To achieve
the same in the bilateral case, a second, combined Volterra-Fredholm-type
transformation is applied, which is the generalization of the one presented
in [20]. The kernel equations are converted into integral equations in both
cases, allowing the solution by fixed-point iteration, which is shown to con-
verge uniformly. This provides the piecewise classical solution of the kernel
equations even for non-analytic system parameters of certain Gevrey classes
and a practical tool for the kernel calculation.

Hence, this thesis provides a systematic approach for the controller and
observer design for a broad class of coupled parabolic systems. The obtained
methods can be the starting point for further applications such as output
regulation, fault detection, the consideration of ODE-actuation and -sensing,
adaptive control or flatness-based control.

1.3 Outline of the thesis

In Chapter 2, the backstepping method is extended to the design of state feed-
back controllers for coupled parabolic PIDEs with space and time dependent
reaction, spatially varying diffusion and general boundary conditions (BCs).
After the introduction of the considered system class, the target system is
introduced with appropriate local coupling terms ensuring the solvability
of the kernel equations. They are derived subsequently together with the
control law. The closed-loop stability is proved on basis of the stability of the
target system and the invertibility of the backstepping transformation. The
main part of the chapter is devoted to the solvability analysis of the kernel
equations. This is performed by a sequence of transformation, mapping them
into integral equations. The convergence of their solving fixed-point iteration
is shown, providing the method of successive approximations as a practical
solution tool. For the computation of the controller gains, the spatial deriv-
ative of the kernel needs to be calculated. To avoid numerical deviations,
a systematic procedure based on another fixed-point iteration is presented.
Finally, simulation results confirm the applicability of the proposed design
method.

Chapter 3 presents the observer design for the considered system class with
boundary measurement, which can be regarded as dual to the state feedback
controller design. After the construction of the observer, the observer gains
and kernel equations are briefly derived. The solution of the kernel equations
is established by a duality transformation, mapping them into the represen-
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tation of the state feedback controller’s kernel equations. After the stability
of the observer error dynamics is proved, simulations demonstrate the func-
tionality of the observer. Finally, the combination of the designed observer
with a state feedback controller of Chapter 2 resulting in an output-feedback
controller is proved to fulfil the separation property, which is again validated
by simulations.

The backstepping design for systems with bilateral actuation is the subject
of Chapter 4. This is handled by a folding transformation mapping the system
into a representation with unilateral actuation. Its introduction is followed by
the presentation of the applied two-step transformation approach and the res-
ulting target system, the stabilizing control law and the proof of closed-loop
stability. The subsequent solvability analysis of the appearing kernel equa-
tions is again based on a conversion into integral equations, which requires
significant changes compared to Chapter 2 due to the appearing folding BCs
and the new type of transformation. The spatial derivatives of the kernel,
needed for the control law, can again be calculated without performing a
numerical differentiation. Thereafter, the backstepping design of an observer
for in-domain measurements is shortly discussed to introduce the folding
method as the basis for the observer-design. Finally, simulation results for
both bilateral state feedback controllers and the considered observers, as well
as the combination of both, verify the applicability of the proposed methods.

A brief summary of the presented methods and an outlook on possible
continuative research fields will conclude the thesis.

1.4 Remarks on notation

Derivatives

For the sake of readability, different notations for derivatives are used, inspired
by the reader-friendly notation in [63] Lagrange’s notation for the derivative
of one-variable functions f'(z) = ; d ¢(x)and Newton’s notation & (t) = c‘lit (t)
for the time derivative are complemented by the short forms 0, = 8835, d; =
%, as well as index notation for partial and ordinary derivatives, i. e. f;(¢,z) =
O f(t,x) and (f(z,t)x(t)): = de(f(z,t)z(t)). If the differentiated variable is
not obvious by context, it corresponds to the one in the definition of the
function For example, if f : (z,y) — f(z,y), then f(z,z) = fo(z,y)|ly=c =

3]
f ‘yx
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Conditional expressions
To symbolize that an expression is only valid or existent under some condi-
tions, brackets with subscripts are used. As example

[f]a>b

c<d

means that f is only valid fora > band ¢ < d. Ifa % bor ¢ £ d, the expression
is treated as non-existent.

Well-posedness

For notational convenience, systems are called well-posed which means that
the abstract initial value problem related to the system is well-posed in the
sense of Hadamard (see e. g. [26, Ch. 2.1]).

Function spaces

The symbol Ls(a,b) denotes the vector space of absolutely square Lebesgue
integrable functions on a closed domain [a,b]. If Ls is equipped with a
suitable inner product it becomes a Hilbert space. A subset of Ly with
existing weak second order derivatives is denoted by the Sobolev space H?,
i.e. h € H*(a,b) «+» {h € La(a,b)|h, h’ abs. continuous, b’ € Ls(a,b)}.

10



2 Backstepping state feedback control design
for coupled parabolic PIDEs

In this chapter, the design of a stabilizing state feedback controller for sys-
tems of coupled parabolic partial integro-differential equations (PIDEs) with
boundary inputs is presented. The considered system class is introduced in
the next section, followed by the applied backstepping transformation and
the selection of the target system. Subsequently, the control law and the
kernel equations are derived. In Section 2.4, the stability of the closed-loop
system is verified by showing uniform exponential stability of the target sys-
tem, as well as the bounded invertibility of the backstepping transformation.
The largest part of the chapter is dedicated to the solvability of the kernel
equations, proved in Section 2.5, followed by the computation of the kernel
derivatives in Section 2.6, which are needed to realize the control law. Finally,
Section 2.7 provides simulation results confirming the effectiveness of the
proposed control design method.

2.1 Problem formulation

The coupled parabolic systems with space and time dependent coefficients
under consideration are described by the PIDEs

21(2,1) = (A(2)22(2, 1))z + (2, )22 (2, 1) + A(2, t)a(2, 1)
+ Ao(z,t)x(0,1) —i—/o F(z,¢,t)z(¢, t)d¢ (2.1)

on the domain z € (0,1),t e Rt ={t e R: t > o}, to € R, with the initial
conditions (ICs) z(z,ty) = zo(z). Here, z(z,t) = col(z1(z,t),...,zn(2,1)) €
R"™, n € N, is the state vector depending on the independent variables z €
[0, 1], interpreted as space and ¢t > ty, interpreted as time. The operator
col describes a column vector of its arguments. Imagining a number line
reaching from left to right, the boundaries z = 0 and z = 1 are called left
and right, respectively. Basically, the spatial domain can have an arbitrary

11
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length but it is well-known that it can always be mapped to [0, 1] by a suitable
norming transformation (see e. g. [82]).

In most scenarios, the elements of the state vector represent physical values
such as certain mass concentrations or temperatures. The first term on the
right-hand side of (2.1) describes a corresponding process like matter diffu-
sion or heat conduction and may for example be obtained by using either
Fick’s law of diffusion or Fourier’s law of heat conduction in combination with
the continuity equation [47]. Consequently, A(z) = diag(A1(z2),..., \n(2)),
A\i(z) € RT, contains the diffusion or heat conduction coefﬁments for the
single elements of the state vector and is called diffusion matrix'. From a math-
ematical point of view, it is reasonable to perform the outer differentiation
so that the resulting PIDE reads

2(z,t) = A(2)2..(2,t) + (N (2) + &)(Z, t)z,(z,t) + Az, t)z(z, 1)
D(z,t)

+ Ag(z, )2(0,1) + /0 T B ¢ )5(C,1)dC (2.2)

which is the most common form of describing parabolic PIDEs in the context
of control. The second term on the right-hand side of (2.1) often describes an
advection process, that is the change of a quantity by matter transport. Thus,
the advection matrix ®(z,t) = diag(¢1(z,1), ..., dn(z,1)), ¢i(z,t) € R con-
tains the transport velocities for the different states. In (2.2), the coefficient
matrix ®(z,¢) = diag(d1(2,1), ..., dn(2,1)) with ¢;(z,t) = N(2) + di(z, 1)
now depends on the diffusion and the advection coefficients, but for conveni-
ence will simply be called advection matrix.

The reaction matrix A(z,t) € R™™ may be fully occupied and describes
the main interaction between the different states. Its source depends on
the physical background of the system, but for the example of a chemical
reactor, it is obtained by a linearization of the reaction rate which depends on
concentrations and temperature. Even for scalar diffusion-advection-reaction
equations, i. e. with only a single state, this parameter may lead to instability
and is the main motivation for applying a stabilizing controller.

Allowing the local coupling term Ay(z,t)z(0,t) with Ag(z,t) € R™*" and
the integral term foz F(z,¢, t)z (¢, t)d¢ with F(z,¢) € R™™™, further enlarges
the class of considered systems. As an example, the modelling of crystalliza-

!t is also possible to apply the presented backstepping method to systems with time dependent
diffusivity. However, as this coefficient remains time dependent in the target system, its
stability analysis is strongly impeded.

12
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tion processes [21] or the coupling of a hyperbolic fast subsystem [111] leads
to such integral terms.

Depending on the physical origin of the modelled system, (2.2) may be
equipped with different types of boundary conditions (BCs). Interpreting
the state as a temperature, the most natural BC is a heat transfer or insu-
lation, which is described by a Robin-type BC, short Robin BC, z; .(z,t) =
q;" (t)zi(zp,t), zp € {0,1}, where ¢;*(t) € R is the heat transfer coefficient
(which equals zero for insulation, leading to a Neumann BC). However, it may
also be reasonable to include Dirichlet-type BCs, again short Dirichlet BCs,
i.e. z(z,t) = 0, for example if the state is a mass concentration which can
explicitly be set at the boundary. Indeed, even the combination of both types
of BCs for different elements of the state vector may be required, which will
be called mixed BCs*. Assuming that at the left boundary, the first m states of
the system are subject to Dirichlet BCs and the remaining p = n — m states
suffice Robin BCs, they can be written as

Elz(0,t) =0 (2.33)
EJ 2.(0,t) = Qo(t)Ey (0,1) (2.3b)
with
E, = [Im] and E,= [0] , E\E| + E2E) =1. (2.4)
0 I,
The matrix
Qo(t) = diag(gD,41(t), ..., qn(t)) € RP*P (2.5)

of the heat transfer coefficients ¢?(t) needs to be a diagonal matrix. This
means that no couplings at the left boundary are considered. Their indices
(m+1,...,n) are chosen such that they correspond to the respective state
indices. Obviously, the states can always be ordered in a way such that the
structure (2.3) is achieved.

Remark 2.1.1. It is also possible to handle arbitrary, i. e. non-diagonal matrices
Qo(t) at the left boundary with the presented method, but the couplings
cannot be eliminated by the backstepping transformation in the case of
mutually different diffusion coefficients. Thus, they need to be included in
the target system, requiring a different method for the stability proof (see e. g.
[98]). The only exception are states with equal diffusion coefficients, which

* In some references, Robin BCs are referred to as mixed BCs [86], which is confusing in the
case of systems with multiple states, i. e. multiple BCs.

13



2 Backstepping state feedback control design for coupled parabolic PIDEs

can be coupled at the left boundary. Being a very specific case, it is excluded
here. N

To provide a compact notation, (2.3) can be equivalently written as
(Oo(t)z(t))(0) =0 (2.6a)
with the formal matrix differential operator

Oo(t)h = BoE) h, + (EE] — E>Qo(t)E3 ) h. (2.6b)

Bj ()

At the right boundary, it is assumed that the system can be actuated. Thus,
the corresponding BC reads

(01()z(t))(1) = u(t) (2.72)
with
01(t)h = Blh, + Bi(t)h (2.7b)

wherein the diagonal matrix Bf € R™*™ may only have ones or zeros as
entries3 and B{(t) € R™" is an arbitrary matrix. Of course the diagonal
elements BY';; and Bﬁii(t) cannot both be zero, since this would imply no
BC for the state z;. Moreover, it is assumed that if BY;; = 0 then Bf7ii(t) =1,
which is always possible via dividing the corresponding row in B{(t) by
Bﬁii(t)-

Remark 2.1.2. Since the right boundary is subject to the actuation, the corres-
ponding BC does not affect the backstepping transformation. Therefore, 6;
may basically be any bounded functional. Specifying homogeneous Dirichlet-
BCs in the target system allows the determination of the control law in the
same way (see [72]). The choice (2.7b) is made because it is most likely to
appear in technical applications. q

Depending on the matrices B} and Bf(t) in (2.7b), there are m; < n Di-
richlet BCs, and p; = n —m; Robin BCs on the right boundary. Consequently,
there always exists a permuted vector z*(z,t) = Pz(z,t) with PT = P!
such that with the permuted input v*(¢) = Pu(t) the right BC reads

Elz*(1,t) = EJu*(t) (2.8a)
EJxf(1,t) = Q1() Ey 2*(1,t) + EJ u*(t), (2.8b)

3 The BC can always be reformulated such that this condition is fulfilled.

14
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where ElT = [Iml O], E‘; = [O IpJ with ElE‘lT + EQE;— = I. Therein,
Q1(t) € RP1*P1 jg an arbitrary matrix. Inserting the permutation, (2.8) can
be written as

El Px(1,t) = E| Pu(t) (2.9a)
N—— N——
Sq Sq
E)} Px,(1,t) = Qi(t) Ey Px(1,t) + Ey Pu(t), (2.9b)
~—— ~—— ~——
ST ST ST

T T T

where the matrices S; € R™*" and S, € RP1*" select the states with
Dirichlet, respectively Robin BCs at the right boundary out of the original
state vector, so that SdeT + STST,T = I. Consequently, an even more compact,
equivalent representation of the right BC (2.7) is

(sds; —5,Q:1(1)ST )x(l, 1)+ S5 2.(1,8) = ut). (2.10)

(01(t)z())(1)

For a successful backstepping design, the parameters of the plant must
fulfil some regularity assumptions. In view of the spatial coordinate z, the
order of required differentiability follows from the upmost derivative that
is needed at some point in the design or analysis. In respect of ¢, it will be
shown that the coefficients need to be smooth functions, i.e. there exist
infinitely many derivatives. Moreover, as the coefficients may originate from
a linearization of a nonlinear system around a desired trajectory (see e. g. [73,
101]), it is eligible to allow non-analytic functions of time. This is done with
the following definition (see [118]). However, note that designs based on a
linearization need to be handled with care in the infinite-dimensional case.
In particular, the stability of the linearization at an equilibrium does not
automatically imply the stability of the original system in a neighbourhood
of the equilibrium. This is further analysed in [56].

Definition 2.1.3 (Gevrey classes). A function f € C*(R}) is said to be of
Gevrey class Go(R;) with Gevrey order « if for every closed interval Z C R},
there exists a constant D > 0 such that

sup |dj f(t)| < DT (q!)*, Vg €Ny (21)
teT
holds (see [72, Def. B.1]). <

Note that f is real analytic for & = 1 and non-analytic for o > 1. As will
be seen in Section 2.5.6, all system parameters must have a Gevrey order
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2 Backstepping state feedback control design for coupled parabolic PIDEs

a € [1,2) w.r. t. t, in order to ensure the solvability of the kernel equations
for the considered system class.

Remark 2.1.4. Using flatness-based trajectory planning [73] requires the
planned trajectories to be of Gevrey order a € (1,2]. Consequently, there
exist possible trajectories with a € [1,2) leading to system parameters with
the same regularity. N

Together with the spatial requirements, the regularity assumptions are
summed up as follows.

Assumption 2.1.5 (Regularity of the system parameters). The param-
eters of the system are assumed to fulfil

A\ € C?0,1] (2.12a)

D(-, 1), A(+,t), Ag(+,t) € (C[0,1])"*" (2.12b)

D(2,+), A(2,+), Ao(2,+) € (Ga(Ry))"™" (212¢)

F(-, 1) € (C([0, 1) (212d)

F(z, ) (Ga(Ry))™" (212e)

€ (Ga(Ry))™" (2.12f)

with a € [1,2). <

Note that according to (2.11), Gal(R:g) C Go, (R} ) if o1 < a9, so that in
the case of system parameters with different Gevrey orders v, all parameters
belong to the Grevrey class with the largest Gevrey order v = max(«;).

For the backstepping design, it makes a big difference if the diffusion
coefficients \; are equal or not. Both cases may be handled with the presented
method. However, in the case of spatially varying coefficients, it may be
possible that they intersect only at some points z;. This leads to a completely
new setup for which the ideas of [88] in the scalar case are of interest, but
lies beyond the scope of this work. Therefore, the following assumption is
made.

Assumption 2.1.6 (Diffusion coefficients). The diffusion coefficients are

strictly positive and can only be equal or completely different. This means
that only

Ai(z) >0 Vzel0,1] (2.132)
and

Ai(z) = X\j(z) Vzel0,1], or (2.13b)

Xi(z) # Aj(2) Vze[0,1] (2.13¢)
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2.1 Problem formulation

may hold for i, 7 = 1,...,n. Consequently, the expression \; < ); is intro-
duced as a shorthand form for A;(z) < A;(2), Vz € [0, 1]. The same holds for
other relations. <

Due to the diagonality of A and ®, the advection term can always be
eliminated by applying the boundedly invertible Hopf-Cole-type state trans-
formation

Het) e (3 [ AHOWEQ +0G0) 0l (aag

H(z,t)

introduced in [49]. Differentiating (2.14) twice w.r.t. z and inserting the
result in the time derivative %(z, t) yields the new dynamics

Fo(z,t) = A(2)Esn(2,) + (%A—l(z)A’(z)@(z, t) = 10/(2) + A(z,1)
—iA‘%zﬂﬂuaw+—5/YA‘%O¢x<¢yM)ﬂz¢>
0

+ H(z,t)Ao(z,t)x(0,t) + /OZ H(z,t)F(z, ¢, t)H (¢, t)#(¢,t)dC

= A(2)z.-(2,t) + Az, t)x(2, 1)

+ Ag(z,t)z(0,t) + / ZF(z,(,t)x(g,t)dg. (2.15)
0
Applying (2.14) to the BCs leads to
Oo(1)[#(1)](0) = 0 (216a)
O1(1)[#(1)](1) = (t) (216b)

with a(t) = H(1,t)u(t). The boundary operators read

0;(t)h = Bh, + BY(t)h, i=0,1, (2.17)
where
o I 0
Bé(t) = [ m “ ] 218

and Qo (t) = diag(gm+1(t), - .., dn(t)) as well as

G(t) = Hy(L)AN T (V)ei(1,8) + (1), i=m+1,....,n.  (219)
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2 Backstepping state feedback control design for coupled parabolic PIDEs

Since the matrix B{(t) in (2.7b) can be fully occupied, the right bound-
ary needs a distinction of cases. Denote by b] and b, the row vectors of
Bé(t) and B{(t), respectively, i.e. B¢(t) = col(b1(t),...,bn(t)) and Bi(t) =
col(by(t),...,bu(t)). Then

o7 Hii(1,0)b] () H™'(1,t) — $A71(1)¢i(1,¢), B}, =1 (Robin)
Hii(1,0)b] () H'(1,1), BY,; = 0 (Dirichlet).
(2.20a)

As a consequence of this transformation, the resulting system has the
same structure as (2.2) with (2.6) and (2.7), except that the advection term
®(z,t)x(z,t) is eliminated. Therefore, it can be neglected without loss of
generality.

In summary, the considered system class reads

x1(2,t) = AM2)x22(2, 1) + A(2, 1)z (2, 1)

+ Aoz )2(0,1) + / TR e (2.1a)
0

(Bo(t)x(t))(0) =0 (2.21b)
u(t) (2.210)

with (2.21a) defined on z € (0,1) and ¢ € Rzg and 6y, 0, defined in (2.6b)
respectively (2.7b) or equivalently (2.10).

Remark 2.1.7. It is also possible to keep the advection term in the design
procedure by including it into the target system. In that way it is also possible
to include non-diagonal advection matrices leading to an advective coupling,
like also considered in [98]. The kernel equations then contain first order
derivatives but can be solved with the same method as presented here, with
some technical modifications. However, this impedes the stability analysis of
the target system. In [98], a Lyapunov-based approach is used, which does
not allow the direct specification of the decay rate. If the advection matrix is
diagonal, the Hopf-Cole-transformation can be applied to the target system
for the stability analysis. However, at least in the case of existing Robin BCs,
the transformation will lead to time dependent boundary matrices which
cannot be eliminated and again hinder the stability analysis. N

Using the backstepping method, the Volterra-type integral transformation
2(z,1) = 2(2,1) —/ K(z, ¢ 0)z(C,1)d¢ = (Te(t)z(t))(2), (2.22)
0
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2.2 Selection of the target system

called backstepping transformation, is applied to map the given system into
a target system in which the stability is given or can be set by the user
via parameters. If (2.22) is boundedly invertible, the stability property of
the target system automatically applies to the original system. Due to the
transformation, all destabilizing components in the plant are in some sense
shifted to the right boundary, where they can be eliminated by the degree of
freedom, that is the input u(¢). The resulting expression for u(t) is the state
feedback control law.

For this reason, the target system is one of the key aspects in the back-
stepping design. At least, it needs to be stable under a correct choice of
parameters and it must ensure that the transformation (2.22) exists, or in
other words, that the kernel K (z,(,t) € R"*" of the transformation can be
determined.

2.2 Selection of the target system

The causes for instability in the original system (2.21) are the matrices A(z, t),
Ap(z,t), F(z,(,t) as well as the boundary matrices B%(t). Thus, it is desirable
to eliminate them by the backstepping transformation. Moreover, as known
from the single PDE case, it is possible to influence the stability of a parabolic
system by the reaction parameter. For this reason, the target system is chosen
as

Tr(2, 1) = AN(2)Z52(2, 1) — A2, 1) (2, 1)
— Ao(z,t) (E1E{ :(0,t) + B2 E5 (0,1)) (2.23a)

(Box(1))(0) =0 (2.23b)
(Bra(1))(1) =0 (2.230)

(see [118]). Here, g(z, t) € R™ " is a matrix set by the user to modify the
stability. Later, its structure will be further restricted to allow a simple proof of
stability and ensure solvability of the kernel equations. For a greater flexibility,
the design procedure however is presented with the general A(z,t) € R"*"
with A;; € (C1[0,1] x Go(R]))).

The matrix Ag(z,t) = [Zoyij(z, t)], 4,5 = 1,...,n has the elements

~ 0 Ai > A
Apii(z,t) =< 2 t= 2.2
O,J( ) {A?j(zvt)a )‘l <)‘j7 ( 4)
where the conditions \; e \; are short forms for {Vi,j = 1,...,n|\; e \;}

with some relation e. It needs to be included in the target system to obtain

19



2 Backstepping state feedback control design for coupled parabolic PIDEs

solvable kernel equations and was first introduced in [98] for coupled para-
bolic systems. If it were not included, the possibly fully coupled system (2.21)
could be mapped into a system of completely decoupled equations (2.23) (if
A(z,t) is diagonal). This would lead to overdetermined kernel equations so
that no kernel K exists for this mapping. By including A¢(z, ) with entries
AY; dependent on K, the kernel equations become solvable and due to its
special structure with only a maximum of n(n — 1)/2 non-zero elements,
the target system is a cascade of exponentially stable systems (if A(z,t) is
chosen appropriately) which significantly eases its stability analysis. In [13]
it was shown that the type of the local term (Z.(0) or Z(0)) to be included by
Ay i; depends on the left BC. In particular, Robin BCs require the term z(0),
whereas Dirichlet BCs require #,(0) (obviously, #(0) would be without influ-
ence in the Dirichlet case, as the BC implied #(0) = 0). Using the definition
of By, E in (2.4) leads to the present coupling term in (2.23a).

Remark 2.2.1. In the case of equal diffusion coefficients, the local coupling
term is not required which can be seen at (2.24). Moreover, it is also possible
to further restrict the choice of A in (2.23a) to ensure the solvability of the
kernel equations. This is shown in [44] for PDEs with spatially varying
diffusion coefficients and a constant reaction matrix. However, this leads to
a fully coupled target system including the integral and local coupling terms
and allowing no precise determination of the stability margin. In the time
dependent case, the resulting time dependent target system would make the
stability analysis even more difficult. N

In the target system, Robin BCs are converted to Neumann-type. That
way, possible couplings on the right side are eliminated and the BCs become
time-invariant. In the general operator formulation, the operators in (2.23)
then read

Ooh = ElElTh + EQEQThZ (2.25a)
01h = S4S] h+ 8.8, h.. (2.25b)
S~—~— ~—~—
Bd BP=Bp

2.3 The control law and the kernel equations

In order to render the calculation steps clear, the dependency of the vari-
ables on their independent variables is omitted from now on. Only if some
of the variables are substituted or to emphasize the dependency, they are
written down. That means, if no independent variables are written, the
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2.3 The control law and the kernel equations

reader needs to insert the independent variables on which the dependent
variable is defined. In most cases, this is obvious by context. As example, the
backstepping transformation (2.22) is compactly written in the form

Feg— / T Ka(C,0)de, (2.26)
0

where & = Z(z,t), x = x(z,t) except inside the integral and K = K(z,(, t).

To ensure the transformation (2.22) maps the original system (2.21) into
the desired target system (2.23), the kernel K and the input © must be chosen
appropriately. This is stated in the following proposition.

Proposition 2.3.1 (Control law and kernel equations). The control law

u(t) = (B{(t) + BYK(1,1,t) — B)z(1,t)

1 ~
+/0 (BIK.(1,¢,t) + B{K(1,(, 1) z(¢, 6)d¢ = K(t)z(t)  (2.27)
R(¢,1)

and the backstepping transformation (2.22) with K (z, (, t) being the solution
of the kernel equations

AKzz - (KA(g))CC = KA(C7t) + AVK —F+ /CZ K(Z, Ev t)F(& C,t)d&—i— Kt

(2.28a)
AK(z,z,t) — K(z,2,t)A =0 (2.28b)
Ke(z,2,)A + A K (2, 2,t) + AK,(2,2,t) = —(A+ A) — K(z, 2, 1)\’

(2.28¢)
K(2,0,t)A(0)E, = —AyE, (2.28d)

K(Z, O, t)A/(O)EQ + Kc(z, 0, t)A(O)EQ = (%AO)EQ + K(Z, 0, t)A(O)EQQQ(t)
— Ao(E1E] K(0,0,t)Ey — BE»)

(2.28e)

Ej K(0,0,t)Ey = Qo(t) (2.28)

with (2.28a) defined on the open triangular spatial domain D = {z,{ € R|0 <
¢ < z <1} andt € R}. map the original system (2.21) into the target system

(2.23).

Proof. To determine the conditions on v and K for the desired mapping,
it is convenient to begin with the transformation of the BCs. The spatial
derivative

Ty =u,— K(z,2,t)x — /OZ K,x(¢,t)d¢ (2.29)
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2 Backstepping state feedback control design for coupled parabolic PIDEs

of (2.22) is used to determine

ET#0,6) %2 BT 2(0.4) "2 0 (2.30a)
ES7.00,8) "2 BT 2.(0,t) — EJ K(0,0,1) 2(0, )
S——— SN——
‘5b>Q0(t)ET (0,0) E\E z(0,t)+E2E] z(0,t)
= (Qo(t) — B3 K(0,0,t) Ez) Ey #(0, ). (2.30b)

Consequently, the condition
Ey K(0,0,t)E> = Qo(t) (2.31)

needs to be fulfilled to obtain (2.23b). The right BC is transformed by applying
the boundary operator (2.25b) on the target system state and inserting (2.22)
and (2.29), which yields

(B:2(1))(1) °2 By (1,1) + Bi#(1.t)
1
C29) g (1,1 — BIK(1,1,8)2(1, 1) —/B?Kz(la@t)”«“(@t)dc

+ Bx(1,t) — B;l/ K(1,¢,t)z(¢, t)d¢
0
"D ut) — (BY(t) + BIK(1,1,8) — BY)x(1,1)
- /0 (BPK-(1,) + BAK(1, ¢, 1) (¢, )dC. (2.32)

Obviously, the BC (2.23¢) is obtained if the input w fulfils (2.27).

The remaining conditions on K are set by the mapping of the original PIDE
(2.21a) into the target system PDE (2.23a). Therefore, the transformation
(2.22) needs to be inserted into both equations, leading to expressions for 7,
which can be set equal.

To this end, (2.21a) is inserted into the time derivative of the transformation
(2.22) which is calculated to

z

F = @y — / (Kta:(Q £) + Kay(C, t))dg

0
z

= Az.. + Az + Agz(0, 1) + / Fa(¢, t)d¢
0
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2.3 The control law and the kernel equations

z

—/KMQMKMM—/KMQWMMM—/K%KMMNM)
0 0

0

(*1)

/K/FCCt@tMM /mxa d¢ (2.33)
0

-~

(x2)

being an expression for Z; in terms of the original state x. In order to factorize
the terms appearing under an integral, the expressions (x1) and (x3) need
to be reformulated such that they contain x((,t). Integration by parts is
performed on () to obtain

- / KA(C)ce(,H)dc
0

— — [KAQe(¢ DI + (KA + KA(O)2(G, 1)
- / (KA(Q))cca(C, ¢

= — K(z,2,t)Ax, + K(2,0,t)A(0)2,(0,t) + K¢(2,2,t)Ax
+ K(z,z,t)A'x — K¢(2,0,t)A0)z(0,t)
— K (2,0,0)0(0)2(0,) - /O (KAQ)ee(G0de. (230

The term (x3) is reformulated by changing the order of integration. This
yields

z C Z z
/ K (2 C.F(C, E t)(C, 1)dEdC = / / K(z C,OF(C,C, 0)a(C, )dedC
00 0 ¢~

- / / K (2, &0 F(C, ¢ t)a(¢, 1)dTdC = / / K (2, &) F(C ¢ 1)dCa(C, £)dC,
0 ¢ 0 ¢

(2.35)
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2 Backstepping state feedback control design for coupled parabolic PIDEs

Now the transformation (2.22) is inserted into the target system PDE (2.23a).
To this end, (2.29) and the second spatial derivative

Ty = Xpy —d.K(2,2,t)x — K(2,2,t)x, — K,(2,2,t)x — / K,,x(¢,t)d¢,
0
(2.36)

of (2.22) are needed. With (2.29), (2.36) and (2.22), the target PDE (2.23a)
can be expressed as

Ty =Ax,, — Ad, K (z,2,t)x — AK (2, 2,t)x, — AK,(2, 2, 1)z
- A/ K..x(C, t)d¢ — Az + A/ Kax(¢,t)d¢
0 0
+ Ag(EL1E{ K(0,0,t) — EyE) )2(0,t) — AgE B 2.(0,t)  (2.37)

in terms of the original state x.

The obtained expressions (2.33) and (2.37) are compared by subtraction
while inserting (2.34) and (2.35), leading to

Ty — Tt = (AK(z,2,t) — K(z,2,t)A)x,
+ (A + Ke(z,2,t)A+ K(z, 2, AN + Ad, K (z,2,t) + AK,(z,2,t) + ﬁ)x
o [ (P oM@ - KA - [ K EHREGnac
+FAK,, — AK — Kt)g;(g, £)d¢
+ (A0 = Kc(2,0,)A(0) = K(2,0,0)A(0)
_ /0 " K Ao(C,)d¢ — Ao(ErETK(0,0,1) — FoEy )a(0,1) ¢ (x3)
+ (K(2,0,)A0) + A By B] )2 (0, 1), (2.38)

In order to include the given information of the left BC (2.3), note that

z(0,t) = Ey E 2(0,t) +FyEy (0, 1) (2.39a)
~———
(2241)O
2.(0,t) = E1E] 2.(0,t) + Ey Ey 2.(0,1) (2.39b)
N———
€200 () EJ 2(0)
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2.4 Closed-loop stability

and insert it into (*3) to obtain
(*3) = (AOEQ - KC(Zv 07 t)A(O)EQ - K(Za Ov t)A,(O)EQ - /KA0(<7 t)EQdC
0

~ Ay (BrE] K(0,0,8) By — Es) + K (2,0, t)A(o)Eng(t))EJx(o, )
+ (K(z, 0,t)A(0)E; + AOEl)ElTJ:Z(Q t). (2.40a)

Since the left side of (2.38) is zero, all terms on the right side need to vanish
to achieve a valid equation independent of the value of x. Together with
(2.31), this leads to the conditions (2.28) that need to be fulfilled by K and
thus proves the proposition. [ |

The appearance of the kernel K in the control law (2.27) reveals that it
is not only required to investigate the existence of a suitable K, mapping
(2.21) into (2.23), but it also needs to be determined. Together with its BCs
(2.28b)-(2.28f), the PIDE (2.28a) is a rather atypical problem, consisting of
a temporal-spatial differential operator and uncommon BCs on the closed
spatial domain D : {2,{ € R|0 < ¢ < z < 1}. Verifying the solvability of
these equations is the main challenge in the backstepping design. It is shown
in Section 2.5 that the kernel equations attain a piecewise continuous solution,
which can be determined using the method of successive approximations.

2.4 Closed-loop stability

To be sure that the closed-loop system is exponentially stable, the target
system (2.23) needs to be stable and the applied backstepping transformation
needs to be boundedly invertible. Then, the states of the original system
can be calculated from the states of the target system by a bounded map so
that the stability property of the target system automatically applies to the
original system.

Choosing the reaction matrix of the target system as

ﬁ(z,t) = ped + A(z,1), (2.41a)
with
_ > )
Aij(z,t) = Ov’ Ai 2 Ay (2.41b)
Aij(zyt), )\z < )\j,

where p. and the non-zero elements /L-j € (C'0,1] x G4(R{)) can be set
by the user, the following theorem can be stated.
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2 Backstepping state feedback control design for coupled parabolic PIDEs

Theorem 2.4.1 (Closed-loop stability)

Assume that A is chosen according to (2.41) and gt > fimax, Where fimax
is the largest eigenvalue of (2.23) for A(z, %) = 0and Ay(z,t) = 0. Then,
the closed-loop system (2.21) with (2.27) and K being the solution of
(2.28) is well-posed and uniformly exponentially stable in the weighted

Lo-norm ||h|| = (fol ||A_%(z)h(z)||(2cndz)l/2, i.e.
lz(t)]] < Melm—ret )tz (g) ||, t >t (2.42)

for all z(ty) € (L2(0,1))" satisfying the BCs (2.21b), (2.21¢), an M > 1,
any to > 0 and any ¢ > 0, i. e. the stability margin is gt — fimax-

This theorem is proved in the next two sections by showing the stability of
the target system and the invertibility of the backstepping transformation.

2.4.1 Stability of the target system

The choice of A(z, ) according to (2.41a) and of Ay(z, ¢) in the target system
are of fundamental importance for the stability proof. Note that A(z, 1)
in (2.41) has the same occupancy as Ag(z,t). Therefore, the target system
has a cascade structure, allowing to use the Riesz-spectral property of the
subsystems for a very precise determination of the stability margin. In fact, it
can be set by the user per specification of ;.. whereas A(z,t) has no influence
on the decay rate but allows a greater design flexibility. To be precise, the
stability of the target system is formulated in the following lemma.

Lemma 2.4.2 (Stability of the target system). Assume that A is chosen ac-

cording to (2.41) and fic > {imax, Where pimay is the largest eigenvalue of (2.23)

for 1. = 0, Ag(z,t) = 0 and A(z,t) = 0. Then, the target system (2.23)

is well-posed and uniformly exponentially stable in the weighted Ls-norm
1 a1 12 .

I8l = (g 1473 (2)(2) B d2) % e

|12(t)]] < Meltma—ret)t=to) || 5(10)||, ¢ >t (2.43)

for all #(ty) € (L2(0,1))" satisfying the BCs (2.23b), (2.23¢), an M > 1, any
to > 0 and any ¢ > 0, i. e. the stability margin is fti — fimax-

Proof. It is convenient to rearrange the state vector Z(z,t) such that the
diffusion coefficients are ordered descending. To this end, introduce the new
state

*(z,t) = Px(z,t) (2.44)
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2.4 Closed-loop stability

with the permutation matrix P, fulfilling P~! = P, so that the elements of
A*(z) = PAPT = diag(\i(2),. .., A5 (2)) suffice the relation X} > ... > \%.
With this, the target system (2.23) takes the form

Ty (2,t) = A" (2)7L,(2,1) — pe®™(2) — A*(2,8)2"(2,1)
— Aj(2,t)( PEAE] PT 25(0,t) + PE2ES P #%(0,1))
——

—_———
R1 R2

(2.453)
Oo[PT2*(1)](0) = (652" (1))(0) = (2.45b)
= (2.45¢)

Ou[P T2 (1)(1) = (612" (£)(1)

Due to the structure of Ay(z,t) and A(z,t) according to (2.24) and (2.41b),
the matrices A%(z,t) and A*(z,t) become strictly lower triangular due to the
permutation, i. e.

0 .. - 0
Ab(z,t) = PAo(z,t)P" 28’21_(2’ ) . (2.46a)
gf‘]’nl.(z,t) oAb (20) 0
0o ... 0
A*(z,t) = PA(z, )P = “_‘31(_27” . (2.46b)
fl;ﬁbliz,t) Ax 1.(z,t) 0

Consequently, (2.45) has a cascade structure. In particular, (2.45a) describes
a cascade of time-invariant systems with time dependent couplings, which is
a huge easement for the stability analysis.

Now introduce the operators

Aih =XR", i=1,...,n, (2.47a)
D(A;) = {h € H*(0,1)| ] (5e:h)(0) = ¢/ (fe;h)(1) = 0} (2.47b)
in the Hilbert space Ly (0, 1) with the weighted inner product

1 _
<h1,h2> :/O )\f(z)hl(z)hg(z)dz (2.48)

and the induced weighted Ly-norm |h| = (fo M (2)[h(z)|*dz) Y2 The
largest eigenvalue pimax € R of A; exists, because .A are Sturm-Llouvzlle op-
erators [27]. In particular, —.A4; has a discrete real point spectrum and .4; only
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2 Backstepping state feedback control design for coupled parabolic PIDEs

has a finite number of eigenvalues in the right half-plane. Considering the
eigenvalue problem of the operator A; — 1./ shows that the term —/./ simply
shifts all eigenvalues by — .. Consequently, —(A; — p.I) are Sturm-Liouville
(and thus Riesz-spectral) operators with a discrete, real point spectrum and
A; — 1.1 have a finite number of eigenvalues in the right half-plane, implying
that the spectrum determined growth assumption [26, Ch. 5.5] is fulfilled.
Consequently, the decay rate of their generated Cy-semigroups 7;(t) depends
on their largest eigenvalue [48]. Specifically, ||7;(t)h|| < M;e(tmax—He)t||p)|,
t >0, M; > 1 holds for h € D(A;).
This implies that the abstract IVP

Zi(t) = (A1 — peD)E(t), tEeRS (2.493)
71 (to) = g, € D(Av), (2.49b)

belonging to the first state of the permuted target system (2.45) is well-posed
and its solution is given by

Ti(t) = Ti(t — o)1 (to) (2.50)
with the bound
|15 (t)|| < Myelrma=relt=to)] 35 (1g)]|. (2.51)

Note that the matrices R; and Ry in (2.45a) simply select the states with
Dirichlet, respectively Robin BCs out of the permuted state vector. Thus, it is

T s T ok z}, 4 :Dirichlet

e, Rix* =r,.2"° = 2.52a

P 1 {0, i : Robin (2.522)
0 1 : Dirichlet

T ~ % T ~x y

e; RoZ™ =1, 3" = 2.52b

P 2i {x i : Robin. (2.52b)

Now introduce the operator £1h = e] Rie1h.(0) + e Roe1h(0), h € D(A),
to write the abstract IVP belonging to the second state as

T5(t) = (A2 — ped)@5(t) + Ay (-, )T (1) + 118,21('7 T (1), teRS
(2.533)
T5(to) = Tpe € D(A2). (2.53b)

The solution of (2.53) is given by
Iy (t) = T2t — to)Z3(to)

t ~
+ [ Tt =) (An(0)F ) + Dy (1EFD))dr,  (254)

to
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2.4 Closed-loop stability

where (2.50) is inserted to obtain

E(0) = Talt — t)5(t0) + [ Talt - 1)

to
(A5 ()T = 10)F (t0) + Aoy (S T)ETi(7 — L) (t0) ).
(2.55)

While A3, (-, 7) is a bounded operator (simply a function of space), &; is an
unbounded operator. As shown in Appendix A.1, the boundary evaluations
appearing in & are relatively bounded w. r. t. A; — .. Thus, the same property
is valid for £,. Moreover, .4, is a sectorial Riesz-spectral operator implying the
analyticity of 77 [48]. Consequently, as shown in Lemma A.2.1, & (7)T1 (7- to)
isa bounded linear operator with || &1 (1) T1(T—to)h|| < Mle(“'“ax He)(r=to) || n|,
h € D(A;). This and the fact that |A%;(z,t)] < M and |A0 01| < A are
bounded by some finite numbers M, A can be used to determine the bound
for the second state as

1E5@) < I1Ta(t — to) 11350 +/ 1ot — )]
(WITi(7 = )7 (t0) | + AIETi (7 — o) (00) | )dr  (2.562)
< |15t = to) |5 t0)] +/ ITat - 7)

) (MMle(umaruc (t—to) [EEl _|_AMle(/—Lmax*ﬂc)(T*tO) 125 (to) ||) dr
(2.56b)
S MZe(Umax_Mc)(t_tO) ”j; (to) H

t
+/ Myelrmax=re) =) (V] 4+ A) Myelima—re) T=10) || 3% (¢0) | dr
0

(2.56¢)
— M2e(/-‘max_,u‘c)(t_t0) ”j; (to) H
t
My My (M + A)elrmax—re)t=to) || z% (14 ||dr (2.56d)
to
_ M2e(/»lmax fee) (t—to) 125 (o)
+ My My (M + A)elrmax=re)t=to) (¢ — ¢ )|7*(¢0) . (2.56€)

Utilizing the fact that every exponential function grows faster than a linear
function, independently of the growth rate, meaning

t—tog < Met) e >0 (2.57a)
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2 Backstepping state feedback control design for coupled parabolic PIDEs

for some finite M, leads to
e(,umax_ﬂc)(t_t())(t _ tO) § Me(ﬂmax_ltc‘i‘c)(t_to). (2‘57b)

Moreover, per definition of the Euclidean norm, ||Z}(to)|| < ||Z*(¢0)|. Insert-
ing this in (2.56e) gives

|#5(6)]| < Maoelma—hetl=t0)|| 3= () | (2.58)

for some constant My > 1. This procedure can be repeated for all states z,
i =3,...,n, showing that in total

|17 (1)] < Mrelmahet )3 ()|, M* > 1 (2.59)

holds for some M* and Vc > 0. As the states £* are nothing else than the
permuted target system states, the same stability property holds for Z(t)
with the corresponding weighted Ly-norm ||| = (fol HA_% (z)h(2) |]2dz)1/2,
i. e. (2.23) is uniformly exponentially stable with the desired stability margin
Hmax — Hec-

Due to the fact that the generated Cy-semigroups 7;, i = 1,...,n are
analytic (see above), ICs in Ly(0, 1) lead to a unique mild solution of (2.23)
(see [26, Lem. 3.1.5]) , which proves the lemma. |

Remark 2.4.3. Due to the cascade structure of the target system, the decay
rate of the target system is given by imax — 1 +¢, Ve > 0 (instead of fimax — fic
as for scalar systems, cf. [33]). Because ¢ can be infinitely small, the achieved
decay rate is in fact nearly as fast as in the scalar case. <

2.4.2 Invertibility of the backstepping transformation

The backstepping transformation (2.22) maps the dynamics of the original
system into the exponentially stable target system. Though being intuitive,
it will be shown at the end of this section that this stability property is
transferred back to the original system if there exists a bounded mapping
Z — x , which is stated in the following lemma.

Lemma 2.4.4 (Inverse backstepping transformation). The backstepping
transformation (2.22) has a bounded inverse

2(2,1) = #(z,8) + /0 L5 GOFC O = (T FD)(),  (2.60)
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2.4 Closed-loop stability

where L(z,(,t) € D x R} is the solution of the inverse kernel equations

AL, — (LA(C))CC = —AL - LZ(C,t) —F

- /CZ F(¢, ¢ t)L(C, ¢, t)dC + Ly (2.61a)
L(z,z,t)A — AL(z,2,t) =0 (2.61b)
Le(z,2,)A + Ad.L(z, 2,t) + AL, (2, 2,t) = —(A + A) — L(z, 2, t)\’

(2.610)
L(z,0,t)A(0)Ey = —T, [ Ay(t)E1] (2.61d)
L(2,0,6)A'(0)Ey + L¢(2,0,t)A(0)Ey = AgEy + T, HAo(t)Es]  (2.610)
Ey L(0,0,t)Ey = Qo(t), (2.61f)

with (2.61a) defined on D x R;’g.

Proof. Since the backstepping transformation is a Volterra-integral trans-
formation, it is known that the corresponding inverse transformation is again
of this type. Thus it needs to be investigated if (2.60) exists. To this end,
the steps for determining the kernel equations (see Section 2.3) need to be
done again, with (2.22) replaced by (2.60) and interchanging the role of the
original and the target system.

Prior to determining the conditions for L, it is useful to derive some basic
relations between (2.22) and (2.60), originating solely from their definitions.
Inserting (2.60) into (2.22) yields

z ¥4 z ¢ _ _ _
p=ie [ nacndc- [ Kacodc- [ [ RLC G nacc

where the order of integration in the double integral is changed to obt(;i‘I?Z)
[ (-x- /C CK(COLECHA)r(C O =0, (263)

which implies
L(2.Cot) = K (2.0 ) + /C K (2 ELE G 1)dE, (2.642)

The same calculation can be performed when inserting (2.22) into (2.60), i.e.
doing the other way round. Then, the equation

L(z,¢,t) :K(z,g,t)Jr/C L(z,(,t)K(C, ¢, t)d¢ (2.64b)
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2 Backstepping state feedback control design for coupled parabolic PIDEs

is obtained. Together, (2.64) are called reciprocity relations (cf. [63, Ch. 4.5]).
Like it was done for (2.22), it is convenient to consider the transformation
of the BCs now. The Dirichlet BCs

(2. 60)

El2(0,t) =" B #(0,t) =0 (2.65)

are automatically fulfilled. For the Robin BCs,

6 b
BJ 2.(0,t) ®&) B 2.(0,4) + BJ £(0,0,) (0, 1) *2’ Qo (t) By 2(0, 1)
\ﬂf—/ ~——
0 ExEJ 7(0,t)

E; L(0,0,t)EyEy x(0,t) = Qo(t)Eq 2(0,t) (2.66)
leads to the condition
Ej L(0,0,t)Ey = Qo(t), (2.67)

which is compatible to (2.28f) with the reciprocity relations.
The right BC (2.7) yields

(01(8)x(t))(1) = B, (1,) + Bf (t)=(1,t)

0

Z.(1,t) + Bd%(1,t) —B%(1,¢) + BPL(1,1,1)&(1, t)

(2. 60)

(012(t))(1)=0
1
By [ L(Lnacnde + B,y
1
FBIO) [ L0603 0dc 2 u(t (2.68)
0
after the insertion of 0 = BY%Z(1,t) — B%%(1,t). However, u(t) is already

determined by the control law (2.27) in terms of K. Inserting (2.60) into
(2.27), this reads

u(t) = (—Ef + BI(t) + BIK(1, 1,t)>i‘(1,t)
+ /1( BY + Bt )+B’fK(l,l,t))L(l,C,t):E(C,t)dC
+/1 BrKL(1,(,t) + BYK(1,¢, t)) (¢,t)d¢
0

1 . ~ > ¢
+/O<BK )+ BIK(LC.t) /OLcc, <t)d<c1< |
2.69

32



2.4 Closed-loop stability

The last term is reformulated by changing the order of integration and
K(1,1,t) = L(1,1,t) according to (2.64) is inserted in the first line. The
result

u(t) = (=Bf + B(t) + BYL(1,1,6))#(1,1)
+/01(—§§l+B‘11(t)+B?K(1,1,t)> (1,6, DF(C, 1)dC
b [ (BR0.60 + BIROLG)a(C 04
[ / (BA(1.60) + BIK(L,G0) ) LG 6. 04GH(C e

(2.70)
is now subtracted from (2.68), which yields
1
0= / (B;LLZ(L C,t) — BMKL(1,¢,8) — BMK(1,1,6)L(1, ¢, t)
0
1 —_
- B /< K.(1,6,8)L(C, ¢, 1)dC

~ 1 — — —
# BLLCH ~ BEO,G 0+ B [ K(LEDDE G007 e
(2.71)

The first reciprocity relation (2.64a) induces that the last line in (2.71) is zero.
For the previous lines, differentiate (2.64a) w.r.t. z to get

Lo(2.Cot) = Ka(2.Co8) + K(2, 2, L(2, G, 1) + /C CKL(2, G LG G 1) dC,

(2.72)
respectively

1
Lz<1,<,zf):Kz<1,<;,zt>+K<1,1,zt>L(1,<,zt>+/C K.(1,{,t)L(C, ¢, t)dC.

(2.73)
Thus, (2.71) can be written as

1
0= [ BILALC (0 - B?L COFGHAC=0, ()
0
which reveals that the right boundary condition is automatically mapped

correctly by the inverse transformation (2.60), without posing any conditions
on L.

33



2 Backstepping state feedback control design for coupled parabolic PIDEs

Now the transformation of the PDE (2.23a) into the original PIDE (2.21a)
may be investigated. In analogy to Section 2.3, (2.23a) is inserted into the
time derivative of (2.60) and the spatial derivatives of (2.60) are inserted into
(2.21a). Comparing the results directly leads to (2.61).

To ensure that (2.60) is a bounded map, there must exist a bounded solu-
tion L(z,(,t) of (2.61). This BVP has a similar structure as (2.28) so that
the solvability of the latter may be used for (2.61). However, it is shown in
Section 2.5 that the matrix Ay is introduced in order to get well-posed ker-
nel equations. By determining the values of Ay dependent on the kernel
K, the number of conditions imposed on K by the BCs (2.28d) and (2.28e)
is reduced to ensure they can be fulfilled. Consequently, Ay is already de-
termined uniquely, providing no further degree of freedom to reduce the
number of conditions on L. At first sight, this might lead to overdetermined
equations (2.61), because the BCs (2.61e) and (2.61f) now pose a condition for
each element L;;. Using the reciprocity relations again indeed shows that
expressing the non-zero elements of Ay by L through the BCs (2.61e) and
(2.61f) is exactly the same as when expressing them by K through the BCs
(2.28d) and (2.28e). Consequently, the number of conditions posed on L is
the same as of those posed on K. This is proved in Appendix B.1.

The remaining difference between the inverse (2.61) and the original kernel
equations (2.28) is the order of the appearing matrix multiplications. Where
K is multiplied from left, L is multiplied from right and vice versa. Using the
same method as in Section 2.5 to prove the solvability of (2.61) reveals that
all steps remain the same, except that the interchanging ¢ — j in the right-
hand side of (2.190) is required for the proof of convergence. Consequently,
(2.61) have a bounded solution implying the boundedness of the inverse
transformation (2.60), which proves the lemma. |

Remark 2.4.5. The invertibility of the backstepping-transformation is expec-
ted due to its Volterra-type. An operator-theoretic analysis would probably
reveal the invertibility as well. However, the determination of the inverse ker-
nel equations as a straightforward method to prove the invertibility became
the common way to keep the required amount of mathematical knowledge
as small as possible.

Rather than determining the governing equations for L and analysing their
solvability, it is also possible to analyse the solvability of (2.64a) or (2.64b)
and determining their solution via fixed-point iteration. This is especially
interesting for practice, since the corresponding implementation is far less
complex than another solution of the kernel equations. q
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2.5 Solution of the kernel equations

Now that the stability of the target system and the boundedness of (2.60)
are known, the following proof is simple.

Proof of Theorem 2.4.1. Since (2.60) is a bounded operator, it is ||z(t)| <
al||z(t)|| for some finite number a > 0. Due to the boundedness of (2.22), the
same applies the other way round so that ||Z(¢y)|| < al|z(to)|| with another
finite constant @ > 0. According to Lemma 2.4.2, this leads to

Je(t)] < alTelimn et 0z o (1o)]
S Me(ﬂmax_ﬂc+c)(t_t0) ”"I;(to)”7 (2‘75)

foran M > 1, any tp > 0 and any ¢ > 0. Since ¢ may be arbitrarily small, the
resulting stability margin is fic — fimax- [ |

2.5 Solution of the kernel equations

The previous sections have pointed out that it is of fundamental importance
in the backstepping design that the kernel equations (2.28) are solvable,
which is shown in this section. In the end, the following theorem will be
proved.

Theorem 2.5.1 (Kernel equations)
The kernel equations (2.28) have a unique, piecewise continuous solu-
tion on the domain D : {z,{ e R|0<( <z <1}, t € Rzg.

The method for solving the kernel equations is based on two changes
of coordinates, which allow the transformation of (2.28a) into an integral
equation. The integral equation is solved by applying fixed-point iteration,
which is converging absolutely and uniformly. That allows a series trunca-
tion after a sufficient number of iterations leading to a realizable approach
for determining their solution, called method of successive approximations.
This procedure was first presented in [22, 23], called the method of integral
operators to analyse the well-posedness of IBVPs for parabolic systems with
time-varying coefficients. However, [69] was the first to apply the same in
the framework of backstepping control and dealt with scalar heat equations
with spatially varying reaction. Subsequently, it was applied for the solution
of the kernel equations for a variety of different system classes in several
publications. Especially [79] used the method to solve the kernel equations
for parabolic PIDEs with spatially varying coefficients. Most recently, this
procedure was generalized to be applied for coupled parabolic PIDEs with
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2 Backstepping state feedback control design for coupled parabolic PIDEs

spatially varying coefficients in [113]. Though [98] has shown that it is also
possible to solve the kernel equations for this system class by tracing them
back to the hyperbolic case, the direct solution of the kernel equations by the
method of successive approximations paved the way to combine existing res-
ults for time-dependent coefficients [72, 81, 100] with the results for coupled
parabolic systems in [113]. This finally led to the contribution [118] which
considered parabolic PDEs with space and time dependent coefficients.

Hence, the main results of this chapter have been presented in [118] but
are extended in view of the local coupling term, the integral term, mixed
BCs and possibly equal diffusion coefficients. Moreover, the convergence
proof is slightly modified to ensure convergence for diffusion coefficients
with overlapping ranges.

2.5.1 Component form of the kernel equations

As it is in general hard to obtain the solution of a matrix-valued PIDE directly,
the first step to solve (2.28) is to consider it in its component form. That is, a
BVP for each element Kj;, is determined by multiplying (2.28) with ¢/ from
left and e; from right, where e; denotes the i-th unit vector. Considering the
resulting equations for all i, j = 1,...,n, they are mathematically identical
to (2.28).

It is easy to see that (2.28a) is equivalent to

ANilij e — (KigAi(Q))ee = Z(KikAkj(Cat) + AikKkj) + Kijt

k=1
Byt 3 Kale GRG0 @)
¢ k=1

(2,{) €D, t e Rzg , showing that the BVPs for the elements K;; are coupled
due to the appearing matrix multiplications. The first BC (2.28b) reads

)\,‘Kij(z, zZ, t) — Kij(z, z,t))\j =0
(Ai = Aj) Kij(z, 2,t) = 0. (2.77)

Depending on the relation of the diffusion coefficients, there are two cases to
consider. If \; = A\;4, (2.77) is automatically fulfilled and implies no condition
on K. Otherwise

Kij(Z, Z,t) = O, for >\i 75 )‘j (2,78)

4This is at least the case for i = j, i.e. the diagonal elements.

36



2.5 Solution of the kernel equations

must hold.
The second BC (2.28¢) can be rewritten as
Kij’g(z, z, t))\j + )\ideij(z, z, t) + /\iKij,z(Z; 2, t)
—(Ayj + Ayy) — Kij(2, z,t)A5. (2.79)
With the knowledge of (2.78), the same case distinction can be applied here.

If A\; = )\j, using the fact that K;;.(z, z,t) + K;j¢(2,2,t) = d.Kj;(2, 2, 1),
(2.79) simplifies to

20id  Kij(2,2,t) = —(Aij + Az]) Kij(z, z,t)\; (2.80a)
_ Ayt Ay N
dZK’Lj (Z, Z, t) = —T — 2, (Z, Z, t), (280b)

which is an ODE on the diagonal { = z of the spatial domain. Its solution is
given by

2 MO
Kij(2, 2,t) = Ki;(0,0,t)e 0 2@

/Z Ai; (¢, 1) "‘Aw(c t) 521 (<Cc)> dc, (2.81)

2X(C)
h
where / /\/(C)dC Mi(2) = In \(0) = In )\i(z). (2.82)
0 /\Z(C) ¢ )\i<0) .
Consequently,
R e e
0
_ )\Z(O) ? A (¢, 1) T Ay €.t [N(C)
= K;;(0,0,t) _/O j 2 (C)y )\Z(z)dc

— K. )‘Z(O o zA’i'(Cat)_FAvi'(Cat) N
= Ru0.0. 056 e

In the second case \; # )\, (2.78) implies d, K;;(z, z,t) = 0. This in turn
leads to

dZKij(szvt) K] (Z z t)"‘Kng(Z z t) 0
Kij’<(2’7 ) K (Z7 Z, t)a (284)
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2 Backstepping state feedback control design for coupled parabolic PIDEs

which can be inserted into (2.79) to obtain

Aij + gz‘j

Kij,z(z,z,t) = — N—
t J

(2.85a)

The third and fourth BC (2.28d) and (2.28e) require special attention, as
they contain the matrix Ag. Their component form reads

( 0 t) ( ) AU i for j<m (2.86a)
Kij(2,0,1)(A\;(0) = A;(0)g) (1)) + Kijc(2,0,1)A;(0)
= ¢ (ToAo)e; — e] Ao(ELE{ K(0,0,t)Eqy 4+ Ep)ej for j > m.
(2.86b)
In view of (2.24) and (2.86a), the condition
Kij(zvovt) =0, for j<m, \ > Aj (2.87)

is obtained. For the investigation of (2.86b), first note that Ese; = e; for
j > m. Thus, it is

ef Ag(E1E] K(0,0,t)Ey + Ey)ej = e AgE1E{ K(0,0,t)ej + ¢; Ae;,
(2.88)

where the second summand vanishes if A\; > \; in view of (2.24). The first
summand can be rewritten with the definition of the matrix multiplication

e] AgE1E K (0,0,t)e; = ZAO w1 (0,0,1). (2.89)
k=1

Here the matrices F1 E| require the sum to be performed only until k = m.
To achieve a non-vanishing result, both factors, levo,ik and K;(0,0,t) must
not be zero. While (2.24) implies the requirement \; < \g, (2.78) leads to
the condition \; = A;. Thus, for (2.89) to be non-vanishing, \; < \; must
hold. Consequently, in the case A; > \;, (2.86b) can be rewritten as

Kij (2, 0,8)(N5(0) = A;(0)q} (1) + K¢ (2,0,)A;(0) = e (TeAo)e;, for j(> mj
2.90
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2.5 Solution of the kernel equations

In the case \; < A}, (2.86) can be fulfilled by choosing the elements of AVO,ij
as

Eo,ij = Kij(2,0,t)A;(0), for j
Agij = — Kij(2,0,8)(X;(0) = X;(0)q} (1)) — Kijc(2,0,8)A;(0)

Aj
+ e (TeAo)e; — Z(Ao ikK1i(0,0,t)), for j>m
1

= X5(0)g5 (1)) — Kije(2,0,)A;(0)
K2, 0,00 (0K (0.0,8)]  forj > m.
1 (2.91b)

Combining (2.28f), (2.78) and (2.87) shows that the value K;;(0,0,¢) is
defined except for the special case i < m, j > m, \; = \;. Here K;;(0,0,t) is
a degree of freedom K7(t). In summary,

IA
3

(2.91a)

?

= — Kij(z,(),t)()\ (0

Msv

+ 6? (72140)63'

3

@), i=j,i,5>m
K;5(0,0,t) = Ko5(t) = K,?j(t), N =X, i <m,j>m (2.92)
0, else.
With this, the component form reads

n

AiKijzz — (KijAi(C))ec = Z(KikAkj(Cat> + gikKk]) + Kijy
k=1

- Ej + / Z Kik(zv 67 t)Fk:j(ga C? t)dg (2933-)

[Kij(za z,t) = 0],\1- #Xj (2.93b)
Kij.(z,2,t) = # (2.93¢)
) t A’L
Koer2) = a0 g ARG >d<] (o3
i =Aj
[Klj(z 0,t)=0] ;,, (2.93e)
)\i >\
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2 Backstepping state feedback control design for coupled parabolic PIDEs

Kij (2, 0.0)((0) = A (0)gf (1)) + Koz (. 0.03,(0) = ] (Tdo)es]
Ai 2 Aj
(2.930)

Note that for \; = );, the types of BCs appearing are similar as in the scalar
case (see [79]), i. e. one BC on the boundary (z, 0) and one BC on the boundary
(z, z). However, for \; # \;, there are two BCs on (z, z) and the BC at (2,0)
is removed in the case of \; < \; due to the inclusion of ﬁo in the target
system. If (2.93e) and (2.93f) needed to be fulfilled for each K;;, then the
kernel equations were overdetermined, which will be seen later.

Remark 2.5.2. The following contents are all concerned about the component
form (2.93). Thus, it greatly increases the readability to omit the indices ;;.
To mark a variable dependent on indices, boldface notation will be used from
now on, i. e.

X = Xy, (2.94)

for arbitrary variables X and index tuples I. This is used for various types
of variables, containing matrices and functions. The substituted indices are
unambiguous by context. N

2.5.2 Standard form of the kernel equations

In order to transform (2.93) into integral equations, it first has to be mapped
into canonical coordinates. It can be seen in [22] that using the normal form
coordinates of the wave equation, namely { = (z + () andn = (2 — () is
sufficient for this step in the case of scalar systems, i.e. n = 1. In the multi-
variable case (n > 1) with different diffusion coefficients, this approach
cannot be directly applied to (2.93), because the derivatives K, and K¢
have different factors. Thus, the first step is the elimination of the leading
coefficients, which follows the idea in [81] and leads to the standard form of
the kernel equations. This is stated in the following lemma.

Lemma 2.5.3 (Standard form of kernel equations). The change of coordin-
ates®

w = w;(2) = ¢i(2), v =v;(C) = ¢;(C) (2.952)
z=z(w) = ¢; ' (w), (=¢v) = ¢; ' (v) (2.95b)

> The symbols z,  as well as w = w; and v = v; are used for both the points in the respective
coordinate systems, as well as the corresponding coordinate maps.
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2.5 Solution of the kernel equations

with
# 1
)_/0 Agde i=tean e, (2.96)
for the new kernel variable
I_{('wa v, t) = Kl](¢l(2)a ¢](<)7 t) = )‘j(C)Kij(za Ca t)v (297)
leads to the standard form of the kernel equations
I VA (o
wa - K’U'U ’LU K’U
Y VAV
n s ~ o ~
= 2 <>\;Eg K A (¢, t) + AikKkj> + K;
/< (w,v5(0), ) Fiy (G, ¢, )G (2.98)
= A
[K<wv vj(z(w)), ) O] i £ A (298b)
[me, 0y (@), 1) = W] (2.980
S X # A
- - [(AGD+AGED) M)
[ (w,w, ) = Ko(t) /N0 N () —O/ : . dz] -
(2. 98d)
[K(w,0,t) = 0] i<m (2.98e)
Ai >N
[Kv(w707t) qg](t) )‘](O)K(wvovt)
z n 1 - ) )
=1/ 2i(0)A0 — 1/ A;(0) / > )\@Kik(w»Uj(z))Ao,kj(Z,t)dC] ;
o0 k=1"F j>m
Xi > A
(2.98f)

with (2.98a) defined on (w,v) € Dy ;; = Ds = {w,v € R|w € (0,¢(1)),v €
(0,vj(2(w)))}, t € R, In (2.98), the appearances of (z,() are interpreted to
be given by (2.95b).
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2 Backstepping state feedback control design for coupled parabolic PIDEs

Proof. To be able to insert (2.97) into (2.93), the spatial derivatives of (2.97)
are calculated as

K. = K,w, (2.992)
KZZ - 'u)ww + waZZ (2‘99b)
I_{C = Kv'UC (2-99C)
K = R'm,vg + Kyvec. (2.99d)
With this,
1 _ (290a) 1 —
K, = K, = K,w, (2.100a)
Ai(€) Ai(€)
1 — (2g9b) 1 2 1 -
K.=—K., 2 —Kpoyw?>+ ——Kypw.., (2.100b)
A (€) A (€) Ai(€)
as well as (2.97) and (2.99d) can be inserted into (2.93a) to get
AN = N =
" Kpww? + ~—— Kypw,, — Kyyv? — Ky
Ai(©) Ai(©) ¢

- 1 - ~ 1 1
= Z: (AkKikAkj(C,t) + Aik)\j(C)Kkj> + WIQ

_F+/ ZAkE K (w, 0(Q), 1) Fiy (€, ¢, )¢, (2.101)

¢ k=1

where w and v must be interpreted as w(z) and v(¢) (see (2.95a)), so that
K = K (w;(2),vj(¢),t). After multiplying by \;(¢), the new PIDE

Nw? Koy — (q) (K + Aw:. Koy — Aj(Qvec Ky

Z(

K Arj (¢, 1) + gikkkj) + K,

/Z)\k Kir(w,v(C), 1) Fi;(C, ¢, 1)dC (2.102)

¢ k=1

is obtained. In order to get the same spatial differential operator as in the
scalar case, the respective factors of the second order derivatives must be 1,
which leads to the conditions

Ni(2)w? = Ni(2)(2)? = 1 (2:103a)
A (v = M(Od(0)? = 1. (2.103b)
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2.5 Solution of the kernel equations

Of course these both need to be valid for i = 1,...,n and in (2.103a) 2 €
[0, 1] as well as in (2.103b) ¢ € [0, 1] are independent variables so that both
equations require the same, namely

¢i(2) = )xlz-(z)’ i=1,...,n, (2.104)

with the simplest® solution (2.96). Note that each element K;; of the kernel
gets different coordinates. Moreover, it is remarkable that only » functions
¢1,- .., ¢ are needed for the coordinate transformation.

Luckily, the determined mapping (2.96) is strictly monotonically increas-
ing, because \; > 0. Thus, there exist the unique inverses (2.95b) for
w € [0,¢i(1)], v € [0, ¢;(1)], allowing the formulation of

i Ko (2.105)

in terms of the new coordinates (w, v).
Now, (2.96) is inserted into (2.102) to obtain

_ _ N N(Q) -
wa_Kv'v_ . Kw jiK’u
NNV
- (/\j(é)
<\ Ak (¢)

KiArj (¢, 1) + gz‘kKk:j> + K,

k=

/ Z Kir(w,v(¢),t)Fij(C, ¢, t)dC. (2.106)

Ckl)\k

Equation (2.106) is now interpreted to be formulated in the new coordinates
(w,v), thatis K = K(w,v,t) and z = z(w), ¢ = ((v) according to (2.95b)
holds from now on, unless explicitly stated otherwise.

In the next step, the BCs need to be mapped into the new coordinates.
To this end, it is convenient to start with the transformation of the spatial
boundaries. The kernel equations (2.93) have BCs on the boundaries T'; :
(z,z) and I's : (z,0), which according to (2.96) are mapped as

(2,2) = (¢1(2), 95(2)) = (i(d; ' (w)), Ds(¢;  (w))) = (w,vj(z(w))) =T}
(2.107a)

(2,0) = (¢i(2), $;(0)) = (w(2),0) = (w,0) =T, (2.107b)

© The integration constant is set to zero in order to render the change of coordinates as simple
as possible.
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C A UV A
14+ ¢;(1) +
L w=ao =00 .
D D,
T, (BC) | - Fﬂmn@h>£

Figure 2.1: The spatial domains D respectively D, in the original coordinates (z, ¢) and in
the standard-form coordinates (w, v). The blue and pink lines represent the boundaries with
BCs. In the case A; = \;, the boundary T'; is a straight line.

leading to the domain D;. Figure 2.1 shows a picture of the spatial domains
in the original and new coordinates. The grey area is the respective spatial
domain and the pink and blue lines are the boundaries with BCs. Due to the
nonlinearity of (2.96), the straight line I'; is in general mapped into a strictly
monotonically increasing curve I';. Only in the special case \; = ); it will
still be a straight line described by (w,w). For that reason, (2.93d) in the
new coordinates simply reads

[K(w,w,t) = Ko() VMO0 () —/(A(z’ t>‘2“‘(2’ ) ;i(z)dzl
0 Ai = Ay

i(2)
(2.108)
after inserting (2.105). Accordingly, (2.93b) is mapped into
(K (w,v;(2(w)),t) = 0] NN (2.109)
To transform (2.93c), insert (2.100a) with (2.104). After a short rearranging,
i, A+ ANV
[me, 0j(2(w), 1) = W] (2110)
N — A
Xi # X
is deduced. It is trivial to see that (2.93e) implies
[R'(w, 0,t) = O] i<m (2.111)
Xi >\
and the remaining BC (2.93f) is transformed with the help of
-\ _ 1 _
K= j(C)K + K,, (2.112)

A5(0) X))
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2.5 Solution of the kernel equations

which is obtained by solving (2.97) for K = K, differentiating w.r. t. ¢ and
inserting (2.99c). With (2.112) and (2.22), (2.93f) reads

— N4 -, /Z o K. 03(2) Ao (2. 1)d2

j>m
X > A
(2.113)

The expressions in the new coordinates (w, v) can be summarized to obtain
(2.98). |

Now the kernel equations are in a form that is known from the scalar case,
e. g. [79]. The only difference are the appearing first order derivatives K, and
K, which are thus eliminated in [113] by a Hopf-Cole-type transformation.
However, it is shown in [118] that this elimination is not needed. Consequently,
the canonical coordinates are now introduced.

2.5.3 Canonical coordinates and the spatial domains

Introduce the change of coordinates

§=E&(w,v) = &ij(w,v) =w + v (2.14a)
1 =n(w,v) = 7ij(w,v) =w —v (2.114b)

for which the inverse is
w = &Tn, v= E_Tn, (2.115)

along with the new kernel element variables
é(é? 'f" t) = Gl] (E’Lj (’IU, ’U), 772] (’UJ, ’U), t) = K(wv v, t) (2‘116)

The coordinates (2.114) are the normal form coordinates of the wave equa-
tion and they are able to map the spatial differential operator Kyw — Ky
into the significantly simpler one Ggﬁ. The resulting equation can easily be

converted into an integral equation by formally integrating w.r. t. £ and 7).
Prior to deriving the BVP in the new coordinates, it is reasonable to have a
look at how the spatial domain is affected by the map (2.114). In the scalar
case, it is shown in [63] among many other publications, that the triangular
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2 Backstepping state feedback control design for coupled parabolic PIDEs

spatial domain in the original coordinates (seen in the left picture of Figure
2.1) is mapped into another triangular spatial domain with straight borders.
However, as the diffusion coefficients are different in the present case, the
mapping is started from the domain seen in the right picture of Figure 2.1.
Here, the boundary T’ is no straight line in general. Thus, it is to be expec-
ted that resulting spatial domain after the transformation (2.114) will be the
known triangle only in the special case of \; = \;.

Starting with the boundary T's : (w, 0),w € [0, ¢;(1)], it is easy to see that

e
showing that this boundary in the new coordinates reads
Ty: (7,7), 7 €[0,¢i(1)]. (218)
For the boundary ['s : (¢;(1),v),v € [0, ¢;(1)], it is
T3: €=¢i(1)+v, &e[pi(1),¢i(1)+ (1) (2.192)
n=¢i(1) —v, neElpi(l)—¢;(1), (1)) (2.119b)

By solving (2.119a) for v and inserting the result into (2.119b), the boundary
reads

Ty: 7=24i(1) =& €€ [pi(1),hi(1) + ¢;(1)]. (2.120)

To transform T’y that corresponds to (z,z2),z € [0,1] into the original
coordinates, note that

S oy
I

w(z) +v(z) = ¢i(2) + ¢;(2) (2.121a)
w(z) —v(z) = ¢i(2) — ¢;(2). (2.121b)

Now define 0;;(2) = ¢i(2) + ¢j(2) € [0,¢i(1) + ¢;(1)] which is a strictly

monotonically increasing function, because ¢;, i = 1, ..., n, have this prop-
erty. Thus, there exists the inverse
z=0;'(8), €€[0,¢i(1)+;(1)], (2122)

which can be inserted into (2.121b) to obtain the lower boundary

Tyi: o 7= ¢i(0;'(8) — ¢5(05' () = Mu(€), &€0,0i(1)+ ;(1)].
(2.123)
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2.5 Solution of the kernel equations

To analyse the shape of this function, it is differentiated w.r. t. £, yielding

(&) = ¢i(a7; (€)' (€) = ¥ (05 (€)(0;1)' (8) (2.124)

Remembering that the derivative of an inverse function can be expressed in

terms of the derivative of the original function by (f~!)/(z) = W and

calculating o}, (z) = ¢l(2) + ¢ (2) (100) L+ L aswellasintroducing
J J Ai(2) Aj(2)

the abbreviation z = z(£) = ai;l(é), (2.124) can be simplified to

(€)= —— : 1 :
INS) — A 1 1 o , 1 1
Vi) Ve + VA ) V(=) Vi) + V()
_ < 1 1 > 1 (2.125)
= — - — . .
Vi) VA et e
>0

Equation (2.125) shows that 7)(&) has three different cases

>0, < )\j
mME) =0, A=) (2.126)
<0, N> )\j,

where the different properties hold V& € [0, ¢i(1) + ¢;(1)] so that 7(€)
can either be a strictly monotonically increasing, a constant or a strictly
monotonically decreasing function of €.

The resulting spatial domains for the three different cases are depicted
in Figure 2.2. In the case \; = );, the transformed domain is the classical
one, known from the scalar case. The two BCs at fl and fg are needed to
determine the solution when formally integrating w. r. t. £ and 7 (symbolized
by the coloured arrows), because every integration starts at a BC. In the case
Ai # A, there are two BCs at Iy, (2.98b) and (2.98c). Looking at A; > )\, it
can be seen that both BCs are needed to determine the solution in the area
7 < 0 of the domain, because 7 = 7;(£) is not only the lower boundary, but
also the left boundary of this part of the domain. For \; < A;, however, the
last picture of Figure 2.2 reveals that if there were a BC at fg, the solution in
the part of the domain where 7 < ¢;(1) — ¢;(1) would be overdetermined.
Thus, the BC at I', was removed by introducing the local coupling matrix Ay
in the target system according to (2.24). Moreover, the integration w.r. t. £ in
this case needs to be performed in the other direction, which is no problem
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2 Backstepping state feedback control design for coupled parabolic PIDEs

—

¢i(1) + ¢;(1)

¢i(1) + ¢;(1)

A < /\ji

¢i(1) — ¢;(1)

0 - I €
¢i(1) ¢i(1) + ¢;(1)

Figure 2.2: Spatial domains of the canoncial coordinates in the three different cases A; = A,
Ai > Ajand A\; < Aj. For the case A; = \;, the spatial domain known from the scalar case is

obtained. For A; > )j;, the lower boundary 77;(&) is strictly monotonically decreasing, whereas
it is strictly monotonically increasing for A; < A;. The arrows symbolize the directions of the
formal integrations for converting into an integral equation as well as the new coordinate
system (£, 7m) for A; < A;.
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2.5 Solution of the kernel equations

A < )\ji

O_

¢;(1) — ¢i(1) 1

Figure 2.3: Spatial domain of the canonical kernel elements with A; < \; after the intro-
duction of €, 1. It now has the same form as the case A; > \; except that there is no BC at

Fg.

from a mathematical point of view but may be confusing at some point.
In order to create a spatial domain with a similar shape in each case, new
coordinates &, 1 are introduced for \; < \; as depicted with orange colour in
Figure 2.2. This additional change of coordinates

€= 0i(1) + (1) - € }fowdj (21272)
) +

n = —(¢i(1) — ¢;(1) (2.127b)
¢=¢ } for A; > A (2.1277¢)
n=1 7 (2azpd)

leads to the spatial domain for \; < A; shown in Figure 2.3, which has the
same form as in the case \; > )\; now. Once again, this new spatial domain
visualizes the necessity for eliminating the BC at fg, because this now is the
right boundary, reaching into the domain 7 < 0. However, by eliminating this
BC with the introduction of Ay, the partn >0 of the domain now is under-
determined due to the missing BC at I's. This problem will be overcome by
introducing an artificial BC, being a degree of freedom in the design. This
means that the requirement to map (2.21) into (2.23) does not completely
determine the backstepping transformation.

It is apparent in Figure 2.3 that even for \; < );, the lower boundary of
the spatial domain, now 7;(£), is strictly monotonically decreasing. To check
this, insert (2.124) into (2.127b) and use (2.127a) to obtain

m(€) =nl,_, = 6;(1) — 6:(1) + (6i(1) + 45(1) — &) (2128)
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2 Backstepping state feedback control design for coupled parabolic PIDEs

and thus
(&) = —m(€(¢)) <0. (2.129)
>0

In summary, the obtained spatial domain in canonical coordinates can be
formulated as

Degj = De = {€m € R[0 <€ < 6i(1) +95(1),
m(€) < < min(& 2min(i(1),6;(1)) &) }.
(2.130)

To avoid the necessity of case distinctions in every step from now on, (2.127)
is rewritten with the help of a sign parameter

L A=)
§=si = { 1oa < /\j (2.131)
leading to
€= 152 (6:00) + 0,(0) + s€ (21320)
n= 15" (6i() — 6(1)) + (2.132b)

Inserting the definition (2.114) of (£, 77), the resulting transformation to the
canonical coordinates is

€= € (w,v) = & (w,v) = s(w+v) + 3> (6:(1) + 6;(1) (21330)

o) - 65(0), Gassb)

which can also be found in [113, 18]. Inserting (2.133) into € 4+ sn and & — sn
yields

n=n"(w,v) =n"(w,v) =w—v -

€+ sn=2sw+ (1—s)pi(1) (2.134a)
§—sn=2sv+(1—-15)g;(1), (2.134b)
leading to its bounded inverse transformation
s§ + s—1
w=wy(e.m) = 42 L) (21359)
— s—1
v =vi;(§,m) = 552 T+ —5— i) (2.135b)
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2.5 Solution of the kernel equations

To be unambiguous, the transformations £** and n** mapping from the
standard form coordinates into the canonical coordinates are marked with
the superscript . This is necessary because the definition of w, v according
to (2.95a) can be inserted in (2.133) to obtain the nonlinear one-step coordinate
transformation

€= £(2.0) = &5(2,0) = s(6:(2) + B5(Q)) + 5 (1) + 65(1)) (21362)
m=n(20) = nij(%, Q) = ¢i(2) — 3;(0) — ——(i(1) — §;(1))  (2.136b)

with its bounded inverse

2= 2(&m) = 2(&m) = ¢ (wi(&,m) = &, (55; n, 2 5 %(1))
(21372)

¢ = Gij(&m) = C(&m) = 67 (v (&) = &5 (SSQ‘” + 1;%(1)) ,
(2137b)

following from (2.95b) with (2.135). The corresponding partial derivatives in
both directions are calculated by applying the chain rule in combination with
(fY(x) = W and (2.104). The results

S S

§:(2,¢) = N & (2,¢) = ) (2.138a)
n.(2,C) = ;i(z), ne(z¢) = - ;j( 5 (2138b)

as well as
ze(€,m) = gm zn(ﬁ,n)zé Ai(2) (2.1302)
CEem=2\N0,  GEm=-3/N0. i)

where (z, {) is interpreted to be given by (2.137), will be used several times.
Now that the final coordinate transformation is determined, the canonical
kernel elements are introduced as

G(&,n,t) = Gij(&j(w, v), mi(w, v), 1) = K(w, v,1), (2.140)

forming a new kernel matrix G = [G;;]. Obviously, each element of G is
defined over its own coordinate system &, 7 depending on the indices i, 7,
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z(&,m), ¢(&,m)

17 — ki

$u(€,m)
ki (§;m)

w;i;(§,m), vij(§,m)
(w,v) (&, m)

wv wv

1] (wav)’nqﬂj ('LU,'U

fij(Z, C)) ni.j(zv C)

original standard form canonical
coordinates coordinates coordinates

Figure 2.4: Overview of the applied coordinate transformations to map the kernel equations
into their canonical form.

or, more precise, the diffusion coefficients A;, A;. Due to the inverse map
(2.137) they can always be converted into each other. This means that the
coordinates of each element G;; can be inserted into any other element Gy,
k,l =1,...,n with the corresponding coordinate transformations

Gri(&m,t) = Gr(&ij, mij, t)
= le (Ekl (z(Ea 77)7 C(€7 77)) » Tkl (z(Ea 77)7 C(€7 77)) ) t) ) (2-141)

which is important to handle the coupling of the different kernel elements.

To keep an overview of the applied coordinate transformations, Figure 2.4
shows them in a summarized fashion like in [113]. Important to keep in mind
is that there is only ,one” original domain D and every point (z, () of it is
mapped into a unique point in each of the other domains.

2.5.4 Canonical kernel equations

With the required coordinate transformations, the kernel equations belonging
to (2.140) can be derived.

Lemma 2.5.4 (Canonical kernel equations). The change of coordinates (2.133)
with the new kernel element variables (2.140) and

H(& m,t) = Hij(&j,mij: 1) = Ge(§,m, 1), (2142)
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2.5 Solution of the kernel equations

maps (2.98) into its canonical first-order representation

Hy=-"2H+ %26, + 1 Z( JGin A (€ )+ AuGiy ) + 2 G,
=~ / (2,0 0Py (G G0 (ag3a)
¢ k= T A
Ge=H (2.143b)

with the BCs

[G(&(n),m,t) = 0], 2, (2.143¢)
n<o0
(A+ A)\(2)/A z)n, } d
Hi&m(©)1) = (Aj(z) — )\ ( ))(snl =Dl £, (143d)
R 2= 2(&m(©)
H(& m(€),t) = Ko(t)y/A )\* - A—i_f)\/)\» (2.143e)
_/< @w+mg»2@_cwﬂ]
0 81/ Ai(€) A=
z= Z(ﬁ m(§))
[G(&(n),n,t) = 0] i<m (2.143f)
355
[G(Ez(n),n,t) = On (2H(n, 7,t) — ) (t)\/A;(0)G(n, 1, 1)
=@ ,
+ \/ )‘](0> ; )‘k(C) ) ( (El(ﬁ)? 77)7 Cv t)AO,kj(Ca t)dC) dﬁ
/ Ao(z(&(7),n),t)dn + A;(0) K (t)] (2143g)
j>m
7,t) Ai 2 Aj
n=0
[G(El(n)a n, t) - 9(77, t)])\i <Aj (21431’1)
n=0
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2 Backstepping state feedback control design for coupled parabolic PIDEs

andax(§,m) = an(z(§,m),¢(&,n)), as(§n) = ax(2(§,7),¢(&,n)), where
ROy 109 N, (2142)
NGRS NGRS

and &(n), m (&) are the left respectively lower boundaries of D... The PIDEs
(2.143b) and (2.143a) are defined on the open domain (&,m) € D,,

aa(z,()

G'E(Z> C)

D, = {5,neR\o<5<¢i(1)+¢j(1),
m(€) < n < min(€, 2min(6,(1),6;(1) ~ €) },  (2.145)

te R;; and the functions g(-,t) = g¢;j(-,t) € C[0,¢;(1)], g(z,*) € GQ(R;E),
a € [1,2) are a degree of freedom.

Proof. As already mentioned earlier, the aim of the canonical coordinates is
to simplify the spatial operator of the PIDE (2.98a). Thus, the second order
spatial derivatives of K need to be calculated in terms of G. Note that (2.133)
implies

Ew=23, & =3s (2.146a)
Nw=1 mny=-1, (2.146D)

which is used with the chain rule in

Ky =Gy = Geboy + Gy = sG¢ + Gy (2.147a)
K, =Gy = Geby + Gy = sG¢ — Gy (2.147b)
Kuww = 8(Ge)w + (Gn)w = sGeebw + $Gennw + Grebuw + Gonnw
= Ge¢e + 25Gey + Gy (2.147¢)
Kyy = 5(Ge)o — (Gn)o = 5Geelo + sGentio — Gngbo — Gl
= Gee — 25Gey + Gy, (2.147d)
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2.5 Solution of the kernel equations

Together with (2.140), (2.147) is now inserted into (2.98a), yielding the canon-
ical kernel PIDE

A5(€) N A5 (€) N,
48G§n+ (2\/]W 2\/7> Gg (2\/7 )Gn

aa(z,0) ax(z,4)
— (*EO) GirArj(C, 1) + Aszk]> + Gy~ N(QF
k=1
/ Z )\ = Zk <£zk (E?TI)’5)7nlk(z(£an)ag)at) Fk](gagat)d(_
k=

=G (Z:C_’t)
(2.148)

Since (2.148) is interpreted in terms of the independent variables &, 7, ¢, all
appearances of ¢ are assumed to mean ¢ (&, n) and all (implicit) appearances
of z mean z(&, n). This assumption is made for all following equations. In
turn, this allows to write

an(z,¢) = ana(z(§;n),¢(& n) = aa(§,n) (2.149a)
a’E(Z7 C) = a’E(z(£7n)7 C(éan)) = 6’2(57 T’) (2149b)

Inserting (2.147a) and (2.147b) into (2.98c¢) and (2.98f) yields the canonical
BCs

(G(§,m(&),t) = O]Ai £ (2.150a)
[3Gs(£, M(E).t) + Gy (€ m(E),8) = W] (2150b)
Ao # A
[G(s,o,t) = Ko (t)/\(0)\; —/(A(C’t);A(C’m N A?”‘Odg]
0 ! Ai =
ct(z,t)

(2.150C)

[Gn,n,t)=0] ., (2.150d)
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Ge(n,m,t) — Gy(n,m,t) = ¢} (t)1/ 2 (0)G(n,m, 1)

z(n,m)

n

SN0 0 [ 3 S Gl G A (€ 0dc |
0 k=1 j>m
X >
(2.150€)

These equations are complemented by the artificial BC needed for well-posed
kernel equations. To make it as simple as possible, the value of the kernel on
the boundary I's for A\; < A; is simply set as

[G(n.n,t) = g(n,1) = gi(n, )], < 5, (2.150f)

with gij('v t) € 0[07 qu(l)}, gij(zv ) € GOL(R;;)’ Q€ [17 2)'

The canonical kernel equations are now changed into a system of first-
order equations. To this end, introduce (2.142). Obviously, inserting it into
(2.148) leads to the first-order canonical kernel PIDEs (2.143a) and (2.143b). To
convert them into integral equations, (2.143a) needs to be formally integrated
w.r.t. mand (2.143b) w. . t. £. In general, the fundamental theorem of calculus
says that given a continuous differentiable function F'(z),

/I F'(z)dz = F(z) — F(x0). (2.151)

0

Thus, eliminating the derivative H,, in (2.143a) by integrating w.r. t. n will
insert values of H at the starting point of the integration, i.e. the lower
boundary 7;(£) of the domain. This induces that a further reformulation
of the BCs (2.150) in terms of the new variable H is required. Starting with
(2.150a), G(&,m(€),t) = 0 implies that its derivative w.r. t. £ is also zero, i. e.

deG(&,m(€),t) =0
Ge(&,m(8),t) + Gn(&m(§), t)m(§) =0
~ Ge(&m(8),t)

G,(&, )= —— (2.152)
for \; # A;, which can be inserted with (2.142) into (2.150b) to obtain
1 A+ ANV
(A + AN\ A,

[H@,m(a,t) - (253)

(Aj =) (sm — 1) i # A '
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The denominator of the resulting expression contains the term sn; — 1,
which must not be zero. Together with the definition of s and knowing
that 77(£) < 0, V&€ € [0, ¢;(1) + ¢;(1)] (see (2.129)), it remains to show that
n;(&) # —1 for s = —17. To this end, insert (2.125) into (2.129) to get

n’(£)=—< = ) 1
: Vi) VA& Bt A

. 1 _ 1 1 . .
which can only be —1 if \//\ o AT e + Newenk which is not

possible for finite \;. Consequently the denominator in (2.153) cannot be
zero.
The third BC (2.150c¢) is differentiated w. r. t. £, yielding

, (2.154)

e 00 = Koty

B / (A(C7t);LA(<vt)))‘3(Z)dgz£ (2.155)

i(OAi(2)

for \; = A;. To substitute z¢(£,0), insert (2.139a) with s = 1 for \; = ;.
With this, (2.155) is simplified to

[ (EOt ﬁ;_w

4

[T A + A D)L 1
/O WG] CM:AJ_- (2156)

To reformulate (2.150e), solve it for G;,(n, n,t) and insert the result into

d,G(n,n,t) = Ge¢(n,m,t) + Gyp(n,m,t), (2.157)

to get for \; > \; and j > m,

d"IG(Tla n, t) = 2H(77= n, t) - Q?(t) \/ )‘j (O)G(n7 n, t)

z(nm n

VA0 40+ 3(0) / S O DA (GG, (2a58)
0 k

=1

7 Which implies \; < \; according to (2.131).
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2 Backstepping state feedback control design for coupled parabolic PIDEs

which is an ODE determining the solution G(n, 1, t) dependent on H (n, n, t)
and the other kernel elements G, of this row 4, which are integrated along ¢,
corresponding to a not yet further specified curve in its coordinates (&;x, 71 )-
Instead of determining the solution of this ODE (which could be difficult,
either) it is simply converted into an integral equation by formally integrating
w.r. t. . This is sufficient for including the BC when converting the canonical
PIDE (2.148) into an integral equation, because the result will be an integral
equation anyway. Consequently,

G(n,n,t)

= /OU(QH(va)— O()/ X (0)G (@, 71, ) — 1/ Aj(0) Ao (2(7, 7). 1)
2(.0)

+ Aj(O)/ )\kl(oGik(z(ﬁaﬁ)aCvt)AO,kj(C,t)dC)dT_]—|—G(O,O,t)
0 k=1

(2.159)
is the BC on (1, n) in this case. The value G(0, 0,t) can be calculated by

)

G(0,0,1) = K(0,0,2) = A\;(0)K(0,0,) "2 \,(0)Ko(t).  (2.160)

The canonical spatial domain D, has the form shown in Figure 2.3 for all
i, j, except that the lower boundary is n = 0 for A\; = A;. In order to get
the representation (2.143), the common notation for the lower respectively
left boundary of the spatial domain needs to be verified. For the first case,
the function 7;(£) was already introduced to describe the lower boundary
for \; # X\;. However, inserting \; = J; in its definition (2.128) with (2.123)
reveals that 7;(§) = 0. Thus, 7;(€) indeed describes the lower boundary of
the spatial domain for each i, j.

Figure 2.3 also shows that for the case \; # \;, the left boundary is split
into two parts. In the upper part, it is obviously (7, n7), while the lower part
is described by 1, L(m). It is already known that 7, is a strictly monotonically
decreasing function, so that its inverse exists. Combining these both cases
allows the definition of the left boundary

_J)m n=0
&(n) = {"711(77)7 n<0. (2.161)

As the area n < 0 only exists for \; # A;, no further restriction needs to be
made in it. Thus, (2.143) is obtained, proving the lemma. [ |

58



2.5 Solution of the kernel equations

Remark 2.5.5. Comparing the presented approach for converting the ker-
nel equations into its canonical form with existing literature for the scalar
case, especially [81] shows that the first step shown in Section 2.5.2, i. e. the
elimination of the coefficients which lead the second order derivatives is
just the same. However, in [81] and also in [113] there is another step after it,
eliminating the first-order spatial derivatives. In [113] the resulting canonical
kernel equations with the second-order spatial operator are transformed into
a system of two first-order differential equations before converting them into
integral equations. This is mainly done for the sake of readability and to
bound comprehensiveness, but it was shown in [118] that the step to eliminate
the first-order spatial derivatives is no longer needed if this conversion into
the system of first-order differential equations is performed. q

2.5.5 Transformation into integral equations

Now (2.143b) can be formally integrated w. r. t. £, starting at the left boundary
of the spatial domain (see Figure 2.3). This yields

13

G(&n.t) = G(&(n),n,t) + o )H(S,n,t)dé (2162)
1\n

where G(§;(n),n,t) can directly be substituted by the corresponding BCs

(2.143¢), (2.143f) and (2.143g).
Equation (2.143a) is integrated w.r. t. ), yielding

H(Evnvt) = H(€7nl(£)7t)

n
+ le/ (aA(€7ﬁ>H(£7ﬁvt) +Saz(£7ﬁ)Gﬁ(€7ﬁvt)
m(€) o

CONCED) 0 e e ) e (e G s
+S;<)\I€(C(WGH€(£7U7 t)Ak](C(gvn)vt) +Azk( (57”)?t)ij(£un)t)>
+5G(&,7,1) — sA;(C(&, 7)) F(2(&,1),C(&,7), 1)

6N SR A€, ) N
7_G7, ) 3 ,t Fy; s , ’t d d .
"2 Jeen ; A(€) k(2(€,7), ¢, 1) Fii (€, ¢(€,7), t)d | dy

(2.163)
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Apparently, this is not yet a proper integral equation as it still contains the
derivative G,,. Therefore, integration by parts is applied to (x4), yielding

n
/ as (€, 7)Gx (€, 7, 1)di
(&)

n

- a'EG - a'z (Ea m (5))G(€7 nl(£)7 t) + / © dZ,ﬁ(€7 ﬁ)G(£7 7777 t)dﬁ7
m
(2.164)

where an expression for ax ,(§,7) can be found by differentiating its defin-
ition (2.149b) with ax defined in (2.148). This leads to
ayn =ax 2y + aE,CCn
DN 0P 2ON0) - ()P
WA N AN
and after inserting (2.139a), (2.139b),
20 — ()2 2X(ON(Q) — (N(9)?
8\ 8X;(¢)

Cn (2.165)

ay, = =:a(z,(). (2.166)
Due to the integration by parts, the first integral equation (2.162) needs to
be inserted for G in (2.164). Moreover, the BCs (2.150a) and (2.150¢) replace
G(&,m(E).1).

With these replacements and the insertion of the corresponding BCs, the
integral equations are in the form that they are used in [113]. However, it was
shown in [118], that the applied proof of convergence of the corresponding
fixed-point iteration requires the term G; to appear under a double integral.
In the existing literature for scalar systems with time dependent coefficients,
e.g. [72], the conversion into the first-order system is not performed. Thus,
the time-derivatives of the kernel automatically appear under a double in-
tegral in the resulting integral equation. In the present case, one last step as
presented in [118] is needed to ensure this.

Introduce the abbreviation R containing all terms appearing in the right-
hand side of (2.163), except § fg © G1(&,7,t)dn. Then, this integral equation
can be rewritten as

n
H=R+> [ Gi&ntdn (2.167)
4 Jn, (€)

Now separate the variable

H=H,+ H, (2.168a)
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2.5 Solution of the kernel equations

into two parts, where
s [T
H, = 1 / G (&, 7,t)d7, (2.168b)
n
i.e. Hy is that part of the integral equation, which shall be put under another
integral. Then, (2.167) can be written as

H,+H,=R+ H,
H =R (2.169)

being a new integral equation for H;. All that remains to be done is to insert
(2.168) into R and into the integral equation (2.162) for G.
The resulting integral equation for G reads

G(&,n.t) = Go(n, 1) + Fe[G, Hi](§,n, 1) (2.170a)
with

Go(n,t) = Xj(0)Ko(t) + [E(m,1)] ;= +[g(m )]y, < 5, (2.170b)
Ai 2 Aj n>0
n>0

and

FG[Ga Hl](€7n7t) = [/On <2H1(ﬁ7 ﬁ?t) - qy(t) \/ A](O)G(ﬁa ﬁ?t)

1
oyl G (=(61(7). 7). C.1) Aoy (€. DA€ ) di
= A(C) .
0 - j>m
Ai > A
n>0
3 _ _ [1 fm .
o[ mEmodcs |5 [ Ginndidn)
1(n) 0 Jmu(7) ji>m
X > A
n=>0
s [§ n _ _
+7 / / _Gy(&, 7, t)dndg (21700)
&(n) Jm()

considering (2.131).
For H1, insert (2.170a) with (2.170b) and (2.170¢) as well as (2.166) into
(2.164). The result is substituted into (2.163) together with (2.168) and the
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2 Backstepping state feedback control design for coupled parabolic PIDEs

BCs (2.143¢)-(2.143h) for G(&;(n),n,t) and H (&, n;(£),t) as well as (2.150a)
and (2.150¢) for G(&,m;(€),t). Then the resulting integral equation for H;
reads

Hy(&,m,t) = Ho(§,n,t) + Fu, [G, H1](§,m, 1) (2.171a)
with

Hy(&n.t) = [¢'(z(&;m(€)), O]y, £, +[€2(2(6,0),0)]5, _
+ JaxGo(n.0) + [ [as(€ 00 ((£,0).1

A=\
-2 [0 ACEmPEE .o (271b)
4 m(€)
in view of (2.131) and
1 (M
FHI[G’ Hl](ganvt) = 4/ © <_dA(£>n)Hl(€a777t)
m
+sa(z(€,7),C(&7)G (& 7.1)
- (C(E 77)) _ _ ~ _ _
+ s ] (sanat)A (C(Ean)?t)+Az (Z('Ean)at)G ‘(ﬁﬂ%t)
1< M (CEm) H g K )
R S PYI(S(3%/)) N EOFAE. (e 7). 0dE \di
8 — Uy y 56 1 ; y y d d
¥ /M ; o (=€), C 0By (G ¢, 0C )
186 /n G(&,n,t)dndn + 4agFg[G H,|. (2.1710)

Since the deﬁnltlon of & in (2.161) is piecewise, the corresponding BCs
(2.143¢) and (2.143f)-(2.143h) utilized for the integration w. r. t. £ imply that
for \; # A; the line n = 0 in D, constitutes a line of separation, leading to a
piecewise defined solution. Thus, only a piecewise classical solution of (2.28)
can be obtained. Considering the line of separation in the original coordin-
ates shows that it is no longer a straight line, but a strictly monotonically
increasing line, defined by

(= ¢j_1(¢i(z))vz € [0,1], Ai > Aj (2.172a)
= ¢, (¢(0)), ¢ € [0, 1], Ai < A (2.172b)

2.5.6 Solution by fixed-point iteration

The integral equations (2.170) and (2.171) are now solved by fixed-point it-
eration. This section shows that this iteration converges absolutely and
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2.5 Solution of the kernel equations

uniformly. Hence, an accurate approximate solution is attainable by a series
truncation, allowing a successive approximation of the solution.
The obtained integral equations for G and H; can be written in the form

G = F;[G, Hy] (2173a)
H, = ﬁHl [Ga Hl]a (2173b)
with
FG[G, Hy) = Gy + F5|G, H) (21742)
Fy,[G, H\] = Hy + Fyy,[G, Hy] (2.174b)

and G = Gy;, HA = Hy;j, i,j = 1,...,n, implying that there are 2n?
equations which are coupled. Obviously, the solution that is looked for must
be a fixed point for the operators F; and Fpy, appearing in (2.173), which
means that the values of the solution components G, H; do not change
when applying F respectively Fy, on them. This can be seen easily in
(2.173). Consequently, it is a natural approach to look for a solution of (2.173)
by applying fixed-point iteration.

In this method, the right-hand side of (2.173) is applied on an initial guess®
G, HY for the solution. Then, the right-hand side of (2.173) is applied to the
results again. This is repeated consecutively. If the procedure converges, the
result obviously is a fixed point of the right-hand side of the equation and
thus also a solution of (2.173).

Therefore, the challenge is to prove that the application of this fixed-point
iteration indeed converges for at least one initial guess.

The mathematical formulation of the described iteration is

G°, H: initial guess

G'™ = Fg[G!, HY) (2175a)
H{Y' = Fy,[G HY], 1>0 (2.175b)
and
G = lim G' = lim F,|G°, H!] (2.176a)
l—00 l—00
H, = lim H! = lim F}; [G°, H}]. (2.176b)
l—00 l—00

8 Typically the initial guess is 0.
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2 Backstepping state feedback control design for coupled parabolic PIDEs

For the convergence analysis, it is more convenient to consider it in the
equivalent increment representation. To derive this, define the increments
as

AG =Gt - G (21772)
AH! = H'' — H (2.177b)

with the increment matrices AG = [AG};] and AH; = [AH, ;] so that

_ l l
llgllo G = g AG (2.178a)

. I _ l
H, = lh_glO H; = Eﬁ AHj. (2.178b)

Now insert (2.175) into (2.178) to get
AG! = G - G' = Fy[G' HY] — Fg[G' Y HIY (2.179a)
AH! = HIY' — H! = Fy, |G, H] — Fy, |G, HITY. (2.179b)
Using the definitions of Fg and ﬁHl in (2.174) yields

AG' = Gy + Fg|G', HY] — Gy — Fg[G' Y HITY (2.180a)
AH! = Hy + Fy,[G', H] — Hy — Fy, [G"1, HI Y. (2.180b)

Having a look at Fi; and Fy, reveals that they are linear in G and H, so that

AG! = Fg[G' - G HL - Hi_l} (2.181a)
AGl-1 AHl—l
AH! = Fy,[G' - G H1 HI 1>1, (2.181b)
AGI-1 AHZ 1
or
AG'" = FG[AG!, AHY) (2.182a)
AH!™ = Fy [AGL,AHY), 1>0, (2.182b)

respectively, which is the update law of the fixed-point iteration. The advant-
age of this formulation lies in the representation of the solution in form of
an infinite sum in (2.178) rather than a limes as in (2.176).
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2.5 Solution of the kernel equations

Using the simplest initial guess G° = HY = 0 implies

AG’ = G' — G = F4[0,0] = Gy (2.183a)
AH) = H} — HY = Fy,[0,0] = Hy (2.183b)

with which the following proposition holds.

Proposition 2.5.6 (Convergence of the fixed-point iteration). The fixed-point
iteration (2.182) with F¢, Fy, according to (2.170c¢), (2.171¢) and the starting
values (2.183) converges absolutely and uniformly to the solution of (2.r70) and
(2.171) for « € [1,2), where « is the Gevrey order of the system parameters.

The proof of this proposition consists of the following steps:

1. Finding an appropriate, converging growth bound for the absolute
values of the increments, which implies convergence of the fixed-point
iteration by Weierstrass’ test.

2. Proving the validity of the growth bound by mathematical induction.

To demonstrate the idea how to find a suitable growth bound, the mech-
anism of the fixed-point iteration is demonstrated at the simple example of
the integral equation

r=c+ /OZ z(¢)dC. (2.184)

Starting with the initial guess 2° = 0 yields 2! = ¢ with the corresponding
increment Az" = c. Applying the integral in (2.184) repeatedly on Az" yields
Azl = cz, Ax? = c% and so on, leading to the formula for integrations

Azt == (2.185)

(o) o0 l
T = Z Azl = Z c% = ce?, (2.186)
=0 =0

is obtained, which is the solution of (2.184). For this simple example, the
value of the summands is explicitly found in terms of (2.185) by performing
the integration. In the case of more general or complicated integral equations,
it is no more possible to find the solution in such a closed-form. However,
it is to be expected that due to the principle of the integrations, their basic
form should be similar.
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2 Backstepping state feedback control design for coupled parabolic PIDEs

Rather than determining the summands explicitly, it is crucially easier
to determine bounds for their absolute values. Luckily it is sufficient to
find a converging upper bound of a series’ elements in order to prove that
the series converges absolutely and uniformly (see Appendix C.2 for the
corresponding definitions). This is stated in Weierstrass’ test, (see, e. g. [77])
and is formulated as follows.

Lemma 2.5.7 (Weierstrass’ test). Let { f,,} be a sequence of functions defined
on the set X. If there exists a sequence { M, } such that Vx € X and Vn € N°,

|fa(2)] < My, (2.187)

o0

then the series )., f,, converges absolutely® and uniformly on X if’y >, M,
converges.

This means that it is sufficient to know an upper bound for the growth of
the absolute values |Az!| and to prove that the series of this upper bound
converges. The uniformity of the convergence then ensures that the continuity
of the summands is inherited by the sum so that the result is the solution of
the integral equation.

Considering scalar parabolic systems, the integral equation contains integ-
rations w.r. t. £ and 7. Knowing (2.185), the intuitive idea in e. g. [79] was to
assume

l
IAG! < M’“W. (2.188)

Then, (2.188) was inserted into the integral equation and its validity was
proved via induction. The limit of the corresponding series is an exponential
function, just like in (2.186), so that the fixed-point iteration converged.

In the present case of coupled parabolic systems, this simple approach
can no more be used, because every element G;; respectively H ;; has its
own coordinate system (&;;,7;;) and the elements are coupled. Assuming a
growth bound depending on (¢;;, 1;;) would imply a different growth bound
for each element, which destroyed the proof of the induction step.

For this reason, [113] considered a growth bound formulated in terms of
the original coordinates (z, (), which was completely independent of the
kernel elements.'® It was stated in [113] that the diffusion coefficients need
to be different in the sense that A;(z) >,..., \,(2), Vz € [0, 1], which means

?In [77], only the uniform convergence is stated, but the absolute convergence directly follows

from (2.187) and the convergence of {M,, }.
(22)!

1
' Note that the growth bound % used in the scalar case could also be expressed as “5~ in

the original coordinates.
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2.5 Solution of the kernel equations

that at each point z, \;(z) > Aj(z) for i < j. However, looking at the
convergence proof in [113] reveals that in fact the proof only works if \;(z) >
Ai(€), i < 4,z €0,1], V¢ € [0, 2], which restricts the diffusion coefficients
in the way that their ranges are disjoint. This can be relaxed by modifying
the growth assumption used in [113] with the idea in [51], which considers
a similar problem for hyperbolic systems, but leaves its statement without
proof. Essentially, the growth assumption there is akin" to

‘AGéﬂ < Ml+1¢i(z)_lw. (2.189)
At first glance, this might lead to a problem, because it is no longer independ-
ent of the indices. The integral operators (2.170c) and (2.171c) however mostly
contain sums of the form >}, G, which originate from a premultiplication
by G. Since (2.189) only depends on the row index i, which is equal for each
element in the sum, it is suitable to be used here. N

The only critical case is the multiplication »;_, A;,G}; appearing in
(2.171¢), which does not exist for the hyperbolic case in [51]. It will be shown
during the proof that the special structure of A according to (2.41) still ensures
the applicability of this idea.

For systems with time dependent coefficients, [118] combined the ideas
in [113] with the ideas to prove the convergence for scalar parabolic systems
with time dependent coefficients in [72] and [100]. The time dependency of
the kernel, specifically the appearance of its time derivative in the integral
equations requires to include a growth assumption for the time derivatives of
the kernel. As for both kernel element variables G and H; the same growth
bound is assumed, it is convenient to introduce a placeholder variable X
that can be replaced by either G or H;. With this, the following proposition
is stated as the combination of the ideas in [51, n8].

Lemma 2.5.8 (Growth assumption). Assume that (§,m) and (z, () are related
by (2.136) respectively (2.137). There exist constants D > 0, M > 1 such that
for every closed interval T C R?(‘J,

sup of AX'(,m.0) < D (P R) " i M 66) 0u(0)

teZ

Pa(pvl)

= Polp, )M f'(2,¢) = Pu(p, )M £'(&,m)
(2.190)

"1In [51], ¢; is defined as [ md{, where ), are the transport speeds.
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2 Backstepping state feedback control design for coupled parabolic PIDEs

holds for the pth time derivative of the increments AG', AH!, where o € [1,2)
is the Gevrey order of the system parameters and

vE WD), (2.191a)

(2.191b)

Prior to proving its validity, it needs to be checked that the series of the
assumed growth bound has a limit, i. e. converges. Since the fixed-point
iteration is used to determine the solutions G' = 3G and H = 9 H in the
end, it suffices to show the convergence for p = 0 in (2.190) (see [72]). This is
stated in the following corollary.

Corollary 2.5.9 (Convergence of absolute bound). The infinite sum of the
growth bound (2.190) with p = 0 converges for a € [1, 2).

Proof. Inserting p = 0 in (2.190), the result

MH—l )
sup |AX!| < D! . ! (2.192)
teZ (@)=
is summed up to obtain
1
Zsup|AXl|<MZ MDf IO (2.193)
25 )
~——

ajy

which is a power series. Its radius of convergence can be calculated by applying
the ratio test (see e. g. [77]), yielding

12—
r = lim 241 — Jim (t+2)H
l—00 Q42 l—00 ((l + 1)!)2_0‘
= llim (142)>% =00, Va<?2. (2.194)
—00
Consequently, the series (2.193) converges for « € [1,2). |

According to Lemma 2.5.7, this implies the absolute and uniform conver-
gence of (2.178), proving Proposition 2.5.6. The remaining and main task of
this section is to prove Lemma 2.5.8 by mathematical induction.
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2.5 Solution of the kernel equations

Remark 2.5.10. In the simpler scalar case considered in [72], it is possible to
show that convergence can also be established for o« = 2 if the constant D
is small enough. This is because the integrations of the growth assumption
in the integral equation can be performed explicitly. In the present case,
however, the integrations can only be estimated by some bounds, so the
condition on D cannot be determined. Therefore, the special case o = 2
must be excluded here. N

Proof of Lemma 2.5.8. Looking at Gy and Hj according to (2.170b), (2.171b)
it is easy to check that

sup [0 AX°| = DD?(p)* < Pa(p,0)M f° (2.195a)
tel

for some finite M > D, because all appearing functions in (2.170b), (2.171b)
are of Gevrey class G, (R} ) so that they can be estimated by (2.11). This is the
right-hand side of (2.190) for [ = 0, proving its validity for the initial values
AGP, AHY, which is the base case for the induction proof.

In the following, the validity of (2.190) for all [ > 0 is proved by assuming
it for | (induction hypothesis) and proving the resulting validity for [ + 1
(induction step). By mathematical induction, the validity for all / follows.
This amounts to proving that

! _
sup |0f AG'™| = sup |[d} Fo[AG!, AH')| < Pa(p, 1 + )M f141(&,m)
teT teT

(2.196a)

! _
sup [0f AH{™!| = sup |d} Fi, [AG', AH')| < Po(p, 1+ 1)M'T2 f111(€,m),
tel tel

(2.196b)

where the update law (2.182) of the fixed-point iteration was used for the
equalities. To evaluate the right-hand sides of the equal signs in (2.196)
with (2.70¢) and (2.171¢), the time derivatives and the absolute supremum
are moved under the integrals, allowing to insert the growth assumption.
The results are spatial integrals over the growth assumption. Therefore,
it is advantageous to have a closer look at those integrals before actually
writing this down. Performing these integrations is not possible in closed-
form, because the growth assumption contains the nonlinear coordinate
transformations ¢;(z(&,n)) and ¢;(¢(&,m)). However, it is possible to derive
bounds for the integrals, which are summed up in Appendix B.2. In fact,
tighter estimates can be found but (B.12) allows to prove convergence of the
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2 Backstepping state feedback control design for coupled parabolic PIDEs

fixed-point iteration. In addition to the results of Appendix B.2, the auxiliary
results of Appendix C.3 are used in the following.

Now, (2.196a) is evaluated with (2.170¢) to prove the induction step. To
simplify writing, the notations | - |7 = sup,.7 | - | and

[]e =[] i>m (2.197)
Ai > A
n=>0

are used in the following. This yields

n
sup [Of AG | = |dj [/0 (28H(1,7,6) + 0 (1) A ()AG (7,7, 1)
z(& ().
- AJ(O)/ ZA El( ) )7<7t)A0,kj(C7t)dC)d77]
0 c

" / © wamlEn >df+[ / / &l >dndn]
/g . /n d’AGL (€ )d-dg
/0 (2|aPAH1 t)z + /A (0)[d? (¢} () AG (7,7, 1)) Iz

gl (77 )77

+\/7/ Z !dp Gi(2(&(M), ), ¢, 1) Ao ks (¢, ))’Id5> ]

£ _ _ 1 (M [0 B B
+ / |0f AH (€, 1) |zd€ + [2 / / o7 AG (3, mt)\zdndn]
&u(n) 0 Jm(7) c

L K p+1 lig = a7
T 07T AGT(E, 7, t)|zdndé. (2.198)
&i(m) Jm (&)

To be able to insert (2.190), the general Leibniz rule (see Lemma C.3.1) needs

to be applied for every multiplication of an element with a time dependent
coefficient. Doing so,

c

<

C

|7 (¢ () AG' (7, =

i() 147 ()] I AG! (7,77 )Z

p
Z<p> th ‘ap TAG (7] ‘I (2.199)
0=

Q
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allows to insert (2.11) and (2.190), which leads to

p

& ((DAG (. §j<)Dﬁ1 ) Pa(p — 0, )M F (7, 7).

(2.200)

The very same is applied for |d} (AG!, (z(&(),7), ¢, t) Aok (¢, t))|z showing
A7 (AGH (&), 1 6, Ao (G, 1)

<§j(>m“ ) Pa(p — ¢ DM (@), 1), 0. (2200

Now (2.190) is inserted for the remaining elements and all appearing factors
are considered by multiplying with their finite common bound ¢;. This yields

]8,{”AGI+1|Z S C1 (

n _
L/anWW“ﬂWWﬂﬁ

0

+ / ()le aP(-ﬂJMﬂ“ﬂWmﬂﬂ
- n

) »

“|/ J EZQyWH@W&@—%DM“#%@A>)cmm4

q=0

13 n
+/meMHﬂgn%+U’
&(n) 0y

/ P (p+1,0) ML FUE, n)dnd£> (2.202)

@\:ﬂ

ap+LnMMﬂmﬁmmﬂ

C

where the integrals are evaluated using (B.12). Note that &;(n) = n holds for
the terms in brackets due to the condition 17 > 0, so that (B.12b)-(B.12d) can
be used. This yields

2 _
PAGH |z < 1y Palp DM

P
I +1_%3  zl+1
+Z<>Dq+ P(p—q,l)M+mf+(€,7l)

q=
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T op
PN Hg+1/ o _ +1 %4z _
+ /Z <q>D (@) Palp — ¢, )M (l+1)f (1, )dn]
o 9=0 c
n
+Pal(p, l)M”1 N E ) UPQ p+1,0) M”llilfl“(‘ ﬁ)dﬁ}
0 C
E — —_ —
+ Po(p+ 1al)Ml+1fl+1(5777)df> (2.203)
&(n) l[+1

after performing the outer integrations. Using (B.12a) and (B.12¢) once more,
]8{’AG’“|Z S (53} (

2 ()

q

2 _
Pa I Ml+1 1+1

(o) @) Falp — g DM P )
p

+> () D (g
=0

p 6% & C: ol
( ) (g Po(p — g, )M 50 flH2 (¢ )

o \4 (I+1) (1 +2) —
T sfEm)
+ Palp DML PG m) + Palp+ 1, OMI s £ 6 )
+ Pa(p + 17 Z)Ml+1<l_F]?)U_i_2)fl+2(£ n)) (2.204)

results, where equal terms can be factored out to get

(2 + ¢ £
OFAGH|; < (WPa<p,z>Ml“f’“<s,n>

+ Z < )D‘Hl ) Pa(p — q,l)Ml“ClC'*l(iJI ) (g, p)

c1(cacs + 2¢3)

+ P,(p+1,0)M'*!
(p ) I+ +2)

fl”(&,n))- (2.205)

To simplify this expression, insert the definition of P, (p,!) according to
(2.190) and use (C.7b) to first note that for o > 1,

Pa(p,]) (p+hhe 1 1

— pptl

I+1 ( Il )(z') o I+1
——

1
< (1+1)2—«
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1
I+ 1) ) ((+ 1))z

1
= —Py(p,l+1
D (p,1+1)

le+l+1((P+ [+ 1o
D

(2.206)
can be substituted in the first line of (2.205). For the second line

5 ()

—~ [+1

i( )Dq+1 e pr-a+ <(p—q+l)!>a (l')l 1

il N2—al+1
— Dp+l+1 qZ:;] (2) (p —q+ l)!a(q!)a (l') (l') 1

a2l +1) (2.207)

(=}

needs to be further simplified. To this end, note that

ab® < (ab)*, a>1,0>0,aa>1

Za <( Z a;), a; >0,a>1,

so that the sum can be written as

Zp:[)(z)(p g+ O‘<(Zp:<>p q+l)!(q!))a

(C7a) (p+1+1)N\"
(l—l—1> ) (2.209)

(2.208a)
(2.208b)

[}

Inserting this into (2.207) yields

a b +1 o 1

; <q>Dq (q‘) Pa(p*%l)m
(p+1+1)N\" 1

< prr ( (+ ! ) OEERESY

< prit <(PJJZF41F)!1)!> i 11)!2_a = P.(p,1+1). (2.210)
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To simplify the third line in (2.205), use (2.190) for P, (p + 1,1) to get

W_Dp+1+l<(p+1+l)!)a 1 1
(l+1)(l—|—2) - il (l|)2—a (l+1)(l+2)
_Dp+1+l <(p—|—1—|—l)')"‘ (l+1)o¢ 1
- ((+1)! I+ 1)1 +2) ()2

The fact that (I + 1)(I +2) > (I + 1)? leads to (l+1)1(l+2) < (Hll)Q implying

I+
(+1)(1+2) = (l-|-1)2 o

Palp+1,1) i ((+1+1)! 1
tinaey <2 () @ = o)
(2.212)

(2.211)

Consequently,

is obtained. Now, (2.206), (2.210) and (2.212) are inserted into (2.205) and
fI12(&,m) < f1(€,m) because f(€,n) < 1is used, yielding

OPAG |z < MM P, (p, 1+ 1) FH1(€,m)
= M"*2P,(p, 1+ 1) f1* (&, m) (2.213)

if M > W + ¢34+ cqcs + c1(eqes 4+ 2¢2). As M can be arbitrarily large and
all appearing constants are finite, (2.213) proves the induction step (2.196a)
for the kernel element AG'.

The same procedure has to be repeated for (2.196b), using (2.171c). However,
rather than explicitly writing it down, it suffices to compare the types of
appearing terms in (2.171¢) to them in (2.170¢). The spatial integrals in (2.171¢)
are the same as in (2.170¢), except [ Cz((fﬁ"))( ..)d¢, which is evaluated using
(B.12e). Moreover (2.171¢) contains the sum over ﬁikaj, which, after shifting
the absolute value under the integral yields

/ ©f Z [dF (Air (2(&, 1), ) AGL; (€, 71,1)) |27

(p> 100 A (=&, 7). )], |7 AGL (6.7, 1)] .

Q

(p) DI () Pa(p — g, )M fL(2(E,7), (€. 7)),

(2.214)
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where the insertion of f, is required because the kernel element has the
row index k. The special structure of A according to (2.41) ensures that this
expression is zero for A; > A or in other words, only needs to be considered
for A\ > \;. Hence, the integral in (2.214) can be evaluated using (B.12f). Then,
the very same procedure as for AG! proves the validity of (2.196b), which is
the proof of the induction step. Consequently, Lemma 2.5.8 is proven. W

Remark 2.5.11. If the appearing parameters are independent of time, the
Gevrey growth (2.11) is still valid. Specifically, for ¢ > 0, the derivative is zero
and for ¢ = 0, the right-hand side of (2.11) becomes a constant. Thus, every
bounded Gy, Hy induce that AG® and A HY fulfil (2.190). q

2.5.7 Uniqueness and regularity of the kernel

As result of the previous section, the kernel integral equations (2.170) and
(2.171) have a solution that is piecewise continuous w.r. t. (£, n), smooth w. . t.
t and can be determined by the method of successive approximations.

Due to the smoothness of the solution w.r.t. ¢, the proof of uniqueness
shown in [79] is directly applicable in the present case, knowing that the
difference of two possible solutions fulfils the homogeneous integral equation.
Hence, its time derivative must fulfil the growth assumption (2.190). With
the same argumentation as for the convergence proof, the solution of the
homogeneous integral equation is the limit of the fixed-point iteration, which
converges to zero, showing that there can only be one possible solution.

Remark 2.5.12 (Initial value of the kernel). Though the time-derivative K
appears in (2.28), the initial value K (z, ¢, ty) is no degree of freedom but it is
uniquely determined by the boundary conditions. As long as the coupling
matrix Ag(z,t) in (2.23a) is not specified, there are infinitely many different
backstepping transformations into the target system, which becomes appar-
ent at the well-posed BC (2.150f). Once this degree of freedom is specified,
there is only one unique transformation mapping into the target system with
the resulting coupling matrix. N

For the stability proofs, the piecewise continuity of the kernel is sufficient,
because it maps L2-ICs of the original system into Ly-ICs of the target system.
However, it is worth noting that the obtained kernel is twice differentiable
inside the areas above and below the line of separation if the regularity
conditions

B(-,t), A(-, 1), Ag(- 1) € (C[0, 1])™<" (2.2150)
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F(-,-,t) € (C'([0,1]%)™" (2.215b)
gij(+,t) € C'Q[O, 1, 4,j=1,...,n, (2.215¢0)

hold in addition to Assumption 2.1.5. To show this, the derivatives are
expressed in terms of the canonical kernel elements G, H. In the first step,
use (2.100b) and note that (2.105) implies ()\;(()K)¢c = K¢¢. Then insert
(2.99b) and (2.99d) revealing that the upmost appearing derivatives are K.,
and K. These are substituted by (2.147¢c), (2.147d), which yields

Kuyw = He + 2sHy + Gy (2.216a)

Kyy = He —2sH, + Gy (2.216b)

with the definition of (2.142). Consequently, it must be shown that He, H,,
and G/, are bounded. To this end, note that H; being the solution of (2.171)
induces that H according to (2.168) is the piecewise continuous solution of
(2.163), because H; and H have this property. Thus, to obtain the required
derivatives of G and H, (2.162) needs to be differentiated twice w.r.t. £ and
(2.163) needs to be differentiated w. r. t. £ and w. r. t. 5. Calculating the second
derivative of (2.163) w. r. t.  and inserting this into G, reveals that the results
are piecewise continuous functions because of the piecewise continuity of
G, H, and G; as well as (2.215) and Assumption 2.1.5. Consequently, the
obtained solution K = [K]|, K(z,(,t) = %G(E(z, ¢),n(z,¢),t) is the
piecewise classical solution of (2.28).

Example 2.5.13 (Kernel visualization).

To illustrate the solution of the kernel equations, they are solved for an
academic example of the system (z.21) with n = 2 and the spatially varying
and time-invariant coefficients

A(z):[22+2 0 1], A(z):[eZ/Q ‘5], Ag=F =0

0 e“+3 2_-2 2
(2.217a)
Br=1, Bi=0 (2.217b)
n—J, Bl=1I (2.217¢)

for which \; > \o. The controller is parameterized by u. = 1 and A(z) = 0,
resulting in A(z) = I in (2.23). Figure 2.5 and Figure 2.6 show the solution
of the kernel equations in the canonical and original coordinates in form
of a surface plot with contour lines. The colour is proportional to the value
of the solution, and ranges from blue to red. The degree of freedom is
set to ¢g21(n) = 0, symbolized by the dashed green line. The remaining
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0 ¢1(1) C
s | ’ 1
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| G11(&11,m1) | | Giz(€12, m2) |
<151(1) | o G21(€21,7721) G22(€22,7722) | | ¢2(1)
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0 $1(1) c 0 $2(1) 26¢2(1)
§21 §22

Figure 2.5: Surface plots of the kernel element solutions G(&, ) in the canonical coordinates
for g21(n) = 0. For i # j the lower right corner of the domain is at ¢ = ¢1(1) + ¢2(1)
and b = ¢1(1) — ¢2(1) The coloured lines indicate the boundaries. For i # j, the red lines
highlight the line of separation n = 0, where the kernel is not differentiable. This is visualized
by the black contour lines.

coloured lines represent the boundaries like in Figures 2.2 and 2.3 and the
red line visualizes the line of separation located at = 0 in the canonical
coordinates. In Figure 2.6, it can be seen that it is no longer a straight line, but
a strictly monotonically increasing curve in the original coordinates according
to (2.172). The black contour lines demonstrate the piecewise character of the
solution for ¢ # j, having a differentiability defect at the line of separation.
To illustrate the influence of the artificial BC, Figure 2.7 shows the resulting
solutions G291 and Ko; for the arbitrary choice of ga1(721) = —272;. It can
be seen that the form of the solution is affected by the artificial BC. Since
the feedback gains depend on the kernel, they may therefore be influenced
by the artificial BC. This is illustrated in the left picture of Figure 2.8, where
the elements R9;(z) and Ras(z) of the distributed feedback gain in (2.27)
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Figure 2.6: Surface plots of the kernel element solutions K (z, ¢) in the original coordinates
for Example 2.5.13 with the choice g21(n) = 0. The coloured lines indicate the boundaries.
For i # j, the red line of separation is a strictly monotonically increasing non-straight line
given by (2.172).
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G21(&21,m21) K31(%,Q)
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Figure 2.7: Solutions G21 (€21, 1121) and K1 (z, ¢) for Example 2.5.13 with g21(721) = —2721.

Ra1(2), Raa(2) \ A(t)
ol 7
I
1L | |
0 0.5 1
z

Figure 2.8: Left: Comparison of the distributed feedback gains R21(z) ( ) and Ra22(2)
( ) for the two choices of g21(n21) = 0 (solid) and g21(n21) = —2n21 (dashed) in Ex-
ample 2.5.13. Right: Reaction parameter A(¢) of the system considered in Example 2.5.14. It
contains the non-analytic bump function ©3(t) with Gevrey order o = 1.5.

are plotted. The gain R2;(z) is strongly influenced by the choice of g2 (721).
Due to the coupling of the kernel elements, the solution Ks(z, () and thus
Rao(2) is also slightly affected. Though this is only a basic demonstration of
the influence of g21(721), it is imaginable to choose the value of the artificial
BC with the aim to optimize some criterion like the control effort. <
Example 2.5.14 (Time-varying kernel).

To highlight the importance of considering the time dependency in the
controller calculation, a system (2.21) with n» = 1 and the parameters

A(z) = 2% cos (2m2) + g, A(t) =2420; (5t + 3) (2.218a)
Ag=F=0 (2.218b)
x,(0,t) = q(t)x(0,t) = 2sin(nt)z(0,t) (2.218¢)
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K(z,(,t) K(2,(,t)
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: 0 : t=0.5
"‘V‘V‘v > > KL ‘v““v‘v - .
st L SRR
SRR TSI € {0,1}
LEEISIISRIK X
—4 IR ””‘
R
—6 RSN
0 RS 1

10

Figure 2.9: Solution of (2.28) for Example 2.5.14 (left) and comparison with the quasi-static
solution (right) neglecting the time derivative of the kernel.

x,(1,t) = —3tx(1,1) (2.218d)
to=0 (2.218¢)
where
e~ ((1I=)t)~
Ou(t) = —— 55— (2.219)
e (1)

is the normalized bump function with Gevrey order o = 1 + 1 (see [66]), is
considered in the time interval ¢ € [0,1]. With w = 2, @ = 1.5 is a Gevrey
order realizable by the presented backstepping design method. The right
picture in Figure 2.8 shows the form of the reaction parameter A(¢). The
controller is parameterized by p. = 5.

An intuitive approach for considering the time dependency of the system
parameters is to discretize the time axis and calculate the controller gain at
each time step as if the system was time-invariant, which is called quasi-static
approach in the following. The solved kernel equations only differ by the
term K, in (2.28a), leading to an error in form of an additional term in the
target system’s PDE, whose stability is no more ensured. Figure 2.9 shows
the solution of the kernel equations (2.28) in comparison to the the solution
obtained with the quasi-static approach. Since for the time dependent param-
etersin (2.218), A(0) ~ A(1) and ¢(0) = ¢(1) holds, the quasi-static approach
will lead to K (z,(,0) ~ K(z,(, 1) which can be verified in the right picture
of Figure 2.9. However, when taking the time derivative into account, this is
no longer valid, as can bee seen in the left picture of Figure 2.9. Naturally this
has a great influence on the resulting controller gain. To make this visible,
Figure 2.10 shows the distributed controller gain R(z,t) in the two cases. It is
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Figure 2.10: Distributed controller gain R(z, t) with (left) and without (right) consideration
of the kernel’s time dependency.

obvious that the calculated controller gain in the quasi-static case will lead
to a different and probably undesired behaviour, emphasizing the necessity
to consider the general, time-varying problem. N

2.6 Computation of the kernel derivatives

To be able to realize the control law (2.27), the derivative K, (z, ,t) needs to
be determined and evaluated at the boundary (1, ¢, t). Computing the deriv-
ative with a numerical method, like finite differences, leads to a comparably
large error due to the boundary evaluation. The same problem occurs for
the determination of K (2, (,t) needed at the boundary (2,0, ) for the deter-
mination of (2.24) by (2.91). This is not required for the controller, however,
it is helpful to be able to perform a simulation of the target system, in order
to validate simulation results.

Rather than differentiating numerically, it is possible to directly calculate
the derivatives via the kernel integral equations. To this end, first note that

s 1
KZ(Z,C,t) = WH(E,T],t) + mGn(E,’r],t) (2.220&)
N
KC(ZaC’t) = _)\jﬁgiK(ZaC7t) + )\3/2(C)H(£anat) - %Gn(g’n’t%
J J

(2.220b)

with (&, 7m) according to (2.136) follows when applying the chain rule with
(2.97), (2.140). While H(&,n,t) and K (z,(,t) are directly available as the
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2 Backstepping state feedback control design for coupled parabolic PIDEs

solution of the integral equations (2.173) with (2.168), the derivative G, (&€, n, t)
still needs to be determined.
To this end, the PDE (2.148) is formally integrated w.r. t. £ to obtain

3 _

48(Gyy — GlEi(m). 1)) + /£  anEmGy(E e
\n

3 _ _ _ _
= / (R(§7 n’ t) — sSana (57 n)H(fv na t)) déa (2‘-221)
&i(m)

where R(&,n, t) is the right-hand side of (2.148). Note that all terms appearing
in R as well as H are available as the solution of the integral equations (2.173).
To express Gy, (&(n),n,t) by the BCs, (2.150b) and (2.150e) are solved for

Gy(&(n),n) = Gn(&(n), m(&(n))) and Gy(n, 1), respectively. Moreover,
(2.150d) and (2.150f) are differentiated w.r. t. ). Then, solving (2.221) for G,

leads to the integral equation

G, = G% + Fg, [Gy) (2.222a)

13 _ LSS _ _
G% = Z <—(TLA(Z, C)sH(ﬁ,n,t) + ;(Aik(z(§7n)vt)ij(gvn>t)
3

Ai(CEn) (A (E
3 ) G Em DA (CE D)
+Gi(E,m,t) = N (C(Em)F(2(E,m),¢(E,m), 1)
N(CE )

Fy(G <<s,n>,t>)d<) dé

+ [H (m,m,t) — q;(t)\/Aj(0)G(n,m,t) — 1/ (0)Ag(z(n,m), 1)
+\/A]7/0 ZAk @ G2, ) Aoy (€, t)dc| e

k=1 Y
n=>0

+lgn(m.t) = Hmnt)], . — [Hm 1) >,
n>0 j<m
>0
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e etemn 0 DY )
n<o0
(2.222b)
and
s [§ _ _ _
Fa,(Gol = =5 [ as(@n)Ga(€n.)de (2:2220)
&(n)

In (2.222b), all elements are available as system parameters or from the
solution of the integral equations (2.173) and known to be bounded. The
resulting integral equation (2.221) may now be solved by fixed-point iteration,
just like the integral equations (2.173) for the kernel. Its convergence follows
with the same reasoning, but turns out very simple, since the integral operator
(2.222¢) is very simple. Note that for the numerical computation of (2.222b),
it is helpful to use (2.140) and (2.97) to insert

)\:@)Gik (&r(2(&,m), Q). ik (2(§,m),C),t) = Kie(2(&,m), (1) (2.2239)

and

Gz, ), 1) = Ka(2(m,m), G, 1), (2:223b)
A(¢)

since both G(&,n,t) and K(z,(,t) are known. The solution of (2.222) can
then be used to calculate the kernel derivatives by (2.220), which will be
referred to as analytical derivative in the following. Figure 2.1 shows the
comparison of a numerically computed derivative K, (1, ¢) for Example 2.5.13,
which is needed for the control law (2.27), with the one calculated by (2.220a)
with the solution of (2.222). In the numerical case, the differentiation matrix
resulting from a finite element method with linear basis functions and 31
grid points is utilized to compute the derivative. However, with increasing
values of ¢, the remaining discretized spatial vector to compute the derivative
gets smaller until for ( = 1, only one point (1, 1) is left (see Figure 2.1). As
this makes the computation of a numerical derivative impossible by principle,
K.(1,1) = K,(1,1 — Az) is assumed for the numerical computation, where
Az is the step size of the discretization.

For the analytical derivative, the solution of (2.221) is calculated with 9
fixed-point iteration steps on the discretized (&, n7)-grid on which the solution
of (2.r70) and (2.171) was determined. Though the numerical derivative results
in a similar magnitude, especially K12(z, () has a very big deviation due to
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azKll(laC) 82K12(17<)

Figure 2.11: Comparison of the numerical and analytical derivative K (1, () for the 2 x 2
kernel of Example 2.5.13. The numerical derivative ( ) is calculated by the differentiation
matrix resulting from a finite element method with linear basis functions and 31 grid points
and the analytical derivative ( ) is calculated by (2.220a) with (2.222), whose solution is
determined by a fixed-point iteration with g steps.

the appearing discontinuity of the derivative originating from the line of
separation (2.172) (see Figure 2.6). Therefore, it is advantageous to use the
analytical derivatives (2.220) to avoid deviations in the controller gain.

2.7 Academic examples

To demonstrate the effectiveness of the backstepping controller, simulations
are performed on a standard desktop computer with an Intel® Core™ i7-4790
CPU with 3.6 GHz, 32GB RAM, Microsoft Windows 10 Enterprise and MATLAB
R2018a. In all simulations, the built-in variable-step solver 0DE15s is used
with an absolute and relative tolerance of 10~% and a maximum step size of
0.02. Interpolants are created for the time dependent parameters stored in
discretized form, and evaluated during run-time. The simulation models
are created using the finite-elements method with linear basis functions like
described in [92]. Therein, Robin BCs are included via integration by parts
and Dirichlet BCs are approximated by Robin BCs of the form x,(z,t) +
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10%z(zp, t) = 10°f(t), 2z, € {0, 1}, where f(t) is a general system input. The
resulting approximation uses the differentiation matrices created by the
function matfem, which is provided by [92].

Example 2.7.1 (State feedback controlled system).
Consider the plant (2.21) with n = 3 and the parameters

22 cos (272) + 2 0 0
A(z) = 0 2% cos (2mz) + 3 0 ]
i 0 0 5(3—gsin (272 - §))
% — 691.25 (t) 3COS(27T(Z + t)) @1.25 t) ]
A(Z, t) = |2+2 sin(27r(z -+ t)) 3 — 491_25(t> 1

L 3 COS(27T(Z + t)) —@1_25(t) % — 691,25(1‘5)
i e*teHi~t e? ¢t sin (27 (z — t))

F(z,(,t) = | cos(m(z+(¢—1t) et 1 — e (xH¢Ht) ]
(cos(2m (z4+ ¢ — 1) e HHD) sin(n (24 ¢ — 1))
[0 sin(27 (2 +1)) cos (27 (z + t)) ]

Ap(z,t) = |0 —sin(2r(—z+1t)) cos (2w (—z+1t))

0 sin (7 (t + z)) cos (1 (t + 2))

which is subject to m = 1 Dirichlet BCs and p = 2 Robin BCs with

Qo(t) = I091.25(t) (2.224a)

at the left side (see (2.6b)) and p; = 3 Robin BCs with

—6
Qi(t) =t(1—1t) [ —4 ] (2.224b)
-2

on the right side (see (2.10)). In (2.224), the normalized bump function
e~ ((A=t)t)~*
O =—71—"" (2.225)
e_(Z)

(see Example 2.5.14) and the smooth step function

0 t<0
L0, (T)dr
O,(t) = % 0<t<1 (2.226)
1 t>1
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Figure 2.12: Non-analytic bump 6125 (left) and step ©1.25 (right) functions with Gevrey order
a=1.8.
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Figure 2.13: Open-loop state profiles z;(z,t), i = 1,2, 3 for the plant (2.21) with parameters
(2.224) and ICs zi(2,0) = 2 sin(rz + 27) + + cos(3mz + 5).

are non-analytic functions with Gevrey order o« = 1+ % [66] and are depicted
in Figure 2.12. Consequently, the system parameters are of Gevrey order
a = 1.8 € [1,2), which allows the usage of the proposed backstepping
design method. Note that the diffusion coefficients fulfil \; = A\ > A3. The
considered plant is unstable in that sense that the states will not converge to
zero, which can be seen in the open-loop state profiles in Figure 2.13 resulting
from a simulation with the ICs z;(z,0) = 2 sin(rz + 27) + 1 cos(372 + 3),
i = 1,2,3, which are compatible to the BCs. Due to the time dependency
of the system parameters, the states of the system initially increase, then
decrease and finally increase again. N

The state feedback controller (2.27) is parameterized by A(z,t) = u.I = 81
and the degrees of freedom g(n,t), \; < ); in (2.150f) as well as K, (¢) in
(2.92) are set to zero for simplicity. The simulations are performed in the
time span t € [0, 1]. Note that in any case, it is only possible to compute the
controller for a finite time range where the system parameters must be known.
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This completely determines the kernel as the solution of (2.28), allowing its
computation for the determination of the gains in (2.27).

The numerical implementation uses a discretization of the kernel K (z, (, t)
with 31 points in each direction z, ¢ and ¢. The canonical (£, n)-grids resulting
from the transformation (2.136) are resampled to ensure a minimum point
distance of 0.02 in both directions £ and 7). After each iteration step, the time
derivatives G¢(&,n, t) of the kernel elements are calculated numerically. The
fixed-point iteration (2.182) is performed until the increment drops below
the limit of 1075, i.e. max;j¢ ¢ |AX (€, m,t)] < 107°, AX € {AG,AH,}.
This occurs after 20 iteration steps, where each step takes approximately 1.5
seconds of computing time. The controller is finally computed after a total
time of about 51 seconds including auxiliary computations as well as the
calculation of the inverse kernel by solving (2.64a) via fixed-point iteration.

The resulting space and time dependent controller gain R(z,t) in (2.27) is
depicted in Figure 2.14.

The controller is able to stabilize the system, which can be seen at the
closed-loop state profiles in Figure 2.15.

To check that the controller forces the system to have the desired target
system dynamics, the resulting state evolution z(z,t) is transformed into
the backstepping coordinates using (2.22) and the result is compared with a
simulation of the target system (2.23). Figure 2.16 shows the resulting profiles
for the transformed states (7.(¢)z(t))(z) (left) and the target system states
Z(z,t) (right). It can be seen that possible numerical deviations resulting
from the discretizations and the series truncation of (2.178) are too small to
be visible.

Finally, the achieved decay rate set by the parameter y. can be verified
in Figure 2.17. The norms of both the original system states ||z(¢)|| and the
transformed states || 7.(¢)x(¢)|| converge to zero with at least the desired decay
rate. According to Theorem 2.4.1, this is ||z(t)|| < Me(=8+9||z(0)]|, Ve > 0,
since tp = 0 and pmax = 0 is the largest eigenvalue of the target system
(2.23) with the given parameters due to the Neumann BCs. Moreover, the
comparison of the norm ||Z()|| of the simulated the target system (2.23) with
the norm ||7.(t)x(t)|| of the transformed states in the left picture confirms
that the backstepping controller forces the plant to have the desired closed-
loop behaviour. The norm of the open-loop system virtualizes its changing
stability properties. The right picture of Figure 2.17 show the related norms
| Te(t)x(t)||/]|7-(0)z(0)|| for different choices of the decay parameter . €
{4,8,161. p

37



2 Backstepping state feedback control design for coupled parabolic PIDEs

T
it
0
‘\‘“‘“\

IR
JRIARR

W

Figure 2.14: Distributed controller gain R(z,t) for Example 2.7.1.
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Figure 2.15: Closed-loop state profiles z;(z,t), i = 1,..., 3 for the plant (2.21) with parameters
(2.224), A(z,t) = 8 and ICs z4(2,0) = 2 sin(7z + 27) + § cos(3mz + %).

The solution of the kernel equations is the numeric bottleneck for the deter-
mination of the controller gains in the backstepping method. For the system
of two coupled PDEs in Example 2.7.1, the solution could be determined in a
very short time with a sufficient resolution.

However, due to the various numeric operations needed to perform the
fixed-point iteration (2.182), especially the interpolation of values of one
coordinate system (;;,7;;) to the coordinate system (&1, 1;x,) of a coupled
element, a general statement on how the computation time will grow with the
system order, is hardly possible. To receive an impression, this is investigated
in the following example.

Example 2.7.2 (Computation times).
Consider a system (2.21) with the generic parameters

A(z) = diag(n,n —1,...,1) + 21 (2.227a)
A(z,t) =1"+ (z — t)1" (2.227b)
Aoz t) = 1" — (= — £)1" (2.2270)
F(z,(,t)=1"+ (z =+ t)1", (2.227d)

where 1" is an n x n matrix full of ones and Neumann BCs, i. e.

x,(0,t) =0 (2.227€)

x,(1,t) = u(t). (2.227f)

The kernel equations for the system (2.227) are now solved for different sys-
tem orders n = 1,...,16. The spatial coordinates z, (, ¢ are discretized by

31 points each and the canoncial coordinates (;;,7;;) of each element are
discretized such that there are 80 nodes in §;; direction and the same node
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Te(@)[x1(2)](2) 1(z,1)

Figure 2.16: Transformed state profiles (7. (¢)z(t))(z) (left) and state evolutions Z(z, t) (right)
resulting from a simulation of the target system (2.23).
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’ l|z(t)]| (open-loop), [|z(2)]] (closed-loop), ITe@®)z@)l, = = = [lZ@)]]
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Figure 2.17: Left: Weighted Lo-norms ||z(t)|| of the closed-loop and open-loop system states
as well as the transformed states || 7.(¢)z(t)|| and the target system states ||Z(¢)||. The pink

curve is the desired decay rate M elHmax—re)t \which is achieved. Right: Related norms
|7 (®)x(t)]|/]|Te(0)x(0)]| of the transformed states for the different choices of . € {4, 8,16}.

distance in 7;;. Note that due to the asymmetric shape of the spatial domain
(see Figure 2.2 and Figure 2.3) a different number of nodes in ¢;; and 7;;
direction results. For the case that the diffusion coefficients differ strongly in
their magnitude, setting a fixed number of nodes in the canonical coordinates
may be numerically better than a minimum node distance as in Example 2.7.1.
The fixed-point iteration is stopped as soon as the maximum absolute incre-
ment max;j¢ ¢ |AX (€, 7m,t)], AX € {AG, AH} drops below 1073, which
turned out to be a sufficient accuracy in simulations. It is noteworthy that
this is reached after exactly 10 iterations for every considered system order.
Figure 2.18 shows the computation times required to compute the kernel for
the different system orders. The total computation time in the left picture
includes all auxiliary procedures like initializing required objects and the
computation of the inverse kernel by solving (2.64a). To confirm that the
main contribution in the increase of computation time indeed originates
from the fixed-point iteration, the right picture shows the average computa-
tion times for one iteration step. The computational effort seems to increase
exponentially with approximately 50% increased time per order. Therefore,
numerical problems may occur for high system orders. However, note that
for n = 16 there are already 2n? = 512 coupled integral equations of the form
(2.170) and (2.171) with 256 different canonical coordinate systems (£, 7). To
handle the couplings between the elements, the solution of one element in
the coordinates (¢;;,7;;) needs to be evaluated at the coordinates (&;x, 7i)
of each coupled element, requiring not only the calculation of the coordin-
ate map, but also the interpolation of the solutions since the grid points of
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2 Backstepping state feedback control design for coupled parabolic PIDEs

[min] Total computation time [min] Ave
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Figure 2.18: Computation time in minutes required for the solution of the kernel equations
(left) and for one step of the fixed-point iteration (right) for different system orders n =
1,...,16.

one discretized coordinate system are not mapped into grid points of the
coordinate system of the coupled element. N

Remark 2.7.3. Though a comparably large effort was devoted to an efficient
numerical implementation of the solution of the kernel equations, there
may still be vast potential to reduce the computation time. Moreover, by
reducing the spatial resolutions to achieve a minimum but sufficient accuracy
may allow the controller computation for a system with far larger order as in
Example 2.7.2 but this depends on the particular problem. N

2.8 Concluding remarks

This section presented the backstepping design of stabilizing state feedback
controllers for coupled parabolic PIDEs with space and time dependent coef-
ficients. Existing results for scalar time dependent systems and coupled time
constant systems can be extended to obtain a systematic controller design
method for the system class in question. The stability of the time dependent
target system can be shown systematically since the time dependency only
appears in the coupling between the subsystems. Thus, a uniform exponen-
tial convergence, which can explicitly be set by the user, is achieved. The
calculation of the controller gains requires the solution of the time dependent
kernel equations which can be computed by the method of successive ap-
proximations providing a practical tool for the controller design. Simulation
results verify the applicability of the proposed design method to a broad class
of systems.

92



3 Backstepping observer design for coupled
parabolic PIDEs

To be able to realize the control law (2.27), the full state z(z, t) must be known.
This is a problem even in the finite dimensional case, as in general, only a
linear combination of the states is available as a measurement output. For
this reason, observers are the classical method to reconstruct a system’s state
from the measurement. For PDEs, it is impossible by concept to have the full
state as a measurement, because it contains an infinite number of points z.
This problem is not overcome by designing an observer because the observer
needs to be implemented, thus can only be finite-dimensional and lead to a
finite-dimensional approximation of the system state. To determine such an
approximation, two concepts have established in control theory, namely early
[umping and late lumping. Both have in common that by increasing the order
of the observer, the accuracy of the approximation increases as well. However,
as the names already imply, the early lumping method uses an approximation
of the plant (lumped plant) to design a finite-dimensional observer whereas
in the late lumping method, an infinite dimensional observer is designed for
the original system and subsequently it is approximated (lumped controller).
Of course this requires a design method for the infinite dimensional system,
which can be seen as an effort, but by exploiting the properties of this system,
it aims on a greater design flexibility or a better performance as in the early
lumping case. Moreover, the approximation is separated from the design
process. Changing the order of the approximation requires no redesign of
the observer, in contrast to the early lumping method.

Though having a few exceptions [87, 108], the backstepping controller
design method is basically suitable for systems with boundary inputs. Analo-
gously, it may be used for the observer design for systems with boundary
measurement. It turned out as a powerful tool for the late lumping design of
state observers for a variety of different system classes (see [55, 80] for the
scalar parabolic case).
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3 Backstepping observer design for coupled parabolic PIDEs

For coupled parabolic systems, first results considered equal and constant
diffusion coefficients and constant reaction [6] or different diffusion and con-
stant reaction [68]. Recently, [114] used the backstepping method to design
a disturbance observer for coupled parabolic PIDEs with spatially varying
parameters and distinct diffusion coefficients. Based on these results, a state
observer for the considered system class with time dependent coefficients is
designed in this chapter.

To this end, the observer is presented in the next section and its error
dynamics to be stabilized are derived. Then, the target system for the back-
stepping transformation is introduced and the observer gains are determined
using the backstepping method, which leads to the observer kernel equations.
Their solvability is analysed subsequently by utilizing the duality between
controller and observer design. The adjacent target system’s stability analysis
exploits its cascade structure similar to the target system in the state feedback
controller design. The combination of the designed boundary observer with
the state feedback controller of Chapter 2 to a dynamic output feedback
controller is presented in Section 3.8, where the separation property is proved
to hold. Finally, the obtained results are verified in simulations.

3.1 Problem formulation

To be able to reconstruct the system state by an observer, it is assumed that
an anti-collocated boundary measurement is available at the left boundary;,
given by

Ym(t) = (Crmz(t))(0) (1)
with ,
m 0 0, O
Cnh = [ 0 Op] h, + [ 0 Ip} h (3.2)

so that it is independent of the BC.

Remark 3.1.1. For a collocated measurement, i. e. at z = 1, the applied back-
stepping transformation during the observer design is spatially anti-causal,
so that the spatially causal terms Ag(z, t)z(0,t) and [; F(z,¢, t)2(¢, t)d¢ can-
not be eliminated. Consequently, to cover the described class of PIDEs, the
measurement must be anti-collocated, meaning on the opposite side of the
actuation. <

For the design of the state feedback controller, an arbitrary boundary mat-
rix was allowed in the right BC (2.7b) of the system due to the position of the
actuation, whereas the left boundary matrix in (2.3b) needed to be a diagonal
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3.1 Problem formulation

matrix. For the observer design with an anti-collocated measurement, this
behaves the other way round. Of course this implies that for an output feed-
back controller being the combination of the state feedback controller and
the state observer, both boundary matrices need to be diagonal.! Neverthe-
less, the observer design is an interesting stand-alone problem which cannot
only be used for realizing a state feedback controller but also for the system
diagnosis and supervision. Therefore, it is presented for arbitrary matrices at
the left boundary, leading to the BC

(Do (t)z(2))(0) =0 (3-32)
with
Bo(t)h = (F1E| — B2Qo(t)Ey ) h+ E2Ey I, (3.3b)
Bi(r) By

where Qo(t) € RP*?, is an arbitrary matrix.
The right BC reads

(01(8)a(t))(1) = u(t) (3.42)
with
() = (SaS] = $:Qu(t)S] )+ 5,57 I (3.4b)

Here, Q1(t) € RP**P1 needs to be a diagonal matrix with Q1 € Go(R})).
In summary, the considered system class for the observer design reads

x(2,t) = A(2)x,5(2,t) + A(z, t)x(2, 1)

1 Ag(zt)2(0,1) + /0 CPa(G0de (sa)

(Jo(t)x(t))(0) =0 (3.5b)
(1 (t)z(t))(1) = u(t) (3.5¢)
Ym(t) = (Crn(t))(0) (3.5d)

z(z,t0) = wo(2) (35€)

with (3.5a) defined on z € (0,1) and ¢ € Rj(').

In this chapter, a state observer is designed for the system (3.5) that uses
the measurement (3.5d) and reconstructs the system’s state exponentially
with a uniform stability margin specified by the user.

' Or included in the target system, see Remark 2.1.1.
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3 Backstepping observer design for coupled parabolic PIDEs

3.2 Observer composition

As it is the principle of an observer (see e. g. [70]), it is constructed to have a
simulator term, which is a model of the system, complemented by correction
terms that feed back the deviation of the measured output and the recon-
structed output. This output injection is not only possible in the PIDE but
also in the BCs. Consequently, the observer reads

B(2,t) = A(2)352(2,t) + Az, 0)2(2,t) + Ao(z,1)2(0, )
/ F(z, 03¢, 04C + Lz, 1) (ym(t) — (Cn (1)) 0))
(3.6a)
Po(t)(@())(0) = Lo(t) (ym(t) = (C(£))(0)) (3.6b)
D(B)@EO)(1) = u(t) + Li(0) (ym (1) = € (1))(0)) (3:6¢)
Z(z,to) = To(2), (3.6d)

with #(z,t) € R" being the reconstructed state, #,(z) the observer initial
value and L(z,t), Lo(t), L1 (t) € R"*™ the observer gains to be determined.
The aim is to choose them in such a way that lim;_,, Z(2,t) = z(z,t), i.e.
that the observer reconstructs the actual state of the plant. In other words,
the observer error

e(z,t) = x(2,t) — T(2,t) (3.7)

shall converge to zero for t — oo. By differentiating (3.7) w.r. t. ¢ and inserting
(2.21), (3.6) and (3.7), the observer error dynamics reads

er(z,t) = A(z)esz(z,t) + A(z, t)e(z,t) + Ao(z,t)e(0,1)
n /0 F(2.60)e(C,0dC — Lz, ) (Cre(0)(0)  (3.82)

Jo(t)(e(t))(0) = — Lo(t)(Cme(t))(0) (3.8b)
D1 (t)(e(t))(1) = — Li(t)(Cme(t))(0). (3.8¢)

In view of (3.7), the observer gains L(z,t), Lo(t), L1(t) need to be determined
such that (3.8) becomes exponentially stable.
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3.3 Selection of the target system

3.3 Selection of the target system

Following the backstepping approach and [114], the observer backstepping
transformation

e(z,1) = é(z,1) — /OZ P(z,¢,1)e(¢, )d¢ = (T, (t)e(t))(2) (3-9)

is applied to map (3.8) into the observer target system

ér(z,t) = A(z)e..(z,t) — Ap(z,t)é(z, t) (3.10a)
(Boé(t))(0) =0 (3.10b)
1 ~
Bre) = - [ A 0e 1 (3.100)
0

where 6 and 6, are defined in (2.25).

In contrast to the controller target system (2.23), a coupling of the states is
included via the matrix A;(z,t) = [A1,;(2,t)], 4,7 = 1,...,n in an integral
term at the right boundary rather than inside the PDE. Its elements are

0, A < A

~ (3.11)
A}j(z,t), )\i > )\j,z

guj(z, t) = {

where Z}j(z, t) are determined by the kernel P(z,(,t). By this choice, the
observer target system is formally dual to the controller target system. In the
time-invariant case, it is possible to exploit this for the stability analysis (see
Remark 3.6.2 and appendix D).

In analogy to (2.41), the matrix

Ao(2,t) = pol + Ag(z,1) (3.12a)
with
- 0 AN <\
Aoij(z,t) =13 ¢ = (3.12b)
Amj(z,t), A > )\j

is set by the user to specify the stability margin and the dynamics of the
system and its structure ensures that the target system attains a cascade
structure.

> Note that Ay in (2.23a) has non-zero entries for \; < );, whereas A; for A; > \;.
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3 Backstepping observer design for coupled parabolic PIDEs

3.4 Observer gains and the kernel equations

The observer design is based on the inverse transformation 7, ! (3.9) mapping
¢ — e. Basically, starting with its inverse

d%ﬂ=d%ﬂ+%iﬂ@£ﬁd&ﬂ@=%%@k@ﬂd (3.3)

is also possible, but it turns out that the observer gains depend on the kernel
P(z,(,t) of the inverse transformation (3.9). Thus, it is handy to start with
(3.9), leading to the following proposition.

Proposition 3.4.1 (Observer gains and kernel equations). Let P(z,(,t) be
the solution of

APzz - (PA<C>)CC = _Pgo(gat) — AP + F_/F(ngv t)P(C_7C7t)dE+ P,
¢

(3.142)

P(z,z,t)A — AP(z,2,t) =0 (3.14b)

Pe(z,2,t)A + Ad,P(2, 2,t) + AP,(2,2,t) = A+ A, — P(z,2,1)A" (3.14¢)
D(B)[P( ¢ ON1) = =Ai(C 1) + 8T P(1,1,6)S48] Ai(¢, 1) (314d)
S:P(l’ 17t)51“ = _Ql(t)a (3.146)

where (3.4a) is definedon D : {2,{ € R|0 < ( < z < 1} and t € R;_. Then,
the transformation (3.9) and the observer gains

L(z,t)B, = — P(2,0,)A(0) (3.150)
L(z,t)Ey = Ag(z,t)Ey — P(2,0,t)A(0)E E] P(0,0,t)E;

+ P(2,0,t)A(0)E3 + Pr(z,0,t)A(0)E; (3.15b)

Lo(t)E1 =0 (3.150)

Lo(t)Ey = By By P(0,0,t) Ey + E2Qo(t) (3.15d)

Ly(t) =0 (3.15€)

map the observer target system (3.10) into the observer error dynamics (3.8).
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3.4 Observer gains and the kernel equations

Proof. Starting with the BCs, inserting (3.9) into (3.8b) with (2.6b) yields
.6b =
9o(t)(e(1))(0) 2 (BLET — ByQo(t) ES)e(0,1) + By EJ e.(0, 1)

5 (g Bl - ByQo(t)E] )0, 1)
+ EyEy €,(0,t) — EyEy P(0,0,1)é(0,t)
G2 L (1) (Cme(t))(0), (3.16)

where (3.9) needs to be inserted again to express the measurement in the
new coordinates. This yields

(Cone())(0) %) By E] e2(0,4) + B2 ] (0, 1)

3.9 E\E| &,(0,t) — EyE] P(0,0,1)é(0,t) + E2Ey é(0, 1),
(3.17)

which is inserted into (3.16) to obtain

EVEY E(0,t) + EyFy 6.(0,t) —E2Qo(t) Ey €(0,t) — E2Ey P(0,0,)8(0,t)

(3-10b)

0(&(£))(0) =0
= —Lo(t)ErE{ €,(0,t) — Lo(t) (—E1Ey P(0,0,t) + BBy )é(0,t).
(3.18)
Now insert
¢(0,t) = Ey E{ &(0,t) +FoEy (0,1) (3.19a)
——
(3.1:013)0
¢.(0,t) = E1E] €,(0,t) + Ey Ey £,(0,1) (3.19b)
———
(3.10b)
=0
and (3.15¢) leading to
(B2Qo(t) + B2Bf P(0,0.0) B — Lo()E2 ) E{e(0,1) =0 (3.20)

which is fulfilled due to (3.15d).
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3 Backstepping observer design for coupled parabolic PIDEs

For the right BC, insert (3.9) into (3.8¢) with (3.4b) and (3.15¢) to get
0= (SdsdT - SrQl(t)SI)e(L £) 4+ 8,5  ex(1, 1)
= (SdeT - Sr@l(t)‘s;>é(17t)
— (848§ = Q1)) /0 P(LC GG
+5,87e.(1,t) — 8.8 P(1,1,t)é(1,t) — S,.S, /01 P.(1,¢,t)e(¢, t)d¢

1
N _/0 ((SdeT — 5:Qu(t)S, ) P(1,¢.) + STS,,TPZ(l,g,tD &(¢, 1)d¢

9 [P(-¢1)](1)
+ S4S7 é(L,t) + SrS) é.(1,1) —(SrQ1(1)S, + SrS P(1,1,¢))é(1,¢).

(61€(-,t))(1)

(3.21)
Solving for (61 (t)é(+, t))(1) and inserting (3.14d) yields
~ 1 ~ ~
(Bré(-,1))(1) = — /0 (A1(6:8) = /8] P(1,1,0)Sa8] A1 (¢.1) (¢, £)dc
+ (S:Q1(t)S) + 8,8 P(1,1,t))é(1,1). (3.22)
After inserting é(1,t) = S;S] é(1,t) + S5,/ é(1,1),
(12, D) (1) = /0 (A1(¢.t) — 5,57 P(1L1,1)5,5T A1 (C.1) )e(c. 1)dC

+ 5,87 P(1,1,1)545, é(1,1)
+(5:Q1(t) + 5,5 P(1,1,4)S,) S, &(L,t) (3.23)

follows. The BC (3.10¢) implies

STE(1, 1) = / ST AL 1E(C 1), (3:24)

100



3.4 Observer gains and the kernel equations

~~

which is inserted into (3.23) to obtain

e, )(1) = — [ (Au(¢.1) = 8,8 P(1,1,0)5a8] A1(¢, 1) (¢, ¢

O\H

go

1
s P(l,l,t)Sd/O ST AL(C, )¢, t)d¢

+ (S:Qu(t) + 505, P(1,1,1)S,) S, é(1,1)

AL(¢ e, 1)d¢

||
O\H —~

(S:Qu(t) + 5,5 P(1,1,1)5,) 8] é(1. 1) (3.25)

To achieve the BC (3.10¢), the term in parenthesis needs to vanish, which
is ensured by (3.14€).

Now (3.9) and its second order spatial derivative with (3.17) are substituted
into (3.8a) and the target system PDE (3.10a) into the time derivative of
(3.9). Integration by parts is applied and the order of integration is changed
for the expression resulting from the integral term, just like in Section 2.3.
Subtracting the results yields

(Ad P(z,2,t) + AP.(2,2,t) + P(2, 2, )N + Pe(z, 2, )A — A — Eo)é

(AP(zzt zztAéz

+ [(AP—Frap+ [ FECOPE NI+ PAGY)
0 ¢

~ (PA(Q) . — P) (¢, )
n (—AO — LE\E] P(0,0,t) + LEyEJ — P(2,0,t)A(0)
- PC(Z,O,t)A(O))é(O,t) + (LElElT + P(z, O,t)A(O))éZ(O,t).
(3.26)

With the BCs (3.14b) and (3.14¢) as well as the PDE (3.14a), the first three
summands vanish. For the remaining two, insert (3.19), leading to

0= (—A0E2 — LEE} P(0,0,t)Es + LE> — P(2,0,t)A’(0) Es

— Pe(2,0, t)A(O)Eg) EJ&(0,1) + (LE1 + P(z,0, t)A(O)El)ElTéZ(O, 1),
(3.27)
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3 Backstepping observer design for coupled parabolic PIDEs

which is proved valid by inserting (3.15b) and (3.15a). [ |

3.5 Solution of the observer kernel equations

In analogy to the controller gains, which depend on K in (2.28), the observer
gains (3.15) depend on P, determined by the kernel equations (3.14). Con-
sequently, their solvability is as essential for the design process as in the
controller design.

Luckily, the solution of the observer kernel equations (3.14) turns out to
be particularly simple because there exists the duality transformation

Pz, t)=A1—2)PT(1—-¢1—2T—-t)A"(1-0), (3.28)

T > to3 that maps them into the form of (2.28). This is stated in the following
proposition.

Proposition 3.5.1 (Duality of kernel equations). The transformation (3.28)
maps (3.14) into their dual representation

z

v} — — — v

KB, — (PA(C))ec = PA(C,1) + AP — F + / P OFE O+ B
¢

(3-202)
AP(z,2,t) — P(z,2,t)A = 0 (3.29b)
Pe(z,2,t)A + AP (2, 2,t), + AP, (2, 2,t) = —(A + A,) — P(z, 2, t)\

(3.29¢)
P(z,0,t)A(0)Sq = —A1 5y (3.29d)

A (sdsg{ P(0,0,4)S, — ST)
(3.29€¢)
STP(0,0,t)S, = Q(t) (3.29f)

3 Note that the solvability of (2.28) according to Theorem 2.5.1 is only valid for each finite time
interval [to,T] = Z C R{ with arbitrary T' € (to,0) (see Lemma 2.5.8). Hence, it is no
restriction to establish the duality only for that finite interval. Moreover, in practice, it is only
possible to compute the kernel for a finite time range by principle.
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3.6 Stability of the observer error dynamics

with
A(z) = A(1 - 2) (3.30a)
Az, t) = A2)AT(1 — 2, T —t) A (2) (3.30b)
Ao(z,t) = A2)Al (1 — 2, T — t)A~1(2) (3.30¢)
F(z,¢t)=A)FT(1—-¢1—2T—-t)A Q) (3.30d)
Ai(z,t) = A(2)A] (1 — 2, T —t) (3.30€)
Q) = =Q (T —1t) = =Qu(T — ). (3.30)

The proof of this proposition can be found in Appendix B.3.

The form (3.29) is equal to (2.28), with the only difference that Ay — 0,
E; — S;and Eg — Sr. Note that even the not fully occupied matrices ful
in (3.29a) and Ay in 3. 29d) have the same structure as their corresponding
matrices A in (2.28a) and A in (2.28d) due to the fact that A, and A; have
non-vanishing elements for those 7, j for which A; > \; (3.12) respectively
Ai > Aj (3.11). According to (3.30c) and (3.30e), the matrices A, and 4,
contain the transposed matrices A;T and A], implying non-vanishing values
for \; < A\j and \; < A, respectively, just like Aand Zo.

Consequently, the methods for solving the kernel equations (2.28) directly
apply for (3.29). The bounded map (3.28), respectively (B.45) imply the exist-
ence of a piecewise continuous solution of (3.14) according to Theorem 2.5.1.

Remark 3.5.2. In the case of a collocated measurement, i.e. at the same
boundary as the actuation (see Remark 3.1.1), the resulting kernel equations
are mapped into the controller form by the help of the change of coordinates
z2=C(C=2t=T—1. N

3.6 Stability of the observer error dynamics

Similar to Section 2.4, the stability of the observer error dynamics (3.8) is
provided if the observer target system (3.10) is exponentially stable and the
backstepping transformation (3.9) is boundedly invertible, i. e. (3.13) exists.
The latter property ensures that (3.8) is boundedly mapped into (3.10) and
is provided by Lemma 2.4.4 because of the duality of (2.28) and (3.14) (see
Proposition 3.5.1). What remains to be shown is the stability of the target
system (3.10) and is stated in the following proposition.

Proposition 3.6.1 (Stability of observer target system). Assume that A, is
chosen according to (3.12) and 1, > fimax, Where pimay is the largest eigenvalue
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3 Backstepping observer design for coupled parabolic PIDEs

of (3.10) for i, = 0, A1(2,t) = 0 and Ay(z,t) = 0. Then, the observer target
system (3.10) is well-posed and uniformly exponentially stable in the weighted
Lo-norm ||l = (f} |A=2 (2)h(2)[2.d2) "% ice.

|&(t)]] < Melkma—pote)(t=to)5(1)||, ¢ >ty (331)

for all &(tg) € (L2(0,1))" satisfying the BCs (3.10b), (3.10¢), an M > 1, any
to > 0and any ¢ > 0, i. e. the stability margin is ji, — fimax-

Proof. The proof follows the same idea as the proof of Lemma 2.4.2. However,
as the couplings now appear in the boundary condition (3.10¢), a homogen-
ization is required for the coupled states.

The state vector is now permuted such that the diffusion coefficients are
ordered ascending. The new state

€*(z,t) = Pé(z,t) (3:32)
with P~1 = PT € R™ " has the dynamics
& (z,t) = A"(2)EL.(2,1) — nof™ (2,1) — A5(2,1)€"(2,1)  (3.330)
P(80P e (t))(0) = (J5e"(1))(0) = 0 (3:33b)
~ ~ 1 ~
P(6,PTE(t)(1) = (61" (t)(1) = —/0 A1(¢,t)er(¢, t)dg, (3:33¢)
where the elements of A*(z) = PAPT = diag(\!(2),..., \%(2)) suffice \} <

... < XX, This implies that the matrices A, and Zl defined in (3.12b) and
(3.11) become strictly lower triangular in the permuted system, i. e.

[ 0 . . 0]

i i Qeg(et)

(1) = PAy(z,0)PT = | loar() | 3
_Az,nl (27 t) ce A:,n n—1 (Z, t) O_
I 0 - A 0]

~ ~ Ax z,t

Ai(z,t) = PAi(2,1)PT = 1’21_( ) (334b)
(AT i(z0) o Al a(zt) 0]

Now the operators A; — i, with
Aih = X", i=1,...,n, (3.352)

D(A;) = {h € H*(0,1) | e/ (65e:h)(0) = ¢/ (07e;h)(1) =0} (3.35b)
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3.6 Stability of the observer error dynamics

describe the homogeneous dynamics of the decoupled subsystems. Particu-
larly, they have the same form and properties as in (2.47). Consequently, the
abstract IVP

() = (A1 — poD)E (1), teR (3.36a)
€i(to) = €y € D(-Al) (3.36b)

of the first state ¢} of the permuted target system (3.33) in the Hilbert space
L2(0,1) is well-posed and, with the same argumentation as in the proof of
Lemma 2.4.2, has the solution

e1(t) = Tu(t — to)e1(to) (3:37)
with the Cyp-semigroup 77 (t) and the bound
IET(@)]] < Myelrma=ra)H0)|i g (¢)). (3:38)
The IBVP of the second state reads

é;,t<2’ t) = )‘S(Z)é;,zz(z7 t) - :U'OéS(Z? t) - AZ,21(27 t)éT (27 t)

(3:392)
ey P(6oP & (t))(0) = (3-39b)
ey P(61PT & ( / A% 51 (¢, 1) (¢, t)dC. (3:39¢)

To be able to use the Riesz-spectral properties of the operators A; — u,1 like

in the proof of Lemma 2.4.2, this system with inhomogeneous BCs is now

converted into an equivalent representation with homogeneous BCs.#
Rewriting the boundary operators with the help of (2.25) yields

eg P(6p(PTe*(1)))(0) = eg PELE] PTé*(0,t) 4+ eg PEyE, PTEX(0,1)
(3.40a)

eg P(O1(PTE*(1))(1) = eg PSyS) PTé*(1,t) 4+ eg PSS, PTé&(1,1).
(3.40b)

4See [26, Ch. 3.3] for a system theoretic background to this procedure.
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3 Backstepping observer design for coupled parabolic PIDEs

Knowing that

T e
eqg PE\E] PT = { °2) ‘7 = (3.412)
0, j>m
0, Jj<m
drmer {0 )
€y, Jj>m
T T T
T TpT g, € PSy#0
eq PS4S; P = 41C
2 drd {0’ e;PSdZOT (34 )
0 eq PS, =0T
T TpT ) 2 £or
ey PS.S. P' = , 41d
2 {e;, eg PS. #07 Gad)

i. e. the respective BC of a state can either be Dirichlet or Neumann type, the
BCs can be written as

ey PE1E] PTey&5(0,t) + ej PEoEy Pley &3 ,(0,¢) =0 (3.42a)
S1 52

ey PSaS] PTesés5(1,t) + ej PS,S, Ples &5 (1,¢)

\—/_‘/ —_—

Sr

/ A 21(¢ t)er(¢, t)dd, (3.42b)

=w(t)

where one of s; and s is always 1 and the other is 0 and the same for s; and
S
Now introduce the homogeneous state

E(Z, t) = é;(z> t) - hQ(z)w(t)7 (3-43)

where hs(z) can always be determined in the form a + bz + cz? with constants
a, b, c such that the dynamics of ¢(z, t) has homogeneous BCs. The conditions
on hy(z) are determined by

51€(0,t) + s2¢.(0,1)
= 5165(0,1) + 5265 (0, 1) — (51h2(0) + s2h5(0)) w(t) = 0 (3-44a)

(}éza)o ;0

sqe(1,t) + sre.(1,1)
= 5465(1,t) 4+ 5,65 (1,1) — (sgha(1) + s, hp(1)) w(t) =0 (3.44b)

(3.4:zb)

wl(t) =1
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3.6 Stability of the observer error dynamics

and solely depend on s1, s, sq and s,
To describe the dynamics of the homogeneous state, differentiate (3.43)
w.r. t. t and insert (3.39a), leading to

£t = A5@h.. — 1ol — Ab51E] — hawy, (3.45)
where (3.43) solved for €&} is inserted to obtain
€t = A\5€22 — o€ + A5ho . w — pohow — szglé*{ — howy. (3.46)

Differentiating w defined in (3.42b) w. . t. ¢ yields

1 ~
w = —/0 1214(C,1)E1(¢,t)d¢ — / 121(¢,1)é7 (¢, 1)d¢, (.47)
where €7 ; according to (3.33a) is substituted to get
1 ~
—haw; = h2/0 AT 21,4(C )€1 (C,1)d¢ + hg/ A7 51 (G ON(OFF(C ) eedC

(*5)
1 ~
hs /0 A 51 (¢, o (C 1)AC (3.48)

Hohow
The term (x5) is reformulated by applying integration by parts, yielding
(x5) = —A721(0,)A"(0)] . (0,8) + (AT 21 A"),(0,)81(0, 1)
Eo(1)e7 (1)
+ Af o1 (LA (1)e] (1, 1) — (A] A7) (1, 1)e1 (1, 1)
£1(t)er(t)

1 ~
+ [ (@ CON )i e (3.49)

Inserting the previous equations subsequently into (3.46) finally leads to

*
= )\25zz — Mo€

1
/ Asha, AT 21(¢,t) — h2g>{,21,t(<7t) - h2(~’{’21(§°,t)/\*(C))<<) é1(¢,t)d¢
0

k(¢,t)
- 212,216*{ + ha&o(t)€](t) + ha&r (L) (t). (3-50)
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3 Backstepping observer design for coupled parabolic PIDEs

Together with the BCs (3.44), this is a time-invariant system with homogenous
BCs, which is excited by €7, and has the solution

e(t) = Ta(t = to)e(to) + 7'2(t—7)<A021(‘,T)71(T—to)éi‘(to)

+ ho&o(T)[Th (T — to)€é] (to)] + he&r(T)[Th(T — to)é] (to)]
1
- [ MR (T - )i 1) (¢ (351
L Ta(t— to)elto) & | Talt — 7Y Ra(r to)dr, (.51b)

to

with the abbreviation Rs(t, ). The operators & (t) and &;(t) according to
(3.49) contain multiplications of a time-invariant boundary evaluation oper-
ator by bounded time dependent factors. Since the boundary evaluations are
relatively bounded w. . t. A; — I according to Lemma A.1.1, their application
to the analytic Cp-semigroup 71 (7 — t) is a bounded linear operator with the
same norm as the semigroup (see Lemma A.2.1) and consequently the same
holds for & (¢) and &> (t). For that reason, the argumentation in the proof of
Lemma 2.4.2 can be applied in the very same way, which shows

le(®)]] < Myelrmarotelt=to)|je (1) | (52)
for some finite ]\72 > 1,any tp > 0 and any ¢ > 0.

The bound for €3 is obtained by solving (3.43) for it and inserting (3.52)
and (3.38). In the result

les(0)]] < Maetmtote(t — o) |<(to) || + \h2/ AL (G E DA,

Er(H)e(t)
(3.53)
e(tp) is replaced by the help of (3.43), implying
1 ~
letto)l < o)l + 17 | Aia(Gtoléitc el G
Er(to)é; (to)

The operator £; is a bounded linear operator, so that

1Er()er(®)] < ellex(@)l], (3-55)
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3.6 Stability of the observer error dynamics

for some finite constant ¢ > 0 can be used in (3.53) and (3.54). Inserting
(3-38) once more and with the same reasoning as in the proof of Lemma 2.4.2,
the result

|€5(2)]| < M*eltmaiotU=to) = (1) | (3.56)

is readily obtained for some finite M *. Repeating this procedure for all states
€f, 1 =3,...,n, leads to the result of the proposition. Like in the proof of
lemma 2.4.2, the analyticity of the generated Cy-semigroups 7;,i =1,...,n
allows to consider ICs in L2 (0, 1) leading to a unique mild solution. |

Remark 3.6.2. In the time-invariant case, the stability of the target system
can be proved by using the duality between the target systems (2.23) and
(3.10). In particular, the adjoint of the system-operator corresponding to (3.10)
is exactly the system operator of (2.23). Then, the stability directly follows
because the generated C-semigroups of an operator and its adjoint have
the same norm [26, Lemma A.3.60]. The calculation of the adjoint system
is shown in Appendix D, where the dependency on ¢ is formally kept for
integrity. In the time-dependent case, however, a further system theoretic
analysis of the generated mild evolution operators [26, 38]5, the time-varying
counterpart of the Cp-semigroups is required. <

Remark 3.6.3. For the stability analysis, the presented proof is sufficient.
However, a more formal proof allowing further statements about the form of
the solution is also possible and will be provided in Section 3.8.2. q

In view of the target system stability and the invertibility of (3.9), the
stability of the observer error dynamics follows and is stated in the following
theorem.

Theorem 3.6.4 (Stability of observer error dynamics)

Assume that the conditions of Proposition 3.6.1 hold. If the ob-
server gains are chosen as (3.15) with P(z,(,t) being the solution
of (3.14) then the observer error dynamics (3.8) is well-posed and
uniformly exponentially stable in the weighted Ly-norm |h| =

(L 1A72 (2)R(2)|[2nd2) 72, ie.
le®)]| < Me(umax—uo+c)(t—to)||e(t0)H, t >t (3.57)

for all e(tg) € (L2(0,1))™ satisfying the BCs (3.8b), (3.8¢), an M > 1,
any to > 0 and any ¢ > 0, i. e. the stability margin is o — fimax-

>In [38], they are called evolution families.
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3 Backstepping observer design for coupled parabolic PIDEs

The proof follows with the very same argumentation as in the proof of
Theorem 2.4.1.

Remark 3.6.5. As a result of Theorem 3.6.4, the observer reconstructs the
actual state of the system with the prescribed observation dynamics in the
sense of the Lo-norm. This means that in fact e(z, ) may not converge at some
point z in the sense of an element of a zero-set in Lo. However, Section 3.8.2
will show that the solution of (3.10) can be expressed by the help of analytic
Co-semigroups, implying that a point evaluation leads to an exponentially
decaying signal with the same decay rate as the norm. Consequently, the
observer indeed reconstructs the system state at each point z. q

3.7 Academic example

The functionality of the proposed backstepping observer is confirmed by
simulations. To this end, the observer is applied to the system considered in
Example 2.7.1.

Example 3.7.1 (Observer simulation).
The plant (2.21) with the parameters (2.224) of Example 2.7.1 is now equipped
with a boundary measurement

Ym (t) = (sz(t))(()) = COl(xl,z (O’ t)v x?(ov t)a L3 (O’ t)) (3'58)

to obtain the system (3.5) for the observer design. Note that in case of
diagonal boundary matrices, the measurement is the only difference between
the system representations (2.21) and (3.5). An observer (3.6) is implemented
to reconstruct the states of the system under state feedback control. Note
that the controller still feeds back the actual states.

The observer is parameterized by A,(z,t) = p,I = 15I and the additional
degrees of freedom g(n,t) and K Zoj(t) appearing during the solution of the
kernel equations are set to zero like for the designed state feedback controller
(see Example 2.7.1). The ICs z;(2,0) = 3sin(rz + 27) + 1 cos(37z + 3),
i = 1,2, 3, of the plant lead to the initial measurement y,,(0) = 0, so that
the observer IC is chosen to be #y(z) = 0 as the most intuitive choice. For
the numerical computation of the kernel, the dual representation (3.29) of
the kernel equations is solved by the methods of Section 2.5 and transformed
into the original solution of (3.14) by (3.28). To this end, the kernel is dis-
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3.8 Observer-based state feedback control

cretized by 31 points in time and by 51 points® in each direction z, (. The
remaining settings for the solution of the kernel equations are the same as in
Example 2.7.1. Each step of the fixed-point iteration takes about 3 seconds
of computing time and the tolerance (see Example 2.7.1) is reached after 20
iteration steps. The distributed observer gain L(z, t) calculated by (3.15a) and
(3.15b) is depicted in Figure 3.1.

The infinite-dimensional observer (3.6) is approximated by the same finite-
elements method with linear basis functions as the plant but with a signific-
antly lower order using 11 discretization points for each state.” This accounts
for the fact that the observer actually needs to be realized on a hardware in
practice, while the plant approximation is simply a model for the real system.
The observer converges even with a lower order but the approximation error
then leads to visible deviations from the desired behaviour. For the chosen
order of approximation, almost no deviations are visible.

Figure 3.2 shows the reconstructed observer states #(z, t) as well as the ob-
server error e(z,t) = x(z,t) — &(z,t). All states are reconstructed accurately
and the observer error converges to zero, despite the comparably low ob-
server order. The achieved decay rate ||e(t)|| < Me(#max—tote)t=to) |lo(¢y)| =
Me(=15+)|e(0)||, Ve > 0, (see Theorem 3.6.4) is confirmed by Figure 3.3.
To compare the observer error dynamics with the desired target system, the
transformation (3.13), which is the inverse of (3.9), is determined by solv-
ing the reciprocity relation (2.64b) via fixed-point iteration. A comparison
between the norms of the transformed observer error ||7,(¢)e(t)| and the
target system states ||é(t)|| resulting from a simulation of (3.10) shows that
the observer error attains the desired behaviour of the target system. <

3.8 Observer-based state feedback control

Besides using the observer presented in this chapter as an identification tool
or for the purpose of diagnosis, an important field of interest is its usability in
combination with a state feedback controller. This section answers the ques-
tion of stability for the resulting control loop when using the backstepping
controller of Chapter 2.

® Basically, sufficient accuracy can be obtained when using only 31 or fewer nodes. Even in
the output-feedback case, which will be considered later, the high resolution is not needed.
However, for an accurate simulation of the target system in the output-feedback case, the
higher resolution is required.

7 The finite-elements method is used because it is a very simple approximation method. Most
likely, comparable results could be achieved with an observer of even lower order when using
different approximation methods, like spectral approaches.
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Figure 3.1: Distributed observer gain L(z, t) for Example 3.7.1.
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3.8 Observer-based state feedback control

Figure 3.2: Reconstructed observer states #;(z,t), ¢ = 1, ..., 3 and corresponding observer
errors e;(z, t) for the plant (2.21) with parameters (2.224) subject to the state feedback con-
troller (2.27). The plant’s ICs are z;(z,0) = 2 sin(rz + 27) + 1 cos(37wz + J). The observer
uses the measurement (3.58) and has the ICs #;(z,t) = 0.

1.2
: ] el
K || — IT@el
03 - - - el
6l 1 3e—15t
0.4} |
0.2} |
d 0.5

Figure 3.3: Weighted Lo-norms ||e(t)]| of the observer error, the transformed error || 75 (¢)e(¢)||

and the target system states [|&(¢)||. The pink curve is the desired decay rate Me(Hmax—Ho)t,
which is achieved.
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3 Backstepping observer design for coupled parabolic PIDEs

3.8.1 Problem formulation

To be able to realize the state feedback controller presented in Chapter 2 with
the states reconstructed by the observer in Chapter 3, the boundary coupling
matrices both must be diagonal. Thus, the output feedback controller applies
for the system class

xi(z,t) = AM2)zop(2,t) + Az, t)2(2, 1)

T Ag(z8)2(0,1) + /O (02 0dC (3s9a)

(0o(t)x(t))(0) =0 (3.59b)
(1 (®)x(t))(1) = u(?) (3.59¢)
Ym(t) = (Cn(t))(0) (3.59d)

z(z,t0) = wo(2) (3.59€)

with (3.59a) defined on (z,t) € (0,1) x R}, and

to?

0o(t)h = (E1E] — EaQo(t)Ey )b+ B2 By 1 (3.60a)
Oy ()h = (S45] — S,Q1(t)S ) h + 5.8 I, (3.60b)
~~ S~—~—

B¢ By

where Qo(t) and Q1 (t) are diagonal matrices (see (2.6b) and (3.4b)).
In this section the state feedback controller (2.27) is used with the states
reconstructed by the observer (3.6). Thereby, the output feedback controller

u(t) = Kt)i(t) = (B(t) — B +BPK(1,1,1))i(1,t)
5,—/
—5:Q1(1)S)
1 ~
+ [ B+ BEOLG)CHA Gon)
(2, t) = AM2)T22(2, 1) + A(z, 1) 2 (2, 1) + Ao(2,1)2(0, 1)

+ [ PG CDC0d + L) (10 - (€ 0)(0)

(3.61b)

(Bo(®(1))(0) = Lo(t) (yn(t) — (Cr(1))(0)) (:610)
(I (DE(1) (1) = u(?) G61d)
(2, t0) = Zo(2) (3.61¢)
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0 1
E Plant (3.59) E
,,,,,,, im(t)ﬂ@ﬁ
- Observer(36)
gm (t) l
Lo(t) Z,t)

Plant model

//L( N Lo

Figure 3.4: Systematic structure of the observer-based state feedback controller. Plant and
observer are visualized as rods.

with L(z,t), Lo(t) according to (3.15) and K (z,(,t) being the solution of
(2.28) as well as P(z, ¢, t) the solution of (3.14) is applied to the system. The
principle of the resulting control loop is depicted in Figure 3.4, where both
plant and observer are symbolized by a rod.

It has been shown in Section 2.4 that the state feedback controller stabilizes
the system if the plant states are used for the feedback. The next section
shows that this stability property is preserved when using the reconstructed
states from the observer.

3.8.2 Stability of the output feedback control

If the dynamics of the closed-loop system consists of the dynamics of both
subsystems, i.e. controlled plant dynamics and observer error dynamics,
this is called separation property or separation principle. In particular, for
finite dimensional systems, this principle is fulfilled if the spectrum of the
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3 Backstepping observer design for coupled parabolic PIDEs

closed-loop system exactly consists of the eigenvalues of the controlled system
without observer, complemented by the eigenvalues of the observer error
dynamics.® Since the precise location of the eigenvalues is hard to determine
for the considered system class, the separation principle is regarded as fulfilled
if the stability margin of the closed-loop system is set by the smallest stability
margin of both controlled system and observer error dynamics. This is a very
strong property for the considered class of coupled parabolic systems with
time-varying coefficients and the following theorem shows that it is achieved
by the output feedback controller (3.61).

Theorem 3.8.1 (Stability of output feedback control)

The output feedback controller (3.61) with L(z,t), Lo(t) according to
(3.15) and K (z,(,t) being the solution of (2.28) as well as P(z,(,1)
being the solution of (3.14) uniformly exponentially stabilizes the sys-
tem (3.59), i.e.,

lz(t)]] < Meltmamintue k=)l (t)[|, t >t (3.62)

forall z(ty) € (L2(0,1))" satisfying the BCs (3.59b), (3.59¢),an M > 1,
any tp > 0and any ¢ > 0, i. e. the stability margin is min(,, ftc) — ftmax-

This theorem is proved in the sequel. To this end, the backstepping trans-
formation (2.22) is applied to the controlled system with the control law
(3.612) and the observer error definition (3.7) with (3.9) is inserted, yielding
the closed-loop system

Eu(z,t) = M(2)Exz(2,t) — Ao(2,1)é(2,1) (3.63a)
(60é(1))(0) =0 (3.63b)
1 ~

B = - [ A 0c 4 (3630
Fr(z,t) = M2)Z52(2,1) — Az, )i (2, t)

— Ag(z,1) (BB £,(0,t) + Eo By #(0,t)) (3.63d)

(602(1))(0) =0 (3.63€)

(G12(1)(1) = =K ()T, " (t)é(t) (3.63f)

Fe(t)

8 To be precise, this is called separation property [57] and is a special case of the separation
principle, which is formulated for stochastic systems and covers more general statements [40].
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3.8 Observer-based state feedback control

in backstepping coordinates. For an exponentially stable closed-loop system,
it is obvious that (3.63) needs this property.

Apparently, this system is a cascade of two exponentially stable systems
(see Lemma 2.4.2 and Proposition 3.6.1) where the observer error dynamics é
excites the Z-subsystem at its boundary. Therein, the operator XC(¢) contains
a time-invariant boundary evaluation of its argument, multiplied by time
dependent coefficients as can be seen in (3.61a). It is to be expected that this
is a relatively bounded operator w. r. t. the system operator of the é-subsystem.
But it is not known whether this operator is the generator of an analytic
Co-semigroup, nor is known whether the application of 7,71 (¢) leads to Co-
semigroups. The third problem is that the Z-subsystem is excited at its
boundary, leading to a generally unbounded actuation.

Due to these obstacles, the proof consists of the following steps.

1. Proving that the signal K(¢)7,(t)é(t) is bounded with exponentially
decaying norm. In detail,

a) showing that &(t) and 7, !(¢)é(t) can be expressed by the help of
analytic Cjy-semigroups and

b) showing that the operator K(t) is relatively bounded w.r. t. the
corresponding generators so that the result of its application has
the same exponential decay.

2. Proving that the excitation of the Z-subsystem at its boundary with
the exponentially decaying signal leads to an exponentially decaying
solution.

In Section 3.6 the autonomous system (3.63a)—(3.63¢) has already been
studied. It has been shown in Proposition 3.6.1 that it is exponentially stable
but nothing more is known about the solution é(¢). Specifically, it was shown
that the solutions of the state vector elements ¢;(¢) are exponentially decaying,
implying exponential stability of the state vector. To be able to prove Item 1,
more knowledge about the solution is required.

During the proof of Proposition 3.6.1, the states é(z,t) of the observer
error target system (3.63a)-(3.63¢) were permuted such that the diffusion
coefficients were ordered ascending, which is always possible. To avoid further
technical difficulties, and remove the necessity of this step, this ordering
A1 < A2 < ... < A\, will be assumed in the following without loss of generality,
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3 Backstepping observer design for coupled parabolic PIDEs

implying the matrices A,(z,t) in (3.63a) and A;(z, t) in (3.63¢) to be strictly
lower triangular. With this, the component form of (3.63a)-(3.63c¢) reads

1

éi,t(z7 t) == Ai(z)éi,zz(zv t) - ,U'Oéi(z7 t) - Ao,ik (27 t>él€(za t) (3'64a)
1

b2;(0,t) + bPé; .(0,1) = (3.64b)

<.
|

e
Il

14—1 B
s0E (1) + s7.(1, ) / 3" Apa(¢ (¢, t)dC, (3.64¢)
k=1

wi(t)

fori = 1,...,n, where one of b¢, b7 is always 1 while the other is 0 and the
same for s¢, s (cf. (3.64)). It is known from Section 3.6 that the homogeneous
part of (3.64), i. e. without the couplings occurring due to the sums can be

written in form of the abstract [VP

&i(t) = (Ai— pol) &(t), teRS (3.652)
%A(—/
A;
éi(to) = €g; € D(Az), (3.65b)

where A; is defined in (3.35). It has been shown that the operator A, is the
generator of an exponentially stable analytic Cy-semigroup 7;(¢) with

ITi(0)hl| < Mielma=relt||p]), (3.66)

h € D(A;), for some finite M;. Against this background it is possible to
derive further properties of the solution of (3.64), which are stated in the
following lemma.

Lemma 3.8.2. The components é;(t) € L2(0,1),i =1,...,n of the solution

é(t) of (3.63a)-(3.63¢) fulfil

t
éi(t) = 7;(15 — to)éi(to) + 7;(75 — T)RZ'(T, t())dT + Ii(t, to) (3.67&)

to
with R;(t,tg) € L2(0,1) and
Ti(t, to) = Ti(t — to)I{ (to) + I (¢, to), (3.67b)
where T%(t),Z?(t,to) € C*[0, 1] are bounded and
IRs(t,to)|| < Melrmax—pote)i=to) (3.67¢)
IZ2(t, to)[| < Myelmax—rote)i=to) (3.67d)

for some finite M; and t > t.
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3.8 Observer-based state feedback control

Proof. First note that (3.67a) with (3.66), (3.67¢) and (3.67d) yields the es-
timate

(2] < Myelms )t 0) a1 |+ celim st t) (5.68)

for some finite constant ¢, or

lei@)ll < (Mi||@i(to)|| + ¢) eltmnhoti=to) (3.69)
M;
for some finite M/;. Summing up all elements k = 1,...,i — 1 yields
i—1 i—1 -
D llen@®)] < My elpmapoteli=to), (3-70)
k=1 k=1
——
<M;

which will be used later.

For i = 1, (3.37) shows the validity of (3.67) with Ry(¢,t9) = 0 and
Z,(t, to) = 0, obviously implying (3.67¢), (3.67d). This is the base case for the
following induction proof.

Now assume (3.67) to be valid for the indices ¥ = 1, ...,i — 1 which yields
validity of (3.70). By analysing the solution ¢;(¢) of (3.64) it will be shown
that (3.67) then holds for 7, too. By mathematical induction, it consequently
holds forall: =1,...,n.

To determine the solution of (3.64), the system is converted into a rep-
resentation with homogeneous BCs like in the proof of Proposition 3.6.1.
The difference is that it is now done for a general index i. Introduce the
homogeneous state

51‘(27 t) = éi(zﬂ t) - hi(z)wi(t)ﬂ (3'71)

where an appropriate function h; € C*°[0, 1] can always be found in the form
a; + biz + ¢;2? such that ¢; fulfils the homogeneous BCs

ble;(0,t) + be; .(0,1) = 0 (3.72a)
sfsi(l, t)+ siei-(1,t) = 0. (3.72b)
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3 Backstepping observer design for coupled parabolic PIDEs

Following the same steps as in the proof of Proposition 3.6.1, the dynamics of
the homogeneous state reads

it = Ni€izz — Mo
141

/O Z )‘ hz zzAl zk(C t) hi£1,ik,t<<;t)

k=1

- hz (Zl,zk(ga t)A(C))CC) ék(Ca t)dC
e S Ri(t,to)
—mlﬁﬂmiﬂmmwmw«

k=1 j=
_ZAMM h; Z@kek )+ hi Z 0 er), (3-73)

with the formal operators

Ehth = (Ap(z, OMe(2)):(1, A1) — AL(1, OM(DR (1) (.742)
ER(Oh = (ALi(z,t)M\e(2))=(0,8)h(0) — Ay ik (0,)Ae(0)/(0).  (3.74b)

Due to the triangular coupling structure, the expression R;(¢,ty) does not
contain ¢;(¢). The homogeneous part, however, is exactly described by an
abstract IVP of the form (3.65) so that the solution of (3.73) is given by

¢
gi(t) = Tit)eito) + [ Ti(t — 7)Ri(7, to)dT. (3.75)
to
Before proving (3.67a) with this result, the norm of R;(t, to) is calculated to
prove (3.67¢). Note that the spatial integrals appearing in R;(t,t() repres-
ent bounded operators on € (t), so that their norm is < ¢||é(¢)|| for some
constant ¢. Consequently, the norm of R;(t, ty) reads

- 1k
[ Ri(t, to)| Z lex (D) +EZZ €;(t)
k=1 j=1

OI

H H+c§jnak , (3.76)

where each ¢ is a possibly different finite constant. However, as there exists a
common finite bound for all those constants, they may be regarded as equal.
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3.8 Observer-based state feedback control

Now note that k, j < i so that (3.67a) can be inserted for the solution é(t).
For the operators &}, (t), v = 0, 1, this yields

1€k @ex@)] < |l %(t)ﬁ(t—to)ék(to)ll+/H%(T)E(t—T)Rk(f,to)lldf

+ 1€ () Lk (t, o) |- (3-77)

Since &} (t) defined in (3.74) contains time-dependent coefficients followed

by a time-invariant boundary evaluation, it is relatively bounded w.r. t. A},
according to Lemma A.1.1. Therefore, Lemma A.2.1 implies

€7 ()T (t — to)éx(to) || < el| Te(t — to)éx(to)||

(3.66)
< che(umax to)(t—to) 1€ (t0)]] (3.78a)

and

1€k (T)Tr(t = T) Ri(7, to)|| < €| T(t — 7) Rie(7, t0)
< eMyelmxro) =T Ry (7, ) |
T M elbma 1) (=7 1, elima—pioe) 7 —t0)
< EMl?e(.U‘max—ﬂo‘i'c)(t_tO) (3.78b)
for some finite constant ¢. Moreover, applying &}, (t) to Z,(t, to) yields

€O Tt o)l < IERTR(E — to)TE (o) + €T (L L)l (3:79)

Note that Z%(t,t9) € C*°[0, 1] by assumption, where the application of £ ()
leads to a bounded result. This implies

€ ()Tt to)|| < Myelimnretlt=t0) | T (t0) | +2| TR (¢, to) .
H,_/

(3.67d) —
S Mke(,umax_lio"‘c)(t_to) (3_80)

for some finite M, x- Now the integration in (3.77) with (3.78b) and (2.57) is
performed and the previous estimations are inserted. The result is substituted
into (3.76) together with (3.70), leading to the bound (3.67¢) for some finite
M,;.

9 T} (t,to) solely contains hy, € C°°[0, 1] as space dependent function, which will be seen later.
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3 Backstepping observer design for coupled parabolic PIDEs

In order to prove (3.67a), the solution (3.75) is inserted into (3.71) with the
definition of w;(t) in (3.64¢) to obtain

t
éi(t) =Ti(t —to)ei(to) + t Ti(t — T)Ri(T,to)dT
141 N ’
- ha2) /0 S Al (G D, (3.8

k=1

I'Lb (t7t0)

where (3.71) is inserted for ¢;(t) to get

t
éi(t) = 7;(15 — to)éi(to) + Z(t — T)RZ'(T, t())dT
to
11—1

+ Ti(t — to) hi(2) / > Avin(Coto)én(C to)dC + TP (E to), (3.82)

0 p—1

¢ (to)

proving the validity of (3.67a) for i. Obviously, Z(t¢) is bounded in view of
the boundedness of Zl. Moreover, the only contained function depending on
zinZ¢ and I? is h; € C*°[0, 1] so that Z¢(t), I (t, tg) € C°°[0, 1]. To estimate
the bound of Z?(t, y) note that the integration is a bounded operator, which
allows to write

i—1

(3.70)
IZ2(t t0) || < [[hi(2)[[E > llew(t)]| < Myelmax—notelli=to) (3.83)
k=1
for some finite M;, proving (3.67d) and thus the lemma. [ ]

It is already known from the proof of Proposition 3.6.1 that converting a
boundary coupling into a distributed coupling involves the time derivative
of the coupling term. Therefore, properties of the time derivative é; ;(z,t) of
the solution will be needed, which are stated in the following lemma.

Lemma 3.8.3. The time-derivative of (3.67a) has the form

~ t ~ ~
éi’t(t) = .A[E(t — t0>éi<t0) + .A[E(t — T)Ri<7', to)dT + .A{E(t — to)Iia(to)

to
+ I} (t, to) (3.84a)
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3.8 Observer-based state feedback control

with
IZ0(¢, to)|| < Meltmax—rote)(t=to) (3.84b)
and
[52(t)]| < Mgl —sate)e—to) (3.84¢)
for some finite M; and t > t.

Proof. Similar to Lemma 3.8.2, the proof is based on induction. Proving the
validity of (3.84) for i = 1 is trivial by differentiating (3.67a). Then, it is
assumed valid for £ = 1,...,7 — 1. Differentiating (3.67a) w.r.t. ¢ yields

. t .
€it(t) = Ti(t — to)éi(to) + Ri(t,to) + Ti(t — T)Ri(7, to)dr
t—0

+ Tilt — T)I8(to) + TP, (t, o) (3.85a)
with

11—1

70,1, 1) /0 S Apia 0G0
k=1
11—1

2) /0 S A a(CEa(G0d. (38sb)

k=1

for the index i. Because A; is the generator of 7;(t), it is 7;(t)h = A;T;(t)h
for h € D(A) according to [26, Theorem 2.1.10]. Then, utilizing
TP (t, to) = Ri(t,to) + IP4(t, to), (3.86)

(3.84a) is obtained for 7 and thus for all i = 1,.. ., n by induction. Recall that
7:(t) are analytic Cy-semigroups, implying that .A;7;(¢) is a bounded operator
[26, Example 2.18]. This implies

IATi(6)h] < Mielmare)|p)| (3.87)
for some finite M;, which is easy to see by the help of the semigroup property,
IMTi(6)R] = IAT(BTi(t - DA < €| Tt — Dh]
S éMie(ﬂmax—Ho)(t_ﬂ H h”
S EMie_(,umax_No){e(ﬂmax_ﬂo)t”hH’ to S f S t. (388)
A

M;
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3 Backstepping observer design for coupled parabolic PIDEs

Considering the norm of (3.84a) with (3.87) and inserting (3.66), (3.67¢) and
(3.84b) proves (3.84¢).

In the last step, since k < i, (3.84¢) can be inserted into the norm of (3.85b)
together with (3.69). This finally proves (3.84b) and the lemma. [ |

Knowing that each state component has a solution of the form (3.67a) with
(3.84a), the following corollary describes the properties of the application
K(t)T,71(t) on the vector é(z,t) and its time derivative.

Corollary 3.8.4. The coupling term in (3.63f) has the properties

175 (B)e(t)]| < Melkma—rotelli=to) (3.89a)
1K) T, (H)e(t)]| < Melumanotelli=io) (3.89b)
!\(K(t)%’l(t)é(t))t\l < Me(Hmax—HoFc)(t—to) (3.89¢)

for some finite M and t > .

The proof can be found in Appendix B.4.

Now that the properties of the coupling term f.(¢) in (3.63f) are known, its
influence on the Z-subsystem (3.63d)-(3.63f) can be analysed and is stated in
the following lemma.

Lemma 3.8.5. The system (3.63d)-(3.63f) is uniformly exponentially stable
with stability margin min(fi,, fic) — tmax I- €.

|(2)]| < Melkmamin(hope) e)t=to) 3 1y) | (3.90)

or some finite M, any to > 0 and any ¢ > 0 i
ite M, any to > 0 and any ¢ > 0
1 fe(t, to)] < Melumn—pote)t=to) (3.912)
e (s to)|| < Meltm—tote)t=to) (3.91b)
for some finite M and t > t.

Proof. Like in the previous proofs, the Z-subsystem is converted into a prob-
lem with homogeneous BCs. To this end

i('zvt) = j(%ﬂ + H(z)fe(t) (3-92)

with the matrix-valued function H(z) = diag(hi(z),...,h,(2)) € R™*™ is
introduced. Assuming h;(z) = a; + b;z + c;z> with constants a;, b;, c; allows
to find them in a way such that Z(z, t) fulfils the homogeneous BCs

(B0 (t))(0) =0 (3-93a)
(612(t))(1) = 0. (3-93b)

124



3.8 Observer-based state feedback control

After inserting (3.63d) into the time-derivative of (3.92), it reads
Ty = Ai,, — AT — Ag(B1E{ 2,(0,1) + B2 By #(0,1)) + H fey(t)
= A%, — AT — Ay(E1E[ 7,(0,t) + B2 E5 (0,1))
— AH. fo(t) + AH fo(t) + H fo(t)
+ Ao (ELE] H(0) + E2EJ H(0)) fe(t)
= Az.. — Az — Ay (ErE[ 2.(0,) + B2 By 2(0,1)) + fe(z.t),  (3.94)

with the formal excitation f,(z,t). Considering the norm of f,(z,¢) with the
assumptions (3.91), directly shows

1fe(z, )]l < Melsmn—potel(t=to), (3.95)

It is known from Lemma 2.4.2 that the homogeneous part in (3.94) with
the BCs (3.44) is exponentially stable. Now it is excited by the signal f.(z,t).
Consequently the solution of a state component Z;(¢) reads

t
jz(t) = fi,h(ﬂ + 7;(t - T)einNe(T)dﬂ (396)

to
where 7; ;,() is the ih component of the solution of the homogeneous part
of (3.94), of which it is known that
1Z5,0(0)]| < Myelrme—retlE=t0) |z, (1) | (3-97)

for some finite M;. After inserting this with (3.95) into the norm of (3.96),
the solution is bounded by

1Z: (O < [z n (@) +/t ITi(t = 7)e] fe(r)lldr

< Mie(ﬂmax_ﬂc+c)(t_t0)||ji(t0)||

t
+ Mie(“mﬂxflLC)(t*T) Me(/imax*ﬂoJFC)(T*tO)dT

to
< Mie(ﬂmax_#c"l‘c)(t_to)||ji(t0)”

t
—+ MiMe(Mmax‘i’C)(t*tO)efﬂcteﬂoto / e(7“0+uc)(7-)d7—. (3_98)

to
For the integral, the cases u. = p, and p. # p, need to be considered
separately. In the first case,

”i’z(t)H < Mie(umar%%)(tfto)”ji(to)n + MiMe(,U«max*,U«c+C)(t*tO)
< Myelme—netel(t=10) |13 1) | (3.99)
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3 Backstepping observer design for coupled parabolic PIDEs

follows for some finite ]\71
In the second case . # fio,

1Zi(t)]| < Myelkma—retelt=to)| z, (1) |
M;M

—Ho + [e

= Meltma=hetU=00)| (1) |
M;M

—Ho + [e

< Me(pmax—min(ue,po)+e)(i—to) 1Z(to) | (3.100)

e(umax+c)(t—to)e—ucteuoto (e(—uoﬂtc)t _ e(—uo+u<:)t0)

(e(l"max_lio+c) (t_tO) _ e(l"max_l‘c+c) (t_tO) )

for some finite M. Considering all states z;(t) shows that in total (3.90)
holds, proving the lemma. [

Now the following proof'is simple.

Proof of Theorem 3.8.1. With Corollary 3.8.4, the conditions of Lemma 3.8.5
are fulfilled, showing that the Z-subsystem (3.63d)-(3.63f) is exponentially
stable. Since the same holds for the é-subsystem (3.63a)-(3.63¢) according to
Proposition 3.6.1, the closed-loop system (3.63) in backstepping coordinates
is exponentially stable, too. Due to the bounded invertibility of the applied
transformations (2.22) and (3.9) (see Lemma 2.4.4 and Proposition 3.5.1), the
stability of the closed-loop system in original coordinates readily follows
with the same argumentation as in the proof of Theorem 2.4.1. Like in the
proofs of Lemma 2.4.2 and Proposition 3.6.1, the analyticity of the involved
Co-semigroups allows the consideration of Ly-ICs. [

3.8.3 Academic example

To validate the results of this chapter, simulations are performed combin-
ing the state feedback controller in Example 2.7.1 with the observer in Ex-
ample 3.7.1.

Example 3.8.6 (Output feedback controller).

Consider the plant (2.21) with the parameters (2.224) and the measurement
(3.58), which is a system of the form (3.59). Now, the output feedback control-
ler (3.61) is applied to the system. Controller and observer are parameterized
like in Example 2.7.1 and Example 3.7.1 with the decay parameters p. = 8
and y, = 15 (see Theorem 2.4.1 and Theorem 3.6.4) leading to a total decay
rate of ||z(t)|| < Me(=8+9)||z(0)||, Ve > 0, according to Theorem 3.8.1. The
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Figure 3.5: Closed-loop state profiles z;(z,t), i = 1,..., 3 for the plant (2.21) with parameters
(2.224) and ICs z;(z,0) = 3 sin(nz + 2m) + 1 cos(37z + F) subject to the output feedback

controller (3.61), the corresponding observer states #;(z,t) and the observer errors e;(z, t).
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3 Backstepping observer design for coupled parabolic PIDEs
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Figure 3.6: Weighted Lo-norms ||z(¢)|| and ||e(t)]| of the states and the observer error as well
as the transformed states || 7(¢)x(t)|| and the target system states ||Z(¢)||. The pink curve is

the desired decay rate Me(#msx—min(io.1e))t \which is achieved.

observer is implemented by a finite-elements approximation with 11 nodes
per state like in Example 3.7.1.

Figure 3.5 shows the resulting state profiles x(z, t), the reconstructed states
#(z,t) as well as the corresponding observer errors e(z,t). Obviously, the
output feedback controller is able to stabilize the system with the desired
decay rate and the observer states Z(z, t) converge to the actual system states
x(z,t).

This is confirmed by the resulting weighted Lo-norms of the state ||z(t)||,
the transformed state || 7.(¢)z(¢)|| and the target system state ||Z(t)|| together
with the desired decay rate Me % in Figure 3.6. Moreover, the comparison
of the transformed states and the target system states shows that the closed-
loop system indeed attains the dynamics (3.63). Note that the observer
error’s target system dynamics now couples into the state’s target system
dynamics according to (3.63), leading to different results as in Figure 2.17. The
observer converges faster than the plant due to the faster parameterization
with po > pic. <

3.9 Concluding remarks

With the backstepping method, a systematic observer design for coupled
parabolic PIDEs with space and time dependent coefficients and boundary
measurements is possible. The observer is constructed as a model of the
plant with time dependent correction terms in the PIDE and the left BC.
The target system of the observer backstepping transformation is equipped
with an integral coupling term in the right boundary condition, leading
to a cascaded system of time-invariant subsystems with time dependent
couplings, whose decay rate is set by the user. To determine the observer
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3.9 Concluding remarks

gains, the observer kernel equations need to be solved. Utilizing a duality
transformation, they are mapped into the form of those appearing in the state
feedback controller design so that existing methods for their solution can
be applied. The functionality of the observer was confirmed in a simulation,
which shows the uniform exponential convergence with the desired decay
rate even with an approximated observer of comparably low order.

The backstepping state feedback controller for boundary actuation presen-
ted in Chapter 2 can be realized for coupled parabolic PIDEs with space and
time dependent coefficients and a boundary measurement with the help of a
backstepping observer presented in Chapter 3. The separation property holds
despite the time dependency of the system parameters and can be shown
due to the time-invariance of the appearing target systems’ subsystems. The
resulting output feedback controller (3.61) is able to uniformly exponentially
stabilize the system with a prescribed rate of convergence even with a com-
parably low order of the observer approximation, which was confirmed by a
simulation.

Therefore, the presented output feedback controller is a powerful tool for
the stabilization of a wide class of coupled parabolic systems and comes with
a systematic design method.

The usage of the state feedback controller of Chapter 2 is not restricted
to boundary observers, but is expected to be applicable in combination
with arbitrary observers which exponentially reconstruct the system states.
Depending on the observer error dynamics, a new analysis of the closed-loop
stability might though be required. Analogously, the boundary observer
of Section 3.8 may not only be implemented for the realization of a state
feedback controller, but can be utilized to reconstruct states of an arbitrarily
controlled or uncontrolled coupled parabolic system.
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4 Bilateral backstepping control for coupled
parabolic PDEs

The previous chapters dealt with systems classified by their unilateral charac-
teristics, which means that the actuation and the measurements are located
at one single boundary of the system. In practice, however, there may be the
possibility to place actuators or sensors at both ends of the domain, which
is known as bilateral case. For the controller design, using this additional
degree of freedom, it is to be expected that the control effort for achieving
comparable results as in the unilateral case, can be significantly reduced.
Analogously, observers incorporating measurements at both ends of the do-
main can get along with smaller observer gains, increasing their robustness
and reducing noise amplification.

For this reason, it is of paramount interest to extend the backstepping
method to bilateral systems. The starting points to these considerations were
provided by [97], which presented the backstepping method for parabolic
PDEs on arbitrary dimensional balls with actuation on the whole boundary.
Since in one dimension, the ball actually is an interval, this included bilateral
control of 1D parabolic systems. Therefore, [96] focused on this, included
further system classes and described two basic concepts to deal with bilateral
control. The first concept is to adjust the applied integral transformation
leading to a symmetric backstepping transformation, which was applied in
[97]. This approach is also utilized in [11] for the bilateral stabilization and
observer design of a viscous Hamilton-Jacobi PDE. By the help of a Hopf-
Cole-transformation, this semilinear parabolic system is mapped into a linear
representation so that the results of [97] can be applied. The other concept
proposed in [96] is to reformulate the problem by suitable transformations
to achieve unilateral actuation. To this end, the spatial domain is folded at a
folding point inside the domain, with the aim to get a system representation
which is similar to the classic unilateral problem so that existing results can be
utilized. This is applied in [41] for the observer design of a parabolic PDE with
constant coefficients, where measurements are available at both boundaries
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4 Bilateral backstepping control for coupled parabolic PDEs

and in-domain, which allows to design two independent observers for the
different parts of the domain. For hyperbolic 2 x 2 systems with spatially
varying coefficients, [107] considers the minimum time observer design.

In addition to the capability of dealing with bilateral actuation and sensing,
the folding approach introduces the possibility to handle in-domain actuation
and measurements, since the chosen folding point is mapped to a boundary
in the folded domain. For this reason, this chapter covers two topics, the
design of a bilateral backstepping state feedback controller and the design of
a backstepping observer using in-domain measurements, both for coupled
parabolic systems with space and time dependent parameters.

For in-domain actuation, [103, 104, 108] introduced the backstepping
method for scalar parabolic systems with constant coefficients using a method
quite similar to the folding technique.

Utilizing the folding approach to handle bilateral actuation leads to new
challenges in the controller design. In particular, folding a scalar parabolic
system leads to a system with two states coupled via special folding boundary
conditions (BCs), which need to be introduced to ensure the regularity of
the solution. In [96], the folding point is chosen to be the centre of the
spatial domain. With constant parameters, this leads to equal diffusion
coefficients in the folded system. This was extended by [19, 20] to the case
where the folding point can be chosen arbitrarily as a design parameter to
freely distribute the control effort between the available boundary inputs.
However, this leads to different diffusion coefficients in the folded system,
requiring the addition of coupling terms, the so-called well-posedness terms,
in the target system to ensure the well-posedness of the kernel equations.
This challenge is tackled by introducing a second, Fredholm-type integral
transformation to eliminate the couplings and to obtain a target system whose
stability is easy to show.

The folding BCs also appear in [88], where the backstepping method is
applied to a scalar parabolic system with a discontinuous, piecewise constant
diffusion coefficient. By separating the system into two parts, a coupled sys-
tem of two PDEs with boundary coupling and constant diffusion is obtained
with the same coupling BC as in the folding case. That problem is solved by
using an approach with piecewise defined kernels. The stability of the target
system, which is similar to the one in the folding case, is stated but the proof
is omitted for lack of space.

The results of this chapter have been published in [117] for the special
case of time-invariant PDEs and sorted, distinct diffusion coefficients as
well as Robin-BCs. In the following, these results are generalized to the
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time dependent case with general diffusion coefficients and general BCs.
Since the procedure is nevertheless very similar to the contents of [117], some
paragraphs are equal.

The next section introduces the considered system class. The folding
transformation is presented in Section 4.2, followed by the utilized integral
transformations. After determining the stabilizing control law, the closed-
loop stability is analysed in Section 4.6. The subsequent sections present the
conversion of the appearing kernel equations into integral equations, which
are solved by the method of successive approximations. The derivatives of the
kernels required for the control law are derived without numerical differenti-
ation in Section 4.10. The observer design for in-domain measurements is
briefly presented before the chapter is closed with some numerical examples,
including both state feedback and output feedback control.

4.1 Problem formulation

Consider the following system of coupled parabolic PDEs with bilateral actu-
ation

wy(z,t) = A2 wszz(2,1) + A2, t)w(z,t) (4.1a)
(fo(t)w(1))(0) = uo(?) (4.1b)
(1 (D)w(t))(1) = ua (1), (4.1¢)

with the state w(z,t) € R”, w(z,t9) = we(2) € R", the diffusion mat-
rix A(2) = diag(A(2),..., A (2)) € R™™, \(2) > 0, the reaction matrix
A(z,t) € R™™ as well as the left and right inputs u(t), u;(t) € R”. The
PDE (4.1a) is defined on (%,t) € [0,1] x R;. The formal boundary operators
0;(t), i = 0,1, can represent arbitrary combinations of Dirichlet and Robin
or Neumann BCs, which, in analogy to the previous chapters, is written as

bi()h = (5585 — SIQi(D)SI A+ SLSThay i=0,1.  (4.2)

Therein, S and S! are the selection matrices to select states with Dirichlet
and Robin BCs, respectively, at the corresponding boundary and fulfil 555" +
SiSiT = . The Robin matrices Q;(t) € R™ ™ can have an arbitrary structure,
since they can directly be eliminated by the corresponding input.

Like in Section 2.1, this system might result from the Hopf-Cole-trans-
formation of a system with diagonal advection matrix. It is assumed that
A(z,t) and \; fulfil the respective conditions in Assumption 2.1.5 and As-
sumption 2.1.6.
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4 Bilateral backstepping control for coupled parabolic PDEs

In the following sections, a stabilizing state feedback controller is determ-
ined for the inputs ug (), u1 () by utilizing the backstepping method. To this
end, a folding transformation is applied, leading to a system representation
with one-sided, or unilateral actuation. Then, the classical backstepping
transformation can be applied, leading to the control law and the kernel
equations to be solved. However, unfolding the target system back to the
original system reveals that the achieved system has an involved structure,
which hinders the stability analysis. Therefore, a second transformation step
is required. By utilizing a mixed Volterra-Fredholm integral transformation,
the resulting target system is a cascade of exponentially stable parabolic
systems, allowing to explicitly prescribe the uniform stability margin.

The kernel equations for both transformations are converted into integral
equations and solved by the method of successive approximations.

4.2 Folding transformation

As proposed by [19, 20, 96], a folding transformation is applied to the system
(4.1). To this end, the spatial domain is folded at a folding point %y, which is a
design parameter. Then, the new spatial coordinate

20— 2)/ 20, zZ <
z=2(3) = (VO y)/o o (4.3)
(2—2)/(1-%), 2=%
is introduced with the new state z(z,t) = col(z!(z,t),2"(z,t)) € R?", 2 €
[0,1], t > to, where 2!(2,t) and 27 (2, t) describe the left and right part w.r. t.
Zg, respectively. The new state vector reads

wi (%9 — 202, t)

B i B wn, (2 —73 z,t)
]_ A e P R e )

_wn(zO + (1 - EO)Zat)_

Figure 4.1 visualizes the utilized folding transformation. Differentiating (4.4)
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4.2 Folding transformation

Original system Folded system
fold x(z,t)
( zt(z, 1) () uo(t)
Z

N«
o
o 1

() u1 (¢) =

o (t) ( Y w(3,t)

E 2 1
[ | >z >
0 o ! ( v 2" (2, 1) () w1 (t)
I > 2
0 1

Figure 4.1: The utilized folding transformation, mapping the system with bilateral actuation
into a system representation with unilateral actuation. The left boundary of the folded system
is subject to the special folding BCs ensuring the regularity of the solution.

w.r. t. t and inserting (4.1a) yields

(e t) = wy (% — Z0z,t) ] _ [ A(zo — 2o2)wzz(20 — 202, 1) }
’ wt(i() + (1 — ?:’Q)Z,t) A(?:‘() + (1 — Z’Q)Z)wgg(io + (1 — ?:‘())Z,t)
A(Zp — Zoz, )w(Zp — Zoz,t)
+ |:A(50 + (1 — 5Q)Z,t)w(i'o + (1 — Z’Q)Z,t):| )
(4.5)

The spatial derivatives of (4.4) read

- —wz (% — Zoz,t) %o
x,(z,t) = [wz(?ﬁ‘o + (1= 29)z,t)(1 — 730)} (4.6a)
T, (2, 1) = [ wzz(Zo — éoz,t)ég ] (4 6b)
- wss(Z0 + (1 — %0)2,t)(1 — %)% |’ 4.

which is inserted into (4.5) to obtain

zi(z,t) = AM2)z.2(2,t) + Az, 1) (2, 1) (4.7)
with
Az — 202)/ 5

Az) = Rz + (1= 20)2) /(1 - 20)?
)

= bdiag(Al(2), A"(2)) = diag(A1(2), ..., Xon(2)), (4.83)
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4 Bilateral backstepping control for coupled parabolic PDEs

_ [A(z — 22, 1)
A(Z7t) - ! ’ A(Z‘o + (1 - Zo)zat)

= bdiag(Al(z, t), A" (2, 1)). (4.8b)

To be able to apply the backstepping method of Chapter 2, the diffusion
coefficients must fulfil Assumption 2.1.6. Consequently, the folding point Z;
must be chosen appropriately in view of (4.8a). However, due to the different
scaling with 1/22 and 1/(1 — %)? in (4.8a), an appropriate #, can always
be found to fulfil Assumption 2.1.6, both small and large enough, which is
important to freely distribute the control effort between the two inputs, as
will be seen later.

Since the system parameters have a diagonal structure, the PDE (4.7) de-
scribes two decoupled subsystems. However, the solution of the original
system (4.1) must be continuously differentiable w.r.t. z so that the weak
second-order derivative can exist. Consequently, the continuity of the solu-
tion and its first derivative at the folding point,

lim w(z,t) = lim w(z,t) (4.9a)
2=z 2=zt

lim ws(Z,¢t) = lim w;(Z,t), (4.9b)
iy szt

are additional conditions to ensure the same properties for the original and
the folded system, which are implicitly included in the original system (4.1).
Applying the transformation (4.4) with (4.3) to (4.9) leads to

21(0,t) = 27(0,1) (4.10a)
2 (0.6) = - 5 AR (4.10b)
20

Finally, applying the folding transformation with (4.6a) to the BCs (4.1b)
and (4.1¢) leads to
[ Sg Sil)'l' [ SO SOT

Sc%ScllT] J}(l,t) + S;S}T] xz(lvt)

B! By

_ (59597 — 25959 Jua(t) — 2052Qo(£)SYTw(0, ) (a0
T L(SESAT + (1= 5)SES N ur (1) + (1 — 50)SEQu (1) S Tw(1,8)] +

u(t)




4.3 Backstepping transformation

with the new input u(t) € R?".
To sum up, the folded system representation reads

x(2,t) = A(2)z22(2, ) + Az, t)x(2, 1) (4.12a)
210,t) = 27(0, 1) (4.12b)
2L (0,t) = —Z27(0,1) (4.12¢)
Blx(1,t) + Bla,(1,t) = u(t). (4.12d)

This system is subject to the usual, unilateral actuation. Hence, the standard
backstepping transformation can be applied. This is used in the following
to determine a feedback law for the new input u(t). By its definition (4.11),
the corresponding control law for the original inputs ug(t), u1(¢) is easy to
determine then.

In contrast to the system (2.21) considered in Chapter 2, the folded system
(4.12) is subject to the special folding BCs (4.12b), (4.12¢), which lead to new
challenges in the backstepping design.

Remark 4.2.1. An intuitive extension of the presented folding method is to
use different folding points for each state to get additional degrees of freedom.
However, by doing so, coupling terms like

I’i’t(z,t) =...+ aij(z7t)$j(fij(z)>t) +... (413)

naturally arise, where f;;(z) is the coordinate transformation from the spatial
domain of state i to the one of state j. Hence, the folded system can no more
described by a PDE of the form (4.12a), which prevents the usage of the usual
backstepping transformation. <

4.3 Backstepping transformation

To design the state feedback controller for (4.12), the boundedly invertible
backstepping transformation

Bz t) = 2(z.1) — /0 K 02(60dC = (T02(0)(=),  (414)

with the kernel K (z,(,t) € R?"*2" (see (2.22)), is applied with the interme-
diate control law

u(t) = BTK(1,1,t)z(1,t)

1
+ /D (BYK.(1,(,t) + B{K(1,(,t))2(¢,t)d¢ + a(t) (4.15)
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4 Bilateral backstepping control for coupled parabolic PDEs

(see (2.27)) and the new input 7(t) = col(0, 4" (t)) € R*" with 4" (t) € R" to
map the system (4.12) into the intermediate target system

Fp(2,t) = M2)Z22(2,t) — e (2, 1) — Ag(z,0)E(0, 1) — Ay (z,8)E,(0, t)

(4.16a)

#(0,t) = #7(0,1) (4.16b)
#L(0,1) = —227(0,1) (4.16¢)
Bli(1,t) + Bz, (1,t) = a(t) (4.16d)

with the new state 7(z,t) = col(#!(z,t),3"(z,t)) € R?". In (4.16a) defined
on (z,t) € (0,1) X R, pc is the design parameter to influence the decay
rate of the system. The matrices Ag(z,t) = [Ag (2, t)] € RZ2", A (2,1) =
[ﬁl,ij (2,1)] € R2*2n have the same structure as Ag(z,t) in (2.23a), given
by (2.24) and are introduced to ensure the well-posedness of the kernel
equations. After a suitable reordering of the states (see Section 2.4.1), they
can be represented by

Ai(z,t) = (4.17)

Al(z,t) 0
Alr(z,t) Al(z,t)|’

i = 0,1, which shows that they lead to a coupling between the left and right
subsystem via /Tér(z), which will be eliminated in the next step. To simplify
the presentation in the following chapters, note that by inserting (2.23b) and
(2.23¢) into the coupling terms in (2.23a), the PDE (2.23a) can be rewritten in
the form

T(2,t) = AN(2)T..(2,t) — pi(z,t) — Ag(2,1)3(0,t) — A1 (2,1)7,(0,1)
(4.18)

with

] . i=0,1. (4.19)

Remark 4.3.. Like in (2.23a), a matrix ﬁ(z, t) according to (2.41) is possible
instead of the scalar (. in (4.16a). However, to simplify the presentation,
A(z,t) = p.I is assumed in this chapter. q

Due to the folding BCs (4.16b), (4.16¢), the intermediate target system (4.16)
loses its cascade structure compared to (2.23). This significantly impedes the
stability analysis. To achieve a cascaded target system, another transformation
is applied in the next step.
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4.3 Backstepping transformation

Remark 4.3.2. The utilized backstepping transformation (4.14) can be ex-
pressed in the original coordinates by unfolding the states, i.e. inserting
(4.4) in (4.14) and an equal transformation for Z. Calling the unfolded target
system states w(Z, t), this results in

UNJ(Z,t) :w('é7t) - Q) K( C t) (C t) C (4-20)
1(Z2
with
. o+ 130(5 —2), <2
Gy [0t 5D i< )
Zy — 2% (2—%), 2>2%
The unfolded kernel K(%,(,t) corresponds to the original kernel
K'Y(z,¢t) K2(2,(,1)
K(z ¢ 1) = [Km( Gt K2(2,0,1) (4.22)
with the blocks K% (z,(,t) € R™*", 4, j = 1,2, by
z2<2Zy: zZ > Zy
K(5¢t) =1 (<zor ZEUESE 2L Lr¥(ER 2y
Czz0: EHKRGSE R K2R 20,
(4.23)

Figure 4.2 visualizes the backstepping transformation for the unfolded sys-
tem.

In [96], the bilateral control design problem in the case n = 1 is tackled by
utilizing a symmetric backstepping transformation

azt) =z ) - [ KEOu(E Ode (4.24)
if the original state w(Z,t) is defined on the symmetric spatial coordinate
¢ € [—1,1]. This is included in (4.20) as a special case with the folding point
% = 0.5, when mapping z € [0,1] — 2 € [-1,1]and { € [0,1] — ¢ € [-1,1].
The symmetric approach with central folding point leads to the hourglass-
shaped spatial domain (%, ¢) € [—1, 1] x [—|z|, |z|] depicted in Figure 4.3. The
resulting kernel equations contain BCs on the pink lines Z = £ and 2 = —¢.
In the representation of the folded transformation (2.22), these correspond to
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4 Bilateral backstepping control for coupled parabolic PDEs

¢
A
1+ &
P %
Sre . 7
12 /@ L
K K*
Zo —
Kll K21
> Z
20 1

Figure 4.2: Spatial domain and direction of integration in the unfolded representation (4.20)
of the backstepping transformation. The pink lines represent the boundaries of the integration,
whose path is symbolized by the orange arrows.

XS
I+
—Ki2 Koo
00— \ > Z
—Ku K51 T Regularity conditions
1 XL
¢
l< | |
Zre | g
1 0 1

Figure 4.3: Domain of the kernel K (%, ¢) of a symmetric backstepping transformation on
the coordinates (z, £). Applying the folding transformation, the resulting coordinates (z, ¢)
separate the domain into the four parts K;; of the matrix-valued kernel appearing in the
folding approach. The coloured boundaries correspond the ones in the left picture of Figure 2.1.
A BC on the pink line results from the two-sided backstepping approach, whereas regularity
conditions need to be imposed on the blue line when separating the kernel.
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4.4 Decoupling transformation

the boundary (z, z). From Figure 4.3, it becomes apparent that the elements
K;; of the kernel must fulfil regularity conditions at the blue border in order
to ensure that both kernels result in the same transformation, leading to the
conditions

Ki1(2,0) = Ki2(2,0) (4.25a)
Kil,((za 0) = - ’i?,C(zu 0)7 1= 17 27 (42‘5b)

which is nothing else than (4.45¢), (4.45f) in the scalar case with constant
diffusion. In fact, the two approaches for the bilateral backstepping trans-
formation are supposed to be equivalent.

To be able to apply the standard backstepping transformation, all appearing
terms in (4.12a) must be in a form referred to as strict-feedback form in [63,
Ch. 4.0]. Therefore, the integral term must be of the same form as the
applied backstepping transformation (cf. (2.21a) and (2.22)). For this reason,
the integral term and the local coupling term in (2.21a) are not allowed in in
(4.1a), since they would lose this property due to the folding. Instead, however,
the PDE (4.12) could contain terms of the form fg(z) F(%,¢,t)w(C, t)d¢ with
(1(2) in (4.21) implied by (4.20) and A, (%, t)w(Z,t) leading to the usual,
spatially causal integral and local term in the folded PDE (4.12a). Since these
terms do not change the basic design procedure, they are not included in the
following to increase the readability. Nevertheless, it is basically possible to
extend the class of systems that can be handled by backstepping due to these
terms compared to the unilateral case. N

4.4 Decoupling transformation

To simplify the presentation, it is assumed that the diffusion coefficients \; of
the folded system are sorted, leading to )\é, > A, 4,5 =1,...,ninall sections
concerning the decoupling transformation. This can always be achieved by
a suitable reordering of the states of the original system (4.1) as well as the
folded system (4.12). To be generic, the other sections do not assume this
sorting. B B

Due to the coupling BCs and the well-posed matrices Ay(z), A1(z), the
intermediate target system (2.23) has an involved structure, which hinders
the stability analysis. To facilitate this problem, the boundedly invertible
Volterra-Fredholm-type decoupling transformation

Tl(z,t) = 3(z,t) (4.26)
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4 Bilateral backstepping control for coupled parabolic PDEs

z 1
Fet) = (50— [ Qe COT 0~ [ P60 e
0 0
(4.27)
abbreviated
Z(2,t) = (Ta(t)z(1))(2) (4.28)
with the new state %(z,t) = col(#'(z,t),7"(z,t)) € R?" and the kernels

P(z,(,t), Q(z,(,t) € R™™™ is applied to the z"-system and the additional
state feedback

1 ~
(1) = / Ry (G 0)(C. )¢ (4.20)
0
with
Ry(C.) = Ryt Ry(CH)] e RV (4:309)
RY(¢,t) = SESHTP.(1,¢,t) + S3Sy T P(1,¢,t) (430b)
RE(Ct) = SESH QL(1,¢,t) + S3S3 T Q(1,¢, 1) (4.30¢)

is utilized. They map (2.23) into the final target system
Ty(2,1) = M(2)TL. (2, 1) — ped! (2, 8) — A (2,)3(0,1) — A} (,1)7L(0, 1)

(4.312)
Ty (2,1) = A (2)TL, (2, 1) — pei” (2, 1) — Ag(2,0)7"(0,1) — A7 (2,1)7%(0, 1)

(4.31b)
#(0,t) = z7(0,t) (4.310)
#.(0,1) = —%2L(0, 1) (4.31d)
7,(1,t) = 22(1,t) = 0, (4.31€)

with the strictly lower triangular coupling matrices A’ (z) € R"*", i = 0,1,
in which the coupling of the right and left states is removed in the PDEs. This
will result in a cascade of parabolic PDEs after unfolding.

4.5 The stabilizing control law

To be able to realize (4.29), the backstepping transformation (4.14) needs to
be inserted for the intermediate target system state Z(z, t). After changing
the order of integration, the additional state feedback then reads

() = /0 1 (Rf(g,t)— /C ll:lf(z,t)K(z,(,t)dz) 2(C,1)d¢ (4.32)

Ry(Ct)
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4.5 The stabilizing control law

and after inserting into (4.15),
u(t) = BT K(1,1,t)z(1,t)

1
+/0 (B?Kz(l,g,t)—l—B{lK(l,(,t)—i—col(O,Rf(C,t)))x(C,t)dC (4.33)

szzyt)

is the final state feedback in terms of the folded state z(z, t).
With the definition of the new input u(t) according to (4.11) and the control
law (4.33), the state feedback controller for the original inputs is obtained as

Squo(t) = /0 1 [S97 0] Ry(¢, t)ax(¢, t)dC (4-342)
Sy ui(t) = /0 1 [0 S§TT R (¢ (¢, 1)dC (4-34b)
ST o (#) = — Qo(£)S (0, £) — ;([sgﬁ 0] K(1,1,0)x(1, 1)

+ /0 BEI Ry (¢. (¢, 1)d¢) (4:34¢)
STTu(t) = — Q1 (1S T w(1, 1) + 1_150([0 SIT] K (1,1, ) (1, )

+ /0 1 0 SIT] Rf(C,t)x(C,t)dC), (4.34d)

which can be summed up to

(254" +575)") uo(t)
1

1
= —5Qu(1)S; w(0,t) — — [SPSPT O] K(1,1,8)(1,1)
0

1
+AG%$TM&mw—gﬁﬁTM&mmmmwcuﬁa

(S5S4" + SLSET) wi (1)
I

1
= =518 w1 t) +
1-— Z0

[0 SISHT] K(1,1,t)2(1,t)

1
[0 SIS RAGO+ [0 SIS Ry 00(C. 04
(4.35b)
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4 Bilateral backstepping control for coupled parabolic PDEs

In compact vector notation, this reads

0] - [SaOsTe0n] [ ]

§050T
’ <|: SISN—:| K(l,l,t)x(l,t)

17g0g0T
+/(; I:SrSr S%S%T:| Rf(C’t)x(C,t)dC>

1 0¢Q0T
n /0 {Sdsd 5 Sﬂ Ry(¢, 1)z (¢, )dC. (4.36)

Inserting the folding definition (4.4), the control law in terms of the original
states finally reads

it el et R

- (Ro(w(0,1) + Ry(t)w(1, 1 /R (€ (. )dd)

/ Ra(¢,tyw(C t)dé (4372)

with Ry(t) = [Ry;5(t)] € R, b = 0,1, R,(C,t) = [Rni5(C,1)] € R,
Rq(C,t) = [Ras;(C, 1)) € R*™™, and

SOSOT
RO ’LJ |: " Sl SlT:| K(L 17 t)e]' (437b)
SOSOT
Ry i5( [ T 515”] K(1,1,t)ej4n (4.37¢)
sospT » -
N slslT] RS ey, (<
Rn i , t — T=r
1—2¢ ei S,},S}T Rj(l Z0) t)e]+n7 C Z
(4.37d)
(1 7 [s9seT - V
5 5 %ez—r Séscll'r Rf(%at)ejv C < Z
Rg;(C,t) = ,
et el [S‘gs‘gT ]R (=2, 1)e (>
1—29 i ! 3 j+no = 20
1 ShSyT| e
(4.37¢)
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4.6 Closed-loop stability

fori=1,....2n,j=1,...,n.

4.6 Closed-loop stability

In analogy to Section 2.4, the stability of the closed-loop system is present
if the target system (4.31) is exponentially stable and the utilized transform-
ations (4.14) and (4.27) exist and are boundedly invertible.

To prove the first property, (4.31) is unfolded back to the original represen-
tation utilizing

(4.38)

leading to

Wi(%,t) = ME)Dzz(2,1) — ped(,1) — Ag(Z, )0 (20, 1) — A1(Z, 1)z (20, t)

(4.392)
Sp5) T z(0,1) + SgSg " @(0,1) = 0 (4.39b)
Sy 5y Tz (1,1) + 5353 w(1,t) = 0, (4-39¢)
where Ay(2,t) = [Ap;;(2,1)],0=0,1,4,j = 1,...,n, with
AL (2,1), 5< Z
Aoi(2,t) = { VE’”( ) o (4.40a)
—5Al (2.t ;< %
A1,ij(2,1) = ZO L SZ’ ) Zj N %O (4.40b)
(1—%)AT (2 t), 2>%

and (4.3) are strictly lower triangular matrices. Therefore, the unfolded
target system (4.39) has the same structure as (2.23), i.e. it is a cascade of
exponentially stable parabolic PDEs. The difference that the coupling due
to A;(2,t), i = 0,1, occurs at the folding point Z; rather than at the left
boundary does not change the reasoning in the proof of Lemma 2.4.2 so that
the following lemma is valid with the same argumentation.
Lemma 4.6.1 (Stability of the unfolded target system). Assume that p. >
{tmax, Where pimay is the largest eigenvalue of (4.39) for i = 0, Ag(2,t) = 0 and
A1(z,t) = 0. Then, the the unfolded target system (4.39) is well-posed and ex-
ponentially stable in the weighted Lo-norm ||h|| = (fol Hf\fé (2)h(2)]|2.d2)1/2,
ie

()] < Melkm—ret N itg) ||, ¢ >t (4.41)
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4 Bilateral backstepping control for coupled parabolic PDEs

for all w(ty) € (L2(0,1))", any tg > 0, an M > 1, and any ¢ > 0, i.e. the
stability margin is fic — [imax-

Proof. The proof immediately follows from the proof of Lemma 2.4.2. W

Note that the decoupling of the left and right subsystems by (4.27) leads to
a significant simplification of the target system structure so that the stability
margin can be explicitly assigned, like in the unilateral case.

To ensure that the stability property of the target system (4.16) is inherited
by the original closed-loop system resulting from (4.1) when applying (4.37),
the bounded invertibility of (4.14) and (4.27) needs to be guaranteed. This,
of course presumes that the transformations (4.14) and (4.27) exist, which
will be shown in Section 4.9.

The backsteping transformation (4.14) is inherently invertible due the
Volterra-type of the integral operator with the same reasoning as in Sec-
tion 2.4.2. To show that (4.27) is invertible, write it as

1
(1) = (T (O)F (1)) (2) - /0 PG OFG O (442)

where 7, (t) is a Volterra-type integral operator. Hence, the inverse transform-
ation reads

1
Pt = (0@ 0+ [ PLCOTEH0) . )

which solely requires the inversion of the Volterra-type integral operator 7 (t).
The existence of this inverse follows from the same reasoning as for (4.14).

Therefore, the stability of the unfolded target system (4.39) according to
Lemma 4.6.1 implies the stability of the closed-loop folded system (4.12) with
(4.33). After unfolding back to the system representation of (4.1), this directly
leads to the following theorem.

Theorem 4.6.2 (Closed-loop stability with bilateral actuation)
Assume that zi. > fimax, where pimay is the largest eigenvalue of (4.31)
for Ay(z,t) = 0and A;(z,t) = 0. Then, the closed-loop system (4.1)
with (4.37) is well-posed and uniformly exponentially stable in the
weighted Lo-norm ||h]| = (i [|A=2(2)h(2)|2.d2) ">, i.e.

lz(t)]] < Melkmn et )=t o (to)||, ¢ >t (4.44)



4.7 Volterra-kernel integral equations

for all z(t9) € (L2(0,1))",an M > 1, any tgp > 0 and any ¢ > 0, i.e.
the stability margin is ¢ — ftmax-

For the calculation of (4.37b)-(4.37¢), the kernels K (z,(,t) and P(z,(,t),
Q(z,(,t) of the transformations (4.14) and (4.27) need to be determined. In
both cases, this can be done by converting the corresponding kernel equa-
tions into integral equations and solving them with the method of successive
approximations. The next sections present the conversion into integral equa-
tions, followed by their solution in Section 4.9.

4.7 Volterra-kernel integral equations

Like in the previous chapters, the short form notation omitting independent
variables is used in the following. This means, if no independent variables are
written, the reader needs to insert the variables over which the dependent
variable is defined.

Performing similar steps as in Section 2.3, the kernel equations

AK.. — (KA(Q))cc = K(A(G, 1) + pel) + K (4.452)
AK(z,z,t) — K(z,2,t)A =0 (4.45b)
Ke(z,2,)A + Ad, K (2, 2,t) + AK,(2,2,t) = —(A+ pcd) — K(z,2,t)\
(4-45¢)
K(0,0,t) =0 (4.45d)
K (2,0,t)A(0)S) + Ay (2,6)S1 =0 (4.45€)
K¢(2,0,6)A(0)Sy + K (2,0,t)A(0)Sy — Ag(2,1)S2 =0 (4.45f)

with (4.45a) definedon 0 < ( <z < 1,t € IR{;; and

S = [_ii[n} , So= {In} ; (4.46)

need to be fulfilled to map (4.12) into (4.16). They have the same form as
(2.28) except for the new folding BCs (4.45¢), (4-45f), requiring significant
modifications of the solution procedure.

4.7.1 Canonical kernel equations

Like in Section 2.5, the solution of (4.45) is based on a transformation into
integral equations. To this end, their component form is transformed into
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4 Bilateral backstepping control for coupled parabolic PDEs

canonical coordinates which allow the conversion into integral equations by
formal integrations. Since the novelty of (4.45) are the BCs (4.45¢), (4.45f),
they will attain special attention in the following.

The component form K (z,(,t) = K;;(z,(,t) of (4.45e) reads

~ 1~ 1
A — ?OAl,ij—‘rn = —K(2,0,t)A;(0) + %Kij—f—n(za 0,)Aj1n(0)  (4.47)

_.xl
=K

for j < n, which shows that the respective left (j < n) and right (j > n)
elements of the kernel K and the matrix A; are coupled. The short form Kjl
is introduced as abbreviation for later usage.

Similarly, the component form of (4.45f) reads

Zo,ij + Ao,ij—l—n = K¢(2,0,t)X;(0) + K (z,0,1)\}(0)
+ Kijng (2,0, )i4n(0) + Kijn(2,0, )54, (0) = K7, (4.48)

for j < n with the abbreviation IC?.

The coupling matrices Ay and A; are needed to ensure well-posedness of
the kernel equations, like the matrix go in (2.23). Their task is to fulfil the
BCs (4.47) and (4.48) for some indices so that no condition on the respective
kernel element results. Yet, they can only cover so many conditions that they
attain a cascade structure, i. e. /T;“J =0,k =0,1, for \; > \; (see (2.24)),
which is important for the stability of the target system. In the unilateral
case in Section 2.5, Ay needs to remove the BC at the lower boundary (z, 0)
for all kernel elements with \; < A;.

In the folding case, it is important that the folding BCs (4.47) and (4.48)
only couple kernel elements for which s = 1 according to (2.131). This is
essential to ensure that the coupling at the boundary I's : (z, 0) (see Figure 2.1)
belongs to the same canonical coordinates I'; : (1, 7) in the coordinate
systems of the coupled elements, as can be seen in Figure 2.2 and Figure 2.3.
In other words, for j < n, (4.47) and (4.48) must only imply a condition on
the kernel elements if A\; > A; and \; > \;_,,. In turn, this means that Z[b,
b = 0,1, need to remove the BCs for both the cases \; < A\j and \; < A\jp,
j<n.

Removing the BC (4.47) for elements K;;(z,0,t) with \; < Aj, j < n, for
example by choosing

Ay ijyn =0 (4.492)
gl,ij = /C} (4.49b)
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also removes the BC for the element K;;,,(2,0,t) due to the coupling. But
it must also be removed in the case \; < Ajiy, j < n, where no degree of
freedom is available at first glance if simultaneously A; > \; holds, because
in this case, gl,ij = 0 due to the cascade structure. However, specifying

1

20

A ijin = Arij — ’C]l (4.50)

for \i < Ajin, j < n, rather than (4.49a) solves this problem. In the case
(Ai < Aj) A (N < Ajtn), (4.50) automatically implies (4.49a) due to (4.49b)
and in the case (A\; > A\j) A (Ai < Ajn), where gl,z’j = 0, (4.50) fulfils the BC
(4.47). Proceeding the same way for i > n and for (4.48) finally leads to the
choices

Ai <A Ai < Ajgn:
1<n 41"7 - /C% 41,ij+n = 5()1:11,1']' — ,‘Z‘OOIle.
Aoiy =1 Avjen = —Aoij + K (4.51)
1>n: 41’ij+” - _ZU/CJI' 41727’ = %flln‘jm + ’Cyl'

[§]
Aojij4n = I Agij = —Aoijn + K.

for j < n. Remember that for all cases not included in (4.51), go,ij =0and
Al,ij = 0 holds to ensure the cascade structure. With (4.51) the remaining
BCs for the kernel resulting from (4.47) and (4.48) only need to be fulfilled
in the case (A; > Aj) A (Ai > A\j1y), 7 < nand read

K(Z,O,t))\j(())g() = Kij+n(z,0,t))\j+n(0) (4.52&)
K(2,0,4)X;(0) + K(z,0,£)X;(0)
= —Kijrnc(2,0,6) X410 (0) = Kijin(z,0,6)X; 4, (0).
(4.52b)
Together, (4.52) are two BCs for the kernel elements with j < n and j > n,
which both appear in each BC. Since each kernel element may only have one
BC at this boundary (z, 0), it is helpful to interpret one as a condition for the

left elements (j < n) and one for the right elements (j > n). To this end,
(4.52a) is reformulated by an index shift ; — j + n, resulting in

for j > n, (A\; > X\j—n) A (A > Aj). Then, (4.53) is considered as a BC for the

right elements (j > n), whereas (4.52b) is a BC for the left elements (j < n).
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4 Bilateral backstepping control for coupled parabolic PDEs

The component form of the PDE (4.45a) and of the remaining BCs follows
the same way as in Section 2.5.1. In total, the resulting component form of
the kernel equations reads

2n
ANK. — (NOK)ee =Y KipAgj((,t) + peK + Ky (4.542)
k=1
defined on 0 < ¢ < z < 1, ¢ € R} with the BCs
[K(z,2,t) = 0]y, 2\, (4.54b)
A
[K(z,2,t) = ﬁ])‘z # A (4.54¢)
K= [ 25 t) i “0‘5” d (4.54d)
0 2 Ai(2) A=\
)\ >\
Ai > A
[K((2,0,4)4;(0) + K(2,0,)X;(0)
== ij+n,<(2, 07 t))\J'f‘n(O) - Kij"‘n(za 07 t))‘;Jrn(O)} i<n : (454f)
Xi >N
Ai 2> Ajin

To get a better overview on how (4.54¢), (4.54f) and (4.51) cover all matrix
elements to fulfil (4.45¢e) and (4.45f), the simpler special case of sorted diffu-
sion coefficients A\ > ... > \a, is considered. Then, the condition \; > A;
is changed into ¢ < j and A\; < ), is turned to 7 > j, accordingly. The choice
(4.51) simplifies to

1>73,1—n<j<n: 1>j3>n:
%1,1‘3‘ = /le' %1,1‘]‘ = —iolcjl;n (4.55)
Agij = /C]Q Apij = /C?_n.

For this simpler case, Figure 4.4 provides a graphical overview of the related in-
dex combinations for the kernel BCs and the coupling matrix elements needed
to fulfil (4.47) and (4.48). Note that with the choice (4.51), the matrices Ao
and A; both have an occupancy resulting in a cascade structure, like (2.24).
In particular, for the special case A1 > ... > A9, the choice (4.55) leads to
the structure

A0
A& A

AF = k=01, (4.56)
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4.7 Volterra-kernel integral equations

Figure 4.4: Index combinations ¢, = 1, ..., 2n, for which the BCs (4.47), (4.48) are either

fulfilled by the kernel BCs or the choice of the coupling matrix elements A ;;, A1,;; in the
special case A1 > ... > Az,. The orange triangles mark the index combinations for which the
kernel elements must fulfil the coupling BCs (4.54¢) and (4.54f), the blue areas represent the

indices where Ay ;; # 0, k = 0, 1, to fulfil (4.55). For the green regions, A..; = 0 but (4.47)
and (4.48) are fulfilled due to the appearing coupling, i. e. by the blue counterparts w.r. t. the
line j = n. The parts where artificial BCs (4.58g), (4.58h) need to be introduced are marked
by the red dashed borders.

where A¥, and AF, are strictly lower triangular matrices and A% is an upper
triangular matrix so that in total, Ay and A; are strictly lower triangular
(blue regions in Figure 4.4). Note that even in the general case of unsorted
and possibly equal diffusion coefficients, the states can always be reordered
to ensure \; > ... > M\y,. Then, (4.56) is the maximal occupancy of the
permuted matrices Ay and Ay, i. e. they can only have less entries, but not
more.

Applying the change of coordinates (2.136) derived in Section 2.5.3 with
the introduction of the canonical kernel elements

G(&n,t) = N(C(&m)K(2(€,m),C(&n), 1), (4.57)
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4 Bilateral backstepping control for coupled parabolic PDEs

which is (2.140) with (2.97), the component form (4.54) is mapped into the
canoncial kernel equations

2n

S A (C) Slic
Gep = = 157 G A (ot +Fea
M kzzl <Ak(é) A€ )) ‘c=c<s,n) 4
AG)(Em.t)
1
— JasGe + Zden n ZGt — F[G,Ge,Gy] (4.58)
with the BCs
Geon=cen| (4:58b)
T 7\
[G(&,m(&),t) =01y, 2, (4.58¢)
ANV
SGe€n(€).0)+ Gole,m(©)1) = 50 (458
j i In#£ )
—— i
ey c=FEm©)
[G(Tla n, t) = EOGij—n(Th n, t)] i>n (4586)
Ai > A
Ai>XNjon
[(Gn(n, n.t) — Ge(n,m, 1))z
= Gijine(Mm:t) — Gijnn(n,M, 1) (4.58)
1 <n
/\Ji > ),
Ai 2> Ajin
[G(n,m,t) =g(n,t)] -, (4.58g)
(A <AV (A < Ajn)
n=>0
[Gn(na n t) = g(n, t)} i<n ) (458h)
()\i < /\j) \% ()\i < >\j+n)
n=>0

in which ¢*(¢,t) = ¢*(2(¢,0),t) with Ky = 0 (see (2.150¢)), aa, asx are
defined in (2.149), s can be found in (2.131) and 7;(£) given by (2.123) and
(2.128) is the lower boundary of the spatial domain depicted in Figures 2.2

and 2.3. In (4.58e) and (4.58f), the fact that &1 n(1, 1) = Nij1n(n,M) =N

for j <n, \i > Ajand A\; > Aj1p, as well as 4/ )‘f\j&)()o ) — 3, was utilized.

The artificial BCs (4.58g), (4.58h) have been introduced to fully determine
the kernel and contain the degrees of freedom g = ¢;5, i,j = 1,...,2n,
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4.7 Volterra-kernel integral equations

gij(+,t) € C[0,n], wherenn = ¢;(1) for \; > A\jand = ¢;(1) for A; < A; and
9ij(2,) € Ga(R}), a € [1,2). Their introduction as Dirichlet respectively
Neumann BCs is defined by the way the equations will be converted into
integral equations in the next step. In the case of descending diffusion
coefficients, the indices for which they are provided are depicted by the red
dashed areas in Figure 4.4. Note that in contrast to the unilateral case, there
also exist artificial BCs for \; > A;.

The steps to convert the kernel equations (4.45) into their canoncial form
(4.58) have been similar to Section 2.5.4. In the next step, they are converted
into integral equations which will require significant modifications compared
to Section 2.5.5 due to the coupling BCs (4.58e), (4.58f).

4.7.2 Conversion into integral equations

To account for the different types of BCs (4.58f) for j < n and (4.58e) for
Jj > n, a different order of integration is required for the formal integration
of (4.58a) in these cases.

The BC (4.58e) is of the same form as (2.143f) and (2.143g). Hence, the
same method as in Section 2.5.5 can be used to convert (4.58a) into integral
equations for the elements j > n. However, it is not possible to convert
(4.58f) into the same form without including the unknown derivative G,
of one of the elements G or G;j,, from the view of j < n. Therefore, this
derivative must be determined by an integral equation, like the derivative
G¢ = H in Section 2.5.5.

Due to the second order nature of the PDE (4.58a), it is possible to first
integrate w.r. t. 7 and then w.r. t. £ leading to

n
Ge = Ge(&,m(€),1) + / F[G, Ge, G,ldi (4.50)
(&)
¢ i i
G=G(&(n),nt)+ ” )Gg(ﬁ,n,t)d& (4.59b)
1\n

which is done in Section 2.5.5 to obtain (2.143a) with (2.143b), or to inter-
change this order of integration. Then,

¢ ) _
Gy = Gy(& (), m,t) + ” )F[G, Ge, Gp)(&m,1)dS (4.60a)
1(n
n
G =G(&m(&),t) + © Gy (&,7,t)dn, (4.60b)
m
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4 Bilateral backstepping control for coupled parabolic PDEs

is obtained, where G, can be determined as the solution of the integral
equation (4.60a). In both cases, the BCs must be of the correct form to
replace the boundary terms. Since for j > n they have the same form as in
Section 2.5.5,

H = G¢ (4.61)
can be introduced to use (4.59), which then reads
3
H =H( m()t) + / F[G,H,Gy]d7 (4.62a)
m(§)
£ _ _
G =G(&(n);n.t)+ ” )H(fan,t)df, (4.62b)
1(n

for which the BCs (4.58b), (4.58¢) and (4.58d) are reformulated as conditions
for H(&,m;(€),t) like it was done in Section 2.5.4. Together with (4.58¢) and
(4.58g), the boundary terms in (4.62) are all given. In a last step, integration
by parts is applied in (4.62a) to eliminate the unknown derivative G, like
shown in Section 2.5.5.

For the left elements with j < n,

J =Gy (4.63)

is introduced to use (4.60) for the conversion into integral equations, which
then read

3 _ _
1n
n
GEent) =GEm©.0+ [ IEnndn (4.64)
m(§)

To substitute the boundary terms in (4.64), (4.58b) and (4.58¢) can directly
be inserted for G(&,1;(€),t). The BCs (4.58d) and (4.58f), however, need to
be formulated as conditions for J = GY,. To this end, (4.58¢) is differentiated
w.r.t. &, leading to

(see (2.152)). Now, solving (4.58d) for G¢ (&, m;(€),t) and inserting the result
into (4.65) yields

J(&(n),n,t) = 15—05515&)17(?7)))’
—lz—’

cf(n.t)

i # A (4.66)
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4.7 Volterra-kernel integral equations

in the case 7 < 0 after the substitution £ = &;(n) and in view of (4.63).
Since the denominator in (2.153) cannot be zero, the same holds for the one
in (4.66). Note that it is either possible to convert the BC (4.58d) into a
condition for G¢ like in (2.153), or into a condition for G, as in (4.66).

For > 0, (4.58e) is differentiated w.r. t. 1) yielding

[GE(TI’ n, t) + Gn(’% n, t)

= 20Gij—n7§(777 n, t) + 50Gijfn,n(777 n, t)] i>n ’ (467)
Ai > Aj
A > Ajn

or from the perspective of the elements j < n,

(Gijne(m,m,8) + Gijrng(n,m,t)

= EOGﬁ (777 m, t) =+ §0G1’I(na n, t)] i<n 3 (468)
Ai 2> Xjtn
Aj 2 Aj

when keeping in mind that &;;_,,(1,1) = 1;j—n(1,17) = 7. Solving (4.68) for
Gij+nn(n,m,t) and inserting the result into (4.58f) leads to

1
[Tm.m.8) = = Gijenelnmt)] < (4.69)
N
n>0

Finally, (4.66), (4.69) and (4.58h) can replace J(&;(n),n,t) in (4.64).

The last unknown in (4.64) is the derivative G¢ appearing in (4.69) and
the right-hand side of (4.64a). Rather than applying integration by parts for
its elimination, it is possible to use (4.62a) for its determination. Basically,
this equation is only required in the case j > n for the determination of G
according to (4.62b). However, it may also be used in the case j < n, since
the utilized BCs (4.58b)-(4.58d) are valid for all j = 1,...,2n. Therefore,
both GE (777 n, t) = H(’I’], ug t) and Gij+n,§(77, m, t) = Hij+n(77a m, t) in (469)
can be replaced by (4.62a). Figure 4.5 shows the two different approaches for
converting (4.58a) into integral equations in the cases j < n and j > n. Due
to the different order of integrations, the coupling of the kernel elements
originating from the BCs (4.45e), (4.45f) is formulated as a coupling between
solution-elements of the resulting integral equations (4.62) and (4.64). This
coupling is equivalent to the coupling introduced by the reaction matrix A in
the PDE (4.45a). Hence, the determined integral equations can be handled
with the same method as in the unilateral case.

155



4 Bilateral backstepping control for coupled parabolic PDEs

j<n: J=Gy,, H=G_G¢ j>n: H=Gg

Figure 4.5: The spatial domains of the kernel equations (4.58) in the canonical coordinate
systems (&, n) for A; > A; with the different directions of integration in the cases j < n (left)
leading to (4.64) and j > n (right) resulting in (4.62) to account for the coupling BCs at (17, ).
The spatial domain is characterized by b~ = ¢;(1) — ¢,(1), b™ = ¢:(1) + ¢,(1) and m(&).
The bold coloured lines represent the BCs and the coloured arrows the respective directions
of integration for the corresponding variables. Herein, the blue and red arrows symbolize the
first and second integration, respectively, which highlights the reversal of the integration order
for j < nand j > n. For the left elements, the BC for J(n,n,t) depends on H;j1,(n,n,t)
and for j > n, G(n,n,t) depends on G;;—n(n,n,t) for which both the respective integral
equation can be substituted. In this way, the kernel equations can be converted into proper
integral equations.

Inserting the BCs like described and introducing

o5
H=H, + / ZGt(ﬁ, m, t)dﬁ (4.70)
m(§)
n
£ g _ _ 1 _ B
J=Ji+ / 7Gt(£7 m, t)d77 + [ = / GijJrn,t('r', 7, t)dn )
g(m) 4 42y Ai > Ay
M,ij+n (M) Xi 2 Njgn
n=>0
(4.71)

to produce double integrals for the time derivative of the kernel like in Sec-
tion 2.5.5, the resulting kernel integral equations finally read

G = Gy + Fg[H, Ji] (4.72a)
H, :HOJFFH[G,Hl,Jl] (472b)
j<n: Jy=Jo+ Fy[G, Hy, Ji] (4.72¢)
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with
Go = [54(57 t)]/\i - )\j"i' [9(777 t)] i>n + [50#1,1]*—“,(77’ t)] i>n
]S’ﬂ ()\i<)‘j)\/(>‘i <)‘j*n) )\Z‘Z)\]’
n >0 Ai = )\jfn
n=>0
(4.732)

Ho=Ho; = [0 (g, 0)] o, +[EE D]~y
Xi =)

(2280 1))y, _ s, + [E2EDg(n,t)] .,
(Ai < Aj—n) V (A < Xy)
n=0

+[E (& D 2 a, + [0 5, (0, O], 5, (4.73b)
Xi=Njon
n>0

Jo = [&%(n, 1)) Y
n<o0
1
+ [;OHO7ij+n(n7 n, t)])\z > )\j + [9(777 t)]()\z < )\j) V ()\i < )\j+n) )

Xi > Njin n>0
n>0

(4.730)

where &2(€,t) = ¢*(z(&,0),t) with Ky(t) = 0 (see (2.150c)) and &'(&,1) =
cl(z(&,m(8)),t) (see (2.143d)), as well as

n 3
Folth,n) = | [s€nodr] | [HEnDaE]
i<n J>mn
m(§) &(n)
n
+ [50 / Jij—n(m, ﬁ,t)dﬁ} , (4.74)
j>n
M,ij—n (M) Ai 2> Aj
Ai > Ajn
n=0
n
Fy|G,H,, Ji| = Fg;j|G,Hy, Ji| = /(‘aA(f’n)H(ﬁ’ﬁat)
m(§)

+ 5 (a(=z(&,7m), ¢ M) + u)G(& 7. t) + 2= g (& 7,0)]

157



4 Bilateral backstepping control for coupled parabolic PDEs

_ 3 _ =
+ SAG)(E 7.0 )di+ |28 | H (€ m,1)de]

&(n) j>n
_ . n
+ [“E(i’")“’ / Jij—n (0,1, t)dﬁ} , (4.74b)
M,i5—n (M) )\7 ; ;
XS An
n>0
£ _ _ _ oz B
FjlG Hy B = | (2280 (E m,0) - G0 H(E . 1)
&(n)
+ $A[GI(E . ) + HG(E . 1) )dE
1
+ [+7OFH,ij+n[G, Hl,z‘j+n7b7](?7,777t)hv S (4.74¢)
)\: g Aj'#»n
n=>0

where H and J still need to be replaced by (4.71) and & is given in (2.166).
Note that F; and Fy only contain J;; with j < n, which is determined by

(4.720).

4.8 Volterra-Fredholm-kernel integral equations

By performing similar calculation as for the derivation of (4.45), it can be
shown that (2.23) is mapped into the final target system (4.31) if the kernels
P(z,¢,t) and Q(z, (,t) are the solution of the kernel equations

APy — (PN(Q)ec = P (4.752)
(Pe(z,1,0)Ar(1) + P(z,1,£)Ay(1))S) = 0 (4.75b)
P(z,1,t)A;(1)SY =0 (4.75¢)
P(0,¢,t) =0 (4.75d)
P.(0,¢,t)=0 (4.75€)
Ar Qe — (QA(C))ec = Qr (4.75f)
Qc(z, 2, )Ar + Q(2,2,)A; + A Q' (2,2,8)  + ArQx(2,2,8) =0 (4.758)
A Q(z, 2,t) — Q(z,2,t) A = 0 (4.75h)
Q(0,0,t) =0 (4.751)
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with the coupling BCs
P(2,0,)A1(0) — £Q(2,0,1)A.(0)

_ z _ 1 . .
a4y - [CQacodc - [ PR+ LA (4.75)
0 0

Qc(2,0,8)A-(0) + Q(z,0,8)A.(0) + Pr(2,0,t)A(0) + P(z,0,¢)A;(0)

z 1 " .
— AL+ /0 QAY(¢.1)d¢ + /0 PAL(C,dC + A, (4.75K)

in which P(z, (,t) is defined on the rectangular spatial domain 0 < z < 1,
0 < ¢ <1land Q(z,¢(,t)is defined on the triangular domain 0 < { < z < 1.
Since the kernel equations for P(z,(,t) and Q(z,(,t) are coupled via the
BCs (4.75j) and (4.75k), they cannot be solved independently, but a solution
method needs to be derived allowing a simultaneous determination of both
kernels. This challenging problem of solving coupled Fredholm-Volterra
kernel equations is new in the backstepping framework and provides a general
extension of the corresponding transformation presented in [20].

Since both PDEs (4.75a) and (4.75f) have the same spatial differential oper-
ator as (4.45a), the approach to solve (4.75) is the same as for the solution
of (4.45). The main difference is that (4.75a) is now defined on a rectangular
domain and that the coupling between the kernel elements only appears in
the coupling BCs. Therefore, the component forms of the equations for both
kernels are transformed into canonical coordinates in the next step, which
can then be converted into integral equations.

4.8.1 Canonical kernel equations

The equivalent component form of (4.75) for the matrix elements P(z, (,t) =
Pij(z,(,t), 1,7 =1,...,n, reads

N P.. — (Ni(Q)P)¢c = P, (4.76a)
NS P(2,1,8) + A (1) P(2,1,8))S) = 0 (4.76b)
P(z, 1,t))\§~(1)53 =0 (4.76¢)
P(0,(,t) =0 (4.76d)
P.(0,¢,t) =0 (4.76e)
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4 Bilateral backstepping control for coupled parabolic PDEs

and for Q(Z5C7t) = Qij(z’gat)) 7’3] = 17 -y N,

AiQz — (N (OQ)¢c = Qu (4.77a)
Q¢ (2,2, )N; + Q(z,2, )\ + N[ Q'(2,2,t) + N[Q:(2,2,t) =0 (4.77b)
(N = A)Q(z2.1) =0 (4:779)
Q(0,0,¢) = 0. (4.77d)

The coupling BCs for (4.76) and (4.77) are

(0)P(2,0,t) — 5=X:(0)Q(z,0,1)

— Al - / QurAY (¢, 1)dC
_Z / P Al (¢, 1)d¢ (4.78a)

N(0)Qc(2,0,1) + A7 Q(2,0,t) + AL (0) P (2,0, ) + AY(0)P(2,0,t)

n 1 _
oﬂZ / QueAG (¢ )¢+ / PigAg 1;(C,)dC (4.78b)
k=1"0

if the components of Ag(z, t), i = 0,1, are chosen to be zero for ¢ < j and

Apij(2,t) = Nj(0)Qc¢(2,0,t) + A’T’(O)Q(z 0,) + X;(0) P (z,0,t)
+ AN0)P(2,0,t) + A, — / Qi Al 1; (¢, t)d¢
n 1 .
- Z/ PikAé,kj(Cat)dC (4.79a)
k=170
A 45 = 2 (N (0)P(2,0,) = ZX5(00Q(=,0,1) - AT,

n 1 .
+Z/ QirAly; Cﬂf)dC+;/o PikAll,kj(Cat)dC)- (4.79b)

Note that this degree of freedom is needed to ensure the well-posedness
of the kernel equations for the Volterra-kernel Q(z, (, t), just like it was for
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4.8 Volterra-Fredholm-kernel integral equations

the backstepping kernel K (z,.t) (see Section 4.7.1). Since both kernels of
the second transformation (4.27) are of dimension n x n, the strictly lower
triangular well-posedness terms defined by (4.79) are enough to ensure well-
posedness of the kernel equations. This is a simplification compared to the
first transformation with Figure 4.4.

While the BVP (4.76a)-(4.76e) is already in the form which can be trans-
formed into canonical coordinates, a further simplification is required for
(4.772)-(4.77d). In contrast to (4.45), the BVP for Q(z, {,t) contains no in-
homogeneity except in the coupling BCs (4.78a), (4.78b). Thus, (4.77b) can
be rewritten for A} = A7 to obtain

Q'(z,2,t) = %’r Q(z,2,1) (4.80)

with the solution Q(z,z,t) = 0 following from (4.77d). Due to (4.77¢),
Q(z, z,t) = 0 also holds in the case \] # A%. Hence, the BVP (4.77a)-(4.77d)
can be represented in simplified component form as

NQz: — (N(O)Q)¢c = @t (4.81a)
Q(z,2,t) =0 (4.81b)
[Q:(z,2) = 0] » X (4.81¢)

complemented by the coupling BCs (4.78a), (4.78b).
To convert the kernel equations into their canonical form, the canonical
coordinates

i1(2,¢) = 97 (2) + #(¢) (4.82a)
1 (2,¢) = 6§ (2) — ¢5(Q) (4.82b)
§2(2,0) = 31— 8)(1 (1) + ¢7(1)) + (¢} (2) + (<)) (4.82¢)
n2(2,0) = —3(1 = 8)($1 (1) — #5(1)) + 6} (2) — #5(C) (4.82d)
with
T(2) = ? dC l‘Z — i dC
0= [ e A= o e
i =1,...,n and the corresponding inverses
2P(&m) = (¢7) " (5(€+m) (4-842)
¢"(&m) = (¢) (36 —m) (4.84b)
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4 Bilateral backstepping control for coupled parabolic PDEs

H=Ge,J =Gy

J(n,m,t) = ZM(n,m,t) + ...
(4.95b)

i (1)

Figure 4.6: The spatial domains of the canonical kernel equations (4.89), (4.90) and (4.95)
in the canonical coordinate systems (£, n) for ¢ < j with the utilized directions of integration.
The spatial domains are characterized by b;, = ¢} (1) — ¢4(1), b = ¢} (1) + ¢5(1), b~ =
#7(1) — ¢5(1), bT = ¢ (1) + ¢} (1). In the left picture, the lower boundary n;(£) is given by
(4.87). In the right picture, it is determined the same way as in Figure 4.5. The thick coloured
lines represent the BCs and the coloured arrows the respective directions of integration
for the corresponding variables. Herein, the blue and red arrows symbolize the first and
second integration, respectively. For the left elements, the BC for N (n,n,t) depends on
H (n,n,t) for which the respective integral equation can be substituted, which is symbolized
by the green arrow. On the other hand, J(n, 7, t) depends on M (n, n, t) for which again the
corresponding integral equation can be substituted.

as well as

29(€6,m) = (¢) T (A(s€+m) + 3(1 - 5)87(1)) (4.85a)
(s& —m) + 5(1—8)¢j(1)), (4.85b)

respectively, are introduced along with the new kernel elements

D(Ea”%t) = Dij(gp(Z7<>7nP(za<)?t) = Aé(C)P(Z,C,t) (486a)
G(&,n,t) = Gij(€9(2,0),n%(2,0), 1) = N} (O)Q(2, ¢, 1). (4.86b)

With the change of coordinates (4.82a), (4.82b), the boundaries of the ori-
ginal Fredholm-domain of P(z, (,t) are mapped as (z,0) — (n,n), (0,{) —
(m,—m), (1) = (€,€ — 264(1)) and (1,() — (€,26(1) — €). Hence the
lower boundary

8
£—20L(1), &> (1) (487

m@=#@={
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4.8 Volterra-Fredholm-kernel integral equations

consists of two parts in this case. Of course, the same is valid for the left
boundary

&(n) =&P(m) = {"’ 720 (4.88)

-n, n<O0.

The resulting spatial domains for D and G are depicted in Figure 4.6. Due
to the fact that (4.81a) only contains the diffusion coefficients of the right
subsystem, specifying the matrices A’ (z,t), i = 0, 1, as strictly lower triangu-
lar according to (4.79) leads to a solvable BVP for Q(z, ¢,t). To ensure the
same shape of the spatial domain for all ¢, j (see Figure 4.5), s;; according to
(2.131) is introduced in the transformation (4.82¢), (4.82d) like it was applied
in (2.136). In contrast to that, (4.76a) contains A! and Aj. In this case, A} < )\é-
forall 7,5 =1,...,n due to the assumed sorting of the diffusion coefficients.
Hence the resulting spatial domains for all kernel elements D, i. e. the Fred-
holm part, already have a similar shape. Moreover, due to the types of BCs, it
can be seen from the transformation into integral equations that the simple
change of coordinates (4.82¢), (4.82d) is sufficient for the Fredholm kernel.
Together, (4.82), (4.86) lead to the canonical kernel equations

=lr ~lr

a a 1
Dgy = == Dg + — =D+ D (4.89a)
Ap[D¢,Dy)(§m,t)
Dy(n,—n,t) =0 (4.89¢)
D¢(n,—n,t) =0 (4.89d)
[D€(£7£ _2¢é(1))t) = Dn(£7€_2¢é(1)7t)] £>¢§(1) (4896)
Sge]' ;é 0
[D£(€7£ _2¢é’(1)7t) - _Dﬂ(&é_ 2¢§'(1)7t)] £>¢§_(1) (4-89f)
Sgej #0
and
Gen = — a4A G¢ + %GT, —I—ZGt (4.90a)
AclGe,Gql(€mt)
G(&m(§),t)=0 (4.90b)
Ge(&,m(§),t) =0 (4.90c)
[Gy(&(n),m,t) = 0], < (4.90d)



4 Bilateral backstepping control for coupled parabolic PDEs

with the coupling BCs
AL > )\9 :

D(n,n,t) = £G(n,n,t) + AV (=" (n,n),1)

F(n.m)
[ O D . .0 A ¢ e

1 o~
—/ 7l1 Dir((&lnip) (27 (m,m), €), 1) Al 4;(¢, 1)d¢ (4.91a)
0 Ax(C)

Ge(n,n,t) — Gy(n,n,t) = —2y(De(n,n,t) — Dy(n,m,t))

22nm) /20 ~
+/0 T.é;)) ((gzlwnzk)( Q(nvn)7<>7t)‘48:kj<<7t)dc

; /0 T?%D () (=7 (,m), ©),0) A1, )G

5(0) AG (2" (m,m), 1), (4.91b)

where

ak = a¥(¢,n) = — — (4.92a)

af = a¥(6,m) = — (4.92b)
o 2/ () VNG
and (z, ¢) are substituted by (4.84) as well as
I Y A ORI
ap =ap(&mn) = 9 A;(O N (2) (4.933)
N T/
=ak(&n) = —2 © N (4.93b)

2/N(0) " N

in which (z, ¢) are substituted by (4.85). To simplify the notation, the sum-
mation convention

Z(CkAikBkj) =: e A B;j (4.94)
k=1
is introduced in (4.91), which means that all expressions having & as an index,

are summed from 1 to n. To be able to convert the canonical kernel equa-
tions into integral equations, the coupling BCs (4.91) require an additional
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4.8 Volterra-Fredholm-kernel integral equations

reformulation. To this end, (4.91a) is differentiated w.r.t. 77. The result is
utilized in (4.91b) to obtain the BCs

1< 7

z X'O
Dy(m.n.t) = $Getmnt)~ o [ M(é)) G AL (¢ 1)dC

1
A7 0) $ikGire + Gy
- in/ 1 ( ZkAO kg C7 dC / K ke k,nAl k;j(C’t)dC
k
0

Ak (€) 2X5(6)
—/;W ki (¢ 1)d¢ — —;\&A” A5(2)(1457“)'( |
4.952
Gn(n,m,t) = Z0D¢(n,m, t) / ;{\IGMAU ki (€, 1)dC
- 0/1 T)\Z% Dy Ab (¢, 1)dC + 0/ ZO(S’“C;A’“S(g Gikan) g1 AV (¢ tde
o[ P B 0 A - B
(4.95b)

In (4.95a) z = 27 (n, ), Gy and its derivatives are equipped with the spatial
argument (fg, ng)(zp (n,n),¢) and Dy, and its derivatives are evaluated at
&L, nt)(zF (m,m),¢). In (4.75k) z = 29(n,n), G\, and its derivatives have

the spatial argument (fﬁg, nf,gg)(z@(n, n),(), and D;; and its derivatives are

evaluated at (£, 7) (=9 (1), C).

By mapping (AY)'(z) in (4.49b) (see (4.17)) into canonical coordinates, it
can be shown that it is a piecewise continuous function.

To uniquely determine the kernels, the BCs are complemented by the
artificial BCs

1>
Dy(n,n,t) =gp(n,t) (4.96a)
Gy(n,n,t) = gc(n,t) (4.96b)

(see (4.58g), (4.58h)) with the degrees of freedom gp = gp.ij, 9a = 9c,j,

i,j=1,...,n,9p,ij(*; 1), 9a,i;(+,t) € C[0,¢;(1)] and gp ;;(z,+), 9c,ij(2,*) €
Go(Ry), a € [1,2).
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4 Bilateral backstepping control for coupled parabolic PDEs

4.8.2 Kernel integral equations

Similar to Section 4.7.2, the canonical kernel equations (4.89), (4.90) with
(4-95), (4.96) are converted into integral equations by formally integrating the
PDEs (4.89a), (4.90a) w.r.t. £ and . ABCat (£, 1) = (n,n) for the respective
derivative w.r. t. 7 is available for both D and G by (4.95). Together with
(4.89¢), (4.90d) and (4.91), Dy, (&(n),n,t) and G,(£;(n),n,t) are known at
the whole left boundary &;(n) of the respective spatial domain (see Figure
4.6).

To get the BC for D and G on the lower boundary, note that D'(£,& —
2¢5(1), 1) = Dg(€,& —2¢(1), 1) + Dy (&, € — 2¢(1),t). Inserting (4.89e) and
integrating w. r. t. £ then yields

[D(&, € —265(1),1) = D(¢s(1), —¢}(1), 1)

(4429@0

5 ~ o~ —

Together with (4.89c) and (4.90b), BCs D(&,m;(€),t) and G(&,m;(&),t) are
available at the whole lower boundary 7;(&) of the respective spatial domain
(see Figure 4.6).

Furthermore, note that even for the respective derivatives D¢ and Gg, a
BC on the whole lower boundary of the domains is determined by (4.89d),
(4.89¢) and (4.90c¢).

Hence, introducing the variables

N(svnvt) = Nij(éanvt) = D'f](gvnat) (498&1)
J(ganvt) = Jij(ganvt) = GT[(S?”»” (498b)
and
M(Sﬂ"vt) = Mij(sanat) = DE(E,’I’],t) (499&1)
H(Sﬂ'))t) = Gij(£>n7t) = G€(£>T]7t)7 (499b)
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4.8 Volterra-Fredholm-kernel integral equations

and inserting the BCs (4.89b)-(4.89¢), (4.90b)-(4.90d), (4.97), (4.95) and
(4.96), the kernel integral equations finally read

N = Ny+ Fy[N,D,M, J,G, H| (4.100a)
D = Dy + Fp[N| (4.100Db)
M = My + Fy[N,D,M, J,G, H| (4.1000)
J=Jy+ Fy;[N,D,M, J,G, H| (4.100d)
G =Gy + Fg|J] (4.100e)
H:Ho—i-FH[J,H] (4.100f)
with
7/ AL(0 AL
No(n,t) =I[gp],;~; + {TZO&A” \/;(Al{)'} oy (4.101a)
n=0 )
n=>0
¢ €), t)dé ( b)
Do(€,t) = 9N, t .
0(&.1) [/m o(m@.0] 401
Mo(&.1) = [No(mi(€). Dl » o1 1 (4.1010)
i O o VN
Ton.t) = lgc] -, + om0 Ay VA ]
n=0 = 2%m.m)
n=0
(4.101d)
Go=H;=0 (4.101€)
and
1
BNV DG H = [ [ (AclH )00 + $Gun )
m(
1 A(0) 1 / A (0)
B #GlA Jt _ N DA ,t)d
2% )\Z(C) k ij(C ) 2%, Al(C) k ij(c ) C
zkHzlc + Jzk Mzk + Nzk
_/0 2)\7’(() lkj CtdC / 2/\1 lk](C t)dg}zgj
z=2"(n,m)
n=0
13 _ 1 _ _
+ L( )(AD[MaNKEvnat) + ZDt(ganvt))dg (4.1028.)
1(n
n 3 _ _ R
FolN = [ Nigatdi+ | [| 2Px@m@.0d] - (aoab)
m(e) 4L(1) £> (1)
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4 Bilateral backstepping control for coupled parabolic PDEs

FM[N,D,M, Ja Ga H] = [FN(ﬁ,ﬂl(g)at)]g> qﬁé(l)

n
+/ ©) (AD[M’N](svﬁvt) + iDt(Eaﬁa t))dﬁ (4.102C)
m
Fy[N,D, M, J,G, H] = [ZQFM(n,n, _ / J\/EGM AL (€A
L /A0) Zo(s ikHik + Jik)
- 2/0 WDzkAO,kj(Cat)dC‘i‘/o 22 () AT(¢HdC
b 2o (Mg, + Nik) 11
/0 W k5 (G5 f)dC} oy
z=2%mn,n)
n>0
3 — _ _
t L (At €m0 + G m ) (4102d)
IAY] "
[J] = / © J(&,n,t)dn (4.102e)
m
n
Fulr.H) = | o (AGIHL T\ 7.0 + Gil6 7.0)dr (4:1020)
m

Therein, the integral equation (4.100a) has been utilized in (4.89¢) and (4.97).
Moreover, the arguments of D;; and its derivatives as well as G;; and its
derivatives are the same as in (4.95).

Like in Section 4.7.2, the integral equations need to be reformulated in a
way such that the time derivatives only appear under double integrals, which
is important for the convergence proof, like in Section 2.5.6. To this end, the
definitions

s n 1 [¢ _ _
N=Nt [ [0 Gmandr] v [0 DiEn.de (saosa)
420 Jy(m) ;gé 4 Jey(m)
s m(§)
M-+ [ [T G0
20 Sy (mi(€)) . (£§§€)
1 =
£>ol(1)
+[1/E Dy(&,m(), )dé] 2" by ndg
- t\S, M y - t\Sy 7, n
4 Jeme)) £>05(1) 4 Uy e

(4103b)
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4.9 Successive approximations

¢ m(n)
_ s
s=ai [ aenods ][ Gmmnnd
&(n) i<
m(m(n)) m(mn) >0
&> ¢L(1)
% [ . g z (7
3 piemmod| o [+7 [ Ding o
&(m(n)) i< m(n) <
n>0 n>0
€>¢L(1)
(4.103¢)
n
H-H+ [ SGendn (4103d)
m(8)

need to be inserted into (4.102) in a last step. Since this step does not change
the types of spatial integrals appearing in the integral equations, the result is
not written down here.

4.9 Successive approximations

The integral equations (4.72)-(4.74) and (4.100)- (4.102) are of a similar form
as (2.170) and (2.71) and can now be solved by the method of successive
approximations, i. e. by applying fixed-point iteration. This will finally lead
to the following theorem.

Theorem 4.9.1 (Folding kernel equations)

The kernel equations (4.45) and (4.75) have a piecewise continuous
solution with K(z,(,t) and Q(z,(,t) defined on 0 < ¢ < z < 1,
te RQ; and P(z,(,t) definedon 0 < (<1,0<z<1,t € R;;.

Proof. To solve the integral equations via fixed-point iteration, the solutions
are represented by

G = i AG!, H, = i AHL, J, = i AJ! (4.104)
=0
D= Z AD!, M, = Z AM! N, = Z AN} (4.105)
=0 =0

with AX! = [AXilj], X € {G, Hy,J1,D, M, N1}, which are calculated by
the update law

AXH = Fy, AX° = X, (4.106)
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4 Bilateral backstepping control for coupled parabolic PDEs

X € {G, Hy, J1,D, M, N1} (see (2178)), where the starting values X are
given by (4.73), (4.101) and the iteration laws are given by (4.74) and (4.102),
where the insertion of (4.103) is presumed.

Of course, the integral equations (4.72)-(4.74) and (4.100)-(4.102) differ
from (2.170) and (2.171) due to the coupling BCs (4.45e), (4.45f) and (4.95).
However, the types of the appearing terms in the integral operators (4.74) are
the same as in (2.170¢) and (2.171¢), except for the terms with the Fredholm
integrals and the boundary integral

3 _
/ ..dE. (4.107)
o4 (1)

Noting that inside the Fredholm integrals, z = z(n, ) always holds allows to
derive similar estimates as in (B.12) for the new integral types. In addition,

since
A Y
max max i(2) > max max i (2) (4.108)
X< 2 Aj(z) T ar<ar 2 Ai(2)

holds, the choice (2.191) is also sufficient for the decoupling kernel G(&, 7, t)
in (4.90), whose spatial domain only depends on the right diffusion coeffi-
cients \]. Consequently, uniform convergence of the series (4.104) follows by
the same reasoning as the proof of Proposition 2.5.6 in Section 2.5.6.
Therefore, (4.104) provides the piecewise continuous solution of the integ-
ral equations (4.72) and the corresponding kernel equations. [ |

Remark 4.9.2. The applied solvability proof provides the smoothness of the
obtained solutions w.r. t. ¢ in view of (2.190). However, it does not prove the
Gevrey-property w.r. t. t, since (2.193) is only proved for p = 0. However, since
evaluations of the kernel K(z, (, t) of (4.14) in the form of A;(z,t) and Ay(z, t)
serve as input parameters for the second transformation kernels (see (4.27))
in (4.95), this property is required for the convergence proof of the Volterra-
Fredholm-transformation. In the scalar case, [100] proves this property. The
application of these ideas to the present case, however, is beyond the scope
of this thesis. <

4.10 Computation of the kernel derivatives

Similar to the unilateral case, the realization of the control law (4.37) re-
quires the calculation of the derivatives K,(1, (,t), P,(1,(,t) and Q»(1,(, )
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4.10 Computation of the kernel derivatives

according to (4.33), (4.32) and (4.30). In analogy to Section 2.6, they may be
computed without performing a numerical differentiation.

Expressing the derivatives of the kernels in the canonical coordinates leads
to (2.220) for K(z, ¢, t) as well as

Q:(2,¢,1) = \/TX“ Ge(€,m,t) \//\”7/\” n(&:m.t) (4.109a)
Qc(z.(.1) = AW“‘”Q(z,ct)+$G5<s,n,t>
() (A))P2()
- Man@, 1) (4:109b)
and
P.(z,¢t) = WAZ De¢(&,m,t) WV n(§,m,t) (4.10a)
A1) 1
Pi2:60) = =Sy P00 + gy De(@m )
- WL(ODn(s, 1) (4.10b)

For the decoupling kernels (4.109) and (4.110), all kernel derivatives, G¢ = H
D¢ = M, G,, = J and D,; = N are available as the solution of the fixed-
point iteration (4.104) and thus can directly be inserted.

For the backstepping kernel K (z, (,t), the derivative G¢ = H is available
as the solution of the fixed-point iteration. Moreover, G,, = J is a result
of the fixed-point iteration for j < n. Only for j > n, it still needs to be
determined.

With the same approach as in Section 2.6, a formal integration of the PDE
(4.58a) w. . t. £ leads to an integral equation for the unknown G, (€, m, t) and
introduces the boundary terms G,,(§;(n), n, t). To substitute them by BCs,
solve (4.67) for Gy (n,n,t) to obtain

Gn(”%"?at) = (Hljfn(na Tl»t) + Jl]*ﬂ(na 777t))50 - H(T]a n, t)] . )

j<n
Xi >\
Ai 2 Ajin
n>0

(4.111)

where all terms on the right-hand side are available as solutions of the integral
equations (4.72), except J;; (1, n, t) for which (4.69) is substituted.
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4 Bilateral backstepping control for coupled parabolic PDEs

Moreover, differentiating (4.58g) w.r.t. n yields

Gn(n.m,1) = gn(n,t) = H(m.m, 1) (4.112)
()\1; < )\j) \ (>\1 < /\j—n)
n=>0
after solving for G,,(n,n,t). For n < 0, (4.66) can directly be inserted.
Finally, the following integral equation to determine J (£, n,t) for j > n is

obtained.

Gy = G + Fa, [Gy) (4113)
with
S
j<n
Ai 2 Aj
Ai 2 Ajgn
n=0
+ [(*CT,ij—nHij*n(nv n,t) + CS,U—"H(TI’ m t))go} i<n
Ai > Aj
Ai 2 Njtn
n=>0

+ [gn(n, t) — H(n,n,t) +[E )]y, 2,

ji>n

(N <AV (i < Ajon) n<0
n=>0
¢ /s : an(&n) ., = s z c
+ <ZA[G](§7777t) - TH(§7n7t) + ZGt(’Sa,rI?t))dg
&(n)
(4.114a)
and
£ as (€. n.t _ _
Fo,lGi)= [ SEm0g e nnae )
&(n)

Like in Section 2.6, this integral equation can be solved by fixed-point iter-
ation, which can be shown to converge with the same methods as in Sec-
tion 2.5.6, allowing a systematic computation of the kernel derivatives.

4.11 Backstepping observer design for in-domain
measurements

In addition to the state feedback controller design, the folding technique
is also applicable for the observer design. In particular, assuming bilateral
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4.11 Backstepping observer design for in-domain measurements

sensing, i.e. an available measurement at each boundary of the domain,
applying the folding transformation of Section 4.2 leads to a system with
unilateral measurement. The corresponding observer design is equal to the
presented observer design method in Chapter 3.

Besides converting the bilateral actuation and sensing to one boundary,
the folding transformation maps the folding point to a boundary, too. This
allows to apply the method to systems with appropriate in-domain actuation
or measurement. Depending on the type of interaction, this leads to a more
or less complicated problem. In particular, if only the state w or its spatial
derivative w; can be set or measured at a point, the folding approach leads
to an underactuated problem for the resulting coupled PDEs which needs
further investigations. A similar case has been studied in [103, 104, 108],
where a scalar parabolic system has an in-domain actuation specifying a
discontinuity of the spatial derivative. In this case, applying a Fredholm-
type integral transformation allows to transform the in-domain input into a
boundary actuation. On the other hand, [20] presented the observer design
for a scalar parabolic system with a collocated in-domain measurement, i. e.
both w and w3 are measured at a point Z,,, inside the domain. In this case,
folding the system introduces no folding BCs and two independent observers
can be designed for the left and right part w.r. t. Z,,.

This design procedure can be applied for coupled parabolic PDEs as well
and is therefore briefly presented in this section. To this end, consider the
system (4.1) equipped with the measurement

Ym(t) = [w(ém’ g } , (4.1152)

Ws (5771 5 t)

where %, € (0,1) is the location of the measurement. Applying the fold-
ing transformation (4.4) with (4.3) and setting Z;, = Z,, leads to the folded
representation

xt(z,t) = A(2)222(2, 1) + Az, t)2(2, 1) (4.16a)

z1(0,t) = 2"(0, 1) (4.16b)

2L (0,1) = —Zpz"(0,1) (4.16¢)

Béx(1,t) + Bya.(1,t) = u(t) (4.16d)
~Jyma@®)] [ 2H0,0) 1 [ =7(0,¢)

ym(t) = [ym,;(t)] - [;jxlz(o,t)] - Lléoxg(o,t)] (4.116e)
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4 Bilateral backstepping control for coupled parabolic PDEs

with A and A given in (4.8). Note that (4.116e) allows to write

2L(0,) = —Zoym 2(t) (4.1172)
z2(0,t) = (1 - 5O)ym,2(t) (4117b)
xl(ov t) = xr(()’ t) = ym,l(t)' (4-117C)

Due to the block diagonal structure of A it is now possible to design two
separate observers for the states ! and z". Each observer is realized as

iz, 1) = A (2)2%, (2, 1) + A%(2, )2 (2, t) + L(2,t)(22(0, 1) — £°(0,1))

(4.18a)
2%(0,t) = yma(t) (4.18b)
E°TBlx(1,t)+ E* T Blz,(1,t) = E*Tu(t), (4.18¢)

b€ {l,r}, where 2(0,t) is replaced by the measurement according to (4.117),

[I o}, b—1

7 [0 I}, b=r

(4.119)

and L%(z,t) € R"*™ are the observer gains to be determined.
Introducing the observer error e?(z,t) = 2°(z,t) — #%(z,t), b € {l,r} leads
to the observer error dynamics

e2(z,t) = Ab(2)el, (2, t) + A%(z, )€ (2, t) — Lb(2,1)€%(0,1) (4.120a)
e?(0,t) = (4.120b)
e’(1,t) = 0. (4.120¢)
This is exactly the same as the observer error dynamics (3.8) derived in the

unilateral case. Hence, the two observers (4.118) can be designed uniformly
exponentially stable by the methods presented in Chapter 3.

4.12 Output feedback control

Section 3.8 has shown that an unilateral backstepping state feedback control-
ler (2.27) can be combined with an unilateral backstepping observer (3.6) to
a uniformly exponentially stable output feedback controller. The same is ap-
plicable when utilizing the bilateral controller (4.37) or the bilateral observers
(4.118) or even both of them. In detail, the proof of the separation property
shown in Section 3.8.2 still holds, since the dynamics of the closed-loop
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system in backstepping coordinates is of the form (3.63)" in all cases. Note
that in the case that both observer and controller are designed by the folding
technique, the chosen folding point z; and the point of measurement z,,,
which is the folding point for the observer design, are mutually independent.
While in the controller design for bilateral actuation, it is a design parameter
to distribute the control effort between the inputs, it is set by the sensor
location in the case of an observer with in-domain measurement.

4.13 Academic examples

The following simulations demonstrate the effectiveness of the proposed
folding approach.

Example 4.13.1 (Bilateral state feedback controller).
Consider a system (4.1) with the parameters

#+2 _ (4.121a)
0 z +

4.5 — 66 ( ) 2+ cos(2m(z + 1))
|: 2+ SlI‘l 27T1 2’54- t))) 3 — 4(91.25(t), (4'121b)
=0 (4.1210)

where 6, is defined in (2.225) and the Neumann actuations
(Bow(t))(0) = ws(0,t) = uo(t) (4.122a)
(Grw(t))(1) = ws(1,) = w1 (¢), (4122b)

which is open-loop unstable. For this system, both an unilateral (2.27) and a
bilateral (4.37) backstepping controller are designed with A(z,t) = u.l = 8
(see (2.23), (4.31)). In the unilateral case, only w;(¢) is used as input, i.e.
uo(t) = 0 is set.

For the design of the bilateral controller, a numerical analysis of the pos-
sible folding points to ensure Assumption 2.1.6 reveals the intervals Zy € [,
I = (0,0.412), I, = (0.424,0488), Iy = (0.568,0.596), I, = (0.604,1). The
bilateral controller (4.37) is designed with the folding point z, = 0.375, which
leads to descending diffusion coefficients A\; > ... > A4 in the folded system
(4.12). In both uni- and bilateral cases, the additional degrees of freedom

! In particular, in the case of a bilateral backstepping controller, the PDE (3.63d) is replaced by
(4.39a), i. e. the coupling term looks slightly different and the observer error dynamics enters
the target system dynamics at both boundaries, but this has no impact on the proof.
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[[w(®)]l
0.8 —— unilateral ||
—— bilateral
9e—8t
0.4 |
0 : R
0 0.4 0.8
t

Figure 4.7: Weighted L2-norms ||w(t)|| of the closed-loop states with the unilateral and the
bilateral controller and state profiles w;(Z,t), ¢ = 1,2 in the bilateral case. The pink curve

is the desired decay rate Me(#m»~#e)t of the unilateral controller. The blue line in the state
profiles marks the folding point Zy = 0.375.

g(n,t) (see (2.150f), (4.58g) and (4.58h)) as well as gp(n, t), ga(n,t) (see
(4.96)) are set to zero for simplicity.

The simulations are performed with the ICs w;(z,0) = 3 sin(nz + 27) +
cos(3mz + %), i = 1,2, which are compatible to the BCs.

The kernel equations (2.28), (4.45), (4.75) are discretized with 31 grid
points in each direction z, ¢, ¢ in the time interval ¢ € [0, 1] and the resulting
canonical coordinates (£, 77) are resampled to have a maximum number of 80
nodes in &-direction and the same tick length in 7. The fixed-point iterations
(2.178) with (2.182) and (4.104) with (4.106), respectively, are stopped as soon
as the maximum absolute increment drops below 10~° (see Example 2.7.1),
which occurs after 16 iteration steps in the unilateral case. In the bilateral case,
the iteration terminates after 15 steps for (4.14) and after 18 steps for (4.27).
Figure 4.7 shows the resulting weighted Ly-norms ||w(¢)]| of the closed-loop
system’s state in both cases together with the state profiles w;(z,t),i = 1,2
for the bilateral controller. With both controllers, the desired decay rate is
achieved.

The corresponding control efforts are depicted in Figure 4.8. Obviously,
the amplitude of the right input u; (¢) can significantly be reduced by utilizing
the bilateral controller.

It has been shown in [20] that by the choice of the folding point %, the
distribution of the control efforts between the inputs can be adjusted. To
verify this, Figure 4.9 shows the resulting control efforts for two different
choices of zy = 0.2 and 2y = 0.85. In the latter case, a reordering of the
states of the folded system is required to achieve sorted diffusion coefficients.
Moving the folding point to one end of the spatial domain decreases the

1
1
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u1(t) (unilateral) uo(t), u1(t) (bilateral)
O T T
(4
4
-5 i
!
"
—10! i
—15] | | |
0 0.4 0.8 0 0.4 0.8
t t

Figure 4.8: Control efforts of the unilateral controller (left) compared to the bilateral controller
(right). The solid line corresponds to the first component e{ u;(t), i = 0, 1 of the respective
input and the dashed line to the second element ej u;(t), while the right input u, (t) is
depicted in blue and the left input uo(¢) in green.

% = 0.2 %0 = 0.85
21wl |
— P
0 _ A h
L d 7‘ 1
2,7 w() : .
¢ ~_uo(t)
_4 | ~ -
/ 0 i
-6 ] wi(t)
0 0.4 0.8 0 0.4 0.8
t t

Figure 4.9: Control efforts for the different choices of 5 = 0.2 (left) and Zy = 0.85 (right).
The solid lines correspond to the first components e{ u;(t), i = 0, 1 of the respective input
and the dashed lines to the second elements eJ u;(t), while the right input u; (t) is depicted
in blue and the left input u¢(¢) in green color.

control effort of the corresponding input and increases the one on the other
side. Note that due to the space dependency of the system parameters, no
symmetric behaviour w.r.t. Z = 0.5 is expected. The corresponding state
profiles w;(Z,t), ¢ = 1,2, for the different folding points are depicted in
Figure 4.10. It is verified that the folding point has a significant influence on
the closed-loop state profiles. In [20] it is shown that the limit when moving
the folding point to one boundary, e. g. Zy — 0 leads to the same controller as
the unilateral design. In the present case, the control efforts resulting from
the simulations suggest that this could hold as well. N

To verify the functionality of the folding observer introduced in Section 4.11,
it is combined with the controller of Example 4.13.1 in the following example.
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0.85 (right) in Example 4.13.1.

4.121), (4.122), introduced in

(

Z
Example 4.13.1. Now, an in-domain measurement

left) and

i(2,1), ¢ = 1,2, with the bilateral controller (4.37)

t
0.2 (

w

4 Bilateral backstepping control for coupled parabolic PDEs
Example 4.13.2 (Bilateral output feedback control).
Consider the system (4.1) with the parameters

Figure 4.10: Closed-loop state profiles
and the two different folding points Zy

(4123)

|

2(0.7,1)

w(0.7,¢

|

is available for the design of two observers according to (4.118). To this end,

Zm )

ym(t) = (Omw(t))(

16 (see (3.10a) and

the decay parameter is set to A,(z,t) = 161, i.e. p,
numerical parameters for the solution of the kernel equations are the same

(3.12)). The further degrees of freedom are set to zero for simplicity. The

178



4.13 Academic examples

— lw®]|
lle(@®)ll
[7a() Tz ()]
- == @)l

0 0.4 0.8

Figure 4.11: Weighted La-norms ||w(t)|| and |le(¢)|| of the closed-loop states and the observer
error as well as the transformed states || 74(¢)7¢(¢)z(t)|| and the target system states ||w(¢)]|.

as in Example 4.13.1. Both observers are approximated with 11 points for each
state. Not that due to the folding, twice the observer order compared to the
unilateral observer in Chapter 3 results.

With the plant ICs w;(%,0) = 2sin(nz + 27) + L cos(3rz + 2),i = 1,2,
the initial measurement y,,,(0) # 0. Therefore, the IC of the observer is set
to

i(2,0) = (2wo + wh)z> — (Bwy — 2wh) 2% + whz 4 wo (4.124Q)
= ’ 124b
wo |:ym,1(0) (4 4 )

_73mym,2(0) :| ’ (4.124C)

w6 - |:<1 - zm)ym,Q(o)

compatible to the measurement and the BCs.

For a proper validation of the simulation results, a simulation of the target
system is performed. To this end, the closed-loop target dynamics (cf. (3.63),
(4.31)) are simulated. The resulting weighted L;-norms of the closed-loop
state ||w(t)||, the observer error ||e(t)||, as well as the transformed folded sys-
tem states ||74(¢)7(t)x(t)|| and the target system’s state ||w(¢)|| are depicted
in Figure 4.11. Therein, the observer error e(z,t) is a vector containing the
observer errors e®(z,t), b € {I,r} of both observers. Like in Example 3.8.6,
the observer converges faster than the system states due to its faster param-
eterization. Due to the observer IC, the observer error amplitude is com-
parably low. Despite the usage of the observer, the closed-loop system is
uniformly exponentially stabilized and the closed-loop dynamics in backstep-
ping coordinates coincides with the desired dynamics except for numerical
deviations, despite the comparably low observer order.
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4 Bilateral backstepping control for coupled parabolic PDEs

Depending on the location of the measurement, the observer error has
a different spatial distribution. Intuitively, the observer error at a certain
point gets smaller as its distance to the measurement point z,, gets smaller.
Hence, if the measurement point Z,, can be chosen freely, a small observer
error can be achieved in a desired region around Z,,. To validate this, a
further simulation with a measurement at #,, = 0.3 is performed. Figure 4.12
shows the resulting reconstructed observer states w(Z, t) in both cases. They
are obtained by unfolding the reconstructed states Z(z,¢). Due to the fast
parameterization of the observers with 1, = 16, both converge to the actual
states quite fast so that their profiles look similar. To see the difference,
Figure 4.13 shows the corresponding observer errors é(w, t) = w(Z,t) —w(Z, t)
for ¢t € [0,0.2]. As expected, the observer error at the measurement point is
exactly zero. Moreover, the observer error in the smaller part of the domain
is a lot smaller than in the larger part. N

Remark 4.13.3. Though it looks like the observer error (2, t) might have a
defect of differentiability at the point of the measurement Z,,, this is only
a matter of resolution. In detail, selecting higher orders for the observer-
approximation and higher printing-resolutions, the smoothness of the solu-
tion becomes apparent. Since low-order observers are desirable in practice,
the observer functionality is demonstrated with the low order of 11 nodes
per observer state. <

414 Concluding remarks

By utilizing the folding-technique, a system with bilateral actuation can
be transformed into a representation with unilateral actuation, allowing to
apply the usual backstepping transformation. Due to the special folding-BCs
ensuring the regularity of the solution, the kernel equations get an additional
boundary coupling, which requires a new solution strategy. Using a different
sequence of integration for the coupled solution elements allows to transform
the kernel equations into integral equations with usual couplings. Thus, they
can be solved by the method of successive approximations like in the unilateral
case.

To obtain a target system where the uniform stability margin can explicitly
be assigned like in the unilateral case, a second, Volterra-Fredholm-type
transformation is utilized. The appearing coupled kernel equations can be
converted into integral equations again and solved by fixed-point iteration.

The choice of the folding point is restricted to ensure non-intersecting
diffusion coefficients in the folded system. In any case, there exist suitable
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Figure 4.12: Reconstructed observer states w(Z,t) for two different measurement points
Zmn = 0.7and %, = 0.3.

folding points both small and large enough so that the distribution of the
control effort between left and right inputs can be adjusted by the choice of
the folding point. Though the restriction will be rather small in most cases
(see Example 4.13.1), it can be completely removed once the backstepping
method is established for intersecting diffusion coefficients, which is an
interesting topic for future research.

By the help of the folding technique, it is possible to design observers for
systems with bilateral or in-domain sensing. If both the state and its spatial
derivative are available as in-domain measurement, the latter case leads to the
design of two independent backstepping observers where the results of the
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Figure 4.13: Corresponding observer errors &(Z,t) for two different measurement points
Zm = 0.7 and Z,, = 0.3.

unilateral case can be applied. For future research, it is of particular interest
if the observer design is possible with only a single in-domain measurement,
possibly by applying the ideas of [103, 108].

In the utilized implementation, both observers (4.118) are realized with
the same approximation order. For the original domain Z, this means that
the left and right part w.r.t. Z,,, implicitly have different resolutions. The
effect of using different observer approximation orders for both parts of the
domain, for instance in relation of the size of the domains, could further be
investigated.
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4.14 Concluding remarks

Simulation results confirm the applicability of the proposed design method
and the possibility to reduce the control effort for one input compared to
unilateral actuation.






5 Further research topics

The presented systematic design methods for the boundary control of coupled
parabolic systems with space and time dependent coefficients and both uni-
and bilateral actuation can be the starting point for plenty of further research.
While observer-based output regulation [114] and robust output regulation by
state feedback control [115] have already been considered in the time-invariant
case, their extension to time-varying parameters could rise new obstacles.
On the other hand, there is a large field of control techniques that have not
even been considered for coupled parabolic systems. For instance adaptive
control, which is already combined with backstepping in the scalar case [82].
Another interesting field are coupled parabolic PDEs on higher-dimensional
spatial domains, for which the results in [72] are of interest. The backstepping
method for coupled parabolic systems with arbitrarily intersecting diffusion
coefficients could utilize [88] as a starting point. A very active research topic
are systems where a certain type of PDE is either coupled by one ore more
ODEs, or even a different type of PDE. So far, there are only a few results
for coupled parabolic PDEs in this direction [31] without consideration of
time-varying coefficients.

The extension of the flatness-based trajectory planning and its combination
with backstepping to flatness-based tracking control [73] to coupled parabolic
systems should directly be possible due to the simple structure of the target
system, at least in the unilateral case.

Another very interesting open research field are underactuated systems.
That means that the number of inputs is less than the number of PDEs and
occurs for example in chemical reactors with higher reaction order. When
applying the backstepping method in this case, it is no more possible to
prescribe a cascaded target system. Instead, a boundary coupling must be
allowed due to the missing control inputs. Though this coupling is different
to the one in the folding case, the obtained results may be utilized for further
investigations.






A Relatively bounded operators

Considering abstract IVPs
z(t) = Azx(t), =(0) =xz9 € D(A) (A1)

with the operator A on the domain D(A) C X requires to choose a suitable
state space X which is a Hilbert space. For parabolic systems, X = L2(0,1)
turns out to be the correct choice to ensure a well-posed IVP. Consequently,
convergence properties like for exponentially stable systems

lo(6)]] < Me™#" o] (A2)

are only stated in terms of the norm induced by the inner product in X. The
Ly-norm, however, is invariant w. r. t. changes in zero-sets of the functions.
That is, there are infinitely many functions having the same Lo-norm but may
have different values at single points of their domain. For this reason, the
exponential stability in the Ls-norm allows no deduction of the state’s value
at a single point zy. In practice, it is known that parabolic systems, particularly
the diffusion operator has a smoothing effect on the solution. Therefore, it
is intuitive that if the system is stable, it will also be pointwise stable. The
proof of this is in general a challenging task, but turns out to be simple if the
system operator is analytic, as is mostly the case when considering parabolic
systems. This will be shown in Appendix A.2.

In the case of distributed parameters systems, the system operator is in
general unbounded, which leads to many differences in the mathematical
treatment compared to finite-dimensional systems.

Hereby, an operator is called unbounded, if it is not bounded according to
the following definition [26, Definition A.3.8].

Definition A.1 (Bounded operators). An operator B: D(B) C X — Y,
where X and Y are normed linear spaces is called bounded, if there exists a
¢ € Rsuch that

1Bz|| < || (A3)

forall x € D(B). <
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A Relatively bounded operators

An important subclass of unbounded operators are those which are rel-
atively bounded w.r. t. an unbounded operator A. They can be imagined as
being less or equally ,unbounded” as .A. In most cases, a general statement
concerning all unbounded operators is hardly possible. Luckily, the majority
of interesting operators (such as the point evaluation) turn out to be at least
relatively bounded w. r. t. the system operator. This property is stated in the
following definition [59].

Definition A.2 (Relatively bounded operators). An operator B is relat-
ively bounded w.r. t. A, or simply A-bounded (D(A) C D(B)) if there exist
non-negative numbers a, b € R such that

IBh|| < allAh[[ + bl[All,  h € D(A). (A.q)

The greatest lower bound of all a for which (A.4) holds, is called .A-bound of
B. <

Remark A.3. Even if an operator has the relative bound 0, there is a big
difference to a bounded operator. In particular, it is not possible to write
(A.3) because typically b in (A.4) tends to infinity as a tends to zero. N

Aa  Relative boundedness of evaluation operators

In the framework of control, point measurements either at the boundaries or
in the domain appear frequently, either during the observer design (point
measurement) or the output regulation (point-like control outputs) as well
as in form of the coupling between subsystems. It turns out that both the
evaluation of a function at a specific point h(z), zp € [0, 1] and the evaluation
of the spatial derivative at a specific point //(z), zo € [0, 1] correspond to
relatively bounded operators w. r. t. the diffusion-reaction-operator, which is
stated in the following lemma.

Lemma A.1.1. Let
Bih = h(z), Bah=h'(20), 20 € D(h) (A.5)
and
Ah = Xh" —puh, Xz) >0, pneR (A.6)

with D(A) C D(B;), D(A) € D(B2) and h € D(A)on z € [0,1]. The
operators B1 and Bs are A-bounded with A-bound zero.
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A.1 Relative boundedness of evaluation operators

Proof. In [59, Chap. IV, Sec. 1], it is shown that with the equality
W = GH' + Hh, (A7)

the first order derivative can be expressed dependent on the second order
derivative and the actual function by means of the (bounded) integral oper-
ators G and H. Thereby, (A.7) holds for all z over which & is defined so that
it can also be evaluated at a certain point zy. The result

W (z) = Gh" + Hh (A.8)

again contains (bounded) integral operators G and H, which depend on a
positive number n. Thus, |h/(z0)| can be estimated by

|W (20)| = |G + HA|

< |Gh"| + |Hh|
= [|GR"|| + | HR|
< |G| + [ H 1R, (A.9)
where
G| < — (A10a)
i) < 2ty (Asob)

for arbitrary n > 1 follows from [59]. Rather than evaluating (A.7) at a point
20, it is also possible to consider its norm

W[l = IGR" + HA]|
< G+ L [[IA]], (Aa)

where G and H have the same bounds (A.10). In summary,

2n(n +1)

1
"(20)] < — (10" A.
W (o) < = I0]+ = " (A12a)
1 2n(n +1
A < ——||n"]| + n(n+1) Al (A.12b)
n—1 n—1
a b

holds for arbitrary n > 1. Since the limit of a for n — oo is zero, the first-
order differential operator itself and the point-evaluation B of the first order
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A Relatively bounded operators

derivative are relatively bounded w.r. t. the second order differential operator
with relative bound zero.

Moreover, it is shown in [59, Chap. IV, Sec. 1] that the point evaluation
operator satisfies
1 n+1
—— W+ ———=IAl (A.13)

Ih(z0)] < (2n + 3)3 (2n + 1)3

for arbitrary n > 0. Obviously, it is relatively bounded w.r. t. the first order
differential operator. Combining (A.12) and (A.13) leads to the result

1 2n(n +1) N n+1 )HhH
(2n—|—3)%(n—1) (2n—|—3)%(n—1) (2n+1)%

a b

|h(20)| <

121+ (

(A14)
Again, a can be made arbitrarily small by a sufficiently large n, which implies
that the relative bound of the point evaluation B; w.r.t. the second order
differential operator (diffusion operator) is zero.

For parabolic systems, the system operator often is a diffusion-reaction
operator, namely (A.6). This rises the question whether an operator 5 which
is relatively bounded w.r. t. the diffusion operator, is also relatively bounded
w.r.t. A. To this end, (A.6) is divided by A to obtain

Ah

= %h. (As)
=~

Ah

Due to the relative boundedness of 5 w.r. t. the diffusion operator,
IBR| < al|P"|| + bl|l]
< alli"| = all SRl + bllA] + ol Sl (A16)
< a|n" - %hll +b[hll = all AR + b4l (A17)

holds for some b, showing that B is relatively bounded w.r.t. A with relative
bound zero. What remains to be shown is that the .4-bounded operator is
also A-bounded. To this end note that

IBA|| < all AR|| + b|| ||
Ah ~

= al||— bl|h

al| ==+ b7]

1 ~
< all 5 AR + bl|ll. (A18)
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A.2 Norms of relatively bounded operators

Consequently, B is A-bounded with .A4-bound zero, proving the lemma. B

To simplify the notation when dealing with time dependent operators, the
following definition is useful.

Definition A.1.2. A time dependent operator B(¢) of the form 5(t) = B(t)B.
with a uniformly bounded B(t¢) € X, where X is a finite dimensional vector
space, is called relatively bounded w.r. t. an operator A (or .A-bounded) if the
operator B, is .A-bounded. <

A.2 Norms of relatively bounded operators

With the property of relative boundedness, the following lemma allows to
determine the norm of the application of such an operator to an analytic
Cp-semigroup.

Lemma A.2.1. Let the linear operator A be the generator of an exponen-
tially stable analytic Cy-semigroup T (t) with decay rate p, i.e. | T (¢t)h| <
Me™||h||, h € D(A), M > 1. Assume that B is an A-bounded operator with
D(B) D D(A). Then, the operator BT (t) is a bounded linear operator with

IBT()h]] < Me™™|[n]l, h e D(A), (A19)
for some positive constant M.

Proof. It is helpful to first recover some properties of analytic Cy-semigroups.
Assume A is the generator of an analytic Cy-semigroup 7 (¢) (which is a
bounded linear operator). Then Vh € D(.A), according to [26, Example 2.18]

1. T(t)h € D(A) (the semigroup maps elements of the domain into
elements of the domain.)

2. AT (t) is a bounded linear operator.

Now let B be an A-bounded operator with D(B) D D(.A). This means that
there exist non-negative constants a, b such that

IBR|| < al|AR| +b||k]|, Vh e D(A). (A.20)

According to 1., h may be the result of an application 7 (t)h, h € D(A), so
that this can be inserted for 4 in (A.20) giving

IBT (£)Al| < all AT (t)h]| + Bl T (£)A]. (A.21)
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A Relatively bounded operators

Using 2. and the fact that 7 (¢) is a bounded linear operator yields

IAT (A < ellhll and || T ()R] < d||h| (A.22)
for some positive constants ¢, d. Inserting this in (A.21), leads to
IBT (£)hl| < (ac+ bd)||R]. (A.23)

In a last step, using the semigroup property 7 (t) = T (to)T (t —to),t > to > 0

and the growth bound || 7 (¢)h| < Me#||h||, the result

¢+ bd)|[ T(t — to)hl|

< (aé + bd)Me!to e~ ||h||  (A.24)
—_—

M

IBT ()|l = ||BT (to)T (t — to)h|| < (a
< (ac + bd)Me =10 | b

proves the lemma. u
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B Proofs

B.1 BCs of the inverse kernel equations

To show that the inverse kernel equations (2.61) indeed have the same number
of conditions for L as the original kernel equations (2.28) pose on K, it needs
to be shown that the choice of ZO according to (2.24) also fulfils the BCs
(2.61d) and (2.61e) for the corresponding elements of the inverse kernel.

To this end, insert (2.28d) into (2.61d) to get

K(2,0,t)A(0)E; + /Z LK(¢,0,t)A(0)E1dC = L(2,0,t)A(0)E;  (Ba)
0
and use (2.64b) with ¢ = 0 yielding
| erco.ndc= [ Lrconde (B.2)
0 0

For the Robin BCs, apply (2.22) on (2.61f), and subtract the result from (2.28e).
This leads to

(K(Z,O,t) ~ L(2,0,t) + / KL(C,0, t)dC) N(0)Es
0

(z.ga) 0

n (Kc(z,O,t) — Le(2,0,1) + /0 KLC(Z,O,t)dC)A(O)EQ
= —K(2,0,t)A(0)E2Qo(t) + AgELE; K(0,0,t)Es. (B.3)
Taking the derivative of (2.64a) w.r. t. { yields
Ee(er1) = Koo ) 4 K GOLE )+ I E (G 0
(B.4a)
L¢(2,0,t) = Ke(2,0,t) + K(2,0,t)L(0,0,t) + /0 K(z,¢,t)L¢(C,0,t)d,
(B.4b)
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which is solved for K(z,0,t)L(0,0,t) revealing that (B.3) can be written as
K(’Za 0, t>L(07 0, t)A(O)E2 = K(’Za 0, t)A(O)EQQU(t) - gOElEIK(O’ 0, t)E2

(B.5)
Now (2.28d) is inserted for Ay E; to obtain

K(z,0,t)L(0,0,t)A(0)Es = K(2,0,t)A(0) E2Qo(t)
+ K(z,0,t)A(0)E] K(0,0,t)E;. (B.6)
With L(0,0,t) = K(0,0,t) (see (2.64)), it remains to check whether
K(0,0,t)A(0)Ey = A(0)E2Qq(t) + A(0)E] K(0,0,t)E;. (B.7)
The easiest way for this is to look at the components of (B.7) by multiplying

with e;r, 1 =1,...,n, from left, and with E;ej, j=m+1,...,n, from right,
giving

e K(0,0,t)A(0)e; = ef A(0)E2Qo(t)E; ej+e] A0)ELE] K(0,0,t)EyEy ¢;

e; K(0,0,t)ej\;i(0) = X;(0)e] ejqi(t) + \i(0)e; E1E] K(0,0,t)e;
Ki5(0,0,)2;(0) = Xi(0)8;54;(t) + Xi(0)e; E1E{ K(0,0,t)e;, (B.8)
where
1, i=3j
8ii = B.
J { 0, i+ ( 9)

is the Kronecker delta. Now, two different cases need to be considered. For
¢ > m, the last term in (B.8) vanishes, as el-TEl = 0. Thus,

Kij(0,0,t))\j(O) = )\Z-(O)qj(t)éij, t>m, j>m (B.IO)

is obtained. This condition is fulfilled according to (2.92).
For i <m, §;; = 0 because j > m and eZTElElT = ez-T. Therefore,

Kij (0,0,t))\j(()) = )\i(O)KZ'j(O, O,t), 1 < m, ] >m (B.ll)

needs to be fulfilled. Considering (2.92) shows that K;;(0,0,¢) can only have
non-zero values if A; = ;. Consequently, (B.11) is also fulfilled.
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B.2 Integral estimates

In order to prove convergence of the fixed-point iteration, the growth assump-
tion (2.190) needs to be inserted into the integral equations an the appearing
integrals must be evaluated. This is not possible in closed-form but the
following Lemma shows suitable estimates for them.

Lemma B.2.1. The following integral estimates hold if v € (X, 1):

3 o

e )fl(é M < e (B.2a)
1n
o _
Tenan s T e (B2b)
™
n _ _
A mdn < 2 Em) (Ba2c)
zmm e
| £ e0dl < G . vz A =0 (Basd
100 S0 (Baze)
n _
m

for some finite ¢y, . .., c5 as well as V(z,() € D + (&,m) € D, if not stated
else.

Proof. To get a bound for the integrals over f!(z,¢) = f'(&,n) defined in
(2.190), it is helpful to start with the corresponding derivatives.' Differentiat-
ing f(&,n) with the help of (2.137) w.r. t. £ and 7 shows

(F(E&m)e = 0 (077 (wis(&m)) 1040 (057 (vis(&.m) ), (Ba3a)
(F&m)y = () (07 (wis(€m)) | =100 (65" (vis(€m) ) . (Basb)

! The reader needs to keep in mind that the points z, ¢ and &, 7 are always related by the maps
(2.136), respectively (2.137).
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To express the derivative of the inverse function ¢; !, keep in mind that
wij (& m) = wij(&;5(2, C),mij (2, ¢)) = wi(z) = ¢i(2) holdsas well as v;; (£, n) =
i (&i5(2,C),mij(2,€)) = v;(C) = ¢;(C) (see Figure 2.4). Consequently,

(67 (i(2)) = (2 24/

(6510360 = 577 (““‘)F

with (2.104) can be inserted into (B.13) to get

_ A A
(f(&,m)) (2,€))e z(z) — AZ(E) Vijg
(f(f 77) Z C = : z ijn Vij,m,

for which (2.135) is differentiated w.r.t. £ and 7 as

s
Wijg = Vijg = 5

1 1
Wijm = 2 Vijn = Ty

finally yielding

(f(2,0)e =

(f(zv C))n =

With this result, the derivatives

(FTH= e = U+ 1) (2,0(F(2,€
(FHz O = U+ DF (2 O(F (=€

can be determined to

(e = (4 VIO (1 _ ijf(o)

(fH_l(ZvC))n =(1+1)fYz, g)% (1 + )\].

(B.1g4a)

(B.14b)

(B.1sa)

(B.asb)

(B.16a)

(B.16b)

(B.17a)

(B.a7b)

(B.18a)
(B.18b)

(B.aga)

(B.agb)



B.2 Integral estimates

Now note that according to (2.191),

vye(N1), (B.20)
where
A = max max Nilz) (B.21)
Ni<A; 2 Aj(2)

is the maximal quotient of all diffusion coefficients for A\; < A;.* This choice
ensures that

Ff(z,¢) > 03 (B.22)

and with the definition of s according to (2.131),
A3 (€) Ai(€)

s|1- : =|1- !
( ! w)) ' V2

(f(z0)e = (FE&m)e >0, (F(z.0))n = (F(& )y >0 (B.24)

with (B.17). In other words, f(z,() = f(&,n) is strictly monotonically in-
creasing in £ and 7 so that the relation

>0 (B.23)

which leads to

f&n)
0< 2 <1 (B.25a)
FEm) ’
holds for all points &;(n) < £* < & and m;(§) < n* < n inside the canonical
spatial domain D...

Remark B.2.2. In contrast to [113], (B.19a) contains the quotient if_' ((8, where

both coefficients are evaluated at the same point. Thus, the choice (B.20) of
~ indeed is sufficient for (B.23). <

Utilizing (B.23), (B.19a) can be written as

(FH (2 O)e = L+ 1)F(2,0) ;‘1 - 1]8\ (B.26a)
25
(FHEm)e > ;1)1-”(5,17) (B.26b)

2 If all diffusion coefficients are equal, i. e. there is no A; < \;, (B.21) returns A = 0.
3Because v < 1, ¢ < z and ¢; beeing strictly monotonically increasing.
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with some finite ¢, > 0. Integrating (B.26b) w.r. t. £, starting from the left

boundary yields
& _ _ y _ _
|y e < G (P € m) = 7 ). )
1<n
e g o (FEm.m\"
gt ren(i-(TRET) ) e

(*6)

Since &;(n) is the left boundary of the spatial domain (see Figure 2.2), ob-
viously &;(n) < & holds for all £, 7, so that (B.25a) gives 0 < (xg) < 1.
Consequently, 0 < 1 — (x4) < 1, implying (B.1za).

To prove (B.12b), inserting 1 + 4/ ;\\JZ ég)) > 1 into (B.gb), yields

e < = (7 Em),,

which is integrated w. r. t. 7} starting from the lower boundary of the spatial

(B.28)

domain and leading to

2 iy - F&mE)\"
— (& (1 - ( . (B29)
&) f(&m)
Again, m;(&) < nisvalid for all £, n, so that (B.23a) renders the expression in
braces between 0 and 1. Therefore, (B.12b) directly follows.
Differentiating f'*1(n,n) w.r.t. n yields

), = 007 o (G

- VAQ
= (I +1)f'(n,m) (;S<1 — ifg) %(1 " ijég))»
o384
> (lj;l)fl(nm) (B30)



B.2 Integral estimates

for some finite ¢3 > 0. Just as before, integrating both sides w.r.t. 1 forn > 0
leads to

" Fndn < 22 (£ ) — £4(0.0))

0 [+1
_ 3 an Fn,m)\H1 ( £(0,0) \ 11
N—— ——
0<-<1 0<-<1

For the expressions in braces, (B.25a) directly applies because n > 0. As
result, (B.12c) is deduced.
For the next two estimates, differentiate f'+1(z,¢) w.r.t.  to obtain

(F" (2 ) = U+ D F (2 O fe(2,€) (B:32)
where, by the help of (2.104),

1 1
0 < “w <0 (B.33)

for some finite ¢4 > 0. Inserting (B.33) into (B.32) and integrating both sides
from z; < z to z w.r. t.  yields

fC(Zv<) = -7

[ 70t S0 - £ )

- ((78) - (7)) o

for all ¢ < z. To prove (B.a2d), insert z; = 0 and consider a point £ = 7
so that z = z(n,n) for \; > \;. According to the inverse map (2.137b),

¢ =¢(n,n) =0, sothat f(z,{) = f(z,0). Consequently,

/Oz(nm) P 0dE < ) <(f(z,0)>l+1 B (f(Z,z))H-l)

l+1 f(270) f(Z,O)
S~—— S~——
=1 0<-<1

(B.35)

is obtained. Due to the strictly monotonic decrease of f(z, () w.r.t.  accord-
ing to (B.33) and z > 0, the last term in braces is between 0 and 1 so that
(B.a2d) is implied.
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For (B.1ze), insert z; = ( into (B.34), yielding
el AaF_ €4 g F(z ONFE - F(z2) T
/< £z, 0l < Hlf*l(z,o(( ) - (5s) ) (B36)

f(z,¢) f(z,0)
S—— SN——
=1 0<-<1

where again (B.33) implies the bound of the last brace. Analogously to the
previous cases, (B.12e) follows.
The remaining estimate is proven the same way. The derivative

(A (20O = 1+ D fe(2:0) ;(\/ ) +7\/ MOV o0 By

Ak (2) Ak(€)

>1
225

for some finite ¢; > 0 allows to integrate both sides w. r. t. 0, yielding

fi(=z(&m),¢(&m)dn < ;= (fl“(,C) fl“(,orm(s))

5 piie, n)<(J;f(<Z’§)))” (fk(f(z)?)l(g))lH) (B38)

m(€)

- l +1

(7)
To obtain a bounded and positive (x7), £ (2, {)|n &) < i (2,¢) and
Te(2,0)  dn(2) — vor(C) !
720~ oz Q) = (539

need to hold. The first condition is obviously fulfilled because of m;(§) < n
and the positiveness of (B.37). For (B.39), note that

z

¢i(2) —79:i(C) = ¢i(2) — ¢i(¢) + (1 — 7)@'(0(2 29 Wdz + (1 = 7)9:(¢),

¢
(B.40)
which is why (B.39) can be written as
fu(2,0) JE ﬁdz + (1 =7)¢x(<) (B
10 T T s (-6 |
dz holds

In the relevant case \; < \p, the relation f ¢ Wdz < f ¢ \/W
and (2.96) implies ¢ () < ¢;({) so that (B.39) is valid. Consequently, 0 <

(%7) < 11in (B.38) showing that (B.12f) holds for \; < A, which proves the
lemma. |
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B.3 Duality of the kernel equations
(proof of Proposition 3.5.1)

Solving (3.28) for P(1 — (,1 — z,T — t) yields its inverse

P(l - Ca 1- ZaT - t) = A(]' - C) pT(ZaC?w A_l(l - Z) : (B42)
—— —_———
A©) A=1(z)

Introducing the inverted coordinates
z=1-¢, (=1-2z, (B.43a)
as well as
t=T-—t (B.43b)
this can also be expressed as

However, as 0 < 5 < z < 1 following from (B.43a) and 0 < ¢ < z < 1 as well
asty <1 < T since ty <t < T, the variables may be renamed ¥ — z, { — (,
{ — t so that

P(z,¢t) = A(=)PT(1 = ¢ 1 - 2T = HA™'() (B.45)
is also valid, implying
Pi(z,¢t) = —AR)PT(1—=¢1—2T—t)A"L(Q). (B.46)
Now differentiate (B.42) twice w.r.t.  to obtain

(PA=¢1=2T 1) = (MOPT (2, AT (2))

(P =12 T =) = (AOPT(.00) A7),
Pzz(l - Ca 1- Z’T - t) = (v (C)PT('Zv Ca t))CCA_l(Z)
Pe(2,GH) = (AOP (6T =) | | ATA=0)
C=1-—%
(B.47)
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Insert (B.45) into (P(z, ¢, t)A(¢)) and differentiate twice w. . t. { to get

(P(

APT(1—¢1— zﬁT—t)
¢, )CC

= (2
( —@T—¢D<

(2)PL(1—¢1-2T—1). (B.48)

92

Now, (3.14a) is considered at the points (%,(, ). Then, (B.44) as well as
(B.46)-(B.48) are inserted. This yields

. '(1-¢)
(=1-%
PT(1—-(1—5T—1)
=-AFPT(1-C1- 2t — DA (A, 1)
AP (1= 1-2T-HA(C)
—AGZHARPT(1 -1 2T - HAN () + F(2,C.1)
—-51%z&ﬂM®?W1—&1—&T—ﬂA*@m5 (B.49)

AR (ROPT (2., T 1)

Inserting (B.43) simplifies the expression to
AL = QAP (2,6, 1) AT (2) = AL = QOP.L(2, ¢ 1)
= A1 =P (2, (A (1 = 2)A,(1 — 2,T — 1)
— A1 - QB (2, AT (1 - 2)
— A1 =T —tA1 =P (5, )A T A —2) + F(1 = (1 — 2, T — 1)
1-¢ B B B B
— F1—=¢ T —t)AQPT (2,1 = CH)ATH(1 = 2)dC. (B.50)

1—2z

To reformulate the integral, substitute { = 1 — ¢ with d¢ = —d(, which yields
1-¢ ~ . ~ ~
- [P G ET - 0MOPT (- C0AT 1 - 2
1—-z
¢ - . - -
— [ Pa- 1= LT - a0 - OPT (AT - )

- /CZ F(1-¢1- f,T - t)A(é)PT(Z, C,t)[v\_l(z)dg_ (B.51)
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In the next step, (B.50) with (B.51) is premultiplied by AT 1 =¢) =A"1Q)
and postmultiplied by A(1 — z) = A(z). Then, transposing the equation and
inverting the signs leads to

v}

A(2) Pz = (PA(Q))
M)Al (1= 2T —t)A(2) P+ PA(OAT(1 = ¢, T — ) A" () + P

Ay(z,t) A(Cop)
—AEZ)FT(1-¢1—2T—t)A7(Q)
F(z,(t)
+ /< P(z,)AQFT(1-¢1-¢T - 1A () dC, (B.52)
FEe)

which is (3.29a).
To derive the BCs, first insert (B.45) into (3.14b) and substitute t — T — ¢,
yielding

APT(1— 21— 2, ) AT A= AAPT(1 — 2,1 — 2, t)A™ =0
which, after premultiplying A~!, postmultiplying A and transposing, reads
A]5(1 —z,1—2z,t)— ]5(1 —2z,1—2z,t)A. (B.53)

Substituting 1 — z — z finally results in (3.29b).
For the remaining BCs, differentiating (B.45) w.r.t. ¢ and w.r. t. z leads to
the expressions

Po=—-APJ(1-(1-2T—-t)A(Q)

- APT(l - 47 11— Z7T - t)A_Q(g) ( ) (B54a)
P.=NPT(1-¢1—2T—t)A() - APS(1—¢1—2T —t)A(Q).
(B.54b)

To insert this into (3.14¢), note that
A(P(z, z,t))z = AP,(2,2,t) + AP:(2,2,1), (B.55)
so that (3.14¢) reads
— AP —APTATIA — A2PJ AL — A2PTAT2N
+2ANPTATY —2A2PI AT = A+ A, — APTATIN, (B.56)
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where P and its derivatives are evaluated at (1 — z,1 — z, T — t). Premul-
tiplying by A~! and postmultiplying by A as well as transposing the equation,

— AP, — PA —2P:A — NATIPA + 2PN = A(AT + ADAL - A'P
(B.57)

follows. Now 1 — z — zand T — t — ¢ is substituted with A’(z) = —A’(1— z),
yielding
—A (z,2,t) — ]5(2, z,t)zfu\ - ZBC(z, z,t)/v\
+ NA'P(z,2,t)A — 2P(z, 2, t)\
=AAT(1 =2, T—t) A"+ KA (1 — 2, T —t)A~", (B.58)

A=) Aolet)

In a last step, insert

NALB(z, 2, )R OV KK1KP(2, 2, 1) = N P(z, 2, 1), (B.59)

so that (3.29¢) directly follows.
To reformulate (3.14d), insert the definition of J; according to (3.4b) to get

(SaSq — SrQ15,)P(1,¢, 1) + S:S P.(1,¢,1)
= —A1(C, 1)+ 5.8 P(1,1,1)545] A1 (¢, 1), (B.60)
where (B.45) and (B.54) are inserted to obtain
(SaSq = S:QuS )ADPT(1 = ¢,0,T = t)A™ () + 5,5,
(NPT =0T AT = AP (1= ¢,0.T = )AT1(Q))
= — A (1) + 5.8 P(1,1,8)535] Ay (C,t). (B.61)

Postmultiplying by A((), substituting 1 —  — 2z, T'— t — ¢ and transposing
the result yields

13( t)M 0)(SaSq —SrQ1 S, )= P(2,0,0)A’(0)S,.5, — Pc(2,0,£)A(0)S,5,
—AR)A] (1 =2, T —t)
Ai(z,0)
+ A(2)A] (1 — 2, T — 1)545] A1 (0)P(0,0,t)A(0)S,S,, (B.62)
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where A’(1) = —A’(0) was used. Now note that (3.29b) implies
A7'P(z, 2,t)A = P(z, 2,1)
A71(0)P(0,0,)A(0) = P(0,0,1) (B.63)

and postmultiply (B.62) by each S; and S, leading to (3.29d) and (3.29e).
For the last condition, insert (B.45) into (3.14€) to get

STAM)PT(0,0,T — )AL (1)S, = ~Qu(t) (B.64)
STATH0)P(0,0,6)A(0)S, = (-Q] (t - T)). (B.65)
Q1)

With (B.63), this yields (3.29f).

B.4 Coupling term properties
(proof of Corollary 3.8.4)

To describe the solution vector é(z,t) = col(é1(z,t),...,en(2, 1)), (3.67a) is
inserted into the vector, yielding

él (to) t R1 (7‘, t()) Il (t,to)
o) =dig(Te—t) | |+ [TU-n| i |dre | op |,
N——— |
T(t—to) €n (t()) to R, (7—7 tO) In(ta tO)
—_——— —_———— —_——
é(to) R(T,to) I(t,to)
(B.66)

where

Ii(to)]  [Zi(t:to)

I(t, to) = T(t, to) -+ : . (B.67)
7, (to) I (t, to)
—_——
T (to) TY(t,to)

With (3.69) and the definition of the Euclidean norm,

n

lle®)]| = (z”: ]éi(t)HQ)% < (Z Mfe2(umaxuo+c)(tto))§
i=1

- (x )

—_——

M

D=

e(Mmax_Ho""C)(t_tO) (B.68)
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follows.
Now apply the backstepping transformation (3.9) to (B.66), giving

T 00 = a0~ [ P60 (70 - 10)2(10) ()
0

- [T~ DR ©)de ~ [ PG O 0O (Bo)

to 0

Since the appearing spatial integrals in (B.69) are bounded operators, it is
possible to write

175 (DE(t)]] < Melimaiotl =) 4 &I T (¢ — to)e(to)|

t
+¢ | |IT(t—71)R(7,to)||ldT + €| Z(t,t0)]l- (B.70)
to
after the substitution of (B.68). The diagonality of 7 as well as the bounds
(3.66) and (3.67d) then directly lead to the result (3.89a).
Prior to applying K(¢) on 7, %(t)é(t), note that according to its definition
in (3.61a), it can be expressed in the form

=Ki(t)h
Kt)h = (=S:Q1(t)S, + BIK(1,1,t)) h(1) +Ky(t)h, h € La(0,1)

n'g

=K (t)

(B.71)

where KCp(t) is a bounded integral operator and K (¢) is an unbounded oper-
ator containing a time-dependent matrix multiplication and a time-invariant
boundary evaluation. Thus, for the norm estimation

IEOT el < 1K1 (T, el + [Ko(t) T, (De@)]]  (B.72)

<e| 7o el
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it suffices to analyse the application of £C1 (¢) to (B.69) in view of (3.89a). After
the insertion of (B.66), this reads
t

Ki(OT;  (0E() = Ka(O)T(t — to)é(to) + [ Ki())T(t —7)R(r to)dr

to

1
~ KT t0) = 1) [P C0((T = t0)e(t)(©

t 1
- [T =R )~ Ka) [ PTG,
(B.73)

As the spatial integrals are bounded operators, what remains to be invest-
igated is the application of Ky (t) to 7 (t — o) and to Z(¢,ty). However, due
to the diagonality of 7, K; performs boundary evaluations on 7;(t — tp).
Exploiting the analyticity of 7;, the relative boundedness of K; leads to
IIC1L ()T (t — to)h|| < €||T(t — to)h]| (see Appendix A.z). Inserting Z (¢, t9) =
T (t — to)Z%(to) + Z°(t,t0) and the fact that the components Z?(t, t) are in
C*°[0, 1], where K (t) is a bounded operator, yields

I (I, to)|| < @l T(t — to)Z%(to)l| + €l Z°(2, o) . (B.74)

After inserting (3.66), (3.67¢), (3.67d) and performing the same steps as done
before, the estimate (3.89b) readily follows.
To prove (3.89c), differentiate K(¢)7, 1 (t)é(t) w.r. t. ¢, yielding

(KT (020, = Kr o) (T2 (060)(1) + Ky (T2 (0e) (1),
1 ~
+ [ (BrRLLC0) + B C0) T, (06(0) (O

1 ~
+ [(BELCH + BIEQL.CO) (T 0H0)(0), 4 (B)

The derivative of (3.9) w.r.t. t is

(7; ®ev), =) - [ Py C R ) — / TPt G
’ " (B76)

which is evaluated for » = 1 and inserted into (B.75), where the integrals
are bounded operators again. Then, considering the norm after substituting
(B.68) as well as

|€()]] < Melkmarotli=to), (B.77)

which is induced by (3.84c) for some finite M with the same argumentation
as in (B.68), directly leads to (3.89¢), proving the corollary.
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C Useful theorems and definitions

C.1 Exponential stability

The definition of exponential stability and the connected terminology is
taken from [26, Chapter 5] and is stated in

Definition C.1.1 (Exponential Stability). A Cy-semigroup 7 (¢) on a Hil-
bert space H is exponentially stable if there exist positive constants M and p
such that

[T ()] < Me ™, t>0. (C.)

Whereas (i is the decay rate, the supremum over all possible 1 is the stability
margin o of T (t). <
In (C.1), the norm of the Cyy-semigroup is defined by [26, Definition A.3.9]

Th
T = sup u (C.2)
oznen(r) IRl
Note that in the case of coupled parabolic systems, where
lz()]] < MeCHHOU a(to)||, >0 (C3)

is a common result, the stability margin is x and the decay rate is always
smaller by an infinitely small amount c.

C.2 Convergence properties

The convergence of the fixed-point iteration in Section 2.5.6 is one of the key
aspects of the present work. Thus, some basic convergence properties shall
be recalled here. The following contents are taken from [77].

Definition C.2.1 (Absolute convergence). A series )  a, is said to converge
absolutely if the series ) |a,| converges. <

209



C Useful theorems and definitions

The absolute convergence is a sufficient but not necessary condition for
the convergence of a series. That means that there can be functions that con-
verge, but are not absolutely convergent, and thus are called non-absolutely
convergent or conditionally convergent.

An important property considering the convergence of function series is
the uniform convergence.

Definition C.2.2 (Uniform convergence). A sequence of functions f,
defined on X converges uniformly if and only if for every ¢ > 0 there exist
N € Nand M € Nsuch that n > N and m > M implies

|fu(®) = fm(z)| < € (C.g)
forallz € X. <

Moreover, the definition of uniform convergence of a function sequence to
a limit function can be introduced as

Definition C.2.3 (Uniform convergence to limit function). A sequence
of functions f,, defined on X converges uniformly to a function f if for every
e > 0 thereisan N € N such that n > N implies

|fn(z) — f(z)| < e (C.5)
forall z € X. <

The main proposition of the uniform convergence property is the fact that
for each ¢ > 0 it is possible to find one N € N such that (C.5) holds for all
xz € X. This is the difference to point-wise convergence, where for every
z, an N can be found, or in other words, NV is different for each z. The
uniform convergence consequently implies that the function has the same
convergence property at each point x, which explains the name. Due to this
fact, continuity of the sequence functions f,, is inherited by the limit function

f.
C.3 Calculus

The derivative of the product of two functions can be calculated according to
the following rule, typically called General Leibniz rule and can be proved by
induction.

Lemma C.3.1 (General Leibniz rule). Suppose f and g are p-times differenti-
able functions over x. Then, the product f g is a p-times differentiable function
with

p
are) = (7) s ()

k=0
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C.3 Calculus

The following properties are taken from [72] and can be proved by induc-
tion.

Lemma C.3.2. Forallp,l € N,

P
Z( ) —q+1)q! = (p?ﬁl)! (C7a)
q=
and
(pznlg(ajijiﬂ (C7b)
hold.

Proof of (C.7b). Knowing that from the definition of the factorial, (n + 1)! =
n!(n + 1) holds, it is easy to show that (C.7b) implies

(p+Dp+1+1) _ (p+D)

Ni+1) - n (C8)
where the right-hand side is cancelled to
p+i+1
- > .
v1 (C.92)
pHI+1>1+1 (C.gb)
which is valid for p > 0. [ |

Proofof (C.7a). For the proof, the auxiliary result

Zp: (g) P—alg+D! = Zp: <§> (p—q+1)q (C.10a)

=0 q=0
_(pHi+1)
41

L)

(C.10b)

is required, where (C.10b) is (C.7a). Both parts of this equation are proved by
induction.
For the base case of the induction proof, insert p = 0 to check that

0 0
qz% <2> (=) g+ )= qz% <2> (—q+D)lg! = (ll':_ll)! (C.112)
n=1 _i+1) (C.b)

[+1
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C Useful theorems and definitions

In the next step, (C.10) is assumed valid for p and it is shown that the
validity for p + 1 results. Set p — p + 1 in (C.10a) and replace the binomial
coefficient by

p+1\ _  (p+D! (p—q)
( q >q!(p+1—q)!(p—q)[ (Caza)
to obtain
- plp+1)
2 p—p+1-q)l(g+1)!

=+ 1=l —9q)

=(p+1)z(ﬂ(;?iw(p—Q)!(qul)!HerlJrl)!

=0
(P+1)D ——P—ag+Dg+{p+1+1)!

(Cga)
= dp—a)!
p+1 p'
—(p+1 +1—g+ D g—D!+(p+1+10).
(p )q:1( 1)(p+1_q)(p g+ g—1'+(p )
(Ca3)
Note that
0
(p+1)!
+1+D)=) ————=(p+1—q+1)! Ca
(p ) ;ﬂfﬂl@!(p q+1) (C.14)
to get
p+1 p+1 o+
(C. 1—q+1 1—q+1
13)2 p+1 i t1-a+] q;]( )(+ q+1)
(Cas)

proving (C.10a) by induction.
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C.4 Important inequalities

Now, set p — p + 1 in (C.10b) to obtain

p+1)!

m(p‘i‘ L—q)l(qg+1)!

(p+1+1+1)(p+1+1)
I+1

I+1
C(p+Hl+2)(pHI+1)! (p+1+2) (C16)
B I+1 I+ '

which proves (C.7a) and the lemma. |

C.4 Important inequalities

In stability analysis, it is often possible to determine differential inequalities
for functionals related to the norm of the solution. The comparison principle
says that the solution of the differential inequality is bounded by the solution
of the corresponding differential equation. It is derived from Gronwall’s
lemma [45] and can be found e. g. in [60, Lem. 3.4].

Lemma C.4.1 (Comparison principle). Given the differential inequality
z(t) < f(t,z), x(to) < xo, t>to, (Cay)

where z is differentiable and the function f is continuous and locally Lipschitz
in z, then the solution z(t) is bounded by the solution of the corresponding
differential equation

i)(t) = f(t,v), U(to) =z, t>1p (C.18)

z(t) <wo(t), Vtée [to,00). (Ca9)
In the case of a linear differential inequality
V() <eV(t), Vi) < W, (C.20)
Lemma C.4.1 directly yields

V(t) < ettty (C.21)
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D Adjoint target systems

In the time-invariant case, the duality between the target systems of state
feedback controller (2.23) and observer (3.10) can be utilized to prove the
stability of (3.10). The proof was presented in [114] for Robin BCs.

In the time dependent case, the procedure can formally be performed the
very same way. That is, an adjoint operator to the system operator of (3.10)
can be calculated at each time step ¢, which is regarded as a parameter of
the operators. However, the stability argumentation is only valid in the time-
invariant case. For the time-varying case, a deeper analysis of the resulting
system operators in the framework of evolution operators (see e. g. [38, 75])
is required.

To show the duality, (3.10) is formulated as abstract initial value problem
(IVP)

é(t) = A(t)e(t) (D.1a)
é(to) =€y (D.lb)

with é(¢) € Ly(0,1) and
A(t)h = Ah, — Ao(-, t)h (D.1c)

1
D(A(t)) = {h e ((0,1)™ | (6ph)(0) = 0, (6,h)(1) = —/ﬁl(z,t)h(z)dz}.
" (Dad)
Now the adjoint operator .A* of A is calculated by evaluating the equation
(Az,y) = (z, A"y) (D.2)

with z € D(A), y € D(A*). The utilized inner product reads

= ; 1 ! €T T)I\2)Yy;\z)dz
) =3 [ 5 el A @) (D3)
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D Adjoint target systems

for real-valued functions z(z),y(z) € R™. Inserting A according to (D.1c)
yields

1 ! r i — 1 ! €T z I'// Z)Yi\z)az
| s An@neas = [ A ne)d

Xi(2)z] (2)
LI (G
_/0 Wei Aoz, t)z(2)yi(2)dz, (D.4)

where the first integral on the right-hand side can be reformulated as

0 0

v Lol () (D:5)

by applying integration by parts. Therein, the term 2/(0)y;(0) vanishes if
yi(0) = 0 for ¢ < m, because z}(0) = 0 for i > m. Analogously, z;(0)y.(0)
vanishes if y/(0) = 0 for i > m, because z;(0) = 0 for i < m. Together those
two conditions are the left BC for y, namely

E\E{ y(0) + E2E; y/'(0) = (6oy)(0) = 0. (D.6)

Now a case distinction is needed to analyse states with Dirichlet, respect-
ively Robin BCs at the right boundary separately. To this end, the right BC

1 ~
SuST2(1) + SpSTa'(1) = — / Ay (2, D (2)dz (D7)
0
is premultiplied by e, to get
1 ~
e SqS]x(1) +¢] 8.8, /(1) = —/ e] Ay(z,t)x(z)dz (D.8)

0

Now note that e, S48, = e/ if x; has a Dirichlet BC on the right side and
otherwise eiTSdSC—lr =0". Similarly, eiT S8 = e: if z; has a Robin BC at that
side and eZ-TSTS;r = 0" else. Consequently, in the first case, (D.8) reads

1 ~
n() == [ el Az )a(:)ds (D.9)
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D Adjoint target systems

and in the second case, (D.8) is

(1) = — /0 1 e Ay(z,t)x(2)dz. (D.10)

(D.11)

fore/ S.9 =0T.
In the case ¢/ 5.5, = e/, i.e. the right BC of z; is of Robin type, (D.10)
renders (D.5) to
1

1 1
/QVM@M=J/A@wmmmm+mmg9+/mmmmm
0 0 0 0

(D.a2)

fore! SqS] =0T".

Now note that y; = e, SdeTy + e/ S,.S,ly. Inserting this into (D.11) and
(D.12) and adding both equations yields

1 1
etz =] [ i nad(] 8570/ + e 5,5Tu(0)
0

0
1
—i—/xi(z)yg’(z)dz (D.13)
0
1
)\1(2’) ~ ,
= 0/ )\i(z)eiTA1(z,t)x(z)dz (eiTSdSIy (1) + GZSTS;ry(l))
1
)\i(Z) (2 " dz )
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D Adjoint target systems

which can be substituted in (D.4) and (D.3) to obtain

n 1

(Az,y) Z/)\iz )e; A1(Z t)x(z )dz(eiTSdeTy’(l) —I—e;rSTS;ry(l))
1

1 LD
+/ xiz)\izg'zdz—/ eiTAoz,ta:zizdz. (D.15)
[ RN~ [ el Bl et 0
Reformulating the sum with the help of

Ze Ary; =y Ax—ZZAkxkyz

=1 k=1
= Z Ty Z Aly; = Z:cie;-rAT =z ATy (D.16)
k=1 =1 =1
ef ATy
for z,y € R" and A € R"*", yields
i Z ~T T
(A1) Z/ Sl M)A dz (54574 (1) + 5,57 y(1))
=1 0
1 Lay(2)
.’L'Z Z _ il Z T T
/ S A - [ A s ©0a)
n 1
x;i(2) T
=> NG 2)A] (2,4) (825, y' (1) + 5.5 y(1))
=1 0 v
+ A=)y (2) = A7 (2, 0)y(2) ) dz = (2, A"y), (D.18)

with
A*()h = AR — AT (-, )h + AAT (1) (sdsjh’u) + srsjhu)). (D.19a)
Including the BCs found in (D.i1) and (D.2), i.e. y;(1) = 0 fore; S, = 0

respectively S} y(1) = 0 and y(1) = 0 for e, Sy = 0 respectively S,'y/(1) = 0
to the domain of A*, it reads

DA*(1) = {h e (H2(0,1))"

(Boh)(0) = 0, (Bi2)(1) = o} (Dagb)
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D Adjoint target systems

with 0y and 6, defined in (2.25).
Consequently, the adjoint system can be written in form of the initial
boundary value problem

& (z,t) = AeL,(2,1) — A] (2,1)E(2,1)
+AA] (2,1) (SdsdT Ex(1,) + 5,8, (1, t)) (D.20a)

(60" (2))(0) =0 (D.20b)
(61e7(#))(1) =0 (D.20c)

with some initial value €*(z,0) = &j(z) € R". This is exactly the form of
(2.23) with the replacements A— A , Ag — AA1 ,F1 — S;and Ey — S,.
Note that by the transposition of A, and Ay, they have the same structure
as A and Ap in (2.23). In the time-invariant case, i.e. Ao(z,t) = Ay(2),

A (z,t) = Ay(2), to = 0, it is possible to show that this system is the generator
of an exponentially stable Cp-semigroup, implying

|8 (t)]| < Melma—rotat|g* (o), ¢ >0 (D.21)

for all &*(0) € (H2(0,1))" satisfying the BCs (D.20b), (D.20c), an M > 1 and
any ¢ > 0, leading to the stability margin 1, — ftmax-

In the time dependent case, statements about the solution of the original
system based on the properties of the adjoint system are hardly possible.
Therefore, a different stability proof is given in Section 3.6. In the time-
invariant case, however, the following conclusion is possible.

According to [26, Lemma A.3.60], the norms of the Cj-semigroups of
original and adjoint system are equal, i.e.

IO = 17O, (D.22)

where 7 and 7* are the semigroups generated by .4 and, respectively. Con-
sequently, the uniform exponential stability of (3.10) directly follows with the
stability margin given in (D.21).
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Many technical processes are described by coupled parabolic partial differential equations. Time
dependent characteristics, time-varying spatial domains or the linearization of a system around
a desired trajectory result in systems with space and time dependent coefficients. The back-
stepping control design method is developed for this system class on one-dimensional spatial
domains and actuation at one or both boundaries of the domain. State feedback controller,
observer and the resulting output feedback controller are determined by a constructive design
method allowing to achieve uniform exponential stability with an assignable stability margin.
The theoretic results are substantiated by numerous simulations.

As supplementary material, the source code for the simulations in this work is available under
https://doi.org/10.5281/zenodo.4274739.
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