Enrico Le Donne

Metric Lie
Groups



Graduate Texts in Mathematics 306



Graduate Texts in Mathematics

Series Editors
Patricia Hersh, University of Oregon, Eugene, OR, USA

Ravi Vakil, Stanford University, Stanford, CA, USA

Jared Wunsch, Department of Mathematics, Northwestern University, Evanston,
USA

Associate Editors
Alexei Borodin, Massachusetts Institute of Technology, Cambridge, USA

Richard D. Canary, University of Michigan, Ann Arbor, MI, USA
Brian C. Hall, University of Notre Dame, Notre Dame, IN, USA
June Huh, Princeton University, Princeton, NJ, USA

Michael Larsen, Department of Mathematics, Indiana University Bloomington,
Bloomington, IN, USA

Eugenia Malinnikova, Department of Mathematics, Stanford University, Stanford,
CA, USA

Akhil Mathew, University of Chicago, Chicago, IL, USA

Peter J. Olver, University of Minnesota, Minneapolis, MN, USA

John Pardon, Simons Center for Geometry and Physics, State University of New
York, Stony Brook, NY, USA

Jeremy Quastel, University of Toronto, Toronto, ON, Canada

Wilhelm Schlag, Yale University, New Haven, CT, USA

Barry Simon, California Institute of Technology, Pasadena, CA, USA

Melanie Matchett Wood, Harvard University, Cambridge, MA, USA

Yufei Zhao, Massachusetts Institute of Technology, Cambridge, MA, USA

Graduate Texts in Mathematics bridge the gap between passive study and
creative understanding, offering graduate-level introductions to advanced topics
in mathematics. The volumes are carefully written as teaching aids and highlight
characteristic features of the theory. Although these books are frequently used as
textbooks in graduate courses, they are also suitable for individual study.



Enrico Le Donne

Metric Lie Groups

Carnot-Carathéodory Spaces from the
Homogeneous Viewpoint

@ Springer



Enrico Le Donne
Department of Mathematics
University of Fribourg
Fribourg, Switzerland

90eo

ISSN 0072-5285 ISSN 2197-5612  (electronic)
Graduate Texts in Mathematics
ISBN 978-3-031-98831-8 ISBN 978-3-031-98832-5 (eBook)

https://doi.org/10.1007/978-3-031-98832-5

This work was supported by European Research Council (713998)
© The Editor(s) (if applicable) and The Author(s) 2025. This book is an open access publication.

Open Access This book is licensed under the terms of the Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License (http://creativecommons.org/licenses/by-nc-
nd/4.0/), which permits any noncommercial use, sharing, distribution and reproduction in any medium
or format, as long as you give appropriate credit to the original author(s) and the source, provide a link
to the Creative Commons license and indicate if you modified the licensed material. You do not have
permission under this license to share adapted material derived from this book or parts of it.

The images or other third party material in this book are included in the book’s Creative Commons
license, unless indicated otherwise in a credit line to the material. If material is not included in the book’s
Creative Commons license and your intended use is not permitted by statutory regulation or exceeds the
permitted use, you will need to obtain permission directly from the copyright holder.

This work is subject to copyright. All commercial rights are reserved by the author(s), whether the whole
or part of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission or
information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed. Regarding these commercial rights a non-exclusive
license has been granted to the publisher.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or
the editors give a warranty, expressed or implied, with respect to the material contained herein or for any
errors or omissions that may have been made. The publisher remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland

If disposing of this product, please recycle the paper.


https://orcid.org/0000-0002-4415-9916
https://doi.org/10.1007/978-3-031-98832-5
https://doi.org/10.1007/978-3-031-98832-5
https://doi.org/10.1007/978-3-031-98832-5
https://doi.org/10.1007/978-3-031-98832-5
https://doi.org/10.1007/978-3-031-98832-5
https://doi.org/10.1007/978-3-031-98832-5
https://doi.org/10.1007/978-3-031-98832-5
https://doi.org/10.1007/978-3-031-98832-5
https://doi.org/10.1007/978-3-031-98832-5
https://doi.org/10.1007/978-3-031-98832-5
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

To my students and my colleagues



Preface

The present book treats sub-Riemannian geometries and their generalizations, which
go under the names of sub-Finsler geometries or Carnot-Carathéodory spaces. We
will discuss these non-smooth geometries, focusing on the cases where there is the
additional presence of a group structure. The techniques from Lie group theory will
then be mixed with metric geometry, giving a new viewpoint.

This preface describes the origins of this book, outlines its purpose, and identifies
its intended audience. The text draws heavily on the following references: [Pon66,
War83, CG90, Bel96, Gro99, AFP00, BBIO1, HelO1, Mon02, Kna02, HN12], as
well as on various articles due to the author, his collaborators, and students, such
as [AKLO09, BL13, LDI15, LD+16, LD17, LN21, Pil22, Pur23, Sop23, ALN23,
Cow+24]. It incorporates insights from conversations with collaborators and men-
tors. The author would like to acknowledge, in particular, Bruce Kleiner, Urs Lang,
Emmanuel Breuillard, Alessandro Ottazzi, Pierre Pansu, and Yves de Cornulier,
who have provided invaluable guidance and support throughout this work.

This text has its origin in lecture notes for a course titled “Sub-Riemannian
Geometry” taught at ETH Ziirich during the fall of 2009 and later at the University
of Jyviskyld in the spring of 2014. Additional sections were included after the
author delivered courses on “Carnot Groups” at a summer school in Levico Terme
(Trento, Italy) in 2015 and “Riemannian and Sub-Riemannian Geometry on Lie
Groups” at the Neurogeometry summer school in Cortona (Italy) in 2017. The notes
were further expanded for the course ‘Sub-Riemannian Geometry’ taught at the
University of Fribourg (Switzerland) in spring 2021.

This book’s primary audience consists of young researchers seeking an intro-
duction to Lie groups equipped with sub-Riemannian metrics. It can serve as
background reading material for a master’s thesis or as an initial reference for
those beginning a PhD program focusing on subjects at the crossroads of geometry,
analysis, and group theory.

In contrast to other sources, such as [Mon(02, BLUO7, Jeal4, Rif14, ABB20],
this book employs the language and formalism of Lie groups and treats the general
category of Carnot-Carathéodory spaces, considering norms that do not necessarily
come from scalar products. In fact, one of the aims of this book is to demonstrate
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viii Preface

how sub-Finsler geometries manifest in other mathematical domains, including
hyperbolic geometry and geometric group theory, through the perspective of Lie
groups.

Prerequisite topics from differential geometry, measure theory, and group theory
will be discussed within the chapters’ main flow. Given the positive feedback
received from many students regarding this approach, the author has finally decided
to publish this text.

A special acknowledgment goes to Sebastiano Nicolussi Golo, who has been
a personal trainer for bringing this book to completion. Many other students and
colleagues read earlier versions of this text and gave input and feedback. The
book has been a big team effort. Thanks to Gioacchino Antonelli, Ugo Boscain,
Emmanuel Breuillard, Elia Bubani, Luca Capogna, Michael Cowling, Daniela
Di Donato, Sylvester Eriksson-Bique, David Freeman, Patrick Ghanaat, Alessio
Giorgi, Georg Griitzner, Eero Hakavuori, Ville Kivioja, Terhi Moisala, Richard
Montgomery, Luca Nalon, Runo-Mikael Ojala, Alessandro Ottazzi, Nicola Paddeu,
Gabriel Pallier, Pierre Pansu, Alessandro Pilastro, Valto Purho, Cristian Sopio,
Andrea Tettamanti, Francesca Tripaldi, Jeremy Tyson, and Davide Vittone.

Most of the research that led to this book was supported by the European
Research Council under the ERC Starting Grant 713998 GeoMeG—Geometry of
Metric Groups. This grant also funded the open-access publication of the book.

Fribourg, Switzerland Enrico Le Donne
February 2025
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Chapter 1 ®)
Introduction Check for

This book is an exploration of Carnot-Carathéodory spaces through the perspective
of Lie groups. It is intended to study these non-smooth geometries, focusing on
the prototypical examples called Carnot groups. Carnot groups are a fundamental
class of nilpotent Lie groups equipped with sub-Riemannian or, more generally,
sub-Finsler structures. They play an essential role in various mathematical domains,
including metric geometry and geometric group theory—as we shall see.

Carnot groups are particular examples of metric Lie groups, i.e., Lie groups
equipped with left-invariant distances inducing the manifold topology. Moreover,
metric Lie groups for which the distance is geodesic are precisely the sub-Finsler
Lie groups. In several problems, it is more natural to consider the abstract setting of
metric groups.

In this introductory chapter, we begin by providing a glimpse into the core
concepts of Carnot-Carathéodory spaces: contact distributions and sub-Riemannian
distances. The second section provides an outline of the book’s content and
structure, offering a roadmap for our readers. While experts in the field can directly
proceed to the subsequent chapters, readers new to the topic will find guidance
within these pages; see Fig. 1.1. In Sect. 1.3.1, we present a series of applications
in mathematics, physics, and various other scientific disciplines where Carnot-
Carathéodory spaces appear, underscoring the versatility and significance of these
spaces in real-world scenarios.

1.1 What Sub-Riemannian Geometry Is

Sub-Riemannian geometry is also known as non-holonomic Riemannian geometry
in Russia, and in France got the name Carnot geometry, or Carnot-Carathéodory,
when it is appropriately generalized. Since the 1980s, it has been a full research
domain, with motivations and ramifications in several parts of pure and applied
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mathematics. However, historically, it was not clear that such theories were heading
into the same notions. Thus, each source provided its own jargon in the field.
Accordingly, some concepts have multiple terminologies: a contact structure is a
particular distribution of hyper-planes in an odd-dimensional manifold, and the
concept of Carnot-Carathéodory metric is a generalization of a sub-Riemannian
distance.

Sub-Riemannian geometry is a generalization of Riemannian geometry. In
addition to a Riemannian structure, in each sub-Riemannian manifold, there is a con-
straint on admissible velocities for curves. Geometrically, in Riemannian geometry,
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every smooth curve has locally finite length. In sub-Riemannian geometry, curves
that fail to satisfy the constraint have infinite length.

Typical examples to keep in mind come from mechanics. Indeed, the state of
a moving object is determined by its position in space and the velocities of its
parts: the momenta. Thus, in the space ‘positions and speeds’ of configurations,
the possible evolutions of the object should satisfy the fact that the derivatives of the
first coordinates are equal to the second coordinates. For example, the movement
of a single particle in space is described by a curve ¢ +— (x(¢), v(¢)) in R3 x R3.
However, not every curve in R? x R3 is possible. Some trajectories are not allowed
by the dynamical constraint. As trivial examples, you cannot vary your speed
without changing your position, or similarly, you cannot move into another place
at speed zero!

The 3-dimensional (3D, for short) Heisenberg group equipped with its contact
geometry is one of the most essential examples in sub-Riemannian geometry among
those that actually are not Riemannian manifolds. Visualizing some of its features
is relatively easy. As a set and topological space, the 3D Heisenberg group H is
equivalent to R3. The constraint on curves in this space is determined by what is
called a “distribution of planes’, or a ‘rank-2 polarization’. Similar to how a smooth
vector field X smoothly assigns a tangent vector X, at each point p of a manifold,
a distribution A of planes in R smoothly assigns to each point p € R3 a plane
A, within the 3D tangent space at p. The curves that we call ‘admissible’ are those
that are tangent to one such a distribution, in the sense that a smooth curve y is
admissible with respect to a distribution A if, for every ¢ in the domain of the curve,
the velocity vector y () belongs to the plane A, (. Refer to Fig. 1.2 for a visual
representation of a distribution.

Fig. 1.2 A contact distribution on R is a polarization by planes
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The particular feature of the Heisenberg group 9 is that it comes with a
distribution that is curly enough in a way that each pair of points can be connected
by at least one admissible curve. Therefore, one can define a finite-valued distance
similarly to the Riemannian case: The distance between two points p and ¢ in H is
given by the infimum of the length of all admissible curves from p to ¢,

d(p, q) = inf{Length(y) : y admissible curve from p to g}. (*)

More generally, a sub-Riemannian manifold is a triple (M, g, A) consisting of a
manifold M, a Riemannian tensor g inducing a length structure, and a distribution
A of subspaces in the tangent bundle of M. These data define admissible curves
and a distance as described in (x). These geometries provide a broad generalization
of Riemannian geometries in several aspects. Those sub-Riemannian spaces that
are non-Riemannian, in the sense that we are dealing with a proper distribution,
are rather different from Riemannian spaces: They exhibit fractal properties as their
Hausdorff dimension exceeds the topological dimension. Additionally, there exist
smooth curves with locally infinite length, as well as other smooth admissible curves
that are isolated in the topological space of smooth admissible curves with the same
endpoints. Consequently, sub-Riemannian geometry requires techniques that are
different from those used in Riemannian geometry.

According to Mikhail Gromov, [Gro96], the concept of sub-Riemannian distance
can be traced back to the ideas of Nicolas Carnot in 1824 and Constantin
Carathéodory in 1909; the early references are [Car24, Car72, Car09]. For this
reason, sub-Riemannian manifolds are also referred to as Carnot-Carathéodory
spaces. Since the 1980s, this geometry has emerged as a vibrant research field with
applications and connections to various areas of pure and applied mathematics,
including classical mechanics, control theory, metric geometry, group theory, and
the analysis of hypoelliptic differential operators.

1.2 Content and Structure of This Text

We shall explore Carnot-Carathéodory spaces from the perspective of Lie groups.
The main objective is to illustrate how these possibly non-Riemannian geometries
manifest in other mathematical domains, such as metric geometry and geometric
group theory, through Carnot groups, which are key examples to keep in mind.
Carnot groups are a class of nilpotent Lie groups equipped with sub-Riemannian
or, more generally, sub-Finsler structures. This text aims to explain the role of
Carnot groups as asymptotic cones of finitely generated nilpotent groups. We
also explore their presence as parabolic boundaries of rank-one symmetric spaces
and their involvement as limits of Riemannian manifolds and tangents of Carnot-
Carathéodory spaces.
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In Chap. 2, we will focus on the plane distribution in the 3D Heisenberg group .
We will consider the induced distance (x). Specifically, we will discuss the following
facts:

1. This distance d turns the space R? into a metric space. The topology associated
with d is the standard topology of R3. In particular, nearby points can be
connected by short admissible curves.

2. The distance between every two points is equal to the length of some admissible
curve connecting them. If a curve is admissible, its length is comparable to its
Euclidean length. However, non-admissible curves have infinite length.

3. This metric space is distinct and different from Riemannian spaces. It is not bi-
Lipschitz equivalent to any Riemannian manifold. This is because the Heisenberg
geometry exhibits characteristics of fractal geometry. Indeed, the metric on
this topologically 3-dimensional space has a metric dimension equal to 4, as
determined by its Hausdorff 4-measure.

4. The geometry is homogeneous. Actually, it is invariant under a smooth group
structure.

The general definition of a Carnot-Carathéodory space arises when we formally
define the concept of a distribution being ‘curly enough’. This property should
ensure that every pair of points can be connected by an admissible curve. To
explore this topic, we require basic notions of both differential geometry and metric
geometry, which we review in Chap. 3.

Then, in Chap. 4, we delve into the sub-Finsler geometry of Carnot-Carathéodory
spaces, focusing on their distributions, distances, and dimensions. A distribution on
a manifold M refers to a sub-bundle of the tangent bundle 7'M or, more generally,
a subset of TM that, locally on the manifold, can be expressed as the span of
a collection of vector fields. Constant-rank distributions are also referred to as
polarizations. A distribution A € T M is said to be bracket generating if, for every
p € M, the Lie algebra generated by the sections of A evaluated at p is the entire
tangent space T, M. In other words, a distribution A is bracket generating if every
tangent vector v € T M can be represented as a linear combination of vectors of the
following form: the evaluation at p of vector fields X1, [X2, X3], [[ X4, [X5, X6]1]1,
and so on, where all the vector fields X1, X2, X3, ... are tangentto A,andv € T, M;
and we use the standard notation [X, Y] for the Lie bracket of two vector fields X
and Y.

A sub-Riemannian manifold is a triple (M, A, g), where M is a differentiable
manifold, A is a bracket-generating distribution, and g is a smooth section of
positive-definite quadratic forms on A. In fact, the map g can be considered as the
restriction to A of a Riemannian metric tensor on the manifold M. A curve y on M is
called admissible, or horizontal, with respect to A if it is absolutely continuous and
y(t) € Ay for almost every ¢. Then the sub-Riemannian distance is defined by
the same formula (x). More generally, if the length comes from a smoothly varying
norm, then the distance is called Carnot-Carathéodory metric or sub-Finsler. Most
of the previously mentioned results on the Heisenberg group will be valid for every
Carnot-Carathéodory space.
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The understanding of many Riemannian geometric properties comes from the
fact that ‘metric’ tangent spaces T, M, as p € M, of each Riemannian manifold
M are Euclidean spaces, and Euclidean geometry is sufficiently understood. Such
a notion of tangent space is defined in terms of limits of metric spaces, and
we call them rangent cones or metric tangents. What are the metric tangents in
sub-Riemannian geometry? The answer is not immediate. Under further assump-
tions of equiregularity, as we will discuss in Sect. 4.1.5, for each 3-dimensional
(non-Riemannian) sub-Riemannian manifold M, each T, M is isomorphic to the
Heisenberg group—another reason for it to be important. In general, alas, for every
n > 7, the possible tangents of sub-Riemannian manifolds of topological dimension
n can comprise infinitely many distinct spaces. Moreover, the tangents may differ
from point to point for some given sub-Riemannian manifold. The good news is
that, analogously to the Heisenberg structure having a group structure, the metric
tangent of a Carnot-Carathéodory space M has a Lie group structure for most points
p € M, and at the remaining points, it is still a quotient of some Lie group modulo
a closed subgroup. The metric tangent at ‘regular’ points has even more structure:
it has a dilation property, and consequently, it is a nilpotent Lie group. Such metric
Lie groups are called Carnot groups.

We shall review the necessary theory of Lie groups in Chap. 5. Chapter 6
introduces the general objects that combine a group structure with metric geometry:
metric Lie groups and, more broadly, isometrically homogeneous spaces. In Chap. 7,
we then discuss the geometry of sub-Riemannian Lie groups and, more generally,
sub-Finsler Lie groups. This chapter is fundamental since we present Chow’s
theorem about the fact that Carnot-Carathéodory distances induce the manifold
topologies, and we discuss the notion of endpoint map, which leads to a first-order
study of geodesics in sub-Riemannian manifolds. Chapter 8 is a side excursion
into the classical basic theory of Riemannian Lie groups. Before getting into
Carnot groups, we review many properties of nilpotent Lie groups in some detail.
Respectively, in Chap. 9, we discuss the classical differential geometry of nilpotent
Lie groups, while Chap. 10 is devoted to their metric geometry. In Chap. 11, we
finally define and study Carnot groups.

The aim of the rest of the book is twofold:

[Aim 1] We explore the role of Carnot groups with their Carnot-Carathéodory
distances in other mathematical areas. Namely, they appear as

(A) limits of Riemannian manifolds, asymptotic cones of nilpotent groups, and
tangents of Carnot-Carathéodory spaces; see Chap. 12.

(B) parabolic boundaries of rank-one symmetric spaces and other negatively curved
spaces; see Chap. 14.

In harmonic analysis on stratified Lie groups, and more generally on graded
groups, Carnot-Carathéodory distances enter the study of hypoelliptic differential
operators. In complex analysis, Carnot-Carathéodory spaces occur as boundaries of
strictly pseudo-convex complex domains. We do not treat these last two settings in
this monograph but refer to the books [Ste93, Cap+07] as initial references.
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As we will explain in Sect. 12.8, Carnot groups with Carnot-Carathéodory
distances appear in geometric group theory as asymptotic cones of nilpotent finitely
generated groups; see [Gro96, Pan89]. Part of this text is devoted to the study of the
coarse geometry of nilpotent groups. We will see how a geometric notion such as
the polynomial growth of balls in the Cayley graph of a discrete group relates with
the geometry of the tangent cone at infinity of this graph, which in this case turns out
to be a Carnot group endowed with a Carnot-Carathéodory metric, and eventually
gives an algebraic consequence: the group is (virtually) nilpotent.

There is a general natural explanation for why Carnot groups appear in the above
situations. The reason is that Carnot groups are the analogs of finite-dimensional
normed vector spaces in the non-commutative case. Indeed, Carnot groups admit
the following axiomatic characterization:

Theorem A The sub-Finsler Carnot groups are the only metric spaces that are
locally compact, geodesic, isometrically homogeneous, and admit metric dilations.

In Chap. 11, we will prove this result. We will also previously discuss the more
general setting where the geodesic assumption is replaced with connectedness; see
Sects. 6.5 and 10.2.

[Aim 2] With the use of Lie group theory, one may develop calculus, analysis,
geometric measure theory, calculus of variations, and geometric analysis on Carnot
groups and, more generally, on sub-Finsler Lie groups. In Chap. 11, we shall prove
some crucial results in this regard.

This book’s approach is to focus on studying specific examples of tangent spaces
of sub-Riemannian manifolds (i.e., Carnot groups) to shed light on the general case
of Carnot-Carathéodory spaces. The reason for this perspective is that Carnot groups
provide tools for developing calculus in such settings, thanks to the availability of
translations by group elements and the dilation property. The classical definition of
the derivative of a real function f : R — R relies on addition, multiplication, and
limits:

/ . f+h) - f)

feo) = lim I '

All these operations are present in Carnot groups, where addition is replaced with
a possibly non-commutative group operation. Consequently, we can define a metric
notion of derivative known as the blow-up differential, or Pansu derivative, named
after Pierre Pansu, who made pioneering contributions to the field in the late
1980s; see [Pan89]. The main differentiability result, obtained by Pansu and then
generalized in [MM95, Vod07], is the following:

Theorem B (Pansu’s Rademacher Theorem) Given a Lipschitz map between
sub-Riemannian manifolds, at almost all points, its blow-up differential exists, is
a group homomorphism of the tangent cones, and is equivariant with respect to
their dilations.



8 1 Introduction

This theorem will be proved in Chap. 11 for Carnot groups. In fact, the theorem
also holds for quasi-conformal maps between Carnot-Carathéodory spaces; see
[VodO7]. The theory of quasi-conformal mappings has been used in [Pan89]
to prove rigidity theorems on hyperbolic spaces over the division algebras of
real, complex, or quaternionic numbers. Indeed, as we shall see in Chap. 14, the
‘parabolic visual boundaries’ of rank-one symmetric spaces are Carnot groups.
More generally, all negatively curved homogeneous Riemannian manifolds have
graded groups as boundaries. This last fact is mainly based on the work of Heintze.
In Chap. 13, we discuss rank-one symmetric spaces, which can be seen as semi-
direct products of Lie groups. One of the factors of the semi-direct product is a
Carnot group of Heisenberg type, and the other one is the one-dimensional simply
connected Lie group acting on the Carnot group by its dilations. In Chap. 14, we
review the notion of boundaries of CAT(—1) spaces and their visual boundaries.
First, we observe that the boundaries of rank-one symmetric spaces are the particular
Carnot group of Heisenberg type. Second, we discuss the general viewpoint of
Heintze groups and show that their boundaries are metric Lie groups admitting
dilations.

1.3 Sub-Riemannian Geometries as Models

In this section, we highlight several contexts in which Carnot-Carathéodory metrics
find applications: either as specific examples, generalizations, or tools. While this
overview is not comprehensive, it provides specific references for readers interested
in delving deeper into these areas.

1.3.1 Examples from Mathematics
1.3.1.1 Control Theory and Metric Geometry

Control theory is an interdisciplinary branch of engineering and mathematics
that deals with the behavior of dynamical systems. The primary objective is to
manipulate a differential system by choosing control variables to guide trajectories
toward a desired state, possibly optimally. Sub-Riemannian geometry specifically
focuses on control systems that are linear in the controls. Many theorems in
sub-Riemannian geometry have broader validity in control theory. For instance,
foundational sub-Riemannian theorems such as the ones by Chow, Pontryagin,
and Goh have more general statements within the framework of geometric control
theory. Readers interested in this perspective should refer to the book [AS04].
However, the distinctive characteristic of sub-Riemannian geometry is the pres-
ence of the induced metric, which transforms these manifolds into metric spaces. In
this way, methods from metric geometry become applicable in the study of sub-
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Riemannian geometry, and sub-Riemannian geometries, in turn, offer intriguing
examples of metric spaces, sometimes exhibiting strange or even pathological
behavior. This geometric perspective on sub-Riemannian geometry was pioneered
by Gromov in his seminal work [Gro96].

1.3.1.2 Geometric Group Theory and Asymptotic Geometry

Sub-Riemannian geometry has a significant presence in geometric group theory,
which is the study of groups from a geometric perspective. Sub-Riemannian
structures naturally arise as asymptotic cones of groups with polynomial growth.
A group I', generated by a finite set S, is said to grow polynomially if the cardinality
of the product set S is polynomially bounded in n € N. One verifies easily that
this property does not depend on the choice of the finite generating set S. The
asymptotic properties of these groups are intricately connected to the geometry of
their asymptotic cones; see Fig. 1.3.

For instance, according to a theorem by Pansu, as presented in Sect. 12.8 of this
book, each nilpotent group I" generated by a finite set S has polynomial growth, and
there exist constants Q € N and V > 0 such that

#(S"M/n¢ >V, asn — 0o.

Fig. 1.3 A Carnot-Carathéodory ball, which is the limit of large balls for a word distance on a
finitely generated nilpotent group. See Example 12.8.3
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Here, the numbers Q and V possess clear geometric significance: Q is the Hausdorff
dimension of the asymptotic cone of I', and V is the volume of the unit ball in
the asymptotic cone. Furthermore, this asymptotic cone is an example of a Carnot
group, equipped with a Carnot-Carathéodory distance. These are the spaces on
which this book focuses. See Chaps. 11 and 12.

1.3.1.3 Complex Analysis and Cauchy-Riemann Geometry

Sub-Riemannian geometry arises when studying the geometry of Cauchy-Riemann
(CR) manifolds. Typical examples are domains in complex Euclidean space, C".
The boundaries of strictly pseudo-convex domains, of great importance in analysis
of several complex variables, are naturally equipped with visual distances that are
of Carnot-Carathéodory type.

A domain in C" is called strictly pseudo-convex if, near every point on its
boundary, there exists a defining function whose Levi form is positive definite. The
Levi form encodes information about the local geometry of the boundary and is
related to the complex Hessian of the defining function.

The boundaries of strictly pseudo-convex domains in C" exhibit rich geometric
and analytic properties. Understanding them is crucial in the study of several
complex variables, where it serves as a foundation for topics like plurisubharmonic
functions, the Cauchy-Riemann equations, and the theory of complex manifolds.
In this book, we will not discuss strictly pseudo-convex domains, but we refer to
[Gro96, Ma91, BB0O, Pil22].

The main example that the reader should have in mind is the unit ball B in C".
On the one hand, it is an example of a strictly pseudo-convex domain. On the other
hand, it is a rank-one symmetry space: Namely, B equipped with its Kobayashi-
Carathéodory distance is the complex hyperbolic space. The real, complex, and
quaternionic hyperbolic spaces, together with the octonionic plane, exhaust the list
of the rank-one symmetry spaces of non-compact type. All of these spaces carry
a natural metric on the boundary, which is a Carnot-Carathéodory distance. We
present rank-one symmetry spaces from the Lie group viewpoint as semi-direct
products in Chap. 13. Then, in Chap. 14, we discuss the visual boundaries of these
spaces and, more generally, of all the negatively curved homogeneous spaces.

1.3.1.4 Analysis of Hypoelliptic Operators and Singular Integral
Operators

The theory of partial differential equations (PDEs) deals with a wide variety of
equations, each requiring different approaches. One of the most important operators
is the Laplacian, which, in Euclidean space R”, is defined as:

2 82

0
— Af = — o+ — .
f S 8x12f+ +8x’%f
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This operator is called hypoelliptic because it has the property that
Af € C*® = fecCc™.

There is a connection between the Laplace operator in Euclidean space and the
Euclidean distance. Indeed, the fundamental solution to the Laplace equation, called
the Green’s function, is written as a function of the Euclidean distance.

When considering differential equations defined by bracket-generating vector
fields, the Laplacian generalizes to the sub-Laplacian. An example is the operator
on functions on R? given by

f = Aanf = XX)+YI]),

where

0 0
X =——x—  and Y :=

ad
dx1 0x3 E TG

! ax3

The sub-Laplacian takes into account the non-holonomic constraints imposed by the
vector fields. In fact, it is intrinsically linked to the geometry of the sub-Riemannian
metric obtained from the bracket-generating vector fields. Namely, certain regularity
bounds for the sub-Laplacian, and many other subelliptic PDEs, can be obtained
in terms of the Sobolev spaces with respect to the associated sub-Riemannian
distances.

This relation is used to study diffusion processes, heat equations, singular
integrals, and other differential equations on such manifolds or on spaces of
homogeneous type. For more on the analysis of hypoelliptic operators, one can
consult the following references: [Fol73, RS76, Goo76, NSW85, Cap97].

1.3.1.5 Classical Mechanics and Non-Holonomic Dynamical Systems

Sub-Riemannian geometry plays a significant role in classical mathematical
mechanics, particularly when studying mechanical systems with constraints.
These systems, referred to as non-holonomic systems, involve specific limitations
on velocities or accelerations, constraining the possible motions of the system
according to defined rules. Sub-Riemannian geometry offers a comprehensive
framework for analyzing and understanding the geometric properties of these
constrained mechanical systems. Some classical references on non-holonomic
dynamical systems are [Tay34, Wagd40, Gol51, Bro82]. A recent review is
[BMB16]; see also [Blo03, ZB03].
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1.3.1.6 Contact Geometry, Engel Structures, and Exterior Differential
Systems

Contact structures, fundamental in various mathematical contexts, have their roots
in Carathéodory’s formalization of thermodynamics [Car09]. They are instrumental
in understanding processes like the Carnot cycle, where work is transformed into
heat due to the bracket-generating property of the distribution that is constraining
the dynamics.

Contact manifolds are particular polarized manifolds that involve certain dis-
tributions on odd-dimensional manifolds. The distributions are hyperplane fields
defined by certain differential one-forms, called contact forms. The Heisenberg
group, as discussed in Chap. 2, is the standard example of a contact structure.
Introductions to the subject can be found in [Gei08, Etn03].

In the realm of low-dimensional topology and geometry, equiregular bracket-
generating distributions of dimension 2 on 4-dimensional manifolds are of particular
interest. These are known as Engel structures; see Sect. 11.1.3 for the model space:
the Engel group. For further insights into these structures and their relation to
contact structures, refer to [Mon99].

The theoretical foundations of contact structures are rooted in exterior differ-
ential systems, systems of equations on a manifold defined by exterior differential
forms. This theory, pioneered by Elie Cartan [Car45], serves as a general framework
for understanding contact manifolds and many other polarized manifolds. For a
comprehensive exploration of this subject, we refer to [Bry+91].

In some sense, sub-Riemannian geometry metrizes contact manifolds and, more
generally, polarized manifolds, similar to how Riemannian geometry metrizes dif-
ferentiable manifolds. In the presence of a distance function, problems concerning
the contact equivalence of contact structures transform and extend to queries like
bi-Lipschitz equivalence or quasi-conformal equivalence.

1.3.1.7 Riemannian Geometry

Sub-Riemannian geometry is a natural generalization of Riemannian geometry. Sub-
Riemannian metrics often emerge as limit cases of Riemannian metrics.

A crucial instance of this phenomenon occurs in the asymptotic cones of
Riemannian Lie groups with polynomial growth. Specifically, these Lie groups are
of type (R), and their asymptotic cones are Carnot groups. Further details on these
results will be explored in Sects. 6.4.1 and 12.8.

1.3.1.8 Univalent Function Theory
There is a remarkable recent application of sub-Riemannian geometry to univalent

function theory. The following quick summary is based on the article [MPV(07] and
on kind help from Jeremy Tyson.
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Classical univalent function theory considers the class S of injective analytic
functions f : D — C defined on the unit disc D in the complex plane C, normalized
by f(0) = 0 and f’(0) = 1. A major subject of investigation is the so-called
coefficient body:

M= {(ck) ecV:fes, f(z)=z<1+ZCka)}-

k=1

This set can be seen as the limit of its finite-dimensional slices:

M, = {(cl,...,cn) L fES, flg € COO(S]),f(Z)IZ(l-I—ZCka)}-

k=1

By a famous result by de Branges [dBr85] (formerly known as the Bieberbach
conjecture), we have |c,| < n + 1, for all n. This gives information on the size of
M, and M. However, there is no explicit description of M, except for the trivial
case n = 2 and the case n = 3; see [SS50].

One of the basic tools in the subject is the Loewner (or Loewner-Kufarev)
parametric representation, which embeds each function f € & into an ODE flow
within the class S. Loewner parametrizations were used by de Branges in his
proof. Nowadays, there is a stochastic version of the Loewner flow, called SLE,
which stands for either the stochastic Loewner equation or for Schramm—Loewner
evolution, a topic at the intersection of probability, complex analysis, stochastic
PDE, and mathematical physics; see [Law04, Sch00, Sch07, Aba+10].

Irina Markina, Dmitri Prokhorov, and Alexander Vasilev used the Loewner flow
on S to define a natural (partially integrable) Hamiltonian system on each set
M,,. They found certain first integrals of the flow and calculated all the relevant
commutators. Consequently, they constructed a complex sub-Riemannian structure
on M, that is naturally adapted to the underlying univalent function theory. In
fact, the Loewner trajectories become horizontal curves with respect to this sub-
Riemannian structure.

An interesting problem in the field is to extend Markina-Prokhorov-Vasilev’s
setup to include SLE as well as the classical (deterministic) Loewner equation. We
refer to [Bra+14] for more on classical and stochastic Loewner-Kufarev equations.

1.3.1.9 Diffusion Processes and Financial Mathematics

Sub-Riemannian geometry has also found applications in the field of diffusion
processes and stochastic calculus, particularly in the modeling and analysis of
financial systems. Here are some ways in which sub-Riemannian geometry has been
used in this context, as it has been in part explained to the author by Josef Teichmann
and by Andrea Pascucci; see, for example [FV10, CST23, Pasl1, Pas05].
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In mathematical finance, one often deals with controlled ordinary differential
equations and with stochastic processes, in particular, with Ito diffusions. It is
well known that Ito diffusions can be related to Riemannian and sub-Riemannian
structures. When high-dimensional markets are modeled, it is quite natural to
assume that the instantaneous covariance matrix is degenerate but that densities still
exist, which leads to sub-Riemannian structures.

Another significant stream of literature involving sub-Riemannian structures
is rough path theory and its applications, ranging from mathematical finance to
machine learning. In its very foundations, free-nilpotent Lie groups play a role, for
instance, when strategies are approximated by signatures, which are natural maps
with values in nilpotent Lie groups.

To learn more about signature-kernel methods in machine learning, shuffle
product, and SiG stochastic differential equations in mathematical finance, the
reader might consult the following references: [Bay+23, CL16b, CO22, CGSF23,
Cuc+22, FH20, FV10, HL10, KO19, LNP19, LNP20, Sal+21].

Sub-Riemannian geometry has been employed to model the evolution of asset
prices and the dynamics of some financial markets. For example, in the Asian mar-
ket, the price of the options depends on the evolution. Namely, asset-price equations
are a class of path-dependent options characterized by a payoff that is a function
of the history of the underlying asset price. The equations are strongly degenerate
partial differential equations in three dimensions; see [AMP21, Kim09, BPVO1].

In a simplified exposition of Asian option pricing, we may say that some
variables are the integrals of other variables. Formally, we have a differential
constraint implying that the dynamics are tangent to a proper subbundle of the
manifold of the variables. The subbundle is bracket-generating. The equation that
gives the dynamics is known as the Black—Scholes equation. It is an equation of
Kolmogorov-Fokker-Planck type, which is a type of sub-Riemannian Laplacian
with respect to Hormander vector fields. When looking at the fundamental solution
of these equations, the sub-Riemannian metric comes naturally.

The Black & Scholes model for the pricing problem goes back to the early
1970s; see the reprint [BS12]. In 1973, Myron Scholes, in close collaboration with
Fischer Black, developed what we call nowadays the Black-Scholes model. For his
contributions, he earned the 1997 Nobel Prize in economics. The model is generally
used to determine the fair price or theoretical value of a call or a put option. In the
case of path-dependent options, the model leads to Kolmogorov operators associated
with some stochastic processes.

General references, also in connection with stochastic equations, are [Pasll1,
Chapter 9.5] and the review article [Pas05]. In addition, we suggest the following
topics and references. For applications to Asian options, there is [BPVO01], while
for American options, there is [Pas08]. For path-dependent volatility models of
asset prices, stochastic models of stock prices, originally underlying models, and
the geometric Brownian motion with constant volatility, see [FP08, HR9S8]. For an
introduction to the probabilistic theory of arbitrage pricing of financial derivatives,
including stochastic optimal control theory, optimal stopping theory, and arbitrage
theory in continuous time, we suggest [Bjo19], as many other books by Tomas
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Bjork. The paper [PasO5] contains a survey of results about partial differential
equations of Kolmogorov type arising in physics and mathematical finance.

1.3.2 Examples from Physics

Sub-Riemannian geometry models various structures beyond pure mathematics,
from finance to mechanics, from bio-medicine to quantum phases, from robots to
falling cats! Lacking space as well as competence, in this section, we do not enter
into details. Instead, we direct the interested reader to suitable references.

1.3.2.1 Geometry of Principal Bundles with Connections: Falling Cats

Theoretical physics describes most mechanical systems by configuration spaces.
Gauge theory, also known as the geometry of principal bundles with connections,
studies systems with physical symmetries, i.e., when there is a group G acting by
isometries on the configuration space M. Most of the time, it is easier to understand
the dynamics up to isometries. Namely, one first studies the system trajectories in
the quotient space M/G. Subsequently, one has to study the ‘lift’ of the dynamics
into the initial configuration space to obtain the trajectories in M. Such lifts will be
subject to a sub-Riemannian restriction. This viewpoint is elaborated in [Mon02,
Part I1].

The formalism of principal bundles with connections is well presented by the
example of the fall of a cat. A cat dropped upside down will land on its legs. The
reason for this ability is the good flexibility of the cat in changing its shape.

To explain the system, let us fix some formalism. Let M be the set of all the
possible configurations in the 3D space of a given cat. Let S be the set of all the
shapes that a cat can assume. Both M and S are manifolds of large dimensions. The
position of a cat is determined by its shape plus its orientation in space. Otherwise
said, the group G := Isom(R?) of isometries of the Euclidean 3D space acts on the
configuration space M, and the shape space is just the quotient of the action:

T:M—> M/G=S.
In fancy words, we say that M is a principal G-bundle.
The key fact is that the cat has considerable freedom in deciding its shape o (¢) €
S at each time ¢. However, during the fall, each strategy o () of changing shapes
will give, as a result, a change in configurations ¢ (t) € M. The curve ¢ (¢) satisfies

JToo =o0.

Moreover, the lifted curve is unique: it has to satisfy the constraint given by what
is called the natural mechanical connection. What the cat is demonstrating is that
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(a) A photo. (b) A cartoon. (c) A sketch.

Fig. 1.4 The cat spins itself around and rights itself

such a connection has non-trivial holonomy. In other words, the cat can choose to
vary its shape from the standard normal shape into the same shape, resulting in a
change in configuration: the legs initially point towards the sky, but in the end, they
are toward the floor. We refer to [Mon02, Section 14.2] for an explanation of an
engineers’ model for the cat and to Fig. 1.4 for an action shot, a cartoon, and a
schematic drawing of the drop.

1.3.2.2 From Mechanics: Parking Cars, Rolling Balls, Moving Robots,
and Satellites

Sub-Riemannian geometry has been extensively used in mechanics and robotics.
The study of sub-Riemannian structures provides a mathematical foundation for
analyzing the motion planning and control of underactuated mechanical systems.
These systems have fewer control inputs than the degrees of freedom, leading
to nontrivial constraints on the achievable motions. By understanding the sub-
Riemannian geometry associated with such systems, researchers can develop
efficient control strategies for navigating robots in complex environments.
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Fig. 1.5 A ball rolling on the plane without sliding, nor spinning

Parking a Car or Riding a Bike The configuration space is 3-dimensional: the
position in the 2-dimensional street plus the angle with respect to some fixed line.
However, the driver has only two degrees of freedom: turning and rolling. Again,
using non-trivial holonomy, we can move the car to any position we like. In this

model, we only parametrize the back wheel. Taking into account also the front
wheel, we get a 4D manifold with still only two controls.

Rolling a Ball on the Plane The position of a ball lying on a plane is described

by five coordinates: two real numbers to characterize the point on the plane that
touches the ball, another two spherical coordinates describing the point of the ball
that touches the plane, and finally, an angular coordinate for spinning the ball around
its vertical axis. When one moves the ball without sliding, there are only three
admissible control movements: two for rolling the ball along a planar vector, and
the third one for spinning it. One can also omit the possibility of spinning and have

only a 2-dimensional space of control variables; see Fig. 1.5. In both cases, the ball

can arrive at every position regardless of its initial position. This problem has been

studied intensively. One is interested in minimizing the length of the curve traced on
the plane. The locally optimal trajectories are known and are Gauss’ elastic curves.
However, it is not known up to what length each such curve is optimal. To more
information see [Jur93, Sac10, Sac08, MBO0O].

In robotics, mechanisms are subject to constraints of movement that do not
restrict the manifold of possible positions, like for the arm of a robot. We refer to
[BJRIS, Jeal4, MLS94, GZ06] for the motion planning problem. The situation of
satellites is similar. One should really think about a satellite as a falling cat: it should
choose its strategy of modifying the shape properly to have the necessary change in
configuration. Another similar example is the case of an astronaut in outer space.
See [BP04, Tré12] for applications to aerospace engineering.
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1.3.2.3 Quantum Control and Quantum Information

Sub-Riemannian geometry has been utilized in the control and manipulation of
quantum systems. Quantum control aims to steer quantum systems to desired
states by applying suitable control fields. Sub-Riemannian structures naturally arise
when considering the controllability of quantum systems subject to constraints
on the available control resources. By applying techniques from sub-Riemannian
geometry, researchers can design control protocols for quantum systems, which find
applications in quantum computing, quantum information processing, and quantum
sensing.

The following application comes from conversations with Ugo Boscain and from
reading his ‘Habilitation a diriger des recherches’, [Bos06].

Let H be a separable complex Hilbert space. Let us denote by S the unit sphere
in H. In quantum mechanics, the time evolution of a quantum mechanical system
(e.g., an atom, a molecule, or a system of particles with spin) is described by a map
¥ R — S, called wave function. The vector ¥ (¢) is called the state of the system at
time 7. The equation of evolution of the state is the so-called Schrodinger equation.
If the system is isolated, the equation has the form:

d
i%(t) = Hoyr (1),

where Hy is a self-adjoint operator acting on H called the free Hamiltonian.

For simplicity of notation, let us assume that the spectrum of Hy is discrete and
non-degenerate, with eigenvalues E1, E», . . . (called energy levels) and eigenvectors
¥y, Yo, ... €S.

Assume now to act on the system with some external fields (e.g., an electro-
magnetic field) whose amplitude is represented by some functions u1, ..., u, €
L*°(R; R). In this case, the Schridinger equation becomes

i%(t) = Hny(t). where H(t) == Ho+ Y u;()H;,

j=1

and H; are self-adjoint operators representing the coupling between the system
and the external fields. The time-dependent operators H(¢) and Z;”zl u;j(t)H;
are called the Hamiltonian and the control Hamiltonian, respectively. The typical
problem of quantum control is the so-called population transfer problem:

Assume that at time zero, the system is in an eigenstate ¢ j of the free Hamiltonian
Hy. Design controls uy, . .., u, such that at a fixed time T, the system is in another
prescribed eigenstate ¢; of Hy.

Nowadays, quantum control has many applications in chemical physics, in
nuclear magnetic resonance (also in medicine), and it is central in the implemen-
tation of the so-called quantum gates (the basic blocks of a quantum computer); see
[DP10, D’A08, WM10, DP10].
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For a finite-dimensional quantum mechanical system, if »n is the number of
energy levels, then we have H = C" and the state space S is the unit sphere
S*'~1 < C". In this setting, problems of quantum mechanics can be formulated
with matrix formalism. The solution is of the form

V(1) =gy (0), withg(t) € SU(n),

where SU(n) standardly denotes the special unitary group of degree n. The
d
Schrodinger equation becomes Eg(t) = —iH(t)g(t), and now —iH (¢)is a skew
trace-zero Hermitian matrix, i.e., belongs to the Lie algebra su(n).
The controllability problem (i.e., proving that for every couple of points in SU ()
one can find controls steering the system from one point to the other) is nowadays

well understood. Indeed, the system is controllable if and only if the Hormander’s
condition holds:

Lie{iHy, i Hy, . .., i Hy) = su(n).

Once that controllability is proved, one would like to steer the system between
two fixed points in the state space in the most efficient way. In applications, typical
costs that are to be minimized are either the energy transferred by the controls to the
system or the time of transfer.

1.3.2.4 Quantum Berry’s Phases

Berry’s phase is a phase factor that accumulates during the adiabatic evolution
of quantum systems. It arises when a quantum system undergoes slow changes
while staying in its instantaneous eigenstate. The connection with sub-Riemannian
geometry arises in systems with degenerate energy levels, where the parameter
space exhibits a geometric structure with the structure of a fiber bundle. The
constraints imposed by the structure affect the system’s evolution and lead to
the accumulation of Berry’s phase. The interested reader should start with the
introduction and Chapter 13 in [Mon02] and the references therein.

1.3.3 Scientific Applications
1.3.3.1 Neurobiology

Neurobiological research over the past few decades has enhanced our understanding
of the functional mechanisms of the first layer of the visual cortex. This layer
comprises various types of cells, including the so-called ‘simple cells’, which are
sensitive to specific orientation-based brightness gradients. Recently, this cortical
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structure has been modeled using a sub-Riemannian manifold. The following
summary of this sub-Riemannian application is based on [SCPO8] and [Petl7],
as well as discussions with S. Pauls and G. Citti.

The modeling space is R? x S!, where each point (x, y, 8) represents a cell
associated with the point of retinal data (x,y) € R? and oriented according to
the angle 6 € st Namely, the vector (cos6, sinf) indicates the direction of the
maximum rate of change of brightness at the point (x, y) in the image perceived by
the eye. In pictures with high contrast, this vector is normal to the image contours.

The moral is that when an image stimulates the cortex cells, the border of the
image gives a curve inside this 3D space. Such curves are constrained to be tangent
to the distribution spanned by the vector fields

X1 =cos(0)dy +sin(0)dy, and X, = dp.

These vector fields are left-invariant under a Lie group structure. The Lie group is
also known as rototranslation group. Researchers think that if a piece of the contour
of a picture is missing to the eye vision (possibly by being covered by an object),
then the brain tends to ‘complete’ the curve by minimizing some kind of energy.
In other words, there is some sub-Riemannian structure in the space of visual cells,
and the brain constructs a sub-Riemannian geodesic between the endpoints of the
missing data. For more about the neurogeometry of vision, we refer to the book
[Pet17].

1.3.3.2 Image Processing and Computer Vision Tracking

Sub-Riemannian geometry has been applied in image processing and computer
vision. By representing images as curves in a suitable space, sub-Riemannian tech-
niques allow for the extraction of intrinsic geometric features that are invariant under
certain transformations. This enables robust object recognition, shape analysis, and
image-matching algorithms, which can be applied in fields like pattern recognition,
medical imaging, and image-based navigation.

Image processing has benefited from sub-Riemannian geometric methods with
the use of geometric flows [Cit+16, Bek+18], hypoelliptic diffusion [Bos+14],
and energy minimization [MASI13]. For anthropomorphic image reconstruction,
see [Bos+12].

A very applied problem that is currently tackled with sub-Riemannian methods
is the tracking of blood vessels on spherical images of the retina. Namely, given
(several) images of eyes, we seek algorithms that recognize the blood vessels as
curves that possibly pass one over the other. The problem can be solved via sub-
Riemannian geodesics, see [Mas+17, Bek+17]. Using nilpotent approximations
(namely, Carnot groups as studied in this book), researchers have obtained fast
perceptual grouping of blood vessels in 2D and 3D, see [BCP18].
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1.3.3.3 Neuroscience: Brain Modeling and Deep Learning

Sub-Riemannian geometry has been applied to model and analyze the connectivity
and activity patterns in the brain’s neural networks. The brain’s white matter, which
consists of axonal bundles, can be viewed as a sub-Riemannian manifold, where the
propagation of nerve impulses is subject to constraints imposed by the underlying
anatomy. By studying the sub-Riemannian geometry of neural networks, researchers
can analyze brain connectivity and information processing.

The theory of non-isotropic propagation describes the brain propagation of
signals that occur along the dense network of axons that constitutes the neural
connectivity. Visual perception phenomena are expressed as anisotropic partial
differential equations. The first differential models of the cortex go back to
[Hof70, Mum94, PT99]. These geometric brain models have been developed in
[CS06, SC15, Coc+15], where each family of cells is described via a Lie group
with a sub-Riemannian metric. See also [DF10a, DF10b, Dui+23] for results in
image analysis.

The geometric analysis of sub-Riemannian Lie groups led to group-invariant
brain-inspired architectures of deep learning: group-equivariant convolutional neu-
ral networks. The considerable advances are in terms of parameters to be trained; see
[CW16, Bek+18, SM14]. A more recent brain-inspired architecture is PDE-group
equivariant convolution neural networks [Dui+21], which have been shown to have
major advantages in terms of efficiency.
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Chapter 2 ®)
The Main Example: The Heisenberg Qe
Group

The sub-Riemannian Heisenberg group is the first prominent example of sub-
Riemannian geometry that deviates from the Riemannian framework. Such a
geometry is connected to the solution of the isoperimetric problem on the plane
and has a formulation in terms of contact geometry.

In this chapter, we present the geometric models of the sub-Riemannian Heisen-
berg group and explore certain properties that will be further examined in Carnot
groups. Given that the topological dimension of the Heisenberg group is 3,
visualizing its sub-Riemannian geodesics and spheres becomes relatively simple.

2.1 An Isoperimetric Problem on the Plane

The isoperimetric problem is a mathematical challenge where the goal is to find the
maximum area among domains with a fixed length as perimeter. In our study, we
will focus on a specific variation of the standard isoperimetric problem known as
the problem of Dido.

Dido, as described in ancient Greek and Roman sources, is renowned for being
the founder and first queen of Carthage, located in modern-day Tunisia. Her story is
famously depicted in the epic poem Aeneid by the Roman poet Virgil. According to
this account, King Jarbas was convinced by Dido to grant her a parcel of land along
the African coast for settlement. The condition set forth was that Queen Dido could
claim as much land as she could enclose with a leather string, utilizing the coastline
as part of the boundary. The optimal solution to maximize the area in this scenario
involves a half-circle, assuming the coastline is idealized as a straight line. Actually,
whatever the shape of the coastline is, the leather string will take the shape of an arc
of a circle.
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We next provide a mathematical model of such a problem. In R? with coordinates
(x, ), the area form is denoted by vol := dx A dy, which is the differential of the
differential one-form

1(d dx) 12d0
== — = —r )
[07 2xy y 2

where the latter is the expression in polar coordinates (r, 6), where x = r cos6
and y = r sin6. By applying Stokes’ Theorem, we deduce that if a closed, smooth,
counterclockwise-oriented curve y in R? encloses a domain D, then the area of
D, is equivalent to the line integral of « along y:

Area(D,) := //D V01=/Ol.
y Y

Observe that at each point (x, y) € R2, the vector (x, y) is in the kernel of «.
Consequently, if L is a line passing through the origin, we have that |, Lo =0.
This observation leads us to the conclusion that for a smooth curve y, starting from
the origin and not necessarily closed, the integral | , O represents the signed area
enclosed by y and the line segment connecting the origin to the final point of y.
Refer to Fig. 2.1 for a visual representation.

Therefore, Dido’s problem can be reformulated as the task of maximizing the
integral f , o while fixing the integral f v ds, which expresses the length of the
curve obtained by integrating it with respect to the element of arc length ds.

(x(2), (1))

Fig. 2.1 The lift of the curve is performed by defining the third coordinate z(¢) as the oriented
area of the region between the arc of the curve up to the point (x (), y(¢)) and the straight segment
from (0, 0) to (x(#), y(1))
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2.2 Contact-Geometry Formulation of the Problem

One of the models of the Heisenberg geometry is constructed as follows, and it has
the property that the projection 7 : R®> — R? onto the first two coordinates sends
geodesics into the solutions of Dido’s isoperimetric problem.

If we begin with a curve o (t) = (x(¢), y(¢)) in R?, with x(0) = y(0) = 0, we
can lift it to a curve in 3D space, where the third coordinate z(¢) is the signed area
enclosed by the arc oy ), obtained by restricting o to the interval [0, 7], and the
segment connecting O to (x(¢), y(#)), as in Fig. 2.1. Namely, we have

1 "1
z(t) :=/ o =f z(xdy — ydx) =/ 3 (x($)y(s) — y(s)x(s)) ds.
010,1] 010,1] 0

2
2.1
Differentiating in t we get

1
z= E(xj) — yx). (2.2)

1
Set & = &(x,y.p) = dz — E(x dy — ydx). Consider a curve y = (y1, y2, ¥3) =

(x,y,2):[0,1] — R3 starting at 0. Then, we have that such lifted curves satisfying
(2.2) are exactly those satisfying &, (y1, y2, y3) = 0, which is y € ker(§).
The differential one-form & can be written in cylindrical coordinates (r, 0, z) as

1
dz — Erz do.

Fig. 2.2 Standard contact distribution on R3. We are drawing only the plane field at the points
of height 0. One should understand that this distribution is invariant with respect to vertical
translations, similar to Fig. 1.2
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Definition 2.2.1 (Standard Contact Form) We refer to the differential one-form
1 1,
&= dz—z(xdy—ydx)z dz—zr do (2.3)

as the standard contact form in R3. More generally, a contact form on a (2n + 1)-
dimensional differentiable manifold M is a differential 1-form o, with the property
that

n n .__ .
o A (da)" #£0, where (da)" :=da A Ado.

n

Sometimes, the contact forms dz — xdy + ydx = dz — r2>d6 and dz + x dy are
also called standard. See Fig. 2.2 for a visual representation.

As with every never-vanishing differential one-form on R3, the standard contact
form (2.3) gives, at each point (x, y, z) € R3, a 2D kernel inside the tangent space
T(x,y,z)R3 =R’ at (x, y, 2):

1
Axy,z) =ker(§x y.) = {(Ul, V2, U3) € R : vz = g(xvz — yvl)} . 2.4)

Geometrically, the set A forms a field of 2D planes in the 3D space, known as
distribution of planes, or contact distribution. Now, given vectors v = (v1, v, v3)
and w = (w1, wy, w3z), we consider the linear product given by

(v, w) == viw; + Vaws. (2.5)

Notice that, since each plane Ay ;) never includes the z-axis, then the
restriction of (-,-) on Ay y ;) is a positive-definite inner product. Alternatively,
one can view this restriction as a restriction of a Riemannian tensor on R, i.e.,
a positive-definite inner product on the entire tangent bundle of R>. In fact, we can
consider the following frame! of R3:

0 1,0
i
Y = ? + E)C&, (26)
Z = 37’

LA frame is a set of vector fields on a differentiable manifold M that, at each point p € M, gives
a basis for the tangent space T, M.
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and declare it orthonormal. Let us verify that such a Riemannian metric gives the
linear product (2.5) when restricted to the plane A(y,y ;). Indeed, since % =X+

%yZ and % =Y — %xZ, then we can write

U1 v2
v:le+v2Y+<—y——x+v3)Z.
2 2
So,if v € Ay y,7), we have v = vi X +v2Y and thus (2.5) holds. We refer to Fig. 2.3
for a visual representation.

In contact geometry, a curve y is called Legendrian with respect to the differ-
ential 1-form & if £(y) = 0. In other words, the tangent vector y () must be in the
plane A, (), as defined in (2.4). For a given Legendrian curve y, we define its length
L(y) as the integral of the norm of y using the scalar product (2.5). In simpler terms,
the value L(y) is precisely the Euclidean length of the projection of y onto the first
two components of R3.

At this point, we introduce a new distance on R? to which we refer as the contact
distance. For every pair of points p and g in R3, we define it as follows:

d.(p,q) :=1inf{L(y) : y isaLegendrian curve between p and g}. 2.7

An important fact to note is that because & was derived from Dido’s problem, for
every pair of points in R, there are multiple Legendrian curves connecting them.
In other words, it is always possible to find a Legendrian curve between any two
points. Let’s underline this crucial point:

A Crucial Fact Every pair of points in R? is connected by a curve that is
Legendrian with respect to the differential form & defined in (2.3).

In practice, to connect, for instance, (0, 0, 0) to (x, y, z), it is enough to take a curve
o in R? from (0,0) to (x, y) with the property that the signed area enclosed by
o and the segment from (0, 0) to (x, y) is exactly z. Then, the lifted curve ¢ will
connect (0, 0, 0) to (x, y, 2).

Furthermore, it’s important to stress that the length of ¢ is equal to the
planar Euclidean length of . Consequently, there exists a correspondence between
geodesics concerning the metric d. (or, more accurately, curves that realize the
infimum in (2.7)) and solutions to the dual Dido’s isoperimetric problem: Fixed
a value for the area, minimize the perimeter. Since it is relatively straightforward
to find solutions to Dido’s problem, we will be able to explicitly determine the
geodesics of the metric space (R3,d.). We will delve into this topic further in
Sect. 2.4.1.
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Fig. 2.3 The horizontal bundle spanned by the vector fields X and Y

2.3 The Heisenberg Group

2.3.1 Heisenberg-Group Invariance of the Standard Contact
Structure

At this point, we have introduced a geometry, which we will call contact geometry.
Specifically, we are considering the plane distribution that at every point (x, y, z) €
RR? is spanned by the vectors:

0 0

X(6,y.2) = o = %8_1 = (1,0, —%), 2.8)
0 x 0 X

Y(x,y,2) := 5 + 29z =(,1, E);

at each point (x, y, z) we are considering X (x, y, z) and Y (x, y, z) as an orthonor-
mal basis on their span A(z, y, z), as in Fig. 2.3; for each smooth curve y : [a, b] —
R3 for which y(t) is in A(y(¢)) we define its length. Namely, if u(¢), up(¢) are
such that y(t) = u1(®)X, ¢ + u2(t)Yy (), then the length of y is defined as
u1(t)? + uz(¢)2 dz. Such a length structure defines the contact distance (2.7).

A crucial property of the contact geometry is that the space is metrically
homogeneous. In fact, the space R? can be endowed with a group structure (different
from the Euclidean one) in such a way that all of the above constructions are
preserved by the action of the group onto itself.

This group structure is named after Werner Heisenberg (1901-1976), a German
theoretical physicist and pioneer of quantum mechanics. The Heisenberg group
provides a geometric framework to represent Heisenberg’s famous uncertainty
principle. In our coordinates of R3, the group product of this structure is defined
as follows:

1
(x,y,2)-(x',y, )= (x +x' y+y, 2+ + E(xy' - yx’)> ) (2.9)
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One can easily check that (2.9) gives a group structure, and it turns R? into a Lie
group, i.e., multiplication and inversion are smooth maps. We will revisit the general
theory of Lie groups in Chap. 5. We shall refer to the group R? equipped with group
law (2.9) as the Heisenberg group.

We claim that the left translations preserve the distribution A and, in fact,
preserve the orthonormal frame X, Y, Z defined by (2.6). Let us verify this claim
for X. Fix a left translation f, say f = L), for (s, t,u) € R3ie.,

f(x’ yv Z) = L(S,l,u)(-xs y1 Z)
= (s, t,u)-(x,y,2)

2.9) 1
= x+s,y+t,z+u+§(sy—tx) . (2.10)
The differential is
1 00
df = 0O 1 0f. (2.11)
—t/2s/2 1

So, on the one hand, we have that d f (X) is given by:

1 00 1 1 ) C
dfX)=| 0 10 0 |= 0 =$+<—§—§>3—Z.
—t/2s/21] —y/2 —t/2—y/2

On the other hand, we have X o f = ai - % t+y) a% Therefore df(X) = X o f,
i.e., X is left-invariant. Analogously, df(Y) = % + %(s + x) % = Yo f and
df(Zy=2L=2Zof.

As a cgilsequence of the fact that each left translation by the product (2.9)
preserves the orthonormal frame {X, Y} we deduce that each of these translations
preserves the length of Legendrian curves and, consequently, preserves the contact
distance as defined in (2.7).

The next proposition summarizes the above discussion.

Proposition 2.3.1 The Heisenberg geometry is metrically homogeneous: the space
has a Lie group structure in which each left translation acts as an isometry with
respect to the contact distance d..

The above model of the Heisenberg group offers the advantage that its one-
dimensional subgroups are easily computable and visually understandable. Specifi-
cally, the one-parameter subgroups of this group structure correspond to the standard
Euclidean lines passing through the origin:

t € Ri— y(t) = exp (t(v1, v2, v3)) = (tv1, tv2, 1V3), for (v, v2, v3) € R>.
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Furthermore, it is worth noting that all the lines through O in the xy-plane are
curves that minimize the contact distance. This last statement is recommended as
an exercise for novice readers.

2.3.2 The 3D Nilpotent Non-Abelian Matrix Group

The Heisenberg group can also be represented using matrices. It is a subgroup of the
group of invertible matrices and can be defined as the set of 3 x 3 upper-triangular
matrices equipped with the row-by-column matrix product:

lac
G:= 0O1b| :ab,ceR} <GL@A3,R). (2.12)
001

This matrix representation is particularly useful because, first, it simplifies the
comprehension of the group structure. Second, it allows the Lie algebra associated
with this group to be viewed as a matrix Lie algebra. Furthermore, the exponential
of the Lie group corresponds to the classical matrix exponential.

The Lie algebra corresponding to this matrix group G is:

Oac
g = 00b| : a,b,ceR
000
A basis of the Lie algebra is
010 000 001
X:=]000], Y=(001{, Z:=1000]. (2.13)
000 000 000

One parameter subgroups, as a, b, ¢ vary in R, are represented as:

Oac
t€R+— Yupe(t) =exp|t|00Db
000

Oac /2 Oac

=I1+1t|00b +5 00b| +...
000 L0000
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Oac 2 00ab
=I+t|00b|+—=]000|+0

000 000
1 at ct + abt*/2
=01 bt
00 1
We claim that the map
1
1xz4+ =xy
(X, y,2) — 2
LR 01 y
00 1

is a Lie group isomorphism from the Lie group R? with the product (2.9) to the
Lie group G from (2.12) with the matrix product. Indeed, the map ¢ is a group
homomorphism (a result of straightforward calculation), and its differential at the
identity maps the left-invariant vector fields X, Y, Z from (2.6) to X, Y, Z from
(2.13), respectively. In fact, the subsequent section will elaborate on this concept
further.

2.3.3 Characterization of the Heisenberg Lie Algebra

The Lie algebra of the Heisenberg group is spanned by three vectors, denoted as X,
Y, and Z, where the only non-trivial Lie bracket relation is given by [X, Y] = Z.
Notably, for every three vectors X1, X», and X3 in this Lie algebra, the Lie bracket
operation satisfies the property [X1, [X2, X3]] = 0. This characteristic feature
establishes the Heisenberg Lie algebra as a nilpotent Lie algebra of step 2. Namely,
the second commutator vanishes, i.e., after two steps in the commutator hierarchy
we reach zero. More generally, a Lie algebra is said to be nilpotent with nilpotency
step s if, for every selection of more than s vectors within it, the iterated bracket of
these vectors results in 0.

In every vector space, we can define the zero bracket operation, thus forming a
Lie algebra. Such a Lie algebra is referred to as commutative and is nilpotent with a
step of 1.

We assert that there are only two examples of 3D simply connected nilpotent
Lie groups: the 3D vector space (R3, +) and the Heisenberg group. To prove this,
let g be the Lie algebra of one such group. Since g is nilpotent, we can take a
non-zero element Z in the center of g. We extend Z to form a basis {X, Y, Z} for
g. Now, either X and Y commute, making the algebra commutative, or the vector
W = [X, Y]is not 0. In this second case, we write W = aX + bY + cZ, for some
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a, b, c € R. Then, we have that [W, Y] = aW. Due to the nilpotency of g, we have
a = 0. Similarly, b = 0. Thus, we infer that ¢ # 0, and by replacing Z with cZ, we
can define the algebra structure of g by the relations:

[X,Y]=Z and [X,Z]=1[Y,Z]=0.

We can conclude the proof by invoking the uniqueness of a simply connected Lie
group with a fixed Lie algebra, as stated in Theorem 5.1.7.

2.4 The Sub-Riemannian Heisenberg Group

Our preferred model for the Heisenberg group is R® with the product law (2.9),
which we observed yield the following left-invariant vector fields: d, — % 0z, 0y+750;,
d;. The reason why this model is advantageous lies in its canonical identification of
the group with its Lie algebra. In other words, we are using exponential coordinates,
a perspective that will be elucidated in Sect. 5.2.3. It’s important to note that, given
the uniqueness of the Heisenberg structure, all other models can be considered
equivalent through a smooth group morphism.

In R3, we begin by selecting three vector fields, denoted as X, Y, and Z,
that, as for (2.8), are linearly independent at every point and satisfy the following
commutation relations:

[X,Y]=Z and [X,Z]=1[Y,Z]=0.

It is a fact that the space can be endowed with a group law that renders them left-
invariant.

We consider the subbundle A of the tangent bundle T (R?) over R? such that for
every p € R3

Ap:=AN T,,R3 = span{X, ¥p}.

A smooth (or, more generally, absolutely continuous) curve y : [0, 1] — R3 such
that y € Aiscalled horizontal curve. In this case, if we express y () = u1(t) X+

uz(t)Y, (1), for almost all ¢+ € [0, 1], for some integrable functions u; and u; on
[0, 1], then the length of y is defined as

L(y) :=/w1(r)2 + up (1) dt.

We define the Carnot-Carathéodory distance between two points p and g in R as

dec(p, q) :=inf{L(y) : y is a horizontal curve from p to g} . 2.14)
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Therefore, we have broadened the notion of Legendrian curve with that of hor-
izontal curve, and the concept of a contact distance has been expanded to a
Carnot-Carathéodory distance. This variation in terminology arises because sub-
Riemannian geometry draws from various mathematical domains, resulting in
multiple jargons.

We refer to the space (R3, dee) as (a model for) the sub-Riemannian Heisenberg
group. In the rest of this section, we will exclusively operate within our preferred
model: R? with the product law (2.9) and the orthonormal frame (2.8).

2.4.1 Geodesics and Spheres in the Heisenberg Group

From Sects. 2.2 and 2.3, we can deduce the following properties of a curve y (t) =

(x(2), y(1), z(1)):

e The curve y is horizontal, meaning y € A, if and only if
. 1 (x5 )
= —(xy — yx),
z 5 y—y

which is equivalent to stating that z(¢) represents the area spanned by the curve
(x(+), ¥(-)) up to the point ¢, as in Fig. 2.1.

e The condition y € A holds if and only if y = u; X + u;Y, where u; = x and
uy = y. To see this, on the one hand, we have 7 (y) = 7 ((x, y, z)) = (x, ¥) and,
on the other hand, we have

7(y) =mw@1X +u2Y) = u10y +uz0y = (uy, u2).

e If y € A, then the length of y is given by

L(y)= / \/ X% + 2 = Lengthg, (7 o y).

Due to the preceding discussion, we can derive explicit formulas for the geodesics in
the sub-Riemannian Heisenberg group. This is made possible by our understanding
of the solutions to the isoperimetric problem, as detailed in Sect. 2.5.1. Specifically,
we have discovered that given the way the geometry in the Heisenberg group has
been constructed, the shortest curves concerning the length structure are the lifts
of solutions to a variant of the isoperimetric problem. Namely, we search for the
shortest curves in the plane that enclose a fixed area and join two specified points.
Such curves turn out to be arcs of circles or straight-line segments. Consequently,
the geodesics in the Heisenberg group are essentially the lifted versions of circles in
the plane.

Remark 2.4.1 For a fixed endpoint (x(1), y(1), z(1)), every curve (x(¢), y(¢)) that
encloses an area equal to z(1), is such that (x(0), y(0)) = (0, 0), and among such
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curves minimizes Lengthg,(x(-), ¥(-)) is either a segment of a circle or a straight
line in the plane.

Hence, length-minimizing curves originating from (0, 0, 0) are lifts of circles if
z(1) # 0 and straight lines if z(1) = 0.

We aim to parametrize the curves that solve Dido’s problem. A circle of length

|2k—”|, with k # 0, passing through (0, 0) at time O is described as
cos(kt) — 1 sin(kt)
(x0(1), yo(1)) = .
k k
for0 <t < |2k_ﬂ| Such a circle is parametrization by arc length and has its center

on the x-axis. If £ > 0, the center is on the negative x-axis; if k < 0, it is on the
positive x-axis. Moreover, if k > 0, then the circle (xg, yo) encloses positive area; if
k < 0 it encloses negative area. For k = 0, we can still consider the formula in the
limit sense: the circles degenerate into the line (0, ¢), defined for all # € R.

We obtain every other circle by rotating these initial ones by an angle 6 <
R/2nZ:

s cos(kt)—1 cos(kt)—1 - sin(kt)
Ro (x0(t), yo(2)) := cos O —sinf], sintkn) | = o ecoe(klf)—l sin6 sintke) | -
sinf cos6 = sm@‘T +cos€‘T

We can calculate the third coordinate of the lift of such circles via (2.1).
T 1 1 T
«T) = / 5(xdy —ydx) = —/ Xy — yx
0o 2 2 Jo

1 (7 cos(tkt) —1 . sin(kt) o
3 cos — sin @ p (— sin @ sin(kt) + cos @ cos(kt))
0

—1 ;
_(sino cos(kt) te sin(kt)
k k

0s 6

) (—cos @ sin(kt) — sinf cos(kt)) dt

T
Y —cosB(cos(kt) — 1) sin @ sin(kt) + (cos 0)2(cos(kt) — 1) cos(kt)
0
~+(sin 6?)2 (sin(kt))2 — sin @ sin(kt) cos 6 cos(kt)
+ sin 6 (cos(kt) — 1) cos 6 sin(kt) + (sin 0)2(cos(kt) — 1) cos(kt)
+(cos 0)? (sin(kt))? + cos 0 sin(k?) sin @ cos(kt) dt

T
L / (cos(kt) — 1) cos(kt) + (sin(k?))* dt
2k Jo

1 (T 1
Y A 1 — cos(kt)dt = W(Tk —sin(kT)).
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—
(a) The top view (b) A front view
pS
(c) A side view (d) A side view

Fig. 2.4 Various views of a geodesic with non-zero curvature in the sub-Riemannian Heisenberg
geometry

We conclude that the length-minimizing curves originating from the point
(0,0,0) in R3 are smooth curves y = (y1, ¥2, ¥3) given by the equations:

Y1 (t) = cos 6% —sin® sin](ck[)

ya(t) = sin @ SEN=L | coqpsintkn) 015)
_ kisin(k)

y3() = =5

for some 0 € R/2n7Z and k € R. We refer to Fig. 2.4 for a visual representation
of a sub-Riemannian geodesic. Moreover, in Fig.2.5, we have a picture of a unit
sphere with several geodesics. For more info on spheres, see Figs.2.7, 2.8, and
Exercise 2.6.14.
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(a) A geodesic with zero curvature

(b) A geodesic with small curvature

(c) A geodesic with some curvature less than #

(d) A geodesic some curvature equal to % It joins points that can be connected with infinitely
many geodesics.

Fig. 2.5 Geodesics within the unit sphere in the sub-Riemannian Heisenberg geometry
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These curves are defined for ¢ € [0, |2k—”|] and have a length o

these curves degenerate into lines:

f 2z

TR When k = 0,

y1(t) = —tsin6
yo(t) =tcosb
() =0

Indeed, lines passing through the origin in the xy-plane are geodesics.

We have identified all length-minimizing curves in the sub-Riemannian Heisen-
berg group. This characterization of the geodesics leads to several interesting
conclusions:

1. If a point (x, y,z) € R3 lies on the z-axis, i.e., (x,y) = (0,0), then there
exist infinitely many length-minimizing curves between this point and the origin
(0,0, 0). In fact, these curves form a one-parameter family and are the lifts of
circles with area z, all containing the point (0, 0).

2. If (x,y) # (0,0), then there exists a unique length-minimizing curve from
(x,y,z2) to (0,0,0). This curve is the lift of a circular arc enclosing area z
together with the segment connecting (0, 0) to (x, y). Please refer to Fig. 2.6
for a visual representation.

Since the distance d. is left-invariant and also Z = 9, is left-invariant, we get
that for all p, ¢ € R? there exist infinitely many length-minimizing curves between
p and ¢ if and only if w(p) = 7(q), i.e., the points lie on the same vertical line.
Conversely, if 7(p) # m(g), then there is only a single length-minimizing curve
between them (Fig. 2.7).

We deduce that this sub-Riemannian geometry differs fundamentally from Rie-
mannian geometry. Although all metric balls and metric spheres in the Heisenberg

(x,y)
(xy) ©0.0)
(0,0

(a) Case of z > 0. (b) Case of z < 0.

Fig. 2.6 Projections of minimizing curves from (0, 0, 0) to (x, y, z) in the Heisenberg model.
When the third coordinate z is positive, the curve follows a circle counterclockwise. If z is negative,
it follows clockwise. In both cases, the area enclosed by the curve and the circle equals |z|
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(a) The unit sphere has a singularity at the intersection with the z-axis.

(b) The portion of the unit sphere in the half-space {y > 0}.

-0 -0 os Yo
-0.05]
510]
~0.15] e

(c) A section of the sphere as intersection with the xz-plane.

Fig. 2.7 Balls in the sub-Riemannian Heisenberg group are not smooth surfaces. At the two
“poles” the sphere is not C!; there is no cusp, but there is a corner. For a parametrization, see
Exercise 2.6.14

group remain topological balls and spheres, respectively (see Exercise 2.6.14), this
geometry is not Riemannian and, furthermore, it cannot be bi-Lipschitz equivalent
to any Riemannian geometry, as it will be shown in Corollary 2.4.5.

2.4.2 Dilations on the Heisenberg Group

For every A € R, we define the map

8: R — R3

2.16
(x,y,2) —> (Ax, Ay, A%2). (2.16)
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Notice the squared A in the third component. For A = 0, such a map is constantly
equal to the origin 0 := (0, 0, 0), which is the identity element for the group law
(2.9).

Lemma 2.4.2 The dilations (2.16) on the Heisenberg group satisfy the following
properties: Forall A, n € Rand all p, g € R3:

2420 & (p-q)=38.(p)-8,(q);

2.4.20i. 8 08, =8y

2.4.2.iii. 8, is a Lie group isomorphism with inverse 5%, ifr#0;
2.4.2.v. dec(8.(). 81(q)) = |Mldec(p. q), where dee is defined in (2.14).

Proof of 2.4.2.i From the group law (2.9), we have:
1
0lp-@) =8 Ptarp2ta2pstast 5 (192 — p2q1)

1
= ()»pl + Aq1, Ap2 + Aqa, A p3 + A2q3 + 5 Opiigs = /\pzM1)>

= (Ap1, Ap2, X2 p3) - (Aq1, Aq2, A2q3)
= 8(p) - 8x(q).

O
Proof of 2.4.2.ii This is obvious from the definition (2.16):
(81 08,)(x, y,2) = 81(ux, py, 12)
= (Apx, Ay, A p’z)
= (kpx, kpy, (h)*2)
= Gppulx, y,2).
O

Proof of 2.4.2.iii From the previous points, we conclude that each §, is a group
homomorphism and (8;)~! = 81, if A # 0. Moreover, it is evident that each map is
A

smooth. O

Proof of 2.4.2.iv Regarding the last point, we shall give three methods of proof for
educational reasons.

Method 1:  We claim that the map §,, is such that (5, )« X = AX and (§,).Y =AY,
where X, Y are the vector fields defining the subbundle A. (This last statement
is suggested as an exercise.) Hence, the map §, preserves horizontal curves and
multiplies their length by A.
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Method 2: By the left-invariance of d.. and by (2.4.2.ii), we have

dec(81.(p), 81(@)) = dec((81(p)) ™"+ 81(q), 0) = dec(82(p~'q), 0).

Hence, it is enough to show that
dec(82.(p), 0) = Adec(p. 0). (2.17)

Let y be a length-minimizing curve from 0 to an arbitrary p. Recall that we have
an explicit formula for such curves. An easy calculation (see Exercise 2.6.11)
shows that §; o y is still of the same form, up to a linear reparametrization by A.
Hence, its length got multiplied by the factor A.

Method 3:  Reasoning as at the beginning of Method 2, proving (2.17) is enough.
Take a horizontal curve y = (x, y, z) from 0 to p. Notice that the linear map

of R? represented by the matrix |:g g] multiplies length by A and area by A2

Therefore, the curve (Ax, Ay) spans areas that are A2 times the areas of (x, y) and
has length X times the length of (x, y). Thus the curve (Ax, Ay, A27) is horizontal
and has length AL (y). Hence d.. (5, (p), 0) < Ad.c.(p, 0).

We conclude by arguing similarly with each curve o joining 6, (p) to 0 and
considering the curve § 100.

O

As a consequence of Lemma 2.4.2, we have the following properties for the
metric balls in the Heisenberg group.

Corollary 2.4.3 In the sub-Riemannian Heisenberg group, we have

24.3.i.  Bg,(0,r) = 8:(B.(0,1));
2.4.3.0i. By (p,r) = Lp(8(By. (0, 1))),

for all points p and all radii r.
In other words, we deduce that that if By, (0, r) is the ball of center 0 and radius
r, then

(., 2) € By ((0,1) <= (rx,ry,r*z) € By (0, 7). (2.18)

Notice that we did not use the homogeneous dilation v + rv; the third coordinate
has been multiplied by r2. Thus, such a map (x, y, z) — (rx, ry, r2z) multiplies
the volume by a factor of r#, and not > as the usual Euclidean dilation of factor r
does!

We can now deduce the growth of the balls in the Heisenberg geometry.

Corollary 2.4.4 Let vol be the 3D Lebesgue volume in R3. The Heisenberg sub-
Riemannian distance d.. satisfies

vol(By,. (p, ) = r* vol(By, (0, 1)), VpeR3, vr>0. (2.19)
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Proof From (2.18), we know that vol(B(0,r)) = r*vol(B(0, 1)). Now, we can
conclude the proof using the fact that left translations (2.10) in the Heisenberg
group are isometries, and they preserve the volume. This last fact can be verified
by noticing that the determinant of the differential of a left translation is 1, as seen
100
in (2.11). Namely, every left translation L is such that dL, = | % 1 0 |, and thus
* % 1
A00
Jac(Lp) = det(dL,) = 1. Notice that Jac(§)) = det(dsy) =det |OA O | = P
00 22
Then

vol(B(p, r)) = vol(L ,(B(0, ))) = vol(B(0, ))
= vol(8,(B(0, 1)) = r* vol(B(0, 1),

where we used Corollary 2.4.3. O

2.4.2.1 The Dimension of the Heisenberg Group

The following theorem will demonstrate that the sub-Riemannian Heisenberg group
is not locally bi-Lipschitz equivalent to any Riemannian manifold. For the notions
of bi-Lipschitz and Hausdorff dimension, please refer to Sect. 3.1.

Corollary 2.4.5 The sub-Riemannian Heisenberg group endowed with the stan-
dard Carnot-Carathéodory distance has topological dimension equal to 3, but
Hausdorff dimension equal to 4. In particular, locally, this metric space is not bi-
Lipschitz equivalent to the Euclidean space.

Proof The Carnot-Carathéodory distance makes the Heisenberg group homeomor-
phic to the vector space R3, which has topological dimension 3. From the general
metric geometry theory, which we will review in Sect. 3.1.6, it is sufficient to prove
the existence of positive constants k; and k such that the minimal number N, of
balls of radius €, with € € (0, 1), needed to cover the unit ball satisfies:

kie ™ < N¢ < koe ™. (2.20)
For the lower bound, consider By, ..., By, as such balls. Using (2.19), we have:

Ne
vol(B(0, 1)) < ) vol(B;) = Nee* vol(B(0, 1)).
j=1
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Fig. 2.8 Balls of different sizes in the Heisenberg geometry. All the balls are with the origin as
the center. From the left, these are the balls of radius 2, 1, 1/2, 1/4

For the upper bound, let xq,...,xy be a maximal set (which exists by Zorn’s
Lemma) of points in the unit ball such that the distance between each pair is at
least €. Hence, the balls B(x, €/2), ..., B(xy, €/2) are disjoint balls of radius €/2
contained in the ball of radius 1 4+ €/2. Then from (2.19) we infer:

(1 + €/2)*vol(B(0, 1)) = vol(B(0, 1 + €/2))
N

> Y vol(B(x),€/2)
j=1

=N (%)4VOI(B(O, ).

Therefore, using that € < 1, we get:

64
6> (1+¢€/2)*>N—.
16
Now, since the set {x,}; is maximal, the balls B(x, €), which have the same centers
but radius €, make up a cover of the unit ball. Thus, we conclude:

Ne < N <964,
Hence, both bounds in (2.20) are proven.

The Hausdorff dimension is a bi-Lipschitz invariant. Therefore, the Heisenberg
group is not bi-Lipschitz equivalent to the Euclidean 3-space. O
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2.4.2.2 A Ball-Box Theorem

In this section, we provide an elementary explanation of why the balls in the
sub-Riemannian Heisenberg geometry behave like boxes with anisotropic sides.
Specifically, let us define:

Box(r) :=[—r,r] X [—r, 7] X [—r2, r2] C R3. 2.21)

Proposition 2.4.6 [n the sub-Riemannian Heisenberg group (in the standard coor-
dinates as above), the balls at the origin satisfy

Box(cir)) C Bec(1,r) C Box(car)), (2.22)

for some universal constants c1, ¢y > 0 and for all r > 0.

Proof In the following argument, we do not aim to find the best possible choices for
c1 and ¢3. Moreover, using the dilations §, from the previous section, one can prove
the result for the unit ball and then dilate to obtain the general case. The existence of
the two boxes (inside and outside) comes from the fact that the unit ball is a bounded
open set. Nonetheless, we provide a direct proof without relying on the solution of
the isoperimetric problem.
First, observe that for all (x, y,z) € Bc.(1,7) we have |x|, |y| < r since the
length of a horizontal curve is equal to its projection on the xy-plane, so effectively
[[(x, )| < r. Moreover, we claim that we have an upper bound on z as a function
of r. Indeed, we should bound the oriented area enclosed by a curve of length r.
We stress that the curve is not closed, and the area is a signed area. In other words,
the coordinate z(¢) satisfies (2.2). Hence, for the considered curve (which we might
think is parametrized on the interval [0, r] at unit speed, so that y, x < 1), we bound

"1 "1 "1
lz(r)] = ‘/ E(xj)—yfc) S/ E(lely'l-i-lyllil) 5/ 5(71+r1) =r.
0 0 0

We then get
Bee(1,7) C [=r, 7] x [—r, 7] x [—r%, F?], Vr > 0.

Second, to show that the r-ball contains a specific box, we claim that

r r r r r2 r2
[_5, 5] x [_5, 3] | =100 105 | € Bee(lor)e ¥r >0, (2.23)

Indeed, take a point (x, y, z) such that |x|, |y| < r/3 and |z] < r2/100. Then,
construct the following planar curve: start from (0, 0) and follow a square of area
z (clockwise if z < 0, counterclockwise otherwise), then follow the segment from
(0, 0) to (x, y). This curve encloses area z, so its lift is an admissible curve reaching
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(x, ¥, z). The length of the curve is four times the side length of the square plus
the length of the segment. The square has area at most %, so its side length is

V2r

at most 75. The segment has a length of at most ~3*. From these bounds, we
have 4% + Q < r. Therefore the point (x, y, z) is inside the r-ball, confirming

(2.23). ) O

2.5 Supplementary Material

2.5.1 Dido’s Problem: A Proof of the Isoperimetric Problem

To better understand how, in Sect. 2.4.1, we obtained formulas for the geodesics in
the sub-Riemannian Heisenberg group, we discuss in this section the solutions of
the isoperimetric problem. We then solve Dido’s problem. The proof will be done
under the nontrivial assumption that the minimizers of the problems are curves that
are smooth enough. For the general case, we refer the reader to [Mor88, Magl2].

We shall use the formalism of Calculus of Variations to prove that each of the
shortest closed curves in the plane that encloses a fixed amount of area is a circle.
We will not need to show any preliminary on the curve, such as the fact that it is
locally a graph or that the enclosed domain is convex. We prove that the only critical
points of the variational integral functional

L(0) := Length(o),
subjected to the bond
A(o) := Area enclosed by 0 = Ag, for some Ag > 0,
are circles. However, we shall assume that such a o is a C! curve with Lipschitz
derivative.
2.5.1.1 Variation of Length

A necessary condition for o being a critical point is the vanishing of the first
variation of £. Leto : [0,1] — R2bea Lipschitz curve with coordinates (o1, 02).

Its length is given by
[
L(o) = / JOr®) + 630 dte.
0

The fact that o is critical with respect to a variation % is expressed in Calculus of
Variations as follows.
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Definition 2.5.1 Given a Lipschitz curve o : [0,/] — R2, a variation on the
interval [0, [] is a smooth curve & : [0,1] — R? with h(0) = h(l) = 0, and we
define the associated variation of length as

d
8L(o,h) == —L(oc +¢€h)
de =0
We say that a o is critical in the direction of h if §L(o, h) = 0.

Let us calculate the variation § L of length in the case when o is parametrized by
arc length. So |6| = 1 and / = Length(o'). The variation in this case is

d
8L(o, h) = EL(G + €h)

e=0

1
= %/0 \/(61(0‘{‘6}}1(0)24—(62(t)+6h2(t))2dt

e=0

1
= / % (c‘n ()% + 261 (1Oh1 (1) + €2h1(1)? + 62(1)*
0

+2€62()ha (1) + e%(zf)m dt
M. Y. ., -
=/0 §<261(l)h1(t)+26h1(t) +202(t)h2(t)+26h2(t))
.<&1 ()2 + 2661 (R (1) + €271 (1) + 6(1)>
12e65(1)ha (1) + ezhz(t)2>l/2 dr
e=0

_ /1 &1(0)h1 () 4 62(0)ha (1) dr
0 G1(1)2 + 62(1)2
l /4 A

:/ (6@, h) 4,
0 lo ()]

1
= / (&), h(n))dr.
0
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We conclude the following:

Lemma 2.5.2 Let o : [0,1] — R? be a planar curve parametrized by arc length.
For every variation h, we have

1
§L(o, h) =/ (6, h)dt.
0

2.5.1.2 Area Functional and Its Variation

Because of Stokes’ Theorem, the area enclosed by a Lipschitz curve o can be
computed by the formula

1 l
A) = 5 /O 61(162(1) — 32(1)61 (1) d .

For convenience of notation, we use the cross product on R2, that is, the real number

0 V] wi

vxwzzvlwz—w1v2=< 0f.|va|x|w > for v = (v1, v2), w = (wy, wy) € R%.
1 0 0

We have linearity in v and w and w x v = —v x w. The area enclosed by o is

1 I
.?’I(o):z/o o x odt.

Let & be a variation on [0, /]. The new area is

1
Ao +h) = %/ (0 +h)x (6 +h)dt
0

1 [! . .
:E/de—l—oxh—i—hxd—i—hxhdt
0
1 P YL , :
:ﬂ(a)—i—ihxalo—i—i —0xXh+hxo+hxhdt
0

1 1 1 .
:ﬂ(o)+[hxddt+—/hxhdt.
0 2 Jo
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We deduce that a variation 4 is area-preserving for a curve o if and only if
! . hxh
hxo+ dt =0.
0 2

We need a weaker notion than area preservation. We require A(o + €h) = A(o) +
o(e), ase — 0.

Definition 2.5.3 We say that a variation & infinitesimally preserves the area of a
curve o if

=0.

d
—A(o + €h)
de =0

By the above calculation, a variation 4 infinitesimally preserves the area if and only

if
1
=/ h xodt.
e=0 0

Proposition 2.5.4 Let o : [0, 1] — R? be a curve parametrized by arc length. If o
is a critical curve for the length functional under an area constraint, then o has zero
first variation of length with respect to all infinitesimally area-preserving variations.
In particular,

! eh x eh

0 €h x 6 + dr

1
/(d,h)dt:O,
0

forallh :[0,1] — R2 with h(0) = h(l) = 0 and

!
/hxédt:O.
0

Proof Seta. := A(c +¢€h), which we may assume positive. Since / infinitesimally

= 0. Consider the curves

d
preserves the area, we have d—aE

€ e=0

Oc = /a—o(a + €h).
Ae
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Then oy = o and the area enclosed by o, is independent of €. Since o is critical

d
for the length functional under the area constraint, we have that d—L(ae) =0.
€ 0
Therefore, ‘
d
0= —L(oc)
de =0
d Ja
= — |22 +eh)
de 'V ac =0
d J[ag

d
l L)+ |2 L r6 +eh)
de e |e—0 ao de

1 _ d
= —E\/a_()aE 3/2 &de

e=0

L(o)+1-8L(o,h)
=0

€
l .
=0+/ (¢, hydt,
0

where we used Lemma 2.5.2. m|

2.5.1.3 Conclusion

Proposition 2.5.5 Ifo isa C"! closed curve in the plane that is one of the shortest
among all Lipschitz curves that enclose the same amount of area, then o is a circle.

Proof Assume, without loss of generality, that o has unit speed. Let ¢ : [0,[] —
R be a C*° function with ¢(0) = ¢(I) = 0 and fé ¢(t)dt = 0. Take h(t) :=
¢ (t)(62(t), —a1(t)), which, since o is chlis Lipschitz. Such an /4 is an admissible
variation since clearly #(0) = h(l) = 0 and also

1 l
Ahxddf:ﬁ¢@ﬂ®mﬁﬁMDX@Nl®U»m
l
:/0 (1) (62()* + 61(1)*) dt

l
=f¢mw%t
0

l
=/¢(t)-1dt
0

l
=/ (1) dt = 0.
0
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Then, since h(t) = H(1)(62(1), =61(1)) + P (1) (G2(1), =51 (1)), the vanishing of the
first variation of length becomes

1
0=/ (6, h)dt
0

l

=/O ((61,62), p(1)(62(t), =61(1) + P (1)(52(1), =61 (1)) d t
!

=/O $(1) (61, 62), (62(1), =61(1)) + $ (1) (61, 62), (B2(1), =61 (1)) d1
!

2/0 $(1)(61(1)62(1) — 62(1)61 (1)) + ¢ (1)(61(1)F2(1) — 62(1)G1 (1)) d 1

!
= /0 ¢ (1) (01(1)62(t) — 62(1)61 (1)) d1t.

The conclusion is that the function « (¢) := &1(¢)52(t) — 62(¢)5(¢), which is in fact
the curvature of the curve o, is such that

l
/ ¢ ()i (t)dt =0 forall ¢ € C*°(]0, []) such that
0

1
$(0) = $(1) and / sy dr = 0.
0

By the (second) Fundamental Lemma of Calculus of Variations (due to DuBois
and Reymond), we deduce that « is constant. The only planar curves of constant
curvature are circles (and lines). O

The assumption that the curve is C!>! can be dropped, but the proof of the result
would not be as brief. We refer to other texts for the more general result. For
example, a complete proof, based on Poincaré-Wirtinger inequality, can be found
in [Oss78, pp. 1183-1185]. The following general statement of the isoperimetric
solution is for curves that are absolutely continuous.

Theorem 2.5.6 (Isoperimetric Solution) If o is an absolutely continuous closed
curve in the plane that is one of the shortest among all absolutely continuous curves
that enclose the same amount of area, then o is a parametrization of a circle.

From the solution of the isoperimetric problem, Dido’s problem has an immedi-
ate solution.

Theorem 2.5.7 (Dido’s Solution) Given two points p and q on the plane and a
value A > 0, the shortest curve from p to q that, together with the segment from p
to q, encloses area A is an arc of a circle.
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Proof Assume by contradiction that there is a shortest curve ¢ that is not an arc
of a circle. Let y be an arc of a circle joining the points and enclosing area A.
(Notice that such an arc is unique). Let y be the circle of which y is an arc. Let 7
be the complementary arc of y, i.e., y followed by y is y. Observe that the curve &
obtained following y after o is such that

A6) = ARD) and L©6) < L&).

Hence, we get a contradiction with Theorem 2.5.6. O

2.6 Exercises

In this book, exercises are presented as statements, which the reader should prove.
Several exercises contain hints or solutions, which the reader is encouraged not to
read immediately. Most exercises do not require extensive calculations but rather a
good understanding and application of the theory. Some harder exercises are marked

with the symbol .

Some of the exercises in this chapter require a basic understanding of differential
geometry, ranging from calculus to Lie group theory. Novice readers could choose
to skip some of these exercises and return to them after having read the relevant
material in Chaps. 3 and 5.

Exercise 2.6.1 (Dido’s Solution) The maximal area enclosed by a curve of length
[ on the plane together with a fixed line is % and it is only obtained as a half disk.

1
Exercise 2.6.2 The differential forms vol := dx A dy and o := z(xdy — ydx) in

R? have the following properties:
2.6.24. d(a) = vol;

1
2.6.2.ii. In polar coordinate (r, ), we have o = Erz deé;
2.6.2.iii. If L is a line through the origin, then the line integral || L aisO.
Exercise 2.6.3 Lett € [0, 1] — o(t) = (x(¢), y(¢)) € RZ be a Lipschitz curve on

the plane. Let oy ;] be the arc restricted to the interval [0, 7]. Let f : R?2 > Rbea
smooth function. Then,

d d

— fx,y)dx | = f(x(@), y()) —x(t), for almost every ¢ € [0, 1],
dr \ Joyo. dr

where fg[o.[] f(x,y)dx denotes the line integral of a one-form along a curve.

Exercise 2.6.4 We have the relations [X, Y] = Z and [X, Z] = [Y, Z] = 0 in the
following cases: (a) for the vector fields in (2.6); (b) for the matrices (2.13).
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Exercise 2.6.5 The inverse of an element (x,y,z), with respect to the group
structure given by (2.9), is (—x, —y, —z2).

Exercise 2.6.6 In the group structure on R3 given by (2.9), the lines r € R —>
yu(t) = (tvy, tvy, tv3) are one-parameter subgroups.

Exercise 2.6.7 The left translations and the right translations for the group structure
given by (2.9) have a Jacobian determinant equal to 1. Consequently, they preserve
the Lebesgue measure in R3.

Exercise 2.6.8 Let L be a line through 0 in the xy-plane of R3. Then, the curve L
is a geodesic with respect to the contact distance d, defined in (2.7).

Exercise 2.6.9 Consider the map

1

lxz—i—zxy
¢y, |1 y
00 1

from R? with the product (2.9) to the space of 3 x 3 upper-triangular matrices with
the usual matrix product. Then

(a) the map is a Lie group isomorphism;

(b) the map sends the standard basis X, Y, and Z (defined in (2.6)) of the first Lie
algebra to the standard basis X, Y, and Z (defined in (2.13)) of the second Lie
algebra.

Exercise 2.6.10 On the vertical z-axis, the distance d,. defined in (2.7) is a multiple
of the square root of the Euclidean one. Find this multiple.

Exercise 2.6.11 Each map §, as in (2.16) sends geodesics of the Heisenberg group
to reparametrized geodesics.

Solution. If (y1, y2, y3) is a geodesic arc of length 1 starting from the origin, then it
is of the form (2.15) for some k € R with 2 /|k| > 1, and the parameter ¢ of (2.15)
ranges from O to 1. Now, consider the curve (ryy, rys, r2y3) which is

ry1(0), rya(t), P y3(1))
. (cos O (cos(kt) — 1) — sin @ sin(kt)

’

k/r
sinf(cos(kt) — 1) + cos 6 sin(kt)
k/r ’
kt — sin(kt)

2/1)2 ) , fort e]0,1].
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This curve is a geodesic, albeit not parametrized by arc length but by a multiple of
it, specifically . Consequently, its length is .

Exercise 2.6.12 We have Corollary 2.4.3, from Lemma 2.4.2.
Exercise 2.6.13 The map

2
D {(Q,k,t) L0 eR/2nZ, k€R, 1 € (o, %)} N 112{3\({0}2 xR)
given by
OO, k1) (cos O(cos(kt) — 1) — sin @ sin(kt) ’
k
sin@(cos(kt) — 1) + cos 6 sin(kt) kt — sin(kt)
k ’ 2k2

is a homeomorphism.

Exercise 2.6.14
(1) Let ® be the map defined in Exercise 2.6.13. The unit ball in the Heisenberg
geometry is given by

B(0,1) = (®O,k, 1) : 0 e R/27Z, k e R, t € (0, 1)}
= (DO, k, 1) : 0 e R/2xZ, k € [-27, 27], ¢ € (0, D)},

and the unit sphere is
S0,1) ={P@O,k,1) : 6 e R/2xZ, k € [-2m, 27 ]}.

(ii) All the metric balls and metric spheres in the sub-Riemannian Heisenberg group
are topological balls and topological spheres, respectively; see Figs. 2.5, 2.7, 2.8.

Exercise 2.6.15 (Pansu sphere) In the standard coordinates of the Heisenberg
group, let Sp be the set of all the supports of the sub-Riemannian geodesics between
(0,0, 1) and (0, 0, —1), called poles; see Fig. 2.9. Then this set Sp, called Pansu
sphere, is a surface that is C? diffeomorphic to the round sphere. Moreover, it is
C* away from the poles.
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(a) The so-called Pansu sphere is C* outside of the poles, and C? around them. In the
above picture, the z-axis has been rescaled for aesthetics

(b) Another picture of the Pansu sphere with (c) The Pansu sphere is obtained by rotating a
its true axis. complete geodesic around the z-axis.

Fig. 2.9 The (conjectured) isoperimetric sphere in the sub-Riemannian Heisenberg geometry
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Chapter 3 m)
A Review of Metric and Differential Creck o
Geometry

Metric and differential geometry are the main tools for studying sub-Riemannian
geometries. Metric geometry provides the foundation for understanding distances,
geodesics, and intrinsic geometric properties in sub-Riemannian manifolds, includ-
ing the broader context of Carnot-Carathéodory spaces. Differential geometry is
central and indispensable in sub-Riemannian geometry. It provides the mathematical
framework for studying fundamental geometric objects such as tangent bundles
and vector fields. It allows for analyzing the geometric interpretation of the sub-
Riemannian distance as the minimization of a cost functional. This geometric cost
functional can be viewed in metric and differential geometry as a length functional
defined on curves. To provide a clearer understanding of the setting and terminology,
it is essential to have an overview of these key concepts. While there are several
excellent books, such as [Fed69, Gro99, AFP00, HeiO1, BBIO1, AT04], that offer
clear and detailed expositions of the material, this discussion aims to provide some
insights for non-experts.

3.1 Metric Geometry: Lengths, Geodesic Spaces, and
Hausdorff Measures

3.1.1 Metric Spaces

Let M be a set. A function

d:Mx M — [0, +0c0] (3.1

© The Author(s) 2025 55
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is called a distance function (or just a distance, or a metric) on M if, forall x, y, z €
M, it satisfies

(3.11) positiveness: d(x,y) =0 < x =y,
3.1.i1)  symmetry: d(x,y) = d(y, x),
(3.1.iii)  triangle inequality: d(x,y) < d(x,z) +d(z, y).

The pair (M, d) is called metric space. If it is clear what metric we are considering
or do not want to specify the notation for the distance, we shall write just M as an
abbreviation for (M, d). We will use the term ‘metric’ as a synonym of distance
function, and never as a shortening of ‘Riemannian metric’, which will be revised
in Sect. 3.2.3.

Every metric space (M, d) has a natural topology which is generated by the open
balls

B(p,r)y:={qgeM:d(p,q) <r}, YpeM,Vr > 0.

We also consider distance functions that may have value oco. However, on each
connected component of the metric space, the distance is finite (see Exercise 3.4.1).
For subsets E, F of a metric space (M, d), the distance between the two subsets
is
d(E,F):=infld(p,p) : pe E,q € F}. (3.2)
Whereas, the diameter of E C M is defined as

diam(E) := sup{d(p, p') : p,q € E}. (3.3)

A curve (or path, or trajectory) in a metric space M is a continuous map y :
I — M, where I C R is an interval. The interval / may be open, closed, half open,
bounded, or unbounded. When y is injective, the map might be conflated with its
image y (). We will say that the curve y : [a, b] - M, witha,b € R, is a curve
from p to g (or that joins p to q) if y(a) = p and y(b) = q.

3.1.2 Length of Curves in Metric Spaces

Definition 3.1.1 (Length of a Curve) Let M be a metric space with distance
function d. The length (with respect to d) of a curve y : [a, b] — M is

L(y) := Length,(y)

k
= sup Zd()/(fifl), yt) keNa=thy<tj < - <t = b}.
i=1

(3.4)
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A rectifiable curve is a curve with finite length. Verifying that the length does
not depend on the parametrization is easy, as shown in Exercise 3.4.6. A curve
y : la, b] - M is said to be parametrized by arc length if

Length(y|(s,,,) = It2 — 111, Vti, tr € [a, b].

Every rectifiable curve admits a reparametrization by arc length; see Exercise 3.4.7.
With this parametrization, the curve is a 1-Lipschitz map; see Sect. 3.1.5 for the
classical definition of Lipschitz map.

We shall rephrase the definition of length in terms of partitions. A partition P
of an interval [a, b] is a tuple (t9,t1,...,%) € |a, bI**t! with k € N such that
a=ty<ty <--- <ty =b. We define

k
L(y,P) =) d(yti-1), y @)

i=1
Hence, we have
L(y) =sup{L(y,P) : Pis apartition of [a, b]}.

Next, we recall the lower semicontinuity of length for sequences of curves that
converge pointwise. A sequence of curves y; : [a,b] — M in a metric space M
converges pointwise to a curve y : [a,b] — M in the same metric space (note
that all such curves have the same interval of definition), if, for all r € [a, b],
we have y;(t) — y (). Furthermore, we say that y; converges uniformly to y if
supte[a,b]d(yj(t), y()) — 0,as j — oo.

Theorem 3.1.2 (Semicontinuity of Length) Let y, y|, y»,... be curves in a
metric space defined on the same interval. If y; — y pointwise, then L(y) <
liminf; o L(y;).

Proof We could make the result follow from the fact that for each partition P
the function y — L(y, P) is sequentially continuous (see Exercise 3.4.9) and the
general fact that the supremum of sequentially continuous functions is a sequentially
lower semicontinuous function (see Exercise 3.4.10). A proof of the latter fact is
given by a straightforward adaptation of the following argument.

Let # be a partition of [a, b]. Say P = (1o, t1, ..., tx), forsome k € N. Lete > 0.
Hence, there exists N € N such that, forall j > N, wehave d(y;(#), y(#;)) < €/k,
foralli € {0, 1, ..., k}. By the triangle inequality, for all j > N, we have

d(y(ti-1), y (@) <d(yj(ti-1), y;j(t:)) + 2€/k, Viefl,... k}.

See Fig. 3.1 for a visualization.
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Fig. 3.1 The triangle (1)
inequality in the proof of
Theorem 3.1.2 for bounding
d(y(ti-1), y ()

y(ti-1) ;

Consequently, for all j > N, we have
L(y.P) = L(y;,P) + 2(e/k) - k = L(y;) + 2e.
Taking the liminf as j goes to oo and considering that € is arbitrarily, we obtain

L(y,P) <liminf L(y;).
j—oo

By taking the supremum over all partitions £, we conclude the result. O

To show the existence of length-minimizing curves, we now recall a version of the
Ascoli—-Arzela Compactness Theorem.

Theorem 3.1.3 (Ascoli-Arzela) In compact metric spaces, sequences of curves
with uniformly bounded lengths contain subsequences that converge uniformly, up
to reparameterization.

Proof Let (M, d) be a compact metric space and (y¥,),eN a sequence of curves
in M with uniformly bounded length. Because of the bound on the lengths, the
curves can be reparametrized with uniformly bounded constant speed to be curves
¥ ¢ [0, 1] — M that are uniformly Lipschitz, say L-Lipschitz; see Exercise 3.4.7
and Exercise 3.4.8. The key fact of the argument of Ascoli—Arzela is that the family
F := {yn : n € N} is equi-uniformly continuous (see later) and is equi-uniformly
bounded (in our case, this is trivial since M is bounded, being compact).

Our aim is to show that ¥ is precompact within the space C°([0, 1]; M) equipped
with the uniform convergence, which, when considered with the sup-distance, is
a complete space; see Exercise 3.4.11. It is an exercise in topology [Mun75,
Theorem 45.1] to show that in a complete metric space, a subset is precompact
if and only if it is totally bounded. Namely, by definition of totally bounded, we
need to show that for all € > O there exists a finite set A and, for all A € A, there
exists F, C F such that ¥ = Uy cpF). and diam F;, < ¢, for all A € A, where the
diameter is defined by (3.3).

We start from the fact that, because of the uniform Lipschitz property, the family
F is equi-uniformly continuous, i.e., for every ¢ > 0 there is § > 0 such that if
s —t] < 8, thend(y(t), y(s)) < g, forall y € F. In our case, it is enough to take
6 := ¢/L. Given this § = §,, cover [0, 1] with k. intervals of radius § and center



3.1 Metric Geometry 59

x; € [0, 1], that is, [0, 1] C Ufszl B(x;, §). In addition, since M is compact, there
exists h, € N and points py, ..., pp, € M such that

he
M c | JB(pi.e).

i=1
Next, given such k. and h., we define
A= {l ke > {1 e}
This set is finite, having hlgg elements. We will use it as index-set. For A € A, define
Fr={y €F :dyx), priy) <& Vie{l,... . k}},

which is the set of those curves for which the centers of the intervals get mapped
into the balls according to A. Clearly, we have F = U)\e A T, for how we choose
the points p;. We need to bound the diameter of 7. Pick «, 8 € ¥, and consider
their distance, given by the sup-norm. For each ¢ € [0, 1] take i so thatr € B(x;, ).
Then

d(a(t), B(1)) < d(a(), a(x;)) +d(a(x;), pre)) +d(pii), B&x:)) +d(B(x), B(t))

< 4e,

where we used the equi-uniform continuity of «, 8 and that o, 8 € F,. Therefore,
the family ¥ is precompact. O

The above argument actually proves various more general statements; see, for
example, Exercise 3.4.12. The following result is an essential consequence of
Ascoli—Arzela Theorem 3.1.3.

Proposition 3.1.4 (Existence of Shortest Paths) Let M be a compact metric
space. For all p,q € M that a curve can join, there exists a curve y from p to
q such that

L(y) =inf{L(o) : o curve from p to q}. 3.5)

Proof Set L as the right-hand side of (3.5). If L = oo, then there is nothing to
prove since we can take any curve y joining p to g. We next assume that L < oo.
Let y; curves from p to g with L(y;) — L. By Ascoli-Arzela Theorem 3.1.3, up to
passing to a subsequence, we may assume that y; converges (uniformly and, hence,
pointwise) to a curve y joining p to g. By semicontinuity of length (Theorem 3.1.2),
we get L(y) < liminf;_, L(y;) = L. Hence, we conclude that L(y) = L. O
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3.1.3 Length Spaces, Intrinsic Metrics, and Geodesic Spaces

If a metric space (M, d) has the property that, for all p, g € M, the value d(p, q) is
finite and

d(p, q) = inf{Length,(y) : y curve from p to g}, (3.6)

then (M, d) is called length space (or path metric space) and d is called an intrinsic
metric (or path distance, or length distance). Notice that we have chosen to require
intrinsic metrics to be finite, although this decision may not be shared by all authors
in the field.

If a metric space (M, d) is such that, for all p,q € M, there exists a curve y
from p to g with the property that d(p, g) = Length,(y), then (M, d) is called
geodesic space, d is called a geodesic metric, and every such y is called a length-
minimizing curve joining p to g. Length-minimizing curves are also called length
minimizers. Some authors use the term ‘geodesic’ to denote length minimizers or
curves that are locally length-minimizing, in agreement with Riemannian geometry.
In this text, we will call geodesics those length-minimizing curves that, in addition,
are parametrized by arc length. In other words, a curve y : [a, b] — M is a geodesic
if

dy(s),y@®) =|s —t], Vs,t € [a, b]. 3.7

Every geodesic space is a length space (Exercise 3.4.15). Not all length spaces
are geodesic spaces; one reason can be a lack of completeness, as, for example,
R2\{(0, 0)}. As we will recall shortly, this is the only obstruction for locally compact
spaces. Recall that a topological space is called locally compact if every point of the
space has a local basis of compact neighborhoods. For other topological notions, we
refer to any standard book in topology, such as [Mun75], and we suggest playing
with the database of topological counterexamples: http://topology.jdabbs.com.

We prefer to assume the following stronger property, which gives compactness
at every scale.

Definition 3.1.5 (Boundedly Compact) A metric space is said to be boundedly
compact (or proper) if its bounded subsets are precompact. Equivalently, a space is
boundedly compact if its closed balls

B(p,r):={qeM:d(p,q) <r}

are compact for all p € M and all r > 0. Equivalently, for every p € M, the
distance function ¢ € M — d(p,q) € R is a proper function, in the sense that
preimages of compact sets are compact.

Proposition 3.1.6 Every boundedly compact length space is a geodesic space.
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Proof Let (M, d) be a boundedly compact length space. Fix p, g € M. Since the
metric d is intrinsic, there is a curve y from p to g with L(y) < d(p, gq) + 1. Notice
that every other curve o from p to ¢ with L(c) < L(y) is inside B(p, d(p, q) +1),
which is compact by assumption. By Proposition 3.1.4, we have the existence of a
shortest path and hence of a geodesic joining p to g since the distance is intrinsic.
0

With a bit more topological arguments, one can prove the following stronger
result. An explicit proof can be found in [BBIOI, Proposition 2.5.22 and Theo-
rem 2.5.23].

Theorem 3.1.7 (Hopf-Rinow-Cohn-Vossen) Ifa length space (M, d) is complete
and locally compact, then (M, d) is boundedly compact and, hence, a geodesic
space.

3.1.4 Length as Integral of Metric Derivative

Throughout the section, we will denote by d the distance function of a metric space
M= (M,d).

Definition 3.1.8 (Metric Derivative) Given a curve y: [a, b] — M in a metric
space, we define the metric derivative of y at the point ¢t € (a, b) as the limit

B d(y(t+h),y())
m ——-
h—0 |h|

’

whenever it exists and, in this case, we denote it by |y| (¢).
The following is the main result in this subsection:

Theorem 3.1.9 For each Lipschitz curve y: [a,b] — M in a metric space, we
have:

3.1.9.i.  The metric derivative |y| exists almost everywhere;
3.1.9.i.  Lengthy(y) = [ |y] (1) dr.

Proof For 3.1.9.i, we start by noticing that by the triangle inequality
ld(y (), y) —d(y @), y)| =d(y(s), y (@), Vs,t €la,b],Vye M, (3.8)

with equality if y = y (). Fix a countable dense set {x,},cN in ¥ ([a, b]) and define

@n(t) :=d(y (1), Xn).
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Consequently, from (3.8) (and its equality when x, — y (¢)), we have

sug l0n(s) — ()] =d(y(s), y(@)). (3.9)

Notice that each ¢, : [a, b] — R is Lipschitz with the same Lipschitz constant as
y, and therefore differentiable almost everywhere and absolutely continuous, by the
one-dimensional version of Rademacher Theorem; see [Fol99, Section 3.5]. Let

m(t) 1= sup|@, ()]

We claim that
[y (t) = m(t), for almost all 7. (3.10)

For a first inequality, note that for each point ¢ of differentiability for ¢,, we have
from (3.9) that

def |9t +h) = @a(D)] G

e Ay +h).y(©)
9l (1) = lim 4

< liminf
|h| h—0 |h|

Hence

dy(t+h),y@))

m(t) < liminf
h—0 |h|

Regarding the other inequality, using the Fundamental Theorem of Calculus, we
have for s < ¢ that

d(y (), y() "2 sup lga(t) — ¢u(s)]

t
/ ¢p(r)dr

t
Sup/ lgn ()] dr
n s

= sup
n

IA

IA

t
/ m(t)dr. G.11)

Let us argue why the integral of m is finite. It is because the derivative of each ¢, is
bounded from above by the Lipschitz constant of ¢,, which in turn is bounded from
above by the one of y. From Lebesgue’s Differentiation Theorem, [Fol99, p.98], at
each Lebesgue point ¢ for m we have that

: dy(t+h),y@®) G1b .
limsuyp —— = < limsup

=< =m(t).
h—0 |k h—0

1 t+h
;A / m(t)drt
t
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So (3.10) holds, and in particular |y| exists almost everywhere. The first part of
Theorem 3.1.9 is proven.

Regarding 3.1.9.ii, we first prove one inequality. For every partition
(to, t1, ..., 1y) of [a, b], for some k € N, we have

k @3.11) k li
S a0y =Y [ mwe
i=1 i=1 711
(3.10) o
&l Z/,. e
i=1""=

b
_ / 71 (@) dr.

Taking the supremum over all partitions gives Length(y) < f ab ly| (¢)dt.

Regarding the other inequality, let e > O andn > 2 suchthath := (b—a)/n < ¢.
Wesett; :=a+ihfori € {0,1,...,n};sothat wehavet, =bandb —e < t,,_1.
Then

b—e nzlooy
[ davoyesma =y [ ago.varma
a j=17li-1

hn—1
:/0 Zd(y(r+r,-_1),y(r+ti))dr

i=1

h
5/ Length(y)dr = h Length(y). (3.12)
0

Using Fatou’s lemma [Fol99, p.52]:

b—s¢ b—e¢
/ |y|(z)dtd§f/ limint LY EH DY@ )

h—0t h
Fatou = 1 [b—¢
< hmlnf—/ dly(+h),y@))dt
ot h J,
(3.12)
< Length(y).
Letting ¢ — 0T gives the missing inequality. m

Example 3.1.10 (Finite-Dimensional Normed Spaces) Some first interesting
examples of geodesic metric spaces are given by finite-dimensional normed spaces.
Let (V,|-]) be a finite-dimensional normed space. Equip V with the metric d
induced by ||-||, i.e., d(p,q) = |lp —qll, for all p,q € V. Lety : [a,b] —
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V be a Lipschitz curve (either with respect to the distance d or, equivalently,
with respect to any Euclidean distance). Hence, since V has finite dimension,
by Rademacher’s Theorem, the curve y is differentiable almost everywhere and
absolutely continuous. For every point ¢ of differentiability for y, we have

yt+h) —y@)
h

‘ i D =y Ol

70 I

] = |jin

where |p| (¢) is the metric derivative and y’(z) instead denotes the (classical)
derivative. Consequently, from Theorem 3.1.9 we infer

b
Lengthd(y)=/ ly' @] dr. (3.13)

We deduce that for every two points p, g € V and every rectifiable curve y between
p and g we have

b
lp — qll £ d(p. q) < Lengthy(y) = / |y’ @) de. (3.14)

We stress that with the curve ¢+ € [0, 1] — tp + (1 — t)g, we get equality in
(3.14). In conclusion, we have proved that every finite-dimensional normed space is
a geodesic space with straight lines being length minimizing.

3.1.4.1 Energy Functional

In geometric analysis, it is often more appropriate to consider the energy of curves
rather than their length. The reason is that the energy functional often possesses
better analytic and geometric properties than the length functional. It may be
smoother and more amenable to analysis, allowing for the application of variational
techniques and optimization methods.

Let y : [a,b] — M be a Lipschitz curve in a metric space (M, d). Hence, by
Theorem 3.1.9 its metric derivative |y | exists almost everywhere. The energy of y
(with respect to the distance d) is defined as

1 b
Energy,(y) := 5[ (Iy] ()% dr (3.15)

Contrary to length, energy depends on the parametrization of the curve. However,
we shall now see that parametrizations with constant speed minimize the energy
among all of the reparametrizations of the curve, and in that case, the energy is a
precise function of the length.
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Proposition 3.1.11 Let y : [a,b] — M be a Lipschitz curve in a metric space
(M, d) and p,q € M. Then, the energy satisfies the following properties:

3111

Length,(y) < /2 (b — a) Energy,(y).

3.1.11.ii.  If y is parametrized by a multiple of the arc length, then

Length,(y) = \/2 (b — a) Energy,(v).

3.1.11.iii.

inf{Lengthd(y) .y from p to q}
= inf{,/2 - Energy,(y) : y Lipschitz, on [0, 1] from p to q}.

3.1.11.iv. A curve defined on an interval I, parametrized by a multiple of arc
length, and going from p to q is length-minimizing among curves from p to q if
and only if it is energy-minimizing among curves defined on I going from p to q.

Proof The statements are straightforward consequences of Jensen’s Inequality or
Cauchy-Schwarz inequality. O

Remark 3.1.12 More generally, one can minimize the p-energies. For p € [1, 00),
the p-energy is defined as the L”-norm of the metric derivative, up to possibly a
normalizing multiplicative constant. For p = o0, the oco-energy is the essential
supremum of the metric derivative. The 1-energy is the length, by Theorem 3.1.9.ii.
Because of Holder’s inequality, for p € (1, oo], minimizing the p-energy among
curves parametrized on [0, 1], exactly determines the length-minimizing curves
parametrized by a multiple of arc length.

3.1.5 Isometries, Lipschitz Maps, and Quasi-Isometries

Given two metric spaces (X, dx) and (Y, dy),amap f : X — Y is called Lipschitz
if there exists a real constant K > 0 such that

dy (f(x1), f(x2)) < Kdx(x1, x2), Vi, x2 € X.

Every such value K (or, many times, the smallest value of such K’s) is called a (or
the) Lipschitz constant of the function f. A function is called locally Lipschitz if,
for every x € X, there exists a neighborhood U of x such that f restricted to U is
Lipschitz.
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If there exists a K > 1 with

1
de(m,m) <dy(f(x1), f(x2)) < Kdx(x1, x2), Vxi1,x € X,

then f is called bi-Lipschitz embedding (also written biLipschitz or bilipschitz).
Surjective bi-Lipschitz embeddings are called bi-Lipschitz homeomorphisms (or
bi-Lipschitz maps). Bi-Lipschitz homeomorphisms are the isomorphisms in the
category of Lipschitz maps. To be more explicit about the value of the constant
K, we would say that f is K-bi-Lipschitz. Bi-Lipschitz embeddings are injective
and, in fact, embeddings, i.e., they are homeomorphisms onto their image. We call
1-bi-Lipschitz homeomorphisms isometries; while 1-bi-Lipschitz embeddings are
isometric embeddings.

Two functions «, 8 defined on the same set X are bi-Lipschitz equivalent if there
exists K > 1 such that

%a(x) <Bkx) < Ka(x), Vx € X.

Two important examples of functions for which we will consider bi-Lipschitz
equivalence will be distances and measures. Notice that in particular, two distances
dy, dy on the same set M are bi-Lipschitz equivalent if and only if the identity map
(M, dy) to (M, d>) is bi-Lipschitz.

The notion of bi-Lipschitz map can be further generalized to quasi-isometry. For
the definition of the latter, we first introduce the notion of net. If X, Y C M are
subsets of a metric space M and r > 0, we say that X is an r-net for Y if

YCBX,r):={peM:dp, X) <r}.

Definition 3.1.13 (Quasi-isometry) Suppose (M1, d;) and (M3, d>) are metric
spaces, and f : M1 — M5 is a function (not necessarily continuous). Then f is
called an (L, C)-quasi-isometric embedding, with L > 1 and C > 0, if

1
T d(f0). fM) = C S di(.y) S Ld(f (). f0) +C forall x.ye M.

Moreover, an (L, C)-quasi-isometric embedding is called an (L, C)-quasi-isometry
if f(M)) is a C-net for M;. Two metric spaces M| and M, are called quasi-isometric
if a quasi-isometry exists between them.

3.1.6 Hausdorff Measures and Dimension

A collection .# of subsets of an arbitrary set X is called o-algebra for X if

i 9,X e

k]

bR
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(i) A,Be .F = A\ Be.Z;
(iii) {Antnen CF = U,y An € Z.

If X is a topological space, the smallest o -algebra containing the open sets is
called Borel o-algebra.

Definition 3.1.14 (Measure) A measure on a o-algebra .% is a function u : F —
[0, +00] such that

3.1.14i.  p@®@) = 0;
301440 {An)wen C 7, pairwise disjoint = w(lU, oy An) = Y000 1 (An).

The latter condition is called o -additivity.

Every measure has the property of being countably subadditive on arbitrary
elements of %, i.e.,

{Anknen € F = 1 <U An> <D (A, (3.16)
n=0

neN

see Exercise 3.4.19.

A measure on a topological space is called a Borel measure if p is defined on
the Borel o-algebra. Hence, if p is a Borel measure in a metric space M, then
Ww(Bpy(p,r)) is defined forall p € M and all » > 0.

For the following definition, we use the notion of diameter from (3.3).

Definition 3.1.15 (Hausdorff Measures) Let M be a metric space. Let S C M
be a subset, O € [0, 00), and § > 0. The Q-dimensional Hausdorff 5-content is
defined as

o0 o
HE(S) = inf{Z(diam(Ei))Q LE; €S, diamE; <8, SC| JEi .
i=1 i=1
(3.17)
with the convention that 0° = 1. Notice that the function § 7-{5Q(S) is non-
increasing. The Q-dimensional Hausdorff measure of S is defined as

HI(S) := supHZ(S) = lim HL(S).
§>0 =0t

Each measure H< is an outer measure, as explained in [Fol99], which gives a
measure when restricted to the Borel o -algebra.

Proposition 3.1.16 Let M be a metric space. Then there exists Qq € [0, +00] such
that

HEM)=0 VO > Qp and HZM)=o00 YQ < Q.



68 3 A Review of Metric and Differential Geometry

Proof Set
Qo = inf{Q > 0 : HZ (M) # o0}.

Hence HZ (M) = oo for all O < Q,.

If Qg = oo, then there is nothing else to prove. If Q¢ < oo, then take Q > Qy.
Then there is Q' € [Qyp, Q) with (HQ/(M) =: K < o0. Hence for all § € (0, 1) we
have HZ (M) < K, i.e., there are E; C M with M = |, E;, diam(E;) < & and
> diam(E;)? < K + 1. Notice that

> diam(E)? <5279 " diam(E)? < (K +1)§97.

l
Thus HZ (M) < (K +1)82-2". Since 82-2" — 0as 5 — 0T, we get HE(M) = 0.
O

Definition 3.1.17 (Hausdorff Dimension) The Hausdorff dimension of a metric
space M is denoted by dimy (M) and is equivalently defined as

dimg (M) := inf{Q > 0 : HC(M) = 0}
=inf{Q > 0: HC (M) # o0}
= sup({Q > 0 : H?(M) = oo} U {0}).

The above definitions are equivalent because of Proposition 3.1.16. We notice that
Lipschitz maps increase in a controlled way the Hausdorff measures; see Exer-
cise 3.4.22. Consequently, the Hausdorff dimension is preserved by bi-Lipschitz
homeomorphisms. Next, we observe that on metric spaces on which balls grow as
powers of the radius, the Hausdorff dimension is precisely the exponent of these
powers.

Theorem 3.1.18 Let M be a metric space and | a Borel measure on M. Assume
that there are Q > 0, C > 1, and R > 0 such that

1
ErQ <uwB(p.r)<Ccrl,  V¥peM,VreOR] (3.18)

Then forall p e M

(i) HO(B(p, R)) € (0, 00),

(it) dimg B(p, R) = O,

and, ifin addition M admits a countable cover of balls of radius R, then dimy M =
0.

Proof Fix p € M. We first show that H2(B(p, R)) < oo. Fix r € (0, R) and
let 0 < § < R — r. We claim that we can take a finite maximal family of points
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P1,---» PN € B(p,r) such that d(p;, pj) > & for alli # j. Indeed, such a finite
set of points exists because if py, ..., px € B(p,r) are such that d(p;, pj) > 4,
then the balls B(p;, %) are disjoint and contained in B(p, R), hence

<Y u (B(p,, —)) (U B(pi, 5 ) < u(B(p, R)) < CR?.

Therefore, the integer & has to be bounded, and such a maximal set of points is finite.
Maximality implies that B(pi,d), ..., B(pny,d8) cover B(p,r). Hence, we
bound

=

HEBp.r) < Y (diam(Bp;. 5)°

1 /8\¢
<N@28¢ = 4QCNE (5)

N s
<49cy n (B(Pjs 5))
j=1
< 42Cu(B(p, R)),

where in the second inequality we used that the diameter of a ball is at most twice its
radius. We stress that the last term is finite and independent of §. Finally, for the ball
of radius R, we have H2(B(p, R)) = H2(U,_g B(p, 1) < 42Cu(B(p, R)) <
0o, where we have used that the measure is continuous with respect to the increasing
union of sets; see Exercise 3.4.21.

We then show that H€ (B(p, R)) > 0.Let § € (0, R). To bound from below the
6-Hausdorff content take € > 0 and countably many sets Eq, E>, ... C M such that
diam(E;) < 8, B(p, R) C |, Ei, and

HE(B(p, B) = Y (diam E)C —

Such a cover exists because 7—(Q(B(p, R)) < o0. Take some p; € E;, so E; C
B(pi, diam(E;)) and

(B (pi, diam(E;))) < C diam(E;)2.
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Thus, by the countably subadditivity (3.16) of w, and the inclusions

| B(pi. diam(E) > | J Ei > B(p. R),

L 1

we have
1 .
HE(B(p, R)) = c Z 11(B(p;, diam E;)) — €

(3.16)

> éu (U B (pi, diam(Em) —

> éu(B(p, R) —e

> LRQ — €.

Since € was arbitrary, we get that (H(SQ (B(p, R)) is greater than a positive constant
independent of §.
So (i) is proved, and (ii) is an immediate consequence. By countable subadditiv-
ity (3.16) of the Hausdorff measure, also the last statement of the theorem follows.
O

Remark 3.1.19 The above proof actually shows that the Q-dimensional Hausdorff
measure HE is bi-Lipschitz equivalent to the measure w. In particular, the measure
HO satisfies equation (3.18), with possibly some other choice for the constant C.
We shall rephrase the last theorem using the following definition.

Definition 3.1.20 (Ahlfors Regularity for Measures) A measure @ a on a metric
space that is Borel and for which there are Q € (0, 00), C > 1, and R > 0 such that

1
ErQ <u(B(p,r) <Crl,  V¥peM, Vre(,R], (3.19)

is said to be Ahlfors Q-regular up to scale R.
The following result is a consequence of Theorem 3.1.18.

Corollary 3.1.21 If a metric space supports a measure that is Ahlfors Q-regular
up to scale R, then the Q-dimensional Hausdorff measure HC of the metric space
is Ahlfors Q-regular up to scale R, and the R-balls have Hausdor{f dimension Q.

We come back to considering curves. Using the Hausdorff measure, we rephrase
the notion of length for injective curves.
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Proposition 3.1.22 Ify : I — M is an injective curve in a metric space M, then
H' (y(I)) = Length(y). (3.20)

Proof We shall focus on the case when Length(y) < oo and leave the other case
to the reader; see Exercise 3.4.24. Thus, we reparametrize y : [0, £] — M by arc
length. For proving (3.20), we shall consider one inequality at a time.

For the inequality <, for each 6 > 0 divide the interval [0, £] into n disjoint

intervals Ji, ..., J, of diameter less than §. Since y is parametrized by arc length,
then it is 1-Lipschitz, and therefore, we have diamy (J;) < 6, for j € {1,...,n}.
Hence

Hy(r (0. ) < Y diamy (J;) < Y diam J; = ¢,
Jj=1 j=1

where we have used in the first inequality that (y(J;)); is a admissible cover for
(3.17) and in the second inequality that y is 1-Lipschitz. Taking the limit for § — O,
we infer the desired inequality in (3.20).

For the inequality >, we shall use the general bound

d(y(s), y() < H (y (s, 1]);

see Exercise 3.4.23. In fact, take a partition 7o < #; < ... < # of the interval /.
Then we bound

k k
D Ay i), y) < Y H (v (i1, D) < H (v (D),
i=1 i=1

where in the last inequality we have used that H !is additive and that y is injective.
0

3.1.7 Submetries

Definition 3.1.23 (Submetry) A map w : X — Y between metric spaces is a
submetry if

7(B(p,r)) = B((p),r), Vp e X,Vr > 0. (3.21)

We stress that in (3.21), we consider closed balls. For boundedly compact metric
spaces, it is equivalent to consider open balls; see Exercises 3.4.34 and 3.4.35. Also,
notice that submetries are 1-Lipschitz; see Exercise 3.4.33. In addition, they are
open maps. They are surjective if the distance function on the target is finite-valued.
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X

2
[0,7] 2> v

Fig. 3.2 In the presence of a submetry , each geodesic y in the target space can be lifted to a
geodesic y in the source space. Whereas each geodesic y realizing the distance between fibers
projects to a geodesic y in the target

We can equivalently restate the condition of submetry with the notion of parallel
sets, in the following sense: two subsets A and B of a metric space X are parallel,
if foralla € Aand allb € B, there are a’ € A and b’ € B such that d(A, B) =
d(a,b’) = d(d, b); see Exercise 3.4.38 for other viewpoints. Then,amap 7 : X —
Y is a submetry if and only if its fibers are parallel and the distance in Y is exactly
the distances of the fibers; see Exercises 3.4.37 and 3.4.39.

3.1.7.1 Lifting of Curves via Submetries

Submetries have the property that geodesics in the target space can be lifted to
geodesics in the source space; see the diagram in Fig. 3.2. This lifting property will
be important in Sect. 10.1.1 when we lift curves from the abelianization of nilpotent
simply connected sub-Finsler Lie groups. Recall that a topological space X is called
simply connected if it is path-connected and every loop in X is homotopic to a
constant.

In some settings, this lifting property is equivalent to the submetry property; see
Proposition 3.1.28.

Proposition 3.1.24 Let 7 : X — Y be a submetry between metric spaces. Assume
X to be boundedly compact. Then, for every 1-Lipschitz curve y : [0,T] — Y
and every x € w1 (y(0)), there is a 1-Lipschitz curve y : [0, T] — X such that
y0)=xandmoy = y.

Proof Fix m € N. We define
. 1
Ym0, TN —Z — X
m

as follows. Set ¥, (0) = x. By induction on k € Z N [0, mT], assume that the value
7m (%) has been defined with 7 (7 (£)) = y (£). By the submetry assumption,
we know that

7 (B () )) =B (v (B ) 27 (452),

where the belonging follows from the fact that y is 1-Lipschitz. We therefore define
. (ﬂ) to be any point of B (]7,” (&) , l/m) that maps onto y <k+1) under 7.

m m m
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It follows that 3, is 1-Lipschitz for each m € N. By a standard Ascoli-Arzela
type argument, as in Theorem 3.1.3, a sub-sequence of {y,,} converges as m — oo
to a curve y as desired. O

As an immediate consequence, we can lift geodesics, which are isometric
embeddings of intervals as in (3.7). As in the diagram of Fig. 3.2, every geodesic y
in the base is the projection of a geodesic ¥ on the top.

Corollary 3.1.25 Let w : X — Y be a submetry between metric spaces. Assume
X is boundedly compact. Then for every geodesic y : [0, T] — Y and every x €
77V (y(0)) there exists a geodesic 7 : [0, T] — X such that 7(0) = x and w o =
Y.

Proof We apply Proposition 3.1.24 to such a y in order to get some y : [0, T] — X
with the desired properties: to additionally see that it is a geodesic, we bound

[t —sl=d(y(s),y(®) =d(y(s), y@®) < |t —s], 5,1 €[0,T],

where we used that y is a geodesic and that 7 and y are 1-Lipschitz. O

Remark 3.1.26 Proposition 3.1.24 holds in a bigger generality. In fact, the notion
of submetry generalizes to Lipschitz quotients. One can use Lipschitz quotients to
lift rectifiable curves, as above. This result was first proven in [Bat+99, Lemma 4.4]
and [Joh+00, Lemma 2.2]. Though stated there for R”-targets, the proof works the
same way in the setting above, as was observed in [DK18, Lemma 4.3] and [DK19,
Lemma 3.3], where one can find a proof written in this generality. We also point out
the article [DK20].

By considering the diagram in Fig. 3.2, one shows that each geodesic y realizing
the distance between fibers projects to a geodesic y in the target; see Exercise 3.4.40.
A consequence of such a small argument is the following fact.

Proposition 3.1.27 Let 7 : X1 — X; be a surjective submetry between metric
spaces. If X1 is a geodesic space, then so is X».

Proof Take p,q € X». Pick any p € 7w~ !(p), since 7 is surjective. Because 7 is a
submetry, there is § € 77! (¢) such that d(p, ¢) = d(p, §). Since X is a geodesic
space, there is an isometric embedding y : [0, T] — X with y(0) = p, y(T) = q,
and T = d(p, q). Since both 7 and y are 1-Lipschitz, then so is y := 7 o y, which
is a curve from p to g. We in fact have that y is a geodesic, since d(p, g) < L(y) <
T =L(y)=d(p,q) =d(p,q). O

Proposition 3.1.28 Let 7 : X — Y be a map between geodesic metric spaces.
Assume that

3.1.28.1.  for every curve y in X we have L(w o y) < L(y) and
3.1.28.2.  for every rectifiable curve y : [0, T] — Y and every p € w~'(y(0))
there is a curve y : [0, T] — X such that

3.1.28.2.4.  y(0) = p,
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3.1.282.ii. moy =y, and
3.1.28.2.iii. L(7) = L(y).

Then 1 is a submetry.

Proof We first check that 77 is 1-Lipschitz. Since the space X is assumed geodesic,
for every pi and p; there is a curve y in X joining p; to py such that d(py, p2) =
L(y). Then, since 7 o y joins 7 (p1) to w(p>) and is shorter than y, we have

A0 () < Lo ) 2" L) = d(p1. pa).

Thus, the map 7 is 1-Lipschitz, i.e., n(B(ﬁ, r)) C B(rr(ﬁ), r), forall p € X, and
all 7 > 0. To prove the opposite inclusion, take ¢ € B(w(p), r). Since the space
Y is assumed geodesic, there is a curve y in Y joining 7 (p) to g with L(y) < r.
By 3.1.28.2, there is a curve p : [0, T] — X with the three properties 3.1.28.2.i-iii,
with our choice of p. Then, the endpoint g of y is such that 7(g) = g and

-~ ~ ~. 3.1.28.2.iii
d(p,§) <L) ="

L(y)=<r

Thus g € é(ﬁ,r),_and therefore g € w(B(p,r)). Since ¢ was arbitrary in
B(x(p),r) we infer B(w(p),r) € wn(B(p,r)), forall p € X, and all r > 0.
Altogether, the map 7 satisfies (3.21). O

Proposition 3.1.29 Let 7 : M| — M> be a smooth submetry between smooth
manifolds equipped with admissible distances. If each pair of points in My can be
joined by a C* geodesic (or a piecewise C* geodesic), then the same is valid on M.

Proof Take p,q € M>. As in the previous proof, pick any p € 7~ !(p) and § €
771 (q) such that d(p, g) = d(p, §). Pick a ‘good’ geodesic 7 : [0, T] — G from
p to g, which exists by assumption. Define y := 7w o y. We stress that y connects
p to g and has the same regularity as ¢ since 7 is smooth. Moreover, since 7 is
1-Lipschitz, then y has length at most d(p, ¢q). Therefore, it is a geodesic. O

3.2 Differential Geometry

3.2.1 Vector Fields and Lie Brackets

In this section, we will denote by M a smooth differentiable manifold. We will
not review here the definition of a manifold nor the concept of a smooth map
between manifolds, to which we refer any introductory book, such as [Leel3].
We denote by C*° (M) the space of C* functions from M to R. We shall prefer the
following viewpoint for the space of smooth vector fields on M: A linear function
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X : C®(M) — C*>(M) is a smooth vector field on M if it satisfies the Leibniz
rule:

X(fe)=X(flg+ fX(g), Vf. g € CT(M).

We denote by Vec(M) or by I'(T M) the linear space of smooth vector fields; we
will typically use the letter X, Y, Z to denote elements in Vec(M).

Definition 3.2.1 (Vector Fields in Charts) Let ¢ : U — R" be a coordinate chart
for an n-manifold M. For j € {1, ..., n} we define the j-th coordinate vector field
d; € Vec(U) by

P -1
3;(f)(p) = %(rp(p))
J
d
= L f@ @) +rep)| . VfeCT®WU),VpeU,

t=0
where e; denotes the j-th element of the canonical basis of R".

Given a chart (U, ¢) for M, every vector field X on M restricted to U can be
written using the coordinate vector fields as

n
X:ZXjaj, on U,
=1

for some smooth functions X/ € C*°(U). Namely, we have

n

X(H(p) =Y X (pa;j(/)p),  VfeCOU),V¥pel.

j=1

To also consider tangent vectors and form the tangent bundle of M, we use the
notion of germs of functions: For every p € M, a germ of C* function at p is the
equivalence class of smooth functions from M to R with respect to the equivalence
relation of being equal in some neighborhood of p. We denote by C*°(p) the space
of germs of C*° functions at p. The tangent bundle over M is a set, denoted by T M,
together with amap w : TM — M called (tangent bundle) projection map with the
following property: The fiber space T,M := 7~ 1(p) of the tangent bundle T M is
the linear space formed by all the derivations on the space C°°(p). In other words,
the elements of T), M, called fangent vectors at p, are those R-linear applications
v : C*®(p) — R that satisfy the Leibniz rule: v(fg) = v(f)g + fv(g), for all
f. 8 € C®(p). Therefore, if X is a vector field on M and p is in M, then X,
defined as

Xp(f) = XN, VfeC¥(p),
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gives a tangent vector at p. Hence, vector fields on M are sections of the tangent
bundle 7 M, and moreover, one puts on 7 M the structure of a manifold such that
X € Vec(M) if and only if X : M — T (M) is smooth and 7 o X is the identity on
M . For this reason, we write I'(T M) for Vec(M).

If F: M — N is a smooth map between smooth manifolds and p € M, we shall
denote by dF), : T,M — Tr(p)N its differential, defined as follows. The pull-back
operator u > F;(u) = u o F maps C* (F(p)) into C*(p); thus, forv € T,M
we have that

dFp () (f) = v(F () = v(f o F), Vf e C*(F(p)),

defines an element of Tr(p)N.
Every smooth curve o : I — M gives a derivation at o (¢) for each ¢t € I by

o' (07 = fim TOLTNZTOD) ¢ oy,

If F : M — N is smooth and o is a smooth curve in M, then we have the formula
dF5() (o' (1) = (F o0) (1), (3.22)

where 0'(t) € T,yM and (F o 0)'(t) € Tr(s()) N are the tangent vectors along
the two curves, in M and N, respectively. If f € C°*°(M) and p € M, identifying
Trp)R with R itself, given X € I'(T M), we have

dfp(Xp) = Xp(f)~

For a vector field X € I'(T M), a smooth curve o : (a,b) — M is an integral
curve, or a flow line, of X if

o' (t) = Xo), vt € (a, b).

Forall X e '(TM) and all p € M therearea < 0,b > 0,and o : (a,b) > M
such that o is an integral curve of X and o (0) = p. Moreover, such a ¢ is unique
and has a unique maximal extension. We denote by ¢ > @', (p) the integral curve of
X starting at p. We call ®' (p) the flow from p at time t wzth respect to X. Namely,
we have

¢§’((p) =p.
d t (3.23)

One of the fundamental notions that we will utilize in our study is the Lie bracket
of vector fields. The Lie bracket of vector fields has several equivalent definitions,
and we will employ them all based on the viewpoint that we consider.
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Definition 3.2.2 (Lie Bracket) The Lie bracket of vector fields on a manifold M
is the map

[+, ] : Vec(M) x Vec(M) — Vec(M)

(X,Y)~ [X, Y]
defined with any of the equivalent viewpoints a—d:
3.2.2.a. Viewpoint of derivations: For f € C*(M),
(X, Y](f) = X(Yf) = Y(X]).

3.2.2.b. Viewpoint in coordinates: In local coordinates, if two vector fields are
given by X = Y7_, X% and Y = Y }_, Y*3 for some smooth functions
x! ..., X"andY!, ..., Y", then

n
(X.v1=Y (Xhahy" _ Yhath> .
h,k=1

3.2.2.c. Viewpoint of Lie derivative: For p € M,

d t \—1 .
X, Y1, = (@0 Yo ) =Ly,

1=l

3.2.2.d. Viewpoint of commutation of flows: For p € M,

1 d2
[X,Y], = R (@} 0 @y 0 D} 0 D) (p)
t =0
d _ _
= 2@ 0dy 09y 0 Y ()
t =0t

The Lie bracket induces on Vec(M) an infinite-dimensional Lie algebra structure;
see Definition 5.1.2. Clearly, the push-forward via a diffeomorphism commutes
with the Lie bracket operation; see Exercise 3.4.46. Here, if F : M — N is a
diffeomorphism and X € I'(T M), the push forward vector field F,X € I'(TN) is
defined by the identity (FiX) f(p) := dFp(X)), for p € M. Equivalently,

(FuX)f :=[X(foF)loF !, Vf e C®(N). (3.24)



78 3 A Review of Metric and Differential Geometry
3.2.2 Vector Bundles

A simple example of a vector bundle of rank r over a manifold M is the product
space M x R’ with the projection on the first component 77| : M x R" — M. The
next important example of a vector bundle of rank dim(M) over a manifold M is
the tangent bundle T M of M. The abstract definition is the following.

Definition 3.2.3 (Vector Bundle) A vector bundle of rank r over a manifold M is
a manifold E together with a smooth surjective map 7w : E — M such that, for all
p € M, the following properties hold:

1. The fiber E, := 7~ Y(p) is equipped with the structure of a vector space of
dimension r.

2. There is a neighborhood U of p in M and a diffeomorphism x : 7~ '(U) —
U x R” such that

a. WMo =7
b. forall g € U, the restricted map x|g, : E; — {g} x R" is an isomorphism of
vector spaces.

Ugev Eq =77'(U) — X S UxR = Ugev ({g} XR")

The space E is called total space, the manifold M is the base, the vector space E),
is the fiber over p, and every such map y is called a local trivialization.

Definition 3.2.4 (Section) A section of a vector bundle = : E — M is a smooth
map o : M — E such that 7 o 0 = Idy,. We will denote by I'(E) the set of all

sections of E.
. > .

M

Definition 3.2.5 (Frames and Local Frames) A frameof abundlenwr : E - M
isaset{Xy,..., X,} C T'(E) of sections on M such that, for all p € M, the n-tuple
(X1(p), ..., Xu(p)) is a basis of the fiber E,. A local frame form : E — M ata
point p € M is a frame for the bundle 7| -1y : 71 (U) — U, where U is some
open neighborhood of p.
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3.2.3 Riemannian and Finsler Geometry

Let M be a differentiable manifold of dimension n. A Riemannian metric on M is a
family of (positive-definite) inner products

pp : TyM x TyM — R, pEM,
such that, for all smooth vector fields X, Y on M, we have that

pr—> pp(Xp, Yp)

defines a smooth function from M to R. This smooth assignment of an inner product
pp to each tangent space T, M is called a metric tensor, or Riemannian metric
tensor. A metric tensor will also be denoted by (-, -). Endowed with one such metric
tensor, the pair (M, (-, -)) is called a Riemannian manifold.

Given a chart (U, ¢) for the manifold M we have the coordinate vector fields
d1, ..., d, from Definition 3.2.1, and we consider the components of the metric
tensor relative to the coordinate system as

ij(p) = pp (3ilp. 9jlp) . VpeU.

It is easy to verify that the functions (p;;);; are smooth and contain all the
information about p.

Finsler manifolds generalize Riemannian manifolds by no longer assuming that
they are infinitesimally Euclidean. Namely, on each tangent space, we have a norm
but it is not necessarily induced by a scalar product. Two good references on Finsler
geometry are [BCS00] and [AP94].

Classically, a Finsler structure on a differentiable manifold M is given by a
function ||-|| : TM — R that is smooth on the complement of the zero section of
T M and such that the restriction of ||-|| to every tangent space T, M is a (symmetric)
norm (see Remark 3.2.9). We will consider a more general definition for Finsler
structures: as regularity, we only assume the continuity in the point and the convexity
in the vector.

Every Riemannian manifold (M, (-,-)) has an associated function TM —
[0,00), X — || X]| := +/(X, X). This function is an example of a continuously
varying norm.

Definition 3.2.6 A continuously varying norm on a differentiable manifold M is a
continuous function from 7'M to [0, co) usually denoted by || - ||

[ -I:TM — [0,00), X eTMr [X],

with the property that for all p € M the restriction of || - || to T, M is a symmetric
norm, i.e.,



80 3 A Review of Metric and Differential Geometry

L IAX| = AIXI, VX € TM, VA € R;
2. 1X+YI <IXI+IYI,Yp e Mand VX, Y € T,M;
3.IXI=0=X=0.

Definition 3.2.7 In this text, we say that a Finsler manifold is a pair (M, ||-||) where

M is a differentiable manifold and | - || is a continuously varying norm on M, in
the sense of Definition 3.2.6. In this case, the function || - || is also called Finsler
structure.

Example 3.2.8 There are at least two situations that we want the reader to keep in
mind:

3.2.8.i. Every Riemannian manifold (M, (-, -)) naturally has the structure of a
Finsler manifold.

3.2.8.ii. Every finite-dimensional normed vector space naturally has the structure
of a Finsler manifold.

Remark 3.2.9 The notion of Finsler manifold is present in the literature with
different meanings. On the one hand, the norm is classically required to be smooth
(away from the zero section) and with a positive Hessian. Namely, some authors
assume that norms for Finsler structures have strongly convex smooth unit spheres,
while we do not in Definition 3.2.6. On the other hand, some authors considered
other weak notions of norms. For example, they allow asymmetric norms, i.e., the
first condition in Definition 3.2.6 is assumed only for A > 0.

3.3 Length Structures for Finsler Manifolds

Connected Riemannian and Finsler manifolds carry the structure of length metric
spaces. Let us recall the notion of absolutely continuous curve and its length with
respect to a Finsler structure.

Definition 3.3.1 A curve y : [a, b] — R” is absolutely continuous if there exists a
Lebesgue integrable R"-valued function g : [a, b] — R” such that

t
y()—y(a) = / g(s)ds, Vt € [a, b].

The function g is sometimes denoted by y; however, it is only defined almost
everywhere with respect to the Lebesgue measure on [a, b]. Acurve y : [a,b] > M
into a differentiable manifold is said absolutely continuous (or, AC, for short), if it
is so when read in local coordinates, i.e., for all local coordinate map ¢ : U — R”
and for all a’, b’ € [a, b] such that y([a’, b']) C U, then ¢ o y|o 1] is absolutely
continuous. For every absolutely continuous curve y : [a, b] — M, one can also
define a derivative y : [a,b] — T M using local coordinates, which is defined
almost everywhere as a measurable map (see Exercise 3.4.44).
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As it is usual for other notions in differential geometry, to check that a curve y :
[a, b] — T M is absolutely continuous it is sufficient that the image of the curve
admits a covering of coordinate systems for M on which y is absolutely continuous
(see Exercise 3.4.43).

Definition 3.3.2 (Length of a Curve in a Finsler Manifold) Let (M, | - ||) be
a Finsler manifold in the sense of Definition 3.2.7. Let y : [a,b] — M be an
absolutely continuous curve. We define

b
Lengthy  (y) := f Iy (£)] dt. (3.25)

We remark that the Finsler length (3.25) of an absolutely continuous curve is finite
because the derivative is integrable by assumption and || - || is continuous.

The arc length is independent of the chosen parametrization, as can be shown
using the change-of-variables formula. In particular, a curve y : [a, b] — M can be
parametrized by its arc length, i.e., in such a way that

Lengthy. (7 li1;,5,1) = 02 — 11, Vi, tp witha <t <t <b.

A curve is parametrized by arc length if and only if ||y (¢)|| = 1, for almost all
t € la,b].
The Finsler distance function d.| : M x M — [0, +o00] is defined by

dy.(p, ¢) := infLengthy (y),  ¥p,q € M, (3.26)

where the infimum is taken among all absolutely continuous curves y in M joining
ptog.

The function d|.| satisfies the properties of a distance function for a metric space.
The only property that is not completely straightforward is that dj. (p,q) = 0
implies p = ¢q. To prove this property, we claim that, locally in a coordinate system,
every Finsler structure (as every Riemannian structure) is bi-Lipschitz equivalent to
the Euclidean structure, i.e., for some ¢ > 0, we have

=il <el- (3.27)

where || - || is the Euclidean norm. Indeed, let U € R” be an open set parametrizing
the manifold and fix a compact set K € U, which we think has a nonempty interior.
Consider T'K := {(p,v) : p € K,v € T,U,|v|g = 1} the bundle of unit
vectors on K . Notice that 7' K is compact. Hence, the continuous function || - || on
T!'K admits maximum and minimum; moreover, the minimum cannot be 0 since,
otherwise, we would have a non-zero vector with norm 0. We deduce that there
exists a constant ¢ > O such thatif p € K and v € T, K is such that [[v||g = 1 then
< vl <e. By homogeneity, we have (3.27) on K.
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Consequently, based on (3.27), we can establish the bi-Lipschitz equivalence
between distance functions. Specifically, we have proven that every two Finsler
distance functions on the same manifold are bi-Lipschitz equivalent on compact
sets. We summarize our findings in the following proposition.

Proposition 3.3.3 On every Finsler manifold in local coordinates, on compact sets,
the Finsler distance function is bi-Lipschitz equivalent to the Euclidean distance
function. Consequently, on every compact set of every manifold, every Finsler
structure is bi-Lipschitz equivalent to every Riemannian structure. In particular,
Finsler distance functions induce the same topology as the manifold topology.

On each Finsler manifold, to every continuously varying norm, as defined in
Definition 3.2.6, we associated a length structure as in (3.25) and a distance function
as in (3.26). The distance function then induces another length structure, as in
Definition 3.1.1. Next, we show that these two length structures coincide.

Proposition 3.3.4 Assume M is a differentiable manifold equipped with a contin-
uously varying norm ||-|| : TM — R with induced length structure Length., and
distance function d.. If y : [a, b] — M is an absolutely continuous curve, then

Lengthd”_” (y) = Length) (¥). (3.28)

Proof To prove the < inequality in (3.28), notice that for all ¢, s € [a, b] we have

def. . " . L. def
i),y 1) L int / 16 (o)l dr < / 17 (@)l dr & Lengthy. (v lgs.).

where the infimum is taken over all AC curves o from y(s) to y(¢). Using
the definition of length, (3.4), and the additivity of integrals, we deduce that
Length, < Length .

Regarding the other inequality, we shall use the fact that the norm changes
continuously. It is convenient to work in coordinates, and it is enough to prove our
claim locally. Parametrizing M with an open subset U of R", we write the norm
as ||v|l, =: F(x,v),forx € U andv € T,U ~ R". Fix some K > 1. Since F
is continuous and homogeneous in the second variable, then at each point p € U,
there exists a neighborhood U, of p such that

1
EF(q, v) < F(p,v) < KF(q,v), Vg € Up,Vv e R". (3.29)

We find a partitiona = a9 < a1 < --- < a, = b and points py, ..., p, € M such
that

y(lai-1,a;]) S Up,, Viell,...,n}. (3.30)
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Let us denote by d; the distance induced by the (constant) norm F(p;, -). Since we
are in the case of a normed vector space (see Example 3.1.10), we have

Lengthp,, ., = Length,, . (3.31)
Moreover, as a consequence of (3.29), we have
di < Kdj. (3.32)
Thus, using (3.29), (3.31), and (3.32), together with (3.30), we obtain that

def b .
Length; () & / Fly (), y(1)) di

a

- Y[ Fowgma
j=1 v di-1

(3.29) norai )
£ 3 RN RTOT
i=1 v 4di-1

n
(3.31)
= KZLengthdi(yhaif],ai])
i=1
(332) < )
< K ZLengthdM(y“aH,ai])=K Length,  (v).
i=1

As K can be chosen arbitrarily close to 1, we also deduce that Length”,” <
Lengthy, . |

Remark 3.3.5 Let y : [a, b] — M be a curve on a manifold that is equipped with
a continuously varying norm ||-||. With the following points, we shall clarify the
relationship between absolute continuity (AC) and having finite length:

3.3.5.4. If y is AC, then Length(y) = Lengthdu.” (y) and both these quantities
are finite; see Proposition 3.3.4.

3.3.5.4i.  If y isnot AC, then Lengthy. (y) is not defined.

3.3.5.4i.  If Lengthdu‘” (y) is finite, then up to reparametrization y is Lipschitz
with respect to d)., and thus with respect to any Euclidean distance, in
coordinates. Therefore, by Rademacher Theorem, the curve y is AC.
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3.4 Exercises

Exercise 3.4.1 Let (M, d) be a metric space equipped with its natural topology.

(i) If M is connected, then d is finite.
(i) In general, the function d is finite on each connected component of M.

Exercise 3.4.2 (Von Koch Showflake) Start with a curve that is the boundary of
an equilateral triangle and change iteratively each line segment as follows to get
a new curve: Remove the middle third of each segment and replace it with the
outward pointing side of an equilateral triangle without the base, so that you get four
line segments of equal length. Repeat now this procedure infinitely and add at each
iteration smaller and smaller equilateral triangles on the previous line segments. The
resulting limit curve K is called the von Koch snowflake; see Fig. 3.3 for a visual
representation. Equip K C R? with the distance function dp> of the plane R?. Then,
the metric space K is bi-Lipschitz equivalent to the circle S' ¢ R? equipped with
the distance (dg2)'°e()/1og®

Exercise 3.4.3 (Showflake of a Metric Space) Let (M, d) be a metric space and
a € (0, 1). Then, the pair (M, d“) is a metric space, called the a-snowflake of
(M, d). The Hausdorff dimension of (M, d¥) is «a times the Hausdorff dimension
of (M, d). The von Koch snowflake from Exercise 3.4.2 is the log(3)/log(4)-
snowflake of the unit circle S' and has dimension log(4)/log(3) > 1.

Exercise 3.4.4 The mesh of a partition P = (to, t1, . . ., tx) is defined as

1Pl := max |t; —ti1].
Jje{l,... .k}

.....

If #; are partitions such that ||P]H — 0 as j — oo, then L(y) =
lim; o L(y, P)).

P

Fig. 3.3 Construction of the von Koch snowflake
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Exercise 3.4.5 If £ and P, are partition of the same interval with 1 C P>, then
L(y,P1) < L(y, P2).

Exercise 3.4.6 The length of a curve is independent of its parameterization.
Namely, If y : I — M is a curve in a metric space and & : J — [ is a continuous
weakly monotone surjection between intervals, then L(y) = L(y o h). In this case,
we say that & is a change of parametrization and that y o h is a reparametrization
of y.

Exercise 3.4.7 If y : [a, b] — (M, d) is rectifiable, then it can be reparametrized
by arc length.
Hint. Consider the change of parametrization given by s — Length(y |[4,s])-

Exercise 3.4.8 If y : [a, b] — (M, d) is parametrized with constant speed s, with
s € [0, 00), i.e.,

Length(y|[,1,]) = slt2 — 111, Vi1, 1 € [a, b],

then L(y) = s|a — b| and y is s-Lipschitz.

Exercise 3.4.9 For each partition P, if a sequence (y,),eN Of curves pointwise
converges to y then L(y,, P) converges to L(y, P).

Exercise 3.4.10 Let f, : X — R be a sequence of continuous functions on a
topological space. Then, the function sup,, f, is lower semicontinuous.
Hint. Adapt the proof of Theorem (3.1.2).

Exercise 3.4.11 Let (M, d) be a complete metric space, and let ¥ := C 0(I i M) be
the family of all curves from a fixed interval I into M. Endow ¥ with the metric

dsup(0, V) :Su? {dM(G(t)v J/(t))}’ Vo,y € F.
te

Then, the pair (¥, dgyp) is a complete metric space.

Exercise 3.4.12 (Ascoli-Arzela) Let X and Y be metric spaces. Assume X is
boundedly compact, and with a finite-valued distance function. If a family ¥ of
maps from X to Y is equicontinuous and, for each x € X, the set { f(x) : f € F} is
precompact, then ¥ is precompact in the uniform topology on compact sets.

Exercise 3.4.13 (The Space of L-Lipschitz Functions) Let X and Y be metric
spaces, with X boundedly compact. Let Lip®(X;Y) be the set of Lipschitz
functions X — Y of Lipschitz constant at most L. Fix a base point o € X. Consider
the function

d(f(x), g(x)

dr(f, g) ::sup{ ) : neN,xeB(o,n)}.
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3.4.134. The function dy, is a distance function on LipZ (X; Y).

3.4.13.ii. Convergence with respect to dy is equivalent to uniform convergence
on compact sets.

3.4.13.ii. The space (Lip(X; Y), dy) is separable.

Solution of 3.4.13.ii. Let { fi}x C Lip®(X;Y) and f e Lip®(X;Y). Suppose that
limg—oodr(fx, f) = 0. If E C X is compact, then there is N € N such that
E C B(o, N). Since

sup{d(fi(x), f(x)) : x € B(o, N)} < N*dp(fi, f) — O,

then fr — f uniformly on E. Since E is an arbitrary compact set, fy — f
uniformly on compact sets. Suppose now that fr — f uniformly on compact sets
and let € > 0. Since {0} is compact, there is C > 0 such that d( fx(0), f(0)) < C
for all k € N. Notice that, for all » € N and x € B(o, n), we have

d(fr(x), f(x)) - d(fr(x), fr(0)) +d(fx(0), f(0)) +d(f(0), f(x)) - 27L+£
2 - 2 T n n2’

[\S]

n n

Therefore, there is N € N such that W < eforalln > N and x € B(o, n).
Since X is boundedly compact, then B(o, N) is precompact. Hence, there is K € N
be such that

sup{d(fx(x), f(x)) : x € B(o, N)} < €, Vk > K.

Then, for k > K, we have dy. (fi, f) < €. We conclude that limg_, oo dr. (fi, f) =
0.

Solution of 3.4.13.iii. Fixing o’ € Y, by Ascoli—Arzela result (see Exercise 3.4.12),
for every n € N the set

H (n) :={f € Lip"(X;Y) : f(0) € B(o', )}
is compact, hence separable. Since Lipt(X;Y) = U, en < (n) is a countable union

of separable sets, then it is separable.

Exercise 3.4.14 Let F : M| — M; be a map between two metric spaces that is
K-Lipschitz. If y is a curve in My, then L(F oy) < K - L(y).

Exercise 3.4.15 Every geodesic space is a length space—what is not automatic is
that the distance is finite.

Exercise 3.4.16 Every complete locally compact length space is boundedly com-
pact.
Hint. See [BBIOI1, Proposition 2.5.22].
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Exercise 3.4.17 Let L > O and F : My — M, a map that is locally L-Lipschitz,
i.e., forall p € M; there is r > O such that F(, ) is L-Lipschitz. If M is a length
space, then F' is L-Lipschitz.

Exercise 3.4.18 There is an example of a homeomorphism F : M| — M, between
metric spaces with the property that L(F o y) = L(y) for all curves y in My, but F
is not an isometry.

Exercise 3.4.19 Each measure is countably subadditive as in (3.16).
Hint. Given countably many sets, split them into disjoint sets and apply 3.1.14.ii.

Exercise 3.4.20 Let y : [a, b] — R”" be absolutely continuous. The vector-valued
function y is unique up to a measure-zero subset of [a, b].

Exercise 3.4.21 We have the continuity from below for measures, i.e., for every
measure i on a space X, if Ey € E» € ... € X are in the domain of yu then
(U Ep) = lim; oo 12(E;).

Exercise 3.4.22 If F : Mi — M5 is an L-Lipschitz map between metric spaces,
Q >0,and S C M, then

HO(F(S)) < LEHO(S).

Consequently, if ¥ : M; — M, is a bi-Lipschitz homeomorphism, then
dimy M| = dimyg M>.

Exercise 3.4.23 (To be generalized in Exercise 3.4.25) For every continuous
curve y : [a, b] — M in a metric space M, we have

H' (y ([a, b)) = d(y(a), y (b)).

Solution. Consider ¢ (x) := d(x, y(a)), which is 1-Lipschitz. Then, using that on
R the measure H' coincides with the Lebesgue measure, bound Wl(y([a, b)) >
H' (@ (v ([a, b]))) = diam(¢ (v ([a, b]))) = d(y (a), y (b))

Exercise 3.4.24 Complete the proof of Proposition 3.1.22 by showing that for every
curve y : I — M in a metric space if Length(y) = oo, then 7{1()/(1)) = 00.
Hint. Use Exercise 3.4.23.

Exercise 3.4.25 For every connected subset X of a metric space, we have H (X) >
diam(X).

Exercise 3.4.26 (Maximal Separated Nets) Given a metric space M and § > O,
aset E C M is called 8-net in M, or, simply, a net, it M C B(E,$) :={p e M :
d(p, E) < 48}. Whileaset E C M is called §-separated if for all distinct p,q € E,
we have d(p, g) > 4. Then, every separated set that is maximal (with respect to
the inclusion) is a net. Moreover, for each § > 0, every compact metric space has a
finite maximal §-separated set.
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Exercise 3.4.27 Let X and Y be metric spaces. Then, there exists a quasi-isometry
from X to Y if and only if there is a net in X that is bi-Lipschitz homeomorphic to
anetin?.

Exercise 3.4.28 (Doubling Distance) A metric space M is called doubling, or,
also, metrically doubling, if there is a constant K € N such that, for all p € M and
r > 0, there are py, ..., px such that B(p,r) C U;K=1 B(pi,r/2). Then, a metric
space M is doubling if and only if there is a constant K € N such that, for every
d > 0, every set in M of diameter d can be covered by K sets of diameter at most
dj2.

Exercise 3.4.29 (Assouad Dimension) A metric space M is doubling if and only
if there exist C > 1 and 8 > O such that, for every p € M and r > 0, every er-
separated set in the ball B(p, r) in M has cardinality at most Ce ~#. The infimum
of such B’s is called Assouad dimension.

Exercise 3.4.30 A metric space M is doubling if and only if there exist C > 1 and
B > 0 such that, for every d, € > 0, every set in M of diameter d can be covered by
at most Ce~# sets of diameter at most ed.

Exercise 3.4.31 (Doubling Measure) A measure y on a metric space M is called
doubling if there is a constant C > 1 such that

0 < u(B(p,2r)) < Cu(B(p,r)) < oo, Vpe M,Vr > 0. (3.33)

(1) If a metric space (M, d) admits a doubling measure w, then the space is
metrically doubling. Hence, we call the triple (M, d, ) a doubling metric
measure space.

(i) On every metrically doubling metric space that is complete, there is a doubling
measure. See [HeiOl, Theorem 13.3].

Exercise 3.4.32 Every doubling measure u in a metric space M is «-homogeneous,
for some o > 0 (and some C > 0), in the sense:

HBp.1) _ - (L)“
u(B(p,R) = " \R/

See [HeiOl, Equation (4.16)].

Vp e M,YO <r <R < diam(M). (3.34)

Exercise 3.4.33 For every map w : X — Y between metric spaces, the following
are equivalent:

D) 7(B(p,r) € Bx(p),r),  VpeX,¥r>0;
ii) w(B(p,r)) € B(@(p),r), Vpe X, Vr>0;
iii) m is 1-Lipschitz.
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Exercise 3.4.34 If 7 : X — Y is a submetry as in Definition 3.1.23, then
w(B(p,r)) = B(w(p), 1), Vp e X,Vr >0, (3.35)

where now we are considering open balls.

Exercise 3.4.35 Let X and Y be metric spaces, with X assumed to be boundedly
compact. Then w : X — Y is a submetry as in Definition 3.1.23 if and only if
(3.35) holds. There are counterexamples when X is not boundedly compact; see
Exercise 3.4.36.

Exercise 3.4.36 Consider the normed vector space CY([0, 1]; R) of continuous
functions on the interval [0, 1] equipped with the norm given by the maximum of
the absolute value. The map f € C°([0, 1]; R) — fol/z f@)de — fll/z f@®dr e R

satisfies (3.35) but it is not a submetry.

Exercise 3.4.37 Let : X — Y be a surjective map between metric spaces. Then
7 is a submetry if and only if for all p,§ € Y and all p € 7w~ (p), there exists

g € m71(§) such thatd(p, q) = d(p,§) = d(x ' (p), 7' (@)).

Exercise 3.4.38 (Hausdorff Distance) Consider two subsets A and B of a metric
space X. The Hausdorff distance between A and B is

dy (A, B) := max {sup{d(a, B)}, sup{d(A, b)}} .
acA beB

If A and B are parallel, as in the sense defined at page 72, then d(A, B)
dy(A, B). If X is boundedly compact, A and B are closed, and d(A, B) =
dy (A, B), then A and B are parallel.

Exercise 3.4.39 Let X be a metric space and Y be a nonempty set. Let 7
X — Y be a surjective map. Assume that the fibers of = are parallel, i.e., for
all p € Y,all g € Y,and all p € 7~ !(p), one can find ¢ € 7~!(§) such that
dx1(p), 7 (§)) = d(p.q) . Then

dp,§) =dx "(p), 7 "@), Vp.geY,

defines a distance function on Y and r is a submetry from X onto Y.

Exercise 3.4.40 Let 7 : X — Y be a submetry between metric spaces. Let p, g €
X be such thatd(p, q) = dx! (p)), Pt ((g))). If v is a geodesic between p
and ¢, then 7 o p is a geodesic between 7 (p) and 7 (g).

Hint. Check the proof of Proposition 3.1.27.

Exercise 3.4.41 If E is a vector bundle of rank r over a manifold M, then
dim(E) = dim(M) +r.
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Exercise 3.4.42 If 7 : E — M is a vector bundle and U C M is an open set, then
ety 7~ (U) — U is a vector bundle.

Exercise 3.4.43 Let y : I — M be a curve into a differentiable manifold. Then,
the curve y is absolutely continuous if for all ¢+ € I there exist € > 0 and a local
coordinate map ¢ : U C M — R"” with y([t — €, 4+ €]) C U and such that
@ 0 ¥ |[t—e,t+¢] 1s absolutely continuous.

Exercise 3.4.44 Let y : I — M be an absolutely continuous curve into a
differentiable manifold. Let ¢, 92 : U € M — R” be coordinate maps. Then,
the derivative of ¢ o y is related to the derivative of ¢, o y by the differential of
P1o@, ! and hence one can define the derivative y up to measure-zero sets.

Exercise 3.4.45 Every absolutely continuous curve in R” can be re-parametrized
to be a Lipschitz curve with respect to the Euclidean distance.

Exercise 3.4.46 The push-forward commutes with the Lie bracket: if F : M — N
is a diffeomorphism of differentiable manifolds, then

[F.X, F,Y] = F.[X,Y], VX,Y el (TM). (3.36)
Exercise 3.4.47 If X and Y are vector fields tangent to a smooth submanifold N C
M of a differentiable manifold M, then also [X, Y] is tangent to N.
Exercise 3.4.48 Let M be a differentiable manifold. For all X, Y € Vec(M) and
forall f, g € C*(M)

[fX,gY]= fglX, Y]+ f(XgQ)Y —g(Y)X.
Exercise 3.4.49 Let X and Y be vector fields in a differentiable manifold M, and

p € M. Using the flows of the vector fields, define

y(t) = {(qﬁ{; °¢l/);( Od);/ﬂ ° %}ﬁ)(l)) fort > 0,
(¢;//m°¢:/§0¢m0¢}(/m)(p) fort < 0.

—-Y

Then y is a C! curve defined in a neighborhood of 0 and y (0) = [X, Y],.

Exercise 3.4.50 Let X be a (complete) vector field on a manifold M, with flow CDIX.
Then

d
Xf(@y(p) = af(fb'x(l’)), VfeC™(M), vVt eR,Vp e M.
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Chapter 4
General Theory of Carnot-Carathéodory g
Spaces

We have reached the point where we are ready to introduce the main object
of our investigation: sub-Riemannian manifolds and, more generally, sub-Finsler
manifolds, also known as Carnot-Carathéodory spaces. These spaces will be
equipped with Carnot-Carathéodory distances. Our first significant result is the
Chow-Rashevsky Theorem, which states that on every sub-Finsler manifold, the
Carnot-Carathéodory distance induces the same topology as the manifold structure
itself. It is important to emphasize that this result relies on the crucial assumption
that the horizontal vector fields and their brackets generate all possible directions.

4.1 Definition of Carnot-Carathéodory Spaces

In this chapter, we denote by M a differentiable manifold, with its dimension
primarily indicated as n. The tangent bundle of M, denoted as TM, is a 2n-
dimensional manifold with the following local parametrization: if ¢ : U C R" —
M 1is a local parametrization for M, then it induces vector fields dy,, ..., dy,.
The map U x R" — TM, (x,v) = v10xlpu) + -+ + Vn0y,lpw), is a local
parametrization for 7M. In other words, the vector fields 9y, ..., 0y, form a local
frame for T M.

4.1.1 Bracket-Generating Distributions

Definition 4.1.1 (Polarization, a.k.a. Distribution or Tangent Subbundle) A
distribution of tangent subspaces on a manifold M is a subset A € T M such that
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for every p € M there exists smooth vector fields X1, ..., X,; defined on some
neighborhood U of p such that

Ap = ANTyM = span{X1(p), ..., Xu(p)}, VpelU. “4.1)

Distributions of tangent subspaces are also simply referred to as distributions.
Furthermore, if there exists r € N such that » = dim A, for all p € M, then
we say that A has constant rank with rank equal to r. Distributions of rank r are
also called distributions of r-planes or r-plane fields. Constant rank distributions
are also called polarizations or tangent subbundles. The pair (M, A) of a manifold
M and a polarization A is called polarized manifold, and A is referred to as the
horizontal subbundle of the polarized manifold.

Notice that each tangent subbundle is indeed a subbundle of the tangent bundle: A
subbundle E of a vector bundle F (see Sect. 3.2.2) over a manifold M is a collection
of linear subspaces E, of the fibers F), of F at each point p in M that forms a
vector bundle in its own right. In particular, a tangent subbundle of rank r on an n-
manifold is a vector bundle with fibers of dimension r, and thus, it forms a manifold
of dimension n + r.

Here is a simple example of a polarization on the 3-dimensional manifold R,
with coordinates x, y, z. Let f, g : R3 — R be smooth functions. Then, the two
smooth vector fields

Xi(x,y,2) :==0x + f(x,y,2)0,,
Xo(x,y,2) =0y, + g(x,y,2)0;

are linearly independent at every point (x, y,z) and define a rank-2 tangent
subbundle A on R? as

Ay i=1{aX1(x,y,2) +bX2(x,y,2) :a,b e R}
= {(a,b,af(x,y,2) +bg(x,y,2)) :a,beR}.

Definition 4.1.2 Here is some notation and terminology that is commonly used for
distributions and families of vector fields:

* The set of smooth vector fields on a manifold M is denoted by Vec(M) or
I'(TM). In fact, an element of I'(T M) is a smooth section X : M — TM
of the bundle TM — M.

* Avector field X : M — T M is said to be tangent to a distribution A C T M at
apoint p € M if X(p) € A.

* Given adistribution A C T M, we denote by I'(A) the set of smooth vector fields
of M tangent to A at every point of M.

* Given a family .# C I'(T M) of vector fields on M and p € M, we set %), =
(F)p ={X,: X € F}.
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* Given a family .# C I'(T M) of vector fields on M, we denote by Lie(.#) the
Lie algebra generated by .% with respect to the Lie bracket of vector fields within
I'(TM); see Sect. 3.2.1.

We specify that the set Lie(.%#) is the smallest subset of I'(T M) containing .#
and satisfying the property of being closed under both the Lie bracket and linear
combinations, i.e.,

X,Y eLlie(¥),a,b e R = [X,Y],aX +bY € Lie(%).

We are now prepared to introduce a criterion on a polarization A that allows us
to connect points with curves tangent to A. The following condition (4.2) goes by
many names, including Hormander’s condition or Chow’s condition.

Definition 4.1.3 (Bracket Generating) A distribution A on a manifold M is
bracket generating if

(Lie(T'(A)), =T,M,  Vpe M. 4.2)

Next, we clarify the meaning of a curve tangent to a distribution:

Definition 4.1.4 (Horizontal Curve) Given a polarized manifold (M, A), a curve
y : la,b] — M is said to be A-horizontal if y is absolutely continuous (see
Definition 3.3.1) and y(¢) € A, for almost every ¢ € [a, b]. Curves that are
A-horizontal are also said to be horizontal with respect to A, or, simply, horizontal
or Legendrian. The terms admissible curve and controlled path are also used to refer
to such curves.

Remark 4.1.5 Special attention should be paid when verifying the condition (4.2)
using a frame of vector fields. Indeed, let X1, ..., X, be vector fields spanning a
distribution A on a manifold M, in the sense that (4.1) holds for all p € M. On the
one hand, if

(Lie({X1,..., Xu))p =T,M,  VpeM, (4.3)

then A is bracket generating. On the other hand, the converse implication may not
hold: For instance, consider a C* function ¢ : R — R such that ¢(x) = 0 if and

only if x = 0, and (gc—kkd)(O) = 0, for all k € N, as shown in Fig. 4.1 for an example.
Consider on R? with coordinates (x, y) the vector fields

X = 0y and Y :=¢(x)0y.
Even though X, Y do not satisfy the bracket-generating condition (4.3), as demon-

strated in Exercise 4.4.4, they define the same distribution as the bracket-generating
frame 0y, xdy; see Exercise 4.4.1.
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¢(x)

0.5

X

-3 -2 -1 1 2 3

Fig. 4.1 Plot of the function ¢(x) = exp <—vi2>, with ¢(0) = 0. This function is smooth

everywhere and has all derivatives equal to zero at x = 0, but it is not identically zero. It is
commonly used to define the ‘Gaussian bump function’

4.1.2 Sub-Finsler Structures of Constant Rank

Definition 4.1.6 (Sub-Finsler and Sub-Riemannian Manifolds of Constant
Rank) A sub-Finsler manifold is a triple (M, A, || - ||) where M is a connected

manifold, || - || is a continuously varying norm (recall Definition 3.2.6), and A is a
bracket-generating polarization on M, with the rank of A assumed to be constant.
The pair (A, ||-||) is said to be a sub-Finsler structure on M. If the norm ||-|| is given

by a Riemannian scalar product (-, -), then (M, A, (-, -)) is called a sub-Riemannian
manifold.

We consider Riemannian and Finsler manifolds as particular cases of sub-
Riemannian and sub-Finsler manifolds, respectively, which occur when A is the
entire tangent bundle.

Since only the values of the restriction ||-||5 of ||-|| to A are important in what
follows, we sometimes state that (M, A, ||-|| o) is a sub-Finsler manifold with the
sub-Finsler structure (A, ||-||o). Specifically, the length with respect to ||-||, as
defined in (3.25), is considered only for curves that are horizontal with respect to A.

Definition 4.1.7 (CC-Distance) Given a sub-Finsler manifold (M, A, || - ||), the
Carnot-Carathéodory distance between two points p, g € M is defined as:

dec(p,q) == inf{Length”_” (y) : y is a A-horizontal curve from p to q} . “4.4)
If the infimum is achieved by a curve y, that is, if dec(p, ) = Length (y), then

y is length minimizing among the horizontal curves joining the two points p and g.
The distance function d. is also called Carnot-Carathéodory metric.
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For a sub-Finsler manifold (M, A, ||-]|), we also consider the associated Finsler
distance. If dr := d).| denotes the Finsler distance associated with (M, || - ||) as
defined in (3.26), then it is evident that:

dF(ps Q) S dCC(pv ‘I): VP’CI € Mv (45)

because in the definition of d.., we infimize over a subset of the set used for dg. It
is important to note that the same length functional is used to define both distances.

We anticipate that the aforementioned function d, is indeed a finite distance. In
fact, because A is assumed bracket generating and M is assumed connected, we
shall show the following result.

Theorem 4.1.8 (Chow; see Sect. 4.2.3) If (M, A, || - ||) is a sub-Finsler manifold,
then d. is finite and induces the manifold topology on M.

Remark 4.1.9 (Terminology) The Carnot-Carathéodory distance is sometimes
referred to as CC-distance or sub-Finsler distance. A sub-Finsler manifold equipped
with its Carnot-Carathéodory distance is called Carnot-Carathéodory space.If || - ||
is the norm coming from a Riemannian metric, and hence (M, A, || - ||) is a sub-
Riemannian manifold, then (A, || - ||) is called a sub-Riemannian structure and d..
is called sub-Riemannian distance.

Some authors, ourselves included, refer to d.. as a Finsler-Carnot-Carathéodory
distance, or FCC distance, for short, to highlight that in the context d.. might not
necessarily be sub-Riemannian. Sub-Riemannian metrics have been discussed in
the literature under a variety of names, such as ‘singular Riemannian metric’ or
‘non-holonomic Riemannian metric’. They were also considered in the theory of
hypoelliptic PDEs, though without a specific designation.

4.1.3 Control Theory Viewpoint

In control theory, the focus lies on systems of differential equations of the form:

m
y =Y ciX;(), (4.6)
j=1
where X1, ..., X, are predetermined vector fields on a manifold M,and cy, ..., ¢y

are variable L' functions defined on a bounded interval. These functions are
called control functions or controls. Paths obtained by integrating (4.6) are termed
controlled paths.
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When the rank of the system of vector fields X1, ..., X, is constant, controlled
paths coincide with the absolutely continuous paths that are tangent to the distribu-
tion A generated by Xy, ..., X, as

Ap = spang {X1(p), ..., Xu(p)}, for p e M. 4.7

Conversely, every rank-m distribution A can, locally, be expressed as in (4.7). It
is important to note that the adverb ‘locally’ is necessary due to global topological
constraints, for instance, for the tangent bundle A = T(Sz) of the 2D sphere S2.

However, in many systems of interest in control theory, the vector fields
X1, ..., Xy, are not linearly independent at every point, and the distribution that
they define does not have a constant rank. Nevertheless, a related distance can still
be defined: for p € M and v € T, M, set

gp(v) == inf{u%—i—-u%—ui [ug, ... um €ER X1 (p) + - +upXm(p) =U}-

We are using the convention that inf ) = 4-00. We then have that g, is a positive-
definite quadratic form on the subspace

A, = spang {X1(p), ..., Xu(p)}.

The control distance associated with the system X1, ..., X, is defined for every p
and g in M as:

1
d(p,q) ;= inf {/ gl,,()}(t))l/2 dr ‘ y absolutely continuous path
0

withy(0) = p,y(1) =¢q}.  (4.8)

4.1.4 The General Definition with Varying Rank

The Carnot-Carathéodory distance (4.4) and the control distance (4.8) fit into a
broader context. Specifically, using the language of vector bundles, we can provide
a more general definition. The point here is that the distribution on the manifold is
obtained as the image of a bundle, and not only can the rank of the bundle be strictly
larger than the distribution, but also the rank of the distribution can be different at
different points of the manifold.

Definition 4.1.10 A CC-bundle structure, also called possibly rank-varying sub-
Finsler structure, on a manifold M is a pair (o, N) of functions o : E — TM and
N : E — R where E is a vector bundle over M, N is a continuous function such
that for all p € M, the restriction of N to the fiber £, is a symmetric norm (refer
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to Definition 3.2.6), and o is a smooth map that is a morphism of vector bundles
lifting the identity, i.e., the following diagram commutes:

’ ™
M

and o|g, is a linear map from E), to T, M.
For every such a CC-bundle structure (o, N), we set

E

lvll :=inf{N(u) : ueEp,a(u)zv}, Vpe M,YveT,M.

Analogously as before, the sub-Finsler distance associated with the CC-bundle
structure, for every p and g in M, is defined as:

1
d(p,q) = inf{/ ly @) dr } y absolutely continuous path
0

with y(0) = p, y (1) = q}. 4.9)

One can verify that, in the case of the inclusion o : A < T M of a subbundle of
the tangent bundle, one recovers the Carnot-Carathéodory distance (4.4). Similarly,
for E:= M x R" and o (p,u) := u1 X1 + -+ + uy X;n, one recovers the control
distance (4.8); see also Exercise 4.4.25.

4.1.5 Equiregular Distributions

Let A C T M be a subbundle. For every p € M we define
Al%(p) = {0} c T, M,
All(p) := A,
AP (p) := AM(p) +span {[X, Y1, : X, ¥ € T(A)}.

Then AP = UpeM APl(p) is a subset of T M. In general, the subset A?) may not

be a subbundle since its rank may vary, i.e., the function p > dim A?!(p) may not
be constant.
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Example 4.1.11 (Non-Equiregular Distribution) In R? the Martinet distribution
is the subbundle A C TR? spanned by the vector fields:

y2
X1 =8x+?8Z and X2 = 0y.

By computing the Lie brackets, we find:
X3 :=[X2, X1] = yaz and X4 :=[X2, X3] = 81.

In this case, the subset A?! has fibers of varying dimension, since we have

3 .
ARy = T,R if py # 0,
AUl(p) if p, =0.
Remark 4.1.12 If X4, ..., X, is a frame for A, then the collection of vector fields
(X1, XU X sisj e {1,

span Al?] at every point. Indeed, if X,Y € I'(A), then X = Y ,a'X; and ¥ =
» i b’ X j for some smooth functions a’, b7. Thus, we have what we claimed:

(X, Y] =@ X;, b7 X ;)1 229 aipi X, X )+ af (Xib)) X — b (X ja') X

Definition 4.1.13 (A1)  Given a distribution A € TM on M, for each k € N

we shall define the subset AKl € T M by describing each of its fiber AKl(p) :=
ARl N Ty, M as p varies in M. The fiber AKl(p) is given by

AM(p) := span {[X1, [X2, ..., [X;-1, X;1...11(p) :
je{l,... kb X1,....X; eT (M)} (4.10)
The sets A[k]( p) can also be defined inductively by AU = A and, for all k > 2,
AR (py = A (p) + span {[X1, [Xa. ... [Xk, Xks1]...11(p)
Xi,..., Xep1 €T(A)). (41D)

Definition 4.1.14 (Regular Point for A) If A is a distribution on M and p € M,
we say that p is regular for A if for all k € N the function

g —> dim AlF(g) (4.12)

is constant in a neighborhood of p.
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Notice that the functions (4.12) is N-valued. Hence, if it is locally constant, then
it is constant on connected components.

Definition 4.1.15 (Equiregular Distributions) Let M be a manifold. A distribu-
tion A C T M is said to be equiregular if every p € M is regular for A. In this case,
we call (AlKl), oy, as in Definition 4.1.13, the flag of subbundles for A.

Remark 4.1.16 A distribution A C T M is equiregular if and only if, for all k € N,
the set A%l is a subbundle.

Notice that if A is bracket generating and equiregular, then there is s € N such
that Al¥] = T M. The minimal such an s is called step of A.

Definition 4.1.17 (Equiregular Sub-Finsler Manifolds) A sub-Finsler manifold
(M, A, | -] is called equiregular if A is equiregular.

4.2 Chow’s Theorem and Existence of Geodesics

In this section, we explain how bracket-generating distributions allow the exis-
tence of horizontal curves connecting arbitrary points. Consequently, Carnot-
Carathéodory distances on sub-Finsler manifolds are finite-valued, and do not alter
the topology. Moreover, locally, sub-Finsler manifolds are geodesic spaces.

4.2.1 Local Transitivity and Sussmann’s Orbit Theorem

In this section, we highlight the fact that, because in every sub-Finsler manifold,
the distribution is assumed bracket generating, between every pair of points, there is
at least a horizontal curve. The bracket-generating condition can be considered an
infinitesimal form of transitivity. Chow’s theorem states that this condition implies
local transitivity:

Theorem 4.2.1 (Chow) If a subbundle A of the tangent bundle of a manifold is
bracket generating at some point p (i.e., (4.2) holds at p), then every point q that is
sufficiently close to p can be joined to p by an absolutely continuous curve almost
everywhere tangent to A.

In fact, nearby points in a sub-Finsler manifold can be joined by horizontal curves
with small Finsler length. This is precisely what Theorem 4.1.8 asserts.

We first explain the validity of Theorem 4.2.1, taking for granted a theorem by
Sussmann. We are omitting the proof of Sussmann’s theorem, which is, in fact,
the core of our first proof of Theorem 4.2.1, but it is well presented in [Bel96].
The reader can write a second complete proof of the above Theorem 4.2.1 by
following the hints in Exercise 4.4.15. Later in the text, we will present a detailed
proof of Theorem 4.1.8, a result of higher interest for us. Also, the simpler case



102 4 General Theory of Carnot-Carathéodory Spaces

of Carnot groups, discussed in Sect.7.1.4, offers an elementary demonstration of
Theorem 4.1.8.

Theorem 4.2.2 (Sussmann [Sus73, Ste74, Bel96]) Let M be a manifold, A C
T M a subbundle, and p € M. Let ¥ C M be the set of points that can be joined to
p by an absolutely continuous curve almost everywhere tangent to A. Then, the set
Y is an immersed submanifold of M.

A first proof of Theorem 4.2.1, modulo Theorem 4.2.2 In the assumptions of The-
orem 4.2.1, we employ Theorem 4.2.2. Given a vector field X € I'(A) and a point
g € X, the flow line > @' (¢) is tangent to A and lies in . Thus, the vector X,
is tangent to the submanifold X. Consequently, we have:

FA) CF:={XeVec(M): X, €eTE,Vq € L}.

Since X is a submanifold, the family ¥ is involutive on ¥, meaning Lie(¥) C ¥;
see Exercise 3.4.47. Therefore, we deduce that Lie(I'(A)) € ¥. By the bracket-
generating condition at p, we have

T,M = Lie(I'(A)), € F, € T,%.

This implies dim M = dim ¥, and thus X is a neighborhood of p. O

4.2.2 Reachable Sets of Bracket-Generating Distributions

Let % C Vec(M) be a family of smooth vector fields on a manifold M. Define the
reachable set for & from p at time less than T as

k
O (p) =0 0 0®y (P):ihkeN; >0 t;<T.X;€F
j=1

Theorem 4.2.3 Let M be a manifold of positive dimension, and F be a family of
vector fields on M. If — % = % and (Lie(F)), = TpM for all p € M, then for
all T > 0 and forall p € M, the set CD}T (p) contains p in its interior.

Proof Since dim(M) > 0, there is X; € % with X{(p) # 0. Hence, there is
€1 € (0, T) such that
My = {®% (p) : 1 € (0, €1)}

is a 1-dimensional submanifold of M.
If M is 1-dimensional, the proof is concluded. If dim M > 1, then there is X, €
Z that is not tangent to M (Otherwise, the family Lie(.%#) of vector fields would
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Fig. 4.2 Composition of two
flows to construct a surface
within the reachable set of a
point p: first, flowing along
the vector field X, followed
by flowing along X», which is X,

transverse to X X

ol (O (p))

be tangent to M| and not bracket-generating on points of M). Let f; € (0, €1) such
that

X2(@ (p) ¢ M.

The map (¢, 1) CIDI)%2 o CIDI)I(1 (p) has maximal rank (i.e., rank 2) at every point of
the form (f1, ) with £, sufficiently small, say t, € (0,€2) witht] < ] + €2 < T.
We have obtained an embedded parametrized surface, as shown in Fig. 4.2.

Proceeding in this manner, for all k£ with k < dim(M), we obtain vector fields
X1, ..., Xy € .7 such that the map

Fi:(tn,....t) —> ®% o0 ®Y (p)
has maximal rank k at some point (71, ..., fx) with 7/; > 0 and > ij < T.By the
Constant-Rank Theorem, there exists a neighborhood Uy of (f1, ..., fx) such that

My := Fy(Uy) is an embedded submanifold.

This procedure stops precisely when each element of .# is tangent to My, i.e.,
when M} becomes an open subset of M. Take Xq,..., Xy € % such that the
previously defined points Fi(#1, ..., fx) cover a neighborhood of a point ¢ € M
when varying #; > 0 with Zj tj < T.Notice that if g is of the form Fi (11, ..., &),
with7; > Oand };7; < T, then the map

q — CD[__IXI 0--+0 CfoXk(q/)
is a diffeomorphism between some neighborhood of ¢ and its image, which is a
neighborhood of p. Notice that — X; € —% = .% by assumption. Therefore

(tl,...,lk)l—>CDt_'Xlo---od)lﬁxkod)l)léko...o@t)}l(p)

covers a neighborhood of p when ¢; > 0 and Zi tj < T. Thus QD}ZT(p) is a
neighborhood of p. ‘ O

With the use of Theorem 4.2.3, one can provide an alternative proof of Theo-
rem 4.2.1; see Exercise 4.4.15.
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4.2.3 The Metric Version of Chow’s Theorem

We are now prepared to prove Theorem 4.1.8. Namely, we show that Carnot-
Carathéodory distances induce the manifold topology.

Proof of Theorem 4.1.8 Let 73, denote the manifold topology and t¢¢ the topol-
ogy induced by d... We shall prove tcc = t) by establishing the two containments.

Regarding the containment tcc C Ty, let U € tcc and p € U. By definition of
7cc, there exists T > 0 such that By .(p, T) C U. Set

F={Xel'(A): I X(p| <1Vpe M} C Vec(M).
With the notation of Sect. 4.2.2, observe that
®57(p) C Ba (p. T).

By Theorem 4.2.3, the point p is in the t37-interior of CD}T (p). We deduce that p is
also in the t)s-interior of U.

Regarding the containment t); C tcc, let U € tp. Together with the distance
d.c, we have a Finsler distance dr that satisfies (4.5). Let p € U. Then there is r
such that By, (p,r) C U because Finsler distances induce the manifold topology.
Since dr < dcc, then By, (p,r) C By, (p, r). Therefore p is also in the T¢c-interior
of U. O

4.2.4 Comparison of Length Structures

In certain situations, dealing with the case where A is a distribution with varying
rank becomes more challenging. For instance, the following proposition remains
valid when (M, A, || - ||) is a sub-Finsler manifold in the sense of Definition 4.1.10,
as discussed in the work [ALN23]. However, it is crucial to note that altering
Definition 4.1.6 by considering rank-varying distributions (instead of polarizations)
with norms defined on the entire tangent bundle, as in Definition 4.1.6, may lead to
the falsification of the conclusion of the following proposition. In fact, in that setting,
there are examples of smooth curves parametrized by arc length that are nowhere
tangent to the distribution, as illustrated in Example 4.4.3. Due to this issue, we
confine our attention to sub-Finsler structures of constant rank, and we shall prove
the following proposition exclusively in accordance with Definition 4.1.6.

Proposition 4.2.4 Let (M, A, | - ||) be a (constant-rank) sub-Finsler manifold
equipped with its Carnot-Carathéodory distance dy.. Let y : [a,b] — M be a
curve.

4.2.4.0.  If Length,; (y) < oo, then the reparametrization by arc length of y is
A-horizontal.
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4.2.4.i. I y is A-horizontal, then Length, (y) = Length(y); and the curve
y is parametrized by arc length if and only if ||y || = 1 almost everywhere.

Proof of 4.2.4.i Recall that in every metric space, every curve of finite length can
be reparametrized by arc length; see Exercise 3.4.7. Hence, we consider y to be
parametrized by arc length with respect to the distance d.

Let dr be the Finsler distance for which we have (4.5). Recall that dF is locally
bi-Lipschitz equivalent to every Riemannian distance, as stated in Proposition 3.3.3.
Since dr < d.., we have:

dp(y(s), y (1)) <dec(y(s), y (1)) < Lengthy (ylfs,n) = [t — sl. (4.13)

This implies that y : [a,b] — (M, dF) is 1-Lipschitz. Consequently, in local
coordinates, the curve y is (Euclidean) Lipschitz. By the Rademacher Theorem,
the curve y is absolutely continuous and hence differentiable almost everywhere.
Let fo € I be a point of differentiability for . We shall prove that y (fo) € A, (-

Assume, by contradiction, that y(f9) ¢ A, (). For simplicity, we work in
coordinates and assume 75 = 0, y(p) = 0 € R", Ag = RF x {0}" %, and
y(ty) = e, = (0,...,0, 1). We then have:

Yu(t) > 1/2, for small enough 7, (4.14)

where y,,(¢) is the n-th component of y.
‘We claim that for all € > 0 there exists r > 0 such that:

P € B (0.2r), X€Ap, [XI =1 = |3, X)| <€, (4.15)

where we use the Euclidean scalar product making 91, ..., d, orthonormal. Indeed,
by contradiction, assume there exists € > 0 and sequences (p;); in M and (X;); in
TM with X; € Ap; suchthat p; — 0, || X;|| < 1, and (3., X ;)| > €. Letc > Obe
a constant for which we have (3.27) in some neighborhood of 0. Hence, eventually
we have || X |lg < c. Therefore, being the sequence X ; in a compact set, it converges
to some Y, up to a subsequence. Since A is assumed to be a polarization (hence a
subbundle), it is a closed subset of T M; see Exercise 4.4.5. And since p; — 0, we
have that Y € Ag. Thus we get

0= [(3;, V)| = lim [(3,, X;)| > € > 0.
j—o0

We inferred a contradiction, which gives the claim (4.15).

Let € > 0 and r¢ be chosen with the above property (4.15). By definition of
d.c, we shall take a horizontal curve that almost realizes d..(0, y (r¢)), which is
not zero because of (4.14). In fact, there is a horizontal curve o : [0,b.] — M
from 0 to y (re¢) such that || || = 1 almost everywhere and b = Length,(0) <
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2d..(0, y(r¢)) < 2r¢, where in the last inequality we used (4.13). Hence, first we
have

be

Te

<2, (4.16)

second, we have that the image of o is in By, (0, 2r¢). Consequently, because o is
horizontal and ||| = 1 almost everywhere, from (4.15) we have that |6,| < e,
where oy, is the n-th component of ¢, so 6, = (9, 7). We then infer that:

Fe (4.14) be be
0< E < Yu(re) = 04(be) = on(s)ds < [0n(s)|ds < ebe.
0 0

Thus we just obtained a bound that contradicts (4.16) for small enough €, since

b 1
£ >_ 500 ase—0.
Te 2e
We deduce that y is horizontal. And the statement 4.2.4.i is proven. O

Proof of 4.2.4.ii Let y be a horizontal curve. On the one hand, since dr < d.. and
since Length; = Length,, by Theorem 3.3.4, then Length; < Length, . On
the other hand, since y is horizontal,

k—1

Lengthy () = sup Y dec(y(tiy1), y (1))
(t15eti) =1
k—1

= sup ZLength”_”(y|[tl.,,i+l])

(t15eeestl) i=1

= Length (¥),

where the suprema are over all the partitions (f1, ..., fx) of the domain of y. O

With the previous Proposition 4.2.4, we deduce that in Carnot-Carathéodory
spaces, the two a priori different length structures coincide. Hence, it is unambigu-
ous what we mean when we refer to them as length spaces, a concept introduced in
Sect. 3.1.3.

Corollary 4.2.5 Carnot-Carathéodory spaces are length spaces.

Proof Let (M, A, | - |) be a sub-Finsler manifold with its Carnot-Carathéodory
distance d... We need to show that the distance d.. is finite and equal to the
infimum of the length of curves joining points, as in (3.6). Here, the length is
calculated with respect to the distance d. itself. First, the distance is finite by
Chow’s Theorem 4.1.8. Second, Proposition 4.2.4 tells us that the curves with finite
length with respect to d.. are, up to reparametrizations, the A-horizontal curves.
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Moreover, their length coincides with the integral of their velocity, as in (3.25).
Therefore, we obtain (3.6) from the definition (4.4) for d... |

4.2.5 Existence of Geodesics in CC Spaces

The Riemannian analog of the following theorem is due to Heinz Hopf (1894-
1971) and Willi Rinow (1907-1979), who independently proved versions of it. The
theorem guarantees the existence of geodesics between every two nearby points.
Moreover, the two points can be chosen arbitrarily if the space is boundedly compact
in the sense of Sect. 3.1.3.

Theorem 4.2.6 (Hopf-Rinow Theorem for CC Spaces) Let M be a Carnot-
Carathéodory space.

1. Every point in M has a neighborhood in which every two points can be joined by
a curve that minimizes length with respect to the Carnot-Carathéodory distance.
2. If M is boundedly compact, then it is a geodesic space.

Proof By Chow’s Theorem 4.1.8, since M is connected and A is bracket generating,
the distance function d is finite and the topology of (M, d..) is locally compact.
Moreover, the metric space (M, d..) is a length space, as stated in Corollary 4.2.5.

To find shortest paths, we shall use Proposition 3.1.4. This proposition ensures
the existence of a shortest path between every two points that are sufficiently close.
In fact, consider a point p € M and select » > 0 small enough so that the closed
ball B(p, r) is compact. We claim that every two points pi, p» € B(p,r/2) can
be joined by a length-minimizing curve. Indeed, by Proposition 3.1.4, there exists
a curve o from pj to pj that is one of the shortest among the curves contained in
B( p, r). On the one hand, notice that the length of o is at most r, the reason being
that each of p; and p; can be connected to p via a curve of length strictly less than
r/2, which therefore remains inside B( p, r). On the other hand, every competitor
curve from pj to p; that leaves B(p, r) has a length of at least r because it starts
in B(p, r/2), exit B(p, r), and returns into B(p, r/2). Therefore, the curve o is a
length-minimizing curve.

If, in addition, the metric space (M, d..) is boundedly compact, we can conclude
by applying Proposition 3.1.6 O

4.3 Ball-Box Theorem and Hausdorff Dimension

Discussing the Hausdorff dimension is one of the most direct ways to demonstrate
that Carnot-Carathéodory spaces are metrically equivalent to Riemannian spaces
only when the polarization is the entire tangent bundle. This metric dimension
can be calculated by observing that the metric balls, with respect to Carnot-
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Carathéodory distances, do not necessarily behave like cubes where all the edges
have comparable lengths; instead, they behave like boxes with edges of differing
magnitudes. Such a statement is made precise by the so-called Ball-Box Theorem.

4.3.1 Ball-Box Theorem

Let (M, A, | - ||) be an equiregular sub-Finsler manifold of topological dimension
n and step s. Consider the flag of subbundles:

A=A cAPlc...cAbl=TMm.

Since the upcoming considerations will be local in nature, we assume the existence
of a frame X1,..., X, for TM and numbers my, ..., ms such that Xy, ..., X,,,
form a frame for A1, In this case, we say that X1, ..., X,, is an equiregular frame.
Equiregular frames are also known as adapted frames.

Notice that, forall p € M,

mj = dim AVl (p). (4.17)
We also say that X ; has degree d; if
X;(p) € AT\ Aldi=1] VpeM, (4.18)

ie,j€{ma;_, +1,...,mg;}. We might denote d; by deg(X).

The plan is to parametrize the manifold M using the flow of linear sums of
X1, ..., X,. Tosuch vector fields, we associate an exponential coordinate map from
apoint p € M as

®,:R" - M, (e tn) — D) x4 x, (D) (4.19)

where <I>§( (p) is the flow of X at time 1 starting from p. Such a map might be
defined only on a neighborhood of 0 € R". However, for the sake of simplicity and
due to the fact that this is the case for Lie groups, we assume that @, is globally
defined.

We define the box with respect to the numbers dy, ..., d, and radius r > 0 as

Box(r) = {(rl, ) ERM ] < rdf] . (4.20)

The following comparison theorem is due to several mathematicians, including
Mitchell, Gershkovich, and Nagel-Stein-Wainger, as mentioned in [Gro99]. It is
known as the Ball-Box Theorem because it establishes a comparison between the
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box Box(r) in R” and the ball B(p, r’) with respect to the Carnot-Carathéodory
distance, providing a bi-Lipschitz relation between r and r’.

Theorem 4.3.1 (Ball-Box Theorem) Let (M, A, || - ||) be a sub-Finsler manifold.
Assume A is equiregular. Fix p € M and an equiregular frame X1, ..., X, in a
neighborhood of p with degrees d, ...,d, and the corresponding boxes Box(-).
Then there exist a neighborhood U of p in M and constants C > 1 and p > 0 such
that

By..(p,r/C) C ®,(Box(r)) C By, (p,Cr), Vp e U,Vr € (0, p).

The proof of the Ball-Box Theorem in this general context of manifolds will not
be presented here. Instead, it will be demonstrated later in the more straightforward
scenario of Carnot groups and then, more generally, for sub-Finsler groups; see
Theorems 11.2.3 and 12.5.3.

Remark 4.3.2 The Ball-Box Theorem 4.3.1 provides a quantitative version of
Chow’s theorems 4.2.1 and 4.1.8.

As of our current knowledge, there is no conclusive answer to the following
natural question, except, perhaps, in the case of 2-step Carnot groups and contact
3-manifolds—further investigation is required [Bar00, BBL20].

Question 4.3.3 (Open!) Are all sufficiently small sub-Finsler balls and spheres
homeomorphic to the usual Euclidean balls and spheres?

Here is a first very useful consequence of the Ball-Box Theorem 4.3.1.

Corollary 4.3.4 (Holder Equivalence Between CC and Euclidean Metrics)
Locally, each equiregular sub-Finsler manifold is Holder equivalent to a Rieman-
nian manifold. Namely, if s is the step, then locally around every point, there exists
C > 1 such that

1
E(dcc)s = dRiem =< Cdcc- (4-21)

Proof Let (M, A, ||-1|) be the sub-Finsler manifold. Let g be a Riemannian tensor
with a norm smaller than ||-|| and denote by driem the induced Riemannian distance.
Recall that every other Riemannian distance is locally Lipschitz equivalent to dRjem.
Consider the identity map id : M — M. Obviously, the map

id: (M, de) — (M, driem)

is 1-Lipschitz (and, therefore, Holder); and hence we obtain the inequality on the
right in (4.21).
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For the other bound, we observe that the step s of A is equal to the maximum of
the degree d; of the vector fields of some equiregular frame X1, ..., X, which we
locally fix. For r € (0, 1), it is evident that

n
Be(0,r%) C l_[[—rs, r*1 C Box(r),
j=1

where Br denotes the Euclidean ball in R”. Therefore, using the second inclusion
of the Ball-Box Theorem 4.3.1 and the fact that the exponential maps @, are locally
bi-Lipschitz maps (locally uniformly in p), as shown in Exercise 4.4.20, we obtain:

By (p. Cr) 2 ®,(Box(r) 2 @,(Bg(0,7°)) 2 Bgien (P, C'1°).
Hence, the map
id : (M, driem) — (M, dcc)

is 1/s-Holder on compact sets, establishing the inequality on the left of (4.21). O

4.3.2 Dimensions of CC Spaces

With the aid of the Ball-Box Theorem, we can finally calculate the Hausdorff
dimensions of sub-Finsler manifolds.

Definition 4.3.5 (Homogeneous Dimension) If a distribution A on a manifold M
is equiregular, we define its homogeneous dimension as the natural number

Q:=0a:=) ] (dim AUl(p) — dim A[f'*”(p)) : (4.22)
j=1

which is independent of p as it varies in M.

In other words, in terms of the numbers m1, ..., ms from (4.17), we express Q
as:

Q =my +2(my —my) +3(m3 —my) + -+ s(mg —my_1). (4.23)
It is important to note that the box defined in (4.20) satisfies

L"(Box(r)) = r2,
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where L is the Lebesgue measure in R”. In terms of the degrees of the vector fields
of an adapted frame, as in (4.18), we also have

0=> d; (4.24)
j=1

Corollary 4.3.6 If a sub-Finsler manifold (M, A, ||-||) has an equiregular distribu-
tion, then the Hausdorff dimension of (M, d..) equals the homogeneous dimension
Q. Moreover, the Q-dimensional Hausdorff measure of (M, d..) is locally bi-
Lipschitz equivalent to each volume form. In particular, if TM # A, the Hausdorff
dimension is strictly greater than the topological dimension.

Proof We arbitrarily choose a Riemannian structure. Since all volume forms are
locally bi-Lipschitz equivalent, we assume that the volume form corresponds to the
Riemannian volume form vol.

Using the notation of the Ball-Box Theorem 4.3.1, let k£ be the (locally uniform)
bi-Lipschitz constant of the exponential map @, with respect to the Riemannian
distance on the n-manifold M and the Euclidean distance on R"; see Exercise 4.4.20.
Since vol (resp., the Lebesgue measure L") is the n-dimensional Hausdorff measure
of the Riemannian manifold M (resp., of the Euclidean space R"), we have, for small
enough 7,

kin.E”(Box(r)) < vol(®,(Box(r))) < k" L"(Box(r)).

If Q is the homogeneous dimension, according to the Ball-Box theorem, for small
r then have

1
0 neQ@,0
k”CQr <vol(Bg.(p,r)) <k"C*r=.
By Theorem 3.1.18 and Remark 3.1.19, obtained in the section on Ahlfors regular
measures, we can conclude. O

4.3.2.1 Dimensions of Submanifolds in CC Spaces

The question of computing the Hausdorff dimension and Hausdorff measure of
submanifolds in sub-Finsler manifolds with respect to the Carnot-Carathéodory
distance is a natural one. Gromov provided a general formula for the Hausdorff
dimension of smooth submanifolds in equiregular Carnot-Carathéodory spaces in
[Gro99, 0.6 B]. This formula was later demonstrated to coincide with the degree of
the submanifold, introduced in [MVO0S], in [Magl0].
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Theorem 4.3.7 ([Gro99, page 104]) Let (M, A, ||||) be a sub-Finsler manifold
with an equiregular distribution A and Carnot-Carathéodory distance dg.. Consider
a smooth submanifold ¥ C M. Then, the Hausdorff dimension of (X, dc) is

dimpy (X, dec)

n
—max{ Y j-dim (T,,E n A[j](p))/(TpE n A[f'*‘](p)) L pex
j=1

Nevertheless, questions concerning Hausdorff measures of smooth submanifolds
remain unanswered. In [MV08], Magnani and Vittone derived an integral formula
for the spherical Hausdorff measure of submanifolds in Carnot groups under a
suitable ‘negligibility condition’. This negligibility condition has been established
in two-step groups, [MaglO] using covering arguments, and in the Engel group,
using blow-up arguments [LM10]. However, the situation remains unclear in higher
step groups and, more generally, in sub-Riemannian manifolds. For further details
on this problem and its connections with existing literature, we direct the reader to
Magnani’s works [MV08, Mag08, Mag10, Mag19].

4.4 Exercises

Exercise 4.4.1 (Grushin Distribution) On R? with coordinates (x, y), the vector
fields

X=9, and Y =xd, (4.25)

satisfy the generating condition (4.3) and define a bracket-generating distribution
whose rank is not constant.

Exercise 4.4.2 (Grushin Sub-Riemannian Plane) On R? with coordinates (x,y),
consider the vector fields X and Y as in (4.25). Define the Carnot-Carathéodory
distance d.. on R? by setting X and Y orthonormal, as in Definition (4.9). For every
veR,A>0and p,q € R?, we have

dee(p + (0,v), g + (0, v)) =dec(p, q) and dec (83 p, 82.q9) = dec(p, q),

where §; = (g )?2>, and

dec((0, y1), (0, y2)) = C/Iy1 — »2l, Yy, » €R,
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where C := d..((0, 0), (0, 1)). In particular, the line {(0, y) : y € R} is isometric to
the 1/2-snowflake of the Euclidean line.

Exercise 4.4.3 On R? with coordinates (x, y), consider the distribution A gener-
ated by the vector fields X and Y as in (4.25). Consider the continuously varying

norm || - || given by the Euclidean norm for every tangent vector. Then, we have
(i) the Carnot-Carathéodory distance d.. induced by (A, || - ||) is the Euclidean
distance.

(ii)) The curve t € R —— (0, ¢) is parametrized by arc length, but at no point is it
tangent to the distribution A.

Exercise 4.4.4 Let ¢ € C°°(R) be such that il;—f(O) =0, forallk € {0,1,2,...},

and ¢ (x) # O, for all x # 0, as in Fig.4.1. On R? with coordinates (x, y), for the
vector fields

X = 0y and Y =¢(x)oy,

we have
. dv¢
Lie({X, Y}) = spang {0y, d—k(x)ay cke{0,1,2,...}¢.
X

Consequently, the pair X and Y does not satisfy the generating condition (4.3) at
p = (0, 0). Still, the vector fields span the same distribution of Exercise 4.4.1

Exercise 4.4.5 Every subbundle of a vector bundle is a closed subset.

Exercise 4.4.6 Every Finsler distance on each manifold induces the manifold
topology.

Exercise 4.4.7 Every two Finsler distances on a compact set are bi-Lipschitz
equivalent.

Exercise 4.4.8 Carnot-Carathéodory distances, and in particular Riemannian and
Finsler distances, are length distances.

Exercise 4.4.9 The Hausdorff dimension of a Riemannian n-manifold is #.

Exercise 4.4.10 If y : I — (M, d.) is a curve in a Carnot-Carathéodory space
that is parametrized by arc length, then ||y | = 1 a.e.

Exercise4.4.11 If y : I — (M,d.) is a L-Lipschitz curve in a Carnot-
Carathéodory space, then y is a horizontal curve and ||y || < L a.e.
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Exercise 4.4.12 Let (M, A, ||-|) be a sub-Finsler manifold. We denote by
Length,; and Length the length with respect to the metric dc and the length
with respect to the Finsler norm |||, respectively. Let y be a horizontal curve. We
have

Length (y) = Length, (y).

Exercise 4.4.13 For every absolutely continuous curve y in a sub-Finsler manifold,
we have

y is horizontal <= Length, (y) < +oo.

Exercise 4.4.14 Denote by CIDI)"Q the flow at time i with respect to a vector field X;.
Calculate the differential of

(tl,...,tk)r—>th)’;ko---oCI)t}}](p).

Exercise 4.4.15 Theorem 4.2.3, together with the fact that the points where (4.2)
holds form an open set, gives a (second) proof of Theorem 4.2.1.

Exercise 4.4.16 Recall that I'(A) denotes the smooth sections of a subbundle A
of a tangent bundle of a manifold M. The Hormander’s condition is equivalent to
Lie(T'(A)) = Vec(M).

Hint. Use Exercise 3.4.48.

Exercise 4.4.17 Let AL/l p) be the vector space defined in (4.10). The set Al p)
can be equivalently defined as the subspace of T, M spanned by all commutators of
the X;’s of order < j (including, of course, the X;’s). Namely, X;(p) has order
L; [X;, X;1(p) has order 2; [X;, [X;, X;]](p) has order 3; but those of order 4 are
those in one of the two forms:

[Xi, [X;, [Xk, Xi]11(p) or [([Xi, X1, [ Xk, X1]1(p).

Exercise 4.4.18 For the set Al/l as defined in (4.10) we have the following
properties:

(i) The set A/ might not be a subbundle of 7M.
Hint. ‘Try the distribution given by the frame X| = 9y, Xo = 92 + x1283. _
(i) If A1 is a subbundle, then it makes sense to consider smooth sections I'(AL/1)
and

AU (py = AUl(p) + R-span {[X, Y1(p) : X e T(A), Y e T(AUD}.

Exercise 4.4.19 If (M, A, ||-|) is a sub-Finsler manifold with induced distance d.,
then the metric space (M, d.) is homeomorphic to the manifold M via the identity
map.
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Exercise 4.4.20 The maps ®, : R" — M from (4.19) are bi-Lipschitz in some
neighborhood of 0 locally uniformly in p: Namely, fix a compact subset K of
M and a Riemannian distance drjem on M, then there exists C > 1 and exists a
neighborhood U of 0 in R" such that of all p € K the map ® |y is a C-bi-Lipschitz
homeomorphism between U equipped with the Euclidean distance and its image
equipped with driem-

Exercise 4.4.21 Each smooth surface in the Heisenberg group has Hausdorff
dimension 3.

Hint. One may use Theorem 4.3.7 or give a direct proof considering vertical planes
as preliminary cases.

Exercise 4.4.22 Give a proof of Theorem 4.3.7.

Exercise 4.4.23 Let F : M; — M; be a smooth map between sub-Finsler
manifolds (M, AM1, |- and (M2, AM2, ||-])). Let L > 0. Assume, for all p € Mj,
M M
thatdz(A,") € Ang) and that
dm)p : (Ap, I-1D = (AFp, IFD

is L-Lipschitz. Then, the map F : My — M, is L-Lipschitz with respect to the
respective sub-Finsler metrics.

Exercise 4.4.24 For every CC-bundle structure (o, N) on a manifold M, as in
Definition 4.1.10, given an absolutely continuous curve y : [0,1] — M with
ly (@)l < oo for almost every ¢ € [0, 1], then there exists a measurable map
u : [0,1] — E such that o(u(t)) = y(t) and ||y()| = N(u(t)), for almost
every t € [0, 1].

Exercise 4.4.25 As in Definition 4.1.10, let M be a smooth manifold and f : M x
R™ — TM a smooth M-bundle morphism. Let N : M x R" — [0, 4+00) be

a continuous function such that N(p, -) is a norm for every p € M. Then, the
associated sub-Finsler distance (4.9) between p and g in M is

dirny(p,q)

1 y©0)=p
= inf / N(y(s),u(s))ds |u € L0, 1;R™), y(1) =¢q
° p(0) = f @), u@)
(4.26)
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Chapter 5 ®)
A Review of Lie Groups Qe

In the following chapter, we will review the theory of Lie groups. This revision
serves two purposes: First, Lie groups equipped with special sub-Finsler structures
appear as tangent spaces of Carnot-Carathéodory spaces. Such Lie groups serve
as infinitesimal models for sub-Riemannian manifolds, playing the same role as
Euclidean vector spaces in Riemannian geometry. Second, sub-Finsler structures on
Lie groups are highly interesting and arise in various contexts, including geometric
group theory, harmonic analysis, hyperbolic geometry, and furthermore in stochastic
processes and mechanics. They are, in a sense, easier to study than general Carnot-
Carathéodory spaces.

The prerequisites for understanding Lie groups and Lie algebras primarily lie in
the realm of differential geometry. The results presented in this chapter are classical
and are based on the references [War83, CG90, HN12].

5.1 Lie Groups, Lie Algebras, and Their Morphisms

In this section, we will review the following concepts: Lie group, Lie algebra,
Lie algebra associated with a Lie group, Lie subgroup, Lie subalgebra, Lie group
homomorphism, Lie algebra homomorphism, and Lie algebra homomorphism
induced by a Lie group homomorphism. We will also state certain results regarding
these objects, but the proofs will be deferred to later sections.

For clarity, we provide a reminder that a group is a set G equipped with a binary
operation, referred to as its product or group product or product law, usually denoted
by the symbol -. The product is a function (¢,b) € G x G —> a - b € G that
satisfies associativity, the existence of an identity element, and of an inversion map.
The inversion map is denoted as a +—> a~!. When it is clear, we may simply write
ab for a - b. The identity element of a group G is denoted by 1. If it is necessary to
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emphasize that 1 is the identity element of the group G, it can be denoted by 1.
Other texts or references may use alternative symbols such as e or eg.
Let G be a group and g € G. The left translation by g is the bijection

Ly: G — G
h +— gh.

The right translation by g is the bijection

Rs: G — G
h +— hg.

The conjugation by g is the bijection

C,: G — G
h +— ghgfl.

We shall focus on Lie groups, which are differentiable manifolds with a smooth
group operation. However, some of the remarks will hold in the general setting
of topological groups: A fopological group is a group together with a Hausdorff
topology for which the group product and the inversion map are continuous. Lie
groups form a special class of topological groups:

Definition 5.1.1 (Lie Group) A Lie group is a differentiable manifold (second
countable, but not necessarily connected) together with a group structure such that
both

the product G x G - G and the inverse G — G

5.1
(x,y) B> x-y g g ! e

are C* maps.

As in every manifold, the set Vec(G) of vector fields on G forms a Lie algebra.
The general notion of Lie algebra is the following:

Definition 5.1.2 (Lie Algebra) A Lie algebra g (over R) is a vector space (over
R) together with a bilinear operation [-, -] : g X g — g called Lie bracket, such that
forall X, Y, Z € g, the following two properties hold:

[X, Y] =—-1Y, X] (anti-commutativity),

[[X,Y], Z]+ (1Y, Z], X1+ [[Z, X],Y] =0 (Jacobi identity).

Lie algebras are usually denoted by Gothic letters. The gothic letters for
g h,n,o,l,p,sare g,h,n, o0, p,s. Lie algebras can also be considered on other
fields than R. However, in this text, we shall only consider those over the real
numbers. The structure of a Lie algebra can be represented by expressing the
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Lie bracket using a basis. Namely, if g is a Lie algebra with bracket [-, -] and
X1, ..., X, is an ordered basis of g as vector space, then the structural constants of
g with respect to X1, ..., X, are the real numbers cf.‘j e Rwithi, j,ke{l,...,n}
such that

n

[Xi,xj]=2c{fjxk, Vi, jefl,..., n}. (5.2)
k=1

.....

bracket; see Exercises 5.8.6, 5.8.7, and 5.8.8.

The importance of the concept of Lie algebra is that there is a special finite-
dimensional Lie algebra intimately associated with each Lie group, and that
properties of the Lie group are reflected in properties of its Lie algebra. We shall
recall, for example, that simply connected Lie groups are completely determined
(up to isomorphism) by their Lie algebras; see Corollary 5.1.6.

The Lie algebra associated with a group G is isomorphic, as a vector space, to the
tangent space 71, G of G at the identity element 1. In order to define a Lie bracket
structure, one identifies 77, G as a subset of the space Vec(G) of smooth vector
fields on G by suitably extending each vector to a vector field. Forced to make a
choice,! we follow the majority of the literature focusing on the left invariant vector
fields, i.e., the vector fields X € Vec(G) such that (dLg)p X, = XLg(h) for all
g, h € G. Using (3.36) with F = L, it is easy to see that the class of left-invariant
vector fields is closed under the Lie bracket; see Exercise 5.8.9. In other words, the
set of left-invariant vector fields forms a Lie algebra.

Note that, after fixing a vector v € Tj,G, we can construct a left-invariant
vector field X defining X, := (dLg)1,(v) for g € G. This construction is a linear
isomorphism between the set of all left-invariant vector fields and 77, G, and proves
that left-invariant vector fields form an n-dimensional subspace of Vec(G), where
n := dim G. We denote by g the vector space T1,G equipped with the Lie bracket
coming from the identification with the left-invariant vector fields. Such a g is called
the Lie algebra of G, and it is occasionally denoted by Lie(G). We next summarize
this definition:

Definition 5.1.3 (Lie Algebra of a Lie Group) Let G be a Lie group. The Lie
algebra of G, denoted by Lie(G), has two realizations:

Interpretation 1: Lie(G) is the linear space LIVF(G) of left-invariant vector
fields on G endowed with the bracket of vector fields.

Interpretation 2: Lie(G) is the tangent space 71, G equipped with the bracket

[X.Y]:=[X,Y]i;. VX.YeT,G,

! Actually, we prefer to consider left-actions by a group (on itself) because we think of groups as
transformations, and we are accustomed to placing function symbols to the left of variables, as in
x = f(x).
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where X, Y are the left-invariant vector fields such that X 1c = X and ch =7,
respectively. We shall use both points of view.

Let G be a Lie group and H < G a subgroup. We say that H is a Lie subgroup
of G if H admits the structure of a Lie group such that the inclusion H — G is
a smooth group homomorphism. It is a consequence that the inclusion is actually
an immersion; see Exercise 5.8.28. A Lie subgroup H < G is said to be a closed
Lie subgroup if H is topologically closed within G. As a consequence, in this case,
the inclusion H < G is an embedding; see Theorem 5.3.4. Closed Lie subgroups
are also called regular Lie subgroups, especially if one wants to stress that it is an
embedded submanifold (not just immersed).

A subalgebra of a Lie algebra g is a vector subspace i C g that is closed under
the Lie bracket operation of g. Hence, if H is a Lie subgroup of a Lie group G, then
it is an exercise to show that Lie(H) is canonically isomorphic to a subalgebra of
Lie(G). Vice versa, every subalgebra comes from a Lie subgroup:

Theorem 5.1.4 (Existence of Subgroups; see Theorem 5.7.1) Let G be a Lie
group. For every subalgebra b C Lie(G), there is a unique connected Lie subgroup
H with Lie algebra b.

A subspace i C g is an ideal if [i, g] € i. A subgroup N of a group G is normal, if
Cg(N) = N,forall g € G.Foridealsi C g and normal subgroups N C G we write
i < gand N < G, respectively. The two notions are connected: it is an exercise to
show that the Lie algebra of a connected Lie subgroup is an ideal if and only if the
subgroup is normal.

Next, we discuss the maps of the categories in which the objects are the Lie
groups and the Lie algebras, respectively. A map ¢ : G — H between groups is a
group homomorphism, or, simply, a homomorphism or a morphism, if

(g1 -82) = w(g1) - v(g2), Vg1, 82 €G.

If G, H are Lie groups, then a homomorphism ¢ : G — H is called Lie group
homomorphism if it is a smooth map. If in addition H = G, then ¢ is called Lie
group endomorphism. A bijective Lie group homomorphism is called Lie group
isomorphism. A bijective Lie group endomorphism is a Lie group automorphism.

A map ¢ : g — b between Lie algebras is called Lie algebra homomorphism if
it is linear and preserves brackets:

v (X, Y]) = [¥(X), ¥ ()], VX, Y eg.

If in addition h = g, then  is called Lie algebra endomorphism. A bijective Lie
algebra homomorphism (resp. endomorphism) is called Lie algebra isomorphism
(resp. automorphism).
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Each Lie group homomorphism induces a Lie algebra homomorphism: if ¢ :
G — H is a Lie group homomorphism, note that ¢(1g) = 1g, and one can easily
show that the differential at the identity element

@5 =doi ¢ TlgG — TyH (5.3)

commutes with the Lie bracket operation; see Exercise 5.8.14. Namely, the map
¢« : Lie(G) — Lie(H) is a Lie algebra homomorphism, called the Lie algebra
homomorphism induced by ¢.

Vice versa, in the case when G is a Lie group that is simply connected as
topological space, then each Lie algebra homomorphism comes from a Lie group
homomorphism:

Theorem 5.1.5 (Induced Lie Group Homomorphism; see Theorem 5.7.2) Let
G and H be Lie groups. Assume G is simply connected. For every Lie algebra homo-
morphism  : Lie(G) — Lie(H), there exists a unique Lie group homomorphism
¢ : G — Hwith ¢, = .

Corollary 5.1.6 If simply connected Lie groups G and H have isomorphic Lie
algebras, then G and H are Lie group isomorphic.

As a consequence of a theorem due to Ado, see [Jac79, page 199] and also
Sect.9.1.4, for every Lie algebra g there exists a simply connected Lie group G
with Lie algebra g. We then have the following correspondence.

Theorem 5.1.7 There is a one-to-one correspondence between isomorphism
classes of Lie algebras and isomorphism classes of simply connected Lie groups.

We shall only prove the above theorem, together with Ado’s result, for stratified Lie
algebras since the proof is much easier, and it is what is needed for the Lie groups
of our interest: the Carnot groups. We refer to Sect. 9.2.4.

5.2 Exponential Map

Let M be a differentiable manifold. Consider a smooth vector field X € Vec(M).
Given a point p € M, there exists a unique curve ¢t — y (¢) satisfying y (0) = p and
having a tangent vector y (t) = X, (). We refer to this curve as the integral curve
of X passing through p. The exponential of X is defined as <I>§( (p) = y (1), which
gives the endpoint of the integral curve after one unit of time. It should be noted that
generally, the exponential of X is defined only for X in some small neighborhood
of zero in Vec(M) and maps it to a neighborhood of p in the manifold. This locality
arises from the reliance on the theorem of existence and uniqueness of ordinary
differential equations, which is itself local in nature.
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In the theory of Lie groups, the exponential map is a map from the Lie algebra g
to the group G:

exp: g — G, X CD}((lg).

Here, elements of the Lie algebra g are identified with left-invariant vector fields,
and thus we have g C Vec(G). It can be shown that for every X € g, the ordinary
differential equation y (#) = X, ;) has a global solution and that this integral curve
y (t) correspond to a Lie group homomorphism from the additive group R to the
group G. Such homomorphisms from R to G are commonly referred to as one-
parameter subgroups.

5.2.1 One-Parameter Subgroups

Definition 5.2.1 (One-Parameter Subgroup) Let G be a Lie group. A Lie group
homomorphism 6 : R — G is called a one-parameter subgroup (OPS, for short).
With abuse of terminology, sometimes we say that a one-parameter subgroup is the
image 0(R) C G of one such map.

Equivalently, 6 : R — G is a one-parameter subgroup if and only if

(i) 6 is smooth,
(i) 6(0) = 1g,
(iii) O(t +s) =6()-6(s), foralls,t € R.

We will soon see that the one-parameter subgroups are exactly the integral curves
from the identity element of the left-invariant vector fields (and also of the right-
invariant vector fields). Recall that we denote by @%( p) the flow of a vector field
X at time ¢ starting from a point p.

Proposition 5.2.2 Let G be a Lie group and X be a left-invariant vector field on G.
5.2.2.i. The flow line t —> @tX(lg) of X from 1¢ is a one-parameter subgroup.
5.2.2.i. If 0 : R — G is a one-parameter subgroup with 6(0) = X145, then

0(t) = ®\ (1), forallt € R.

Proof of 5.2.2.i Let o(t) = CIJ’X(lg), which is defined for ¢ in some maximal
interval (—e, €). Fix s € (—¢, €) and consider y (¢) := o (s) - o (¢). We claim that y
is the integral curve of X from o (s). Indeed, we have

y(@) = %(G(S) o(1))

d
E(Lo(s) (o(1)))

= (dLa(s))cr(t)é' (t)
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= (dLss))ot) Xo @)
= Xo(s)-0() = Xy(0)-
By uniqueness of integral curves, we have y(t) = o(s +¢) and so o (s +¢t) =

o(s) - o(t). Moreover, since o can be prolonged by L, ) o y, then o is defined on
the whole of R. O

Proof of 5.2.2.ii Being 6 a one-parameter subgroup, we have 6(s + 1) = 6(s) -
0(t) = Lg(s)(0(2)). Hence, since 6(0) = X, we have

. d
0(s) EO(S +1)

t=0

d
ELG(S) 0@)

= (dLa(s))g () 0(0)

= (dLg(S))l X1 = Xos)-

t=0

So 6 is the integral curve of X from 1. O

Remark 5.2.3 If 6 is an OPS, then its image 6(R) is a Lie subgroup. Indeed, if
9(0) = 0, then 6 is constantly equal to 15, which is a Lie subgroup of dimension
0. If instead 6(0) # 0, then 6(7) # 0 for all ¢+ € R, and 6 is an immersion. Hence,
0(R) C G is a Lie subgroup of dimension 1.

5.2.2 Exponential Map

Definition 5.2.4 (Exponential Map) Let G be a Lie group and g its Lie algebra,
seen as the space of left-invariant vector fields. The exponential map is defined as

exp:g—> G, Xegr— exp(X):= Q}((l(;),

i.e., exp(X) is the flow of X at time 1 starting from 1.

Remark 5.2.5 The exponential map may be different from the exponential map
of Riemannian geometry. In Exercise 5.8.32, one can see that the exponential map
of the Lie group GL™ (n, R) is not a Riemannian exponential for any Riemannian
metric. However, if a Lie group is compact, then it admits Riemannian metrics that
are invariant under left and right translations, and the Lie group exponential map
coincides with the Riemannian exponential map of every one of these metrics; see
Sect. 8.1.3.

One first key property of the exponential map is the following—see Exer-
cise 5.8.17 for other properties.
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Corollary 5.2.6 (of Proposition 5.2.2) For every left-invariant vector field X the
curve t +— exp(tX) is a one-parameter subgroup and an integral curve of X. For
every g € G, the curvet > gexp(tX) = Lg(exp(tX)) is the flow line of X starting
at g.

Consequently, first, we infer that left-invariant vector fields are complete. Second,
we proved that the flows of left-invariant vector fields are right translations, as we
next express.

Corollary 5.2.7 Let X be a left-invariant vector field on a Lie group G. Then
@Y = Rexp(rx)» vt € R. (5.4)

Similarly, if we let X T be the right-invariant vector field such that (X T)l = X,
then we also have

exp(rX) = @ (1) and i = Lexpx), VI €R. (5.5)

From the fact that we explicitly know the above flows (5.4) and (5.5), we have many
consequences; see Exercises 5.8.22, 5.8.23, and 5.8.24.
We summarize the following three interpretations of the exponential map:

flow at time 1 of the left-invariant vector field X,
exp(X) = { OPS at time 1 tangent to X, (or XTG) at time 0,

flow at time 1 of the right-invariant vector field X .
The next result is a very important feature of the exponential map. It implies that

exp gives a local parametrization of G near 1.
Proposition 5.2.8 Let G be a Lie group with Lie algebra g. Then exp : g — G is
smooth and (d exp)g is the identity map:

(dexp)o =1idg : g = Tog — T1,G = g.
Consequently, the map exp is a diffeomorphism between some neighborhood of 0 in
g and some neighborhood of 1 in G;

Proof For the smoothness of exp, we refer to Exercise 5.8.25. Regarding its
differential, fix X € g = T1;G. Let 0 : R — g be the curve o(¢) := tX so
that 6 (0) = X. Then

(dexp)o(X) = (expo0)'(0)

d exp(tX)
— €X
ar P =0
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e X t=0
d
= —d' (1
dr X( )z=o
= X’

where X is the left-invariant vector fields with X;, = X. The last part of the
statement of the proposition is a consequence of the Inverse Function Theorem. O

The exponential map gives a first link between the Lie-group level and the Lie-
algebra level:

Proposition 5.2.9 Let ¢ : G — H be a Lie group homomorphism. If ¢, :
Lie(G) — Lie(H) is the induced Lie algebra homomorphism, as in (5.3), then

exp o Px = ¢ o exp,
i.e., the following diagram commutes:

Lie(G) —— Lie(H)

exp l l exp

G H.

¢

Proof We need to show that for every left-invariant vector field X

o(exp(X)) = exp((dg)1 X1).

We plan to show that for every left-invariant vector field X and for every t € R

—~—

o (1) := @(exp(rX)) = exp(1(dp)1 X1).

Namely, we claim that the curve ¢ +— o (¢) is the one-parameter subgroup in H
generated by (dg)1 X1.

First, we check that o is a one-parameter subgroup:
o (s)a (t) = g(exp(sX))p(exp(r X))
= ¢ (exp(s X) exp(1 X))
@ (exp((s + 1) X))
o(s+1),
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where we used that ¢ is a homomorphism and that # = exp(z X) is a one-parameter
subgroup.
Second, the derivative at O of o is

d ®)
—0
dr t=0

d
aw(eXp(tX)) -

d
= (d®)exp(0-x) I exp(tX)

=0
= (dg)1 Xi.
O
5.2.3 Exponential Coordinates
We draw a first consequence of Proposition 5.2.8. Let X1, ..., X,, be a basis of the

Lie algebra of a Lie group G. The map « : R" — G, defined as
(t,....tn) €ER" — alty,.... 1) :=exp(ti X1 + -+ + 1, X)),

is a diffeomorphism between some neighborhood of 0 € R” and some neighborhood
of 1 in G. Such a map is called the exponential local coordinate map (or
exponential local coordinates of the first kind) with respect to X1, ..., X;.

The map 8 : R" — G, defined as

(t1, ..., tn) € R" —> B(t1,..., 1) = exp(t1 X1) - - - exp(t, X 1),

is called exponential local coordinates of the second kind with respect to
X1,..., X,

Intermediate examples can also be considered. For instance, given an integer
k € {1,...,n — 1}, one can define the map B : R* — G as

Bi(t, ... . ty) =exp(t1 X1 + - - - + 6 Xp) exp(tep1 Xpe1 + -+ - + 1, Xp),

which is called an exponential local coordinates of mixed kind with respect to
X1,..., X,.

Notice that 8 and f; might depend on the ordering of the basis. The maps
B and Bj are indeed coordinate maps since, for them, the differential at O is an
isomorphism. Indeed, for 8 we have

def O
dBo(d;l0) = 5 Bt
j (t15--0s10)=(0,...,0)
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d
= —B0,...,0,1,0,...,0)
dtj ;=0

d i X;)
= —exp(tiX;
dr; pli;&;

= X;.

1j=0

Warning: There are examples of groups for which « and 8 are not surjective.

5.3 From Continuity to Smoothness

5.3.1 Smoothness of Continuous Homomorphisms

This subsection aims to show that continuous homomorphisms between Lie groups
are smooth. We begin with the 1-dimensional situation: the domain of the homo-
morphism is the additive group R.

Theorem 5.3.1 Let G be a Lie group. Every continuous group homomorphism 0 :
R — G is smooth.

Proof Since 6(t +5) = 0()0(s) = Lo)(0(s)), it is enough to prove that 6 is
smooth at 0.

Let U C g be an open set that is star-shaped with respect to 0 and such that
exp |y is a diffeomorphism between U and its image. Let

vi=4u=|[ix:xev}.

By continuity there is #; > 0 such that 8(¢) € exp(U’), forall |¢t| < t;. Let X € U’
be such that exp(X1) = 6(¢;). Forn € N, let X, € U’ be such that exp(X,) =
o(t/n).

We claim that nX,, € U’. Indeed, fix n and assume by induction that j X, € U’
for some j < n. On the one hand, we have (j +1)X,, = ]ji.]jX,, €2U’' = U, since
41~ 2 On the other hand, recalling Exercise 5.8.18, which we will use several
times in this proof, we have

j+1 .
exp((j + DX,) = (exp(X,))/+' = (9 (%)) = <J : 1“) ’

which is in exp(U’) since £t < 1. Thus (j + 1)X, € U and exp((j + DX,) €
exp(U’). Since exp is injective on U, we get (j + 1) X, € U’. By induction, we get
the claim.
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Now since

13

exp(nXy) = (exp(Xn))" = (6’ (;)) = 0(11) = exp(X1)

and since exp is injective on U’, we get X,, = %Xl.
Let % be a rational number with m € Z and n > 0. Then

0 (%tl) =0 (%)m = exp(X,)" = exp (%)m = exp (%Xl) .

By continuity of 8 (and density of rational numbers), we get
O(st;) = exp(sX1), Vs € R.

Hence, the homomorphism 6 is the exponential curve

0(1) = exp (%)q),

and thus, it is smooth. O

Theorem 5.3.2 Let G and H be Lie groups. Every continuous group homomor-
phism ¢ : G — H is smooth.

Proof Consider g : R* — G the exponential local coordinates of the second kind
with respect to a basis X1, ..., X, i.e., B(t1,..., 1) := exp(t1 X1) - - - exp(t, Xp).
For each j € {l,...,n}, the map t € R  ¢(exp(tX;)) is a continuous
homomorphism, so by the previous theorem (Theorem 5.3.1), it is smooth. Hence,
the map ¢ o B is smooth, being the product of smooth maps:

@op(ty,....ta) = @(exp(t1X1) - - - - - exp(t, X))
= p(exp(t1X1)) - ---- @(exp(tn Xy)).
Hence, in a neighborhood of 15 the map ¢ = (¢ o B) o B! is smooth. Let g € G

be an arbitrary point. Since ¢ = Ly (g) 0 ¢ 0 L,-1 and ¢ is smooth at 1¢, then ¢ is
smooth at g. O

Corollary 5.3.3 (Uniqueness of Lie Structures) FEach Lie group has only one
differentiable structure of a Lie group with the same topology and group structure.

Proof 1If the identity map between the group with two differentiable structures is a
continuous homomorphism, then it is a diffeomorphism by Theorem 5.3.2. O
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5.3.2 Closed Subgroups of Lie Groups

Theorem 5.3.4 (Closed Subgroups are Regular) Let G be a Lie group and H <
G a subgroup. If H is a closed subset of G, then H is a regular Lie subgroup of G.

Before the proof of the above theorem, we present a preparatory lemma that will be
used twice in the proof of the theorem.

Lemma 5.3.5 Let H < G be closed. Let X € Lie(G) and for each j € N let
X; € Lie(G) andtj > 0. Assume X; — X and t; — 0, as j — oo. If

exp(tjX;) € H, VjeN,
then

exp(tX) € H, VvVt € R.

Proof Fix t € R. For each j € N, take m; € [% -1, %] N Z. Hence, we have

mjt; — tandm;t;X; — tX, as j — oo. Since H is closed,
exp(tX) = lim exp(m;t;X;) = lim (exp(thj))mf € H,
j—o00 j—o0

where we used Exercise 5.8.18. O

Proof of Theorem 5.3.4 We need to show that H is an embedded submanifold. Let
g="Ti,;G. Set

h:={X eg:30:R — H suchthat5(0) = X}.
The subset § is a vector space: for all X1, Xo € bh and all A1, 1, € R we have

M X+ A2 X5 € b, since if we have 0 : R — H with ¢;(0) = X for j € {1,2},
then o1(X1t)-02(A2t) € H and, recalling formula (5.27) of Exercise 5.8.11, we infer

d
d—(Ul (A1) - 02(A2t)) =MX1 + A2 X>.
! 1=0

We claim now that

h={X eg:exp(tX) € HVt € R}. (5.6)

Indeed, it is obvious that §j contains the right-hand side. For the opposite inclusion,
we shall use Lemma 5.3.5. If X € b, ie.,, X = 6(0) forsome o : R — H, we
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set 7(t) := exp_!(o(¢)) € g, which is defined when 7 is sufficiently small (recall
Proposition 5.2.8). Therefore,

. d d
X=00)=20o@) = exp(z(t)

=0 =0

d . (1
(dexp)z@)—t(®)|r=0 = 7(0) = lim ]r<—_>,
dr j—o0 j

Set t; = % and X; = jt(%), so that exp(t; X;) = exp(t(l.)) = a(%) € H.
By Lemma 5.3.5, we conclude that exp(tX) € H forall t € fR, i.e., the missing
inclusion of the claim (5.6) is proved.

The idea is now to use the exponential map to obtain a coordinate map in a
neighborhood of 15 in H and then use left translations to get an atlas for H. Let
V C g be a vector subspace such that g = h & V. We plan to show

3Q C V neighborhood of 0 in V such that exp(2) N H = {15}. 5.7

If this is not the case, there are (¥;)jeny C V \ {0} with ¥; — O and exp(Y;) € H
forall j € N. Let || - || be any norm on g. Set #; := ||¥}]| and X; := %Yj. So X
are unit vectors in V and, up to passing to a subsequence, we have X; — X for
some X € V. Notice that f; — 0 and exp(¢; X ;) = exp(Y;) € H forall j € N. By
Lemma 5.3.5 we get exp(tX) € H forallt € R. So X € §. Since || X|| = 1, we get
a contradiction:

04£XeVnh={0).

Hence, equation (5.7) is proven.
Lety : h x V — G be defined by

Y(X,Y) :=exp(X) -exp(Y), VX eh, VY e V.

Then, the map ¥ is a diffeomorphism between some neighborhood €21 x €25 of (0, 0)
in h x V and some neighborhood 23 of 15 in G (since ¥ is an exponential local
coordinate map of a mixed kind, c.f. Sect. 5.2.3). We may assume that Q = €2, i.e.,
exp(Q2) N H = {16).

We plan to show that

Q3N H = exp(21). (5.8)

We have exp(€21) C 23 by construction. Also exp(€2;) C H follows from €1 C §
and the claim (5.6). Hence exp(21) C Q23N H.

Vice versa, let h € Q3 N H, then there are unique X € Q) and ¥ € Q; such
that 7 = exp(X) - exp(Y). Thus exp(Y) = exp(—X) - h € exp(22) N H = {15}
Therefore Y = 0 and & = exp(X) € exp(21).
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Then ¢ := (wlglxgz)_l 1 Q3 — Q) x Q) is a coordinate map for G that is
centered at 15 and is adapted to H, i.e., |y is a coordinate map for H into the
vector space h C g.

To conclude, we consider the atlas {(L;(£23), ¢ o Ly—1)}heH- |

5.4 General Linear Groups, Their Lie Algebra, and Their
Exponential Map

The General Linear Group of degree n, denoted as GL(n, K), consists of invertible
n x n matrices over a given field K. Its associated Lie algebra, denoted as gl(n, K),
consists of the set of all n x n matrices equipped with the commutator bracket
operation. The exponential map, defined on the Lie algebra, provides a way to
exponentiate matrices and obtain elements in the General Linear Group. It plays
a crucial role in Lie theory and connects the algebraic structure of the Lie algebra
with the geometric properties of the Lie group.

In our study, it is essential to work with finite-dimensional real vector spaces
that are not explicitly identified with R”. Consequently, we consider general linear
groups for vector spaces, i.e., sets of linear automorphisms. This abstraction enables
us to consider linear structures like gl(n, R) itself or, very importantly, the Lie
algebra associated with a Lie group.

Throughout this chapter, all the vector spaces under consideration are defined
over the field of real numbers. Similarly, the matrices we examine possess real
coefficients.

54.1 GL(V)and gl(V)

For n € N, we denote by Mat,, x, (R) the space of n x n matrices with real entries.
The n-th general linear group is

GL(n) := GL(n, R) := {A € Mat,«,(R) |det A # 0}.

This forms a group when equipped with the row-column matrix multiplication.
Slightly more generally, if V is a (real) vector space, then

GL(V) := Aut(V) :={A: V — V | Ais an invertible linear transformation}.
This is a group when equipped with the composition rule where the identity element

is the identity transformation I : V — V. Noting that this product rule and the
inversion rule are smooth, we infer that GL(n, R) and GL(V) are Lie groups,
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assuming that V is finite-dimensional. Indeed, the Lie group GL(V) is Lie group
isomorphic to GL(n, R) for n := dim(V).
For n € N, we define

gl(n) := gl(n, R) := Mat, », (R) := {n x n matrices with real entries}.
If V is a vector space, then
gl(V) := End(V) := { linear transformations from V to V}.

Clearly, we have GL(n, R) = GL(R") and gl(n, R) = gl(R").
For A, B € gl(n,R), with n € N, or, more generally, for A, B € gl(V) for a
vector space V, we consider the commutator:

[A, B] := AB — BA. (5.9)

Such an operation is a Lie bracket that makes gl(V) into a Lie algebra. And, as
the choice of name suggests, this Lie algebra is the Lie algebra of GL(V); see
Proposition 5.4.4.

5.4.2 Matrix Exponential

In this subsection, we recall the matrix exponential: the exponential of matrices.
Since we shall consider linear endomorphisms of vector spaces, like, for example,
the Lie algebra of a Lie group, we define the matrix exponential on the space gl(V).

Definition 5.4.1 (Matrix Exponential) Let V be a finite-dimensional vector space.
For each A € gl(V), define the matrix exponential of A as

1 2 3 k
_]I+A+2A +3 A Zk'A (5.10)

In fact, the series giving e” is absolutely converging; see Exercise 5.8.41. Con-
sequently, the function A e is smooth (in fact, analytic). Moreover, each
e is invertible with inverse e~4; see Exercises 5.8.42 and 5.8.43, so we have
amap A € gl(V) — e € GL(V). In the following discussion, we use that
GL(V) € End(V) and that End(V) is a vector space. Therefore, tangent vectors of
curves into GL(V) are represented by elements in End(V).

It is easy to see (and a proof is in Proposition 5.4.3) that for every linear map
A:V — V, the curve r — e'4 satisfies
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Moreover, the map ¢’ that to every linear map B : V — V associates the map

@' (B) := Be'” satisfies the following properties:

o ¢'isaflow, ie., ¢’ o ¢* = @' because for every B we have that (Be*4)e'4 =
Be+94 forevery A, B € gl(V);

o ¢! is left-invariant, i.e., ¢’ (M B) = M¢'(B) because (M B)e!* = M(Be'?), for
every A, B, M € gl(V).

Hence, this flow is the flow of its derivative at O :

= i Be'A
=0 dt

4 "(B)
dt¢

1=0 dr 1=0

We summarize, see also Proposition 5.4.3, the basic properties of the matrix
exponential:

Proposition 5.4.2 (Matrix Exponential) Let V be a finite-dimensional vector
space.

5.4.2.i.  The matrix exponential

exp : gl(V) - GL(V)
A el

is an analytic map.
5.4.2.ii. Forevery A € gl(V), the curve t > €'
5.4.2.iii.  Forevery A € gl(V), the map

A is a one-parameter subgroup.

GL(V) — T (GL(V))
B +— BA,

defines a left-invariant vector field on GL(V) whose flow R x GL(V) — GL(V)
is defined by (t, B) — Be'A.

Rephrasing for the case when V = R”, for all A € gl(n, R) >~ T1G L(n, R), the
unique left-invariant vector field on GL(n, R) that equals A at [ is

B € GL(n,R) — BA € Mat,»,(R).

In the next proposition, we spell out the argument that computes the derivative
of the OPS ¢ — ¢'4. We shall refer to this proposition several times.
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Proposition 5.4.3 (Derivative of ¢!4) For every finite-dimensional vector space
V and every A € End(V), the curve t +— e'4 is the one-parameter subgroup of
GL(V) such that

d 4 d
_ — A tA d _ tA
dte e an dte

Proof Recall that A > ¢4 is smooth, that e*4 - /4 = 694 and that ¥ = I.
Therefore t — ¢4 is a one-parameter subgroup of GL(V). For the last two claims,
we have

where we could exchange the derivative and the summation because the series is
absolutely convergent. O

5.4.3 Lie Algebras of General Linear Groups

This subsection aims to show that gl(n, R), when equipped with (5.9), is the Lie
algebra of the Lie group GL(n, R).

Proposition 5.4.4 The Lie algebra of GL(V) is isomorphic to the Lie algebra
gl(V).

Proof Recall from Proposition 5.4.2.iii that every element in gl(V') induces a left-
invariant vector field on GL(V) for which we have a formula for the flow. The
key point of the proof is to show that for every A, B € gl(V), the vector field
M € GL(V) — M(AB — BA) is the Lie bracket between

M— MA and M +— MB.
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Thus, in terms of flows, by recalling Definition 3.2.2.d, we need to show that

d d _ _
GOhspaO)| = a(«ﬁgﬁ oV oY opYyM) (5.11)
t

t=0
On the one hand, the left-hand side is

— M(AB — BA).

d
LHS of (5.11) = —Me'(AB=B4)
dr =0

On the other hand, recalling that eViA T4 JIA + # + o(t), the right-hand side
becomes

RHS of (5.11) = %M(MAM%*W%*“)

= %M(e‘/;Ae‘ﬁBe_‘ﬁAe_*/;B)

= %M(]H—«/Z(A +B—A—B)

A2 B?2 A2 B?
+z(7 +7+7+7+AB—A2—AB—BA—Bz—l—AB)—|—o(t))

=0
= M(AB — BA).

Hence, Eq. (5.11) holds, as desired. O

Proposition 5.4.3, together with Proposition 5.4.4, therefore clarified that the
exponential of GL(n, R) is the usual exponential of matrices exp : A € gl(n, R) —
e4 € GL(n, R).

Corollary 5.4.5 (of Proposition 5.4.3) For every finite-dimensional vector space
V, the exponential map of the Lie group GL(V) is the matrix exponential exp :
gl(V) = GL(V), A > 4.

5.5 Adjoint Representation

The adjoint representation, also known as the adjoint action, of a Lie group G
provides a means of representing, possibly not injectively, the elements of the
group as linear transformations of its Lie algebra, viewed as a vector space.
Specifically, in the case of the general linear group GL(n, R), where the operations
are linear, the adjoint representation corresponds to conjugation. To obtain the
adjoint representation for a Lie group, we linearize the group’s action on itself
through conjugation. Namely, we take the differentials. This natural representation
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captures the way the elements of the Lie group act on its Lie algebra, establishing a
link between the group’s abstract structure and the associated linear transformations.

5.5.1 Adand ad

In this section, we shall consider a Lie algebra g as a vector space and then consider
the spaces gl(g) and GL(g), as in Sect.5.4.1.

Definition 5.5.1 (Adjoint Map) Let g be a Lie algebra. The adjoint map of g is the

linear map
ad: g — gl(g)
given by
ad(X)(Y) :=adx(Y) :=[X, Y], VX,Y eg.

Remark 5.5.2 The map ady : g — g is indeed in gl(g), i.e., it is linear, not
necessarily invertible. Moreover, seeing gl(g) as a Lie algebra, the map ad : g —
gl(g) is a Lie algebra homomorphism: for all X, Y € gand all s, € R we have

5520  ad(sX +1Y) =s ad(X) +1 ad(Y),
5524i.  ad([X, Y]) = [ad(X), ad(Y)],

see Exercise 5.8.33 for the proof.

Definition 5.5.3 (Adjoint Representation) Let G be a Lie group with Lie algebra
g. For g € G define

Ad(g) := Adg = (dCg) 14,

ie., Ad(g) : g — g is the differential at the identity element of the conjugation
Co:hi> ghg™!. The map

Ad: G — GL(g)

is called adjoint representation.

Remark 5.5.4 The map Ad is indeed a representation, i.e., Ad is a group
homomorphism into GL(g):

Ad(gh) = Ad(g) o Ad(h),  Vg,h € G, (5.12)

see Exercise 5.8.34 for the proof.



5.5 Adjoint Representation 137
5.5.2 Properties and Formulas

Proposition 5.5.5 Let G be a Lie group with Lie algebra g. The adjoint repre-
sentation Ad : G — GL(g) is a Lie group homomorphism, and the Lie algebra
homomorphism associated with Ad is the adjoint map ad : g — gl(g), i.e.,

(Ad), = ad, (5.13)
i.e., we have (d Ad);(X) = ad(X), forall X € g.

Proof Since t — exp(tX) is a curve in G that is tangent to X at 15, we have

d
(dAd)1; (X)) = — Ad (exp(rX)) (Y)
t=0

Here, we consider X, Y as elements in 77, G. We denote by X , Y the left-invariant
vector fields such that X1, = X and Y;, = Y. We have

Ad(exp(X)(Y) = (dCexp(zX)) (Y)
= (dRexp(— tX))eXp(tx) (dLexpex))16(Y)

(d exp(— tX))exp(tX) (Yq)t (IG))
(d >¢, (o) Vo6

where we used that the flow at time ¢ of the left-invariant vector field X is the right
translation by exp(zX); see Corollary 5.2.7. We get

d/ .
@Ad) (O = —(dog )¢;<1G> Vot (109

deinf (‘Ei{(i)>lc

Lie deriv.

=0

3.2.2. ~ o~
= [X, Y],

[X, Y]
adx(Y).
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Recall that if ¢ is a Lie group homomorphism and ¢, is the Lie algebra homomor-
phism induced by ¢, by Proposition 5.2.9 we have the following first commutative
diagram, and for ¢ = C, (resp. ¢ = Ad) we have the following second (resp. third)
commutative diagram.

0x (Cg)s=Ad, (Ad),=ad
g —=>> g —>9 g — ol(®)
exp l l exp exp l l exp exp i l exp=e’
G —= H G —— G G —— GL(g)
Ce Ad

Formula 5.5.6 Since Adg, = (Cy)+ by definition, we have
Cq(exp(X)) = exp(Adg X), VX €g,Vg €G.
Equivalently,
exp(Y) exp(X) exp(—Y) = exp(Adexp(r) X), VX,Y eg.
Formula 5.5.7 Since (Ad), = ad by the previous proposition, we have
Adexp(x) = eMx
In the above formula, ady is a linear transformation on g, i.e., an element of

gl(g), which is the Lie algebra of GL(g). We saw that exp : gl(g) — GL(g) is
given by the classical matrix exponential. Therefore

wdy o o (adx)
e X(Y)—; 0

1 1
=Y+[X, Y]+ E[X’ (X, Y]]+ ;[X, (X, [X, Y]]l +...
Formula 5.5.8 (See Exercises 5.8.36, 5.8.37, and 5.8.38) Let V be a vector space.
Forall X,Y € gl(V) and B € GL(V) we have

558i Adg(X)=B-X-B7L
558ii. eMxy = eXye X;
5.5.8iii. eBXBT = BeXB~1l.

Formula 5.5.9 (See Exercise 5.8.39) For every left-invariant vector fields X, Y on
a Lie group G, we have that (®',),Y is a left-invariant vector field and

(D)) = e~ MX)y, Vi € R.
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5.6 Semi-Direct Products

In this section, our focus turns to the study of the semi-direct product of Lie
groups. We begin by considering group actions by group automorphisms, as well
as Lie actions by derivations. These actions allow the formation of semi-direct
products of Lie groups and, in a parallel manner, semi-direct products of Lie
algebras. A key result will emerge: the Lie algebra of a semi-direct product of Lie
groups corresponds to a semi-direct product of the Lie algebras associated with the
constituent groups.

Let G be a group and X aset. Anactionof Gon Xisamap®: G x X — X
such that ®(1g, p) = p forall p € X, and

O(g1, O(g2, p)) = ©(g182, p), Vg1,8 € G,Vp € X. (5.14)

Actions, as we have just defined, are also called left actions or group actions.
We write G ~ X in case of an action, and we write g.p for ®(g, p). The action
defines a group homomorphism G — S(X), g — ©(g, -), into the group S(X) of
permutations of X. Actions will be extensively considered again in Sect. 6.1.1.

5.6.1 Derivations and Actions by Automorphisms

Definition 5.6.1 (Group Action by Automorphisms) Let H and G be groups. An
action of H by automorphisms of G is a group homomorphism 6 : H — Aut(G).
Equivalently, itis amap 8 : H x G — G, where for each h € H, we define
0 := 6(h, ), and the following hold:

On(g182) = 0n(81)01(g2), vVgi1,8 €G,YVhe H
and
On,hy = O, 0 Op,, Vhi,hy € H. (5.15)

In case G and H are Lie groups, we say that an action 6 : H — Aut(G) is smooth
if itis smoothasamap 6 : H x G — G.

Recall that every smooth element ¢ € Aut(G) has an associated Lie algebra auto-
morphism ¢,. We introduce a notation for the space of Lie group automorphisms of
a Lie group G:

Autgie(G) := Aut(G) N C*(G; G) = {p : G — G smooth automorphism}

and the space of Lie algebra automorphisms of a Lie algebra g:

Autrie(g) :={T € GL(g) : Tlu,v]=[Tu, Tv],Vu,v € g}.
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We shall stress that Autpi.(g) is a closed Lie subgroup of GL(g) with a Lie
algebra that is a Lie subalgebra of gl(g). The elements of this Lie subalgebra are the
so-called derivations:

Definition 5.6.2 (Derivation on a Lie Algebra) Let g be a Lie algebra. A deriva-
tion on g is a linear map D : g — g that satisfies Leibniz rule:

D(X,Y]) =[D(X), Y]+ [X, D(Y)], VX,Y eg. (5.16)

Let Der(g) be the set of derivations on g.

We state the relative results for reference (see Exercises 5.8.50-5.8.56):
Proposition 5.6.3 Let G be a Lie group with Lie algebra g.
5.6.3.i.  The natural map

Autric(G) — Autric(g)
O —> Oy
is a Lie group homomorphism, which is injective if G is connected. If G is simply
connected, it is a Lie group isomorphism.
5.6.3.ii.  Autyie(g) is a regular Lie subgroup of GL(g) with
Lie(Autrie(g)) = Der(g).

5.6.3.iii.  The adjoint map ad and the adjoint representation Ad satisfy

g ———~  Derg) C gl(g)

exp l \L exp

Ad
G —— Autie(g) C GL(g).

5.6.2 Semi-Direct Products of Lie Algebras and Groups

Definition 5.6.4 (Semi-Direct Product of Lie Algebras) Let g and h be Lie
algebras, and let o : h — Der(g) be a Lie algebra homomorphism into the space of
derivations of g. On the direct sum g @ h we consider the bracket that agrees with
the brackets of g and b, and additionally

[0, ), (X,0)] :=0()(X), VX €g,VY eb.
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More explicitly,

[(X, V), (X", Y]
=X, XT+o@)(X) —o(Y)(X), [Y, Y],
VX, X e€g,VY,Y €b.
(5.17)
The resulting Lie algebra is the semi-direct product of g and h with respect to o,
and it is denoted by g X, . When o is understood, or there is no need to name it,
we simply write g > b.

Remark 5.6.5 We have the following properties for the semi-direct product of Lie
algebras.

5.6.5.i. 'We have that g x h is a Lie algebra and the maps X € g — (X, 0) and
Y € h — (0, Y) give injective Lie algebra homomorphisms into g x b.

5.6.5.ii. Ifo =0, we call g x h the direct product of g and b, and write it as g x §.

5.6.5.iii. In g x b, the Lie subalgebra g is an ideal, i.e., [g x b, g] < g. This is the
reason for the choice of the symbol X to resemble <1, and we write g < g % b.
If somewhere else you read g x b, then it means that in that setting, it is j that is
an ideal and hence it is g that is acting on h by derivations.

5.6.5.iv. The map o represents the adjoint map in g X, h of h on g:

ady (X) = o (Y)(X), VX €g,VY €b;
recall that indeed every ady is a derivation; see Exercise 5.8.52.

Definition 5.6.6 (Semi-Direct Product of Groups) Let G and H be groups, and
6 : H — Aut(G) an action of H by automorphisms of G. On the set {(g,h) : g €
G, h € H} we put the product

(g1, 1) - (g2, h2) := (g1 - On, (g2), h1h2), Vg1, 8 € G,Yhy,hy € H.
(5.18)
The resulting group is called the semi-direct product of G and H with respect to
0, and it is denoted by G xg H, or simply G x H if there is no need to write 0
explicitly.

Remark 5.6.7 Similarly to Remark 5.6.5, we have the following properties for the
semi-direct product of groups.

5.6.7.i. We have that G X H is a group, and the maps g € G — (g, 1y) and
h € h — (1g, h) give injective group homomorphisms into G x H.

5.6.7.4i. If6 =idg, we call G x H the direct product of G and H, and write it as
G x H.

5.6.7.4ii. In G x H, the subset G is a normal subgroup. Hence, we have G <
G x H, explaining the choice of the symbol .
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5.6.7.iv.  To understand and remember the product law, it is helpful to grasp its
underlying reasoning.” Write the product of elements g1, g € G and h1, hy € H
as

g1hig2hy = glhlgzhflhlhz = g1Cn, (g2)h1hs.
In other words, the map 6 represents the conjugation in G X H of H on G:
Cr(g) = 0n(g), Vg e G,Vh € H; (5.19)

recall that indeed every C, is a group automorphism; see Exercise 5.8.53.
5.6.7.v. The element (g, k) has inverse (6,1 (g~ H,n .

5.6.3 Lie Algebras of Semi-Direct Products of Lie Groups

Proposition 5.6.8 Let G and H be Lie groups with Lie algebras g and b,
respectively, and 0 : H — Aut(G) be a smooth action.

5.6.8.i. G xg H is a Lie group.

5.6.8.ii. Themap v : H — Autric(g) defined by ty, := (6p)«, for h € H, is a Lie
group homomorphism.

5.6.8.iii.  Foro := 1, : h — Der(g), for the above t, we have

Lie(G xg H) = g x4 b.

Proof As a manifold, G xg H is the product of the manifolds G and H. Moreover,
the group structure is smooth by construction. Thus, G xg H is a Lie group.
Applying the chain rule to (5.15), we find that tj,,,, = T3, 0 T, forall 1, hy € H.
So also 5.6.8.ii is proved.

To prove 5.6.8.iii, we need to compute the Lie bracket ady(X) = [Y, X] where
X € gand Y € b. Hence, before calculating ady (X) we calculate Adexp(y)(X)
and before that Cexp(r)(exp(X)). For doing the calculation, we shall crucially
use the relation between the exponential map and the induced morphisms; see
Proposition 5.2.9. In fact, we have

O (exp(X)) = exp(th (X)), VX eg, YVhe H (5.20)

2 A Finnish motto says: sitéi, minkd ymmdirtiid, ei tarvitse muistaa. [what you understand, you don’t
need to remember. ]
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and

T(exp(Y)) = exp(a(Y)), VY €§. (5.21)
Forall X € g,Y € h,and ¢t € R, we have

eXP(IAdexp(Y)(X)) = eXp(Adexp(Y)(Z‘X))
F.5.5

e

.6
Cexp(Y) (CXP(l‘X))

(5.19)
= eexp(Y) (eXP(fX))

(5.20)
= exp(fexp(Y) X))

= exp(t Texp(Y) (X)),

where we also used that both Adexp(y) and Texp(y) are linear. We got an identity
between OPSs. Therefore Adexpr)(X) = Texpr)(X)), for all X € g, ie.,
Adexp(y) = Texp(y)- Consequently,

(5.5.7) (521
My U= Adexp(Y):fexp(Y) =7 7M.

Differentiating in Y we get ady = o (Y). O

Remark 5.6.9 Conversely, every semi-direct product of Lie algebras is the Lie
algebra of a semi-direct product of Lie groups. Indeed, let g x, h be a semi-direct
product of Lie algebras, and let G and H be simply connected Lie groups with Lie
algebras g and b, respectively, whose existence is ensured by Theorem 5.1.7. From
Theorem 5.1.5, since H is simply connected, there is a Lie group homomorphism
T : H — Auty;(g) such that 7, = o. Then, again from Theorem 5.1.5, since G is
simply connected, for every & € H there is a Lie group automorphism 6, : G — G
such that (6)« = 75. Such a map induces a smooth action 6 : H — Aut(G). One
can verify that Lie(G x9 H) = g Xs b.

5.7 From Algebras to Groups

In this section, we revisit the discussion from Sect. 5.1 regarding the relationship
between objects at the level of the Lie algebra and their counterparts at the level of
the Lie group. Two key examples illustrate this relationship: the correspondence
between Lie subalgebras and Lie subgroups, and the induction of Lie group
homomorphisms from Lie algebra homomorphisms, provided that the Lie group
in the source is simply connected.
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5.7.1 Existence of Subgroups

The next result shows the existence of Lie subgroups with given Lie subalgebras of
Lie algebras of Lie groups. Together with Ado’s theorem (see [Jac79, page 199]
and Theorem 5.1.7), we will deduce that for every abstract Lie algebra (real and
finite-dimensional), there exists at least one Lie group with this Lie algebra.

Theorem 5.7.1 (Existence of Subgroups) Let G be a Lie group with Lie algebra
g. For every Lie subalgebra by C g, there is a unique connected Lie subgroup H with
Lie algebra b, in fact, H is the group generated by exp(h). It may not be true that
H = exp(h).

Proof This is a consequence of Frobenius’s theorem; see for example [Leel3,
page 496] or [AT11, Sec. 3.7]. We consider the subbundle A C T G defined by

Ag = (dLg)1(h), VgeG.

Notice that A is left-invariant and involutive (since b is closed under the bracket).
Frobenius’s theorem implies that there exists a maximal connected submanifold H
of G such that 1¢ € H and TH = A|g. By construction, we have T1H = §.
We claim that since A is invariant under the maps {L;},ec, then H is a subgroup.
Indeed, take h1, hp € H and observe that L 0! H contains 1¢ and is tangent to A.

By maximality, we have hf]hz € thlH CH.
1

Regarding uniqueness, if Hisa connected subgroup with Lie(H) = b, since
exp(h) is an open neighborhood of 1 in H, we have

H = (H)° = (exp(h)),

where we used Exercise 5.8.3. The last assertion of the theorem comes from the
fact that there are connected Lie groups with non-surjective exponential map; see
Exercise 5.8.32. |

5.7.2 Existence of Group Homomorphisms

We shall show that every Lie algebra homomorphism between Lie algebras of Lie
groups is induced by a Lie group homomorphism when the source Lie group is
simply connected. Moreover, this group homomorphism is unique. The existence
fails in the case where the group is not simply connected. The uniqueness fails as
long as the group is not connected.

We will use the following fact: when the Lie algebra homomorphism induced
by a Lie group homomorphism is a bijection, then the group homomorphism is a
covering map; see Exercise 5.8.31. For the basics of algebraic topology, such as the
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fact that a covering map onto a simply connected space is a homeomorphism, we
refer to [Mun75].

Theorem 5.7.2 (Induced Lie Group Homomorphism) Let G and H be Lie
groups. Assume G is simply connected. For each Lie algebra homomorphism
Y : Lie(G) — Lie(H), there exists a unique Lie group homomorphism ¢ : G — H
with ¢, = .

Proof Let Lie(G) = g and Lie(H) = b. Since ¢ is a homomorphism, its graph

b={X,y(X)): XeglCgxbh
is a subalgebra of g x h = Lie(G x H): for X, Y € g we have

(X, ¥ (X)), X,y ()] = (X, Y], [¥(X), y ()] = (X, Y]. y[X, Y]).

By Theorem 5.7.1, there is a unique connected Lie subgroup K C G x H with
Lie(K) =t Letm; : Gx H — G and mp : G x H — H be the projections, which
are Lie group homomorphisms. Let

¢ =mlg: K — G.
We have that

)1 X, ¥(X) =X, VX eg. (5.22)

In particular, we get that (d¢)(15,1,) : € — g is injective, and therefore it is an
isomorphism (since dim¢ = dim g). By Exercise 5.8.31, we deduce that ¢ : K —
G is a covering map. Since G is simply connected, the map ¢ is a bijection; see
[Mun75, Theorem 54.4]. Hence, it is an isomorphism. Set ¢ := 3|k o qﬁ‘l G —>
H, which is a Lie group homomorphism. From (5.22) we also get that

(d@) 14 (X) = (dm) 14,15 © dp™ D14 (X)
= (dm) 6.1, X, ¥ (X))
=¥ (X), VX € g,

that is ¢, = V.

Regarding the uniqueness, if ¢ is another homomorphism such that (@), = ¥,
we get that ¢ o exp = exp oy = ¢ o exp. Since exp is invertible in a neighborhood
U of the identity element, we have ¢|y = @|y. Since such a U generates G and
since ¢ and ¢ are group homomorphisms, we get that ¢ = ¢. O
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5.7.3 The Baker-Campbell-Dynkin-Hausdorff Formula

The punchline of this subsection is that near the identity element, the group product
of every Lie group can be expressed in terms of operations on its Lie algebra. Vari-
ous formulas have been found over the years. In particular, we recall chronologically
the work of Campbell (1897-8), Baker (1901-5), Hausdorff (1906), and Dynkin
(1947-49), see [Dyn49] and read more in [BF11]. The Baker-Campbell-Hausdorff
formula links Lie groups to Lie algebras by expressing log(eX e?) as an infinite sum
in the iterated Lie brackets of elements X and Y in the Lie algebra. The logarithm is,
by definition, the inverse of the exponential; in general, it is only locally defined in
a neighborhood of the identity; see Proposition 5.2.8. However, for nilpotent simply
connected Lie groups, the logarithm will be global by Theorem 9.4.6.

For matrix Lie groups, a Baker-Campbell-Hausdorff formula can be obtained
using formal series as follows. Namely, for every A, B € gl(n) if A and B are
enough near O so that the series converge, we write

log(e?e®) = log(I + (ee® — 1))

0 k+1
—1
=3 S et -t

k=1
k

0 (_1)k+1 0 Al 0 BJ
> () (=) -

k=1 i=0 j=0 7"

k

pIEUas I D
- il

Pl T R

(i, ))#(0,0)

>\ (= kH! AN B .. Al Bk
zz—k — o (5.23)

k=1 ig,jg€NU(0) Hejzee s e Jke

(i, je)#(0,0)

We seek a formula that expresses the above series of products as a series of iterated
adjoint maps, like

(ady oady o...0ady) (Y)

=[X,[X,...[X, [V, [Y,...[V, ... [X,[X,...[X, Y].. ]

r 51 I'n

We follow the original work of Dynkin [Dyn49]; see also the recent short review
[Bos89]. We shall state the Baker-Campbell-Hausdorff Formula (BCH Formula, for
short) using what is called the Dynkin product:
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Definition 5.7.3 (Dynkin Product) For elements A and B in a Lie algebra, we
define their Dynkin product as

AvB Z (—D* ad’;i adg ...adi’{ adg‘ ad’} (B)
* B = - - ; — -
kom0 Toja£0 &kK+D(Gi+---+jr+D it Jrim!

if the series converges.

Proposition 5.7.4 (BCH Formula) For every A, B € gl(n) with ||A|l, |B|| <
%log(Z — «/5/2) we have

A x B = log(e”e?). (5.24)

A clear proof can be found in [HN12, Proposition 3.4.5]. Moreover, there are other
equivalent ways of writing the Dynkin product:

(ad?} oady oady oady ...oady oadi}‘_l) (Y)

XY = Z S

n>0 ri+si>0
1<i<n

rilsileorplsy! o0 (i 4 si)

(5.25)
The first terms of the series are

1 1
log(exp X exp¥) = X +¥ + 5[X. Y]+ E([X’ [X. Y1l + [Y. Y. X1])

1
—ﬁ[Y, [X,[X, Y]]
1
_7_20([[[[)(, Y1.¥1Y1. Y1+ [[IIY. X]. X]. X]. X])

1
2 (HILX Y1, Y1 Y1 X1+ 00, X1 X1, X0, Y1)

1
+1—20<[[[[Y, X1, Y1, X1, Y1+ [[l[X, Y], X1, Y1, X]) .

Some consequences of the BCH formula are the following:

5.7.4.41. First expansion of BCH:

1
eXe' =exp (X +Y + X YT+ o X - ||Y||)) ,as [|X], 1Y) — 0.

(5.26)
5.7.4.ii. Trotter product formula:

k
lim (e%e%) —AB VA B e gl(n).

k— 00
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5.7.4.iii. Commutator formula:
. A B _A _B k2 AB—BA
lim (ekeke ke k) =e , VA, B € gl(n).

k— 00

5.8 Exercises

Exercise 5.8.1 For every elements g, 4 in a group G we have

58.1i.  LpoLg = Lpg, 5.8.1ii. Ry oRg = Ry,
58.Liil. LpoRg=RgoLp 581iv. (Lg)~'=L,,
58.1Liv.  (R)™'=Ry1,  58.1vi. Cgp=CyoCh,

where L, R, and C denote the left translations, right translations, and conjugations.

For the next two exercises, for a subset U of a group and an integer n € N, set

U'={g1-- -8 :8,.-..,8,. € U}

Exercise 5.8.2 Let G be a Lie group (or, more generally, a topological group). If
U C G is open, then U? is open.

Exercise 5.8.3 Connected groups are generated by neighborhoods of the identity:
Let G be a connected Lie group (or, more generally, a topological group) and U C G
an open subset with 1 € U. Then G = | J,;2, U". In other words, G is the smallest
group containing U.

Solution. Let U™! := {g7! : g e U}and V := U N U~!. Then V is open,
V!=Vand1le V.Let H := | J;2, V" C J,_, U". Observe that H contains
V and is a union of the open sets V" (see Exercise 5.8.2). Moreover, H is closed
under multiplication and inversion, since V" - V" C V"™ and V™" C V". In
other words, H is an open subgroup of G. Note that gH is open for all g € G, so
Ug¢n H is an open set. Since G is connected, G = H UJ,qpy gH and H # @,
we conclude that G = H.

Exercise 5.8.4 Let G be a Lie group.

5.8.4.1. If H is a subgroup of G that, topologically, is open, then it is closed;

5.8.4.i. If H is a subgroup of G that has a nonempty interior, then it is open and
closed.

5.8.4.iii. Let G° be the identity component of G, which is the connected component
of G containing 1. We have that G° is an open, closed, normal subgroup
of G. Its Lie algebra is the same as G;

5.8.4.iv. Every neighborhood U C G of 1 in G generates G°, i.e., every element
in G° is the product of finitely many elements in U.
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Exercise 5.8.5 On topological groups, right translations and left translations are
homeomorphisms. While, in Lie groups, they are smooth diffeomorphisms.
Exercise 5.8.6 The anti-commutativity and Jacobi identity for Lie algebras
rephrase the fact that the structural constants cf.‘/. as in (5.2) satisfy:
5.8.6.1. 0=c{fj+c’;i, Vi, j.kef{l,...,n}
5.8.6di. 0= Y7y (el + et + ey ) Vi jokos € (1),

Exercise 5.8.7 Let cl'.‘j € R satisfying 5.8.6.i-ii. Define [-, -] by (5.2). Then [-, -]
uniquely extends into a Lie bracket turning span{X1, ..., X, } into a Lie algebra.

Exercise 5.8.8 Let g and g be Lie algebras of dimension 7. Let cf.‘j be the structural
constants of g with respect to a basis X1,..., X;, and let 5l'fj be the structural
constants of g with respect to a basis X Iy enes )~(,,. If cl].‘j = Ef.‘j, then the map
¥ : g — gdefined by ¥ (X;) := X; is a Lie algebra isomorphism.

Exercise 5.8.9 The Lie bracket of two left-invariant vector fields is left-invariant.
Solution. For left-invariant vector fields X, Y on a Lie group G and g € G, we have
(L)X, Y] = [(Lg)«X, (Lg)«Y] =[X, Y]

Exercise 5.8.10 (Right Translations of LIVFs) Let X be a left-invariant vector
field on a Lie group G. Let R, be the right translation by an element g € G. Then,
the vector field (Rg). X is left-invariant.

Solution. Let h € G. Then, using Exercise 5.8.1.iii and that X is left-invariant, we
have

dLp o (Rg)+«X) =dLj 0dRg 0 X o R
=d(LpoRg)oXoR,!
=d(RgoLy)oXoR,'
=dRgodLyoX o R,
=dR;oXoLyoRy'
=dRgoXo R, oLy

= (Rg)+X o Ly,.

Exercise 5.8.11 (Derivative of Product of Curves) Let G be a Lie group. Let
y,o0 : R — G be two smooth curves into G. Consider the product of the two
curves, i.e., the curve

t—> y(t)o()
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and calculate the derivative of such a curve in terms of y, o, and their derivatives.
In fact, a formula is

d
gy Do) = (dRo 1))y )y (1) + (ALy1))o (10 (1). (5.27)

Solution. Differentiating one variable at a time, we get

d
+ gV e ®

d t t = d t 1
Sr0e®| = Lynoo)

=ty =ty =ty

d
+ E(Ly(m)ﬁ(f))

=ty

d
= —(R t
dt( o ()Y (1)) -

= (dRs (1)) y (1) ¥ (t0) + (dLy (19)) o (26) (10)-

Exercise 5.8.12 Let G be a Lie group. Let y : R — G be a smooth curve into G.
Consider the curve

t— y!

and calculate the derivative at an arbitrary ¢ of such a curve in terms of y and y. In
fact, a formula is

d _ .
SO ==L, -D)16 @R, (-7 (©). (5.28)
Solution. From the fact that 1 = y (t)y (r)~", for all ¢, and formula (5.27), we have
. d 1
0= (R, )-1)y@)Y () + ALy 1)) )1 d—t()’(f) ).
Thus

-1 .
- ((dL)/(t))y(t)—l ) (dRy([)_] )y @y (1)

= —(dL, ;-1 ARy, -1y )V (D).

i( "™
dr 4

Exercise 5.8.13 Let ¢ : G — H be a group homomorphism.

5.8.13.i. Wehave g o Ly = Ly, 0o @, forall g € G;
5.8.13.ii. We have ¢ o Ry = Ry(g) 0 @, forall g € G.

Exercise 5.8.14 Let ¢ : G — H be a Lie group homomorphism. Given a left-
invariant vector field X on G, let ¢, X be the left-invariant vector field on H for

which (¢ X)1,; = (d@)1;(X14)-
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5.8.14.i.  The vector fields X and ¢, X are @-related, in the sense that (dp), X, =
(@ X)p(g), forall g € G.

5.8.14ii. If g, g’ € G are such that ¢(g) = ¢(g’), then (dp) X = (dg) g X,r.

5.8.14.ii. For all g € G, we have (dg)¢(Xg) = (dLy(g)) 1y (d@)1,; X1, Hence,
@« X is the left-invariant extension of the (a-priori-not-well-defined) vector field
on H given as the push forward of X via ¢.

5.8.14.iv. ¢y : Lie(G) — Lie(H) is a Lie algebra homomorphism.

5.814.v.  (de)i; : (Tig, [+, D) = (T, H, [, -]) is a Lie algebra homomorphism.

Hint. From Exercise 5.8.13.(i), we have

(@ X)(e) = (ALy)) 15 ()15 X 16
= (d(Lyg) o N1 X156
= (d(go Lg))isX1g
= (dp)g(dLg)16 X1,
= (dp)¢ X,.
For X, Y € Lie(G), on the one hand [ X, Y] € Lie(G), on the other hand [X, Y] and
[o« X, @i Y] are p-related. Thus [ X, Y] = [« X, ¢, Y].

Exercise 5.8.15 Let X' be a right-invariant vector field on G. A curve 6 : R - G
is a one-parameter subgroup with 6(0) = X IG if and only if 6(¢) = (DIXT(IG)’ for
allt e R.

Exercise 5.8.16 For a vector X in the Lie algebra of a Lie group G, consider the
map ¥ : Lie(R) — Lie(G), t — tX.

5.8.16.i. The map v is a Lie algebra homomorphism.
5.8.16.ii. There exists a one-parameter subgroup y : R — G with dy = .
5.8.16.iii. We have y(t) = X, ().

Solution. Since R is simply connected, Theorem 5.7.2 asserts that there exists such
a y. Regarding (iii), we have

. d
y(@) = E)/(f‘i‘h)

h=0

d
= g, Y Orh .

d
= —L,(y(h))
dn 7" 0

(Lyn)+(dy)o(dr)
= (Lyn)«¥ ()
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= (Ly(t))*X

=Xy0)-

Exercise 5.8.17 Let G be a Lie group and X be a left-invariant vector field on G.

5.8.17.i. @)y = @', forallt € R;
5.8.17.i. exp(tX) = @4 (1g), forallr € R;
5.8.17.1ii. exp(sX +tX) = exp(sX)exp(tX), forall s, t € R;
5.8.17.iv. exp(0) = 1g;
5.8.17.v. exp(—X) = (exp(X))~!;
5.8.17.vi. t > exp(tX) is a one-parameter subgroup and an integral curve of X;
5.8.17.vii. Equations (5.4) and (5.5) holds true.

Exercise 5.8.18 Let G be a Lie group. For all m € Z and X € Lie(G) we have
exp(mX) = (exp(X))".

Pay attention that this is correct also when m is negative.

Exercise 5.8.19 Let X be a left-invariant vector field in a Lie group G. Then, we
have

Xf(exp(tX)) = %f(exp(tX)), Vf e C®(G),VteR.

Hint. See Exercise 3.4.50.

Exercise 5.8.20 (Lie Group Structures on Tangent Bundles of Lie Groups) Let
G be a Lie group.

5.8.20.i. On T G, consider the following operation:

(8, Xg) * (h, Yp) :=d(Rn)g(Xg) +d(Lg)n(Yn) € TG,

forall g,h € G, Xy € T;G, and Y}, € T,G. Then, the pair (TG, *) is a
Lie group.
5.8.20.ii. On Lie(G) x G consider the following operation:

(X’ g) ° (Yv h) = (X + d(Cg)IGY’ gl’l),

forall g,h € G, X,Y € Lie(G). Then, the pair (Lie(G) x G, ) is a Lie

group.
5.8.20.ii. The two Lie groups (T G, *) and (Lie(G) x G, ) are isomorphic.

Exercise 5.8.21 Let G be a Lie group. Let y : R — G be a smooth curve into G
with y(0) = 1 and y(0) = X. Then, we have

klim (y(t/k)F = exp(rX), vt € R.
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Solution. For t small enough, one can consider n(r) := exp_l(y (1)). For fixed
t € R, we have

h) —n0 t/k) —n
1) = £ lim n(h) n():t lim n(t/k) —n(0)
h—0 h k— 00 t/k
= lim kn(/k).
k—o00
Because of Proposition 5.2.8, we write
d . 1. .
1(0) = L exp” (¥ ()| = (dexp~oy (0) = (dexp)y'7(0) =7 (0).

t=0

Thus, using the previous two formulas, we get

exp(rX) = exp(ty (0)) = exp(17(0)) = GXID(kl_i)ngo kn(t/k))

Jim exp(kn(z/k)) = lim (exp(n(t/k)k = Jim (y(t/k)*.

Exercise 5.8.22 If X is a left-invariant vector field and Y is a right-invariant vector
field, then [X, Y] = 0.

Exercise 5.8.23 If G is a commutative Lie group, then Lie(G) is a commutative
Lie algebra.
Hint. Use Exercise 5.8.22.

Exercise 5.8.24 (What Happens if One Uses Right-Invariant Vector Fields as
Lie Algebra) For X,Y € T1;G. Let X, Y be the left-invariant vector fields such

that X 1 = X and Y 1g =Y. Let X Tand Y be the right-invariant vector fields with
(X", =Xand (YT, = 7.

(i). Wehave [XT, Y], = —[X, V1.
(ii). Setting [X, Y1g := [XT, Y'];,, the two Lie algebras g = (T1,G, [+, -]) and
(T1;G, [, -1r) are isomorphic Lie algebras via the map X +— —X.

Solution. Consider the map J : G — G, J(g) = g~ from the group G = (G, -)
to GT = (G, %), where

gxh:=h-g, Vg,h € G.
Notice that G is a Lie group. Observe that J is a Lie group isomorphism:

Jg-m=@g-h"'=h" gl =g xn = J(g)x T (h).
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‘We claim that

JX=-X",  VXeT,G. (5.29)

Indeed, using Corollary 5.2.7, for all g € G we have

~ d
@)gXg = T (gexp(tX)

t=0

1

d
= —exp(—tX) g~
dteXP( )-8 -

d
= aqu (exp(—tX))

= (@Ry-)16(~X)

t=0

=—(X"),
= —(X")e)-
This proves (5.29). Therefore, the map J, : (T1,;G, [-, -]) = (T1;G, [+, -1r) gives a
Lie algebra isomorphism.
Exercise 5.8.25 Given a Lie group G with Lie algebra g, consider the vector field
Y on the manifold G x g defined as follows. For all (g, X) € G x g,
Y. x) = (X;,0) € T,G x Txg = T4, x)(G x g).
We have
L ((g, X)) = (Py(g), X), VieR,VgeG, VX €.

Thus, the map X +— exp(X) is smooth because it is the projection of the flow at
time 1 of the smooth vector field Y.

Solution. We have (%(CDZX(g), X) = (X(btx(g), 0) = Y(,:blx(g),x) and (CDZX(g), X)|l:O
= (g, X). We deduce that CD‘X(g), which is the first coordinate of the above flow,

depends smoothly on the point (g, X) and so does exp(X) def d>§( (1g).

Exercise 5.8.26 Let ¢1, ¢» : G — H be two Lie group homomorphisms such that
the associated Lie algebra homomorphisms (¢1)4, (¢2)« coincide. Assume that G
is connected. We have that ¢; = ¢;. But, there are counterexamples when G is not
connected.

Exercise 5.8.27 Proposition 5.2.9 implies that every Lie group homomorphism F
has the following properties:
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5.8.274. F, is injective (resp. surjective) if and only if F is locally injective
(resp. open) at 1¢.
5.8.27.i. Given g € G, F; is injective (resp. surjective) if and only if F is locally
injective (resp. open) at g.
5.8.274ii. F, is injective (resp. surjective) if and only if F is locally injective
(resp. open).
5.8.27.v. If F is bijective, then F —1 is smooth, hence F is a diffeomorphism.

Hint. Use Proposition 5.2.9.

Exercise 5.8.28 Every injective Lie group homomorphism is an immersion (i.e.,
the differential is injective).
Hint. Use Proposition 5.2.9.

Exercise 5.8.29 In the definition of Lie subgroup, one can replace the requirement
that the inclusion is an immersion by requiring that it is continuous. Namely, a
subgroup H < G of a Lie group G is a Lie subgroup of G if H admits the structure
of a Lie group such that the inclusion H < G is a continuous homomorphism.

Exercise 5.8.30 (Square Root of a Matrix) Let G be a Lie group with Lie algebra
g and identity component G°.

5.8.30.i. We have exp(g) C G°.
5.8.30.ii. For each A € exp(g) there exists B € G such that B> = A. (Every such
B is called a square root of A).

Hint. If A = exp(X) take B := exp(%X).

Exercise 5.8.31 & Let G, H be connected Lie groups, and ¢ : G — H a Lie
group homomorphism. The following are equivalent:

5.8.31.i. The map ¢ is surjective and has a discrete kernel;
5.8.31.ii. The map ¢ is a covering map;
5.8.31.iii. The map ¢, is an isomorphism of Lie algebras;
5.8.31.iv. The map ¢ is a local diffeomorphism.

Hint. The proof can be found in [AT11, page 182, Proposizione 3.8.2].

Exercise 5.8.32 (Non-Surjective Exponential)  Let GL ™ (n, R) be the subgroup
of GL(n, R) consisting of the matrices with positive determinant.

5.8.32.i. The Lie group GL™(n, R) is open and connected, and it is the identity
component of GL(n, R).

5.8.32.ii. Exercise 5.8.30 implies that for some n € N, the map exp : gl(n, R) —
GL™ (n, R) is not surjective.

Hint. Try [_01 _02} or [_01 :i] e GLT(2, R).

Exercise 5.8.33 The linearity of the Lie bracket and the Jacobi Identity give
(5.5.2).i and (5.5.2).ii.
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Solution of (5.5.2).ii. For X, Y, Z € g, we have ad([X, Y])(Z) = [[X, Y], Z]
Jacobi

= [X,[Y,Z]] - [V, [X, Z]] = adx (ady (Z)) — ady(adx (Z)) = [adx, ady](Z).

Exercise 5.8.34 Exercise 5.8.1.vi implies (5.12).
Solution. Let g, h € G and differentiate at 1 the identity Cy o Cj, = Cyp, to get
Ad(gh) = (dCgn)1 = (dCy)1 0 (dCp)1 = Ad(g) o Ad(h).

Exercise 5.8.35 For all X, Y in the Lie algebra of a Lie group, we have
eXP(X) eXp(Y) exp(—X) = eXp(eadX Y)

Solution. Using Formula 5.5.6 first and then Formula 5.5.7, we have
exp(X) exp(Y) exp(—X) = exp(Adexp(x) ¥) = exp(eadX Y).

Exercise 5.8.36 For every vector space V, A € gl(V), and B € GL(V), we have

Adp(A) = BAB~!.

Solution. Adp(A) £ (@CpA = §Cpee™h)| = §BMBT| =
1= 1=

d ,tBAB™! -1

- = BAB .

ar€ =0

Exercise 5.8.37 Forall X,Y € gl(V), we have ¢dxy = ¢Xye=X.

Solution. Using Formula 5.5.7 and then Exercise 5.8.36, we have Xy —

Ad,x Y = eXye X,

Exercise 5.8.38 For all A € gl(V) and for all B € GL(V), we have eBABT! —
Be*B™!. 1

Hint. Notice that (BAB~")* = BA*B~!, for k € N. Expand ¢®48™" in power
series.

Exercise 5.8.39 Let X, Y be left-invariant vector fields on a Lie group G. For all
teR
(D) Y = e~ Xy,

Solution.

(@)« (Y) = (Rexpix))+Y
= (Rexp(tx)) % (Lexp(—1x))xY
= (Rexp(tx) © Lexp(—tx))xY
= (Cexp(—1x))+Y

= Adexp(ftX) Y = ead(—tX) Y.
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Exercise 5.8.40 If y is a curve into a Lie group, then

d _
d_S Ady(s) = Ady(s) ad ((dL (S))y(v)( )/(S)))
Solution. Use twice that Ad, o Ad; = Adp, to obtain

95 Ady(s) = e Ady(s+e) le=0
= 0e Ady(5) Ad,, (-1 Ady(s4e) le=0
= Ady(s) e Ady, (51 (s4¢) le=0
= Ady (5 ad@e (¥ () ¥ (s +€))le=0)
= Ad, (s ad ((dLy(Y))y(s)(asy(s))).
Exercise 5.8.41 For all A € Mat,,»,(R), entry by entry, the matrix exponential e*
is an absolutely convergent series.

Solution. For each M € Mat,, ., (R) set ||M|| := sup{|Mv] : |v| < 1}, where | - | is
the Euclidean norm in R”. Then

Mo Mo Mo NiLN

k k k 1,No—o00
E EA < E E”A Il < E EllAll — 0.
k=N k=N k=N

Exercise 5.8.42 Let A, B € gl(nR).If AB = BA, then eA18 = ¢AeB = ¢BeA,

Solution.
o o
1 k 1 I

k=0 =0
=zki},AkB’
k,l :
o m
| — |
0 =0 (m—j)
Sl AB=BA
-3 2 () S s
m=0 m! j=0 m=| 0
— oATB.

Exercise 5.8.43 For every matrix A, the matrix e is invertible.
Solution: Use Exercise 5.8.42 and get ede™4 = 0 = I.
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Oac
Exercise 5.8.44 Calculate the exponential of the matrix r | 0 0 b | € gl(3, R).
000

Exercise 5.8.45 For each integer n > 1, there are A, B € gl(n, R) such that
eATB £ eAeB o ¢BeA Compare with Exercise 5.8.42.

Exercise 5.8.46 Given a square matrix A and an invertible matrix B of the same

. —1 _
size, we have e848™ = BeAB~ 1,

Exercise 5.8.47 (Trace as a Lie Algebra Homomorphism) The determinant
function det : GL(n,R) — (R*,-) is a Lie group homomorphism, the trace
function tr : gl(n, R) — (R, +) is a Lie algebra homomorphism, and

det(e?) = "™,

Solution. Given a square matrix A, there is an invertible matrix B such that A =
BAB™! is upper triangular, i.e., of the form

o] % x %
- 0 ap * =
A= .
o0 -. :
0 0 ...04
For such matrices, we have
a’l‘ * % ok e*l % ok %
N 0 ok % x . 0 e*2 x «
AR = 2_ . and et = .
o0 -. : 0o 0 -. :
00..a 0 0 ...e%

Finally, using Formula 5.5.8.iii we conclude

det(e?) = det(BeAB™")

— det(¢BABT)

= det(e”)
=¢ (7]
= 62?:1 %i

— ()

-.e

-1
— Qr(BABTH) _ u(A)
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Exercise 5.8.48 For all X,Y € gl(n, R) the derivative of eX in the direction Y has
the formula:

X—H‘Y

00 1 k
li — Y xi-lyxk=i,
i S D P D

k=1 1=

Exercise 5.8.49 (Differential of Exponential Map) & Let G be a Lie group and
X € T1;G. Then

Id —e~ dx

(dexp)x = (dLexp(x))15 © ady

Here, if A € End(g), we have 1 =310 (k+1),

Exercise 5.8.50 One deduces 5.6.3.i from Exercise 5.8.14, the chain rule, and
Theorem 5.1.5.

Exercise 5.8.51 The space Der(g) is a Lie subalgebra of gl(g).
Solution. The set Der(g) is a linear subspace of gl(g), because Eq. (5.16) is linear in
D.If D, D' are derivations, then [D, D’] := D o D’ — D’ o D is a derivation: for all
X,Y € g we have
[D, D'I([X,Y]) = (Do D)([X,Y]) — (D o D)([X, Y])
= D(ID'X,Y]+[X, D'Y]) — D'(IDX, Y]+ [X, DY])
=[DD'X, Y]+ [D'(X), DY]+[DX, D'(Y)] +[X, DD'Y]
—([D'DX, Y1+ [D(X), D'Y1+[D'X, DY])+[X, D'DY)))
=[(DD' — D'D)X,Y]+[X,(DD — D'D)Y]
=[[D,D'1X, Y]+ [X,[D,D']Y].
Exercise 5.8.52 Let g be a Lie algebra. The map ady is a derivation on g (because

of Jacobi identity) and the map X + ady is a Lie algebra homomorphism of g into
Der(g).

Exercise 5.8.53 Let G be a group, on which we denote by C, the conjugation by
an element g € G. The map g > Cg is a group action of G by automorphisms of
G.

Exercise 5.8.54 Let G be a Lie group. For all g € G we have Ad, € Autyic(g) and
the map g — Ad, is a Lie group homomorphism of G into Autgie(g).

Exercise 5.8.55 The space Autyi.(g) is a closed Lie subgroup of GL(g) whose Lie
algebra is Der(g).

Exercise 5.8.56 The previous exercises imply Proposition 5.6.3.iii.
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Exercise 5.8.57 Let G be a Lie group with Lie algebra g. We denote by Z(G) :=
{g € G:hg = gh,Yh € G} the center of G and by Z(g) :={X € g : [X, Y]
0, VY € g} the center of g. If G is connected, then Z(g) = Lie(Z(G)).
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Chapter 6 ®)
Metric Groups and Homogeneous Spaces e

In differential geometry, the term homogeneous space refers to the quotient space of
a Lie group modulo a closed subgroup, which results in a manifold with a smooth
transitive action of the Lie group. Instead, in metric geometry and, more generally,
in analysis on metric spaces, the term homogeneous often refers to functions that,
when precomposed with dilations of the space, scale by certain constants; see
Exercise 6.6.12.

At this point, it is necessary to distinguish between the terms. If a metric
space admits a transitive action by isometries, we refer to it as an isometrically
homogeneous space; see Sect. 6.2. If, instead, a space admits a self-map that non-
trivially dilates the distance function, we refer to it as a self-similar space; see
Sect. 6.5.

In this chapter, we will see that every isometrically homogeneous space with
mild topological assumptions has the structure of a Lie homogeneous space (in the
standard sense of Sect. 6.1). In Sect. 10.2, we will see that if, in addition, the space
is self-similar, then it has the structure of a metric group in the sense of Sect. 6.3.

6.1 Lie Homogeneous Spaces

In this section, we review group actions and their quotients.

6.1.1 The General Viewpoint of Group Actions

The group of isometries of a metric space naturally acts on the space itself, and
from this action, it inherits a topological structure. It is convenient to begin our
discussions with the general notion of group action. Group actions on sets were
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mentioned in (5.14). When, however, the sets and the groups have extra structures,
it is natural to take these into account for the considered actions.

A continuous action of a topological group G on a topological space X,
generically denoted by G ~ X, is a continuous map G x X — X, usually denoted
by (g, x) — g.x, that obeys the associativity law and the identity law:

(gh).x = g.(h.x) and lgx=x, Vg, heG,VxelX.

Definition 6.1.1 (Special Types of Actions) Fix an action G ~ X of a group on a
set. The action is transitive if for every x, y € X thereis g € G such that g.x = y. It
is faithful if for every distinct elements g, & € G thereis x € X such that g.x # h.x.
Faithful actions are also known as effective actions. The action is free if for all x € X
and all g € G \ {lg} one has g.x # x. Next, assume that the action G x X — X
is a continuous action of a topological group on a topological space. The action is
proper if the associated map

GxX—>XxX (g.p)— (g.p.p)

is a proper map (i.e., inverse images of compact sets are compact); see also
Exercise 6.6.1 for alternative definitions. The action is properly discontinuous if
for all x, y € X there exist a neighbourhood Uy of x and a neighbourhood Uy, of y
such that the set {g € G | (g.Ux) N Uy # @} is finite.

Given an action G ~ X and an element x € X, the orbit of x is defined as
Gx :={gx|geG}.

Either two orbits G.x and G.x’ coincide, or they are disjoint sets. Therefore, we
have a well defined quotient space denoted by G\X :

X = {Gx|xeXx)

We may denote the mapx € X — G.x € G\X by 7 and call it the quotient map.

While, fixing a point xg € X, we call the map g € G — g.xp € X the orbit map.
Given an action G ~ X and an element x € X, the stabilizer subgroup of G at

x, also called the isotropy subgroup at x, is the subgroup G, := {g € G : g.x = x}.

Example 6.1.2 There is a natural action of each group onto itself by left transla-
tions; see Exercise 6.6.4. More generally, every subgroup H of a group G acts on
the whole group. Actually, there are two possible natural actions, as we now review.
The map

HxG—> G
(h,g) — hg
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is an action of H on G, called the action by left translations of H on G. Whereas,
the map

HxG—G
(h,g) > gh™!

is an action of H on G, called the action by right translations of H on G. We observe
that when H ~ G by right translations, then H\G = G/H = {gH | g € G}.
Moreover, the map (g, g’H) — gg’ H defines an action of G on G/H.

If G ~ X is a continuous action of a topological group on a topological space,
then there is a unique topology, which we call the quotient topology, on G\X that
makes the quotient map continuous and open; see Exercise 6.6.2.

The following basic result gives a natural homeomorphism between orbits and
groups modulo stabilizers. The general argument goes back to Arens, [Are46];
see also [DtK18, Lemma 5.38] for another version. In the following theorem, we
shall begin to see the importance of dealing with spaces and groups that are locally
compact (and are second-countable; see Exercise 6.6.15).

Theorem 6.1.3 Let X be a locally compact Hausdorff space. Let G be a locally
compact group with a countable basis. Let G ~ X be a continuous action. Let
x € X. Then, the stabilizer subgroup G, at x is closed. Moreover, if the action is
transitive, then the map gGy +— g - x is a homeomorphism between G /G, and X.

Proof Since X is a Hausdorff space, the set {x} is closed. Since the orbit map g —
g.x is continuous and G is the preimage of x under such a map, we deduce that
G, is closed in G. Next, we additionally assume that the action is transitive, so
the orbit map is surjective. We then consider the following commutative diagram of

surjective maps:
G
o
§Gx>g.x e

G/Gx

Notice that the bottom map is a bijection. Recalling that the quotient map G —
G /Gy is open and continuous, we stress that it is enough to prove that the orbit
map is open. Let V be an open subset of G and g a point in V. Since G is assumed
locally compact, select a compact neighborhood U of 1 in G such that U = U~!
and gU 2 C V. Since G is assumed to have a countable basis, there exists a sequence
(gn)nen S G such that G = |, oy €1 U . The group action being transitive implies
X = UnEN gnUx. Each summand is compact; hence, it is a closed subset of X.
Recall that the Baire Category Theorem holds for locally compact Hausdorff spaces;
see [NBI11, Theorem 11.7.3, p.394] (or look at the general argument in [Fol99,
p-161]). By such a theorem, some summand, and therefore U.x, contains an inner
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point u.x with u € U. Then x is an inner point of u~'U.x C U?.x and consequently
g.x is an inner point of V.x. This shows that the orbit map is open. O

For Lie groups acting on manifolds, we now consider actions that take into
account the differential structures of the group and the manifold.

Definition 6.1.4 (Lie Action) Let G be a Lie group and M a smooth manifold. A
Lie action of G on M is an action G x M — M that is a smooth map.

There is a natural Lie action of every Lie group onto itself by left translations; see
Exercise 6.6.4. Likewise, every Lie subgroup H of a Lie group G gives Lie actions
H ~ G, as in Example 6.1.2.

When a Lie action is proper and free, the quotient space is naturally a manifold;
see Theorem 6.1.5. We shall not prove this theorem in this generality; we shall just
refer to [Leel3, Theorem 21.10]. We shall prove the respective result in the case of
actions of closed subgroups of Lie groups; see Theorem 6.1.6.

Theorem 6.1.5 (Quotient Manifold Theorem) Ler G ~ M be a proper and free
Lie action of a Lie group G on a manifold M. There exists a unique differentiable
structure on G\M such that M — G\M is a smooth map with surjective differential.

6.1.2 Lie Coset Spaces

Let G be a Lie group and H a closed subgroup of G. We will consider manifold
structures for the space

G/H :={gH | g € G}.

When the set G/ H is equipped with the differentiable structure from the following
theorem, it is called a homogeneous manifold, or Lie homogeneous manifold, or Lie
coset space.

Theorem 6.1.6 Let G be a Lie group and H < G a closed subgroup. Then, the
topological space G/H admits the structure of a differentiable manifold. Moreover,
there is a unique manifold structure for which the action G x G/H — G/H is
smooth.

Sketch of the Proof Complete proofs can be found in [War83, Theorem 3.58] and
in [HelO1, Chapter II, Theorem 4.2]. We begin by stressing that G/H is a second-
countable Hausdorff space; see Exercises 6.6.10 and 6.6.11. We shall find an atlas
for G/ H by constructing local cross sections in G.

Recalling that H is a Lie group by Theorem 5.3.4, let g and b be the Lie algebras
of G and H, respectively. Let m be some vector subspace of g that is in direct sum
with b, that is, g = m@h. Because of Proposition 5.2.8, see also [HelO1, Chapter II,
Lemmas 2.4-2.5], there are open neighbourhoods Uy, C m of O, and Uy C b of Oy
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such thatthe map ¢ : m @ h — G, ¢ (x, y) := exp(x) exp(y), is a diffeomorphism
between Uy, x Uy and its image Ug C G, and such that H N Ug = exp(Uy) (the
latter claim uses the hypothesis that H is closed).

For each g € G, define the map v, : Un — G/H, ¥¢(x) = m(gexp(x)),
where 7 (g) := gH. One can show that, up to shrinking U, the map ¥, : Uy, —
G/H is injective onto 77 (Ug), and so ¥, is a homeomorphism Uy, — 7 (gUg) for
all g € G. We have obtained the candidate atlas:

(T (8UG). ¥y Dgec (6.1)

To check that each composition 1//g_21 o Y, is smooth on the appropriate domain,
we locally write such a map as the composition 7 0 ¢! 0 Ry, o Lg—l @ © ¢, where
2

Tm - Mm@ h — mis the projection modulo b, and & € H is a suitable element.

We stress that, with this differentiable structure (6.1), each map wg_ ! is a smooth
section of the projection r. Consequently, the action G x G/H — G/H is smooth.
Also the uniqueness is an easy consequence. For these last details, we refer to
[War83, page 122]. O

6.2 Isometrically Homogeneous Spaces

Definition 6.2.1 We say that a metric space M is isometrically homogeneous if its
group of isometries acts on the space transitively. Explicitly, this means that, for
every p,q € M, there exists a distance-preserving homeomorphism f : M — M
such that f(p) = g. An isometrically homogeneous space is a metric space that is
isometrically homogeneous.

Examples of isometrically homogeneous spaces are provided by groups equipped
with left-invariant distances, which we call metric groups. This whole book is
devoted to studying various types of metric groups.

From the general viewpoint, we shall study isometrically homogeneous spaces
with mild topological assumptions. One of them is local compactness. Other
topological assumptions are connectedness and local connectedness; see [Mun75].

If M is a metric space, we consider its isometry group Isom(M), that is, the
set of self-isometries of M equipped with the composition rule and the pointwise-
convergence topology. We stress that in the isometry group, the compact-open
topology and the pointwise-convergence topology coincide, and the topological
group Isom(M) acts continuously on M; see Remark 6.2.6.

The main aim of this section is to show that isometry groups of isometrically
homogeneous spaces (with mild topological assumptions) are Lie groups; see
Theorem 6.2.10. Such a fact is a consequence of the solution of Hilbert’s fifth
problem by Montgomery—Zippin and Gleason, together with the observation that
isometry groups are second-countable and locally compact. This latter property



166 6 Metric Groups and Homogeneous Spaces

follows the Ascoli—Arzela Theorem (Exercise 3.4.12). Regarding the axioms of
countability, see Exercise 6.6.15.

6.2.1 Transitive Actions by Locally Compact Groups and
Hilbert’s Fifth Problem

We next state one of the results that follow from Gleason-Montgomery-Zippin’s
theory, as it is stated in Montgomery-Zippin’s book [MZ74, Corollary on page 243,
Section 6.3]: If a (separable) locally compact group G satisfying Property A (which
we soon recall) acts effectively and transitively on a locally compact, connected,
(locally connected), and finite-dimensional space, then G is a Lie group. We added
the words in parentheses because we think the authors were implicitly assuming
them. Moreover, in the language of Montgomery-Zippin [MZ74, Section 6.2],
Property A means that for every neighborhood V of the identity element in G, there
exists a compact subgroup K of G such that K C V and G/K, equipped with
the quotient topology, is a Lie group. In addition, we clarify that as dimension of
a metric space, we are considering the topological dimension, also called covering
dimension, as originally introduced by Lebesgue. For the definition of the dimension
of a topological space, we refer to [Mun75, p. 305].

A clean argument for the above statement is not present in the literature. Since
we want to present a proof of the Lie structure of locally compact groups transitively
acting on ‘nice’ spaces, we shall then use a stronger and more established version
of the solution of Hilbert’s fifth problem, attributed to Gleason and Yamabe.

Theorem 6.2.2 (Gleason-Yamabe) Let G be a first-countable locally compact
group. Then, there exists an open subgroup G' < G that is the inverse limit of a
sequence of Lie groups.

When using Theorem 6.2.2 in the proof of Theorem 6.2.3, we shall rephrase the
concept of an inverse limit. We shall use the notion of inverse limit of topological
groups and of topological spaces; as a reference, see [Taol4, Definition 4.2.5].
We shall not prove Theorem 6.2.2 but suggest to look at the book by Tao [Taol4,
Chapter 6]. We stress that in [Taol4, paragraph below Theorem 6.0.11], there is
the requirement of G being Hausdorff, but, for us, this is part of the definition
of a topological group. Before drawing consequences of interest to isometrically
homogeneous spaces in Theorem 6.2.10, we first give a proof of the following
general result on continuous, faithful, and transitive actions.

Theorem 6.2.3 (After Gleason-Montgomery-Yamabe-Zippin) Let G be a topo-
logical group that is locally compact and second-countable. Let X be a Hausdor{f
topological space that is connected, locally connected, locally compact, and finite-
dimensional. Assume that G acts on X continuously, faithfully, and transitively.
Then G is a Lie group.
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Proof A proof in the case X is a manifold (and G is o-compact, and not assumed
second-countable) can be found in [Taol4, Section 6.4]. We present an argument
following the same lines. Pick a point x9 € X and let H := G, be the
stabilizer of G at xo. Observe that H < G is a closed subgroup, that G/H is a
Hausdorff topological space, and that the map ¢ : G/H — X, ¢(gH) := gxo,
is a homeomorphism (this is true because G is locally compact and second-
countable and X is locally compact and Hausdorff, and the action is transitive; see
Theorem 6.1.3.)

We apply the Gleason-Yamabe result, Theorem 6.2.2, recalling Exercise 6.6.15.1.
Thus, there is a subgroup G’ < G and Lie groups G, forn € N, such that G’ is open
in G and G’ = lim G,,. The fact that G’ is the inverse limit of the sequence G,, in the
category of topological groups rephrases as saying that there exist compact normal
subgroups K, < G’ such that G, = G’/K, is a Lie group, for each n € N, and
K, \ {l}lasn — oo (i.e., K, D K;4+1 and ﬂneN K, = {1}). By Exercise 6.6.17,
since X is connected and G’ open, then G’ acts on X transitively.

Set H' to be the stabilizer of G’ at the initial point x9 and H, := H'/K, <
G'/K, = G,. We have two inverse limits: one in the category of topological groups
and one in the category of topological spaces. They are expressed by the following
diagrams.

G/
'Ncn_l > e 7 Gl

G G G- G
e — s n+l/Hn+l n/Hn n I/anl—»“ I/I_]1

Notice that each H, is a closed subgroup of the Lie group G,. Hence, the
quotient G, /H, is a smooth manifold. Moreover, the space X is the inverse limit
of G,/ H, in the category of topological spaces. In fact, the compact group K, acts
continuously on X with quotient map

7w, X > X, =G, /H,.

For every m > n, the compact Lie group K,/ K,, smoothly acts on X,,, with quotient
map Ty, @ Xm —> Xn.

Since, by assumption, the dimension of X is finite, then the increasing sequence
of dimensions dim(G,/H,) must stabilize; see [Taol4, Exercise 6.4.1]. Note that
the structure group of the quotient

Gu+1/Hpy1r — G, /H,y (6.2)
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is K,/K,+1. By Exercise 6.6.5, since the dimensions stabilize, then eventually
K, /Kn+1 is zero-dimensional and compact, and hence it is finite. Hence, this
projection map is a covering map between manifolds, whose covering multiplicity
is the cardinality #K,,/ K, +1.

We claim that the projections in (6.2) eventually stabilize as homeomorphisms,
which is equivalent to saying that eventually K, /K, is trivial. To show this, we
shall use that G’/ H' =~ X is assumed locally connected.

Let n be such that, for every m > n > n, the group K, /K,, is finite and thus
the projections 7, , : X, — X, are covering maps. Fix a simply connected
neighbourhood Uj; of mj;(xp) in Xj. For m > n, define U, := nr;’Iﬁ(U,-,). Notice
that U, is a disjoint union of connected components, each homeomorphic to
U; via mp 5. Since X is locally connected, there is a connected neighbourhood
V C n;l_l(Uﬁ) of xo in X. Consider the orbit map ® : G’ — X. Choose i > 7
such that K; ¢ ®~1(V) c G’, so that K;xo C V.

We then check that K; = K,, for every m > n. To this aim, notice that the
orbit Q := (K /Km)(mm (x0)) is a finite set with cardinality #(Kj;/K;,). On the one
hand, every two points in €2 belong to different connected components of U,,. On the
other hand, since 2 = m,, (Kzx9) C 7, (V) and since 7, (V) is a connected subset
of Uy, the set Q2 is contained in one connected component of U,,. We conclude that
#(K;/Kn) = 1,1e., K; = K.

Therefore, the quotient K, /K, is eventually trivial, which implies that the
inverse limit Lgn G, stabilizes and G’ is its stabilization. Thus, we deduce that G’
is a Lie group, and G is a Lie group since G’ is open in G. O

6.2.2 Properties of Isometrically Homogeneous Spaces
6.2.2.1 Two Preliminary Observations

We begin with a first topological property of locally compact isometrically homo-
geneous spaces: completeness.

Lemma 6.2.4 Every locally compact isometrically homogeneous space is com-
plete.

Proof Pick a point x in a locally compact isometrically homogeneous space M.
By local compactness, there is 7 > 0 such that the closed ball B(X, /) is compact.
Now, take a Cauchy sequence (x,),en in M. For N € N large enough we have
d(xp, xm) < 1, forall n,m > N. Thus the sequence (x,),~y is in the set E’(xN, r).
This latter set is compact by isometric homogeneity. Thus (x,),~n has a convergent
subsequence. O

The isometry group is equipped with the compact-open topology—review this
notion in [Mun75, p.285]. Itis a closed subset of the space of homeomorphisms; see
Exercise 6.6.16. We shall see that it forms a locally compact group. However, this
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is not immediately clear from Ascoli—Arzeld theorem because it may happen that
a locally compact isometrically homogeneous space M is not boundedly compact:
even if small balls are compact, some large balls may not be compact. For example,
this is the case for the distance min{dg, 1} on R, where dg denotes the Euclidean
distance. We shall solve this issue using the following result.

Lemma 6.2.5 (Reduction to Proper Distances) If (M, d) is a connected locally
compact isometrically homogeneous space, then there exists a finite-valued distance
p inducing the same topology such that (M, p) is an isometrically homoge-
neous space that is boundedly compact and Isom(M, d) is a closed subgroup of
Isom(M, p).

Proof Fix a point 0 € M. Since the metric is locally compact, there exists some
ro > 0 such that the closed ball By(o, rg) is compact. Notice that, by isometric
homogeneity, every other ry-ball By (p,ro), with p € M, is compact. Then, for
each p,q € M, we consider the value

k
p(p.q) = inf{ > dpii.pi) :

i=l1
keN, ppeM, po=p, pt =q, d(pi—1, pi) < ro/4}-

First, we observe that this is a distance function that gives the same topology, since
for all r € (0, ro9/4), we have that p(p,q) < r if and only if d(p,q) < r, as
one can check by triangle inequality and considering the last condition defining p.
Consequently, this distance must be finite-valued since, otherwise, the connected
components of points at finite distance would disconnect the space, which is
assumed connected. Second, because the construction is done intrinsically, we
have Isom(M, d) < Isom(M, p). Regarding its closedness, recall Exercise 6.6.16.
Finally, we claim that for all » > 0, the set 1§p (o, r) is compact. We prove by
induction onn € N that 1§p (0, nry/8) is compact. The base of the inductionis n = 0,
and it is clear since the ball reduces to a point. Assume that L_?p (0, nry/8) is compact.
Hence, it is a totally bounded set: there exists a finite set ¥,, € Bp (0, nro/8) such
that

B,(o,nro/8) < | J Ba(y,r0/2). (6.3)
yeYy

We claim that

B, (o, (n+ Dro/8) < | J Ba(y. ro),

YEYy,
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from which we will deduce that Bp (0, (n + 1)ro/8) is compact. To prove the claim,
take p € B, (o, (n + 1)ro/8). By the definition of p, there exists p € B, (0, nro/8)
such that p(p, p) < ro/2 (in fact, one can take points po = p, p1, ..., px = o such
that Zle d(pi—1, pi) < (n+ 2)ro/8 and d(pi_1, pi) < ro/4; then a possible p
is the first point among pg, p1, - .., px such that p(p, 0) < nro/8). By (6.3), there
is some y € Y, such that d(p, y) < ro/2. Then, by triangle inequality, we infer
d(y, p) < ro. Thus, the claim is proved. |

6.2.2.2 Transitive Isometry Groups

We consider groups that act on metric spaces transitively and by isometries. In
particular, we will clarify why the isometry group of a connected locally compact
isometrically homogeneous space is locally compact.

Remark 6.2.6 We stress that for every metric space M, the compact-open topology,
the topology of uniform convergence on compact sets, and the topology of pointwise
convergence agree on the isometry group Isom(M) of M. Moreover, the group
Isom(M, d) becomes a topological group continuously acting on M. For a reference
to the fact that these topologies agree on Isom(M, d); see [CH16, Lemmas 5.B.1
and 5.B.2] or [Kel75, p.232, Theorem 15]. The fact that this structure makes
the isometry group a topological group is well known; van Dantzig and van der
Waerden [DW28] showed this in the case where M is connected, locally compact,
and separable, and a general proof for metric spaces can be found in [CHI6,
Lemma 5.B.3]. The fact that the action is continuous is an immediate consequence
of the definition of compact-open topology.

A well-known consequence of Ascoli—Arzeld argument, see for example [CH16,
Lemma 5.B.4], is that if a metric space is boundedly compact, then the isometry
group is locally compact; see also Exercise 6.6.18. We record this property for
further reference.

Proposition 6.2.7 Let M be a boundedly compact metric space. Then Isom(M)
equipped with the equivalent topologies, compact-open or pointwise convergence,
is a second-countable, o -compact, locally compact group acting on M continuously
and properly. For every o € M the stabilizer Stab(o) of Isom(M) at o is compact.
If, in addition, the space M is isometrically homogeneous, the orbit map ¢ :
Isom(M) — M, ¢(f) := f(0), induces a homeomorphism between topological
spaces

Isom(M)/Stab(o) s M.

Proof Most of this standard fact is an exercise and can be mostly found in [CH16,
Proposition 5.B.5]; see Remark 6.2.6. However, the result is just a consequence
of the Ascoli-Arzela argument (Exercise 3.4.12). The homeomorphism is the one
discussed in Theorem 6.1.3. O
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Remark 6.2.8 In the case M is a connected locally compact isometrically homo-
geneous space, then the conclusion of Proposition 6.2.7 is still valid. Indeed, if d
denotes the distance function of M, then by Lemma 6.2.5 there is a proper distance
p,i.e., (M, p) is boundedly compact, for which Isom(M, d) is a closed subgroup
of Isom(M, p). Clearly, also the stabilizer of Isom(M,d) at a point 0 € M is
a closed subgroup of the stabilizer at o of Isom(M, p). Because we have closed
subgroups, we get the same conclusions about Isom(M, d) and its action from
Proposition 6.2.7.

As in the proof of Theorem 6.2.3, it is essential to know when identity
components of transitive groups still act transitively. This is the case for isometry
groups of connected and locally compact spaces. The following result will be used a
few times for the characterization of isometrically homogeneous spaces in Sect. 6.5.

Proposition 6.2.9 Suppose that M is an isometrically homogeneous space and that
M is connected and locally compact. Then, every open subgroup of Isom(M) acts
transitively on M. If, in addition, the topological group Isom(M) has the structure
of a Lie group, then the identity component Isom(M)° of Isom(M) acts transitively
on M.

Proof We shall apply Theorem 6.1.3. Being a metric space, the space M is
Hausdorff. Regarding Isom(M), we showed that it is a locally compact group and
has a countable basis; see Remark 6.2.6 and Exercise 6.6.18.

Let H be an open subgroup of Isom(M). First, we claim that for every g € M,
the orbit H -q of g under H is open. Indeed, this is because, defining G := Isom(M)
and G, the stabilizer subgroup of G at p, the projection G — G/G is open and
the orbit action G/G, — M is a homeomorphism by Theorem 6.1.3. Next, fix a
point p € M, suppose by contradiction that H - p 7% M. Hence,

M=H-pl ]l U H-q

q¢H-p

is a disjoint union of two non-empty open sets of M. This contradicts the fact that
M is connected. Therefore, the subgroup H acts transitively. For the last part of the
statement, recall that connected components of manifolds are open subsets. O

We are ready to explain the Lie group structure of isometry groups of isometri-
cally homogeneous spaces with mild topological assumptions.

Theorem 6.2.10 (After Gleason-Montgomery-Yamabe-Zippin) Let M be a
metric space that is connected, locally connected, locally compact, and has
finite topological dimension. Assume that the isometry group Isom(M) of M acts
transitively on M. Then Isom(M) has the structure of a Lie group with finitely many
connected components, and M has the structure of a smooth manifold for which the
action Isom(M) ~ M is smooth.
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Proof We shall apply Theorem 6.2.3. For another proof using the earlier works of
Gleason, Montgomery, and Zippin, [MZ52, Gle52], see [MZ74] or [DtK18, Chap-
ter 16]. By Proposition 6.2.7, together with Remark 6.2.8, the topological group
Isom(M) is locally compact and second-countable, and it is acting continuously.
Obviously, the group Isom(M) acts effectively. It acts transitively by assumption.
Theorem 6.2.3 implies that Isom(M) is a Lie group, with finitely many components;
see Exercise 6.6.19.

By Proposition 6.2.7, and Remark 6.2.8, each stabilizer Stab(o), with 0 € M,
is compact and hence a closed Lie subgroup. Consequently, by Theorem 6.1.3 the
metric space M is homeomorphic to Isom(M)/Stab(o), which is a manifold on
which Isom(M) acts smoothly, by Theorem 6.1.6. O

6.3 Metric Groups

In this section, we focus on metric groups. Most of the discussion extends to
quotients: isometrically homogeneous spaces. For this more general viewpoint, we
refer to [LO16, Cow+24].

We generally refer to groups equipped with left-invariant distance functions as
metric groups. With the term metric Lie group, we mean a Lie group equipped with a
left-invariant distance function that induces the manifold topology. In general, when
we have a topological space and we equip it with a distance function, we say that
the distance function is admissible if it induces the topology of the space.

6.3.1 Smoothness of Isometries Between Metric Lie Groups

With the use of the results by Gleason-Montgomery-Yamabe-Zippin, Theo-
rem 6.2.10, we deduce the differentiable regularity of isometries between metric
Lie groups.

Theorem 6.3.1 Isometries between metric Lie groups are smooth maps.

Before giving the proof, we remark that in the Riemannian setting, the classical
result of Myers and Steenrod gives smoothness of isometries; see [MS39], and
more generally [CL16a] for sub-Riemannian manifolds. However, the following
proof is different in spirit and, nonetheless, it will imply (see Theorem 8.2.1) that
such metric isometries are Riemannian isometries for some Riemannian structures.

In the proof of Theorem 6.3.1, we will obtain a continuous isomorphism of Lie
groups; hence, from what we saw in Sect. 5.3.1, this isomorphism is a smooth map.
One can actually discuss analytic structures on Lie groups, and because of the BCH
formula, every Lie group has a (unique) analytic structure, and in fact, we obtain that
continuous group homomorphisms are analytic; see [HelOl, p. 117, Theorem 2.6].
Hence, one can improve Theorem 6.3.1 and prove the analyticity of isometries
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between metric Lie groups; see [KL17, Theorem 1.1] and also [LO16]. We shall
mainly focus on the C regularity.

Proof of Theorem 6.3.1 Let F: M| — M, be an isometry between metric Lie
groups. Without loss of generality, we may assume that F(ly,) = 1y, and
that both M| and M, are connected since left translations are smooth isometries
and connected components of identity elements are open. By Theorem 6.2.10, for
i € {1, 2}, the space G; := Isom(M;) is a Lie group smoothly acting on M;; see
Exercise 6.6.21. The conjugation map Cr: G| — G, definedas I — FoloF~!is
a group isomorphism that is continuous with respect to the point-wise convergence.
Hence, the map Cr is smooth by Theorem 5.3.2.

Consider also the inclusion ¢: M; — G, m +— L, which is smooth being a
continuous homomorphism, and the orbit map o: Go — M>, I — 1(1p,), which
is smooth since the action is smooth. We deduce that o o Cg ot is smooth. We claim
that this map is F'. Indeed, for every m € M it holds

(0oCro(m)=0c(FoLyoF )= (FoLyoF Yy, = F(m).

O

Remark 6.3.2 Using the same techniques above, one can prove the following
result, which is meant to summarize the smooth case and generalize it to the analytic
category. Let M be a metric Lie group. Assume that M is connected. Consider M to
be equipped with its unique analytic structure. Then, the isometry group Isom(M)
has the structure of a Lie group (finite-dimensional and with finitely many connected
components), which, equipped with its unique analytic structure, acts analytically on
M. Moreover, the stabilizers of the action Isom(M) ~ M are compact analytic Lie
subgroups. For more details, see [KL17].

We get another consequence of the solution of Hilbert’s fifth problem on Lie
homogeneous spaces. Let M = G/ H be a Lie coset space of a Lie group G modulo
a compact subgroup H. Hence, the space M has the structure of an (analytic-)
smooth manifold, as from Theorem 6.1.6. Assume that M is equipped with a G-
invariant admissible distance function. From Theorem 6.2.10 with Exercise 6.6.21,
it is immediate that the group of isometries Iso(M, d) of the manifold M is a Lie
group acting transitively on M. Hence, the space M admits an analytic structure for
which Iso(M, d) acts by analytic maps. One can prove that this analytic structure
coincides with the initial one.

Theorem 6.3.3 ([LO16, Theorem 1.3]) Let G/H be a homogeneous space of a Lie
group G modulo a compact subgroup H. Assume that d is a G-invariant distance
that induces the manifold topology. If F : (G/H,d) — (G/H,d) is an isometry,
then F is analytic.
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6.3.2 Submetries Between Metric Groups

Distance functions on metric groups do not necessarily descend to quotients. In fact,
let us fix a metric group (G, d) and a subgroup H of G. We stress that, by definition,
the group G acts on itself isometrically by left translations. Naturally, the group H
acts on G in two ways: by left translations or by right translations. Unless the group
is normal, these actions have different orbits. The respective quotient spaces are

= 1(Hg : g€ G)
and
G/H :={gH : g € G}.
On G/ H there is still a transitive G-action: G ~ G/H as
g.(gH) :=ggH, Vg, g €G.

However, there is no ‘adapted’ metric geometry on G/ H, in the sense that there may
be no admissible distance for which this action is by isometries; see Exercise 6.6.23.

Instead, regarding H\G, the isometric action by left translations by elements
of G does not pass to this quotient. But, there is a good candidate for a distance
function:

d(Hg1, Hgy) :=inf{d(h1g1, h2g2) : h1,h2 € H}, Vg1, 82 €G. (6.4)

Note that this definition is in agreement with the notation that, for subsets A and B
of a metric space, we set d(A, B) := inf{d(p,q); p € A, q € B}.

The function (6.4) is symmetric and satisfies the triangle inequality (see Proposi-
tion 6.3.4); however, it may not be positively defined. In fact, in general situations,
pathologies may be encountered. This is not the case if we assume that H is a closed
subgroup, so that H\G is a Hausdorff space, see Exercise 6.6.3, and we assume that
the right translations on G are continuous with respect to the topology induced by
the distance on G, as in the case that G is a topological group equipped with an
admissible distance function. In this setting, not only is it the case that (6.4) metrizes
the quotient, but in addition, the quotient map sends balls to balls of the same radius.

There is an analog for metric spaces of the following result; see Exercise 3.4.39.

Proposition 6.3.4 Let G be a topological group equipped with an admissible left-
invariant distance function d. Let H be a closed subgroup of G. Then the function
(6.4) satisfies

d(Hgi1, Hgs) = inf{d (g1, hg2) : h € H}, Vg1, 82 €G, (6.5)
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and is an admissible distance function on the quotient space H\G for which the

projectionm : G — H\G satisfies
w(B(p,r)) = B(w(p),r), VpeG,Vr>0. (6.6)

If, in addition, H is boundedly compact, then w is a submetry in the sense of
Definition 3.1.23.

Proof Because the distance function on G is left-invariant, then for all 2; € H and
all g1, g2 € G we have

d(g1, Hgo) Z infld(g1, hgo) : h € H)
= inf{d(h1g1.hg2) : h € HY < d(hig1. Hgo).
Taking the infimum over h; € H we infer
d(g1, Hg2) = d(Hg1, Hg), Vg1, 82 € G. (6.7)

We next check that it is a distance function. It is obviously symmetric and zero
if Hgy = Hgy. Whereas, assume Hg| # Hgy, so g1 ¢ Hgy. Because we are
assuming that H is closed and that each right translation Ry, is continuous, we have
that Hg; is closed. Therefore, there exists r > 0 such that B(gy,r) N Hg, =
(. Hence, by (6.7) we infer d(Hg1, Hgy) = d(g1,Hg) > r > 0. So the
distance function is positively defined. Regarding the triangle inequality, for each
21,82,83 € G and for each € > 0, let he,h, € H such that d(g, hega) <
d(Hg1, Hgy) + € and d(hega, heh,g3) = d(g2. h.g3) < d(Hgz, Hg3) + €. Then

d(Hgi, Hg3) < d(g1, heh..g3)
< d(g1, hegr) + d(hega, hehl.g3)
<d(Hg,Hgy) +d(Hg, Hg3) + 2e.

By the arbitrariness of €, we get the triangle inequality.

Before proving that this distance is admissible, we check that for all p € G
and r > 0 the map & satisfies (6.6); and we show (3.21) if H is boundedly
compact. For one inclusion, if Hg € m(B(p,r)) = HB(p,r) with g € B(p,r),
then d(Hq, Hp) < d(q,p) < r and so Hq € B(Hp,r) = B(@n(p),r).

Similarly, = (B(p,r)) € B(w(p),r); see also Exercise 3.4.33. Vice versa, assume

Hq € B(Hp,r),ie.,d(Hgq, p) €D d(Hgq, Hp) < r. Then, since this is an open

condition, there exists 4 € H such that for g := hq we have d(q, p) < r and so
Hg=Hqg =n(q) € n1(B(p,r)).So, we proved (6.6). Similarly, if H is boundedly
compact, we take Hq € B(Hp, r),sod(Hq, p) < r. Now, this latter distance has
to be achieved on the compact set Hg N B( p, 1), then there exists 7 € H such that
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for ¢ := hq we have d(q, p) < randso Hqg = Hq = n(q) € n(é(p,r)). So
(3.21) is verified.

Finally, we show that the distance defines the quotient topology on H\G. We
stress that every submetry is an open map, is Lipschitz, and hence, is continuous.
Since the quotient topology on G/N is the only topology for which the projection
7w : G — G/N is continuous and open, the considered distance is admissible. O

Clearly, if we consider actions of normal subgroups, then we have quotient
spaces that are homogeneously metrized. Recall that G/N = N\G is a (Hausdorff)
topological group when N is a closed normal subgroup of a topological group G.
Therefore, the group G acts on the group G/N by isometries with respect to the
distance (6.4). Thus, Proposition 6.3.4 gives the following consequence.

Corollary 6.3.5 Let G be a topological group equipped with an admissible left-
invariant distance function d. Let N be a normal, boundedly compact subgroup of
G. Then the function

def .
dG/N(gIN, g2N) :=d(giN, g2N) = inf{d(giny, gon2) : ni,ny € N} (6.8)

is an admissible left-invariant distance function on the quotient group G/N for
which the projection m : G — G /N becomes a submetry.

Remark 6.3.6 In the setting of infinite-dimensional spaces, distances between
closed subsets may not be realized. Hence, already in the case of Banach spaces,
there are examples of quotients by closed subspaces that do not give submetries as
in (3.21) but they just verify (6.6); see Example 3.4.36.

6.3.3 Quasi-Isometric Equivalence of Geodesic Distances

In this section, we establish the result that geodesic left-invariant metrics on the
same group G are quasi-isometrically equivalent, according to Definition 3.1.13.
Actually, we can relax the assumption that the metrics are geodesic and instead
require them to be quasi-geodesic.

Definition 6.3.7 (Quasi-Geodesic Space) A metric space M is said to be quasi-
geodesic if there exist constants C > 0 and L > 1 such that every two points in M
can be joined with a (L, C)-quasi-arc in the following sense: for all x, x’ € M, there
exist k € N and xq, x1,...,xx € M such that xo = x, xy = x’, d(xi_1,x) < C,
fori € {1,...,k}, and Zle d(xi—1,x;) < Ld(x,x’) + C. Equivalently, there
exists an (L, C)-quasi-arc joining x and x’ if and only if there is an (L, C)-quasi-
isometric embedding of an interval into the metric space, with x and x’ in its image.
See Definition 3.1.13 for the notion of quasi-isometric embedding.
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We stress that if two distances on a locally compact group are locally bounded
(i.e., bounded on compact sets) and proper (i.e., the distance from a point is a proper
map), then they have the same bounded subsets; see Exercise 6.6.24.

Proposition 6.3.8 Let d and d' be quasi-geodesic left-invariant distances on a
group. Assume that d and d' have the same bounded subsets. Then there exist
constants ¢ > Oand L > 1 such that L~'d —c < d’ < Ld + c.

Proof Since d is quasi-geodesic, there are two constants C; > 0 and L; > 1 with
the following property: Given a group element g, there are g1, ..., g, such that
d(1,g) <Cy,foralli,and g = g -...- gy, while > 7d(1, g) < L1d(1,g) + Ci.
Grouping some g;’s together if necessary, we may assume that C/2 < d(1, g;), for
i € {1,...,n — 1}, still having the weaker uniform condition d(1, g;) < 2C}, for
i €{l,...,n}. We claim that

2L
n<—d(,g) +3. (6.9)
Cy

Indeed, using the lower bound on each d(1, g;) we get

(n=1)C1/2 <Y d(l, &) < Lid(1,8) + C1,

i=1

from which the claim (6.9) follows.

By our assumption on the distances, since the values d(1, g;) are uniformly
bounded by 2C}, then also the values d’(1, g;) are uniformly bounded, say by some
constant C > 0 independent of g. Then

n
- (6.9
d'(1,¢) <Y d(l,g)<Cn < Ld(l,g) +c,
i=1

2CL
for L = !

and ¢ := 3C. The proposition follows by left invariance and by
1
exchanging the roles of d and d’. O

The above result will apply in particular to Finsler and sub-Finsler left-invariant
metrics on Lie groups. In fact, every pair of left-invariant subFisler distances on
the same Lie group are quasi-isometric equivalent. For example, the Riemannian
Heisenberg group and the sub-Riemannian Heisenberg group are quasi-isometric.
In fact, quasi-isometries can completely change the local geometry. We conclude
the section with a question.

Problem 6.3.9 Are there translation-invariant quasi-geodesic metrics on (R?, 4)
that are not quasi-isometric to a geodesic distance? Are there such metrics that, in
addition, are boundedly compact?
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6.4 Haar Measures and Polynomial Growth

Every Lie group, as every locally compact group, has a natural class of measures:
the Haar measures. A measure u on a group G is called left-invariant, if for every
g € G and every set E on which u is defined, we have that u is defined on L;l (E)
and

(L) (B) = (L7 (B)) = (k).

If G is equipped with a topology, then a Borel measure ;v on G is said to be a
Radon measure if it is finite on compact sets, outer regular on Borel sets, and inner
regular on open sets; see [Fol99, page 212]. If G is a topological group, then a Borel
measure @ on G is called a left-Haar measure, or simply a Haar measure, if it is
left-invariant, Radon, and not the zero measure. Similarly, a right-Haar measure is
a Radon non-zero measure that is right invariant.

On every locally compact group G, there are Haar measures; see [Fol99,
Theorem 11.8]. Moreover, Haar measures are unique in the following sense: Every
two left-Haar measures ©1 and o on the same locally compact group differ by a
constant multiplicative factor: u; = cuy, for some ¢ > 0. We refer to [Fol99,
Theorem 11.9] for a proof.

Using the Haar measure, we can consider the asymptotic growth of locally
compact groups:

Definition 6.4.1 (Polynomial Growth and Exponential Growth) A Lie group G
is said to have polynomial growth if the Haar measures of powers of compact sets
grow at most polynomially. Namely, writing u to denote a Haar measure of G, for
every compact set U C G there are C, Q > 0 such that u(U") < Cn@, foralln €
N. A Lie group G is said to have exponential growth if for every generating compact
neighborhood U C G of 1¢ there are k > 1 and C > 0 such that u(U") > Ck",
foralln € N.

We stress that in the case G is connected, to check whether it has polynomial
growth, it is enough to check the property for some compact set U that is a
neighborhood of the identity element; see Exercise 6.6.25. Similarly, a group has
exponential growth if and only if for some compact neighborhood U of the identity
element there is k > 1 such that £ (U") > k", foralln € N.

6.4.1 Type (R) and Guivarc’h-Jenkins Theorem

In this section, we will present an algebraic characterization of groups with
polynomial growth. We begin by introducing the algebraic property.
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Definition 6.4.2 (Type (R)) A Lie algebra g is said to be of fype (R) if the
eigenvalues of ady are purely imaginary for each X € g. A Lie group G is said
to be of fype (R) if the eigenvalues of Ad, are of absolute value 1 for each g € G.

The two notions are related: A connected Lie group is of type (R) if and only if
its Lie algebra is of type (R). A proof can be found in [Jen73b, Proposition 1.3’].
Guivarc’h and Jenkins independently proved the following equivalence:

Theorem 6.4.3 (Guivarc’h-Jenkins, [Gui73, Jen73b]) A connected Lie group
has polynomial growth if and only if it is of type (R).

Sketch of the Proof 1f a group is not of type (R), then we will soon prove in
Proposition 6.4.5 that the group has exponential growth.

Conversely, assume that the group is of type (R). The group is quasi-isometric to
a solvable Lie group (This is because every Levi factor is compact, in this case. We
refer to Exercise 10.5.31 for some review of Levi decomposition). Every solvable
Lie group of type (R) can actually be made isometric to a nilpotent Lie group, called
its nilshadow. For a study of nilshadows, we refer to [DERO3, Brel4, Cow+24].
The punch line is that nilpotent Lie groups have polynomial growth because they
are asymptotic to Carnot groups. Proving this latter statement will be the main aim
of Sects. 12.4 and 12.8. O

Example 6.4.4 (Models of Groups Not of Type (R)) We present now some Lie
groups, denoted by G, with z € C \ iR, that are in some sense the reason for
exponential growth. Namely, we will deduce that if a group has exponential growth,
then it has one of such groups as a subgroup. Given a complex number z that is not
purely imaginary, we distinguish two cases: either z is real or not.

If z € R\ {0}, then we consider the 2D Lie algebra that has a basis X, ¥ with
operation [X, Y] = zY. Let G be the associated simply connected Lie group. Such
a Lie group is not of type (R) and, when metrized with a left-invariant Riemannian
metric, it has constant negative curvature. When properly renormalized, it is the
hyperbolic plane, which has exponential growth.

If instead z = a + bi with a, b # 0, then we consider the 3D Lie algebra that has
a basis X1, X», X3 with operation

[X1, X2] = aXy + bX3,
[X1, X3] =aX;3 — bX>,
[X2, X3]=0.

Let G, be the associated simply connected Lie group. Such a Lie group is not of
type (R) and it has exponential growth; see Exercise 6.6.27. These are examples of
Heintze groups, as we will discuss in Chap. 14.

Proposition 6.4.5 If G is not of type (R), then there is z € C and a subgroup H
of G such that H is isomorphic to G,. Consequently, the group G has exponential
growth.
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Proof We begin by searching for a subalgebra of g that is isomorphic to the Lie
algebra of some G;. Let X; € g for which ady, had some eigenvalue in C \ iR.
We distinguish two cases: either there is a real eigenvalue, or not. If there is a real
eigenvalue z € R \ {0} with eigenvector X», then the span of X; and X is the Lie
algebra of G;.

If, instead, there are no real eigenvalues for ady,, then take an eigenvalue z =
a + bi with a, b # 0. Then there is X» and X3 € g such that

[X1, X7] = aXy + bX3,
(X1, X3] =aX3—bXy

Using these relations and the Jacobi identity, we have ady, [X2, X3] = 2a[X>, X3].
Since we are assuming that there are no real eigenvalues and a # 0, we deduce
[X2, X3] = 0. The span of X1, X», and X3 gives the Lie algebra of G.

Once we have found a Lie algebra that is isomorphic to the Lie algebra of G,’s,
we have a subgroup H of G with such a Lie algebra, recall Theorem 5.1.4. Because
G, is simply connected, the group H is a quotient of G; see Theorem 5.7.2 or
Exercise 5.8.31. However, one can show that G; has no normal discrete subgroups
(see Exercise 6.6.28 and 6.6.27) Thus, the groups G, and H are isomorphic.

We stress that H is necessarily closed in G. In fact, the group H is properly
embedded in G because, due to the possible ady in G,, when elements 4, € H
diverge in H then Ady, diverge as maps on the Lie algebra of H and then as a map
on the Lie algebra of G. Hence, they cannot converge in G.

To obtain exponential growth of the volume, we will consider the growth of
separated nets and rely on a general relation; see Exercise 6.6.29. We metrize G
with a geodesic left-invariant distance, e.g., Riemannian, and consider on H the
induced path distance. The intersection of the closed unit ball Bg(1,1) and H is
compact. Thus, for some § > 0 we have By (1,8) 2 Bg(1,1) N H. Since G, and
H have exponential growth, we have that maximal §-separated sets in the balls of
radius R in H grow exponentially in R. Consequently, maximal 1-separated sets
in the balls of radius R in G grow at least exponentially in R. Therefore, recalling
Exercise 6.6.29, the group G has exponential growth. O

6.5 Isometrically Homogeneous Spaces with Dilations (First
Part)

Next, we present the notion of dilation on a metric space. Fixed a scalar number
X, we will denote by §, a dilation by factor A. However, there is no such map for
general metric spaces, and if it exists, it may not be unique. In some settings, like in
vector spaces or, more generally, in Carnot groups, we have canonical maps given
by the algebraic structure.
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Let M be a metric space with distance d, and let A € (0, +00). A dilation of
factor A on M is a surjective map &, : M — M such that

d(8,(p), 8,(q)) = Ad(p, q), Vp,q € M.

We say that a metric space X is self-similar if it admits a dilation of factor A €
(0, 400) \ {1}. Such dilations are also called homotheties.

Clearly, the dilations of factor 1 are precisely the isometries. Hence, isometrically
homogeneous spaces have plenty of them.

In the next result, we show that, under some mild topological assumptions, if a
metric space is isometrically homogeneous and self-similar, then it has the structure
of a Lie coset space. After the revision of the theory of nilpotent Lie groups done
in Chap.9, we will reach a stronger conclusion: the space has the structure of a
nilpotent metric Lie group for which the dilations fixing the identity element are
group isomorphisms; see Theorem 10.2.1.

Theorem 6.5.1 (To be Improved in Theorem 10.2.1) Let M be a metric space

that is
(1) locally compact, (2) locally connected
(3) isometrically homogeneous, (4) self-similar.

Then, M has the structure of a smooth manifold. In fact, there is a connected Lie
group G, a compact subgroup S of G, and a G-invariant distance on the coset space
G/S such that G/S is isometric to M.

Before proving Theorem 6.5.1, we provide reasons why the considered space
has finite topological dimension and is connected. The aim is to use Gleason-
Montgomery-Yamabe-Zippin’s result, Theorem 6.2.10.

As a side remark, if a locally compact isometrically homogeneous space admits
dilations of every factor, then it is connected; see Exercise 6.6.31. However, in
Theorem 6.5.1, we assume only the presence of at least one dilation (together with
all its iterations, of course).

Proposition 6.5.2 Every locally compact, self-similar, isometrically homogeneous
space is metrically doubling, and in particular, it has finite Hausdorff dimension
and finite topological dimension.

Proof We need to prove that for every such metric space X, there is C > 0 such
that every ball of radius » > 0 in X can be covered with C balls of radius r/2.
Since X is locally compact, it has a closed ball B(xo, ro) that is compact. Up to
replacing the dilation by its inverse, we may assume that its factor A is greater than
1. From Exercise 6.6.30, the metric space is boundedly compact. Hence, the closed
ball B(xg, Ar) can be covered with finitely many balls of radius ro/2, say C many
of them. Therefore, for every s € [1, A] each ball B(x, srg) can be covered with
C balls of radius srp/2. By self-similarity and homogeneity, every other ball can
be covered with less than C balls of half radius. Finally, recall that doubling metric
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spaces have finite Hausdorff dimension and, hence, finite topological dimension;
see [HeiOl, Theorem 8.14 and Exercise 10.16]. |

Proof of Theorem 6.5.1 Let s, : M — M be a dilation of factor A € (0, +00)\{1}.
Since &, is surjective, it is a homeomorphism and its inverse SV M > Mis
a dilation of factor % Hence, up to replacing §, with its inverse if necessary, we
may assume A < 1. Observe that the space is complete (see Lemma 6.2.4) and
apply the Banach Fixed Point Theorem: The contraction §,_has a unique fixed point,
which we denote by o. We consider the orbit map with respect to o, i.e., the map
f elsom(M,d) — n(f) := f(o) e M.

Recall Proposition 6.2.7 regarding the fact that Isom(M, d) is a locally compact
group acting continuously on M with compact stabilizers. Moreover, by Theo-
rem 6.1.3, the quotient map 7 induces a homeomorphism between M and the
manifold Isom(M, d)/S, where S := Stab(o) = {f € Isom(M, d) : f(0) = o}.

In order to apply Gleason-Montgomery-Yamabe-Zippin’s Theorem 6.2.10 to
(M, d), we need to observe that M has finite topological dimension and is
connected; see Proposition 6.5.2 and Exercise 6.6.30, respectively. Hence, thanks
to Theorem 6.2.10, Isom(M, d) and M have some differential structures such that
Isom(M, d) is a Lie group and the action of Isom(M,d) on M is smooth. To
conclude, we take G := Isom(M, d)° to be the identity component of Isom(M, d)
and the stabilizer S as compact subgroup. O

Suppose that G is a Lie group, and let Der(g) be the space of derivations on its
Lie algebra; see Definition 5.6.2. By Proposition 5.6.3.ii, every multiplicative one-
parameter group Ry — Aut(G), A — §;, of Lie automorphisms is determined by
some derivation A € Der(g) such that

(83)x = A4 1= ell0gMA, (6.10)

Such an A is the called the infinitesimal generator of A — §,, and such (§, ), form
the (multiplicative) one-parameter subgroup of automorphisms determined by the
derivation A.

Definition 6.5.3 (Homogeneous Metric Group) Let G be a Lie group and A €
Der(g) the derivation on its Lie algebra determined by a one-parameter subgroup
(63) of automorphisms of G. Assume that d is a left-invariant distance function on
G for which

d(6,x, 8. y) = d(x,y) Vx,y € G, VA > 0. (6.11)
Then, we say that d is a A-homogeneous distance function on G and (G, d) is a

A-homogeneous metric group.

The notion of a homogeneous metric group captures a deep interaction between
algebraic and metric structures. These kinds of structures are indeed quite remark-
able. What is particularly striking is their appearance in both geometric and analytic
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contexts. In Sect. 10.2, and later in Sect. 14.3, we will return to the discussion of
homogeneous metric groups.

6.6 Exercises

Exercise 6.6.1 (Characterisations of Proper Actions) Let M be a manifold and
G alLie group acting continuously on M. The following are equivalent: (a) the action
is proper; (b) if (p;)ieN is a sequence in M and (g;);eN is a sequence in G such that
both (p;)ien and (g;.pi)ieN converge, then a subsequence of (g;);cN converges; (c)
for every compact subset K € M, the set {g € G : (g.K) N K # @} is compact.
Hint. A solution can be found in [Leel3, Proposition 21.5].

Exercise 6.6.2 For a continuous action G ~ X of a topological group on a
topological space, with quotient map m, declare a subset U C G\X to be open
if and only if 7 ~!(U) is open in X. This definition gives a topology on X, and it
makes the map m continuous and open. Moreover, this is the only topology that
makes 7 continuous and open.

Exercise 6.6.3 Let G be a topological group and H < G a topological subgroup.
The actions from Example 6.1.2 are continuous. If H is closed, then for each of
these actions, we have that H\G is a Hausdorff topological space when equipped
with the quotient topology.

Hint. Check Exercise 6.6.10, using that topological groups are 73-regular.

Exercise 6.6.4 Given a group G, and denoting by L, its left translation by g, we
have that g — L, is an action of G on G. Moreover, if G is a Lie group, then this
is a Lie action.

Exercise 6.6.5 If G ~ M is a proper and free Lie action, then dim G\M =
dim M — dimG.

Exercises 6.6.6-6.6.9 are extra exercises on Lie actions.

Exercise 6.6.6 Let I' be a discrete Lie group, M a smooth manifold, and I' ~ M
a Lie action that is proper and free. Then, there exists a differentiable structure on
F\M such that M — F\M is a smooth covering map.

Exercise 6.6.7 Let G be a Lie group and ' < G a closed subgroup. Then, the
natural action I' ~ G by left-translations is proper and free.

Solution. The action by left-translations is free because L,(p) = p implies g = 1.
To see that the action is proper, notice thatthe map V: GxG — G x G, (g1, g2) —
(2182, 82), has the inverse (g1, g2) — (glgz_l, g2) and thus W € Diffeo(G x G).
The map that is claimed to be proper is ® = W|r,¢. Given a compact set K C
G x G, we have ® 1(K) = W~ !1(K) N (' x G). Since T is closed in G, then
6! (K) is an intersection of a compact set with a closed set.



184 6 Metric Groups and Homogeneous Spaces

Exercise 6.6.8 If G is aLie group and I' < G a discrete subgroup, then there exists
a differentiable structure on F\G such that the natural map G — F\G is a smooth
covering map.

Exercise 6.6.9 Let G be a Lie group and M a simply connected smooth manifold
such that dim G < dim M. If there exists a transitive Lie action G ~ M, then M
has a structure of a Lie group (i.e., M is diffeomorphic to a Lie group).

Exercise 6.6.10 If H is a closed subgroup of a Lie group G, then G/H is
Hausdorff.
Solution. Consider the set

R :={(h1, h2) € G x G| there exists i € H such that h| = hoh},

which is a closed subset of G x G. So, if h; H and hy H are two distinct cosets, then
(h1, hy) does not belong to R, thus one can find open sets 71 € V and s, € W such
that (V x W) N R = §. Since the projection map = is an open map, the sets (V)
and 7 (W) are disjoint and open in G/H, containing &1 H and hy H, respectively.

Exercise 6.6.11 If H is a subgroup of a Lie group G, then G/H is second-
countable.

Hint. Every countable basis for the topology of G projects to a countable basis for
G/H.

Exercise 6.6.12 Let (X, d) be a metric space. Within this exercise, we say that the
distance function d is a homogeneous distance if for every A > 0 there is a bijection
8 : X — X such that

d (8 (x), 8, (x") = Ad(x, x), Vx,x e X.

In this case, we also say that §, is a dilation by A. We have the following properties:

6.6.12.i. On R”, the Euclidean distance dr is homogeneous;
6.6.12.ii. On (R x {0}) U ({0} x R) as subset of R2, the distance function d is
homogeneous;
6.6.12.iii. On S! as subset of R?, the distance function d is not homogeneous.

Question: Which of these spaces are isometrically homogeneous, according to
Definition 6.2.1?

Exercise 6.6.13 If G ~ X continuously, then the induced map G — Homeo(X)
is continuous with respect to the compact-open topology.

Exercise 6.6.14 If a non-necessarily Hausdorff topological group G acts on a
Hausdorff space continuously and faithfully, then G is Hausdorff.
Hint. Use Exercise 6.6.13.

Exercise 6.6.15 Recall that a topological space X is called first-countable if its
topology admits a countable local basis at every point. It is called second-countable
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if its topology admits a countable basis. While X is o-compact if it is the countable
union of compact sets.

6.6.15.i. Every second-countable space is first-countable.
6.6.15.ii.  Every second-countable, locally compact space is o -compact.
6.6.15.iii.  There is a topological space that is o-compact and locally compact, but
it is not second-countable.
Hint. Consider the excluded-point topology on the real numbers.

Exercise 6.6.16 Pointwise limits of isometric embeddings are isometric embed-
dings.

Exercise 6.6.17 Let G be a locally compact group with a countable basis acting
continuously and transitively on a connected locally compact Hausdorff space X.
Then, every open subgroup of G acts transitively on X.

Hint. The proof is very similar to the one we provided for Proposition 6.2.9.

Exercise 6.6.18 Let M be a boundedly compact metric space. Equip the isometry
group Isom(M) with the compact-open topology.

6.6.18.i.  The action Isom(M) ~ M is continuous and proper.

6.6.18.ii.  The topology on Isom(M) is second-countable and locally compact,
and hence, o -compact.

6.6.18.iii.  Check that Isom(M) is a topological group.

Hint. One can find a proof in [CH16, Lemma 5.B.4]. Recall also Exercise 6.6.15.ii.

Exercise 6.6.19 Let G ~ M be a Lie group action that is transitive, faithful, and
with compact stabilizers. Then, the topological space G has finitely many connected
components.

Hint. On the one hand, the quotient G/G° is discrete since connected components
of manifolds are open. On the other hand, this space G/G° is compact because,
fixing p € M, for every sequence g, G® there exists g, € g,G° such that g/,.p =
p. (Recall that G° acts transitively by Proposition 6.2.9). Thus, the sequence g,
subconverges.

Exercise 6.6.20 Let M be a topological manifold. Let G be a locally compact
group with a countable basis. Let G x M — M be a continuous, effective, and
transitive action of G on M. Then G is a Lie group, and M can be equipped with a
differentiable structure so that G acts by diffeomorphisms.

Exercise 6.6.21 Let M be a connected metric Lie group. Then, the topological
group Isom(M) has the structure of a Lie group smoothly acting on M.

Hint. In addition to Theorem 6.2.10 recall that Lie groups have unique smooth
structures as in Corollary 5.3.3.

Exercise 6.6.22 Let M be a metric space. Let G ~ M be a continuous action by
isometries with closed orbits. Then, the quotient map = : M — G\M becomes a

submetry with respect to some unique distance on G\M .
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Hint. Check Exercise 3.4.39.

Exercise 6.6.23 Let H be the Heisenberg group with Lie algebra spanned by
X,Y,[X,Y]. Let L := exp(RX). Then H/L is a Lie homogeneous space on which
H acts on the left. The stabilizer of this action is homeomorphic to L, which is not
relatively compact inside the space of homeomorphisms of /L. In particular, this
action cannot be isometric with respect to any admissible distance.

Exercise 6.6.24 Let X be a topological space equipped with a distance d that does
not necessarily induce the same topology. Assume that d is locally bounded (in the
sense that it is bounded on compact subsets of X) and proper (in the sense that the
distance function from a point in X is a proper map). Then, the sets that are bounded
with respect to d are exactly the precompact sets.

Exercise 6.6.25 Let G be a connected Lie group and let ug be a Haar measure on
G.Let U C G be a compact neighborhood of 15 € G. If there is C > 0 such that
ug(U") < Cn?, foralln € N, then G has polynomial growth.

Hint. By Exercise 5.8.3, for every other compact set U C G thereis k € N such that
U c U*.

Exercise 6.6.26 Let M be a metric space as in Theorem 6.5.1. Let G be the identity
component of the isometry group Isom(M, d), equipped with the topology of the
uniform convergence on compact sets. Let & : G — M be the orbit map f +— f(0).
Let g be a Haar measure on G, and consider the push forward py 1= my g

6.6.26.i.. The measure pjs is a G-invariant Radon measure on M such that
um(E) = ng (1 (E)) for all open sets E C M.

6.6.261i. The measure 1) is a doubling measure (in the sense of Exercise 3.4.31)
and there are C > 0 and Q > 0 such that for all p € M and all » > 1 one has
mm(Ba(p.r)) < Cre.

6.6.26.iii. Consequently, the topological group G has polynomial growth.

Hint. Recall Exercise 3.4.32. Consider the set U := n_l(Bd (0, 1)). Then 7 (U") C
Bd(Q07 n) and puc(U") < pe(E='@U™)) = uu@U™) < wu(Bylo,n)) <
Cn*.

Exercise 6.6.27 For z € C\ iR, let G, be the Lie group from Example 6.4.4. Then,

the center of G, is trivial, and G, has exponential growth.
Hint. See Exercise 8.3.10

Exercise 6.6.28 Normal discrete subgroups of connected topological groups are
central.

Exercise 6.6.29 (Big Separated Net Gives Big Growth) Let G be a connected Lie
group equipped with a left-invariant admissible geodesic distance. Let p(n) be the
maximal cardinality for a 2-separated set in the ball B(1g, n), for n € N. Then
pmu(B(lg, 1)) < w(B(lg, N") < p(m)u(B(lg, 2)), foralln € N.

Hint. The distance being geodesic implies B(1g, 1) = B(lg, n). If two points
have a distance of at least 2, their balls of radius 1 are disjoint.
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Exercise 6.6.30 Let M be a metric space that admits a dilation §, : M — M of
factor A > 1 with a fixed point o. If M is locally connected (resp., locally simply
connected; resp., locally compact; resp., locally contractible), then M is connected
(resp., simply connected; resp., boundedly compact; resp., contractible).

Hint. Take a ‘good’ neighborhood U of o and r > 0 such that B(o,r) C U. Then,
we have M = (J72| B(o, A"r) = U,—; 87(B(o,r)) € Un=, 8 (U). Regarding
contractibility, all homotopy groups are trivial, and one can use the Whitehead
Theorem.

Exercise 6.6.31 Let (Y, dy) be alocally compact metric space and yp € Y. Assume
that, for all A > 0, there is an isometry f : (Y,dy) — (¥, Ady) with f(y9) = yo.
Then Y is connected. In fact, every closed metric ball at yq is connected.

Solution. We begin with a technical claim:

dy,y) <e

d(y', yo) <d(¥, yo)-
(6.12)

For proving (6.12), for each é € (0, 1], we denote §Y := (Y, §dy) and consider the

set

Ve > 0,Vy € Y, with y # yg 3y’ € Y such that {

Qs :={f() | f:8Y = Y isometry with f(yo) = yo}.

We have Qs € {y € Y : d(yo,y) = 8d(y0,y)}. The assumption that (5, yp)
is isometric to (Y, yo) rephrases as Q25 # . The space is boundedly compact
by Exercise 6.6.30, so we use Ascoli-Arzela’s Theorem, Exercise 3.4.12. For
8 € (1/2,1), pick z5 € Qs and a respective §-homothety fs. Using the Ascoli—
Arzela argument to the uniformly Lipschitz maps f5, we have that there exists a
sequence 8, ' 1 for which the maps fs, converge uniformly on compact sets to
an isometry f. In particular, f(yo) = yo and f5,(y) — f(y), asn — oo. Set
yp o= 1 (f5,()). Observe that

d(y, yn) = d(f (), f5,(¥)) = 0, asn — 0o,

and

d(y0, yn) = d(f (yo). f5,(3)) = d(yo. f5,(¥))
= d(f5,(0), f5,(3)) = 8ud(y0, y) < d(yo, y)-

Thus, for n large enough, one can take y’ as y, for obtaining (6.12).

To deduce Exercise 6.6.31, assume by contradiction that some closed ball
B(yo, r) is not connected. Thus, there are non-empty closed sets K1, K» < B(yo, r)
suchthat KiNKy, = Pand Kj UK, = f?(yo, r).Say yp € K. Since Y is boundedly
compact (see Exercise 6.6.30), both K and K, are compact. Consequently, first,
the value € := d(Ki, K») is strictly positive. Second, there exists y € K, such
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that d(3, yo) = d(K2, o). By (6.12), there is some y’ € Y such that d(y, y') < €
and d(¥', yo) < d(3, yo). By the second inequality, we get that y’ ¢ K, and that
y' € B(yp, r). By the first inequality, we get that y’ ¢ K. We contradicted the fact
that K1 U K, = B(yo, r). Hence, the set l_?(yo, r) is connected. By Exercise 6.6.30,
the metric space Y is connected.
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Chapter 7 ®)
Sub-Finsler Lie Groups ST

This chapter is fundamental; it is the core of this book. We consider sub-Finsler
Lie groups and discuss their differential geometry and their metric geometry
when equipped with Carnot-Carathéodory distances. In Sect.7.1, we discuss the
perspective of left-invariant sub-Finsler structures. We show how, in sub-Finsler
geometry, quotients can be viewed as submetries, allowing for geodesic lifting.
We discuss Chow’s theorem and establish a weakened version of the Ball-Box
Theorem, which will be further refined in Theorem 12.5.3. In Sect. 7.2, we discuss
the endpoint map and its singular elements known as abnormal curves. In Sect. 7.3,
in the framework of sub-Riemannian groups, we conduct a first-order analysis of
geodesics, leading to the Pontryagin Maximum Principle. In the final Sect. 7.4,
we demonstrate that geodesic homogeneous manifolds are Carnot-Carathéodory
spaces.

7.1 Left-Invariant Sub-Finsler Structures on Lie Groups

A standard assumption in the geometry of Lie groups is that the objects under
consideration, such as distributions and sub-Finsler structures, are left-invariant. As
aresult, every considered distribution is a polarization, meaning that it has a constant
rank. Similarly, as for Lie algebras of Lie groups, we will have two interpretations
for polarizations and two for continuously varying norms due to the left-invariance.

7.1.1 Left-Invariant Polarizations and Horizontal Curves

In this section, we set-wise interpret the Lie algebra of each Lie group G as the
tangent space 771G at the identity element 1 = 15. Let G be a Lie group with Lie
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algebra g = Lie(G). Let A C TG be a distribution, as in Definition 4.1.1. The
distribution A is said to be left-invariant if

Agp = (dLg)pAp, Vg, h € G,

where, as in the previous chapter, we denoted by L the left-translation by g. Each
(dLg)p is an isomorphism, and left translations act transitively; thus, the dimension
of the subspace A is independent of g € G. In other words, every left-invariant
distribution is a polarization, following the terminology of Definition 4.1.1.

Every left-invariant distribution A C TG determines a vector subspace V :=
Ay, € g. Conversely, every vector subspace V C g of g determines a left-invariant
distribution A, given by A, := V and

Ag = [ueTgG:(dLg)*‘ve V}, Vg € G. (7.1)

Observe, indeed, that the set A € TG is left-invariant and a polarization, whose
rank equals dim(V), for which there is a global frame; see Exercise 7.5.1. In
essence, there is a one-to-one correspondence between vector subspaces of Lie(G)
and left-invariant distributions on G.

Definition 7.1.1 (Polarized Group) Given a Lie group G and a vector subspace
V C Lie(G), we say that the pair (G, V) forms a polarized Lie group, or simply, a
polarized group, and we refer to the distribution A defined in (7.1) as the induced
(left-invariant) distribution. We can also refer to V as a polarization, equating it
with A. Similarly, the pair (Lie(G), V) is called a polarized Lie algebra.

Because every left-invariant distribution comes from a vector subspace of the
Lie algebra, determining whether the distribution is bracket generating is straight-
forward. Indeed, we have two equivalent ways of calculating the iterated brackets
and the flag of subbundles of Definition 4.1.13. It should not be surprising that each
left-invariant distribution is equiregular, according to Definition 4.1.15, because the
flag of subbundles preserves the symmetry of being left-invariant.

In the following, given two subsets U, V of a Lie algebra g, we use the notation

[U,V]:=span{[u,v] :u e U,ve V} Cg.
Furthermore, for every vector subspace V C g, we iteratively define:
vill.—y, VI =yl [y yie=il]) Vk=2,3,.... (7.2)
A first observation is that, for each k € N, the left-invariant distribution induced
by VIl is the k-th element A%l in the flag of subbundles associated with A as in

Definition 4.1.13 (see Exercise 7.5.2). A second observation is that to determine the
Lie algebra Lie(I'(A)) generated by the sections of A, one can use left-invariant
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frames, and hence look at the Lie algebra generated by V := Aj, within g. In other
words, we have:

LA = JVH  and  (Lie(I'(A))), = (L)1 (Lie(I'(A)))1.
keN

Moreover, we stress that the subspaces V%I are nested and of integer dimension.
Thus, the function k € N — dim(V¥) is non-decreasing and it takes values
in {1,2,...,n}, where n := dim(G). Actually, unless n < 1, we must have
dim(V) > 1 for A to be bracket generating. Thus, if A is not bracket generating
then there exists k < n such that VI¥I = VI for every I > k; see Exercise 7.5.3. We
have proved the following result, which explains when a left-invariant distribution
satisfies the bracket-generating condition, (4.2).

Proposition 7.1.2 (Criterion for Bracket Generation) If (G, V) is a polarized
Lie group of dimension n > 2, then we have the following dichotomy:

(a) Either VI"=11 = g and consequently, the induced left-invariant distribution A
is bracket generating with step less than n;

(b) Or VI"=U £ g in which case there exists a Lie subgroup H < G with
dim(H) < dim(G) and the restriction A|g is contained in T H and is bracket
generating TH. Here, Alg :={ve A : n(v) € H}, wherewr : TG — G is
the bundle projection.

Moreover, denoting by k the smallest integer for which vIK = V[EH], if vk #9,
thenk <n — 1.

We can further rephrase the notion of horizontal curve as from Definition 4.1.4.
In a polarized group (G, V) with induced distribution A, an absolutely continuous
curve y: I — G defined on an interval 7 is A-horizontal if

Y () = (dLy) 'y (0) €V, for almost every ¢ € 1. (7.3)

Notice that we have just defined a V-valued curve ' : I — V not to be confused
with the derivative y : I — TG, which is T G-valued. However, the curve y’,
together with the initial point, maintains the whole information about y, as we next
see.

Proposition 7.1.3 (Integration of Tangent Vectors) Let G be a Lie group, let
[a,b] € R be an interval, and let u : [a,b] — g be integrable. Then, for every
p € G there exists a unique absolutely continuous curve y : [a, b] — G such that
y(a) = p and u = y’, where the latter is defined in (7.3).

Proof We consider the ODE

{ Y (@) = (Ly@))su(t) (7.4)
y(a) = p.
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The existence of an absolutely continuous solution to the ODE is a consequence
of the general Carathéodory’s theorem; see [O’R97, Theorem 3.4]. We stress
that Lie groups equipped with Riemannian left-invariant metrics are complete;
see Lemma 6.2.4. Consequently, short-time solutions stay in compact sets. Hence,
we have global solutions; see [CLS55, page 47, Chapter 2, Theorem 1.3]. The
uniqueness can be shown proving that, if y(¢) and y»(¢) are two solutions, then

< (nomw) =0

This last fact can be easily shown using Exercises 5.8.11 and 5.8.12. O

Definition 7.1.4 (Development of a Curve) Let 7 > Oand y : [0, T] — G be an
absolutely continuous curve in a Lie group G. The development of y is the curve
o : [0, T] — g defined as

t
o(t) = / y'(s) ds, vt € [0, T,
0

where ¥’ : [0, T] — gisasin (7.3).

The above curve o is valued in the vector space g, where we identify o’ with &.
Thus, we have the identity

o' =y

We stress that if y is A-horizontal, for some left-invariant polarization A, then o is
Aj-valued.

We also recall that by Proposition 7.1.3, every absolutely continuous curve o :
[0, T] — g is the development of some absolutely continuous curve y : [0, T] —
G. We shall refer to this curve as the multiplicative integral.

Definition 7.1.5 (Multiplicative Integral) Let G be a Lie group with Lie algebra
g,and T > 0.Leto : [0, T] — g be an absolutely continuous curve. The absolutely
continuous curve y : [0, T] — G with ¥ (0) = 1g and o’ = y’, which exists and is
unique by Proposition 7.1.3, is called the multiplicative integral of o.

Up to only considering curves starting at 1 or Og4, respectively, the multiplicative
integral is the inverse operation of the development of a curve, as of Definition 7.1.4.

7.1.2 Left-Invariant Norms and Distances on Lie Groups

The first aim of this subsection is to clarify that for Lie groups, left-invariant
continuously varying norms are in one-to-one correspondence with symmetric
norms on the Lie algebra. A function N : TG — R on the tangent bundle of a Lie
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group G is said to be left-invariant if N o dL, = N for all g € G. In fact, via left
translations, the tangent bundle 7 G is trivializable as G x g and, in the left-invariant
case, every continuously varyingnorm N : TG ~ G x g — R, (g, v) — N(g, v),
will be constant with respect to the point g and will be a norm in the vector v.

One can check that if a function ||-|| : TG — R s left-invariant and its restriction
to T1,G is a symmetric norm, then || - || is a continuously varying norm, in the sense
of Definition 3.2.6. Moreover, every symmetric norm on 71,G is the restriction to
T, G of a unique left-invariant continuously varying norm || - ||. Indeed, if || - || is
a symmetric norm on g, then

vl == I(dLg-1)gvll15. V& € G, Yv € T,G, (7.5)

defines a left-invariant continuously varying norm (Exercise 7.5.4).

Definition 7.1.6 (Sub-Finsler Lie Group) A sub-Finsler Lie group is a triple
(G, V, |l - ) where G is a connected Lie group, V is a bracket-generating subspace
of T1;G, and || - || is a symmetric norm on V. Every sub-Finsler Lie group is
naturally seen as a Carnot-Carathéodory space where the distribution A is the
induced distribution of the polarized group (G, V) asin (7.1) and || - || is extended on
T G by first arbitrarily extending || - || as a norm on 77, G and then as a left-invariant
continuously varying norm by (7.5).

In the definition of sub-Finsler Lie groups, the left-invariant continuously varying
norm restricts to A as a function A — R. This function is the left-invariant
extension of the norm on V. We still call it continuously varying norm.

Every sub-Finsler Lie group has an associated sub-Finsler metric, as in (4.4),
which can be formulated using the above double viewpoint for left-invariant
structures. Moreover, we recall Proposition 3.1.11 about the energy of curves. Thus,
the Carnot-Carathéodory distance d.. between two points p, g € G is

dec(p,q) = inf{LengthH,” (y) : y A-horizontal curve from p to q}

= inf{/ I¥'Ilig : ¥ AC curve from p to ¢ with " € V}

[ o1
= inf / IIV’II%G : ¥ AC curve on [0, 1] from p tog withy’ € V
0

In Definition 7.1.6, we made the choice of assuming that the polarization is bracket
generating. Of course, one could also consider sub-Finsler metrics associated with
non-bracket-generating polarizations. However, because of Proposition 7.1.2, if the
polarization is not bracket generating, then one can just restrict to the Lie subgroup
that it generates, as by Theorem 5.7.1.

The following are some basic metric properties of sub-Finsler Lie groups when
they are seen as metric spaces with their Carnot-Carathéodory metrics.
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Theorem 7.1.7 Every sub-Finsler Lie group is a metric space that is

7.1.7.1. complete,

7.1.7.ii.  geodesic,

7.1.7.iii.  boundedly compact,

7.1.7.iv.  isometrically homogeneous: the distance is left-invariant.

Proof Let (G, d) be a sub-Finsler Lie group equipped with its CC distance. We
begin by observing that (G, d) is isometrically homogeneous since the group of
left translations acts transitively and by maps that preserve the family of horizontal
curves and their length.

Then, since the distance induces the manifold topology, there exists r > 0 such
that the closed metric ball B(1g, r) is compact. By homogeneity, the metric space
is locally compact and complete.

We conclude by invoking Proposition 3.1.6 or Theorem 3.1.7, or Theorem 4.2.6.

|

Proposition 7.1.8 If (G, V) is a polarized Lie group, then every two left-invariant
CC distances induced by norms on V are bi-Lipschitz equivalent, globally.

Proof The notion of length of a horizontal curve y (and hence the notion of
the associated CC distance) depends on the norm || - | in the following way:
Length (y) = f ly'lli;- Since V is finite-dimensional, every choice of | - ||,
is bi-Lipschitz equivalent to every other. This produces a bi-Lipschitz equivalence
for CC distances. O

Because of Proposition 7.1.8, whenever our interest is in metric spaces up to bi-
Lipschitz equivalence, we may assume that the norm ||-|| is coming from a scalar
product.

7.1.3 Quotients and Submetries Between Sub-Finsler Lie
Groups

Proposition 7.1.9 Let (G, A, ||-||) be a sub-Finsler Lie group and H < G a closed
subgroup. Then, the distance function from (6.5) on the quotient manifold H\G =
{Hg : g € G}, which makes the projection m : G — H\G a submetry, is a sub-
Finsler distance, where the distribution A on H\G is the only one such that
Ap=dn(Ap),  Vpe pOVier(p),
with norm
lv]| := inf{]|w]|| : p € n_l(p), w e T;A, dr(w) = v}, Yv e Ay,

= inf{||w|| : w € T;A, dw(w) = v}, Vpern '(p),Yve A, (1.6)
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Proof We begin by stressing that the distribution is well defined, and the definition
of the norm has the property (7.6) because the group H acts by isometries and
transitively on fibers. Moreover, by construction we have that the map (dw); :
(Ag, 114D = Az, 14D for p € G, is a submetry.

We denote by d,. the sub-Finsler metric. Let d be the distance function on H\G
given by (6.5), sothat 7 : (G, dec) — (H\G, d) is a submetry, by Proposition 6.3.4
and the fact that G is boundedly compact by Theorem 7.1.7. The plan is to use
Proposition 3.1.28 to show that also the map = : (G, d) — ( H\G, dcc) is a
submetry. Since there is a unique distance function on the target for which a map is
a submetry, we would deduce that the distance functions d and d.. on H\G coincide.

For the argument, we will make use of a measurable selection theorem, which
we review at the end of this proof; see Theorem 7.1.10. Given p € H\G, if we take
two preimages p; and p; € P (p), then the maps w o L, and 7 o L, coincide,
and we denote such a map by 7,,. Consider the multifunction W taking each element
w e A, withp € H\G, to the set

Y(w) ={vedAy: (@) =w, v =wl]}
Note that for every w € A, the set W(w) is a closed subset of Aj;, which is

nonempty because of the definition of the norm on H\G. Let U be an open subset
of Aj,;. We have

[weAgT(H\G): \IJ(w)ﬂU;é(ZJ}

={w: wear: @G =wen,pepl vl =luwhnv 0]

[E@ en,:veu pe O, Il = Gl
=, ({X,; e A (Lp)*X; e U, [Xs] = ||dnxﬁ||}).

First, notice that the set {Xﬁ e A: (Ll})*Xﬁ € U} is open in A. Second, notice
that the set {Xﬁ eA: |IX;l = ||d7er~,||} is closed. Hence, they and their inter-
section are a countable union of compact sets. The image under m,, which is a
continuous map, is again a countable union of compact sets. Hence, it is a Borel
set. Thus we can apply Theorem 7.1.10: there exists a Borel measurable selection
YviACT ( H\G) — Ay, of W. We observe that the constructed selection map

¥ has the following properties:

@)« (w) =w and [y W) = wl, Vp e H\Gva €A,
(7.7)
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To use Proposition 3.1.28, we consider a horizontal curve y : [0, T] — H\G and
g € 77 1(y(0)) and we want to construct a curve y with the properties 3.1.28.2.i-iii.
Notice that Yoy : [0, T] — Aj is measurable. We consider the curve y : [0, T'] —
G solution of

y(0) =g
Y () = ALy ¥ (y (1),

which exists by Proposition 7.1.3. The curve y satisfies 3.1.28.2.1 by construction.
Regarding 3.1.28.2.ii, the two curves 7w o y and y are equal because they have the
same initial point and same derivatives:

d - . . (1D .

E(n oY) = ([dLy )V (¥) = (Ty) ¥ () =" 7.

Regarding 3.1.28.2.iii, the two curves have the same length because they have the
same speed:

7] = laLsaw el = 1wen = i,

Finally, Condition 3.1.28.1 is satisfied since 7 is 1-Lipschitz; see Exercise 4.4.23.

By Proposition 3.1.28, we deduce that the two distances d and d.. on H\G are the
same. ]

In the above proof, we used the following general result by Kuratowski and Ryll-
Nardzewski:

Theorem 7.1.10 ([KR65]) Let X be a separable completely metrizable topologi-
cal space, let B(X) be the Borel o-algebra of X, let (2, ) be a measurable space,
and V a multifunction on 2 taking values in the set of nonempty closed subsets of
X. If for every open subset U of X we have

{w: ¥(w)NU # 0} e T,

then V has a selection that is F-B(X)-measurable.

Remark 7.1.11 When the distribution A of the sub-Finsler group G is such that
A1; ® Lie(H) = Lie(G), then the existence of the selection in Theorem 7.1.10 is a
triviality. In fact, the map dr|a, : A, — Ag(p) is a linear isomorphism, hence we
take ¢ := (dm| A)~L. Moreover, in this case, the lifted curves y are unique, given
the initial point.

Remark 7.1.12 Let H be a sub-Finsler Lie group and G a Lie group. Suppose
that 7 : G — H is a surjective Lie homomorphism. Then, there is a sub-Finsler
structure on G such that 7 is a submetry. In fact, if we take a bracket-generating
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polarization V. C T1G such that 7,V = A{f , €.8., Ty lAf{ , then there is a norm
on V such that 7 is a submetry. The unit ball for such a norm can be taken as the
intersection of the preimage of the unit ball on Afl and a strip that is transverse to
the kernel of 7.

Remark 7.1.13 Letw : G — H be a submetry and a Lie homomorphism between
sub-Finsler Lie groups. Thus, by Proposition 3.1.29, geodesics in H can be lifted
to geodesics in G. In particular, if all geodesics on G are smooth, then so are the
geodesics in H.

7.1.3.1 Open Questions

The following are some unsolved questions on sub-Finsler Lie groups.

Question 7.1.14 Let G be a Lie group. If p is a left-invariant metric that is
boundedly compact, locally bounded, and quasi-geodesic, is p at a bounded distance
from a sub-Finsler left-invariant metric?

Question 7.1.15 Let (G, A, ||-]|) be a sub-Finsler Lie group. If the unit ball of
(A, ||-1I) is polyhedral (i.e., it is the convex hull of finitely many points), then does
there exist K € N such that between every pair of points in G there exists a geodesic
whose control is piecewise constant with at most K pieces?

Question 7.1.16 Let (G, A, ||-||) be a sub-Finsler Lie group. If the unit ball of
(A, ||I-ll) is strictly convex, then does there exist, for every p and ¢ € G, a
continuously differentiable geodesic from p to g?

Regarding Question 7.1.16, a very recent preprint, [Chi+25], exhibits an example
that implies that there are sub-Riemannian Lie groups where some pairs of points
cannot be joined by any geodesic of class C3. Additionally, some preliminary work
by Lev Lokutsievskiy casts doubt on a positive answer to Question 7.1.15.

7.1.4 A Direct, Effective Proof of Chow’s Theorem

In this section, we will give an explicit construction of a horizontal path connecting
an arbitrary point p in a bracket-generating polarized group (G, V) to the identity
element 15. Moreover, when a norm is fixed on an s-step polarization, the path
will have a length bounded by the 1/s-power of some fixed Riemannian distance
between p and 1. This is a weaker version of the Ball-Box Theorem: (4.21).
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7.1.4.1 Brackets as Products of Exponentials

The philosophy behind the following discussion is that to go in a direction given as
a bracket of two vector fields X and Y on a manifold M, one can go along a not-
necessarily-closed quadrilateral constructed using the flows of the two vector fields.
We will give a generalization of the following formula as in 3.2.2.d:

2

1d

o (@7 0 @y 0 @) 0 @) (p)| VpeM.

=0

In the above formula, we denote by @', the flow of the vector field X at time 7. By
Corollary 5.2.6, for left-invariant vector fields in a Lie group G, we have

P (p)=pe'*,  VpeG,VieR VX ey,

where, for the sake of clarity, we also use the notation eX := exp(X) for X € g.

Hence, for all X and Y in the Lie algebra g of the Lie group G, we have

1 d?
[X,Y]ig = Epe'xe”e*fxe*” , VX,Y €g. (7.8)
t t=0

In fact, we can obtain a C! curve whose tangent at a point is [ X, Y]. Indeed, as in
the general case of manifolds seen in Exercise 3.4.49, we can consider the curve

) = eVIX V1Y p=iX o= /1Y fort >0
VT | eV eI VI VT for s < 0,

for which y (0) = [X, Y]i,-

Definition 7.1.17 (Maps P;) Given a Lie group G, with Lie algebra g, X, Y € g,
and r € R, we define

P(X):=e% and Pi(X,Y):=eXee XY,
By recurrence, for k > 2 and X1, ..., Xx41 € g, and ¢ € R, we also define
Pi(X1, ... Xig1) == P(X1p, . Xpe M (P(X L X)) T e e

Remark 7.1.18 As an immediate consequence of (7.8) (or of BCH (5.26)), we have

Pu(X,Y) = exp (ﬂ[x, Y]+ o(tz)) . ast— 0.
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More generally, if we consider X1, ..., Xg € g, with d € N, then we claim that
P(X1, ..., Xq) = exp (td[X1,...,Xd]+0(td)), ast — 0, (1.9)
where we use the notation
[X1, X2, X3, ..., Xgq] :=[...[[X1, X2], X3, ..., Xal.
Indeed, we proceed by induction. The statement is true for d € {1, 2}. Assume it
is true for an arbitrary d. Call w(t) the o(t?) function such that P; (X1, ..., Xq) =

! LI1X1, X1, X3), . Xal+0 () Then we have, by the BCH Formula (5.26),

Pt(X], ...,Xd+1)
= P(X1,..., X9 X (P(Xy, ..., Xg)) e Xani

X1 Xo L Xa o () gt Xas1 =1/ [ X2, X1 ] Xal =0 () p =1 X1

(5.26) e(zxd+1+r"[...[xl,le,..‘,Xd]+w<t)+%zd+1[.‘.[Xl,X21,.‘..Xd+1]+o(zd+1>)

5260 Lt LM1X1.X2], X5)..oo X1 THo( )

Each P is, in fact, a product of elements of the form ettX

that will help in constructing horizontal paths.

. We now form a map

Definition 7.1.19 (Map E) In the setting and notation of Definition 7.1.17, let
{Xjrtjx Cg,withje{l,...,n},ke{l,...,d;},anddy,...,d, € N. Foreach
J, using the maps P; from above, we consider

Pt]/dj(Xj,lv~--5Xj,dj—17Xj,d_,') fort > 0,

oW (1) :=
P|t|1/‘1j(Xj,1’""Xj,dj—l’_Xj,dj) fort < 0.

We finally define the map E : R" — G associated with {X; s} x as

n
E(t) := ]_[ oV (t;) VteR"
j=1

Each map ®) as above is C!, see Exercise 7.5.13. Moreover, the constructed
map E satisfies the following properties.
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Proposition 7.1.20 Let G be a Lie group of dimension n € N. Let {X;«|j €
{1,...,n}, ke{l,...,d;}} withd; € N be a family of vectors in Lie(G). Assume
that (X1, X2, ..., Xj,dj]);le span Lie(G).

7.1.20.i. The map E : R" — G associated with (X k) as in Definition 7.1.19
is a local C'-diffeomorphism around 0.

7.1.20.4i.  If, in addition, the vectors (X i) j i are of unit length with respect to a
sub-Finsler structure on G, then there exists C such that, for all t € R",

dec(lG, E(t)) < C Y |t;]"4. (7.10)
Jj=1

Proof Regarding 7.1.20.i, we show that (dE)q is non-singular. Let
Xjo=1..[[Xj1, Xj21 X3, ...1, Xja;], for j € {1,... n}.

From how E has been defined and from (7.9), we have

d
dE)d; = S —E®)
J

t=0

d ,
5?0

lj=0

d
= aptl/dj(xj,la""xj,dj)

=01

@9 d i I1XG0.Xj 21X 3L X g Ho(0)
dr

=0

_ geth+0([)
dr

= X;.

t=0

In other words, the linear map (dE)¢ sends the basis 91, ..., 9, to the basis
X1, ..., X,. We conclude by the Inverse Function Theorem.

Regarding 7.1.20.ii, recall, by Corollary 5.2.6, that the flow lines of a left-
invariant vector field X are the curves ge’ X fixed g € G and varying ¢ € R. Now,
since P; is a product of exponentials, then so is E. More explicitly, we have

E(t) = exp(eltf.’l1 Xp,) - exp(eNth(,V Xbp)s vt e R,
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for some N € Nand¢; € {1, —1}, ai_l e N, b € {(j,k): je{l,...n},k €
{1,...dj}},and ¢; € {1, ... n},foreachi € {1, ... N}. Notice that, if ¢; = j, then
a; = 1/d;. Now it is enough to observe that, fixed k, the point

g = exp(eitd! Xp,) - - exp(e—ite | Xp,_)
can be connected to the point
exp(erts) Xp,) - - explex—1te | Xp_,) exp(extl Xp,)
by the path
gexp(exsXy,), fors €0, |tL‘fkk|],

which is tangent to £ X, , thus horizontal with length |z, [ = |, |1/ o Thus
the curve obtained by joining these paths connects 15 to E(t) with length at most

NGl O

As a consequence of Proposition 7.1.20, we obtain a quantitative bound for the
Carnot-Carathéodory distance, which implies the Holder equivalence between CC
and Euclidean metrics; see (4.21). In Chap. 4, we explained this weaker bound as a
consequence of the more precise bound given by the Ball-Box Theorem 4.3.1. Here,
we do not prove that theorem in the setting of manifolds. However, first we will soon
deduce (4.21) for Lie groups with the help of the previous Proposition 7.1.20. Later,
in Theorems 11.2.3 and 12.5.3, we will prove the Ball-Box Theorem for Carnot
groups and for sub-Finsler Lie groups, respectively.

Corollary 7.1.21 (Weak Ball-Box Theorem) Let G be a sub-Finsler Lie group,
equipped with the associated Carnot-Carathéodory metric do. and a Riemannian
distance dg. Then there exists a neighborhood U of 1g and C > 0 such that

1
EdRSdCCSCd]l{/S onU x U, (7.11)

where s is the step of the sub-Finsler structure.

Proof We may assume that dp is left-invariant. The first inequality in (7.11) is
a direct consequence of the definition of CC distance; see (4.5). For the second
inequality, since the sub-Finsler structure is bracket generating, then there are
vectors ([ X1, ngz,...,Xj,d_/]);f:l that span Lie(G) and are such that each
X is horizontal and of unit length. Then, we use the associated map E from
Proposition 7.1.20.ii. Firstly, by Proposition 7.1.20.1, there are R, C; > 0 such that

It < Cidr(1g, E(t)),  VteR", with |t] < R.
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Secondly, by (7.10), there is C; > 0 such that, if ||t|| < R, then
dec(1. E(1)) < Co|t]|'/*.

Let U’ := E({t e R" : ||t|| < R}) C G, which is a neighborhood of 15 = E(0). If
p € U’, then there is t € R” with ||t]| < R and E(t) = p. So,

dec(1G. p) < C1llt]"* < €16y dr(1G. )"/,

Finally, we take a neighborhood U of 15 with U? c U’, to obtain (7.11) by left
invariance of both d.. and dg. |

7.2 Endpoint Map on Polarized Groups

In this section, we begin with a parametrization of the space of those horizontal
curves in a polarized group that start from the identity element. The parameterization
of this space of curves leads to a Hilbert-space structure, providing a functional-
analytic framework for investigating Carnot-Carathéodory spaces.

7.2.1 Endpoint Map

Let (G, V) be a polarized group. After fixing a basis (eq, ..., e,) for V we can
identify V with R”, for r := dim V. We equip R" with the standard Euclidean
norm as an auxiliary tool to consider integrable functions. Namely, we consider
Q := L?([0, 1]; V) = L?([0, 1]; R") and equip it with the LZ-norm

1

1 2

lull = (/0 Zui(r)zdr> :
i=1

We refer to Q2 as the space of controls.
For every element u € 2, called control, the trajectory associated with u is the
curve y, : [0, 1] — G that is the solution of the ODE

(7.12)
y () = (dL, @) u(t), forae.r €[0,1].

{y((» =1,
By Carathéodory Theorem on ODEs, see Proposition 7.1.3, the equation is well
posed, and in this way, each u € € induces a V-horizontal curve y, in G. Note
that y, is absolutely continuous because y is integrable by the Cauchy-Schwarz
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inequality. Conversely, every V-horizontal curve on [0, 1] starting from 1 is, up to
reparametrization, of the form y,, for some u € Q. In fact, using the notation (7.3),
if y is horizontal and reparametrized by constant speed, then u = y’ € € and
y = yu. We call u the control of y,,.

The endpoint map is a key concept in sub-Finsler geometry, particularly from the
perspective of control theory. It sends a control, and consequently, the corresponding
curve starting from a given base point, to the final point of the curve. This mapping
allows for the analysis and optimization of trajectories.

The endpoint map is defined as

End: 2 — G
u +— End(u) := y, (1),

where y, solves (7.12).

7.2.2 Differential of the Endpoint Map

The differential of the endpoint map allows for sensitivity analysis, which examines
how small changes in the control or initial conditions affect the reachable points.
In sub-Finsler geometry, by analyzing this differential, one can derive necessary
conditions for length-minimizing curves; see Sect. 7.3.1.

We shall not discuss why the endpoint map is smooth, for which we refer to
[Rif14]. We will directly calculate its (first) differential.

Proposition 7.2.1 Let (G, V) be a polarized group with Q as space of controls. For
every u € 2 the differential of End at u is given by

dEndu 1 Q— TEnd(u)(G)
1
v (dRyum)lG/O Ady,  (v(1)) dr,

where Adg : g — g is defined by Adg := (Cg)s where Cg(h) = ghg™!; see
Sect. 5.5.1.

Proof We first discuss the proof for matrix groups, i.e., we assume G C GL(n, R),
for some n € N, so that the Lie product can be interpreted as matrix multiplication,
allowing us to work in matrix coordinates. Let 4, be the curve with the control
u + ev and o (¢) be the derivative of y,,4¢, (t) with respect to € at € = 0:

1
o) = elin _(Vquev(t) - Vu(t)>-

0€
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It can be shown (see Exercise 7.5.17) that o satisfies the following ODE (which is
the derivation with respect to € of (7.12) for y,,1¢y)

do .
T y(@) - v@) + o) u).

Also the curve ¢ fot Ady 5)(v(s)) ds-y (¢) satisfies the above differential equation;
see Exercise 7.5.18. Moreover, this curve has the same initial condition as o,
therefore, it is equal to o.

To extend the proof to arbitrary Lie groups, one may use Ado’s Theorem;
see Exercise 7.5.22. References for the general case of manifolds are [AS13,
Section 20.3], [Mon02, Section 5.2.2], or [ABB20, Section 8.1.1]. |

7.2.3 Singular Curves

In this subsection, we study those controls that are critical points for the endpoint
map. The associated curves are called singular curves or abnormal curves. Studying
these curves is one of the main difficulties in sub-Riemannian geometry. There are
plenty of unsolved questions about them.

Fix a polarized group (G, V), with Q as space of controls. If u € 2 is a singular
point for its endpoint map, then by definition, the linear map dEnd,, : Q — Tgnaw)G
is not surjective. Namely, the subspace dEnd,, (€2) is a proper subspace of Tgndu) G-
In this case, there is a nontrivial covector that annihilates its image, i.e., there exists
an element £ in the dual space (7, 1)G)* such that & # 0 and

(£|dEnd, (v)) =0, Vve Q. (7.13)
Here, we denote by (§|w) := &(w) the evaluation of a dual element § € W* at a

vector w € W, when W is a vector space.
By Proposition 7.2.1, Eq. (7.13) is equivalent to

1 1
0=¢& <dRyM(l)/ Ady, ) v(@) dt) =X <f Ady, ) v(@) dt) , VYveQ,
0 0
(7.14)
where A € g* \ {0} is defined as A := £ o dR,,(1). Fixing t € [0, 1] and v € V, let
v € Q diverge to the distribution v§; given by the Dirac mass at ¢ multiplied by v,

50 to obtain A (Ad,, ) v) = 0. Hence, the equation

A(Ady, V) =1{0},  Vrelo,1], (7.15)
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is equivalent to (7.14). If ey, .. ., e, is a basis of V, then (7.15) rephrases as a linear
system of equations: A horizontal curve y is abnormal if and only if there exists
A € g* such that A # 0 and

A (Ady ) (e)) =0, Vie{l,...,r},Vt €0, 1]. (7.16)

We call (7.16) the abnormal equation. We stress that if y satisfies (7.16) and g € G,
then the curve t > gy (¢) still satisfies (7.16) with A replaced by A Ad,. We still
call all such curves abnormal curves, even if they do not start at 1. Thus, left
translations of abnormal curves are abnormal curves. Moreover, every restriction of
an abnormal curve is an abnormal curve.

When, as in the case above, we have y (0) = 1, the last equation implies

Me) =0,  Viefl,...,r}. (7.17)

Notice that, after we fix i and A, the function g — A (Adg (e,-)) is smooth and
(7.16) says that y(¢) lies in the zero-level set of such a function. We shall notice
that in nilpotent Lie groups (e.g., in Carnot groups), we have that, in exponential
coordinates, the map Ad is polynomial; hence, these functions are polynomials.

Remark 7.2.2 If (G, V) is a polarized group with V = Lie(G), then constant
curves are abnormal, and it may happen that the only abnormal curves are constant;
see Exercise 7.5.26. Or it may happen that there are non-smooth examples; see
Exercise 7.5.27. In Riemannian (and Finsler) geometry, i.e., if V = Lie(G), there
are no abnormal curves. Indeed, there is no nonzero A as in (7.17).

Definition 7.2.3 (Abnormal Set and Sard Property) The abnormal set of a
polarized group (G, V) is the subset Abn(G, V) C G of all singular values of the
endpoint map. Equivalently, the set Abn(G, V) is the union of all abnormal curves
passing through the identity element 1. If the abnormal set has measure 0, then
(G, V) is said to satisfy the Sard Property.

Establishing the Sard Property in the general setting of polarized manifolds remains
one of the major open problems in sub-Riemannian geometry; see the questions in
[Mon02, Sec. 10.2] and [Agrl4, Problem III].

7.3 Extrema in Sub-Riemannian Groups

7.3.1 First-Order Necessary Conditions for Sub-Riemannian
Minimizers

Let G be a Lie group, and let V C g be a bracket-generating subspace of the Lie
algebra g of G. We shall consider sub-Riemannian structures on the polarized group
(G, V). We refer to these structures as sub-Riemannian groups. Each left-invariant
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sub-Riemannian structure on (G, V) is completely determined by the choice of a
scalar product on V and, hence, of an orthonormal basis (e, . .., e,) for V. We next
study conditions for length-minimizing curves for this sub-Riemannian structure.

Recall from Proposition 3.1.11 that minimizing the length or minimizing the
energy determines the same class of curves up to reparametrization with constant
speed. And this is also why we can restrict to L? controls, i.e., elements in  :=
LZ([O, 1]; V). Actually, because of Remark 3.1.12 one can also take controls in L”
with p € [1, oo].

We consider the energy function

Energy: @ — R

1
u —> Energy(u) := §||u||2.

This is the same functional that we saw in (3.15) for metric spaces, and now it is
equal to

def 1 . 1 1
Energy,, (va) = 5/ PARE 5/ 17l = Sl Vueq,

using notation (7.3).
Together with the endpoint map, we form the extended endpoint map

End: Q — G xR

U +— (End(u), Energy(u)).

Given a point p € G, minimizing the energy of curves between 1g and p
rephrases as minimizing Energy(x#) among all u for which y, (1) = p. We shall
say that y,, is a minimizer for the energy, or for short that u is a minimizer, if for all
v € Q2 we have

End(v) = End(#) = Energy(v) > Energy(u).

Remark 7.3.1 We claim that if u#( is a minimizer for the energy, then End cannot
be open at any neighborhood of u¢ and therefore uo must be a singular point for
EncLlndeed, if there were a subset U € 2 for which End(U) is a neighborhood
of End(ug) within G x R, then we can find & € U such that End(#) = End(ug)
and Energy(¥) < Energy(uo). This contradicts the minimality of uo. Moreover, if
the differential of (dEnd),, : 2 — Tnaq) (G % R) at up were surjective, then we
can take a vector subspace W C 2 for which (dlgai)L,0|W : W — Tgrgu) (G R)
is an isomorphism. From the Implicit Function Theorem, we conclude that the map
Endlw : W — G x R gives a diffeomorphism between some neighborhood of ug
within W and some neighborhood of End(u¢) within G x R. Such a fact contradicts
the property that End cannot be open at uy.
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Because of this last remfggk, we need an expression for the differential of the
extended endpoint map End. After Proposition 7.2.1 and the standard calculation
of the differential of the energy, see Exercise 7.5.28, we obtain the differential of
the extended endpoint map:

Corollary 7.3.2 Let End be the extended endpoint map of a polarized group (G, V)
with Q as space of controls. For every u € 2 the differential of End at u is

dEnd, 1 @ — Tgra0 (G X R) = Tgng)G x R

1
v ((dRyuu))lG/O Ady, »((®)dr,  (u, v)>.

Assume now that, for some u € €, the curve y, is length minimizing and
parametrized with constant speed, so it is energy m1n1m1z1nngy Remark 7.3.1, we
deduce that u is a critical point for E End i.e., the linear map dEnd,, : Q — Tgndu)G x
R is not surjective. Since then dEnd (€2) is a strict subspace of Tendw)G X R, there
exists (€, &p) € (TEnd(u)G) xR = (TEnd(u)G X ]R) such that (&, &) # (0, 0) and

(€, &)|dEnd, (v)) =0, Vv € Q.

By Corollary 7.3.2, this is equivalent to say that there exists (¢, &) # (0, 0) such
that

1
& (dR (1)/ Ady, ) v(@) dl‘) + &o{u, v) =0, Yv € Q. (7.18)

Since differentials of right translations give linear isomorphisms, Eq. (7.18) is true
if and only if there exist A € g* and & € R such that (&, &) # (0, 0) and

1
A (/ Ady, ) v(@) dt) = &o{u, v), Yv € Q. (7.19)
0

We now consider two cases: either & % 0 or & = 0. The first case is called
normal, and the second one is called abnormal. We stress that if the codimension
of dEnd, (2) within Tgnqw)G x R is strictly larger than 1, then there are linearly
independent choices for (A, &y). Hence, some particular u may have a normal pair
(A, &) and a (different) abnormal pair (A, 56).

We separately consider the two cases:

Normal case: &y # 0. Firstly, we suppose that (A, &y) as in (7.19) is such that
&o # 0. Up to multiplying the equation by a constant, we can assume that § = 1:

1
A </ Ady, ) v(@) dt) = (u,v), VveQ. (7.20)
0



208 7 Sub-Finsler Lie Groups

Fix a Lebesgue point ¢ of u, and let v diverge to the distribution e;§; given by the
Dirac mass at ¢ times a basis vector ¢; of V. Formally, we have

Vu(t) = dLy,yu(t) = dLy, o) Y _(u, 8iei)e;

i=1

r 1
(7.20)
= dLyu(t) Z <)»/0 Ady, 5)(Srei) ds) e

i=1

= 3" 0 (Ady, 0 (e) Xi (1)),

i=1

where in the last equality we have used the identity X;(g) = (dL,) ¢;. We therefore
say that an absolutely continuous curve y satisfies the normal equation (or the sub-
Riemannian geodesic equation) with respect to the left-invariant orthonormal frame
X1, ..., Xy, if there exists A € g* such that

p(0) =Y x(Adye(e)) Xi(y (1)), forae. t € [0, 1]. (7.21)

i=1

A solution to (7.21) is called normal curve. By a bootstrap argument using (7.21),
we deduce that the horizontal curve y and its control u are C*. In fact, they are
analytic; see Exercise 7.5.30.

Writingu = Y _;_, u;e; and recalling (7.12), we get another version of the normal
equation:

ui(t) = A (Ady, ) (e)), forae.t €[0,1]and Vi € {1,...,r}. (7.22)
In particular, since in our case y (0) = 1, the last equation implies
u; (0) = Ale), Viell,...,r}. (7.23)

In other words, the ‘horizontal’ part of the covector A is the velocity at the initial
time.

Abnormal case: £y = 0. Secondly, we suppose that (X, &) as in (7.19) is such
that £y = 0. In other words, the curve y,, is singular for the endpoint map, as studied
in Sect.7.2.3. These are the curves that we previously called abnormal. In (7.16),
we saw that a horizontal curve is abnormal if and only if there exists A € g* such
that A # 0 and

A (Ady»H(v)) =0, vt €[0,1],Yv e V. (7.24)
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In other words, the set {Ady(,) v:veV,tel } of vectors in g is contained in a
proper subspace of g.

We summarise the obtained results with the following statement, which we
attribute to Pontryagin because, in fact, he obtained a much more general result
for control systems.

Theorem 7.3.3 (Pontryagin’s Maximum Principle) Let G be a sub-Riemannian
group with polarization V. Let y : I — G be an energy-minimizing curve with
control u. Then, at least one of the following happens:

(i) there is . € g* such that (u(t), X) = XA (Ady(,)(X)) forall X € V and all
tel, or
(i) span{Ad,V : 1€} +#g.

Each curve satisfying any of the above conditions is called an extremal curve or
an extremal, and the equations are called extremal equations.

By a calibration argument, one can prove that every normal curve is length
minimizing on short enough intervals; see [Mon02, Section 1.9.3]. The converse
is not true, and the first (surprising) example has been found by Montgomery
[Mon94]. In other words, there are sub-Riemannian structures where it is possible
to find energy-minimizing curves that are not normal, and so are abnormal. They
are called strictly abnormal geodesics. Be aware that there are geodesics that are
normal and abnormal, and there are abnormal curves that are not geodesics; see
Exercise 7.5.27.

Not much is known about strictly abnormal geodesics. We close this discussion
with a second-order theorem, which we do not prove here. We refer to [ABB20,
Chapter 12].

Theorem 7.3.4 (Goh) Let G be a sub-Riemannian group with polarization V. If
y : I — G isastrictly abnormal geodesic, then span {Ady(,)(V +[V,V] :te I}
# g

We point out that the latter theorem is easy for rank-2 polarizations; see
Exercise 7.5.33.

7.3.2 A Distinguished Class of Functions

Both in the normal and the abnormal equations, (7.22) and (7.16), the functions ¢ —
A (Ad,,([)(ei)) are considered. We naturally see these functions as the composition
of the curve with one of the following functions.

For A € g*and Y € g, define P : G — R as

Pj(g) := 1 (Ady(Y)), VgeG. (7.25)
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These maps are linear both in A and in Y. Moreover, we will see that if G is nilpotent,
they are polynomials in g when seen in exponential coordinates; see Sect.9.4.4. A
useful formula that these functions satisfy is the following:

XPk= P[AX’Y], VX,Y €g,VA e g*. (7.26)

Indeed, fixing in addition g € G, we first notice that

d d

—Adgexpxy| = — Adg Adexprx)

dr P dr (=0
d (5.13)

= Adg d_ Adexp(tX) = Adg o adx,
t t=0
see also Exercise 7.5.34. Then, we deduce
5 d
(XPy)(g) = a)\ Adgexp(tx) Y
t=0

= (LoAdgoady)Y
= L Adg([X. YD) = Ply y ()

If we have a normal curve y with covector A, the normal equation (7.21) reads
as

Y1) =Y A (Ady,i(e)) e

i=1
= Z Pl (y(t))ei, fora.e.t € [0, 1]. (7.27)
i=1

We next deduce that normal curves are parametrized with constant speed: from
(7.27) we have that the derivative of the squared speed is

d . 727 d 2
3 WOIPT=T 2 (Pl @)

i=1

_ S api o p
= D 2PLr ) Pl (1)

i=1

,
7.26
T2 PR 0) Pl o ()

i=1



7.3 Extrema in Sub-Riemannian Groups 211

r
(727) A A
= ZZPEI. ()/(t))P[ ;:1 Pe}}- (V(,))ej’ei]()/(t))

i=1

= D 2PLy)PLyO)PL, (v (1)) =0,
i,j=1

where at the end we used that the elements of this sum are antisymmetric in the
indices, because [e}, ¢;] = —[e;, ¢;]. Hence, the speed of normal curves is constant.

In terms of the functions (7.25), the abnormal equation (7.16) for a curve y
reads as follows: there exists A € g* such that A # 0 and

Ploy=0, Vie{l,...,r} (7.28)

7.3.3 Extremals in Groups with Rank-2 Polarizations

We rephrase the extremal equations in the case of polarized groups where the
polarization has rank 2. We begin with the abnormal condition:

Proposition 7.3.5 Let (G, V) be a sub-Riemannian group whose V is spanned by
two vectors e1, e>. Let y : [0, 1] — G be a horizontal curve. Then y is abnormal if
and only if for some X € g* with . # 0 and A(e1) = A(ep) = 0 it satisfies

A(Ady ) ([er, e2])) = 0. (7.29)

Proof We use the notation ejp := [ey, e2]. We write u(t) = y'(t) = u1(t)e; +
us(t)er and we have

[u(®), e1] = —uzer2 and [u(?), e2] = uyern. (7.30)

Taking the derivative of the abnormal equations, see (7.53) in Exercise 7.5.35, we
have that if y,, is an abnormal normal curve with covector A € g*, with A # 0, then

urA(Ady 1y(e12)) = u1A(Ady ) (e12)) = 0. (7.31)

In addition, notice that we may assume that y,, is parametrized by arc length, so u has
a constant nonzero norm almost everywhere. In particular, we have (u1, uz) # (0, 0)
almost everywhere. Therefore, we can conclude that for such an abnormal curve, we
have (7.29).

Vice versa, assume y satisfies (7.29) for some A € g* with A # 0. Then, it clearly
satisfies (7.31) and, since we have r = 2 and we have (7.30). Then, look at each
function A Ady () (e;), for i = 1 and 2. On the one hand, we have that its derivative
is 0; see Exercise 7.5.34. On the other hand, if y (0) = 1¢ and if A satisfies (7.17),
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we have that the initial condition at time ¢ = 0 for (7.16) is satisfied. Hence, such a
curve is abnormal. O

We shall rephrase the normal equation in terms of a curvature condition for the
development of the curve. See Definition 7.1.4 for the notion of development, and
Exercise 7.5.36 for the oriented curvature.

Proposition 7.3.6 Let (G, V) be a sub-Riemannian group whose V is spanned by
two orthonormal vectors e, ez. Let y : [0, 1] — G be a horizontal curve with
development o. Assume o is C2, with never vanishing speed, and let k be the
oriented curvature of o. Then y is normal if and only if for some ) € g* we have
that y satisfies y'(0) = A(e1)e| + A(ex)ey and

K = ”J/—/”A(Ady(t)([el ,e2])). (7.32)

Proof Let e1n = [eg, e2]. We take the derivative of the normal equations; see
Exercise 7.5.35 and its equation (7.54). By (7.30) we have that if y = y, is a
normal curve with covector A € g* and control u = y’, then we have (7.23) and
i = —u2r(Ady ) (e12)),
. (7.33)
{Mz = uiA(Ady ) (e12)).

Let o : [0, 1] — R? be the planar curve such that & = u. By Exercise 7.5.36 its
curvature satisfies

_ ooy —oj0] _upip — uoil
llo )13 laell3
(7.33) UTA(Ady (e12)) + usA(Ady (e12)) 1

= —A(Ady () (e12)).
TIE ] =70

We observe that the element Ad,, ()(e12) is in [g, g], hence in the last equation we
have lost the information of the value of A on V. Still, normal curves need to satisfy
(7.17).

Vice versa, we assume Y is a horizontal curve that for some A € g* satisfies (7.23)
and (7.32). By bootstrapping (7.32), we see that y and its control # are smooth. We
consider the normal curve associated with A starting at y (0), which we denote by
y*. We shall show that y = y*.

The reason is that both curves satisfy the ODE (7.32) with the same initial data.
We stress that such an ODE is not of the simple type u”(r) = F(t, u(t), u'(t)), but
it is of the type F(¢t,u,u’,u”) = 0. However, by the implicit function theorem,
one can write the ODE of the second type in the form of the first type, as long as
a,n F # 0; see Exercise 7.5.37. We then obtain an implicit function with a bound on
the C! norm as long as the control u is in a compact set. O
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7.3.4 Extrema in Two-Step Nilpotent Lie Groups

In this section, we study a particular class of Lie groups. We denote each such group
by G, where ¢ is a skew-symmetric bilinear form, which captures the Lie bracket.
We will see later that these groups G, are exactly the simply connected Lie groups
that are nilpotent with nilpotency step 2; see Example 9.3.8.

Definition 7.3.7 (The Lie Group G,) Let V and W be finite-dimensional vector
spaces and ¢ : V x V — W a skew-symmetric bilinear map. Equip V x W with
the group law

1
(v1, wy) - (v2, wp) 1= <v1 + v, wi +wy + Eq(vh vz)) ,
Yvi,vp € V,YVwi, wy € W,

whose identity element is (0, 0) and the inverse of (vi, wy) is (—vy, —wy). We
denote the group (V x W,-) with G,. We equip the vector space V x W with
the Lie bracket

[(v1, w1), (v2, w2)] := (0, g (v, v2)).

Notice that (V x W, [, -]) is a Lie algebra and for every x, y, z € V x W, we have
[x, [y, z]] = 0. Moreover, when equipped with the differential structure of vector
space, we have that G, is a Lie group, and its tangent at (0, 0) is naturally identified
with V x W. The identity map (V x W, [-, -]) — (V x W, -) is the exponential map;
see Exercise 7.5.38.

For (v, wy), (v2, wp) € V x W we have

Ad(vl,wl)(UZ, wy) = Adexp(vl,wl)(UZa w3)
= &0 (g, wy)

= (v2, w2) + [(vi, wy), (v2, w2)]

= (v2, w2 + q(v1, v2)). (7.34)

7.3.4.1 Abnormal Curves in Two-step Nilpotent Groups

Proposition 7.3.8 Let G = G, be a two-step nilpotent group equipped with a
polarization. For each abnormal curve y in G with y(0) = lg, there exists a
proper subgroup G' of G containing y, in which y is a non-abnormal horizontal
curve, with respect to the induced polarization.

Proof Let G’ be the smallest subgroup of G containing y, which is still of the form
G, see Exercise 7.5.40. Equip G’ with the induced polarization A from G, which
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by the minimality of G’ is bracket generating. Assume by contradiction that y is
abnormal in G’. By the abnormal equation (7.16), there exists A € Lie(G’)* such
that A # 0 and

0=2x(Adyor () 22X + 1y, XD "2 Ay (1), X1, VX e A,

(7.35)
We consider the set

Z:={w,w) eV xW : Av, X]) =0,VX € A}

Hence, the curve y is contained in Z. Moreover, the set Z is a proper subgroup of
G, because in the definition of Z the dependence on (v, w) is linear, [g, g] € Z,
and A is not zero on [Aj, A1]. We contradicted the minimality of G’. Hence, the
curve y is not abnormal in G'. O

As a consequence, since every 2-step nilpotent group is a quotient of some
G, we have that every geodesic curve in a group of nilpotency step 2 cannot be
abnormal in the minimal group containing it. Since the curve is geodesic also within
this subgroup, then, by PMP Theorem 7.3.3, the curve is normal in the subgroup.
We deduced, without using Goh Theorem 7.3.4, the following consequence:

Corollary 7.3.9 Let G be a two-step nilpotent group. Equip G with a left-invariant
sub-Riemannian structure. Then, every geodesic curve in G is smooth.

7.3.4.2 Normal Curves in Two-step Nilpotent Groups

Proposition 7.3.10 Let G = G, = V x W be a two-step nilpotent group as
in Definition 7.3.7. Equip G with a left-invariant sub-Riemannian structure with
polarization A C V. x W such that V. C A and V is the orthogonal of W N A
in A. Then, for every energy-minimizing curve y = (v,w) : [0, T] — G with
y(0) = (0, 0), there are M € so(V), b € ker(M), c € M(V), and ¢ € W N A such
that

M
{”(t)_c etc+ib, Vi € [0, T]. (7.36)

w(t) = 1 [ov(s), b(s)1ds + 12,

Proof By Pontryagin’s Theorem 7.3.3, the curve y is normal or abnormal. By Goh
Theorem 7.3.4, the curve y is normal. Let ey, ..., e, be an orthonormal basis of V
and f1, ..., f,m an orthonormal basis of W N A. The normal Eq. (7.27) says that
there is A € g* such that

Y1) =Y M(Adya) eei + Y MAdy fi) fi- (7.37)

i=1 i=1
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For y = (v, w) we decompose y'(r) = (y'(t))1 + (¢'(t))2 with (y'(1))1 € V
and (y'(t)), € W. Then, we have

1
(0, i) =y =dL,(y) = ((V’)l, v, N1+ (V’)z) .

Since Adw,u) X = X + [v, X], we obtain from (7.37) that the normal curve
y = (v, w) satisfies the ODE

)
w
We define M : V. — V to be the linear map Mx := Y ., A([x, e;])e; and

(AH, L) € V x W to be the vectors Ay := Y A(e;)e; and & == > /L A(fi) fi-
We can rewrite the ODE as

Z;:l )“(ei + [U, ei])ei
Mo, o1+ X0 AU fre

{i} = Mv+ g 7138)

W= 5[, 0] +¢.

The linear transformation M is skew-symmetric, because the matrix representation

of M in the orthonormal basis ey, . . ., e, is M;; = A([e;, e;]). The solution of (7.38)
with v(0) = w(0) = 0is (7.36), where Ay = b — Mc is decomposed into b €
ker(M) and c € M (V). |

Corollary 7.3.11 Let G be a simply connected sub-Riemannian group of nilpotency
step 2 with polarization A. Every isometric embedding y : [0,00) — G with
y (0) = 1¢ is the restriction of an OPS with y(0) L (A1 N [g, g]).

Proof LetG =G, =V x Wbeforsomeq : V x V — W as in Definition 7.3.7,
with V. C A and V L W N A. Since the bracket given by ¢ is a bilinear map, there
exists K > 0 such that

I[vr, v2]| = Kvi|va| forevery vi, v € g, (7.39)

where | - | is a fixed auxiliary norm on g that is equal to the sub-Riemannian norm
on Aj.

Let y: [0, T] — G be isometric. Hence, it is of the form y (r) = v(t) + w(?),
with v(¢) € V and w(¢t) € W for every t € [0, T], satisfying (7.36), for some
M € so0(V),b € ker(M),c € M(V),and { € W. Since y is parametrized by arc
length, we have [Mc|? + |b|> + |¢]? = 1.

Since e is an isometry and c, e™¢ e M(V) C bt, from (7.36) we get

dir (0, v(T)) T3 10Ty "2 1 — ™M 4 Th| < 12 + |TH2.  (7.40)



216 7 Sub-Finsler Lie Groups

Next, we bound w(T'). By (7.36), we further have

(7.36) 1

T
lw(T)| < 5 / lc—eMe+ b, —e™MMc + bl dt| + T|¢|
0

1,7 1 [T
< —/ [c—elMc,e’MMc]dt +—‘/ [c—etMc,b]dt
21 Jo 21 Jo
1 T
+3 / (th, eMMc]dt| + T|¢|
0
@391 (T 1 (T
< —/ K2|c||Mc|dt+—/ 2|c||b| dt
2 Jo 2 Jo
1 T
+3 / (b, te'MMc]dt| + T|¢|
0

(7.39)

K 1 T
< TK|c||Mc|+TK|c||b|+§‘[b,/ te’MMcdt] + Tz,
0

where we used the linearity of the Lie bracket. Focusing on the third term, we
integrate by parts:

1 T
—‘ [b/ tetMMcdt]
2 0

All together, we obtain a bound that is linear in 7'

1 r (7.39)
ZEH:b,TeTMc—/ e’Mcdt” <" TK|c||b|.
0

lw(T)| = T(Klc| (|Mc|+2[b]) +[Z]). (7.41)
Lie groups of step 2 satisfy a global upper bound given by the box distance; see
Exercise 7.5.41. In particular, using (7.55), we deduce that for some constants C

and C = C(G, M, c, b) we have

T = dgO,v(T)+w())
dsr (0, v(T)) + dsr (0, w(T))

(7.40)&(7.55)
< ITDP? + 2¢2 + Clw(T)|2
(7.41) N 5
< IThP? + [2¢2 + Cy/T(K|e| (Mc| + 21b]) + I£])

< Thl+CWT+TH+C.

IA

If |b| < 1, then the latter inequality cannot hold for arbitrarily large 7. We conclude
that, if y : [0, 00) — G is an isometric embedding, then || = 1 and thus c = ¢ =
0, i.e., the curve y is a straight lines with directions orthogonal to [g, g]. O



7.4 Characterization of Geodesic Left-Invariant Distances 217
7.4 Characterization of Geodesic Left-Invariant Distances

Berestovskii’s work [Ber88, Ber89a, Ber89b] clarified what are the possible
isometrically homogeneous distances on manifolds that, in addition, are geodesic
distances: They are sub-Finsler metrics.

Theorem 7.4.1 (Berestovskii) Let M := G/H be the Lie coset space of a Lie
group G modulo a closed subgroup H. If M is metrized by a geodesic distance that
is G-invariant, then the distance is a sub-Finsler metric, i.e., there is a G-invariant
subbundle A on M and a G-invariant norm on A, such that the distance is given by
the same formula (4.4).

We will only partially prove Theorem 7.4.1; one can check the original reference
[Ber88, Theorem 2]. We will discuss how to give a constructive characterization of
the sub-Finsler structure.

At the beginning of the proof of Theorem 7.4.1, there is a crucial rectifiability
result. Namely, one proves that the geodesics and, more generally, the curves
of finite length for the geodesic distance on G/H also have finite length for
Riemannian distances. Consequently, such curves are absolutely continuous. Their
derivatives will necessarily form the subbundle of the sub-Finsler structure; see
(7.51).

Lemma 7.4.2 (Crucial Lemma for Berestovskii’s Construction) Let M :=
G/H be the Lie coset space of a Lie group G modulo a closed subgroup H. Let
d be an admissible geodesic distance on M that is G-invariant. Then, for every
Riemannian G-invariant distance dgr on M there is a constant C > 0 such that

dr < Cd.
Proof For simplicity of exposition, we consider only the case when H is trivial and
M = G. As a preparation, via Proposition 5.2.8, let § > 0 such that there exists a

neighborhood of U of 0 in g such that exp |y : U — By, (1g, 6) is bi-Lipschitz for
some constant k > 1, in particular,

1
% log(p)ll < dr(lg, p) < klllog(p)ll, Vp € By (16, 9). (7.42)
Also, since the topologies of the two metrics are the same, we take r > 0 such that
Bis(1G,1) € Bap (16, 6). (7.43)

We prove the lemma by contradiction and assume that for each n € N, there exist
Pn,qn € M such that

dr(Pn, qn) = nd(pu, qn). (7.44)
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‘We shall show that we may suppose that dr (p,, g,) is bounded by the § coming
from (7.42). Indeed, for each n € N, consider a curve y from p, to g, thatis a
geodesic with respect to d. By continuity, take points ag = p,, a1, az, ..., ay = qn,
for some N € N, along y such that

dr(aj-1,aj) <38, Vjef{l,...,N}. (7.45)
We claim that there exists an index j € {1, ..., N} such that
dr(aj-1,aj) = nd(aj—1,aj). (7.46)

Indeed, if not, for every j, we would have dr(a;_1,a;) < nd(a;j_1, a;); summing
and using that the points a;’s are along a d-geodesic, we would have

N
dr(pn.qn) < Y _dr(aj-1.a))
j=1
N
< nZd(ajfl,aj)
j=1
=nd(pn, gn)-

We obtained a contradiction with (7.44) and, thus, the claim is proved, which means
that by replacing p, and g, with the just found a; 1 and a;, we have the bounds

(746) 1 (145) §
d(pn,qn) =< ;dR(pnaCIn) < . Vn e N. (7.47)

By homogeneity of both distances, it is possible to assume that g, is always the
point 1 := 1. Equation (7.47) becomes

1 8
d(pn, 1) = —dr(pn, 1) = — <38, Vn € N. (7.48)
n n

Notice that, in particular, we have d(p,, 1) — 0, i.e., the sequence p, converges
to 1. Moreover, for the value r from (7.43), the distance between By (1, r) and M \
B4, (1, 8) is positive. Therefore, for n large enough, then there exists m, € N such
that

(pa)™" = exp(my 10g(pm)) € Bap(1,8) \ Ba(l, 7). (7.49)

We stress that log((p,)™") = m, log(py).
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Next, using in addition the triangle inequality and the left invariance of the
distance function, we bound:

7.49
0<r(<)d(p,',"",l)

< Zd(p . P

= mnd(pn, )

(7.48) 1
< ;lmndR(pnal)

kmn

[log(pn)

k
; lmy log(pa)l

k
. Hlog(p,’?”

(7.42) k? 49) k28
g 1y 22 g,
n n
This contradiction proves the lemma. O

7.4.1 Berestovskii’s Construction

With the crucial help of Lemma 7.4.2, we will then explain the construction of the
Berestovskii CC structure that appears in his Theorem 7.4.1.

Sketch of a Proof of Theorem 7.4.1 From Lemma 7.4.2, we know that some dila-
tion of the distance d is greater than a Riemannian distance. So, rescaling the metric
dg, we assume to have dgp < d. We deduce that every curve y : [ — M that is
L-Lipschitz with respect to d is also L-Lipschitz with respect to dg, since

dr(y (1), y(12)) =d(y(t1), y(©2)) < LIty — 1o, Vi, €l (7.50)

Consequently, by Rademacher’s Theorem, we obtain that every d-rectifiable curve
parametrized by a multiple of arc length is differentiable almost everywhere and
absolutely continuous.

To prove Berestovskii’s Theorem 7.4.1, we need to find a sub-bundle A of the
tangent bundle of M and a norm on it. As a result of (7.50), it makes sense to
look at the set of velocities of d-rectifiable curves. Denote by Lip([—1, 1]; M) the
collection of curves from [—1, 1] to M that are Lipschitz with respect to d. We



220 7 Sub-Finsler Lie Groups

Fig. 7.1 The sequence of e-zigzag curves converges (up to subsequences) to a curve whose
tangent vector at the initial point is the average v of the two tangent vectors w; and w; of the
two initial curves

define the Berestovskii bundle as the subset of T M given by

A =UpeyAp,
where A, :={y(0) : y eLip([-1, 1]; M), y(0) = p, Iy (0)}. (7.51)

One way to characterize the sub-Finsler norm that one needs to put on A is to
describe the unit ball for the norm. One considers tangent vectors of curves that are
Lipschitz with constant at most 1:

vl <1 g dy : [—1, 1] - M with y 1-Lipschitz and y (0) = v.

The fact that every fiber of Berestovskii’s bundle is a vector subspace can be
proved by constructing limits of zigzag curves obtained via translations of curves.
Figure 7.1 pictures the infinitesimal construction: we begin with two Lipschitz
curves yj, y2, giving tangent vectors w; and wo, respectively. Given € > 0 we
follow y; for time €, then we follow a translation of y, for time €, then we follow
a translation of y for time €, etc. As € — 0, the limit curve will be rectifiable and
will have a tangent equal to %(wl + wy) at 0. Similarly, if y; and y» are 1-Lipschitz,
then so are the zigzag curves and their limits. Hence, the defined norm is convex.

‘We stress that Berestovskii’s distribution and norm are invariant under the (tran-
sitive) isometry group. In particular, the distribution is smooth and has a constant
rank, and the norm is continuously varying. We obtain a Carnot-Carathéodory space
with length structure given by (3.25) and distance d,. given by (4.4).

To obtain Berestovskii’s result, one argues separately for the two inequalities:
dec < d and d < d... The first inequality is straightforward: Given p,q € M, let
y be a d-geodesic from p to g that is parametrize by arc length with respect to d;
so, for £ := d(p, q), the curve y : [0, £] — M is 1-Lipschitz. By definition of the
norm, we have ||y (¢)|| < 1. Therefore, we have the bound:

def def [C . ¢
dec(p- 4) sLengthH.”(y):/o 1@l drs/o Ldr == d(p.q).
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The second inequality is more involved. Given a curve that is admissible for
A, one has to construct a d-rectifiable curve with almost the same length. This is
done similarly with the zigzag method. We again refer to [Ber88], but also suggest
[LD11a, Section 5.2]. |

The argument that we overviewed is quite flexible and can be used to study Lie
coset spaces equipped with distances that are bi-Lipschitz homogeneous.

Theorem 7.4.3 ([LD11a, Theorem 1.1]) Let M := G/H be a Lie coset space
equipped with a geodesic admissible distance d. Suppose there exists a subgroup G’
of G that acts transitively on M and that acts by maps that are locally bi-Lipschitz
with respect to d. Then there exists a G'-invariant Carnot-Carathéodory structure
on M whose distance is locally bi-Lipschitz equivalent to d.

7.5 Exercises

Exercise 7.5.1 Let A be a left-invariant distribution on a Lie group. Then, there
exists a global frame for A made of left-invariant vector fields.

Exercise 7.5.2 Let A be a left-invariant distribution on a Lie group G. For k €
N, let Al*] be the k-th element in the flag of subbundles associated with A as in
Definition 4.1.13. Then, the sequence of subspaces VX := A[lkc], as k € N, satisfies
(7.2).

Hint. Recall the two interpretations of the Lie bracket for Lie algebras.

Exercise 7.5.3 Let V be a subspace of a Lie algebra g, with n := dim g. Consider
the spaces VK from (7.2)

(i) If dimV < 1, then VI¥ = vV forall k € N.
(ii) If V is bracket generating and V # g,then dimV > 2,n > 3, and yln=11 — g.
(iii) If V is not bracket generating and n > 3, then yIn=21 — vkl forallk > n—2.

Exercise 7.5.4 Formula (7.5) defines a function that is left-invariant, continuous,
and gives a continuously varying norm in the sense of Definition 3.2.6.

Exercise 7.5.5 Let ¢ : G — H be a Lie group homomorphism between sub-
Finsler Lie groups (G, AS, ||-|}) and (H, AT, |-|)). Assume @.(A¥) 2 A Then
¢ : G — H is surjective.

Hint. The set ¢, (g) is a Lie algebra containing the generating sub-space A{’ .

Exercise 7.5.6 Let ¢ : G — H be a Lie group homomorphism between sub-
Finsler Lie groups (G, AS, ||-]}) and (H, AT, |-|)). Assume @.(A¥) € A Then
¢ : G — H is L-Lipschitz with respect to the respective sub-Finsler metrics, where
L is the Lipschitz constant of the linear map

@slag (AT D = AT D
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Solution. It is enough to observe that if y : [0, 1] — G is a horizontal curve, then

Lid
u@mwma:/ awmwmwm
0 t

=/01

1
=Auwww»h7m

. d
Lown)™ 3, (w(y(t)))HA{i dt

1
/
<L [ o]y a

1
=L/|wmuw
0

= L Length(y).

Exercise 7.5.7 Letrw : g — h be a surjective Lie algebra homomorphism. If V C g
Lie generates g, then 7 (V) C h Lie generates b.

Exercise 7.5.8 Let M be a sub-Finsler manifold. Let G ~ M be a Lie group action
that is proper, free, and by isometries. Then, there exists a sub-Finsler distance d on
G\M that makes 7 a submetry.

Hint. Regarding the existence of a submetric distance, check Exercise 6.6.22.
Regarding the fact that it is sub-Finsler, check Proposition 7.1.9.

Exercise 7.5.9 Let M, and M, be sub-Riemannian manifolds with horizontal
frames Xi,..., X, and Y1, ..., Yy, respectively. Let 7 : M; — M> be smooth
and surjective. If X; is w-related to ¥;, foralli € {1, ..., m}, then 7 is a submetry.

Exercise 7.5.10 Let k € N. Let ¥+ : M|y — M), be a smooth map between
sub-Finsler manifolds. Assume that M; and M, are boundedly compact and their
distributions have rank k. Assume 7 surjective and such that

dm)p : (Ap, 111D — (Ar(p)s -1, Vp e M,

is a submetry, then 7 is a submetry. & What if the ranks are different?

Exercise 7.5.11 For the standard basis in the Heisenberg group, the map E from
Definition 7.1.19 is E(t) = e"1X ¢2Y eV3X oV/B3Y o= V/3X g=/13Y

Exercise 7.5.12 For the standard basis in the Engel group (see (11.14)), the map E
from Definition 7.1.19 is

E(t) = X o2V oVBX p/BY ;= VBX o= /BY
3 3 _3 _3 3 3 3 _3 _3 _3
VX GVRY g= YK g= VY  YiaX o YGY o VX =YY p= YiaX o= Y0X
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Exercise 7.5.13 Each map ®/) from Definition 7.1.19 satisfies
iq;(j)(t) = iq;(j)(t)
dr dt

1=0* =0~
Exercise 7.5.14 (Chow’s Theorem for sub-Finsler Groups) Each point p € G
in every sub-Finsler group G can be joined to the identity element 15 by a horizontal
path. Moreover, the CC distance induces the manifold topology.
Hint. Use Corollary 7.1.21.

Exercise 7.5.15 (Gronwall Lemma—Classical Version) Let f : [0, 1] — R be
an absolutely continuous, 7 > 0, and «, 8 € Ll([O; T1) such that

f(0) < a(e) f(t) + B(@), forae.r € [0, T].

Then, for every ¢ € [0, T'] the following holds:
. , . .
fo) = f(O)EjO a0 ds 4ol amds/ ﬂ(s)e—,/o a(rydr q¢.
0

Exercise 7.5.16 (Gronwall Lemma—Integral Version) Given a < b, let
o, B, f : [a,b] — R be functions such that « and 8 are integrable, while f is
continuous. Assume S is non-negative and

t
f@) <o) —I—/ B(s) f(s)ds, vVt € [a, b].

Then,
! t
f(t)ga(t)+/ a(s)B(s)es POV qs vt e [a, b].

If, moreover, the function « is non-decreasing, then
13
@) < a®)elaPOS i e [a,b].

Hint. Define v(s) := exp (— [ B(r)dr) [ f(r)B(r)dr. Show that v is absolutely
continuous and that v'(s) < exp (— /. B(r)dr) B(s)a(s).

Exercise 7.5.17 Let u,v : [0,1] — gl(n) be measurable functions. For € > 0,
denote by V,4ey : [0, 1] — gl(n) the solution of the Cauchy Problem

Vurer® = Yuyeo (D) - (u@®) +€ev®),  Viel0,1],
Yuter(0) =1Te€ GL(n).
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Leto : [0, 1] — gl(n) be the solution to

{d(r) = vu(®) - v() + o (1) - ult)

o(0) =0.
Then
!
lim = (Ve () = vu@®) =0 (), vt €[0, 1]
Hint. Set ne = é(ywév(t) — yu(?)) and then use Gronwall Lemma from

Exercise 7.5.16 to show
o) —ne@®)| < ea(;)efa’ Bls)ds.

where (1) := [ Ine(s) - v(s) |l ds and B(t) := [, llu(s)| ds.

Exercise 7.5.18 Let y : [0, 1] — GL(n, R) an absolutely continuous curve with
u =y’ € L*([0, 1]; g). Forv € L*([0, 1]; g), consider & (1) := [y Ad,5)(v(s)) ds-
y (t). Then

95
d—j(t) =y@)-vt)+o()- u(), for almost every ¢ € [0, 1].
Solution.

do t
d—j(t) = Ady(z)(v(t))-y(t)Jr/o Ady (5)(v(s)) ds - y (1)

) t
55:81 }/(l) ) U(I) . )/(t)_l . }/(t) +/0 Ady(s)(v(s)) ds - ]/(t) . M(t)

= y@-v@)+o@)- u@).

Exercise 7.5.19 Given a Lie group G, there is a matrix group H with the same
universal covering group as G.
Hint. Use Ado’s Theorem, or Birkhoff Theorem if G is nilpotent.

Exercise 7.5.20 Let 7 : (G, ‘7) — (G, V) be a homomorphism of polarized Lie
groups. Then

7 o End ¢ ) = End(G,v) o s,

where End(g,v) denotes the endpoint map for the polarized group (G, V) and 7 :
L%([0, 1]; V) — L2([0, 1]; V) is induced by the composition 7, (i) := 7, o u.
Hint. The curves 7 (y,(¢)) and yy,, (¢) satisfy the same ODE.
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Exercise 7.5.21 Letm : (G, ‘7) — (G, V) be a homomorphism between polarized
Lie groups such that 7, : § — g is a Lie algebra isomorphism and (V) = V.
Then, Proposition 7.2.1 holds for G if and only if it does for G.

Hint. Use Exercise 7.5.20.

Exercise 7.5.22 Exercise 7.5.21 gives a proof for Proposition 7.2.1, which, in this
text, has been proved only for matrix groups.
Hint. Use Exercise 7.5.19.

Exercise 7.5.23 If (G, V1) and (G», V») are polarized groups, then (G| x G2, V| X
V») is a polarized group. Moreover, the polarization V; x V; is bracket generating
if and only if so are both V; and V5.

Exercise 7.5.24 For polarized groups G and G consider the polarized group G x
G as in Exercise 7.5.23. A curve y = (y1, y2) : I = G x G, is abnormal if and
only if at least one between y; and y» is abnormal.

Hint. The differential of the endpoint map splits into a block linear transformation.

Exercise 7.5.25 Let (G, V) be a polarized group with V # Lie(G). Then, the
constant curve 1¢ is abnormal in (G, V).

Exercise 7.5.26 In the sub-Riemannian Heisenberg group, abnormal curves are
constant.

Exercise 7.5.27 Let H be the sub-Riemannian Heisenberg group. Then, every
absolutely continuous curve ¢ +— (lg,x(¢), y(t)) € H x R? is abnormal. There
are injective non-smooth examples parametrized by arclength.

Hint. Use Exercises 7.5.24 and 7.5.25.

Exercise 7.5.28 On the Hilbert space LZ([O, 1]; R™) with scalar product (u, v) :=
fol u(t)-v(t)dt, consider the energy function given by u +— %Hu I? = %(u, u). This

function is smooth and its differential at u € LZ(O, isv i (u,v).

Exercise 7.5.29 In Riemannian Lie groups, length minimizers are reparametriza-
tions of normal curves.

Exercise 7.5.30 Equation (7.21) is an analytic ODE, and its solutions are analytic.
Hint. Solutions of analytic ODEs are analytic; see [BR89, pp. 121-128].

Exercise 7.5.31 In contact structures, as for example in every 3D sub-Riemannian
Lie group, every abnormal curve is constant.
Hint. See Proposition 7.3.5.

Exercise 7.5.32 In every sub-Riemannian group with a polarization of step 2, every
energy minimizer is normal.
Hint. Use Goh Theorem 7.3.4.
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Exercise 7.5.33 (Goh Condition for Rank-2 Polarizations) Let G be a Lie group
equipped with a rank-2 polarization A. Let y : [0, 1] — G be a A-horizontal curve.
Then, we have a stronger statement than Theorem 7.3.4:

yir(LA1, Ar]) 12 € [0, 11§ € span {Adyn(Ay) 1 7 € [0, 1]}.
{Ady(h([A1, AD) [0, 11} {Ady(h(AD) [0, 11}

Exercise 7.5.34 Lety : I — G be acurve in a Lie group. If A € g* and Y € g,
then

d

T (AAdy () (Y)) = AAdy [y’ (1), Y1, vt e l. (7.52)
Solution.

d (A Ady (1 (Y)) d (A Ad (Y))

- ) = - (t+s)

dr 4 ds v =0

d
o (A Ady 1) Adyy 1)1y 4) (V)
s=0

(5.13)
=" A Ady(t) ad(dLy(,))_ly(t)‘l?(t)(y)

= AAd,)H[y' (1), Y],
where we used that Adg;, = Adgy Ady, that A and Ad, are linear.

Exercise 7.5.35 (First Derivative of the Extremal Equations) Lety : I — G
be a horizontal curve in a polarized group (G, V). Let u := y’. If y is an abnormal
curve with covector A € g* \ {0}, then

0=ArAd,[u@),X], Viel,¥VXeV. (7.53)

If V is equipped with a scalar product, eg, ..., e, are an orthonormal basis, u =
uie; + ...+ uyer, and y is a normal curve with covector A € g*, then

i = AAdylu(t), ei],  VeeLVie{l,...,r). (7.54)

Hint. Take the derivative of the abnormal equation (7.16) and the normal equation
(7.21), using Exercise 7.5.34.

Exercise 7.5.36 Let o : [0, 1] — R? be a planar curve with u := ¢’ of class C?

. .. . . olo)—olo!
and with never-vanishing speed. The oriented curvature of o is k = % =
Uiy —uoil|

flue]]?

Hint. See [AT12, Equation (1.11)] for an introduction to the oriented curvature.
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Exercise 7.5.37 The ODE (7.32) is of the form

F@t,y@®),y' @®),y"(®) =0,
y(0) = lg,
y'(0) = vo,

where vg = A(e1)e1 + A(ex)ex ZOand F : I x G x V x V — Ris

vVjwy — VW1

F(t, p,v,w) = A(Adpern) — HE

The derivative of F in w is not zero at points (¢, p, v, w) with v # 0. Therefore, for
every vg € V \ {Q} there are 2 C I x G x V neighborhood of (0, 15, v), and a
smooth function F : & — V such that the ODE (7.32) can be written as

y'(t) = F(t,y @), y'(1)),
y(0) = lg,
¥'(0) = vp.

We conclude that solutions to the ODE (7.32) are unique and smooth.

Exercise 7.5.38 On the group G, as in Definition 7.3.7, for (v, wy), (v2, w2) €
V x W we have that t — (tvy, twq) is an OPS and

2

5 gz (tvrs tw) (tvz, fwa) (= vy, —tw) (= vy, —1wy)
t t=0

= (0, g(v1, v2)).

[(vi, wy), (v2, w2)] =

Hint. Recall Definition 3.2.2.d.

Exercise 7.5.39 On the group G, as in Definition 7.3.7, let v € V and consider a
sub-Finsler norm on G such that [v| = 1. Then, the line # — tv is a geodesic.
Hint. See Proposition 10.1.14.

Exercise 7.5.40 Every connected subgroup of a group G, as in Definition 7.3.7, is
of the form G, for some skew-symmetric bilinear map ¢’ : V' x V' — W'

Exercise 7.5.41 Let G, be a two-step nilpotent group as in Definition 7.3.7.

7.5.414. For A > 0, the map 8, : (v, w) € V x W — (v, A2w) is a group
automorphism of V x W.

7.5.41.1i. Fixing anorm on V, the sub-Finsler distance satisfies dsp (5 (v+w), 0) =
Asg(v +w, 0), forallv e Vandw € W.
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7.5.41.4ii. If d;F is another sub-Finsler distance with polarization A such that V C
A1, then for some C we have d;F < Cdgr. In particular, after fixing a
norm on W, we have

dp0,w) < CVw, VweW, (1.55)

for some C > 0.

Exercise 7.5.42 Let k > 1. Let d be an admissible distance on R? that is geodesic
and has the property that the translations are k-bi-Lipschitz maps. Then, the distance
d is bi-Lipschitz equivalent to the Euclidean distance.

Hint. Start by following the argument in the proof of Lemma 7.4.2.

Exercise 7.5.43 (Geodesic Distances on R?) The only isometrically homoge-
neous geodesic metric spaces topologically equivalent to a plane are the Euclidean
2-space and the hyperbolic plane, equipped with left-invariant Finsler metrics.
Hint. Use Berestovskii Theorem 7.4.1, pass to a sub-Riemannian metric, and deduce
that the curvature is constant.
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Chapter 8 ®)
Riemannian Lie Groups ST

In this chapter, we discuss a classical family of sub-Finsler Lie groups: those where
the polarization is the entire tangent bundle and the norm comes from a scalar
product. We refer to them as Riemannian Lie groups, but a more precise name could
be Lie groups equipped with left-invariant Riemannian structures.

The results that we present in Sect. 8.1 are classical, and a reference is [Mil76].
In Sect.8.2, we discuss the fact that isometry groups of metric Lie groups are
subgroups of isometry groups of Riemannian Lie groups. Here, the main source
is [KL17]. Some other expository readings are [AT11, Pur23, Sop23].

8.1 Left-Invariant Riemannian Metrics

In this section, we extensively use various notations from Lie group theory, as we
recalled in Chap. 5. For example, the maps Lj and Rj, are the left translation and the
right translation, respectively, by a group element #. We shall use Ad and ad from
Sect.5.5.1, and the notion of structural constants as in (5.2). We will also discuss
notions from Riemannian geometry. In addition to what we presented in Sect. 3.2,
we point out the books [Leel3, Leel8]. The notion of Riemannian metric, also
called Riemannian metric tensor, is introduced in Sect. 3.2.3.

Definition 8.1.1 (Left-Invariant Riemannian Metric) A Riemannian metric
(-, -). on a Lie group G is said to be left-invariant if

(Ln)sv, (Lp)sw)ng = (v, w)g, Vg, h € G, Vv, w € T,G.
Similarly, we say that (-, -). is right-invariant if

((Rp)+v, (Rp)sw)gn = (v, w)g, Vg, h € G,Yv,w € T,G.
© The Author(s) 2025 229
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It is bi-invariant if it is left-invariant and right-invariant.

We shall see various equivalent characterizations for those Riemannian metrics
that are both left-invariant and right-invariant. One of them is the property that for
all Z € g, the adjoint map adyz is a skew-adjoint transformation of (T1,G, (-, )15),
i.e., it is antisymmetric in the sense that

(adz X,Y) = —(X,adz Y), VX,Y,Zeg.

Theorem 8.1.2 Let G be a connected Lie group with Lie algebra g and with a left-
invariant Riemannian metric (-, -). The following are equivalent:

8.1.2.i. (-, -) is right invariant;
8.1.2.ii.  Ady is an isometry, for all g € G;
8.1.2.4ii.  ady is skew-adjoint, forall X € g.

The connectedness of G is required only for the implication (iii) = (ii).

Proof (i) < (ii): Since (-, -) is left-invariant, item (i) is equivalent to the
conjugation Cg = R,-1 o Ly being isometries for all ¢ € G, which is further
equivalent to (Ad), = (dC,)1, being isometries for all g.

(ii) = (iii): By Formula 5.5.7 we have Adexpx) = Pl
is an isometry, for all + € R and all X € g. Recall that %emb:o = A from
Proposition 5.4.3 and take the derivative at ¢+ = 0 of the identity

ad(tX) _— et ad X

<ead(tX)Y’ ead(tX)z)IG = (Y, Z)14, VX,Y,Z €eg.
We get
(adx Y, Z)1, + (Y,adx Z)1,; =0, vVX,Y,Z eg.

which is (iii).
(iii) = (ii): Recall that (%e“‘ = Ae'4, again from Proposition 5.4.3. We
calculate

d
< (00 y, ead(tX)ZhG

= (ad(X)eM Ny, D 7y, 4 (1Y aq(x)e 1D 7y, W g
Hence, the function ¢ > (e2(X)y ¢3dtX) 7y, “is constant. Evaluating it at t = 0
and r = 1, we deduce that ¢*dX is an isometry. Hence, the map Adexp(x) is an
isometry, for all X € g.

So Adg, is an isometry, for all g in a neighborhood U of 15 in G. Since, when G
is connected, every element g in G is a finite product g = g1 - - - - - g of elements
81, ..., 8 € U (see Exercise 5.8.3), then Ady = Adg, o--- o Ady, is an isometry.
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We used the connectedness assumption of G only to prove the implication
(iii) = (ii). Without this assumption, there are counterexamples; see Exer-
cise 8.3.3. O

8.1.1 Connections and Geodesics on Lie Groups

Recall from Sect. 3.2.1 that, given a manifold M, we denote by Vec(M) the space
of smooth vector fields on M.
A linear connection V on a manifold M is a map

V : Vec(M) x Vec(M) — Vec(M)
(X,Y) — VxY

that is C°°(M)-linear in X, R-linear in Y, and satisfies the Leibniz rule:
Vx(fY) = (Xf)Y + fVxY, Vf e CP(M).

Definition 8.1.3 (Left-Invariant Linear Connection) Let G be a Lie group. A
linear connection V on G is left-invariant if

(Lg)*VXY = V(Lg)*X(Lg)*Ya Vg € G,YX,Y € Vec(G).

On every Riemannian manifold, there is a unique linear connection that is
compatible with the metric and is torsion-free; for its construction and properties,
see [Leel8, Chapter 5]. This connection is called Levi-Civita connection. The Levi-
Civita connection on a Riemannian manifold M satisfies the Koszul formula: for all
X,Y,Z € Vec(M)

(VxY, Z)

1
=3 (X(1. 2+ ¥(Z. X) = ZX. )+ (X, Y] 2)+(Z. Y] X) +(1Z, X1, 7)),
(8.1)
Proposition 8.1.4 Let G be a Lie group with Lie algebra g of left-invariant vector
fields. There is a one-to-one correspondence between the set of left-invariant linear

connections V on G and the set Mult(g, g; g) of bilinear functions « : g X g —> ¢
given by

av(X,Y) =VyY, VX,Yeg.

Proof The result is clear once we notice that, fixing a frame X1, ..., X, of left-
invariant vector fields on G, we can write every arbitrary pair of vector fields on
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G as Zj anj and ), b X;, for some a’, b/ € C*®(G). Then, the connection is
determined:

Vaix,(b'Xi) = a’b'Vx, X + o’ (X;b)X; = a’blav (X, X;) + a’ (X;b) X;.

O

Proposition 8.1.5 Let G be a Lie group with a left-invariant linear connection V,
and let X be a left-invariant vector field. The following are equivalent:

8.1.5.i. VxX =0(ie, ayv(X, X)=0);
8.1.5.ii.  the one-parameter subgroup t CDIX(lg) is a geodesic with respect to
V.

Proof The curve t — y(t) := thX(lg) has derivative y (1) = X, (;). By definition,
the curve y is a geodesic with respect to V if and only if V;,y = 0, thus if and only
if (VxX), = 0. Since Vx X is a left-invariant vector field, then y is a geodesic if
and only if (Vx X)i, = 0, if and only if Vx X = 0. a

For another characterization of when a one-parameter subgroup is a Riemannian
geodesic, see also Corollary 8.1.8.

Example 8.1.6 Let G be a Lie group and ¢ € R. Then the map
(X,Y) = c[X, Y]

is in Mult(g, g; g). Hence, by Proposition 8.1.4, it induces a left-invariant linear
connection on G. Notice that for this connection, the Christoffel symbols Ff/. with
respect to a frame of left-invariant vector fields are precisely the structural constants
cf.f/. (see the definition in (5.2)) with respect to the same frame, multiplied by c.

Lemma 8.1.7 Let (-, -) be a left-invariant Riemannian metric on a Lie group G,
and let V be the associated Levi-Civita connection.

8.1.7.i.  For all left-invariant vector fields X, Y, Z on G, we have

1
(VxY, Z) = 5(([x, YL, Z) + ([Z. Y], X) + ([Z. X]. Y)). (8.2)

8.1.7.4i. If Xy, ...,X, are orthonormal left-invariant vector fields that form a
basis of Lie(G) and afj are the corresponding structural constants, then

([Xi, X1, Xp) = o, (8.3)

(Vx, X;, Xp) = % (a,’; — iy +a,{i) , (8.4)
I 5 k i J

Vi, X, = EZ(O‘U’ — ol +af,) X (8.5)

k=1
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Proof Regarding 8.1.7.i, recall that the Levi-Civita connection satisfies Koszul
Formula (8.1). Note that if X, Y are left-invariant vector fields, then their scalar
product (X, Y) is constant along G. Hence, Koszul Formula simplifies to (8.2).
Regarding 8.1.7.ii, the structural constants are defined by the equation
[Xi, X1 = Zkal@xk. This implies ([X;, X1, Xx) = Zhaf/(Xh,Xk) = alkl
because the X;’s are orthonormal. From 8.1.7.1, the rest follows.
O

Corollary 8.1.8 Let G be a Lie group endowed with a left-invariant Riemannian
metric. Then, the one-parameter subgroup in the direction of X is geodesic if and
only if X is orthogonal to [ X, g].

Proof 1t follows from (8.2) and Proposition 8.1.5. O

Theorem 8.1.9 Let (-, -) be a left-invariant Riemannian metric on a Lie group G
and let V be the associated Levi-Civita connection. The following are equivalent:

8.1.9.i.  The group exponential map exp coincides with the Riemannian exponen-
tial map exp, i.e., the family of one-parameter subgroups is exactly the family
of the geodesics from the identity element 1;

81.9.ii. IfX,Y €g thenay(X,Y) = 3[X, Y], ie.,

1

8.1.9.iii.  The map ady is skew-adjoint, for all Z € g.

Proof Note that the formula (8.2) in Lemma 8.1.7 can be written also as
1
(Vx¥. Z) = 3 (X, 1. 2) + (2. Y1 X) + ([Z.X1. 7))
1
= (11X, Y1, 2) + (adz ¥, X) + (adz X, V).

The equivalence (ii) < (iii) easily follows from the last equality. Moreover, for
X =Y we get

(VxX,Z) = (adz X, X), VX,Zeg.

Hence, the point (i), which by Proposition 8.1.5 is equivalent to Vy X = 0 for all
X € g, is also equivalent to (adz X, X) = 0, for all X, Z € g, which (by an easy
computation) is equivalent to adz being skew-adjoint. O

Remark 8.1.10 Note that the equation 6XY = %[X, Y], for X, Y € g always

define a left-invariant connection V on G. Condition (ii) of Theorem 8.1.9 is that
such a V is the Levi-Civita connection V.



234 8 Riemannian Lie Groups
8.1.2 Curvatures of Left-Invariant Metrics

For the following discussion, be aware that our convention for the Riemannian
curvature tensor is

R(X, Y, ) = vay — VyVX — V[X’y]. (86)

Also, recall that given two linearly independent tangent vectors X, Y at the same
point of a Riemannian manifold, the sectional curvature of their spanned plane is

(R(X,Y,Y), X)

Sec(X,Y) := .
) = X PIY I = (X, Y2

(8.7)

Proposition 8.1.11 Let G be a Lie group equipped with a left-invariant Riemannian
metric. Let X1, ..., X, be orthonormal left-invariant vector fields that form a
basis of Lie(G), and let af‘j be the corresponding structural constants. Then, the
Riemannian curvature tensor satisfies

n
1 . .
R(Xi, Xj, Xp) = Z [Z (Olf-k —a, +“§j) (“zhe — ay, +“£i)
€h=1

1 ) .
¥4 i k h J b4
a1 <“ik — Oy +0‘ei> (O‘je — %y +“hj)

1 14 h L k
_Eau (aek — Oy +ahﬁ> Xh.

The sectional curvature satisfies

n
1
Sec(X1, X2) = ) [— Sty (ahy oy —ay)
=1

1
¢ 1 2 ¢ 1 2
1 (“12 — +0‘el) (alz + oy, — 0‘21)

~abd | 58)
Proof Recall that we defined R by (8.6). So

R(X;, X, Xx) = Vx; ijXk — ij Vx, Xk — VZ(‘Y,-Z]-XKX](

8.5) 1 ¢ j k
= vy, (5 > @l —af, + a[j)Xg>
l
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1 ¢ ' k
_ ij (E Z(O{jk — Ot]l(e + Olel-)Xg>
¢
1
¢ h ¢ k
- Z“ijz Z(%k — g, + o) X
¢ h
_ 1 ¢ J . h i yy
= 5 Z(ajk — Oy +Ol@j)§ Z(Olig — oy, o)X
¢ A
1 ¢ i N h J ¢
-3 Z(aik — e+ )5 Z(O‘jz — oy + o) X
¢ h
Ly h ¢ k
- Z 5%j Z(alk — gy, + o) X
¢ 3

Ly j k \ (o ' ¢
=>. [Z(O‘jk — g o) (g — oy, + ;)
eh
Ly i kN goh j ¢
- Z(“ik — o F o) (g — oy + )
Lov ¢ k
— Eaij(aek — Oy +ah4) Xh

Regarding the sectional curvature (8.7), since X1, X, are orthonormal, we have
Sec(X1, X2) = (R(X1, X2, X2), X1).

So, using the above formula withi = 1, j =k =2, and h = 1, we have

Sec(X1, X2)
= (R(X1, X2, X2), X1)

1
= Z [Z(_O‘%e +apy) (g — )+
¢
1y 1 20,1 2 ¢
- Z(alz — oy o)y —ap T o)+
Ly ¢ 2
- 50‘12(0‘@2 — oy +ajy)

-y E (et (—2a})) +
J4

1
- Z(O‘fz — agy + g (e, + g — )+
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1
¢ | 2
- 50‘12(0‘12 —ay — o))

1 1
_ 1 2 N R R TS ) o012
—2 [_0‘510‘22_Z(O‘lz_aze+0‘el)(°‘12+aze_O‘el)_50‘12(0‘12_“%_%1) :
¢

O

Lemma 8.1.12 Ler X € Lie(G). If ady is skew-adjoint, then Sec(X,Y) > 0, for
each Y € Lie(G) that is linearly independent from X.

Proof Recall that ady being skew-adjoint means
(adx Y, Z) = —(Y,adx Z), VY, Z € Lie(G).

Let X € Lie(G) be such that ady is skew-adjoint. Since ad,x = Aady, we can
assume that (X, X) = 1. Let Y € Lie(G) be such that (X,Y) =0and (Y, Y) = 1.
Take an orthonormal basis X, ..., X, of Lie(G) with X; = X and X, = Y,
and let ozfj be the corresponding structural constants, i.e., ady, (X;) = [X;, X;] =

> ozf‘ij.Then
of j = (adx, Xj, Xp) = —(X, adx, Xp) = —ai,.

Thus, we have a%l = —a%g = ozfz and aél = 0. Therefore, formula (8.8) simplifies
to

1 1
Sec(X1, X2) = Z —Eafz( —ay) — Z(zafz — o) ()
¢

1
= Z Saj,a, — O‘fﬂzz + Z(“ée)z

8.1.3 Bi-Invariant Metrics

Recall that Riemannian metrics of Lie groups that are left-invariant and right-
invariant are said to be bi-invariant. We obtained characterizations for bi-invariance
of metrics in Theorems 8.1.2 and 8.1.9.
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Corollary 8.1.13 Let G be a connected Lie group with Lie algebra g and with a
left-invariant Riemannian metric (-, -) with Levi-Civita connection V. The following
are equivalent:

8.1.13.i. (-, -) is bi-invariant;

8.1.13.ii.  Ady is an isometry, for all g € G;
8.1.13.iii.  ady is skew-adjoint, for all X € g;
8.1.13.iv.  exp;, = exp;

81.13v. VxY = 1[X, Y] forall X,Y € g;

Lemma 8.1.12 gives a non-trivial property of bi-invariant metrics:

Corollary 8.1.14 If a connected Lie group is equipped with a bi-invariant metric,
then all its sectional curvatures are nonnegative.

Theorem 8.1.15 Every compact Lie group G admits a bi-invariant Riemannian
metric.

Proof Let (-, -) be a scalar product on T, G. Let vol be a left-invariant probability
measure on G. Define a new product ((-, -)) averaging (Ad,)«(-, -) with vol, i.e.,

(X, ) =/(Adg(X),Adg(Y))dvol(g), VX,Y € T},G.
G

To observe that ((-,-)) is finite, we point out that vol(G) < oo, because G is
compact, and the function g +— (Ad,(X), Ad,(Y)) is bounded, because it is a
continuous function on the compact group G. Moreover, for all g € G the product
(-, ) is Ad, invariant:

(Adg X, Ad, V) = / (Adj, Ad, X, Ady, Ad, Y) dvol(h)
G

= f (Adg X, Adg Y) dvol(g")
G
= (X, Y).

Extending ((-, -)) by left translations, we obtain a left-invariant Riemannian metric
for which Ad, are isometries. Theorem 8.1.2 implies that this metric is right-
invariant. o

Because for each bi-invariant Riemannian metric, the volume measure is bi-
invariant, we obtain a first consequence:

Corollary 8.1.16 Every compact Lie group can be equipped with a probability
measure that is bi-invariant.

Because for each bi-invariant Riemannian metric, the exponential map coincides
with the Riemannian exponential (see (8.1.13).iv), and the Riemannian exponential



238 8 Riemannian Lie Groups

on complete connected manifolds is surjective (see Hopf-Rinow Theorem 3.1.7),
we obtain a second consequence:

Corollary 8.1.17 On every compact connected Lie group G, the exponential map
exp : Lie(G) — G is surjective.

The next result is another characterization of groups admitting bi-invariant
distance functions that are admissible, in the sense defined at page 172.

Theorem 8.1.18 Let G be a connected Lie group. Then the following are equiva-
lent:

8.1.18.i.  There exists an admissible bi-invariant distance function on G;

8.1.18.ii.  The set Adg is a compact subset of GL(g);

8.1.18.iii.  There exists a bi-invariant Riemannian metric on G;

8.1.18.iv.  The Lie group G is the direct product of a compact group and a vector
group, that is, a group isomorphic to (R", +) for some n € N.

Sketch of the Proof 1f there exists an admissible bi-invariant distance function on
G, then by Lemma 6.2.5, we may additionally assume that this distance function
is boundedly compact. Thus, by Ascoli-Arzeld theorem, the space of isometries
fixing 1 is compact; see Proposition 6.2.7. Since the distance function is bi-
invariant, the conjugation maps are isometries. Therefore, the set Adg € GL(g) of
their differentials is compact. Alternatively, one can directly construct a bi-invariant
Riemannian metric on G using Lemma 8.2.2.

If the set Adg is compact in the space of linear transformations of the Lie algebra
g, then, one constructs a bi-invariant Riemannian metric on G, as in the proof of
Theorem 8.1.15.

Clearly, every bi-invariant Riemannian metric on G gives an admissible bi-
invariant distance function. Thus, the first three items are equivalent.

Regarding the last item, if the Lie group G is the product of a compact group
and a commutative group, then, obviously, the set Adg is compact. The converse
implication is more difficult: It is a result of Milnor that every connected Lie group
that admits a bi-invariant Riemannian metric is the Cartesian product of a compact
group and a commutative group; see [Mil76, Lemma 7.5]. O

From the topological viewpoint, every Lie group is homeomorphic to the product
of a compact group and a vector space. This result is due to Iwasawa; see
Exercise 8.3.13.

8.1.4 More Results on Curvature

In Milnor’s article [Mil76], one can also find the following results on the curvature
of left-invariant Riemannian metrics on Lie groups.
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Theorem 8.1.19 (Milnor, [Mil76, Theorem 3.3]) If Lie(G) is not commutative,
then G admits a left-invariant metric of strictly negative scalar curvature.

Theorem 8.1.20 (Milnor, [Mil76, Theorem 2.2]) A connected Lie group admits
a left-invariant metric with all Ricci curvatures strictly positive if and only if it is
compact with finite fundamental group.

Recall that the Ricci curvature in the direction of X is Ric(X) := ), Sec(X, X;),
where X1, ..., X, is any orthonormal frame.

Theorem 8.1.21 (Milnor, [Mil76, Theorem 2.5]) If there are non-zero X, Y, Z €
Lie(G) such that [X, Y] = Z, then there is a left-invariant metric on G such that
Ric(X) < 0 < Ric(Z).

Theorem 8.1.22 (Milnor, [Mil76, Corollary 7.7]) Every Lie group whose uni-
versal covering space is compact admits a bi-invariant metric of constant Ricci
curvature + 1.

8.2 Isometries of Metric Groups as Riemannian Isometries

Recall from Sect. 6.3 that a metric Lie group is a Lie group equipped with a left-
invariant distance function that induces the manifold topology. In this section, we
prove that isometries between metric Lie groups are Riemannian isometries for
some left-invariant Riemannian metric. If M is a Lie group and p is a left-invariant
Riemannian metric tensor on M, then one has an induced Riemannian distance
d, and, by the theorem of Myers and Steenrod [MS39], the group Isom(M, d,)
of distance-preserving bijections coincides with the group Isom(M, p) of tensor-
preserving diffeomorphisms. In the following, we shall write (M, p) to denote the
metric Lie group (M, d,).

Theorem 8.2.1 If (M1, d1) and (M3, dy) are connected metric Lie groups, then
there exists left-invariant Riemannian metrics p1 and py on M| and My, respec-
tively, such that Isom(M;, d;) C Isom(M;, p;) fori € {1, 2} and for every isometry
F: (My,d)) — (Ma,dp) the map F: (M, p1) — (M, p2) is a Riemannian
isometry.

Before proving Theorem 8.2.1, we provide an auxiliary result. We first consider the
case (M1, d1) = (M2, da).

Lemma 8.2.2 If (M, d) is a connected metric Lie group, then there is a left-
invariant Riemannian metric p such that Isom(M, d) C Isom(M, p).

Proof Let S be the stabilizer subgroup of Isom(M, d) at the identity element 1 =
1 of M. By Proposition 6.2.7, together with Lemma 6.2.5, the topological group
S is compact. Let pug be the probability Haar measure on S. Moreover, from the
discussions in Sect. 6.3.1, we know that S acts smoothly on M.
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Fix a scalar product (-, -)) on the tangent space 71 M at 1. Consider for v, w €
T M the value

(v, w) ;== /((dFv,de)) dus(F).
S

Then (-, -) defines an S-invariant scalar product on 71 M, and one can take p as the
left-invariant Riemannian metric that coincides with (-, -) at the identity. m|

Proof of Theorem 8.2.1 By Lemma 8.2.2 let p, be a Riemannian metric on M»
with

Isom(M», dp) C Isom(M3, p2). (8.9)

Fix an isometry F: (My,dy) — (M3, d>); if there is none, then there is nothing
else to prove. By Theorem 6.3.1, the map F is smooth, and we may define a
Riemannian metric on M; by p; := F*p;. There are two things to verify: a)
Isom(My, dy) C Isom(M1, p1), which in particular implies that p; is left-invariant
and b) every isometry F: (Mj,d;) — (M3, ds) is an isometry of Riemannian
manifolds.

Since by construction F is also a Riemannian isometry, the map I +— F o
IoFlisa bijection between Isom(Mi, d;) and Isom(M>,d;) and between
Isom(My, p1) and Isom(M», py). Therefore the inclusion (8.9) implies the inclu-
sion Isom(My, dy) C Isom(My, p1).

From Fo F~! e Isom(M,, dr) C Isom(M>, p2) we obtain (F o F")*pz = .
Consequently, we conclude F*p, = F*(F o F~Y*py = py. O

8.3 Exercises

Exercise 8.3.1 Let G be a Lie group equipped with a Riemannian metric tensor that
induces a distance function d. Then, the Riemannian metric tensor is left-invariant
if and only if left translations are isometries with respect to d.

Exercise 8.3.2 For each left-invariant distance function d on a group G, the
following are equivalent: (i) d is right-invariant; (ii) d is inversion-invariant, that is,
d(x,y) =dx~", y=1), for all x, y in the group; (iii) conjugations are isometries.

Exercise 8.3.3 Consider the Lie group G := R Xy Z the semi-direct product of
groups given by 6 (m)(t) := 2"t form € Z and t € R, as in Definition 5.6.6. Equip
G with any Riemannian left-invariant metric. Then, every map ady is skew-adjoint,
for all X € Lie(G), but for some g € G the map Ad, is not an isometry. Compare
this example with Theorem 8.1.2.

Exercise 8.3.4 A linear connection V on G is left-invariant if and only if for all
left-invariant vector fields X, Y the vector field Vx Y is left-invariant.
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Exercise 8.3.5 Levi-Civita connections of left-invariant Riemannian metrics on Lie
groups are left-invariant.

Exercise 8.3.6 A linear connection V on G is left-invariant if and only if the
Christoffel symbols Ff‘/ definedby Vyx, X; =3, Ffi X, with respect to some/every
frame of left-invariant vector fields X1, ..., X,, are constant functions on the group.

Exercise 8.3.7 Let G be a Riemannian Lie group, V its Levi-Civita connection,
and R its Riemannian curvature tensor. For each X,Y € g, define U(X,Y) :=
%(VXY + Vy X), which is the symmetric part of V. Then, for all X, Y, Z € g one
has

83.7i. VxY =U(X.,Y)+ X, Y],
83.7.d. (U(X,Y),Z)=3X,[Z,Y])+ L(r,(z, X))
8.3.7.iii.

(R(X, Y)Y, X)

3
= lUX, V)I* = (U(X, X),U(Y,Y)) — 7 X, Y12

1
- §<[X, [X, Y] Y) (v, [y, X11, X). ~ (8.10)

1
2
Hint. Use Koszul’s formula and the fact that the Levi-Civita connection has zero

torsion.

Exercise 8.3.8 Every Lie group admits a left-invariant Riemannian metric and a

left-invariant measure, as follows. Let X1, ..., X, be left-invariant vector fields
forming a basis of Lie(G). Consider the Riemannian metric that makes X1, ..., X,
orthonormal and the differential n-form vol for which vol(X1, ..., X;) = 1.

Exercise 8.3.9 If G is a compact Lie group, then it admits a left-invariant Rieman-
nian volume form that gives a probability measure.

Exercise 8.3.10 Calculate the sectional curvatures of the Lie groups G, from
Example 6.4.4 when equipped with some left-invariant Riemannian metric.

Exercise 8.3.11 Let g be the 4D Lie algebra with basis X1, ..., X4 and only non-
zero structural constants, as in (5.2),

3 _ I _ 2 _ 3
ch=1, cy=1, cp=1  «c33=2

Consider a Lie group G with g as Lie algebra, and consider the left-invariant
Riemannian structure on G for which Xy, ..., X4 are orthonormal. Verify the
following values for the sectional curvature:

SeC(Xla XZ) = _7/47 SeC(Xl’ X4) = _1’

Sec(X1, X3) = —7/4, Sec(X2, X4) = —1,

Sec(X», X3) = —7/4, Sec(X3, Xg) = —4.
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Hint. Apply (8.8).

Exercise 8.3.12 Let h be the Heisenberg Lie algebra with basis X1, X», X3 =
[X1, X2]. Consider the left-invariant Riemannian structure on the Heisenberg group
for which X, X5, X3 are orthonormal. Verify the following values for the sectional
curvature:

Sec(X1, X2) = —3/4,
Sec(X1, X3) = 1/4,
Sec(X»2, X3) = 1/4.

Hint. In this basis, the only nontrivial structural constant is cfz = 1. Apply (8.8).

Exercise 8.3.13 (Iwasawa’s Theorem; see [Mil76, page 327]) ,;9; Let G be a
connected Lie group. Then:

8.3.13.i. Every compact subgroup is contained in a maximal compact subgroup
H.
8.3.13.ii. Every maximal compact subgroup is a connected Lie subgroup.
8.3.13.iii. Every two maximal compact subgroups are conjugate.
8.3.13.iv. As a topological space, G is homeomorphic to the product of H and
some Euclidean space R™.

Open Access This chapter is licensed under the terms of the Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License (http://creativecommons.org/licenses/
by-nc-nd/4.0/), which permits any noncommercial use, sharing, distribution and reproduction in
any medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license and indicate if you modified the licensed
material. You do not have permission under this license to share adapted material derived from this
chapter or parts of it.

The images or other third party material in this chapter are included in the chapter’s Creative
Commons license, unless indicated otherwise in a credit line to the material. If material is not
included in the chapter’s Creative Commons license and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder.

900


http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

Chapter 9 ®)
Nilpotent Lie Groups ST

Nilpotent Lie groups play a fundamental role in the study of geometric structures
and differential equations. These groups are characterized by an algebraic property
known as nilpotency. The nilpotency assumption, which also reflects a condition on
the Lie algebra, imposes a certain level of commutativity for the group’s structure,
allowing us to explore the interplay between algebra and geometry. It paves the way
for implications in geometric analysis, geometric group theory, harmonic analysis,
and control theory, as well as number theory, dynamics, and representation theory.
In this chapter, we delve into the world of nilpotent Lie groups.

A recent reference that deserves a strong recommendation is [HN12]. Other valu-
able reading materials on this topic include [Rag72, Jac79, War83, CG90, Kna02].
While our exposition may not be as comprehensive as those references, we will
focus on the necessary concepts to understand Carnot groups, as well as other sub-
Finsler Lie groups such as boundaries of Heintze groups, Malcev closures of finitely
generated nilpotent groups, and their asymptotic cones.

Throughout our discussion, we will maintain a perspective rooted in differential
geometry and linear algebra. It is worth noting that one of the compelling aspects of
nilpotent Lie groups is their appearance as tangent metric spaces of sub-Riemannian
manifolds, similar to how Euclidean vector spaces serve as tangents to Riemannian
manifolds. We will discover that, akin to vector spaces, these metric tangents possess
nilpotency, simply connectedness, and dilation structures.

9.1 Nilpotent Lie Algebras

We begin this section by introducing the concept of a nilpotent Lie algebra.
Nilpotent Lie algebras are those for which iterated brackets [x1, [x2, [x3, [...]]]]
of sufficiently large order vanish. We anticipate that for connected Lie groups, a Lie
algebra is nilpotent if and only if the group is nilpotent as a group, according to
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Definition 9.3.3. This correspondence between nilpotent Lie algebras and nilpotent
Lie groups is a result that we will further explore in Sect. 9.4.2. Typical examples
of nilpotent Lie algebras are Lie algebras of strictly upper-triangular matrices,
where the diagonal elements are all zero. The first fundamental result that we
present is Engel’s Theorem, which translates nilpotency into a pointwise condition;
see Sect.9.1.3. We close the section with the statement of Birkhoff Embedding
Theorem, which we will only prove for positively graded Lie algebras in Sect. 9.2.4.
Birkhoff’s theorem will tell us that every nilpotent Lie algebra is isomorphic to some
subalgebra of some space of strictly upper-triangular matrices; see Corollary 9.1.20.

Definition 9.1.1 (Nilpotent Lie Algebra) Let g be a Lie algebra. The elements
of the descending central series of g, also called lower central series of g, are
inductively defined by

Clg) =9V =g, C%@g):=9% :=1[g,8]1 =g, C ()],
C"(g) =g :=[g,C" @), VneN.

Here, for V, W C g, we use the notation [V, W] := span{[v, w] : ve V,w € W}.
The space C?(g) is called the commutator subalgebra. The Lie algebra g is said to
be nilpotent if there is d € N such that C d+1 (¢) = {0}. If d is minimal with this
property, then it is called nilpotency degree (or nilpotency step or, simply, step) of
g, and g is said d-step nilpotent.

One can rephrase the definition by saying that a Lie algebra g is s-step nilpotent
if and only if all brackets of at least s 4+ 1 elements of g are 0 but not every bracket
of order s is.

Remark 9.1.2 Each C"(g) is an ideal and actually

def

[C" (), C"(@)] S [C"(9),a] = C"*'(g) € C"(a),

where the last inclusion can be shown by induction, noting that C2(g) C Cl(y).

A nilpotent Lie algebra g has always non-trivial center Z(g) by Proposi-
tion 9.1.3.iii. In fact, if g is s-step nilpotent, the subalgebra ) is central. However,
the center might be strictly larger than g**); see Exercise 9.5.16.

Proposition 9.1.3 Let g be a Lie algebra.

9.1.3.i. If g is nilpotent, then subalgebras and homomorphic images of g are
nilpotent.

9.1.3.ii. Ifa < Z(g) and g/a is nilpotent, then g is nilpotent.

9.1.3.iii.  If g # {0} and g is nilpotent of step s, then {0} # C*(g) € Z(g).

9.1.3.iv.  If g is nilpotent of step s, then ad] = 0, for every x € g.

9.1.3.v. Ifiis anideal of g, then C" (i) is an ideal of g, for every n € N.
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Proof

(i) Assume g nilpotent. Let h be a subalgebra of g. Then [b, ] C [g, g] and so,
by induction, C" (h) C C"(g). Hence, the Lie algebra } is nilpotent. Moreover,
if we consider a Lie algebra homomorphism « : g — b, then [« (g), ¢ (g)] =
«([g, g]). By induction we have that

C"(a(g)) = a(C"(9)), Vn e N. 9.1

Consequently, the image «/(g) is nilpotent, since so is g.

(ii) If g/a is nilpotent, then by definition there is n € N such that C"(g/a) = {0} in
g/a, i.e., C"(g/a) = a/a. Now we apply (9.1) with « the projection g — g/a
and we deduce that C"(g) + a = C"(g/a) = qa, i.e., C"(g) C a C Z(g), where
the last inclusion holds by assumption. This implies that g is nilpotent:

() ¥ (g, C"(@)] C [a. Z(9)] = {O}.

(iii) By hypothesis, the natural number s is such that C**1(g) = {0} and C*(g) #

{0). Then, {0} # C*(g) < Z(g). since [C*(a), o] = C*+(g) = {0).
(iv) Since g is s-step nilpotent we have that cstl(g) = {0}. So forevery x € g

(ad(x))*(9) = [x, [x,...[x,g8]...1 € C*Tl(g) = {O}.
—— e’

s times

(v) It follows from the general easy fact that if i, { are ideals of g, then so is [i, {].
O

Proposition 9.1.3.iv states that if g is nilpotent, theneachmap ¥ € g+— [X, Y] €
g is a nilpotent transformation in the sense of Definition 9.1.12.i. We shall see in
Theorem 9.1.18 that the inverse implication holds true.

9.1.1 Examples of Nilpotent Lie Algebras

We present some examples of nilpotent Lie algebras.

Example 9.1.4 (Abelian Lie Algebras) Commutative Lie algebras are those for
which [X, Y] = [Y, X], for all elements X and Y. By anticommutativity, this is
equivalent to [-, -] = 0. We also refer to commutative Lie algebras as abelian Lie
algebras. Consequently, a Lie algebra g is commutative if and only if it is nilpotent

with nilpotency step equal to 1 because C2(g) def [g, a] = {0}
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Example 9.1.5 (Heisenberg Lie Algebra) The Heisenberg Lie algebra

0xz
nily := 00y| :x,y,zeRy Cgl(3)
000

is nilpotent of step 2 because for such a Lie algebra g := nil3

00z
c’@=1]|000|:zeR and  C3(g) = {0}.
000

Example 9.1.6 (Nilpotent Lie Algebras of Step 2) We revise Definition 7.3.7 of
nilpotent Lie algebras of step 2. Let V, W be vector spacesand ¢ : V x V —
W a skew-symmetric bilinear map, then [(v, wi), (v2, w2)] := (0, g(v1, v2)) is
a Lie bracket on V x W, and V x W becomes a 2-step Lie algebra unless g is
identically equal to O, in which case it is a commutative Lie algebra. Namely, we
have [[X, Y], Z] =0 forevery X,Y,Z € V x W.

As a more specific example, for n € N, we consider

V = A'(R") = {1-forms on R"},
W := A%(R") = {2-forms on R"}, (9.2)

q(v1, v2) ==V A V2,

where A is the wedge of 1-forms. Then ALR™) x AZ(R") becomes a 2-step Lie
algebra called the free-nilpotent Lie algebra of rank n and step 2. We will generalize
this example in Example 9.1.8.

One common convention in describing Lie algebras—and one that we shall often
use—is the following. Suppose that ¢ = R-span{X1,..., X,}. To describe the
Lie algebra structure of g, it suffices to give [X;, X;] for all i < j in terms of
X1, ..., X,. We can shorten this description considerably by giving only the non-
zero brackets; all the others are assumed to be zero.

Example 9.1.7 (Filiform Algebras of the First Kind) The (n 4+ 1)-dimensional
filiform algebra of the first kind is the Lie algebra with basis X, Y1, Y, ..., Y, and
only non-trivial relations

[X,Y;]=Y;1, forje{l,....n—1}.
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It is an n-step nilpotent Lie algebra and can be realized as a matrix algebra by
considering the matrices of the form:

0Ox 0 - 0 y,

RV for x, y1, ..., yn €R.
X y2

V1
0 0

Example 9.1.8 (Free-Nilpotent Lie Algebras) The free-nilpotent Lie algebra of
rank n and step k, denoted by f, x, is defined to be the quotient algebra f, /f,(lkﬂ),
where {,, is the free Lie algebra on n generators. This quotient is a finite-dimensional
Lie algebra. The (infinite-dimensional) Lie algebra f,, can be explicitly constructed
in the following way. One abstractly considers n-many letters X1, ..., X,, called
generators; then performs abstract Lie brackets of at most k-many of them, in every
order, e.g., [ X1, [X7, [X5, X3]]] but also [[X5, X1], [X7, X3]]; then one considers
the span, imposing anti-commutativity and Jacobi identity. There is a web app for
calculating bases of free Lie algebras available here: https://coropa.sourceforge.io/#
cgi
For example, the Lie algebra of rank 2 and step 3 is given by the diagram

X[ X2

X4 X5

which has to be read as [ X1, X»] = X3, [X1, X3] = X4, and [X3, X»] = X5. Each
bracket relation is expressed by a V-shape in the diagram, and it should be read
as: the bracket between the left arm of the V and the right arm gives the vector at
the bottom of the V. If the diagram should be read differently, we shall use another
notation; see page 329.

Example 9.1.9 (Strictly Upper-Triangular Matrix Algebras) The algebra of
strictly upper-triangular n x n matrices is an (n — 1)-step nilpotent Lie algebra of
dimension n(n — 1)/2, and its center is one-dimensional. We denote this important
Lie algebra by

0
nil, = 0" C gl(n).
0
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See the later Example 9.3.4 for the associated simply connected Lie group Nil,.
By a result of Birkhoff, we shall see that, up to isomorphism, the subalgebras of
nil,, are the most general examples of nilpotent Lie algebras; see Corollary 9.1.20.
Moreover, by a result of Engel, if g is a Lie subalgebra of gl(n) made of nilpotent
transformations (in the sense of Definition 9.1.12), then, up to a change of basis of
R", we have that g is a subalgebra of nil,; see Theorem 9.1.17.

Example 9.1.10 (Generalized Flag-Shifting Lie Algebras, g,;(¥)) Here is a
slight coordinate-free generalization of the previous example. Let V be a finite-
dimensional vector space and let ¥ = (Vy, ..., V;,) be a flag for V, i.e.,

VWo={0CcVvic...CV,=V.

The set of flag-preserving transformations, denoted by g(¥), is not nilpotent; see
Exercise 9.5.4. However, the set of flag-shifting transformations

it (F) :={A € gl(V) : A(Vk) € Vi1, Vk € {1, ..., m}}

is nilpotent of step at most m — 1; see Exercise 9.5.5. Actually, the Lie algebra
8ni1(F) can be seen as a subalgebra of nil,,, with n := dim V.

Example 9.1.11 The following Lie algebra is denoted as ns 1; see [LT22, page
162]. The non-trivial brackets in 115 ; with respect to some basis X1, ..., X5 are the
following:

(X1, Xo]l = X3, [X1,X3]=X4, [X1,X4]=[X2, X3]=X5.

This is a nilpotent Lie algebra of rank 2 and step 4. The Lie brackets can be pictured
with the diagram:

X

X2

Xy

Xs
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9.1.2 Nilpotent and Unipotent Transformations

Definition 9.1.12 Let V be a vector space, on which we denote by I the identity
map.

9.1.12.i. We say that A € gl(V) is a nilpotent transformation of V if there is
d € N such that A? = 0.

9.1.12.ii. We say that B € gl(V) is a unipotent transformation of V if B — I is
nilpotent.

For the next result, recall that if X € gl(V) then the adjoint map for X, from
Definition 5.5.1, is the element ady € gl(gl(V)) such that adx(Y) := [X,Y] =
XY —YX, fory e gl(V).

Proposition 9.1.13 Ler V be a finite-dimensional vector space. If X € gl(V) is a
nilpotent transformation of V, then ady is a nilpotent transformation of gl(V).

Proof First, from the definition of ad, one sees by induction that there are constants
{ck,j}j.kenw C Z such that

k
adf Y =) c;uX/YX*/ VXY eql(V),Vk eN. (9.3)
j=0

Next, let X € gl(V) and d € N such that X¢ = 0. Notice that for all j € {0,...,2d}
we have j > d or 2d — j > d. Therefore, for all Y € gl(V), if we write adg(d Y as
in (9.3), we see that X/ Y X24=—/ = 0 for all j, and thus adid Y =0. |

The following proposition strengthens the result that nilpotent matrices only have
0 as an eigenvalue.

Proposition 9.1.14 Ler V be a finite-dimensional vector space. If A € gl(V) is
a nilpotent transformation, then there is a basis of V in which A is strictly upper
triangular.

Proof Given A € gl(V), there is a basis of V such that the representation of A in
this basis is in real Jordan form; see Exercise 9.5.9. Notice that A is nilpotent if and
only if each block of the Jordan representation of A is nilpotent. Moreover, every
such block is nilpotent if and only if its eigenvalue is zero. Therefore, the real Jordan
form of A is upper triangular. O



250 9 Nilpotent Lie Groups
9.1.3 Engel’s Theorem

In this section, we prove Engel’s Theorem. We begin by recalling the notion of
representation of a Lie algebra, then we prove the statement for linear Lie algebras,
and finally, the desired theorem.

Definition 9.1.15 A representation of a Lie algebra g on a vector space V is a Lie
algebra homomorphism from g to gl(V'). Equivalently, it is a g-module structure on
V,ie.,themapgx V — V, (x, v) > xv is bilinear and

[x, ylv=x(Qv) —y(xv), Vx,y€g VvelV.

The adjoint map ad : g — gl(g), which is a Lie algebra representation because
of Jacobi identity, may not be injective. In fact, its kernel is exactly the center Z(g)
of g and thus ad(g) := {ad, : x € g} >~ g/Z(g).

Remark 9.1.16 Another example of Lie algebra representation is given by subal-
gebras: if ) is a subalgebra of g, then we have the representation of [y on g/b

adgp : b — al(a/h),

defined by

adg/y(h)(y + D) :=[h,y]+D, VhebhVyeaq. 9.4

Indeed, note that, if & € ), then [&, ] C b, and so [k, y+b]+b = [k, y]+D, leading
to a well-defined ady/y. Moreover, we stress that if for x € } the transformation
ad(x) : ¢ — gis nilpotent, then adg/y(x) : ¢/b — g/b is nilpotent. Indeed, we have
(adg/n(0))* (y +b) = (ad(x))*(y) + .

9.1.3.1 Engel’s Theorem on Linear Lie Algebras

In the next theorem, we see that every Lie algebra of nilpotent transformations is a
subalgebra of a Lie algebra of the form g,;(7) as defined in Example 9.1.10.

Theorem 9.1.17 (Engel’s Theorem on linear Lie Algebras) Let V # {0} be a
finite-dimensional vector space and ¢ C gl(V) a subalgebra. Assume that every
X € g is a nilpotent transformation of V. Then, we have:

9.1.17.i.  Thereis vg € V \ {0} such that g(vy) = {0},
9.1.17.ii. There is a flag ¥ = (Mo, ..., V) for V with dim(Vy) = k and g C
Onil (F)-

Consequently,

9.1.17.iii.  There is a basis of V relative to which elements of g are strictly upper-
triangular matrices;
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9.1.17.iv.  The Lie algebra g is nilpotent.

Proof We begin by proving 9.1.17.i. It is proved by induction on the dimension of
g.

If dimg = 0, then any vg € V \ {0} works. If dimg = 1, then g = Rx for
some x € gl(V). Since x is nilpotent, it has O as its (only) eigenvalue (as shown in
Proposition 9.1.14 by Jordan decomposition). Thus there is v # 0 such that xv = 0
and so txv =0, forall r € R.

Next, assume that dimg > 1, and assume the statement true for all Lie algebras
of dimension strictly less than dim g. Pick a subalgebrah < g with ) £ g of maximal
dimension. Note that dimb > 1 because 1-dimensional subalgebras always exist.
By assumption, every x € g C gI(V) is nilpotent. Hence, the transformation
ad(x) € gl(gl(V)) is nilpotent (see Proposition 9.1.13) and, by Remark 9.1.16,
the transformation adysy(x) € gl(g/b), as defined in (9.4), is nilpotent. Since
dim(ady/y(h)) < dim(h) < dim(g), we apply the inductive hypothesis to the
representation adgsy : b — gl(g/b). Then, there is a non-zero element in g/b, say
xo + b with xo € g and xo ¢ b, such that adg(h)(xo +b) = b. In other words,
we have [h, xo] C b. Hence, the vector space f) + Rxq is a subalgebra of g. By
maximality of b, we infer ) + Rxg = g and so [g, h] C b, i.e., b is an ideal.

Next, we consider the representation ) — gl(V') given by the inclusion. Recall
that since dim(l) < dim(g), by the inductive hypothesis there is v € V \ {0} such
that h(v) = {0} and so we can consider the nontrivial subspace

Vo:={veV :bhv={0}}.
Note that
g(Vo) C Vo,
because for every x € g, v € Vp, and every y € b, we have that
yxv = xyv — [x, y]v € xbv + hv = {0}.
Here, we used that [x, y] € [g, b] C b and that hv = {0}. Therefore, we can apply the
base case of induction in dimension 1 to the representation Rxy — gl(Vp) defined

as txg — (IXO)\V(): There is vg € Vp \ {0} such that xgvg = 0 and thus, putting all
together, we have that

a(vo) = by + Rxpuvg = {0}.

This proves 9.1.17.i.

Next, we show 9.1.17.ii. By 9.1.17.i, we choose v; € V \ {0} such that
g(v;) = 0 and we define V| := Ruv;. Then, the map @ : g — gl(V/V))
defined by x € g — a(x)(v + Vi) := x(v) + V; is well defined and gives a
representation of g on V/ V1. Still, the set «(g) consists of nilpotent transformations.
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By induction on the dimension of V, it follows that V / V| possesses a complete flag
F1:= Wo, ..., W,—1) with «(g) € g,;1(F1). Then, the singleton {0} together with
the preimage of the flag 7 in V yields a complete flag ¥ in V with g € g, ().
The consequences at the end of the statement of the theorem are immediate. O

9.1.3.2 Engel’s Characterization Theorem for Nilpotent Lie Algebras

Theorem 9.1.18 (Engel’s Theorem) Let g be a finite-dimensional Lie algebra.
Then

g is nilpotent — ad, is nilpotent, for every x € g.

Proof [=] The forward direction has already been proved in Proposition 9.1.3.iv.
[<] Regarding the apposite direction, considering ad(g) < gl(g), we have
that ad(g) = g/Z(g). Moreover, the set ad(g) is a Lie algebra of nilpotent
transformations of g, by assumption. By Engel’s Theorem on linear Lie algebras,
Theorem 9.1.17, we have that ad(g) is nilpotent. Finally, by Proposition 9.1.3.ii, we
conclude that g is nilpotent, as desired. O

In the above result, when using Proposition 9.1.3.ii, it is important that we
are quotienting by a subspace that is central. The reader should be aware of the
following fact: if a C g is an ideal and both a and g/a are nilpotent, then g may not
be nilpotent; see Exercise 9.5.10.

9.1.4 The General Birkhoff-Embedding Theorem

Theorem 9.1.19 (Birkhoff-Embedding Theorem) Ler g be a nilpotent finite-
dimensional Lie algebra. Then there are a finite-dimensional vector space V and an
injective homomorphism t . ¢ — gl(V) such that for every x € g the transformation
1(x) is nilpotent.

We will only prove this theorem in the particular case of positively graded Lie
algebras, and, hence, for Carnot algebras; see Sect.9.2.4. A proof of the general
theorem can be found in [CG90, Theorem 1.1.11], but it relies on the construction
of the universal enveloping algebra and the Poincaré-Birkhoff-Witt Theorem; see
[Kna02, Chapter III]. There is a more general result due to Ado, which generalizes
the previous Theorem 9.1.19, stating that every finite-dimensional Lie algebra has
an injective finite-dimensional representation whose restriction to the maximal
nilpotent ideal is nilpotent valued; see [Kna02, Theorem B.8, p.663].

We recall that we also have Engel’s characterization of Lie algebras of nilpotent
transformations: Theorem 9.1.17. Hence, Birkhoff’s Theorem can be stated as
follows:
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Corollary 9.1.20 For every nilpotent finite-dimensional Lie algebra g there are n €
N and a subalgebra § of the space nil,, of strictly upper-triangular n x n-matrices
such that g and § are isomorphic.

9.2 Gradings and Stratifications

In Chap. 11, we will see that Carnot groups, the tangents of Carnot-Carathéodory
spaces, will have nilpotent Lie algebras that have very special structures, called
stratifications. For a Lie algebra g, an s-step stratification of g is a direct-sum
decomposition

g=VieVd -V
of g with the property that
V #{0)  and  [Vi,Vil=Vi. Vie(l,....s), 9.5)

where we set Vi1 := {0}. In Definition 9.2.4, we shall provide other alternative
equivalent definitions. In fact, it is useful to see stratifications as special types of
gradings. Hence, we discuss this broader concept next.

9.2.1 Graded Vector Spaces and Graded Lie Algebras

We begin with graded vector spaces.

Definition 9.2.1 (Grading for a Vector Space) Let A be a set (or, in many
situations, a subset of an abelian group such as Z or R) and let V be a vector space.
A linear grading of V over A is a collection of vector subspaces (V,;),ca of V such
that

v:@va.

acA

This means that V = span{V,, : a € A} and for every a,a’ € A witha # a’ we
have that V, NV, = {0}. We refer to a linear grading of V also as a grading of V
as a vector space, or as a grading, for short. When a grading of V over A is fixed,
we shall say that V is an A-graded vector space. If the grading is such that A € R
and

V = V>0 :Z@Va,

a>0
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then V is said to be positively graded. Given a grading (V,),c4 and a € A, elements
in V, are said to have degree a. Each V, is called a layer, or the a-th layer.

Next, we examine Lie algebras, for which we consider two more restrictive
notions of linear gradings. We stress that a Lie algebra g is a vector space with
the additional structure of a Lie bracket.

Definition 9.2.2 (Compatible Linear Grading) Let g be a Lie algebra. A com-
patible linear grading on g is a linear decomposition of g into vector subspaces
Vi, Va, ... such that

oo
s=@PVi ad ¢P=e"VeoV, vieN (9.6)
i=1

where the g()’s are the lower central series elements from Definition 9.1.1.

A compatible linear grading is a particular Z-grading with a mild interaction with
the Lie algebra structure. Clearly, every nilpotent Lie algebra admits a compatible
linear grading (see Exercise 9.5.32). Carnot algebras will have a stronger property.

Definition 9.2.3 (Lie Algebra Grading) Given an abelian group A (for instance Z
or R) and a Lie algebra g, a grading over A of g as a Lie algebra, or a Lie algebra
A-grading, is a linear grading (V,),c4 of g as a vector space with the extra property
that

[Va, Vbl € Vyyp, Va,b e A.

9.2.2 Stratified Lie Algebras

We shall focus on a particular type of Lie algebra grading: stratifications. There are
various equivalent definitions for them; see Remark 9.2.5.

Definition 9.2.4 (Stratification) If g is a Lie algebra, a Lie algebra Z-grading
(Va)aez of g is called a stratification of g if the smallest Lie subalgebra of g
containing Vi is g. The maximal a for which V, # {0} is called the step of the
stratification. A Lie algebra is stratifiable if it admits a stratification. When one
fixes a stratification of a stratifiable Lie algebra g, we say that g is stratified, or a
Carnot algebra.

Remark 9.2.5 (Equivalent Definitions) We rephrase the definition by saying that
a stratification of a Lie algebra g is a Z-grading for which g is Lie generated
by the elements of degree 1. Equivalently, this means that there is a direct-sum
decomposition g = Vi @ - - - @ V; for which

Vi, Vil=Vj41, Vje{l,...,s}, with Vo4 == {O}.
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The latter is the most common version of the definition of stratification.
Example 9.2.6 Every commutative Lie algebra g admits a 1-step stratification with
Vi =ag.

Example 9.2.7 Let g be the Heisenberg Lie algebra spanned by X, Y, Z with
relation [X, Y] = Z. Then the subspaces V| := span{X, Y} and V, := span{Z}
form a 2-step stratification.

Remark 9.2.8 The following non invertible implications hold for finite-
dimensional Lie algebras:

Camot = positively graded = nilpotent .

For the forward implications, see Exercises 9.5.21 and 9.5.19. For the fact that
reverse implications do not hold, see Exercises 9.5.24 and 9.5.26. In fact, more
examples can be found in [Goo76, Hak+22, LT22].

9.2.2.1 Uniqueness of Stratifications

In the following proposition, we prove that every two stratifications on the same
stratifiable Lie algebra differ by an automorphism.

Proposition 9.2.9 (Uniqueness of Stratifications) Let g be a stratifiable Lie
algebra with two stratifications,

Vid---@Vs=g=W1®--- 0 W

Then, we have the following properties:

9.2.9.i.  The steps coincide, i.e., s = t, and g(k) =Vid--- eV, =W D---dW,,
forallk € {1,...,s};

9.2.9.ii.  there is a Lie algebra automorphism A : g — g with A(Vy) = Wy, for
allk e {1,...,s}.

Proof The first point is simple; see Exercise 9.5.22. Then the quotient mappings
e g% — g® /g*+D induce linear isomorphisms x|y, : Vi — g®/g**D and
wlw, + W — g(k)/g(k“), by a dimension argument. For v € Vj define A(v) :=
(mklw,) " o x|y, (v). Notice that for v € Vi and w € Wy we have

Av)=w <= v—wegkth.
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Extend A to a linear map A : g — g¢. This is clearly a linear isomorphism. Next, we
need to show that A is a Lie algebra homomorphism, i.e., [Aa, Ab] = A([a, b]) for
alla,beg.Leta=)j_;a;andb =) ;_, b; witha;, b; € V;. Then

N

A(la, b)) = > > " A(lai,b;j]) and [Aa, Abl =" [Aa;, Ab;].

i=1j=1 i=1 j=1

Thus, we can just prove A([a;, bj]) = [Aa;, Abj] fora; € V; and b; € V;. Notice
that A([a;, b;]) and [Aa;, Ab;] both belong to W, ;. Therefore, writing [a;, b;] as
[Aa;, Abj] + ([a;, bj] —[Aag;, Abj]), we have that A([q;, bj]) = [Agq;, Abj] if and
only if [a;, b;] — [Aa;, Ab;] € ¢/ TV In fact, we have

lai. bj] — [Aa;, Abj] = [a; — Aa;, bj] — [Aa;, Abj — bj] € g/,

be_ca_use, on the one hand, a; — Aq; € g“*D and bj € Wi, so [a; — Aa;, bj] €
g(’_ﬂ_“), on the other hand, Aa; € W; and Ab; —b; € gU+V so[Aa;, Ab; —bj] €
g+i+D We deduced that A is a Lie algebra homomorphism. |

9.2.2.2 Induced Grading on gI(V)

In the next definition, we consider subspaces of the linear transformations on a
vector space equipped with a linear grading that will form a grading themselves.

Definition 9.2.10 (gI(V), and gI(V)~0) Let (V,;),ea be alinear grading of a vector
space V over an abelian group A. For every a € A we define

8l(V)q :={M € gl(V) : M(Vp) S Viya, Vb € A},

and if A has an ordering (for instance, if A C R) we define

al(V)~0 := € sl(V)a.

a>0

We shall show that the collection (gl(V),)4e4 forms an A-grading of gl(V) as a Lie
algebra. Moreover, if V is a Carnot algebra, then gl(V). ¢ is a Carnot algebra.

Proposition 9.2.11 Let V be a finite-dimensional vector space with a linear
grading (V,),ca over an abelian group A. Then, we have the following properties:

9.2.11.i.  (al(V)a)aea is a Lie algebra grading of gl(V);
9.2.11idi. If A is a subgroup of (R, +), then gl(V)~q is a Lie subalgebra of
nilpotent transformations;
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9.2.11iii. If A = (Z,+) and there are a, b € A such that
Vm {0} < meZnia,bl,
then gl(V)~g is a Carnot algebra.

Proof

(i) Fix X1,..., X,, a basis of V adapted to the direct-sum decomposition V =
@aeA V.. So forevery i € {1, ...,n}thereis a; € A such that X; € V,,. For
eachi, j € {1,...,n}, let E; € gl(V) be such that

EL(Xi) = X; and E'(Xi) =0, Vk#i.

Consequently, the elements (Ej.),',.,'e{l,__“n} form a basis of gl(V). Moreover,
every E; is such that E;(Vai) C Vaj and for every @ # a; we have that
E'(Va) = {0} € Vasaj—a)s i-€., E'; € QU(V)a;—q;. Therefore,

P ol(vV)a = al(vV).

acA

Finally, notice that if M7 € gl(V), and M> € gl(V), then
MM, MoMy € gU(V)atp,
and so [gl(V)g, al(V)p] € gl(V)4+p. This completes the proof of 9.2.11.1.
(ii) Clearly, the subset gl(V')~ is a Lie subalgebra, see Exercise 9.5.29. Moreover,
assuming a; < a; for every i < j and defining
Wo := {0} and Wi == span{X,—i+1,..., Xn}, Viel{l,..., n},
the m-uple ¥ := (Wp, ..., W,,) defines a flag for V such that gl(V)~g C
anil (F); see the last notation from Example 9.1.10.
(iii) We want to prove thatif V = V3 @ --- @ Vj; with V; # {0} for every integer

j efa,..., 15}, then gl(V)~ is generated by gl(V);. By induction, we shall
prove that

[8I(V)1, al(V)k] = 8I(V )1, Vk € N. 0.7

It is enough to prove that for every i, j such thata; —a; = k + 1 (i.e., E; €
al(V)k+1) we get that

E' € [g1(V)1, gU(V)il.
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Since X; € V,;, X € Va/.,andai —aj =k+1#0wehavethata < a; <
aj < b. Moreover, by assumption, there is a basis element X; with a; = a; +1.
We claim that

— E} =[E}, E{] = E,E| — E\E|.

Indeed, recalling that a; < a¢ < a;j, we have EéEf = 0 and Eij3 = E’/
Since Eé € gl(V); and Ef € gl(V)k, we proved (9.7), as desired.
O

9.2.3 Dilation Structures

For vector spaces, gradings are in correspondence with dilation structures.

We stress that, in the presence of an R-grading (V,),er of a finite-dimensional
vector space V, there is a finite subset / C R such that V; # {0} if and only if i € /.
Hence, every vector v € V can be written uniquely as v = ) ., v;, with v; € V;.
With abuse of notation, we shall still write v = ZieR v;.

iel

Definition 9.2.12 (Dilations on Graded Vector Spaces) Let (V,),cr be an R-
grading of a finite-dimensional vector space V. For every A > 0, the anisotropic
dilation on V of factor M relative to the grading (or, simply, the dilation §,, when
the grading is understood) is the linear map §, : V — V such that

S v = A%, Ya e R,Yv € V,. (9.8)

In addition, we notice that if the grading is a Z-grading, then the above equation
defines dilations 8y, also for A < 0. If V<q is trivial, then for A = 0 we set §, = 0.
Therefore, if V<o = {0} and the grading is a Z-grading, the map (A,v) e Rx V —»
8, (v) € V is continuous.

Proposition 9.2.13 Given a Lie algebra grading (V,)qer of a Lie algebra g,
consider the anisotropic dilations relative to the grading, as in (9.8). Then, for
A € Ry, the dilation 8, : ¢ — g is a Lie algebra automorphism. Moreover, the
map (R-o, -) = Autric(9), A > 8y, is a one-parameter subgroup:

8 o 8“ = 8}»/4’ VA, JZRS R. 9.9)
Proof We need to show that the map is a linear bijection and

5, ([X, Y] =[6,X,68,Y], VX,Y €g.



9.2 Gradings and Stratifications 259

Take X,Y € g and decompose them as X = ), g X; and ¥ = ), ¥;, with
X;,Y; € Vi. Since [X;, Y;] € [V;, Vj] C Vigj, we get

[5:X.8:Y] =Y M X, A/Y;]
iJ

= AHIXL Y =) 83X YD =6 | DX Y1 | = 863X, Y)).

i,j i,j iJ
Moreover, the map §, is invertible with inverse §1/,. Equation (9.9) is trivial. O

In the presence of a Z-grading, the map (R \ {0}, -) — Autrie(g), A = ) isa
group homomorphism, also defined for negative 1A’s.

Vice versa, if we have a direct-sum decomposition § = @@, g V. and the map §;,
as in (9.8) is a Lie algebra automorphism, then the decomposition is necessarily a
Lie algebra grading. Notice that (9.8) can be rewritten as

8, = exp(log(M)a),

where « is the diagonal transformation multiplying by a € R the space V,,. The
assumption that the §,’s are Lie algebra automorphisms rephrases as « being
a derivation, in the sense of Definition 5.6.2. More generally, every OPS of
automorphisms gives a grading.

Proposition 9.2.14 Given a Lie algebra g, let (R~q, -) — Autric(g), A — 8y, be
a one-parameter subgroup of Lie algebra automorphisms. Then there exists a €
Der(g) such that §;, = exp((log(M)w), for all A € R~, and the Lie algebra g admits
a Lie algebra grading where the layers are

Vi :=gﬂ@Ef‘+l-s, fort € R,

seR
where E;"HS is a generalized eigenspace of o corresponding to the eigenvector t+is;
see (9.11).

We leave the proof as an exercise since we will actually prove a stronger statement
in a few pages; see Proposition 9.2.19.

Later, when discussing measures on Carnot groups, we shall need the following
result.

Lemma 9.2.15 [fg = V| & --- @ V; is a stratified Lie algebra, then for every
A > 0 the anisotropic dilation 8, : ¢ — @ of factor A relative to the grading has
determinant equal to A2 with

Q=) j-dim(V)).

Jj=1
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Proof Fix a basis X1, ..., X, adapted to the stratification, i.e., for every i, there is
a j such that X; € V;. Then, in this basis, the map &, is represented by the diagonal
matrix with diagonal

I I SR S SRR L §

—_— — ——
dim V; dim V5 dim V,
. . dim V! ; -
Hence, the determinant is A4mV" . (32)dimVa ... (js)dimVy — 5 0 O

9.2.3.1 Associated Carnot Algebra

To every nilpotent Lie algebra g, there is a canonical way to associate a stratified
Lie algebra. Later in the book, in Sect. 12.4.1, we shall see that this associated Lie
algebra also has a geometric meaning. We first define this associated Carnot algebra
as an abstract direct sum of quotients. Later, we shall equivalently describe it via
limiting dilations.

Definition 9.2.16 (Associated Carnot Algebra) Let g be a Lie algebra that is

nilpotent of step s. Let g+ & 14, 4@ be the descending central series of g.
The associated Carnot algebra of g is the Lie algebra g5, given by the direct-sum
decomposition

N .
0
3 i =EP* /gD

i=1

endowed with the unique Lie bracket [-, -]~ that has the property that, if X € g®
and Y € g\, the bracket is defined, modulo g¢t/+D as

Hx+g(i+1)’y+g(j+l)]] = [X, Y] + qU /D,
oo

The associated Carnot algebra is stratified by (3 /g*1)’_ . Fixing a compat-
ible linear grading, one can setwise identify this new Lie algebra with the original

one, and its Lie bracket can be equivalently defined by the following result.

Lemma 9.2.17 Let (g, [-, -]) be a nilpotent Lie algebra. Consider the dilations
(82)2=0 relative to some compatible linear grading and define the map

[X, Y]oo = lim 87 8:X, 8, Y1, VX,Y € g. (9.10)
—+00

Then [, -] oo defines a Lie bracket on g, such that

[6:X.8:Y]oo = 81[X. Y]oos  VX,Y €4, VA ER,
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and (8, [, -Joo) is isomorphic to the associated Carnot algebra of (g, [, -]).

Proof Let (Vj)?; be a compatible linear grading of (g, [+, -]). Since the V;’s form
a direct decomposition of g, it suffices to consider (9.10) for X € V; and Y € V;,
for some i, j. Because we are in the presence of a compatible linear grading, the
element [X, Y] belongs to @,fil 4 Vi; see Exercise 9.5.32. Thus, we have that

(X.Y]=Ziy;j+Ziyjr1+ ...+ Zs,
for some vectors Z; € Vj. Hence, we compute

5 6, X, 8, Y] = 8, ' [A X, Y]
= M N Zigj + Zigjir o+ Zy)

= Ziyj A7 Zig o 4+ AT T Z

which goes to Z; j, as A — 00. The proof is concluded by observing that Z;y j is a
vector that represent [X, Y] modulo g +/ D, O

9.2.3.2 Siebert Theorem

Lie groups whose Lie algebra admits a positive grading are precisely those
Lie groups whose universal covering Lie group admits automorphisms that are
topologically contractive, in a sense that we soon review. Such a characterization
is due to Siebert, [Sie86]. We present here his result only focusing on Lie groups.
More generally, Siebert showed that a connected locally compact group G admits
a contractible automorphism if and only if G is a simply connected Lie group
whose Lie algebra admits a positive grading, [Sie86, Corollary 2.4]. In addition,
a locally compact group G admits a contractible automorphism if and only if
G is topologically isomorphic to the direct product of two groups G¢ and Gp
admitting contractible automorphisms, where G¢ is connected and Gp is totally
disconnected, [Sie86, Proposition 4.2 and Corollary 4.3]. We shall not discuss these
more comprehensive results here.

We use the term contractive in the following topological sense. Amap F : X —
X from a topological space into itself is said to be contractive if there exists xo € X
such that for every x € X one has lim,_, o F"(x) = xo, where F" denotes the
n-times composition of the map F. We stress that if F is a Lie group automorphism
G — G or a Lie algebra automorphism g — g, then the (only possible choice for)
xp 1s 1g or 0 € g, respectively.

We saw that if a Lie algebra is graded, then the relative dilations from Defini-
tion 9.2.12 define maps &, that are Lie algebra automorphisms, for all A > 0; see
Proposition 9.2.13. We stress that if A € (0, 1) and the grading is a positive grading,
then the map &, is contractive; see Exercise 9.5.34. Siebert’s theorem exactly states
the inverse implication.



262 9 Nilpotent Lie Groups

Theorem 9.2.18 (Siebert, [Sie86]) For every simply connected Lie group G, the
following are equivalent.

9.2.18.i.  Lie(G) admits a positive grading;

9.2.18.ii. G admits a contractive Lie group automorphism;

9.2.18.iii.  Lie(G) admits a contractive Lie algebra automorphism.

Before the proof of Theorem 9.2.18, we discuss how automorphisms of Lie
algebras induce gradings; see the following proposition. For defining the gradings,
it is more convenient to pass to complexifications as we next review.

We denote by V¢ the complexification of a real vector space V,so Vo :=V x V
with complex scalar multiplication given by i - (X,Y) := (=Y, X),for X, Y € V.
It is a complex vector space with conjugation (X, Y)* := (X, -Y).If¢p : V - V
is an R-linear map, then its complexification is the C-linear map ¢c : Vo — V,
X, YY) ¢c(X,Y) 1= (¢(X), dp(Y)). The spectrum of ¢ is defined by

Spec(¢) := {a € C: det(¢pc — l) = 0},

where I is the identity map on V¢, and the generalized eigenspace of ¢ correspond-
ingtoa € Cby

E{:={veVc:IneN (¢c—aD"v=0}. 9.11)

By Jordan Theorem (see Exercise 9.5.9), we have V¢ = @aeSpec(d)) Eff

Proposition 9.2.19 Let ¢ be an automorphism of a Lie algebra g. Fix A €
(0, 400) \ {1}. For each t € R, define

V= Vo 9) =00 (D{EL e e C lal =27}),

where the Eff are defined in (9.11) for V := g. Then {V;};cr is a Lie algebra grading
of o, with degrees in log, (|Spec(¢)|), i.e.,

g= @ Vi, for D := {logl(|a|) Ta € Spec(qb)} . 9.12)
teD

Moreover,

| det()| = A2rer dim(Ve),

Proof We notice that if « ¢ Spec(¢p) =: o(¢), then Eg = {0}. Since o(¢) is a
finite set, then only finitely many V;’s are not trivial. For ¢ € o(¢) C C, define

U‘f = (ng + Eg) N g. We claim that

a= P vs. (9.13)
aea()
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where the sum is direct up to the identification U, ¢ _ U (f . Indeed, take v € g and
write v = Za vy Wwith v, € ng for all o, which is possible by Jordan theorem.
Since v = v*, we have v = %(v +v*) = % >y (W + V), where vy + v} € Uy. So,
we have g = Zaea(¢) Uo‘f’. Since Uf N Ug = {0} if o ¢ {B, B}, the sum is direct.
This proves claim (9.13).

Since ¢ is injective, then Ug’ = {0}. Therefore, because of (9.13), we have that

g= @IER Vi.
Using Exercise 9.5.38, we have

e uf1cul,eUl,,  Ya.pecC. 9.14)

If X € UY and Y € Uj with || = A and |B| = A*, then [X, Y] € U, & US; C
Viis, because of (9.14) and |af| = |@B| = A*T'. Therefore, [V, V;] C Vi, and
{Vi}ier is a real grading of g. Finally, if we set &, = 1 if @ € R and g, = 1/2 if
aeC\R,

| det(¢)| = 1_[ qlimc(Ee) | — 1_[ o dimp (Uo) _ nkt'dim(‘/’),

aeo(P) aeo(p) teR

O

Proof of Theorem 9.2.18 The equivalence between 9.2.18.ii and 9.2.18.iii is trivial;
see Exercise 9.5.36. The easy implication 9.2.18.i == 9.2.18.iii is in Exer-
cise 9.5.34.

Regarding 9.2.18.iii = 9.2.18., if ¢ is an automorphism of g that is
contractive, then also ¢c : gc — g¢ is contractive. Therefore, the transformation
¢c cannot have eigenvalues with norm > 1. For A := 1/2, we consider the grading
Vi := Vi (A, @) of Proposition 9.2.19. We check that it is a positive grading. Indeed,
for all t < 0 we have that for all @ € C such that |a| = 1/2' the set ng is trivial
because 1/2" > 1. Thus V; = {0}. O

We conclude the subsection with the following observation that tells us when an
automorphism coming from a derivation is contractive.

Remark 9.2.20 Let A be a derivation of a Lie algebra g. For ¢ := exp(A4) €
Auty e (g) the following are equivalent:

9.2.20.i. ¥ is contractive;
9.2.20.ii. Spec(y) C{zeC:|z] < 1};
9.2.20.ii. Spec(A) C {z € C: Re(z) < O}.
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9.2.4 Birkhoff Theorem for Stratified Lie Algebras

We will present a proof of Birkhoff’s Theorem for Carnot algebras, as Y. Cornulier
explained it to the author. We begin with a Carnot algebra g. Then, we perform a
semidirect product g < R, on which we naturally put a grading. Consequently, the
Lie algebra gl(g x R)~o will be a Carnot algebra, containing a copy of g.

9.2.4.1 Induced Grading on g x R

We begin very general: Let g be a Z-graded Lie algebra with grading (V) mez. We
consider the semidirect product g ¥ R where 1 € R acts on g as the derivation that
multiplies by m the vectors in V,,. Namely, recalling the construction from (5.17),
the Lie bracket on the semidirect product g x R is

(X, 5), (¥, 0] = ([X, Y1+ ) smYu = ) tmXp, o) ., VX.Y.eqVs1€eR,

mez mez

ifX=),sXpandY =3, Y, with X,,, Y, €V, form € Z.
The Lie algebra g x R is Z-graded by (V) ez defined as

Vy = Vo x {0} & {0} x R,
V=V x {0}, ¥m £ 0; (9.15)

m
see Exercise 9.5.39.i. Moreover, if g is a non-trivial Carnot algebra, then g x R has
a trivial center; see Exercise 9.5.39.1i.

9.2.4.2 Proof of Birkhoff Theorem for Carnot Algebras

When g is a Z-graded Lie algebra, then gl(g x R).¢ is a Lie algebra of nilpotent
transformations and g x R is graded by (9.15); see Exercise 9.5.39. Note that g =~
g x {0} C g xR, so ad(g) can be seen as a subset of gl(g x R). We next prove that
such a map ad gives an injective representation of g on the vector space g x R.

Theorem 9.2.21 (Birkhoff-Embedding Theorem for Carnot Algebras) Let g be
a Carnot algebra. Then ad : g — gl(gxR)~o C gl(gXR) is an injective Lie algebra
homomorphism into the Carnot algebra gl(g X R)~ o of nilpotent transformations.

Proof We can assume that g # {0}. Since g is a Carnot algebra we have that Vy =
{0} and so g x R has trivial center; see Exercise 9.5.39.ii. Consequently, the map
ad : g — g¢l(g x R) is injective. Moreover, to see that the map is valued into
gl(g X R)>q, take n,m € N, X € V,(g), and (Y,s) € V,;(g X R). On the one
hand, if m = 0so Y = 0, then adx(Y,s) = [(X,0), (0,5)] = (—snX,0) € V,.
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Hence, ady increased the degree by n. On the other hand, if m # 0 so s = 0,
then adyx(Y,s) = [(X,0), (Y,0)] = ([X,Y],0) € V4, and consequently ady
increased the degree by n. Thus ady € gl(g X R)~¢ and the proof is completed
recalling Proposition 9.2.11. O

9.3 Nilpotent Lie Groups

Nilpotency for groups can be equivalently defined using either the lower central
series or the upper central series, like for Lie algebras in Definition 9.1.1 and
Exercise 9.5.3, respectively. For the central series in groups, recall the notation:
For a, b € G we write [a, b] := aba—1b~! and, instead, for subsets A, B € G we
define [A, B] to be the subgroup of G generated by all those elements [a, b] as a
varies in A and b varies in B.

Definition 9.3.1 (Lower Central Series) Let G be a group. We iteratively define
the elements of the lower central series (C*' (G));en of G, also called the descending
central series of G, by

c'(G):=G, and CYG) =[G, C(G)), Vi € N.

Definition 9.3.2 (Upper Central Series) Let G be a group. We iteratively define
the elements of the upper central series ({;(G));en of G by

50(G) :={lg} and ¢11(G) :={geG:[g, Gl C&(G)}, Vi e N.

We make some simple observation about the elements C (G) and i (G):

1. £1(G) = Z(G) is the center of the group.

2. CY(G) =[G, G] is the commutator subgroup.

3. {1} =40(6) < 41(G) <... <&i-1(G) < Gi(G) < ...
4. G=C"(G)>C*G)>...>C"HG) > C(G) > ...

Definition 9.3.3 (Nilpotent Group) A group G is nilpotent if there exists d such
that C9*+1(G) = {1}. The minimal d is called the nilpotency step of G. Equivalently,
a group G is nilpotent if there exists d such that {; = {1} and the minimal d is called
the nilpotency step of G.

There will be an easy way to construct nilpotent Lie groups as subgroups of
the matrix group Nil, of upper triangular matrices, as presented in Example 9.3.4.
Indeed, given any nilpotent Lie algebra n, by Birkhoff theorem, we can see it as
a subalgebra of the Lie algebra nil, of Nil,, for some n € N. By Theorem 5.1.4
there exists a unique connected Lie subgroup N C Nil,, (a priori, not closed) with
Lie(N) = n. We shall see that, actually, every such N is closed.
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The main aim of this section is to show the following results:

(a) A connected Lie group is nilpotent if and only if its Lie algebra is nilpotent; see
Sect.9.4.2.

(b) Every nilpotent simply connected Lie group is isomorphic to a closed subgroup
of Nil, for some n € N; see Theorem 9.4.6.iii. In particular, each nilpotent
simply connected Lie group is isomorphic to a matrix group, in fact to a closed
subgroup of some general linear group. We will also prove that every connected
subgroup of Nil, is closed and simply connected; see Proposition 9.4.1. From
these facts, we will get plenty of consequences.

9.3.1 Examples of Nilpotent Lie Groups

Example 9.3.4 (Upper-Triangular Unipotent Matrices) For each n € N, we
consider the matrix group formed by all the matrices that have 1’s along the diagonal
and zero entries below the diagonal, e.g., forn = 3,

*

1
Nil, := 0 C GL(n, R).
0

—_ % %

1
0
The Lie group Nil,, is nilpotent of step (n — 1) and its Lie algebra is nil,, as defined
in Example 9.1.9.

Example 9.3.5 Every closed subgroup of Nil,, is a nilpotent Lie group. We shall see
that every nilpotent simply connected Lie group is of this type; see Proposition 9.4.3.

Example 9.3.6 (Nil(¥)) Here is a slight generalization of the previous example.
Let V be a finite-dimensional vector space and let ¥ = (Vp, ..., V;,) be a flag for
V. The Lie group

Nil(F) :={A € gl(V) : (A =D(Vx) € Va1, Vk € {1, ..., n}}

is nilpotent of step n — 1, with Lie algebra g,; () as in Example 9.1.10.

Example 9.3.7 (Heisenberg Groups) The (2n + 1)-dimensional Heisenberg Lie
algebra is the Lie algebra with basis {X1, ..., Xp, Y1, ..., Yy, Z}, whose pairwise
brackets are equal to zero except for

[X;,Y;1=2, forjefl,...,n}
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It is a two-step nilpotent Lie algebra. One way to realize it as a matrix algebra is to
consider (n 4 2) x (n 4 2) upper-triangular matrices of the form

0x; ... xp 2

-0 - 0 y
L for x1, ..., X0, ¥1,..., Yn, 2 €R.

0 yn

0O- - -0

The simply connected Lie group associated with this Lie algebra is called the n-th
Heisenberg group, and as a matrix group, it is

1 x1 ... xp 2
L - 0xn
G = ) oo b txn X Y 2 € R CGL(n + 2, R).
: L yu
0o . . .1

Every Heisenberg group is nilpotent of step 2.
Example 9.3.8 If g is a 2-step Lie algebra, then

1
(X.Y) €gxgr> X V=X +Y + X, V],

defines a group structure on g. Such a Lie group is nilpotent of step 2. Hence,
every nilpotent simply connected Lie group is isomorphic to a group G, as in
Definition 7.3.7.

9.3.2 The Exponential Function on Nilpotent Matrices

Nilpotent simply connected Lie groups have the feature that their exponential maps
are global diffeomorphisms. Recall from Sect. 5.4.2 that for every finite-dimensional
vector space V the exponential map exp : gl(V) — GL(V) is

o
A}l
A et = —.
n!
n=0
We shall first present a local inverse map around the identity transformation I = ¢°
in GL(V).
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Definition 9.3.9 (Logarithm Function) Fix n € N. Using the operator norm on
GL(R"), we define the set

Bi(1) := {M € GL(R") : |M —1I| < 1} € GL(R")

and the map log : Bj(1) € GL(R") — gl(R") as

]

M +— log(M) = Z

k=1

(=D*

(M —DF.

Remark 9.3.10 Since we have uniform convergence for all x € (—1, 1) of log(1+

k
xX) =Y o %xk, the map log is smooth on the open set By(1). Moreover, as a
consequence of a formal series inversion, we have that the map log is the inverse of
exp in small enough neighborhoods of I and 0, respectively; see Exercise 9.5.43.

In the next proposition, we shall consider the set ¢ of unipotent matrices and the
set AV of nilpotent matrices. The set U is not a subgroup, nor is N a subalgebra; see
Exercise 9.5.44. We shall then study how to equivalently express exp and log on
these sets.

Proposition 9.3.11 Fix n € N and consider the following sets:

U:={M eGL®R") : (M —T)" =0},

(9.16)
N :={A e gIR") : A" =0}

The map expn : N — U is equivalently defined as

and is a homeomorphism with inverse logiq, : U — N, which is equivalently
defined as

00 k41 n k+1
def (=D k (=D k
M logM = — (M -D* = — (M —-1)".
g k§=1 X ( ) ;:1 T ( )

We stress that in the second sums above, the sums over k stop at .

Proof Observe that when restricting to U, respectively to N, the finite sums give
the same maps. Moreover, since the second sums are finite, they define maps that
are polynomial and globally defined on gl(R").
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We check that exp|y is U-valued: Take A € N, so A" = 0. Observe that A and

k—1
> i_o 4 commute. Thus

nooak\" noak—1\"
(eA—I)"z(Z%) =A"<ZAT) =0.

k=1 k=1

In a similar way we check that logq, is N-valued: Take M € U so (M —D)" =0
and so, because M — I commutes with its powers, we get

~ (D ’
(log M) = (M =" { 3 ——M =D =o0.

k=1

Finally, we check that exp olog is the identity map. Fix A € N. Consider ¢ €
R — logm(exp‘N(tA)). Notice that tA € N for every ¢ € R and, for all ¢ small
enough, the element 7 A is in a neighborhood of O where exp has log as inverse; see
Exercise 9.5.43. Hence, for all # small enough, we get

log(exp(tA)) =tA.

Since both functions are polynomial in ¢, then they coincides for every ¢ and in
particular for t = 1.

Similarly, exp,y(log,q,(I+7A)) and I+7A are polynomials in ¢ that coincide for
all r small enough, hence they do atr = 1. O

We now consider nil,, and Nil,,, from Examples 9.1.9 and 9.3.4, respectively. We
see nil, as a subset of NV and Nil,, as a subset of Y. The exponential map on nil, is
given by the finite sum shown in Proposition 9.3.11.

Corollary 9.3.12 The map exp : nil, — Nil,, is a polynomial diffeomorphism with
polynomial inverse loglNﬂn : Nil,, — nil,.

9.4 Connected Nilpotent Lie Groups

9.4.1 Connected Lie Subgroups of Nil,

We shall prove that every nilpotent simply connected Lie group is, in fact, a
subgroup of some Nil,; see Proposition 9.4.3. Before that, we study connected
subgroups of Nil,.

Proposition 9.4.1 If G is a connected Lie subgroup of Nil,, then exp(Lie(G)) = G
and in particular G is closed and simply connected.
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Proof Recall from Corollary 9.3.12 that on Nil,, and on its Lie algebra nil,, the
respective maps exp and logq, are polynomial and are inverse of each other. Let
g := Lie(G) C nil,. Clearly, expn(g) = exp(g) C G. We next prove the other
inclusion. Let U be a connected neighborhood of 0 in g such that expy : U —
exp(U) is a diffeomorphism and V := exp(U) is a neighborhood of 15 in G. From
a general argument valid for topological groups, since G is connected, we have that
G =U,,_; V™, see Exercise 5.8.3. We shall prove by induction on m € N that

V™ C exp(g). (9.17)

The base of induction is that V! = Vv & exp(U) C exp(g). Now assume that

the claim (9.17) holds for m € N. Take w € V™t = v . V. Hence, there are
x € gand y € U such that w = exp(x) exp(y) and so using BCH formula (see
Proposition 5.7.4) we have that w = exp(x + y + %[x, y] + ...), where the sum
is actually finite and it is by terms in g, then w € exp(g). Consequently, we infer
that exp(g) = G. The last assertion of the proposition is a consequence of the fact
that Lie(G) is a vector subspace (hence closed and simply connected) and exp is a
diffeomorphism on nil,;; see Corollary 9.3.12. O

9.4.2 Lie Groups with Nilpotent Lie Algebras

In this section, we explain why a connected Lie group is nilpotent if and only if
its Lie algebra is nilpotent. What the reader should expect is that the lower central
series are linked by C"(G) = exp(C™(g)), form € N, at least for (nilpotent) simply
connected Lie groups.

9.4.2.1 Commutator Subgroups

We point out a general fact about Lie groups: For every connected Lie group with
Lie algebra g, the commutator subgroup [G, G] is a Lie subgroup of G whose Lie
algebra is [g, g]. The hardest part in obtaining the mentioned fact is explaining why
[G, G]is a Lie subgroup. A warning is that [G, G] may not be topologically closed.
Itis if G is simply connected. The reader can read about these facts in [Hoc65, page
138]. We will not further discuss this topic in this general context because when G
is nilpotent and simply connected, we will easily have that [G, G] is closed; see
Exercise 9.5.53.



9.4 Connected Nilpotent Lie Groups 271

9.4.2.2 Lie Algebras of Nilpotent Lie Groups

It is easy to show that nilpotent Lie groups have nilpotent Lie algebras. Doing the
increasingly difficult Exercises 9.5.50 and 9.5.51, the reader should be able to come
up with an argument for the next proposition.

Proposition 9.4.2 If G is a nilpotent Lie group of step s, then Lie(G) is a nilpotent
Lie algebra of step s.

9.4.2.3 Lie Groups with Nilpotent Lie Algebras

Clearly, unless the group is connected, we cannot expect that some information on
the Lie algebra can give a global information on the group. For example, every finite
group is a O-dimensional Lie group whose Lie algebra is nilpotent (and abelian,
trivially). Hence, there are Lie groups that are not nilpotent but have a nilpotent Lie
algebra.

We shall prove that if G is a connected Lie group and its Lie algebra g is nilpotent,
then G is nilpotent. There are various ways to show the latter fact. A common point
is to construct a nilpotent Lie group N with Lie algebra isomorphic to g.

One way is to use Birkhoff Embedding Theorem, Theorem 9.1.19:

Proposition 9.4.3 (After Birkhoff’s Theorem) For every nilpotent Lie algebra g,
there exists n € N and a nilpotent closed simply connected Lie subgroup N < Nil,
with Lie algebra isomorphic to g.

Another way is to use the Baker-Campbell-Hausdorff-(Dynkin) formula of
Proposition 5.7.4:

Proposition 9.4.4 (After BCH Formula) For every nilpotent Lie algebra g, if we
equip g with the Dynkin product %, then (g, %) is a nilpotent simply connected Lie
group with Lie algebra isomorphic to g. Moreover, the exponential map exp : g —
(g, %) is the identity map.

We shall prove the above two propositions after the next corollary.

Corollary 9.4.5 (Consequence of Either of the Propositions) Every connected
Lie group with nilpotent Lie algebra is nilpotent.

Proof of Corollary 9.4.5 Let G be a connected Lie group with nilpotent Lie algebra
g. Either from Proposition 9.4.3 or from Proposition 9.4.4, let N be a nilpotent
simply connected Lie group with Lie algebra isomorphic to g. Thus, the Lie group N
and the universal cover G of G are simply connected with isomorphic Lie algebras.
Hence, by Corollary 5.1.6, they are isomorphic. In particular, since N is nilpotent,
sois G. Consequently, being the quotient of a nilpotent group, also the group G is
nilpotent, as desired. O

Proof of Proposition 9.4.3 By Birkhoff Theorem 9.1.19, there are n € N and a
subalgebra n C nil, that is isomorphic to g. By Theorem 5.7.1, let N C Nil, be
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the connected Lie subgroup with Lie algebra 1. Then, by Proposition 9.4.1, the Lie
group N is closed and simply connected. Moreover, since Nil,, is nilpotent then so
isN. |

Proof of Proposition 9.4.4 Being g a nilpotent Lie algebra, the series in the
Dynkin product is finite and, for every x,y € g, the product x x y =
log,; (exp)y (x) exp;y (¥)) is polynomial in x and y. Obviously, the manifold (g, *)
is simply connected because it is isomorphic to a vector space. We shall check that
(g9, ») is a Lie group, it is nilpotent, its Lie algebra is g, and its exponential map is the
identity. By Ado’s theorem (see Theorem 5.1.7), there is! a group G with g as Lie
algebra. Moreover, by the BCH Formula, in a small enough neighborhood of 1,
the group product of G is exactly the Dynkin product, up to the identification via
the exponential map. In particular, since G is a group, then the product « satisfies
the axioms of group products near 14 ) = 0 and also x » (—x) = 1(g ) is true near
0. These identities are polynomial maps, which are verified in a neighborhood of 0.
By analytic continuation, they hold everywhere on g.

By the BCH formula, the exponential map exp : ¢ — G is a Lie group
isomorphism between the Lie group (g, *) and the Lie group G. Thus, the Lie
algebra of (g, %) is isomorphic to g.

We next explain why (g, =) is nilpotent. We stress that we do not know (yet) that
G is nilpotent. The reader might find it helpful to know that there is a result by
Lazard saying that every polynomial group product in R” gives a nilpotent group;
see [Laz55] or [Dek03]. Still, for the Dynkin product, this fact is easier to show
because

xxy—(x+y) elx,al+ [y, al S [g,al Vx,y €g.

Hence, we get

xxyxx'xylelgal, Vxyeaq.

Since g is a nilpotent Lie algebra, iterating this group product, we obtain nilpotency
of the group (g, *).

The one-parameter subgroups for the group product x are the curves t € R +— rx
for each x € g, because (sx) * (fx) = (s + #)x. So the identity ¢ — g is the
exponential map exp : g >~ Lie(g, x) — (g, *). m|

In the next section, we shall see that another consequence of Proposition 9.4.4 is
that every nilpotent simply connected Lie group is isomorphic to a closed subgroup
of Nil,, for some n € N.

! However, notice that for Corollay 9.4.5 we already know the existence of G.
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9.4.3 Simply Connected Nilpotent Lie Groups

Simply connected Lie groups are uniquely determined by their Lie algebras. Indeed,
recall from Corollary 5.1.6 that if two simply connected Lie groups have isomorphic
Lie algebras, then they are isomorphic. For nilpotent Lie groups, either Birkhoff’s
embedding theorem or the exponential map and the BCH formula provide a concrete
identification. Thus, we can work remaining at the level of the Lie algebra using such
coordinates.

Theorem 9.4.6 Every nilpotent simply connected Lie group G has the following
properties:

9.4.6.i.  The exponential map exp : Lie(G) — G is a diffeomorphism.

9.4.6.ii.  The Baker-Campbell-Hausdorff Formula (5.24) holds globally.

9.4.6.iii.  There existsn € N and a closed nilpotent simply connected Lie subgroup
of Nil,, isomorphic to G.

Proof We begin by observing that 9.4.6.iii is a direct consequence of Theo-
rems 9.1.19, 5.7.1, and Proposition 9.4.1, as we saw in the proof of Proposi-
tion 9.4.3.

In addition, on Nil,, we also have that the two functions A « B and log(e4e?) are
analytic maps that coincide in a neighborhood of 0, recalling Proposition 5.7.4 and
Corollary 9.3.12, and also Exercise 9.5.46. Then 9.4.6.ii holds for each Nil,,.

Once we know that the statements are valid for subgroups of Nil,,, they hold for
arbitrary nilpotent simply connected Lie groups by Corollary 9.3.12. O

A Lie algebra is called positively gradable if it admits a positive grading, and
stratifiable if it admits a stratification. A Lie algebra is referred to as R-graded if
it is equipped with an R-grading, positively graded if it is equipped with a positive
grading, and stratified if it is equipped with a stratification. Similarly, a Lie group is
called positively gradable, stratifiable, R-graded, positively graded, or stratified if it
is simply connected and its Lie algebra is positively gradable, stratifiable, R-graded,
positively graded, or stratified, respectively.

If a Lie group G is R-graded, then its Lie algebra g has the dilations 6, : ¢ — g
as in (9.8), and, because G is simply connected, by Theorem 5.1.5 we have that
each Lie algebra endomorphism §, induces a Lie group endomorphism of G whose
induced Lie algebra homomorphism is 3, . Such a Lie group endomorphism is still
denoted by 8, : G — G, 50 (§)« = 8. Moreover, from Theorem 5.2.9 we have

3 oexp = expody. (9.18)

When G, in addition, is simply connected and nilpotent, the map exp : ¢ — G
is a diffeomorphism by Theorem 9.4.6.i. Therefore, every element g € G can be
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represented as exp(X) for some unique X € g, and therefore uniquely written in the
form

g:exp(Zva>, v €Vy, a€eR.

acR

This representation allows us to have the formula:

S, (exp (Z va>> = exp (Z A“va> . (9.19)
a€eR a€eR

9.4.4 Canonical Coordinates

One important consequence of Theorem 9.4.6 is the existence of good coordinates
on nilpotent simply connected Lie groups. For these groups, since the exponential
map exp : g — G is a diffeomorphism, we can use it to transfer coordinates from g
to the nilpotent simply connected Lie group G. Some authors use exp to identify g
with G. Then, the group multiplication can be calculated using the Baker-Campbell-
Hausdorff formula.

We shall introduce different types of coordinate systems: exponential coordinates
and Malcev coordinates. In these coordinates, the group operations will be polyno-
mial, and the Lebesgue measure will be invariant both by left translations and by
right translations. The following theorem summarises the content of this subsection.

Theorem 9.4.7 In every nilpotent simply connected Lie group, exponential coor-
dinates and Malcev coordinates are global coordinates. The group product in such
coordinates is polynomial. Left translations and right translations have Jacobian
one. Consequently, the Lebesgue measure in these coordinates is a bi-invariant
Haar measure.

We call bi-invariant Haar measure every left-Haar measure that is also a right-Haar
measure, in the sense of Sect. 6.4. For the proof of the theorem, we refer to the end
of this subsection.

9.4.4.1 Exponential Coordinates

Definition 9.4.8 (Exponential Coordinates: Canonical Coordinates of the 1st

Kind) Let (X1,..., X,) be an ordered basis for a nilpotent Lie algebra of a

nilpotent simply connected Lie group G. The coordinates given by the map
®:R"— G

O, ..., ty) =expt1 X1+ ...+, Xy)
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are called exponential coordinates with respect to Xi,..., X,. The map @ is
called exponential coordinate system. Exponential coordinates are also known as
canonical coordinates of the first kind.

With the choice of the basis and the use of exp, we are identifying R” with Lie(G)
and G. Moreover, the group product can be obtained via the BCH formula from
Sect.5.7.3:

n

n
(S15cvey Sp) *(£1, ..., 1) = log | exp <ZSij) exp (thXj)
j=1 j=1
Example 9.4.9 We consider the Heisenberg group, whose Lie algebra has a

basis X1, X2, X3 with only nontrivial relation [X, X2] = X3. The exponential
coordinate system with respect to this basis is the map

@
(x1, x2, x3) > exp(x1 X1 + x2X2 + x3X3). (9.20)
In these coordinates, the product can be expressed by the BCH formula:
exp(x1 X1 + x2X2 + x3X3) exp(x] X1 + x5 X2 + x5 X3)

= exp (xlxl +x2X2 + x3X3 + x1 X1 + x5 X2 + x5X3

+ [X1X1 +x2X2 + x3X3, X1 X1 + x5 X2 +x§X3])

N =

1
= exp ((xl +xDX1 + (2 + x) X0 + (x3 +x5) X3 + E(XUCQ - X2XQ)X3) ,

where we used the Lie bracket relations of the Heisenberg Lie algebra. We conclude
that the product, when read in these coordinates, is

1
(x1, X2, X3) * (x], x5, x5) = <x1 + x|, x2 + x5, x3 + x5 + E(xlxé - xﬂi)) .

This is indeed the product structure (2.9) that we used to initially present the
Heisenberg group in Chap. 2.
9.4.4.2 Malcev Bases

It is useful to choose bases that are better adapted to the Lie brackets. We shall then
have other canonical coordinates in Definition 9.4.13.
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Definition 9.4.10 (Malcev Basis for a Lie Algebra) Let g be a Lie algebra. An
ordered basis (X1, ..., X,) for g is called a strong Malcev basis, or, simply, a
Malcev basis if for every k € {1, ..., n} the space

gy = span{X1q, ..., X}

is an ideal of g, i.e., [g, ax] C 9.

We remark that there exist non-nilpotent Lie algebras (e.g., in 2D) that admit Malcev
bases. We shall not discuss the notion of weak Malcev basis, for which we refer to
[CGI90, page 10].

The spaces g; coming from a Malcev basis satisfy the following stronger
property.
Proposition 9.4.11 [f g is a nilpotent Lie algebra and (X1, ..., X,) is a Malcev
basis for g, then

(9, 8] S k-1 S O fork e{l, ... ,n}, 9:21)

where g = span{Xy, ..., Xi} and gy := {0}.

Proof Fix k € {1, ..., n}. By definition of Malcev basis, we have [g, g;] < g; and
also [g, gx_1] € gx_1. If the conclusion of the proposition were not true, then there
would be some Y € gand ay, ..., ar € R with a; ## 0 such that

k—1
[V, Xl = axXi + Y _ ai Xi.

i=1

Now we iterate bracketing by Y, i.e., we iterate the map ady = [Y, -]. Thus, we get,

for some afl), el a,ﬁlll € R, the value

k—1
1
(ad))(X0) = @)X+ Y_a’Xi € @)Xk + 9—1, VI €N,

i=1
which is never zero and so contradicts the nilpotency of g. O

In the special class of Carnot groups, as considered in Chap. 11, the existence
of Malcev bases will be a triviality; see Exercise 9.5.55. However, all nilpotent
Lie algebras have Malcev bases. For additional information, we refer to [CG90,
Theorem 1.1.13] and the notes therein.

Proposition 9.4.12 [n every nilpotent Lie algebra, Malcev bases exist.
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Proof Let g be anilpotent Lie algebra. For i € N, let ¢; := ¢; (g) be the i-th element
of the upper central series of g, as in Exercise 9.5.3. For some s € N we have

O#0=2Z@<C...C6&1S & =9

To build a Malcev basis for g, we begin with a basis Xi,..., X,;; of ¢;. Next,
we complete it to a basis X1, ..., X,, of ¢. Iterating, given a basis of {;_1, we
complete it to a basis X1, ..., X nj of ¢;. Because of nilpotency, we obtain a basis
of g after s steps. In fact, the vectors X1, ..., X, form a basis of g such that for
every k € {1,...,n,} thereis ji € {1,..., s} suchthat X; € ¢; \ {j,—1.Forsucha
Jjk, we have
Cje—1 S g = span{Xy, ..., Xi} C ¢j.
def
Hence, we deduce [g, g;] C [8, ] = jo—1 C 0. o

9.4.4.3 Malcev Coordinates

Definition 9.4.13 (Malcev Coordinates: Canonical Coordinates of the 2nd
Kind) Let G be a Lie group with Lie algebra g. Fix an ordered basis (X1, ..., X,)
of g. The coordinates given by the map

W (sy,...,8) €R" > exp(s1X1) - - -exp(su Xp) € G,

are called exponential coordinates of second kind, or canonical coordinates of the
second kind with respect to (X1, ..., X,). If (X1, ..., X,) is a Malcev basis, then
the defined coordinate system W is called Malcev coordinate system.

We remark that by observing the injectivity of the differential at 0 of the map W
as in Definition 9.4.13, one can see that W gives local coordinates around 1. We
will soon see that it gives global coordinates when the basis is a Malcev basis and
G is nilpotent and simply connected.

Example 9.4.14 (Malcev and Non-Malcev Coordinates) In the Heisenberg
group, we have the exponential coordinates ®, as in (9.20), with respect to the
standard basis (X1, X2, X3). Such a basis, in this order, is not a Malcev basis: we
stress that X3 is in the derived subalgebra, while X is not. Instead, the ordered basis
(X3, X2, X1) is a Malcev basis. We may not have good properties if we consider
canonical coordinate systems of the second kind with respect to bases that are not
Malchev bases. For example, the triple (X1, X2, X1 + X3) is not a Malcev basis,
and if ¥ denotes the canonical coordinate system of the second kind with respect to
this basis, then ®~! o W is the map

e R3.

S182 — 5253
(51,52, 53) € R 1> <S1 + 53, §2, 83 + —)
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This map has a Jacobian determinant equal to 1 — s5. We should avoid canonical
coordinates of the second kind with respect to non-Malcev bases.

If (X1,..., X,) is a Malcev basis for the Lie algebra of a nilpotent Lie group,
we can consider both canonical coordinate systems; we have that the Malcev
coordinates are related to the exponential coordinates by a polynomial diffeomor-
phism. Such a polynomial map has an upper triangular form, and, in particular, its
Jacobian determinant is constantly equal to 1. The proof is an adaptation of [CG90,
Proposition 1.2.7].

Proposition 9.4.15 (Change of Malcev Coordinates) Let G be a nilpotent simply
connected Lie group with Lie algebra g. Let (X1, ..., X,) be a Malcev basis for
g. Let ¥ : R" — G be the Malcev coordinate system and ® : R" — G be the
exponential coordinate system associated with the basis. Then

9.4.15.i. Themap P := &~ o W from R" to R" is a polynomial diffeomorphism
with polynomial inverse;
9.4.15.ii.  Writing the components P = (Py, ..., P,), then
Pj(s) =s;+ ﬁj(Sj+], e, 50,

where 13]- is a polynomial depending only on the last n — j variables, for all
jel{l,...,n}

In other words, each Malcev coordinate system is a global diffeomorphism and,
for some polynomials P, ..., P,, we have the relation:

exp(s1X1) - - - exp(snXn) = exp(P() X1 + ... + Pp(s)Xy).

Proof Recall that we are considering
def def -
W(st,...,80) = exp(s1X1)---exp(spXn), D(s1,...,5,) = exp <ZsiX,-> .
i=1

Because of BCH Formula (Proposition 5.7.4), the map
P:=0d"'oW:R" — R"
is a polynomial map
S =81, ...,8) = (P1(8), ..., Py(s)).
By induction on n, we shall prove

Pi(s) =s;+ Qj(sjt1s---s5n)s Viefl,...,n}



9.4 Connected Nilpotent Lie Groups 279

When n = 1, it is trivial. For arbitrary n, we take the qu_otient g — g/g; modulo
a1 ::_RXI < g._Then, forevery j € {2,...,n}, weset X; := m(X;), and we notice
that (X, ..., X,) is a Malcev basis for g/g;. Now, in G we have the equation

n
exp(s1X1) - - exp(sn X») = exp (Z P (s)X,-> :
i=1
which, after passing to the quotient G/ exp(RX), becomes
n
exp(s2X2) - - -exp(sp X)) = exp (Z P; (s)Xi> .
i=2
Thus, by induction, we have
Pi(s) =5+ Qj(sj+1,---,8), Vjie{2,...,n}.
Lifting to G we get
n
exp(s2X2) - - - exp(s, Xp) = exp <Q1(sz, s)Xi+ Y P (s)X,'> ,
i=2
for some polynomial Q. Notice that X is central, hence
exp(X1 +Y) = exp(X1) exp(Y), VY €g.
Thus, from the previous equation, we get
n
exp(s1X1) - - exp(s, Xn) = exp <<s1 +Qi(s2, ..., ) X1+ Y _ P (s)xl-> :
=2
Now, in order to finish, notice that given r € R", the equations
tj =Sj+Pj(Sj+1,...,Sn), Vjie{l,...,n},
can be solved in s with a formula
sk =t + Ok (tetts -+ 1),

where Oy are polynomials. O
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Remark 9.4.16 If (X1, ..., X,) is a Malcev basis of a nilpotent simply connected
Lie group, then left and right cosets of exp(gy) are affine planes (set-wise) in
exponential coordinates of the second kind. This may not be true in exponential
coordinates of the first kind.

9.4.4.4 Jacobian Determinants in Exponential Coordinates

The following result describes properties of a nilpotent Lie group law expressed
in exponential coordinates with respect to some Malcev basis. The proof is an
adaptation of [CG90, Proposition 1.2.9].

Proposition 9.4.17 (Group Law in Malcev Coordinates) Let G be a nilpotent
simply connected Lie group equipped with a Malcev basis. On G, consider
exponential coordinates of the first or second kind associated with the basis. In
this coordinate system, the group law has an upper triangular form:

n
StoonSn) (o ) =s+1+ Y 0Qj(s.0ej, Vst R,

Jj=1
where each Qj is a polynomial that is not depending on si,...,5;j-1 nor
1, ..., tj—1. In particular, for each g € G, the left translation L and the right

translation R are maps whose Jacobian determinants are identically equal to 1.

Proof We prove the statement for exponential coordinates of the first kind and left
translations. The case of right translations is similar. For Malcev coordinates, the
result will also be true because, by Proposition 9.4.15, they differ from exponential
coordinates by a polynomial diffeomorphism, which has an upper triangular form.

The proof is based on the BCH formula and (9.21). Let ® be the exponential
coordinate system, and L, be the left translation by g¢ € G. We need to calculate the
differential of ® ! o L ¢ © ®. Thus, we consider the diagram

R” ®

Q

(tla"'atn) } ’ eXp(Z?:l t]XJ)

Lg

!

(ST5-vnySp) | rexp(Y_ioy 8j X)) = gexp(X_y ;X))

pi
<
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and we solve the dependence of the s;’s from the ¢;’s. Since by Proposition 9.4.15
Malcev coordinate systems are surjective, we can find u1, ..., u, € R and write

g =exp(u1Xy)---expunXy).

It is enough to consider the case g = exp(uy Xy ) for an arbitrary k € {1, ...,n} and
then conclude considering compositions. Thus, we need to consider the system

n n
exp <Zstj> = exp(ux Xi) exp (thXj).
j=1

Jj=1
By the BCH Formula (Proposition 5.7.4),

n n n
1

E siXj=ur Xy + E thj—i-E[uka, E thj:|+....

j=1 j=1 j=1

Since we have chosen a Malcev basis, we have the property (9.21). Thus a bracket as
[Xk, X ;] is only a combination of {Xy, ..., X;_1}. In other words, the function s;
is of the form ¢; plus a polynomial that does not depend on the variables 71, ..., t;.
Thus, the differential is of the form

1 % ... %
d@ ' oLyody = | | enNil,.
0... 01

Thus, the Jacobian of a left translation in exponential coordinates with respect to a
Malcev basis is 1 at every point. O

Definition 9.4.18 (Polynomial Coordinates) Let G be a Lie group and
X1{,..., X, a basis of its Lie algebra. If P : R* — R" is a diffeomorphism
such that P and P~! have polynomial components, then

(51 5n) —> exp (PI() X1+ + Pu()X,)

is called polynomial coordinate system for G.

Examples of polynomial coordinate maps are, obviously, exponential and, by
Proposition 9.4.15, Malcev coordinate maps.

The key observation is that the Jacobian of every polynomial diffeomorphism
with polynomial inverse is a polynomial that is invertible inside the polynomial ring,
so it is a constant. Thus, changing coordinates by a polynomial diffeomorphism with
a polynomial inverse preserves those maps that preserve the Lebesgue measure.
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Corollary 9.4.19 [n nilpotent simply connected Lie groups, left translations and
right translations have Jacobian determinant 1 in polynomial coordinates.

Proof If P is a polynomial map, then its Jacobian determinant Jac(P) is a
polynomial. If P and P~! are polynomial diffeomorphisms, then 1 = Jac(Id) =
Jac(P~'o P) = (Jac(P~ 1) o P) - Jac(P).
Hence, the two maps Jac(P) and Jac(P~!) o P are polynomials whose product
is constant. Thus they are constant, and Jac(P~!) is constantly equal to 1/Jac(P).
If @ is an exponential coordinate map, then

Jac(P'o® loLsod o P), =
= JaC(P_l)(<D_loLgod>oP)(x) -Jac(® o Ly o ®)pry - Jac(P)y

— JaC(CD71 o Lg [e] CD)P()() — 1’

where we finally used that by Proposition 9.4.17 left-translations in exponential
coordinates have Jacobian determinant equal to 1. Similarly, it holds for the right
translations. O

Remark 9.4.20 If a map F : R” — R” has Jacobian 1, then it preserves the
Lebesgue n-measure (because of the change-of-variables formula).

9.4.4.5 Measures in Nilpotent Lie Groups

On nilpotent Lie groups, we have an interpretation in coordinates for the Haar
measure; we discussed such a notion in Sect. 6.4. An immediate consequence of
Corollary 9.4.19 is the following result.

Corollary 9.4.21 Let G be an n-dimensional nilpotent simply connected Lie group.
Every polynomial coordinate system pushes forward the Lebesgue measure on R"
to a bi-invariant Haar measure on G.

It is not always true that left-Haar measures are also right-Haar measures; groups
with this property are called unimodular. However, in every nilpotent Lie group,
Haar measures are both left and right-invariant. Corollary 9.4.21 shows such a
property for nilpotent simply connected Lie groups.

To summarize, we provide the proof of Theorem 9.4.7.

Proof of Theorem 9.4.7 In every nilpotent simply connected Lie group, exponen-
tial coordinates are global coordinates by Theorem 9.4.6.i, and by the BCH formula,
the group product in such coordinates is polynomial. In Proposition 9.4.17, we
saw that, in exponential coordinates, left and right translations have Jacobian
determinants equal to 1, and so they preserve the Lebesgue measure.

Regarding Malcev coordinates, in Proposition 9.4.15, we saw that they are
polynomial coordinates in the sense of Definition 9.4.18; so in particular, they
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also are global coordinates, and still, the group product in such coordinates is
polynomial.

In Corollary 9.4.19, we saw that, in polynomial coordinates, translations have
Jacobian determinant equal to 1, and hence they preserve the Lebesgue measure,
which is, therefore, a left-Haar measure and a right-Haar measure. m]

9.4.5 Structure of Connected Nilpotent Lie Groups

In this section, we discuss connected nilpotent Lie groups that are not necessarily
simply connected. Recall that nilpotent Lie algebras can be equipped with the
Dynkin product, as in Definition 5.7.3, which is a polynomial group structure by
Proposition 9.4.4.

Theorem 9.4.22 Let G be a connected nilpotent Lie group with Lie algebra g.
Equip g with the Dynkin product . Then, we have the following properties:

9.4.22.i. The universal cover G of G is isomorphic to (g, ), and we have Lie
algebra isomorphisms § = Lie(G) = Lie(a, *). In fact, the exponential map
exp : ¢ —> G is a covering (the universal covering) and exp : (3, x) —> G isa
Lie group homomorphism. In particular, the map exp is surjective.

9.4.22.ii.  The center Z(G) equals exp(Z(g)), and it is connected.

9.4.22.iii.  There exists a discrete subgroup I' < Z(g) such that

G =(g,%)/T.

In fact, the group U is the kernel of exp : (g, x) —> G. In particular, the manifold
G is diffeomorphic to the abelian Lie group (g, +)/ ', as manifolds.

9.4.22.iv.  The set t := span(I") C Z(g) is a central Lie subalgebra for which
T := exp(t) is a torus. Finally, the manifold G is diffeomorphic to the product
manifold (G/T) x T.

Proof Let us prove the items.

(i) We saw in Proposition 9.4.4 that (g, *) is a simply connected Lie group with
Lie algebra g. Using Theorem 5.7.2, let ¢ : (g, x) —> G be the unique Lie
group homomorphism such that

g = Lie(g, ¥) —3— g = Lie(G)

eXP(g.*)\L leXPG

@y —2— G

Since we have that exp(, ,) = id, then ¢ = expg.
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(i)

(iii)

(iv)
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The fact that exp(Z(g)) € Z(G) is a general fact for connected Lie groups
(Exercise 9.5.49). Vice versa, if g € Z(G) since exp is surjective thereis X € g
such that g = exp(X). By the central property and Formula 5.5.7, it follows
that Id = Ad, = ¢*X | By Proposition 9.1.3.iv, the transformation ady is
nilpotent. By Proposition 9.3.11, we conclude that adx = 0, so X € Z(g).
Since Z(g) is a vector subspace, it is connected, and so is exp(Z(g)).

Since exp : (g,x) —> G is a covering of Lie groups, then there exists I' <
(g, %) with I' = 71 (G), such that I is discrete and central, and

G = (g,%)/T.

Indeed, we take I := exp_1 (1g). We stress that normal discrete subgroups of
connected groups are central (see Exercise 6.6.28). The quotient (g, )/ " is a
Lie group isomorphic to G. However, for x € gand y € ' C Z(g) we have

xxy=x+y,

where the extra brackets in Dynkin product are zero since y is central. Thus, we
may identify the manifold G = (g, )/ " with the abelian Lie group (g, +)/ T,
only the group structures may be different.

We have that I is a discrete set that generates t := span(I"). Thus 7 :=t/ I =
exp(t) is a torus. Moreover, the subgroup T is central (hence normal), so that
G/T = (g, x)/tis also a Lie group, which is isomorphic to (g/t, x). Let m C g
be a subspace such that g = m @ t, then for x € mand z € t C Z(g) we have
x %7z =x + z. Thus, the map m x t —> ggivenby (x,z) > x *xz =x + z is
a diffeomorphism. Hence

mxt/T — G
x,z+D)r—x*xz+0)=x+2z+T

is a diffeomorphism. Since the quotient map ¢ — g/t induces a linear
isomorphism m — g/t, we obtain diffeomorphisms

G=Zmxt/I'=G6/T xT.

In fact, we conclude that G = (g, %)/ T =mxt/I' =g/t x T =G/T x T.
O

Corollary 9.4.23 Every compact connected nilpotent Lie group is abelian.

Proof From the previous result, Theorem 9.4.22, each connected nilpotent Lie
group G is diffeomorphic to g/ I' for some I' € Z(g). If in addition g/ I" is compact,
then I must span g and then ¢ € Z(g). Hence, g is abelian, and so is G, recall
Exercise 9.5.49. O



9.5 Exercises 285

Remark 9.4.24 The only abelian connected compact Lie groups are isomorphic as
Lie groups to R"/Z" =: T", forn € N.

9.4.6 Torsion in Nilpotent Lie Groups

Definition 9.4.25 (Torsion) Given a group G and an element g € G, we say that g
is a torsion element if it has finite order, say k € N, i.e., gk = 1. (Notice that 15 is
a torsion element). The subset Tor(G) of G consisting of the torsion elements of G
is called forsion of G. If Tor(G) = {1} we say that G is forsion free or that it has
no torsion.

We warn that the set Tor(G) may not be a subgroup for general groups. The
set Tor(G) is a subgroup when G is nilpotent. We close this section with a
characterization: a connected nilpotent Lie group is simply connected if and only
if it has no torsion.

Proposition 9.4.26

9.4.26.i.  Nilpotent simply connected Lie groups, and their subgroups, are torsion
free.

9.4.26.ii.  Every connected nilpotent Lie group that has no torsion is simply
connected.

Proof Regarding 9.4.26.i, recall, from Theorem 9.4.6.i, that in every nilpotent
simply connected Lie group, the map exp is a diffeomorphism. Assume we have
an element expressed in the form exp(X) and for some m € N we have

exp(0) = exp(X)" = exp(mX). (9.22)

Then mX = 0 and so X = 0. Regarding part 9.4.26.ii, by Theorem 9.4.22.iii we
have that each connected nilpotent Lie group is of the form G = (g, x)/I". Assume
by contradiction that I" is not trivial, and take y € I" with y # 1. Thus there exists
X € gsuch that y = exp(X) and X # 0. By the fact that I" is discrete, there exists
k € N such that g4 := exp(%X ) ¢ I'. Hence, the element g has finite order k in G,
which is a contradiction. O

9.5 Exercises

Exercise 9.5.1 Let g be the i-th element in the lower central series of a Lie
algebra g.

(i) We have g/*+D c g@ foralli € N.
(i) If g0 = g¥*D for some i, then for all j > i we have g/ = g®.
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Exercise 9.5.2 For finite-dimensional Lie algebras, the nilpotency of g is equivalent
to the vanishing of the ideal g (g) := ﬂi eN g<’)(g).

Exercise 9.5.3 (Upper Central Series of Lie Algebras) Let g be a Lie algebra.
One iteratively defines the elements of the upper central series (£;(g))ien of g by

Zo(®) :==1{0g} and ¢i11(0) :={Xeg:[X,g] C&W)}.

The subset ¢1(g) is the center Z(g). The sequence (¢;(9))ien is weakly increasing,
and [¢;, 6] € &i—1.

Exercise 9.5.4 Given a flag ¥ = (W, ..., Vi) for a vector space V, the set of
flag-preserving transformations

o(F) :={Aeal(V): A(Vk) € Vi, Vk € {1,...,m}}

is a Lie algebra that is not nilpotent as soon as dim V > 1. Moreover, the subset
6ni1 (F), as defined in Example 9.1.10, is an ideal of g(%).

Exercise 9.5.5 The set g,;(#) of flag-shifting transformations for a flag ¥ =
Vo, ..., Vi), as in Example 9.1.10, is a Lie algebra and

Clamt(F) Vi € Vie, Yk, £ eN.

Consequently, we have C™ (g,;1(F)) = {0}, and g,;;(¥) is nilpotent, with step at
most m — 1.

Exercise 9.5.6 For n = 2, the Lie algebra A'(R?) x A2(R?) from (9.2) gives the
first Heisenberg Lie algebra of Example 9.3.7.

Exercise 9.5.7 Every function defined on the set of generators of a free-nilpotent
Lie algebra to a nilpotent Lie algebra of no larger step extends uniquely to a Lie
algebra homomorphism.

Exercise 9.5.8 Let A, B € gl(V), for some vector space V. Assume that A and B
commute. If A and B are nilpotent transformations, then so is A + B. If A and B
are unipotent transformations, then so is AB.

Exercise 9.5.9 (Real Jordan Theorem) If A € gl(V) for some vector space V,
then there is a basis of V' such that the matrix representation of A in this basis is in
real Jordan form, i.e., it is written in blocks

Ap 0 ...
0 Ay ... (9.23)
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where each A is a matrix of one of the following four forms:

a0 ... alO ...

0OaO... Oal O

00a 0 ... | 00a I : ©-24)
a—B 0 0 a—B1 0 00
B a 0 0 B a 0 1 00
0 0 a-8 , 0 0 a—B 10 (9.25)
00 B « 0 08 a 01

The blocks as in (9.24) correspond to a real eigenvalue «, while the blocks as
in (9.25) correspond to a complex eigenvalue « 4 i8. Consequently, the matrix A is
nilpotent if and only if all blocks are upper triangular.

Exercise 9.5.10 Each of the following points implies that if a € g is an ideal of a
Lie algebra and both a and g/a are nilpotent, then g may not be nilpotent.

9.5.10.i. Let g be the Lie algebra spanned by two vectors X and Y with relation
[X,Y] = X. Then, the subset h := RX is a commutative ideal, g/h is
commutative, but g is not commutative, nor nilpotent.

9.5.10.ii. Let g be a solvable Lie algebra (see Exercise 10.5.21 for the definition).
Then, both [g, g] and g/[g, g] are nilpotent.

Exercise 9.5.11 Every stratification is completely determined by its first stratum
Vi.

Exercise 9.5.12 Every compatible linear grading that is also a Lie algebra grading
is a stratification.

Exercise 9.5.13 If a Lie algebra g has an s-step stratificationg = V| & --- @ Vi,
then

9.5.13.1.  Vj is contained in the center of g;

95.13i1. Viy®---® Vsisanidealin g;

9.5.13i11. (Vi@ ---® Vy)/ (Vg1 @ - - - @ Vy) is contained in the center of (V] &
"'EBVX)/(Vk-H DD V).

9.5.13.iv. g/ V; is a stratifiable Lie algebra of step s — 1.

Exercise 9.5.14 Let g be a Lie algebra equipped with a Lie algebra grading
(V) jer. Assume that the elements of degree 1, namely Vi, generate g as a Lie
algebra, then g is stratified by Vi, ..., V;.
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Hint. If the bracket of V| with itself were smaller than V>, then V; would not
generate because the Lie subalgebra it generates will not contain all of V,. Proceed
by induction.

Exercise 9.5.15 Let [) be the Heisenberg Lie algebra generated by the vectors X,
Y, and Z with only non-trivial relation [X, Y] = Z. Then, the Lie algebra Iy can be
stratified as §) = span{X, Y} & span{Z}, and this stratification has step 2.

Exercise 9.5.16 Let g := R x b be the direct product of R with the (above)
Heisenberg Lie algebra b. Then, the Lie algebra g can be stratified as

g = (R x span{X, Y'}) ® ({0} x span{Z});

still, its center is R x span{Z}, which is strictly bigger than V.

Exercise 9.5.17 (A Nontrivial Filiform Algebra) Consider the 6-dimensional Lie
algebra g given by span{yo, y1, ¥2, ¥3, y4, ¥5} with only non-zero brackets

[yo, yil = y2,  [yo, y21 = »3,
[yo, y31 = ya,  [yo, y4l = ys,
1, y4al = —ys5, [y2, y3] = ys.

The following facts hold true:

9.5.17.i. Itis aLie algebra, i.e., the Jacobi identity is satisfied.

9.5.17.ii. It admits a stratification.

9.5.17.ii. It is a filiform algebra (i.e., the dimensions of the subspaces of the
stratification are the smallest possible, namely 2, 1, ..., 1).

Exercise 9.5.18 Every two-step nilpotent Lie algebra is stratifiable.

Exercise 9.5.19 (Positively Graded Algebras are Nilpotent) Every Lie algebra
that is finite-dimensional and admits a positive grading is nilpotent.

Hint. Letg =@, Vi = @ae[a,b] Vi, withO < a < b. Thenifb/a < m € N, then
C"(9) = {0}.

Exercise 9.5.20 For every Lie-algebra stratification Vi & --- & Vi, we have
[V2, V2] C Vs
Solution. We have

[V2, V2] = [[V1, Vi1, [V1, Vil = span{[[X1, X2]. [X3, X4]] : X; € V1} C

(Jacobi)
C span{[Xy, [ X2, [X3, X4]l] : X; € Vi} = [V, [V1, [V1, Vil = V4,

where we used the properties of the stratification and Jacobi identity from Defini-
tion 5.1.2.
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Exercise 9.5.21 (Stratifications are Positive Gradings) Letg=V; & --- @ V; be
a stratified Lie algebra. Then, setting Vi := {0} for k > s, we have

[‘/lvvj]c‘/l+]7 Vi»je{lvu-?s}'

Solution. The proof is by induction on i. If i = 1 we know that [V, V;] C V;44
for all j. Suppose that [V;, V;] C V;y; for all j and a fixed i. We shall check
that [Vi41, V;] C Vi1 for all j. Indeed, the space V;;1 is generated by the
elements [v{, v;] where v; € V] and v; € V;, and for these elements we have for all
v; € V; the Jacobi identity: [[v, v;], v;] = —[[vi, v;], vi] — [[v}, v1], v;], where
[vi, vj] € V;4; by the inductive hypothesis and so —[[v;, v;], v1] = [v1, [vi, vj]] €
[V, Viejl = Vigrgj, and — [[vj, vi], vi] = [v;, [vj, vi]] € [Vi, Vjt1] C Vigrs
by the inductive hypothesis again. All in all, we get [[v1, v;], v;] € V414 and
therefore [V;11, V;] C Vig14.

Exercise 9.5.22 (Elements of Lower Central Series in Terms of Stratifications)
Let g be a Lie algebra with an s-step stratification g = V; @ --- @ Vs. Then, we
have

WP =vie --aV,.

Solution. The proof is by induction. For k = 1, it is trivial. Suppose it is true for &,
then

V=l I=Vie--eV. Vi - @Vl

_ZZ[V,,VJ]—Z[vl,V]+ZZ[%,V]

i=1 j=k i=2 j=k

N s

=Vi1 @ @Vi+ Y > Vi Vil=Vip @& Vi,
i=2 j=k

where 370 5 3 4 [Vi, Vi1 C 325053 i Viej € Vi1 @ -+ @ Vs, by Exer-
cise 9.5.21.

Exercise 9.5.23 If a Lie algebra g admits an s-step stratification, then g is s-step
nilpotent.
Hint. Check Exercise 9.5.22.

Exercise 9.5.24 (Positively Gradable, Non-stratifiable Lie Algebra) The Lie
algebra 115 1 from Example 9.1.11 is positively gradable, yet not stratifiable.
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Exercise 9.5.25 (Another Nilpotent Non-stratifiable Lie Algebra) Consider the
7-dimensional Lie algebra h) generated by X1, ..., X7 with only nontrivial brackets

[X1, X2l = X3, [X1,X3] =2X4, [X1, X4] =3X5,
[X2, X531 = X5, [Xi1,X5]=4Xe, [X2, X4] =2Xg,
[X1, X6l =5X7, [X2, X5]1=3X7, [X3,X4]=X7.

The following facts hold true:

9.5.25.i. gisalLie algebra

9.5.25.i. gis nilpotent

9.5.25.ii. g admits a grading, with V; = RX;.

9.5.25.iv.  For every grading of g, the set V| of elements of degree 1 does not
generate g.

9.5.25.v. g does not admit any stratification.

Exercise 9.5.26 (Nilpotent Lie Algebras that are Not Positively Gradable)
Consider the following 7-dimensional Lie algebras denoted by 24576 and b23575.

They are generated by X1, ..., X7 with only nontrivial brackets
Relations for12457G Relations for 12357B
[Yi, 2] =Y5 Y1, Y] = -T2
[Y1, Y31 = Y6 [Yi,Y7]=Y3+ Y5
(Y1, Ya] = Y6 [Y2, Y6] = —T3
(Y1, Y7]= -T2 ; (Y2, Y7] = Y4
[Y2, Y3] = —Ys [Y3, Y6l = —Y4
[Y2, Y7] = V3 (Y3, Y71 =5
[Y3, Y7] = —Y4 [Yq, Y6] = —Y5
[Ys, Y7] = —Ys

The following facts hold true:

9.5.26.i. Both 2457 and by»357p are Lie algebras,
9.5.26.ii. They are nilpotent,

9.5.26.iii. & None of them admit a positive grading.
Hint. Check [Hak+22].

Exercise 9.5.27 Fix a positive integer n > 7, and consider the n-dimensional Lie
algebra b generated by X1, ..., X, with

(= DXitj, ifi+j=<n,

Xi, Xi]1= .
[Xi, X { 0, otherwise.

The following facts hold true:
9.5.274. ItisaLie algebra
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9.5.27.4i. Itis nilpotent
9.5.27.ii. It does not admit any stratification.

Exercise 9.5.28 (Suggested by E. Breuillard) Let g be the quotient of the
free-nilpotent Lie algebra of 3-step and generated by ey, e2, e3 modulo the ideal
generated by [e3, e3], so we have the additional relation [ez, e3] = 0. The Lie

algebra g has dimension 10. Moreover, the following is a stratification of g:

Vi = span{ey, e2, €3},
Vo = span{[e;, e2], [e1, e3]},
V3 :=span{e112, e12, €312, €331, €113},

with the notation e;jx := [e;, e}, ex]]. The subspace Vl/ := span{er, ez +
[e1, e2], e3} is not the first layer of a stratification. Still, it is in direct sum with
[g, al.

Hint. The space [Vl’ , Vl’ ] is not in direct sum with [g, [g, g]], because it contains
le3, e2 + [e1, e2]] = [e3, [e1, e2]], and in fact V; := [V/, V|] has dimension 3, not
2.

Exercise 9.5.29 Let (V,),cr be a Lie algebra grading of a Lie algebra g. Then, the
subspace V.o := P,. Vu is a subalgebra. Moreover, if the grading is nonnegative,
in the sense that g = €D~ Va, then V- is an ideal.

Solution. If a > 0 and b > 0, then obviously a + b > 0, and so [V, Vp] C V,4p
V.o.

Exercise 9.5.30 Every one-parameter subgroup of Lie algebra automorphisms
leads to a Lie algebra grading as in Proposition 9.2.14.
Hint. Use Propositions 5.6.3.ii and 9.2.19.

Exercise 9.5.31 Letg= V| ®--- @ V, be a stratified Lie algebra. For all A > 0, let
8, be the dilation of factor A as defined in Definition 9.2.12. Then, we have

s s
Sx (Z v,-) = Z)\,ivl‘,
i=1 i=1

N
where X = ) v; withv; € V;, 1 <i <s.
i=1
Exercise 9.5.32 (Nilpotency and Compatible Linear Gradings) Let g be a finite-
dimensional Lie algebra. We have that g is nilpotent if and only if it admits a
compatible linear grading. Moreover, if g = €D;2, V; is a compatible linear grading,
then

o0
V. Vi1 € 6@, 6P c o) = P Wi
k:i+j
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Exercise 9.5.33 Every stratifiable Lie algebra is isomorphic to its associated Carnot
algebra (as defined in Definition 9.2.16).

Exercise 9.5.34 If g is a finite-dimensional positively graded Lie algebra, then for
each A € (0, 1) the dilation §,, is contractive. If g is N-graded, then the dilation §;, is
contractive for A € (—1, 1).

Hint. We have 67 (v) = A"y — 0, as n — oo, for every v of degree j.

Exercise 9.5.35 Let § : G — G be an automorphism of a Lie group. Then, the
sequence of maps (§"),en pointwise converges to the constant map 14 if and only
if it converges uniformly on compact sets to 1.

Hint. Sequences of linear maps that converge on the elements of a basis converge
uniformly on compact sets.

Exercise 9.5.36 Let G be a connected Lie group with Lie algebrag. Leté : G — G
be a Lie group automorphism with induced Lie algebra automorphism §, : g — g.
Then, the map § is contractive if and only if so is é,. (Recall Proposition 5.2.9)

Exercise 9.5.37 If a Lie group G admits a contractive automorphism, then G is
simply connected.
Hint. Manifolds are locally simply connected.

Exercise 9.5.38 If ¢ € Autc(gc) and «, B € C, then for the Eff ’s defined in (9.11)
we have

[ES. E§1C ES,.  Va,peC.

Hint. The proof is elementary after one proves by induction on n € N that

(@ —opD) v, wl = Y (”) [oF (¢ — )/ v, ¢7 (¢p — B w]
Jj+k=n
J.k=0

holds for all v, w € g¢, all ¢, B € C and all n € N. See also [Bou05, Ch.7, sec 1.4,
Prop.12, p. 11].

Exercise 9.5.39 Let g be a Z-graded Lie algebra.

9.5.39.i. The Lie algebra g x R is Z-graded by (9.15).

9.5.39.ii. If Vy = {0} and g # {0}, then g x R has trivial center.
9.5.39.ii. If ¢ = {0}, then g x R = R, which is abelian.

9.5.39.v. If g is Carnot of step s, then the grading of g x R satisfies

Vi, Z{0} & meZnlo,s].
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Solution.

(1) Itis enough to check that
[{0} xR, {0} x R] C V§, and [V x {0},{0} xR] C V,,.

In fact, one has [(0,s), (0,1)] = (0,0) € Vé and [(X,0), (0,1)] =
(—tmX,0) e V, if X € V.

(i) Let (X,s) € Z(g x R). Write X as ZmeZ Xm, with X,,, € V,,,. Then (0, 0) =
[(X,s),0,1)] = (— ZmeZme, 0). Hence, for every m # 0 we have that
Xm = 0and so X = 0since Vy = {0}.
Moreover, take Y € V,, \ {0} for some m € Z \ {0}, which exists since g is
not trivial. Then (0, 0) = [(X, 0), (¥, 0)] = [(0, s), (Y,0)] = (smY,0) and
consequently s = 0.

(iii) It trivially follows from the basic Definition 5.6.4.

(iv) From the definition of V,, if the non-trivial layers of the gradings of g
are Vi,...,V;, then the non-trivial layers of the gradings of g x R are
v, v, ..., V.

0 "1 > Vs

Exercise 9.5.40 For each group G, the elements ¢; := ¢;(G) of the upper central
series are normal in G, satisfy [¢;, G] € {1, and &i+1/¢ = Z (G/&).

Exercise 9.5.41 The Lie group Nil, is nilpotent and simply connected with Lie
algebra nil,,.
Hint. Write the obvious diffeomorphism with R*"~1D/2,

Exercise 9.5.42 The group Nil3, as from Example 9.3.4, is the Heisenberg group,
as defined in Sect. 2.3.

Exercise 9.5.43 (The Maps log and exp are the Inverse of Each Others, Locally)

& Foralln e N, we have the following properties:

9.5.43.1. Forevery A € gl(n) with | A|| < log2 we have that log(eA) = A.
9.5.43.ii. Forevery M € GL(R") with |M —I|| < 1 we have that el¢™ = M.

Hint. Check [HN12, Proposition 3.3.2].

Exercise 9.5.44 For N as defined in (9.16), the set span(/N) consist of the matrices

in gl(n) that are 0 in the diagonal. In particular, for all n > 1, some of them are not

in N.

Exercise 9.5.45 Let V be a finite-dimensional vector space, v € V,and A € gl(V)

a nilpotent transformation. We have that Av = 0 if and only if e4v = v.

Solution. One direction is true even when A is not nilpotent. For the other one, if
k+1

(e —Tyv = 0 then Av = logetv =Y 12, %(8/‘ —Dfv =0.

Exercise 9.5.46 On every nilpotent Lie algebra the Dynkin product (A, B) € g
A x B is a polynomial map.
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Exercise 9.5.47 In Nil,, the group product in exponential coordinates is polyno-
mial: (A, B) — log(e?e?).

Exercise 9.5.48 Let A, B € gl(V) be nilpotent transformations of a vector space
V. We have that [A, B] = 0 if and only if eAe? = eBeA.

Exercise 9.5.49 Let G be a Lie group with Lie algebra g. Then, the center Z(G)
is a closed Lie subgroup with Lie(Z(G)) = Z(g). Consequently, if G is connected
then G is commutative if and only if g is commutative.

Exercise 9.5.50 If [G, G] = {15}, then [g, g] = {0}.

Exercise 9.5.51 If [G, [G, G]] = {1}, then [g, [g, g]] = {0}.
Hint. Use that [ X100 otV +0(0)] = o’ IXYH0(®) a0 5 0, for every X, Y €g.

Exercise 9.5.52 Let G be a nilpotent simply connected Lie group with Lie algebra
g. The two lower central series, from Definition 9.1.1 and Definition 9.3.1, satisfy

C™(G) = exp(C™(g)), Vm € N.

We deduce that step(G) = step(g).

Exercise 9.5.53 Every connected Lie subgroup of every nilpotent simply con-
nected Lie group is closed and simply connected.
Hint. Check Proposition 9.4.1 and Theorem 9.4.6.iii.

Exercise 9.5.54 Every nilpotent simply connected Lie group has an embedding as
a closed subgroup of Nil,,, for some n € N.
Hint. Check Theorem 9.4.6.iii, Proposition 9.4.1, and Theorem 5.3.4.

Exercise 9.5.55 Every positively graded Lie algebra admits a Malcev basis. In fact,
every ordered basis such that the reversed-ordered basis is adapted to the grading is
a Malcev basis.

Solution. The solution is a variation of the one from Proposition 9.4.12. Let g =
D, Va, be a positively graded Lie algebra. Let (X1, ..., X,) be an ordered basis
of g such that the reversed-ordered basis (X,,, ..., X1) is adapted to the direct sum.
We claim that (X1, ..., X,) is a Malcev basis. Indeed, set g; := span{Xy, ..., Xi}.
Thus X; € V,, for some b > 0, then

Vob Cor C Vop.

Because we have a positive grading, we conclude [g, g;] C [P
V>b C 0.

Va, V=p] C

a>0

Exercise 9.5.56 For each prime number p, the group

lxz
0ly|:x,y,2z€Z/pZ
001
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is not a subgroup of a connected nilpotent Lie group.

Exercise 9.5.57 Nilpotent simply connected Lie groups do not have nontrivial
compact subgroups.

Exercise 9.5.58 If N is a nilpotent connected Lie group and K is a compact
subgroup of N, then K is central.
Hint. Take the universal cover, use Theorem 9.4.22, and Exercise 9.5.57.
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Chapter 10 ®)
Metrics on Nilpotent Groups Qe

In this chapter, we consider metrics on nilpotent Lie groups. In Sect. 10.1, we
consider Carnot-Carathéodory metrics. In Sect. 10.2, we complete the description
of isometrically homogeneous spaces with dilations, which we started in Sect. 6.5.
In Sect. 10.3, we briefly mention results on the isometry group of nilpotent Lie
groups. In Sect. 10.4, we discuss seminorms on nilpotent Lie groups and show
some preliminary results useful for then obtaining Pansu Asymptotic Theorem in
Sect. 12.4.

10.1 Sub-Finsler Nilpotent Groups

We will now turn our attention to nilpotent simply connected Lie groups equipped
with sub-Finsler metrics. The notion of sub-Finsler Lie group was introduced in
Chap. 7. In Chap. 9, we discussed the theory of nilpotent Lie groups.

Let G be a Lie group, which we will assume to be simply connected and nilpotent
in this chapter. Let V € T7G be a vector subspace of the tangent space at the
identity element 15 of G. Let A be the left-invariant distribution on G with A; = V.
We shall consider bracket-generating distributions. Fixing a norm ||-|| on V, we
extend it to a left-invariant norm on A. Then, the triple (G, A, ||-]|) is a sub-Finsler
manifold, and we denote by dr its sub-Finsler metric, which is left-invariant by
construction.

The main aim of this section is to show that nilpotent simply connected sub-
Finsler groups have a special submetry map: the projection on the abelianization.
Through this map, we will have a new viewpoint for developments and multiplica-
tive integrals.
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10.1.1 A Submetry Onto the Abelianization
10.1.1.1 The Abelianization of Nilpotent Simply Connected Lie Groups

Assume that G is a Lie group that is nilpotent and simply connected, whose Lie
algebra is denoted by g. In this case, the subgroup [G, G] is connected, normal,
and closed; see Exercise 9.5.53. Thus, the quotient G/[G, G] is a Lie group that is
abelian and simply connected; see Exercise 10.5.1. Hence, it is a vector space, and
it can be identified with its Lie algebra, which is naturally identified with g/[g, g].

The group Ab(G) := G/[G, G]is called the abelianization of the group G, while
g/lg, g] is called the abelianization of the Lie algebra g. When G is a nilpotent
simply connected Lie group, the Lie algebra of Ab(G) is isomorphic to g/[g, g] via
the diagram

g exp G
b
Ab(G) ~g/[g,8] — G/[G
which is commutative; see Exercise 10.5.2. In addition, recall from Theorem 9.4.6.i

that the exponential map is a diffeomorphism. For this reason, we shall identify the
two viewpoints for the abelianization and denote by 1, either of the projections:

.Gl =1 Ab(G),

Tap - § —» Ab(G) or 1 1 G — Ab(G),

which we call abelianization maps.

10.1.1.2 A Sub-Finsler Submetry on the Abelianization

In addition to G being a nilpotent simply connected Lie group, we next assume that
it is equipped with a left-invariant sub-Finsler structure (A, ||-||). Thus, the triple
(G, A, |I-l) is a sub-Finsler Lie group, as in Sect.7.1.2. We stress that V := Ay,
is assumed to be a bracket-generating subspace of g and, if we project it via the
abelianization map my, : ¢ — Ab(G), we claim that

(V) = Ab(G).

Indeed, the set ., (V) < g/[g, g] is a bracket-generating subspace of an abelian Lie
algebra, so it is necessarily equal to the whole Lie algebra, recall Exercise 7.5.7.
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Definition 10.1.1 (Abelianization Norm) Let (G, A, |-||) be a sub-Finsler nilpo-
tent simply connected Lie group. Let ||-||,;, be the norm on the abelianization Ab(G)
whose unit ball at the origin is the image in Ab(G) under my, of the unit ball at the
origin for |||l in Ay, that is,

Tab (B@lcs”‘")((” D) = B(Ab(G), 1) (0. 1. (10.1)

For another expression of the norm ||-|,, see Exercise 10.5.3. Notice that ||-||,p
is actually the only norm that makes the projection myp| A, P A1 S8 Ab(G) a
submetry, in the sense of Definition 3.1.23, where on Aj, we consider the distance
induced by ||-|| and on Ab(G) the distance induced by ||-|,,. We shall actually show
that we obtained a submetry between sub-Finsler Lie groups.

Proposition 10.1.2 (7, is a Submetry) Let G be a nilpotent simply connected Lie
group metrized with a left-invariant sub-Finsler metric. Equip the abelianization
Ab(G) with the norm |||, from Definition 10.1.1. Then (Ab(G), ||-||ap) is a normed
vector space and the abelianization map ma, : G — Ab(G) becomes a group
homomorphism and a submetry.

Proof Being the abelianization map the projection modulo the normal subgroup
[G, G], the map 7 := my}, is a group homomorphism; see also Exercise 10.5.4. As
we explained at the beginning of the section, the group Ab(G) is a vector space
equipped with the norm from Definition 10.1.1.

Regarding the fact that 7 is a submetry, this is a consequence of the more general
Proposition 7.1.9. Since, actually, in this case, the proof is more elementary, we
directly check that 7 satisfies the condition in Definition 3.1.23. Fix r > O and g €
G.Let By (g, r) be the closed ball with respect to the sub-Finsler distance d;r on G
with center g and radius r. We need to show that 7 (Bsp(g, r)) = B”'Hab ((g),r).
From the left invariance of d;r, we may assume that g = 1. By definition of ||-||,p,
we have || (X)|lp < | X|| forevery X € Ay,; see Exercise 10.5.3. Integrating this
inequality for the velocities along each horizontal path y, it follows that

[ oy | = 17l = 7G| < 7] = 171

where we use that 7 is a homomorphism and that the norms are left-invariant (and
we also used the notation (7.3)). Therefore, the map 7 does not increase distances
and we have one inclusion: ﬂ(ésp(lc, r)) C B”'Hab ©, r).

Regarding the other inclusion, take ¥ € Ab(G) satisfying || Y|, < r, then,
by definition of the norm |||, there exists X € Ay, such that 7(X) = Y and
IX|| < r. The curve t € [0, 1] — exp(tX) is a horizontal path connecting 15
and exp(X) with length at most r. Hence, we have d;r (1, exp(X)) < r. Finally
7 (exp(X)) = 7(X) =Y, so we have proved the opposite inclusion: BH‘”ab ©,r) C
7 (Bsr(lg,1)). m
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10.1.1.3 Lifts of Curves

Proposition 10.1.3 Let G be a nilpotent simply connected Lie group metrized with
a left-invariant sub-Finsler metric. Equip the abelianization Ab(G) with the norm
Il ap from Definition 10.1.1. Then for every T > 0 and every w : [0, T] — Ab(G)
measurable with ||w|,, = 1 almost everywhere, there exists a horizontal curve
y [0, T] = G withy(0) = lg, man(y) = w, and ||y || = 1, almost everywhere in
[0, T].

Proof We get this existence result as a consequence of the fact that 7 is a submetry.
Let o : [0,T] — Ab(G) be the absolutely continuous curve with ¢(0) = 0 and
o’ = w. Notice that since Ab(G) is a vector space, we just have o (¢) := f(; w(s)ds,
and moreover the speed is || |las = |lw|lap = 1, so the curve o is 1-Lipschitz,
recalling (3.14). The curve y for which we are looking will be a lift of o under the
abelianization map 7 := myp.

In Proposition 10.1.2, we saw that 7 : G — Ab(G) is a submetry, in addition to
a group homomorphism. Hence, via Proposition 3.1.24 we can lift 0. Namely, there
is a 1-Lipschitz curve y : [0, T] — G such that y(0) = lgandm oy = 0.

First, we observe that 7(y) = & = o' = w, where we recall that we are
identifying r with its differential, and using the notation (7.3). Second, we notice
that, on the one hand, since y is 1-Lipschitz, then ||y | < 1; see Exercise 4.4.11. On
the other hand, since 7 is 1-Lipschitz (being a submetry), and || (¥)|lab = |6 ||lab =
1, then ||y || > 1. Thus, we conclude that ||y || = 1. O

The proof of Proposition 10.1.3 actually tells us that we can lift rectifiable curves
from the abelianization to the group. We leave it to the reader to write the variation
of the proof of the following consequence; see Exercise 10.5.5.

Corollary 10.1.4 Let G be a nilpotent simply connected Lie group metrized with a
left-invariant sub-Finsler metric. Equip the abelianization Ab(G) with the norm
I-llap from Definition 10.1.1. Then for every T > 0 and every AC curve o :
[0, T] — Ab(G) with bounded speed, there exists a horizontal curve y : [0, T] —
G with map(y(0)) = 0(0), mgp oy = o, and ||y|| = || ||lab, almost everywhere in
[0, T].

We picture Corollary 10.1.4 by the following diagram:

pan

[0, 7] —Z— Ab(G).
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The abelianization map behaves naturally under homomorphisms:

Lemma 10.1.5 Let G and H be nilpotent simply connected Lie groups. Let
¢ : G — H be a Lie group homomorphism. There exists a unique linear
homomorphism @, : Ab(G) — Ab(H) for which the following diagram commutes:

G —2 s H

iﬂab lﬂ ab

Ab(G) 225 Ab(H).

Moreover, if pap is surjective, then so is ¢.

Proof The first statement is completely algebraic. For the diagram to commute, we
need to define

van(glG, G]) == ¢(g)[H, H], Vg € G.

Since ¢([G, G]) € [H, H], then the map is well defined and is a homomorphism
since [G, G] and [H, H] are normal subgroups.

If in addition ¢y, is surjective, then we have h = ¢, (g) + [b, b]. Hence, the Lie
algebra ¢, (g) is bracket generating in b, by Exercise 10.5.6. Hence ¢, (g) = b, and
hence ¢(G) = H. O

10.1.2 A Special Sub-Finsler Geometry on Nilpotent Groups

In this subsection, we consider particular Carnot-Carathéodory metrics on nilpotent
Lie groups: Given a nilpotent simply connected Lie group G with Lie algebra g, we
consider left-invariant distributions A with the property that

g=A1®[g gl (10.2)

This will be the case in the metric groups of our main interest: Carnot groups.

Such a A is not unique, not even up to isomorphism; see Exercise 10.5.9.
However, every Aj satisfying (10.2) Lie generates the Lie algebra g, recall Exer-
cise 10.5.6. Moreover, no smaller subspace would Lie generate; see Exercise 10.5.7.
Thus, these distributions may be called minimal bracket-generating polarizations.

Next, we shall see how one can check via abelianizations whether a group
homomorphism is Lipschitz. In connection with the next part 10.1.6.i, we also point
out that there is a more general reason why the following map is Lipschitz; see
Exercise 7.5.6.

Proposition 10.1.6 (Criterion for Lipschitz or Submetry Property) Let G and
H be nilpotent simply connected Lie groups equipped with left-invariant sub-Finsler
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structures: (G, AY, ||||) and (H, A", ||-||). Assume that h = A & [b,b]. Let ¢ :
G — H be a Lie group homomorphism.

10.1.6.1. If(p*(AlG) C A then ¢ is Lipschitz with respect to the sub-Finsler
distances. In fact, we have Lip(¢) = Lip(¢@ap).

10.1.6.ii. If(p*(AlG) c Af{ and g : Ab(G) — Ab(H) is a submetry, then ¢ is
a submetry.

Proof Regarding 10.1.6.1, the fact that ¢ is Lipschitz is a more general fact; see
Exercise 7.5.6. We prove that, in this case, the Lipschitz constant equals Lip(@ap).
Let y be a AC-horizontal curve, parametrized with speed 1. Because of the
assumption, the curve ¢ o y is A¥-horizontal. Since 7 := 7 : G — Ab(G) is a
submetry (and hence 1-Lipschitz), the curve m oy is 1-Lipschitz. By Lemma 10.1.5,
the map @, exists, and, being linear, it is Lipschitz. Let L be the Lipschitz constant
of @ap. Then gapomoy is L-Lipschitz. The curve poy is alift of gypomoy = mwogoy,
and, since A is in direct sum with [, b], this is the only horizontal lift; check the
first commutative diagram (10.3). Hence, by Corollary 10.1.4, the curves ¢ o y and
@apom oy have the same speeds so, in particular, we deduce that g oy is L-Lipschitz.
Since the distances are length distances, we infer that ¢ is L-Lipschitz.

I —r G Y s H \ .
lﬂab lﬂab " G —)‘p H
Ab(G) 225 Ab(H) lnab lnab

Ab(G) 225 Ab(H).  (103)

Regarding 10.1.6.ii, the map ¢ is 1-Lipschitz from 10.1.6.i. To deduce that ¢ is a
submetry, we can just show that for every absolutely continuous curve o : I — H

with ||o|| = 1 there is an absolutely continuous curve y : I — G with ||y =1
and ¢ o y = o. By Corollary 10.1.4, since A{J is in direct sum with [b, b], the
curve ma, o o - I — Ab(H) is such that || (7Tap © o)’” = 1. Similarly, since ¢, is

a submetry by assumption, there is n : I — Ab(G) such that g, o n = Tp 0 0
and ||7]| = 1. Since my : G — Ab(G) is a submetry, there exists y : [ — G with
l7]l = 1 and map 0o ¥y = 1. We conclude by checking that ¢ o y = o. In fact, the
curves ¢ o y and o are equal because they are the unique horizontal lift of myp o o,
because

TabOPOY = @PabOTap OY = Pab O 1 = TTap © 0.

In other words, we showed the commutativity of the diagrams in (10.3). O
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10.1.2.1 Projection on the Good Polarization

Definition 10.1.7 (The Projection wA,) Under the assumption that the polariza-
tion Aq is in direct sum with [g, g], i.e., (10.2), let projAl 1 g — Aj be the projection
onto A with kernel [g, g] and define

a2 G — Ay
g~ A, (p) = proj,, (exp™ ' (g)). (10.4)
Remark 10.1.8 We stress that, under the assumption (10.2), the quotient space
g/[g, 6] can be identified with A1, as vector spaces, and the projection g — g/[g, g]

can be identified with g — A1, modulo [g, g]. Hence, the map s, : G — Aj is
nothing else than the abelianization map my, : G — Ab(G), in the case (10.2).

Lemma 10.1.9 Let G be a nilpotent simply connected Lie group and let A1 be a
polarization on G such that (10.2) holds. For the map ma, of Definition 10.1.7, we
have:

10.1.9.i. Themap wpa, : G — (Ay, +) is a Lie group homomorphism.
10.1.9.ii.  The differential of mwa, is the identity when restricted to Aj:

(nAl)*lAl = idA] .

Proof of (i) Because of Remark 10.1.8, this is just a restatement of Proposi-
tion 10.1.2. We spell out another proof that avoids identifications. We write
for A, and proj for proj,,. By Theorem 9.4.6, since G is simply connected and
nilpotent, for all p and ¢ € G, exist X and ¥ € g such that exp(X) = p and
exp(Y) = g. On the one hand, by the BCH formula and assumption (10.2), we have

7(p - q) "L proj(exp~! (pg)) = proj (eXp‘l(eXP(X ) exp(Y )))

5.26 . 1 10.2 .
©29 hroj <X+Y+§[X,Y]+...) 122 roi(X + 1).

On the other hand, we have

7(p) + 7(q) = proj(exp~ ' (p)) + proj(exp'(g))
= proj(exp™ ' (p) + exp~'(g)) = proj(X + Y).
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Proof of (ii) By Proposition 5.2.8, we have

def . _
drla, = (d(projoexp  Nigla,

(5.2.8) )
=" (dprojlola,

= (did)ola, =ida, .

Here is another restatement of Proposition 10.1.2:

Corollary 10.1.10 Let G be a nilpotent simply connected Lie group polarized by A
so that A1 @ g, g] = g. Fixanorm ||-|| on A1. The map mp, : (G, dec) — (Aq, 1)
is a submetry, where d.. is the metric on the sub-Finsler Lie group (G, A, ||-||).

The map ma, from (10.4) is useful since it gives a second link between the
tangents of horizontal curves and vectors in Aj. Recall the notions of development
and multiplicative integral from Definitions 7.1.4 and 7.1.5, respectively.

Proposition 10.1.11 (Development as Projection on Abelianization) Let G be a
nilpotent simply connected Lie group polarized by A so that Ay @ [g, g] = ¢. Fix
T >0.Ify : [0,T] — G is a A-horizontal curve, then the development of y is
7a, o y. Viceversa, ifo : [0, T] — Ay is an absolutely continuous curve, then the
multiplicative integral of o is the only A-horizontal curve y with o 1= ma, o y.

Proof We need to prove the formula

ef 1. d
y' ()& (Lyw)y 'y (1) = T (2, 0¥) (@), vt € [0, T], (10.5)

as elements of Aj. Using Lemma 10.1.9, and that A, (1) = 0, we get

d . aa(y@+h) —ma (y()
g aey) @ = lim == T
10191 .. 7Ta (O y(t +h)
=" lim
h—0 h
-1
= lim o Ly (t+h)
h—0 h
B A (L (4 1) = 7, (Lol y (1)
T >0 h

d -1
= a((ﬂA1 o Ly(t) o y)(t + h) .

= (a0 (Lyg)e7 (@)

PG 1) = ().
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The vice versa is obvious since multiplicative integrals are the inverse operation of
developments. O

Corollary 10.1.12 Let G be a nilpotent simply connected Lie group polarized by A
so that Ay & [g, 6] = ¢. Fix a norm ||-|| on Ay. The length of the horizontal curves
equals the length of their projections:

Length(y) = Length(;ra, o y), Yy horizontal curve in (G, A),

where the first length is with respect to the sub-Finsler metric and the second one is
in the normed space (Aq, ||-|]).

Proof By Proposition 10.1.11 (see (10.5)), one has

dt

g
Length( o y) = / Hd— (woy) (@)
0 t

1
= [ ol
0

1
= [ ozt

1
=/ 19Ol di
0

= Length(y).

10.1.2.2 Horizontal Lines as Geodesics

Definition 10.1.13 Let (G, A, || - ||) be a sub-Finsler Lie group. Let X € A;. The
curve ¢ — exp(tX) is the one-parameter subgroup tangent to the vector X, and it is
called the horizontal line in the direction of X.

On each sub-Finsler Lie group (G, A, || - ||), the curve t — y(t) := exp(tX)
is horizontal with respect to A, because, recalling Corollary 5.2.6, we have y (t) =
Xy = dL,nX € A,). We claim that the length of t +— y(¢), fort € [0, T],
with respect to the sub-Finsler structure of (G, V, ||-||) is T || X||. Indeed, we have

T
Length(y) = /0 19l di

T
= [ 10l a
0
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T
= [ 1) xi] o

T
:/ 1 X dt
0

=TIX],

where we used that both X and the norm are left-invariant. In fact, we get the
formula

Length (exp(t X)lrefa,p1) = b —al - [|X|| Ya,b € R. (10.6)

In Lie groups endowed with left-invariant Riemannian metrics, one-parameter
subgroups may not be geodesics. For instance, in the semidirect product R x R,
which is the hyperbolic half-plane, the distance between the identity element (0, 1)
and (¢, 1) equals 2arcsinh(z/2), for t € R; see Exercise 13.4.12.

Regarding nilpotent groups, in the Riemannian Heisenberg group with orthonor-
mal frame X, Y,Z = [X, Y], the one-parameter subgroup in the direction Z is
a Riemannian geodesic, but not globally length-minimizing. Whereas, the one-
parameter subgroup in the direction X 4+ Z is not even a Riemannian geodesic,
recall Proposition 8.1.8.

Proposition 10.1.14 Consider a nilpotent simply connected Lie group G endowed
with a left-invariant sub-Finsler distance with respect to some distribution A such
that A1 @ [g,9] = o. Then, one-parameter subgroups of horizontal vectors are
length-minimizing.

Proof Take X € Aj;. We shall prove that the curve t € R — exp(tX) is an
homothetic embedding:

dec(exp(aX), exp(bX)) = |b—al - | X], Va,b € R.

Recall from Corollary 10.1.10 that the map ma, is a submetry. We have the
following bounds: for all real numbers a < b
dec(exp(aX), exp(bX)) < Length (exp(tX)lrefa,b1)

(10.6)
=" (b—-a)|X]

(6 —a)X]|
|7a, (b —a)X)|
dec(exp(aX), exp(bX)),

IA

where in the last inequality we used the 1-Lipschitz property of 74, . O



10.2 Isometrically Homogeneous Spaces with Dilations (Second Part) 307
10.1.3 Lift of Regularity

With the notion of submetry, we can transport several regularity results about
geodesics from a sub-Finsler Lie group to its quotients. Said with a different per-
spective, if a nilpotent sub-Finsler Lie group may admit pathological geodesics, then
the free-nilpotent Lie group with the same rank and step admits the same patholo-
gies. Next, we will discuss the property of joining points by smooth geodesics.
For other regularity results, we point out to Exercises 10.5.12 and 10.5.13, and
Proposition 3.1.29.

Proposition 10.1.15 Let G and H be nilpotent simply connected Lie groups
equipped with left-invariant sub-Finsler structures: (G, AC 1D and (H, A2 |1-1D)
such that ) = A{i @ [b, bl. Let ¢ : G — H be a Lie group homomorphism. Assume
that each pair of points in G can be joined by a smooth geodesic. If

. AG H
(,0*|A§G) AT = A

is a submetry of normed spaces, then each pair of points in H can be joined by a
smooth geodesic.

Proof The proof is an immediate consequence of Propositions 10.1.6.ii. and 3.1.29.
0

10.2 Isometrically Homogeneous Spaces with Dilations
(Second Part)

This section is the continuation of Sect. 6.5, where we already considered isomet-
rically homogeneous spaces with dilations and proved that they, at least, have a
structure of Lie coset spaces. We will now see that, in fact, they have the structure
of nilpotent positively gradable Lie groups. Moreover, with respect to this group
structure, each dilation is an affine map: a composition of a left translation and a
group homomorphism; see Sect. 10.3 for a discussion on affine maps. Such a group
structure on the metric space comes from the nilradical of the isometry group. The
nilradical is the largest nilpotent connected normal subgroup; see Exercise 10.5.18
for the definition of nilradical at the level of Lie algebra.

Theorem 10.2.1 Let (M, d) be a metric space such that

(1) (M, d) is locally compact;

(2) (M, d) is locally connected;

(3) the isometry group Isom(M, d) of (M, d) acts transitively on M,
(4) there is a dilation on (M, d) of factor in (0, +00) \ {1}.
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Then there is a unique nilpotent Lie group N with a left-invariant distance dy on N
such that (N, dy) is isometric to (M, d) and every dilation of (N, dy) is an affine
map of N. Moreover, this Lie group N is positively graded and isomorphic to the
nilradical of Isom(M, d).

Proof Recall what, under the same assumptions, we already saw in the proof of
Theorem 6.5.1: the identity component G := Isom(M, d)° of the isometry group
Isom(M, d) is a connected Lie group. We fixed a point 0 € M and a dilation 6, :
M — M of factor A € (0, 1) fixing 0. We defined S := Stab(o) to be the stabilizer
of G at o, which is a compact Lie subgroup of G. Via the orbit map 7, the Lie coset
space G /S is homeomorphic to M.

Define for f € Isom(M, d)

Tf:=80fob

We claim that the map 7 is valued into Isom(M, d), that T : Isom(M,d) —
Isom(M, d) is a Lie group automorphism, and 7'(S) = S. Indeed, one easily sees
that if f is an isometry of M, then Tf : M — M is an isometry as well, and that
T(fog) =TfoTgforall f,g € Isom(M, d). Moreover, T is continuous: if
{fk}ken is a sequence converging in Isom(M, d) to f,i.e., fy — f uniformly on
compact sets, then 7 f; converges to 7' f uniformly on compact sets as k — oo,
because for every compact K € M

sup (d(Tfi(p). TS (p) : p € K} = hsup [d(fe(p). f(p) : p €8, (KO}

Since T is a continuous automorphism, then 7" is a Lie group automorphism; see
Theorem 5.3.2. Finally, since §; (0) = o, then T (f) € S, forall f € S.

Let g := Lie(Isom(M, d)) be the Lie algebra of Isom(M, d) and s := Lie(S) the
Lie algebra of the stabilizer S. We consider the bilinear form

B:gxg—R, B(v, w) := Trace(ad(v) ad(w)),

which is the bilinear symmetric form called the Killing form; see Exercise 10.5.16.

We claim that B restricted to s is negative definite. For doing this, fix v € s, for
which we want to show that B(v, v) < 0 unless v = 0. Since Adg is compact in
GL(g), then the eigenvalues of ad, are purely imaginary, see Exercise 10.5.15. So
the eigenvalues of ad% are real and nonpositive. Consequently, because the trace is
the sum of the eigenvalues, we have that B(v, v) = Trace(ad%) < 0. It is left to
prove that,

if Blv,v) =0, thenv=0. (10.7)
Assume that Trace(ad%) = B(v, v) = 0, then since again the eigenvalues of adlz) are

nonpositive, we deduce that all the eigenvalues of ad%, and hence the ones of ad,,
are zero. But the only diagonalizable transformation with all zero eigenvalues is the
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zero transformation (recall Exercise 10.5.15). We deduced that ad, = 0. Therefore,
from Formula 5.5.7 we have Adexp(rv) = etadv — idg and Cexp(rv) = idg, for all
t € R, recalling that G is the identity component of Isom(M, d). Therefore, since
G is connected, we have that exp(7v) is both in the center Z(G) of G and also in §
for all r. We claim that Z(G) N S is trivial. Indeed, take f € Z(G)N S and p € M.
Since the action of G on the connected space M is transitive by Proposition 6.2.9,
there is g € G such that g(o) = p. We deduce that f(p) = f(g(0)) = g(f(0)) =
g(o) = p. Since this holds for every p € M, we deduce that f = idys. The claim
about the triviality of Z(G) N S is proven. Consequently, exp(tv) = idys for all
t € R. Hence v = 0. We proved (10.7), and, therefore, that B is negative definite
on s.
We next consider the map

¢:g_>5*9 ¢(U) = B(Uv ')9

and define the orthogonal of s with respect to the Killing form:

ni=Kero = (v eg: B, w)=0,Vw e s). (10.8)

We claim that g = n @ s, as linear spaces. We begin by noting that n N s = {0} by
(10.7). To deduce that g = 1 @ s, we stress that 1 is the kernel of the map ¢ and that
¢ restricted to s is an isomorphism because B is negatively definite on s.

We next claim that 7, (n) = n. Indeed, since 7, : ¢ — g is a Lie algebra
automorphism, we have B(T v, T,w) = B(v,w) for all v, w € g. Moreover,
T.(s) = s. Therefore, Ty (n) = n.

Fort e R, let V; := V, (e’l, T,) be the Lie algebra grading of g induced by 7
as in Proposition 9.2.19. Since both s and 1 are invariant subspaces for T, we have
Vi=(V;Ns) & (V,Nn)foreachr € R.

We claim that s C V). Indeed, we have seen that T is preserving B and that — B
is a scalar product on s. Therefore, the linear transformation 7|, is orthogonal with
respect to — B and thus every eigenvalue « of T |; has norm 1. Thus, every element
in s has degree t with ¢ Ef_ log(lee|) = —log1 = 0; see (9.12).

Next, we claim that n C V.o = €, V;. Arguing by contradiction, suppose
that there is an eigenvalue o € C such that V; N n £ {0} with t := —log(Je|) < O,
i.e., with |@| > 1. Let Z be a basis of g that represents T} in Jordan form and let
| - | be the Euclidean norm on g so that % is an orthonormal basis. Let U be an
open ball in g centered at O such that the restriction of exp : ¢ — G to 2U is a
diffeomorphism between 2U and its image and such that exp(sNU) = SNexp(U).
In a first case, if @ € R, then there is a nonzero a € n N U such that Tya = «aa,
while, in the second case, if @ ¢ R there there are nonzero a, b € n N U such that
la] = |b|, Tya = Re(a)a + Im(a)b and Tyb = —3Im(a)a + Re(a)b. Notice that,
in both cases, we have that |Tfa| = |a|¥|a| for all k € N.
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In afirst case, if || = 1, then there is a diverging sequence k; of natural numbers

with lim; Tf‘fa =a € U. Hence
exp(a)(0) = lim exp(T’a)(0)
Jj—>00
ok —kj
= lim 4, oexp(a) 0§, ’(0)
Jj—>00

= lim 8, (exp(a)(0))
J—00

:0’

that is exp(a) € SNexp(U). Thanks to our conditions on U, we obtaina € sNn =
{0}, in a contradiction since a # 0.

In the second case, if |a| > 1, then |T*_ka| = |a|7¥|a| is a vanishing sequence
as k — o0. Therefore,

0 =id(0) = lim exp(T, *a)(0) = lim &, ¥ exp(a)8(0) = lim 8;* exp(a)(0),
k—o00 k—o0 k—o00

where limg ., d(0, 8, k exp(a)(0)) = +00, since §, is an expanding dilation. In
both cases, we have a contradiction. We have thus proven our claim that n C V.

We conclude that the grading is nonnegative, s = Vp, and n = V..
Consequently, the linear space n is a nilpotent ideal in g; recall Exercises 9.5.19
and 9.5.29.

Therefore, by the definition of nilradical nil(g) of g, we have n C nil(g). We
stress that the Killing form is negative definite on s, while it is zero on nil(g); see
Exercise 10.5.20. We infer s N nil(g) = {0} and hence n = nil(g).

Now that we know that n is a Lie algebra, we can consider N < Isom(M, d)
to be the connected Lie subgroup with Lie algebra n, by Theorem 5.1.4. We claim
that the orbit map |y : N — M restricted to N is a homeomorphism. Indeed, we
firstly recall that the identity component G of the isometry group acts transitively
on the connected space M; see Proposition 6.2.9. Secondly, because g = n @ s, the
group N acts transitively on M, i.e., 7 (N) = M. Thirdly, we have N N § is discrete
because nN s is trivial. So, 7|y : N — M is a covering map. Since the manifold M
is simply connected by Exercise 6.6.30, the map 7|y is actually a homeomorphism.
Therefore, N is simply connected, and it is a graded nilpotent Lie group.

Finally, we make N into a metric Lie group by pulling back the distance d from
M to N viam:

dy(f,8) =d@(f),n(g)) =d(f(0),g(0)), Vf.g€N.

We stress that by the definitions, for every f € N,wehave n(Tf) = T f (o) = ()0
foS)Tl)(o) = (6pof)(0) = 8, (w(f)). We conclude that 7 |y is an isometry between
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(N, dy) and (M, d) that relates the dilation &, on M with the automorphism 7 on
N.

For the uniqueness, suppose that M has another Lie group structure so that d is
a left-invariant admissible distance, and §,, is a Lie automorphism. Then the set M L
of left translations is a subgroup of G whose Lie algebra m is complementary to s,
i.e., g = s @ m, and invariant under T, i.e., T,,m = m. Take m € m and decompose
it as m = ms + my with ms € s and m, € n. Then, since T, is contractive on 1, up
to subsequence, we get

m 3 lim Tfm = lim TX(ns 4+ my) = lim Trm, € s.
k— 00 k— 00 k— 00

Thus limg_, 5 T,fm5 = 0 and, since T restricted to s preserves the norm given by
— B, we deduce that ms; = 0. We conclude that m = n = nil(g), and thus the
original group structure is equal to the one given by N. O

10.3 Affinity of Isometries of Nilpotent Lie Groups

We say that a map between groups is affine if it is the composition of a left
translation and a group homomorphism. Equivalently, it is the composition of a
group homomorphism and a left translation. For nilpotent groups, we have the
following result on their isometries, which we will not prove but will discuss only
partially.

Theorem 10.3.1 ((KL17, Theorem 1.2], after Wolf [Wol62, Wil82]) Isometries
between nilpotent connected metric Lie groups are affine.

Here are some consequences:

[10.3.1.i] Two isometric nilpotent connected metric Lie groups are isomorphic;

[10.3.1.ii]] Every dilation between nilpotent connected metric Lie groups is an
affine map;

[10.3.1.ii] Given a connected metric Lie group N, its isometry group Isom(N),
which always is a Lie group, is a semidirect product if N is nilpotent. Namely,

Isom(N) = N x Autlsom(N),
where N is seen inside Isom(N) as left translations and Autlsom(/N) denotes
the group of automorphisms of N that are isometries.

Moreover, with the above notation, we have

[10.3.1.iv] The group N is a maximal connected nilpotent subgroup of Isom(N),
and the Lie algebra of N is the nilradical of the Lie algebra of Isom(N).
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We will not prove Theorem 10.3.1 in this text. Historically, this has been proved
in [KL17] using Theorem 8.2.1 and reducing it to the case of Riemannian manifolds
where Wolf has proved the result in [Wol62]. In Wolf’s proof, there is an unclear
step, which has been later clarified by Wilson in [Wil82]. Nowadays, we have more
direct proofs of Theorem 10.3.1. See, for example, [Cow+24].

Given a metric group (M, d), we denote by M’ the group of the left translations
inside the isometry group Isom(M, d) and by Stab; (Isom(M, d)) the stabilizer of
the identity element 1 = 1;,. We denote by Aff(M) the group of affine maps from
M to M and by Aut(M) the group of automorphisms of M. Then the following
properties are equivalent:

. MY <9lsom(M, d);

. Isom(M, d) < Aff(M);

. Stab; (Isom(M, d)) < Aut(M);

. Isom(M, d) = M™ x Stab; (Isom(M, d));

. Isom(M, d) = M x (Isom(M, d) N Aut(M)).

DN AW =

All of the properties hold when (M, d) is nilpotent and connected.

10.4 Guivarc’h Seminorms on Nilpotent Lie Groups

On nilpotent simply connected Lie groups, there are special (coarse) distance
functions that are more linked to the Lie algebra nilpotency properties. They are
called homogeneous quasi-norms since they behave well with respect to algebraic
dilations. The most important examples of homogeneous quasi-norms are the
following:

1. Guivarc’h seminorms, which are present in every nilpotent simply connected Lie
group; see Lemma 10.4.2.

2. The distance d(1,-) from the identity element in every Carnot group; see
Proposition 11.1.3.

3. The asymptotic distance ds(1g, -) from the identity element in every simply
connected nilpotent sub-Finsler Lie group G, after the identification of G with
its associated Carnot group G, see Corollary 12.4.4.

Definition 10.4.1 Let G be a nilpotent simply connected Lie group. Fix on its Lie
algebra g a linear grading (V,),eRr, as in Definition 9.2.1 and let §; be the inhomo-
geneous dilation on g of factor A relative to the grading, as in Definition 9.2.12. An
homogeneous quasi-norm is a function | - | : G — Rx¢ such that

10.4.1.1. it a continuous function,
10.4.1.ii. |x| =0ifand only if x = 15, and
10.4.1.iii. 18, (x)| = Alx| for every x € G and every A € R.
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In particular, for each homogeneous quasi-norm, in exponential coordinates, we
have that

x| = A% x), Ya € R,Vx € V,.

As previously mentioned, important examples were constructed by Guivarc’h in
the presence of compatible linear gradings as in Definition 9.2.2. We will present the
proof taken from [Brel4, Lemma 2.5], which, however, is an alternative exposition
of the original one [Gui73, Lemma II.1].

Lemma 10.4.2 (Guivarc’h) Let G be a nilpotent simply connected Lie group. On
its Lie algebra g fix a compatible linear grading g = V1 & ... @ V;, and denote by

((x)1, ..., (x)s) the decomposition of each x € g with respect to this grading. Then
for every ¢ > O there exists a norm | - || on g such that the function
i
geGrlgl= max |(ogg),|"” (10.9)
jefl,....s}
is a homogeneous quasi-norm that satisfies
lg-h| <|g|+|hl+e, Vg heG. (10.10)

Proof We fix some scalar product on g that makes the compatible linear grading
orthogonal. We shall not change the induced norm ||-|| on Vi, while on every other
V; we will replace the norm with the norm A; ||-|| for some A; € Ry so that (10.10)
would hold. The A ;’s will be taken to be smaller and smaller as j increases.

. . . 1/j
We work in exponential coordinates. We set |x|;, := max; |A;(x);| 7 for x e
R’ . We want that for every index j € {1,..., s},

A Gxey)i] < Uxl+ 1yl +8)7 ., ¥x,yeas. (10.11)

By BCH Formula, we have (x x y); = (x); + (y); + Pj(x,y), where P; is a
polynomial map into V; depending only on (x); and (y); withi € {1,...,j — 1}
such that

|Pi.p|=ci D> M@ M)

I,m>1,l4+m<j

where My (x) := max; <k [|(x); 1'% and C; > 0is a constant depending on P; and
on the norms ||-||;’s. Since ¢ > 0, when expanding the right-hand side of (10.11) all
terms of the form |x |a |yl% withI4+m < j appear with some positive coefficient, say

&1.m- The terms |x|i and | yli appear with coefficient 1 and cause no trouble since
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we always have A ; H (x); H < |x|{ and A || ) H < |y|{. Therefore, for (10.11) to
hold, it is sufficient that

AjCiM 1 (x) M ()™ < ermlxlilylD,

for all remaining ! and m. However, clearly My(x) < Ay - |x|, where Ay =
1/l} > 1. Hence, a sufficient condition for (10.11) to hold is

i

max; < {1/A

AN
Aj < (CjA/.il) min &/ .
’ J I+m<j

Since A j_1 depends only on A1, ..., A;_1, such a set of conditions can be fulfilled
by a suitable s-tuple A. O

Every two homogeneous quasi-norms are bi-Lipschitz equivalent; see Exer-
cise 10.5.24. Moreover, for every left-invariant geodesic distance, the distance from
the identity element is coarsely bi-Lipschitz equivalent to each homogeneous quasi-
norm, in the following sense.

Theorem 10.4.3 (Guivarc’h) Let G be a nilpotent simply connected Lie group
equipped with a left-invariant geodesic distance d. Let | - | be a homogeneous quasi-
norm with respect to a compatible linear grading. Then there exists a constant C >
1 such that

1
E|8|—C§d(l,g)§CIgI+C, Vg € G. (10.12)

Proof Recall that Guivarc’h seminorms, as defined in Lemma 10.4.2, are homo-
geneous quasi-norms. Then, since homogeneous quasi-norms (with respect to the
same dilations) are bi-Lipschitz equivalent, see Exercise 10.5.24, it is enough to
show (10.12) when | - | is some Guivarc’h seminorm, for some € > 0 as to satisfy
(10.10).

We begin with the first inequality: %|x| —C <d(1,x). Let

C :=max{|x|: d(1,x) < 1} + .
Take x € G with L := d(1, x). Take a geodesic from 1 to x and subdivide it into
k == |[L] + 1 pieces x9 = 1,x1,...,xx = x with d(x;j_1, x;) < 1, for every
i=1,2,...,k. Then we have
d(l,x ' x) =d(xi—,x) <1, Vje{l,2,... k),

and thus, by definition of C, we have

xil < C—e Vje{l2,... k). (10.13)
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Hence, using that | - | comes from Lemma 10.4.2, we can bound

-1 —1
|x] = |_xl.xl Xp o ‘xk—l'xk|

(10.10) » »
< el A+ I Xl e g k] + ke

= kC<C(L+1)=Cd(l,x)+C.

We then prove the second inequality: d(1, x) < C|x|+ C. The proof is by induction
on the nilpotency step s of G. In the abelian case, it is clear. We assume the result is
proved for groups up to step s — 1, and we want to prove it for an s-step group G.
We consider the quotient modulo the normal subgroup given by the last non-trivial
element C*(G) of the lower central series. Note that Cs G)\G = G/Cs (G) is a Lie
group of step s — 1 that is equipped with the distance (6.4), which in this case is
left-invariant and geodesic since d is geodesic; see Proposition 3.1.27. Hence, the
result is valid in G/Cs (G) Namely, there exists C > 0 such that for every x € G
we have

d(1,xC*(G)) < C|xC*(G)| + C.
It follows that, there exists z € C*(G) such that
d(l,xz) < C|xC*(G)|+ C < C|x|+C, (10.14)

where we used the fact that projections reduce Guivarc’h seminorms. On the one
hand, by triangle inequality and left invariance, we have

d(l,x) < d(,xz)+d(xz,x)

(10.14)
< Clx|+C+4d({,z).

On the other hand, by Lemma 10.4.2, we also have

izl = 'z
(10.10)
<

Ix 7+ Jxz] + e
< |x|+Cd(1,xz2)+C+e¢

(10.14)
< x|+ CCClx|+C)+C+e

= (C2+ D|x| +C*+C +e,
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where in the second inequality, we used that in exponential coordinates, the inverse
of x is — x, and the inequality proved in the first part of this proof. Therefore, we
just need to bound d(1, z) affinely in |z|, for z € C5(G).

Let ¢ .= dim C*(G) and 2 := B;(1g, 1). Then the set

={e;---e.:Vi=1,2,....,c3uj,...,ujs € L:e; = uir, ..., uisl}
is a neighborhood of 1 in C¥(G); see Exercise 10.5.25. Then there exists m € N

such that log(2’) contains the #-ball with respect to the norm || - || on Vj giving
the Guivarc’h seminorm. For every z € C*(G), let k € N be such that

k—1< 12l )z < k. (10.15)

Consequently, without distinguishing the group with the Lie algebra via the
exponential map, we have

1

/
mSkSZ e Q.
Hence, we can write
1
msksZ—el-...-ec,
with e; = [u;1,...,u;s] and u;; € By(1g, 1), for every i, j. Then, using that each
[#i1, ..., uis] is a central element, we get

1 m*k*
“= (msks Z)

.YkS
l—[[ulla" , Ujs )

/\

.Vks
(i1, ..., uis]™
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where in the last equation, we use this general property of nilpotent groups; see
Exercise 10.5.26. Then, iteratively using the triangle inequality and the fact that u;;
are in the unit ball, we infer that for some constant C, 5, we can bound

c

d1,2) =d(1 Tk, uy)

i=1
< Ce.s maxd(l, ufi")
L]
< C¢smk maxd(l, ”ij)
L]

(10.15)
=< Cc,s,m k < Cc,s,m(|Z| +1).

10.5 Exercises

Exercise 10.5.1 Let H be a closed subgroup of a topological group G. Assume
that G is simply connected and H is connected. Then, the topological space G/H
is simply connected.

Hint. Every lift of a loop has extremal points joining elements in H.

Exercise 10.5.2 For every nilpotent simply connected Lie group G, one has

exp(X + [g, a]) = exp(X) exp([g, g]) = exp(X)[G, G], VX €g.

Hint. Use Baker-Campbell-Hausdorff formula.

Exercise 10.5.3 Let (G, A, ||-]|) be a sub-Finsler nilpotent simply connected Lie
group, as in Definition 10.1.1. The norm given in (10.1) is

vl = min{llw] : w € Ay, map(w) = v}, Yv € Ab(G).
Exercise 10.5.4 Let G be a simply connected and nilpotent Lie group. See Ab(G)
as g/[g, g] with abelianization map 7w : ¢ — Ab(G). Consider the map 7 : G —
ADb(G) given by T := myp o log. Then, we have
T(xy) =a(x)+7(y), Vx,y €G.

Hint. Baker-Campbell-Hausdorff formula gives exp ™! (xy) = exp~! (x) +exp~!(y)
modulo [g, g].
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Exercise 10.5.5 Using selection arguments, like Theorem 7.1.10 as used in Propo-
sition 7.1.9, one proves Corollary 10.1.4.

Exercise 10.5.6 Let g be a nilpotent Lie algebra and let A be a subspace of g such
that

g=A;+I[g,al (10.16)
For the lower central series (a')); ey of g, we have
g =[A1, A1l +¢%
and, more generally, we have
oV =[ALTAL L. AL AL DT+ gD,
where in the above brackets A appears i-many times. Consequently, every A with

property (10.16) is Lie generating g.

Exercise 10.5.7 Let g be a Lie algebra. Let V C g be a subspace such that V +
[g, g] # g. Then V is not bracket-generating g.
Hint. The Lie span of each subspace V is contained in V + [g, g].

Exercise 10.5.8 Let g be a nilpotent Lie algebra and let A| be a subspace of g.
Then, the set Aj Lie generates g if and only if g = A + [g, g].

Exercise 10.5.9 There is a nilpotent simply connected Lie group G with sub-spaces
A1 and A such that

g=A1®[g, 9] =A1 &g gl,

with the property that there is no Lie algebra isomorphism ¢ : g — g such that
¢ (A1) = Ayq. Compare it with Proposition 9.2.9.
Hint. Check Exercise 9.5.28.

Exercise 10.5.10 Let g and b be nilpotent Lie algebras. Let A‘f (resp., A?) be a
linear subspace of g (resp., h) such that g = Aﬁ] @ [g, g] (resp., b = A? @ [D, b]). Let

¢ : g — bbe aLie algebra homomorphism. If ¢ has the property that gb(A‘f) c A,
then

moigoo-sopoig e lw o o,
1



10.5 Exercises 319

where proj® : ¢ — g and proj’ : h — b are the projections onto A‘f and A?
respectively with kernels [g, g] and [b, b] respectively.

Solution. If X € A‘f, then (¢ o proj)(X) = ¢(X). Since by assumption we also
have ¢(X) € A?, then (proj o ¢)(X) = ¢(X). So proj o ¢ and ¢ o proj are two
homomorphisms that coincide on A?. Since A? generates the algebra g, then the
two homomorphisms are equal.

Exercise 10.5.11 Let G be a nilpotent simply connected Lie group polarized by A
so that A; @ [g, g] = g. The projection map 7 := 7, from (10.4) has the following
properties: For every Lipschitz curve o in A1 with o (0) = 0, there exists a unique
Lipschitz horizontal curve y with 7(y) = o and y(0) = 15, and such a curve is
the solution of the ODE

() = (Ly)e6(®) ot
{y<0> 1. (10.17)

Solution. We discussed the existence and the uniqueness of the ODE in the proof of
Proposition 7.1.3. Let y (¢) be the solution. Then

d
Y'®) =Ly v @) = 5(0(0)-

Because of Formula (10.5), we have that 7 o y and o are two curves in A| with
d

same starting point 7 (y (0)) = 0 = o(0) and same derivative: d—t(n oy) = ao.

Therefore r oy = 0.

Exercise 10.5.12 Let G and H be sub-Finsler Lie groups and ¢ : G — H a Lie

group homomorphism that is also a submetry. If geodesics in G are analytic, then

so are those in H.

Hint. See Proposition 3.1.29.

Exercise 10.5.13 Let G be a nilpotent simply connected Lie group and let A be a
polarization on G such that (10.2) holds. If o : I — A is a curve of regularity C¥,
for some k € N, then the multiplicative integral of o is C*.

Hint. Consider the free-nilpotent Lie group G with same rank and step of G, so that
there is a quotient map G — G. In this situation, it is clear that the multiplicative
integral of o in G is C* because the system (7.4) can be integrated one stratum at a
time. The multiplicative integral of o in G is the projection of the one in G.

Exercise 10.5.14 Let G be a 2-step nilpotent simply connected group equipped
with a polarization A C g. Define V, := [g,g] and Vi C A as the orthogonal of
V2 N A in A. Then, the polarized group (G, Ay) is isomorphic to some G, as in
Definition 7.3.7, with ¢ : V1 x Vi — V> being the Lie bracket.
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Exercise 10.5.15 Given a Lie algebra g and v € g, the transformation ad, is
diagonalizable over C and its eigenvalues are purely imaginary if and only if
('™ .t e R} is precompact in GL(g).

Exercise 10.5.16 (Killing Form) Let g be a Lie algebra. The Killing form on g is
defined for all X, Y € gas

B(X,Y) := Trace(adyady).

The Killing form B is bilinear, symmetric, and B(ady Y, Z) + B(Y,adx Z) = O,
for all X,Y,Z € g and invariant under automorphisms of the algebra g, that is,
B (X), ¥ (Y)) = B(X,Y) for ¢ € Autrje(9), and X, Y € g.

Exercise 10.5.17 The Killing form of each nilpotent Lie algebra is identically
zero—be aware that the inverse is not true already for some 3D Lie algebras.

Exercise 10.5.18 (Nilradical) The nilradical of a Lie algebra g, denoted by nil(g),
is defined as the largest nilpotent ideal of g. Then, the set nil(g) can also be defined
as the sum of all nilpotent ideals of g; see [HN12, Definition 5.2.10].

Exercise 10.5.19 Let X be an element in nil(g) of a Lie algebra g. Then ady is a
nilpotent transformation of g.

Exercise 10.5.20 Given a Lie algebra g, the Killing form restricted to the nilradical
of g is identically 0.
Hint. From Exercise 10.5.19, for X € nil(g), we have B(X, X) = 0.

Exercise 10.5.21 (Solvable Lie Algebra) Let g be a Lie algebra. We have the
following equivalent definitions:

(i) g is solvable, in the sense that, defined the derived series of g as ¢© := g and
g™ =g D, g D] VneN,

then the derived series terminates in the zero subalgebra.

(1) [g, g] is nilpotent.

(iii) ,,;% The Killing form B of g satisfies B(X,Y) =0forall X e gand Y € [g, g].
This is Cartan’s criterion for solvability.

Hint. Check [Kna02, page 31] and [Kna02, Proposition 1.39].

Exercise 10.5.22 Let M and M; be groups. Suppose F: M} — M5 is a map such
that F o MF o F~! = MEF, where M* denote the group of left translations on a
group M. Then F is affine.

Exercise 10.5.23 Let |- | : G — R be a homogeneous quasi-norm on a positively
graded Lie group G. Then, the function | - | : G — R is proper, i.e., the pre-image
of compact sets is compact. It induces the same topology, in the sense that g — g
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in G if and only if |g g‘1| — 0. Moreover, there exists a constant M > 1 such that
lghl < M(|g| + |h|), for g, h € G.

Exercise 10.5.24 Let G be a nilpotent simply connected Lie group whose Lie
algebra is equipped with a linear grading. Let | - | and ||-|| be homogeneous quasi-
norms with respect to the grading. Then there exists a constant C > 1 such that

1
clel=lglh=Clgl. Vg€ (10.18)

Hint. For each inequality, take as constant the maximum of a quasi-norm on the unit
ball of the other quasi-norm. Then, use homogeneity.

Exercise 10.5.25 For every neighborhood €2 of 1 in a nilpotent simply connected
Lie group G, the set

Q ={ey--ec: Vi=1,2,...,cFujy,...,uis € Q:e; = [ui, ..., uisl}

is a neighborhood of 1 in C¥(G), where ¢ := dim C*(G) and s is the nilpotency step
of G.

Solution. We work in exponential coordinates, identifying the Lie algebra g with
G, and C*(g) with C*(G). Being C*(g) a c-dimensional vector space, for i €
{1,...,c}, there are g1, ..., gis € g such that [g11,...,&1s],---,[&c1s-- -, &es]
form a basis of g°. Up to shrinking €2, we assume that €2 is a convex and symmetric
neighborhood of 0 in g. We choose ¢ > 0 sufficiently small so that tg;; € €2, for all
iefl,....,c},jefl,...,s}andall t € (—¢,¢). Define u;; := eg;; € Q2 and the
map

Yi[-1,11° = ¢

C
(t1, ... 1) > Zti[uila oo Uil
i=1

The image of v is contained in €, since, assuming 71, ..., #. > 0 and leaving the
general case to the reader, we have

c c
/s 1/s
Zli[uil,m,uis] = Z[ti/ wits 1]
i=1 i=1
1/

= [tll/sull» B tll/suls] * ek 1 sucla cees tc]'/sucs] €,

where in the final inclusion we use the fact that tl.l/ “u; ; € K for every i and
j. In addition, the image of the differential of i at the identity is the span of
11, -5 uisl, -, [Uet, - - -, Ues], hence (dyr)g is surjective since these vectors
form a basis of g°. It follows that there exists an open neighborhood U C [0, 1]¢ of
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0 such that ¥ (U) C €’ is an embedded c-dimensional submanifold of g*, hence it
is open.

Exercise 10.5.26 Let G be a nilpotent group of step s and m1, ..., mg € N. Then
" o xS = Lo, xS Vxi,...,xs €G.

Solution. We begin by showing that if [x1, xo] commutes with x; and x», then for
every integers m1, mo we have

[x7", %521 = [x1, xp]™"2. (10.19)
Indeed, we have

[x1, x2)™ = xpxox;y ey ey, o)™
= x1[x1, xalwox; g ey, 0]
= xlxlxle_lxz_lxle_lxz_l[xl,xg]’”_z.
= x12x2x1_2x2_1 [x1, x2]" 2
= xflx, xolxoxy 2xy g, 0] 3

3

-3 -1 -3
= xjxox; "Xy [x1, x2]"

m —m . —1 m
=xi'x2x; " x, = [x]", x2].
As a consequence, we obtain

—mimy __ mimy

m m m m —
ey x5 2] = e, x5 21" =[xy, 1™ = [x2, x1] [x1, x2]

We solve the exercise by induction on the nilpotency step of G. In the abelian
case, the result is trivial. Now assume that the result holds for groups up to step
s — 1. Hence, the result is valid in G/CS(G) which has step s — 1. Thus, for every
X2, ...,Xxs € G and every mo, ..., mg; € N we have

[x32C°(G), ..., x]" C*(G)] = [x2C*(G), ..., x,C* (G,
It follows that
[x52, ..., x"1C°(G) = [x2, ..., x, 1" C*(G),
and hence there exists a central element z € C¥(G) such that

(52, . X ] = [xa, o, x2Sz (10.20)
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Let x; € G and m; € N, then

., (10.20) Mg
" a2, xs]  = T [, xR ]
= [-xllv[-x27-"’-xs]m2 mé]
10.19
(Z)[XI,XZ,”wxs]ml ms’

where in the second equality we use that for x,y € G and z € C°(G) we have
[x, yz] =[x, y].

Extra Exercises:

Exercise 10.5.27 (Radical) Every Lie algebra g has a maximal solvable ideal, and
it is unique. This ideal is called the radical (also called solvable radical and denoted
by rad(g)) of g.

Exercise 10.5.28 (Simple Lie Algebra) By definition, a simple Lie algebra is a
non-abelian Lie algebra whose only ideals are 0 and itself. We have that the word
‘non-abelian’ can be replaced with ‘dimension at least 2’.

Exercise 10.5.29 (Semisimple) A Lie algebra g is called semisimple if [g, g] = g.
We have that a Lie algebra is semisimple if and only if it is a direct sum of simple
Lie algebras.

Exercise 10.5.30 (Criteria for Semi-Simplicity) Let g be a Lie algebra. We have
the following equivalent definitions:

(i) g is semisimple, as in Exercise 10.5.29;
(i) g has no non-zero abelian ideals;
(iii) The solvable radical rad(g) is zero;
@iv) ;% The Killing form B of g is non-degenerate. This is Cartan’s criterion for
semi-simplicity.

Hint. See [Kna02, Section 1.7].

Exercise 10.5.31 (Levi Decomposition) & Every Lie algebra g is the semidirect
product of a solvable ideal and a semisimple subalgebra. In fact, then there exists a
subalgebra 1, called a Levi factor, that is semisimple and for which g = rad(g) x L.
Hint. See [Kna02, Appendix B, Section 1].

Exercise 10.5.32 ,E, Given a Lie algebra g, consider its nilradical nil(g) and its

radical rad(g). Then the Killing form B satisfies:

10.5.32.i.  B(rad(g), [g, g]) = {0}; (See [Bou98, 1.5.5, p.48, Prop.5b])
10.5.32.ii.  B(nil(g), g) = {0}. (See [Bou98, 1.4.4, p.42, Prop.6b])

Exercise 10.5.33 Let g be a Lie algebra with radical rad(g) and nilradical nil(g).
Then, we have that [g, rad(g)] C nil(g), and consequently, every vector space V
with nil(g) C V C rad(g) is an ideal of g.
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Exercise 10.5.34 & Let G be a connected semisimple Lie group. Then G is of type
(R) if and only if it is compact.
Hint. Consult [DERO3, Proposition 11.4.8.11I], or [Jen73b], [Jen73a], [Brel4].

Exercise 10.5.35 In the proof of Theorem 6.5.1, we have that the nilradical of the
connected component of Isom(M, d) acts almost simply transitive on M, i.e., orbits
are open immersions.
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Chapter 11 ®)
Carnot Groups ST

Carnot groups are specific examples of Carnot-Carathéodory spaces. They are sim-
ply connected nilpotent Lie groups whose Lie algebras admit particular gradings:
stratifications. The polarizations correspond to the first layers of stratifications with
norms on them. Every such sub-Finsler Lie group is self-similar with respect to
its Carnot-Carathéodory metric. Specifically, there is a natural family of metric
dilations.

This chapter starts with Sect. 11.1, where we discuss the definition of Carnot
groups, Carnot bases, and examples. In Sect. 11.2, we present some fundamental
consequences of dilations, such as the presence of good coordinates, an easy proof
of the Ball-Box Theorem, and properties of Haar measures.

Section 11.3 is dedicated to the Pansu-Rademacher Differentiation Theorem
for Lipschitz maps between Carnot groups. In Sect. 11.4, we provide a complete
characterization of the metric spaces that are isometric to Carnot groups, entirely in
terms of metric geometry.

In Sect. 11.5, we explore extremal curves in Carnot groups. We outline some
properties of abnormal curves and of normal geodesics. We also present a sublinear
isometric property of projections of geodesics, which shows that geodesics cannot
form corners. Additionally, we discuss some open problems.

Lastly, we include supplementary material: Sect. 11.7.1 on the Lie coset structure
of self-similar sub-Finsler spaces, which are submetric images of Carnot groups; and
Sect. 11.7.2 on isometries between open sets in Carnot groups.

11.1 Definition of Carnot Groups

Carnot groups are sub-Finsler Lie groups (as in Definition 7.1.6) such that the
polarization is the first layer of a stratification (as in Definition 9.2.4). We spell
out this definition to have a slightly more self-contained presentation.
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Let G be a simply connected Lie group. Assume its Lie algebra g := Lie(G)
admits a stratification g = V1 @ --- @ Vg, i.e., Vi, ..., Vi are vector subspaces in
direct sum such that V; 1 = [V}, V1] with V41 := {0}. We recall from Sect. 9.2.2
that each stratification gives a Lie algebra grading:

Vi, Vil € Vigj, Vi, j €N,

where V; := {0}, for j > s; see Exercises 9.5.21. Moreover, the layer V; of degree
1 is bracket generating; see Remark 9.2.5.

The vector space V is called the horizontal stratum and is seen as a subset of the
tangent space T1,G of G at the identity element 1 of G. As in (7.1), it induces a
left-invariant subbundle A, called the horizontal bundle, of the tangent bundle 7 G:

Ag = (Lg)s V1, Vg € G. (11.1)

Fix a norm || - || on the vector space Vj. As in (7.5), the norm on V| induces a norm
onevery Ag as

vl :== I(Lg)*vll, Vv e A, VgegG. (11.2)

Here, we use the notation (Lg)4 for the pushforward by the differential of the left
translation by g and (Lg)* for the pullback by this differential. The triple (G, A,
Il - |I) is a Carnot-Carathéodory space, and indeed, a sub-Finsler Lie group, which
has an induced distance function as in Definition 4.1.7:

dee(p, q) :==dy, )1(P, q)

::inf{/ 7]l : ¥ AC curve from p to g, with y € A}, Vp,q €G.
(11.3)

Definition 11.1.1 (Carnot Group) Let G be a simply connected Lie group whose
Lie algebra admits a stratification. Given the first stratum V; of a stratification of
Lie(G) and anorm on it, let A and || - || be defined by (11.1) and (11.2), respectively.
Let d.. be the Carnot-Carathéodory distance associated with A and |- || asin (11.3).
Both the sub-Finsler manifold (G, A, || - ||) and the metric space (G, d,.) are called
Carnot groups. In accordance with Definition 9.2.4, we call Carnot algebras the Lie
algebras of Carnot groups.

Given a stratification Lie(G) = V| @ --- @ V; of the Lie algebra of a Carnot
group G, with Vi # {0}, the number s is called the step of the stratification of G,
or simply, the step of G. The number dim V] is called rank of G. The topological
dimension of G is n := Zi dim V;, and the homogeneous dimension is

s
0= Zidimw. (11.4)
i=1
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Each Carnot group (G, A, | - ||) is indeed a sub-Finsler Lie group and an
equiregular Carnot-Carathéodory space of step s. Indeed, one has that, for each
k e€{l1,...,s},the subset Ak in the flag of subbundles for A as in Definition 4.1.15
is the left-invariant subbundle for which

AI=vie--- o V.

Because of Proposition 7.1.8, other choices of norms would not change the bi-
Lipschitz equivalence class of the CC metric.

11.1.1 Dilations on Carnot Groups

As in every R-graded Lie group, in Carnot groups we have a canonical one-
parameter family of dilations on the Lie algebras and on the groups; recall the
discussion on page 273:

Definition 11.1.2 (Dilations on Stratified Groups) Let G be a Carnot group. Let
8y : Lie(G) — Lie(G) be the dilation of factor A, with A € R, associated with the
stratification as in (9.8). Then the dilation of factor A on the group G is the map
85 : G — G that is the only group automorphism such that (5, )« = §;. Such maps
are also called the intrinsic dilations of the Carnot group or Carnot dilations.

The notation &, is used consistently for both dilations on the Lie algebra and the
group because no ambiguity will arise since the two maps have different domains.
On Carnot groups, the intrinsic dilations satisfy the following formulas:

8 o exp = exp ody, VA € R; (11.5)
8y 0 8y = 8y, ViA,n eR; (11.6)
Sa(xy) = 8x(x)dx(y) Vx, y e G,VL € R. (11.7)

11.1.1.1 Relations Between Dilations and CC Distances

The Carnot-Carathéodory distance is well-behaved under the intrinsic dilations, in
the sense that such dilations multiply distances of a constant factor.

Proposition 11.1.3 If (G, d..) is a Carnot group with dilations (5;))cr, then

dec(83.p, 83.q) = [A| dec(p. q), Vp,q € G,VA eR. (11.8)
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Proof Since 6, |y, is the multiplication by A, we have that ||, v|| = |A| [v], for all
v € A.If y in a horizontal curve from x to y, then §, o y is a curve going from &, x
to &, y whose tangent vectors are, for almost all 7,

By (1) = 82(y (1)) = Ay (1), (11.9)

which are horizontal since y () is horizontal. Moreover, from (11.9), the length of
8 o y is |A| times the length of y, i.e., for every horizontal curve y,

Thus, by (11.3) we get (11.8). |

11.1.2 Good Bases for Carnot Groups

Let G be a Carnot group with stratification g = V; @ - - - @ V. We want to construct
a basis for g that is structured with respect to the stratification, is a Malcev basis,
and each element of the basis that is not in Vj is the bracket of two vectors of such
a basis.

Start by picking a basis X1, ..., X, of V1. Then consider all brackets [X;, X ],
for i, j € {1,...,m}. Since [V, V] = V>, we can find among such brackets
a basis for V,; see Exercise 11.8.8. Pick one such basis and call its elements
Xm41s -5 X, Iterate the method: extract a basis X;;,11, ..., X;y; of V3 from
the set [X;, X;], fori € {1,...,m},j € {m +1,...,mz}. And so on. We have
constructed a basis X1, ..., X, of g and natural numbers m ..., mg such that

1. ij_]+1, e, ij is a basis of V;,
2. For every i € {m + 1,...,n}, there exist d;, [;, and k; such that X; € Vg,
Xy, € Vi, Xk, € Vg—1, and

Xi = [Xy;, Xi, 1. (11.10)

3. The order-reversed basis (X, ..., X) is a Malcev basis as in Definition 9.4.10;
in other words,

[a, span{ Xk, ..., X,,}] C span{Xg+1, ..., Xn}, Vk e{l,...,n}.

We suggest the terminology ‘Carnot basis’ for a basis satisfying the above three
conditions. The reader should notice that the above property 1 implies property 3.
See Exercise 11.8.9.
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To describe a Carnot algebra, we prefer to give a Carnot basis with a hierarchical
diagram as follows:

Vi X Y for the 3D Heisenberg Lie algebra;
v
V,: VA
Vi X Y for the Engel algebra
\/
Vs \/ Z (the 3-step filiform algebra);
V3. w
Vi X Xo for the Cartan Lie algebra,
\/
Vs X1 \I the free nilpotent Lie algebra
Vs Xo11 Xo12 of rank 2 and step 3.

As explained on page 247, in the diagrams, the black lines express the non-trivial
brackets. We obtain the bracket relations by reading the arms from left to right unless
there is an arrow, in which case they are read from right to left. The j-th line in
the diagram lists the vectors that span the stratum V. In the Lie algebra structure,
there might be more relations than just those in (11.10), as, for example, in the first
quaternionic Heisenberg group; see page 333. In [LT22], there are several other
uses of these diagrams to represent Carnot groups in low dimensions.

11.1.3 Examples of Carnot Groups and Carnot Algebras

Let G be a Carnot group with Lie algebra g. Given a basis X1, ..., X, of g, we will
use the identification

R"” «— G

X1y ey Xn) — exp(Xn:xiXi). (11.11)

i=1
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This identification allows us to write the group product using the Dynkin product
(5.24). In fact, for all x, y € R", there exists a unique z € R" such that

n n n
exp(inXi>exp<Zy,-X,~) :exp(Zz;X,'). (11.12)
i=1 i=1 i=1

Via the identification (11.11), one can write the group law in (11.12) as
X*xy=2Z. (11.13)

Hence, we have a group law x on R” that makes (R", x) a simply connected Lie
group with Lie algebra g, whose identity element is 0.

11.1.3.1 Carnot Groups in Dimension at Most 4

The Carnot groups of topological dimension between 1 and 3 are the commutative
groups R, R2, and R3, together with the Heisenberg group Ns.

In dimension 4, there are only the following nilpotent simply connected Lie
groups, which are all stratifiable: R* R x N3, and N4 2, where and Ny > is the Engel
group as we now recall. The Engel Lie algebra is spanned by 4 vectors X1, ..., X4
with only non-trivial brackets

[X1, Xo] = X3, [X1, X3] = X4. (11.14)

This is a nilpotent Lie algebra of rank 2 and step 3 that is stratifiable. It is also known
as the filiform Lie algebra of dimension 4; see Exercise 9.1.7. The Lie brackets can
be pictured with the diagram:

X X2
X3

Xy

The Lie group N4 > is the only simply connected Lie group with such a Lie algebra.
The group law (11.12) of the Engel group in exponential coordinates is given by:

21 =x1+ )1
2=x2+y
23 =x34y3 + S(x1y2 — x21)

24 = x4+ ya + S(x1y3 — x391) + 5 (1 — y)x1y2 — x231)
(11.15)

Xxy =Z <—
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11.1.3.2 Cartan Group F, 3

Cartan Lie algebra is another name for the free-nilpotent Lie algebra of step 3 and
2 generators. The simply connected Lie group with this Lie algebra is known as the
Cartan group, and it is sometimes denoted by F 3 or by N5 3 as in [Gon98]. With
respect to some basis X1, ..., X5, the non-trivial brackets are the following:

[X1, Xo] = X3, [X1, X3] = X4, [X2, X3] = X5.
The Lie brackets can be pictured with the diagram:

X X

~_

X3

Xy Xs .
The group law (11.12) of the Cartan group in exponential coordinates is given by:

21 =x1+ )1

2=x2+x»

Xxy =2 = 1z3=x3+y3+ 3(x1y2 — x2)1)

24 = x4+ Y4 + S(x1y3 — x391) + 15 (01 — y)(x1y2 — x231)

25 = x5+ ys + $(x2y3 — x3y2) + 15 (x2 — ) (x1y2 — x231)
(11.16)

11.1.3.3 Filiform Groups

Filiform groups are those simply connected Lie groups whose Lie algebra is
filiform, in the sense that the Lie algebra is dimensionwise the smallest among those
Lie algebras with the same nilpotency step. We saw in Example 9.1.7 those of the
first kind. With respect to some basis X1, ..., X411, with s € N, the non-trivial
brackets of the (s 4+ 1)-dimensional example of the first kind are the following:

(X1, Xil=Xit1, fori € {2,...,s}.
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This is a nilpotent Lie algebra of rank 2 and step s that is stratifiable. The Lie
brackets can be pictured with the diagram:

X

Xs+1

In [Ver70], M. Vergne classified all filiform Lie algebras. In addition to the ones
of the first type, in each even dimension starting from dimension 6, there is exactly
one more filiform Lie algebra, called filiform Lie algebra of the second kind. In
dimension 6, we have the example discussed in Exercise 9.5.17. With respect to that
basis Yy, Y1, Y2, Y3, Y4, Y5, the bracket diagram is the following:

Yo Yi
Y,
Y3

Yy

Ys
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Another presentation (see Ng 22 in [Gon98]), in a basis X1, ..., X¢ is given by the
diagram:
X1 X2
X3
Xy
Xs
X .

11.1.3.4 The Second Heisenberg Group

The Lie brackets of the second Heisenberg Lie algebra can be pictured with the
diagram:

Xl XXXS X4
Xs

We will encounter this group again in Chap. 13 discussing complex hyperbolic
spaces; see Exercise 13.4.13. It will be called the 2-nd C-Heisenberg group and
will be denoted by 5.

11.1.3.5 The First Quaternionic Heisenberg Group

The Lie algebra of the first quaternionic Heisenberg group NIIHI can be characterized
as the only 7D Carnot algebra of rank 4 and step 2 where every element in the first
stratum has maximal rank, i.e., for every nonzero X in the first stratum, the map
ady is surjective. The Lie brackets can be pictured with the diagram:

X, X, X3 X4

Xs X X,
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11.1.3.6 Some Free-Carnot Groups: F,», Fa4, F25, and F33

Free-nilpotent Lie algebras are stratifiable. Hence, the associated simply connected
Lie groups are the free objects in the category of Carnot groups. Here are some
examples:

The free-Carnot group F,, of rank n and step 2 has been discussed in Exam-
ple 9.1.6, recall also Example 9.3.8. Setwise F,;» is ALR"Y) & AZ(R"), while the
group law is x - y =x+y+%x/\y.

The Lie group Fy4 is the Carnot group whose Lie algebra is free-nilpotent with
2 generators and nilpotency step 4. It has dimension 8. The non-trivial brackets in
some basis X1, ..., Xg are:

[X1, Xo] = X3, [X1, X3] = X4, [X2, X3] = X5,
[X1, Xa] = X6, [X1, X5] = [X2, X4] = X7, [X2, X5] = X3.
The Lie group F»s is the Carnot group whose Lie algebra is free-nilpotent with

2 generators and nilpotency step 5. It has dimension 14. The non-trivial brackets in
some basis X1, ..., X4 are:

[X1, Xo]l = X3, [X1, X3] = X4, [X2, X3] = X5, [X1, X4] = X6,
[X2, X5] = X3, [X1, X5] = [X2, X4] = X7, [X1, X7] = X0 + X3,
[X1, X6] = X9, [X1, Xg] = X11 + X14, [X2, X6] = X0,
[X2, X7] = X411, [X2, Xg] = X12, [X3, X4] = X3, [X3, X5] = Xy4.
The Lie group Fs;3 is the Carnot group whose Lie algebra is free-nilpotent with

3 generators and nilpotency step 3. It has dimension 14. The non-trivial brackets in
some basis X1, ..., X4 are:

[X1, Xo] = X4, [X1, X3] = X5, [X2, X3] = X6, [X1, X4] = X7,

[X1, X5] = X3, [X1, Xe] = X9, [X2, X4] = X10, [X2, X6] = X11,
[X3, X4] = X12, [X3, X5] = Xi3, [X3, X6] = X14, [X2, X5] = X9 + X12.
Carnot groups are completely classified up to dimension 7. However, in dimen-

sion 7, there are infinitely many non-isomorphic classes. For a cornucopia of
examples, we refer to [LT22].
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11.2 Simple Consequences of Dilations

11.2.1 Canonical Coordinates

The next proposition holds in the general setting of nilpotent simply connected Lie
groups; see Theorem 9.4.7. We will provide a simplified proof for Carnot groups.

Proposition 11.2.1 Let G be a Carnot group with dilations (5))jcr. Let W1 &- - - D
W, = Lie(G) be a direct-sum decomposition by dilation invariant subspaces. Let

V:gxWy x---xW, — G,

m
X1, Xm) ]_[ exp(X ).
j=1

Then, the map V : ¢ — G gives a global coordinate system. In particular, in every
Carnot group, Malcev coordinates and exponential coordinates exist globally.

Above, like in other places in the book, we used the notation

m
[Tei=g-gn
j=1

Proof of Proposition 11.2.1 The linear map (dW)g is an isomorphism, because
(d¥)pX = X, Viell,...,m}, VX e W;.

Hence, the map ¥ : g — G is a diffeomorphism between some neighborhood of 0
in g and some neighborhood of 15 in G. By assumption, we have

HW;=W,; VA >0,Vjell,...,m}. 11.17)
Consequently, we claim
Wod) =380V, Vi > 0. (11.18)
Indeed, for all (X, --, X)) € Wi x --- x W,,, we have
V(X1 4+ Xn) = Vi Xi+--+86Xn)

m
"= [T expenx )
j=1
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= 1_[ 85 exp(X ;)

j=1

m
= SAHGXP(XJ')
=1
= HVX1+-+ Xn).

By (11.18), we deduce that W is a global diffeomorphism. Regarding Malcev
coordinates, recall that we proved the existence of Malcev bases in Sect. 11.1.2 (and
more generally in Proposition 9.4.12). O

Group laws in exponential coordinates with respect to Carnot bases have trian-
gular forms. This result follows from a more general result about nilpotent simply
connected Lie groups. Indeed, since Carnot bases are order-reversed Malchev
bases, we have the following consequence of Proposition 9.4.17. We stress that
Proposition 9.4.17 was just a consequence of the BCH formula; thus, the reader
should try to prove Proposition 11.2.2 directly as an exercise.

Proposition 11.2.2 Let G be a Carnot group. Fix a Carnot basis (X1, ..., Xy) for
its Lie algebra. On G, consider exponential coordinates of the first or second kind
associated with the basis. Then, in these coordinate systems, the product law has a
lower triangular form:

n
(StooenSn) (o ) =541+ 0Qj(s.0ej, Vst R,
j=1

where each Qj is a polynomial that is not depending on sjy1,...,S, nor on
Livly oo n.

Proof We have that the reversed-ordered basis (X, ..., X1) is a Malcev basis.
Hence, we invert the order of the coordinates: (s, ..., s1). Then Proposition 9.4.17
gives the result, replacing upper triangular with lower triangular. O

11.2.2 A Proof of Ball-Box Theorem for Carnot Groups

Let G be a Carnot group with stratification Vi, ..., V. Let X1, ..., X,, be a basis
of Lie(G) adapted to the stratification, hence, for all j let d; such that X; € Vdj.
The boxes with respect to the numbers (dy, ..., d,) are

Box(r) :={(t1,...,zn)eR" L] <rd.f], Vr > 0. (11.19)



11.2  Simple Consequences of Dilations 337

The dilations in R" with respect to the numbers (di, ..., d,) are the maps §, :
R" — R" defined as

Sultty o ty) = ANy, o A%t Ay, V(t1, ..., 1) € R", VA € R.
(11.20)
Let ® : R" — G be the exponential coordinate map with respect to the basis
Xi,..., Xy, 1e., ®(t) := exp(zj tjX ;). Given p € G, the exponential coordinate
map from p with respectto X1, ..., X, 18 ®, := L, 0o ®.

Theorem 11.2.3 (Ball-Box for Carnot Groups) Let G be a Carnot group. Fix a
basis adapted to the stratification. Then there is C > 1 such that

B(p, r/C) C ®,(Box(r)) C B(p,r(), Vp e G,Vr >0, (11.21)

where @, is the exponential coordinate map from p with respect to the basis, and
balls are with respect to the Carnot-Carathéodory distance.

Proof Each set ®(Box(r)), with r > 0 is a bounded neighborhood of 15 in G,

recall Proposition 11.2.1. Let d.. be the Carnot-Carathéodory distance function on

the Carnot group G. By Chow Theorem 4.1.8, or alternatively see Corollary 7.1.21,

the distance d,. induces the manifold topology. Hence, there is rg, r; > 0 such that
B(lg,r1) C ®(Box(r)) C B(lg, 1),

Recalling that 8, (B(1g,r)) = B(lg, Ar), by Proposition 11.1.3, and applying &,
we get

B(1g, Ar1) C 6, ®(Box(rg)) C B(1g, A).

Moreover, we have

8 (@ ®Box(ro)) = b (@ [ 1.0 < 151 < i}

d.
= &) § exp thXj :|tj|<r0’
J

d,
= {exp SAthXj Dl <1y’
J

. d;
=Jexp | D a9t x; | 1yl < ry
j
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. dj 4
= | exp Zstj sl < A%ry?
J

= ®(Box(Arp)).
Therefore, we deduce that
B(1g, Arp) C ®(Box(rrg)) C B(lg, L), VA > 0. (11.22)

Since dq is left-invariant, applying L, to (11.22), we obtain (11.21) for all p € G
and all r > 0. |

11.2.3 Canonical Measures

In each Carnot group, there are a few natural choices of measures: Haar, Hausdorff
of top dimension, and Lebesgue measures in exponential coordinates. We intro-
duced the Haar measures in Sect. 6.4, the Hausdorff measures in Sect. 3.1.6, and
the exponential coordinates in Sect. 9.4.4. In this section, we will prove that these
measures are the same up to a scalar factor and show some other properties.

Let G be a Carnot group. For every k > 0, let F* be the k-dimensional Hausdorff
measure. We can also consider the k-dimensional spherical Hausdorff measure Sk
see [Mat95, page 75]. Because left translations are isometries, the measures H* and
S* are left-invariant. We shall see that when k equals the homogeneous dimension
0, these measures are Radon measures, and therefore, they are Haar measures.

If we consider exponential coordinates exp : R" — G, linearly identifying
the Lie algebra g of G with R”" via the choice of a basis, then we can push the
Lebesgue measure denoted by £" from R” to G. We shall see that this measure,
which obviously is a Radon measure, is left-invariant and right-invariant. Hence, it
is a bi-invariant Haar measure.

When we fix a Haar measure on G, we denote it by vol, or by volg if more
than one group is considered. As discussed in Sect. 6.4, every pair of Haar measures
differs by a multiplicative constant. Hence, the measures %Q, vol, and L" are a
multiple of each other.

Moreover, Carnot groups are unimodular in the sense that left-Haar measures
are right-Haar measures, and vice versa. This latter fact holds for all nilpotent Lie
groups; see Theorem 9.4.7.

Recall that if G is a Carnot group and Vi, ...,V is the stratification of its
Lie algebra, in (11.4) we defined the homogeneous dimension of G as the integer
number Q =} _; j -dim V;.
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Proposition 11.2.4 Let G be a Carnot group of homogeneous dimension Q.

11.2.4.i.  If vol denotes a Haar measure of G, then
vol(B(p, r)) = r¢vol(B(1g, 1)), Vp e G,Vr > 0.

11.2.4.ii.  Every Haar measure of G is Ahlfors Q-regular, the Hausdorff dimension
of G is Q, and the Hausdorff Q-measure is a Haar measure.

11.2.4.iii.  In exponential coordinates, the Lebesgue measure is the Hausdorff Q-
measure up to a multiplication by a constant.

Proof By Theorem 9.4.7 (see also Proposition 9.4.17), in exponential coordinates,
the Lebesgue measure £" is both left and right-invariant. Moreover, every other
Haar measure is a multiple of it; see [Fol99, Theorem 11.9]. In exponential
coordinates, the anisotropic dilations §, have Jacobian 22 ie., LMS.(E) =
29 L"(E), for every measurable set E C R”". Hence, for all p € G and A > 0, we
have

L(B(p,0) = L*(B(1g, 1) = L (1(B(1g, 1)) =22 L"(B(1g, 1))

By Theorem 3.1.18, or Corollary 3.1.21, the metric measure space (G, vol) is
Ahlfors regular of dimension Q. In particular, the Hausdorff Q-measure %2 is
Radon, and hence, it is a Haar measure. The last part of the proposition follows
since both £ and #¥ are Haar measures. O

11.3 Pansu-Rademacher Theorem

We would like to observe that the classical Rademacher Theorem states not only the
almost-everywhere existence of a tangent map (called the differential) but also its
realizability as a linear map, meaning as a group homomorphism that is compatible
with the respective groups of dilations. Expressed in these terms, the theorem holds
for general equiregular sub-Finsler manifolds as well; see [MM95]. This section
aims to explain the content of such a differentiability result and to give a complete
proof of it in the case of Carnot groups.

11.3.1 Pansu’s Differentiability Theorem

We shall prove Pansu’s version of the Rademacher Theorem.
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Definition 11.3.1 (Pansu Differentiability) Let G and H be Carnot groups. We
denote by §, the dilations of factor £ in both of the groups. If f : G — H is a map,
then its Pansu differential at a point x € G is, if it exists, the limit

1 -1
Df, = hllr61+81/h OLf(x) o folLyody,

where the limit is with respect to the uniform convergence on compact sets.
Moreover, we say that f is Pansu differentiable at x if Df, exists and is a
homogeneous group homomorphism, in the sense of Exercise 11.8.3.

Foramap f : G — H between Carnot groups and x, v € G, the value Df (x; v) :=
limy,_, o+ le/h(f(x)_1 f(x8,(v))) may be called partial Pansu derivative of f at x
along v. Notice that if Df (x; v) exists, then Df (x; §,v) exists for all A > 0 and
Df(x; 6v) = 6, Df (x; v). The value Df (x; v) may exist for all v € G, but the
limit may not be uniform on compact sets. Moreover, even if the map Df, exists, it
may not be a group homomorphism from G to H.

Theorem 11.3.2 (Pansu’s generalization of Rademacher Theorem) Ler [ :
G — H be a Lipschitz map between sub-Finsler Carnot groups. Then, for almost
every x € G, the map f is Pansu differentiable at x.

11.3.1.1 Preliminaries to the Proof of Pansu’s Theorem

In the proof of Theorem 11.3.2, we will only take for granted a few classical results
to which we give hints for the proofs and references in the exercise section.

Theorem 11.3.3 (Rademacher Theorem in 1D; see [Fol99, Section 3.5]) Ify :
[0, 11 — R" is Lipschitz with respect to the Euclidean distance on R", then the
derivative y (t) exists for almost every t and

t
y(t) = y(0) +/ y(s)ds, forallt € [0, 1].
0

Theorem 11.3.4 (Egorov Theorem for Metric Spaces; see Exercise 11.8.27) Let
(X, n) be a measure space with w(X) < oo and let Y be a separable metric space.
Let ( ;)0 be a family of measurable functions from X to Y depending ont € R..
Suppose that (f;): converges almost everywhere to some f, ast — 0. Then for
every n > 0, there exists a measurable subset K C X such that the u(2\ K) < n
and (f); converges to f uniformly on K.
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Theorem 11.3.5 (Consequence of Lebesgue Differentiation Theorem for Dou-
bling Metric Spaces; see Exercise 11.8.28) If (X, d, i) is a doubling metric
measure space and K is a measurable set in X, then w-almost every point of K
has density 1, that is,

REDBXT) - forge x e K.
r—0t Ww(B(x,r))

11.3.1.2 A Proof of Pansu’s Theorem

As in Pansu’s original proof, we first deal with the case of curves. We shall prove that
every Lipschitz curve into a Carnot group is Pansu differentiable almost everywhere.

Proposition 11.3.6 (Case of Curves) Let G be a Carnot group andy :[0,1] - G
a Lipschitz curve. Then y is Pansu differentiable almost everywhere and for almost
every x € [0, 1] we have that for all v € R

Dy (e v) € lim 10 (700 ™y (& +10) = exp (v(Ly ) 7 ().

Here are a few remarks before the proof. First, we notice that the above curve
y is, in particular, Euclidean Lipschitz, so the tangent vector y(x) exists for
almost every x by Theorem 11.3.3. We also stress that Pansu’s differentiability
for curves is stronger than Euclidean differentiability. Namely, if we consider the
curve in a rank-r Carnot group in exponential coordinates y (t) = (y1(t), ..., Yu(t))
with y(0) = 0 and O is a point of Euclidean differentiability for y, then
y(0) = limoy @)/t = limo(1(®)/1, ..., ya(0)/1) = (h1, ..., hr,0,...,0).
However, we have to consider

S10v(®) = (i ®)/t, ..., ya(®)/1)

and we need to prove that every coordinate y; (), with j greater than the rank, in
fact, vanishes not just faster than ¢ but faster than ¢ to the power of the degree of the
coordinate.

Proof of Proposition 11.3.6 For simplicity, we take v = 1. We take a basis
X1, ..., Xy, of the first layer of the stratification of Lie(G). Let hy, ..., hy €
L°°([0, 1]; R) be such that

y6) =Y hiOX;(y @), for almost all 7 € [0, 1]. (11.23)
j=1
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Assuming that y is L-Lipschitz, we may take |h;(z)|] < L, for all j and 7. Let
x € [0, 1] be both a point of Euclidean differentiability for y and a Lebesgue point
foreach hj,i.e.,

1
|t — x|

t
/|hj(s)—hj(t)|ds—>0, ast > x, Yje{l,....mh.
X

Up to replacing y with the curve t — y(x) 'y (t + x), we may assume that x = 0
and y(x) = 0.

We identify the group G with its Lie algebra via the exponential map. Our aim is
now to show that

}E%&/zy(l) =y (0),
where the latter equals Z’j": 1 7;(0)X;(0) since 0 is a Lebesgue point for each & ;.

Set n;(s) := 81,y (ts), so each n; : [0, 1] — G is a curve starting at O that is
L-Lipschitz: for each s, s’ € [0, 1] we have

L
d(e(s), ne(s") = d@B1yey (), 8177 () < Tls— ts'l = Lls — 5.

Consequently, by Ascoli-Arzela theorem, every sequence (1 )x has a uniformly
converging subsequence. Moreover, we claim that we have the equality

N (s) = Zhj(tS)Xj(m(S))- (11.24)
j=1
Indeed,
. d .
n:(s) = =81y (ts) = (d1/1)ys) (Y (25))

ds
U=V 3 )81y 0 (X (v (15))
x. 11.8. m 1 - 3
P Y ) X6y as) =Y Y )X (5)),

j=1 j=1

which gives (11.24) from (11.23).

We claim that 7, uniformly converges to ng, as t — 0, where no(¢) := ty(0).
This claim will complete the proof since in particular, n,(1) = &1,y (t) — y(0).
To prove the claim, we shall show that for each sequence 7 — O, there exists
a subsequence f; such that Ny, = No- Indeed, by Ascoli—Arzela Theorem 3.1.3,
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there exists a subsequence #; and there exists £ : [0, 1] — G such that Ny, = &
uniformly. We want to show

E(s) = Zh./ 0 X (E(s)), for almost every s € [0, 1].
j=1

Let o be the curve such that 0(0) = 0 and 6(s) = Z’}Ll h;j(0)X;(&(s)). We
integrate from O to an arbitrary v € (0, 1):

v

d(s) ds — /U r';,ki (s)ds
0

o (v) = 1, ()] =

‘ / Zh )X (E(s)) ds — /0 " (t,9) X 1, (5)) ds

j=1

IA

/0 Zlh (0) = hj ()| | X (E())] ds +

j=1

+f0 S Il [ X5 €6 = X, )] ds,
j=1

where we used (11.24). As i — oo, by continuity of X ; and boundedness of / ;, we
have that the last summand goes to 0. Regarding the one before the last, we observe
that

IA

1 m
me (0) — hj(tx;5)| ds /Zm (0) — hj(tg;5)] ds

Jj=1 j=1
1
:;/ |h;(0) —hj()|du — O,
0

since 0 is a Lebesgue point. O

Proof of Theorem 11.3.2 Let F : G — H be a Lipschitz map. Define
Fpe(x) = 81/€(F(p)_lF(p56x)), for p,x € Gand e > 0.

Fix a basis X1, ...X,, of Vj. For the entire proof, we take j € {1,...,m} and
Rj = exp(RXj).

Let F 1{ ¢ be the restriction F ¢|r; : Rj — H. By Proposition 11.3.6, for every
p € G themaps F o Lp|g; are almost everywhere differentable on R;. By Fubini’s
Theorem (see Exercise 11 8.26), there is a subset E C G of full measure such
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that, for all p € E, the limit F ,ﬂ,o := lim,_, o+ F} . exists and is a Lipschitz group
homomorphism R; — H. The limit is uniform on compact subsets of R;.

Let L be a Lipschitz constant for F. We shall consider the space Lip” (R js H)
of L-Lipschitz functions from R; to H, with a separable distance that metrizes the
uniform convergence on compact sets; see Exercise 3.4.13.

We have I:",{,é € LipL(Rj; H) for every p € G and € > 0. We can apply Egorov
Theorem 11.3.4 to the functions p € G +— F ,i,e € LipL(R i3 H). Therefore, for
every 7, r > Othereexistsaset E;, C ENB(lg,r)suchthat |B(lg,r)\E;,| <7
and

) 0
{.Pe}e>0 CErr - Fp.e,e g F‘,,,Oy ase — 0, (11.25)
lime,0 pe = p € E¢r uniformly on compact sets of R;.

Let E;’,, C E:, be the set of density points of E; ,. Since we are in a doubling

metric space, E7 . has full measure within E7 ;.
For the next few paragraphs, we fix p € E7 .. We claim that for all v € R, and

{Pe, geles0 C E;r

lim ¢ al/e(pglék) =V

lim 81 /e (F(po) ' F(go)) = F! ). (11.26
lime_ope =p = Eg% 1/e(F(pe) (ge)) p,O(v) ( )

Indeed, (11.26) is a consequence of pc — pin E
d(B1/e(F(p) ™ F(qe)). Fl o)) = d(Fp, (1/e(p7 ' qe)). FL ()
=< d(Fpe,e(51/e(Pe_16k)), Fpg,e(v)) + d(Fpe,e(U)a FI{,O(U))
< Ld(B1/e(pZ'qe), v) + d(Fj e ), FL () — 0,

where at the end we used the first assumption of (11.26) and (11.25).
Define

PP 1, _
9}) = {U c G : V{q€}€>0 g EO lf llméﬁo(s]/f(p qf) =v } .

©" then 81 /¢ (F(p)~! F(ge)) converges

Therefore, for all v € 9, there exists an element in H, which we denote by F), o(v),
such that if g € E7, are such that lime—0 J1 /e (p_lqe) = v, then

Fpo() = lim 81/c (F(p) ™' Figo))
We claim that

gE€Dy, vER; = gv €D, (11.27)
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with
Fpo(gv) = Fpo(@F, ,(v). (11.28)

Indeed, let {gc}es0 C E;, be such that lim¢_.¢ 81/¢ (p‘lqe) = gv; notice that since
p € EZ,, then such a family g, exists. Since p € E7, then there is {pc}e C E7,

T,r?

such that lim¢_, ¢ 81/(([75_1‘16) = v. So, by (11.26)

lim 81/ (F(p) " F(ge)) = lim 81/e (F(P) " F (pe))d1/e (F(pe) " F(ge))

(11.26) ~
= Fp,O(g)F;’o(v)-

Next we observe the easy fact 1¢ € 9, and therefore from (11.27) we infer
Ri,...,Rn C D). (11.29)

From (11.29) and (11.27), together with the assumption that Ry U. . .UR,, finitely
generates G, we get that &, = G. From (11.28) the map F o : G — H is a group
homomorphism. Notice that if v € &, then for every sequence €, \ 0 such that
Fp e, converges uniformly, as m — 00, we have

Fpo®) = lim Fpq, (). (11.30)

From (11.30), we conclude that every blowup of F at p, which exists by Ascoli—
Arzeld theorem, coincides with the homomorphism F, o : G — H. We have proved
that F is Pansu differentiable at p. Since |, ,. ¢ E7 , has full measure in G, the map
F is differentiable almost everywhere on G. O

11.3.1.3 Original Proof of Pansu’s Theorem

In this subsection, we present the original proof by Pansu together with some extra
explanation from Monti’s thesis [MonO1]. For the proof, we introduce the intrinsic
difference quotients:

R@; 0,0 =810 (£ f(xsw)

so that Df (x; v) := lim,;_, o+ R(x; v, 1), when the limit exists.

We start with a preliminary result. It states that if we have partial derivatives
in two directions, then we also have the partial derivative in the direction of the
product of the two directions. Both the assumption and the conclusion are valid
almost everywhere.



346 11 Carnot Groups

Proposition 11.3.7 Let f : G — H be a Lipschitz map between sub-Finsler
Carnot groups. Let v,w € G. If Df (x; v) and Df (x; w) exist for almost every
x € G, then for almost every x € G we have that Df (x;vw) exists and
Df(x;vw) = Df(x; v)Df (x; w).

Proof Let 2 C G be open and with finite measure. Let n > 0. By Egorov’s
theorem for metric spaces (see Theorem 11.3.4), there exists a measurable subset
K = K(n) C Q such that the measure of Q \ K is less than n and R(x; w,t) —
Df(x; w), ast — 0, uniformly in x on K. Moreover, since the measure is regular,
we may assume that K is compact.

We claim that to conclude the proof, it is enough to show

R(x6;v; w, 1) ﬂ Df(x; w), for almost every x € K. (11.31)
Indeed, in this case, for x € K, we have
RGvw, 1) = 810 (007! fx6 vw))
=810 (£ F @) o170 (Fx8,0) 7 F(x8,08,))
= R(x; v, t)R(x6;v; w, ) =9 Df (x; v)Df (x; w),

where in the limit we use (11.31). Then, one concludes by taking the union of the
sets K = K(n) when 1/ varies in N, which forms a full measure set.

For showing (11.31), take as x a point of density for K (recall that from
Theorem 11.3.5, these points are of full measure in K). For t > 0, let x; € K
be one projection of x§;v on K, i.e., such that d(x§;v, x;) = d(xé:v, K) =: ry.
Then r; < d(x8;v, x) = td(v,0). We claim that r, /¢t — 0. Indeed,

r?_ Ba@ur)l _ |Ba(x, 2d(x, x8,v) \ K|
Qtd(v,0)2  |Bg(x,2d(x, x8;v))| —  |Bg(x,2d(x, x8,v))]|

because x is a density point for K.
We now calculate the following quantity, defining the three points A;, By, C; in
H:

R(x8,v; w, 1) = 81, (f(xétv)_lf(xétv(ﬁtw))

=51 (F@8@) T F00) 81 (£ b)) 8y (fCudw) T F(x8v8w)) .

At B[ Ct
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First, we claim that the point A, tends to the identity element 15, as t — O.
Indeed, denoting by L a Lipschitz constant for f, we have

1 L
d(lg, Ay) = ;d(f(x,), f(xé;v)) < ?d(x,,xb}v) =Lr/t - 0.

Second, we note that, since x, € K, x;, — x, and on K the convergence of
the intrinsic difference quotients is uniform, we have that B, = R(x;; w,t) —
Df(x; w),as t — 0. Third, we claim that C; — 1y, as t — 0. Indeed,

1
dp, C) = —d(f(xidw), f(x§vdw))

IA

L
?d(x,zStw, x8;v8;w)
= Ld(81/:(x)w, 81/t (xdv)w) — 0,

d(x;, x;v)

where we used that d(81/,(x;), 81/, (x8,v)) = - — 0, and that right
translations are continuous. |
Another Proof of Theorem 11.3.2 Let X1, ..., X,, be a basis of the first layer of

the stratification of Lie(G).
We first claim that the set

E:={peG:
Df (p; exp(X;)) and Df (p; exp(—X;)) exist foralli € {1,...,m}}

has full measure. Indeed, complete to a basis Xy, ..., X,, of Lie(G). For j €
{1,...,m},definep; :R" - Gaspj(x1,...,x,) = exp(Zi# x; X;)exp(x;X;).
Then, the map ¢; is a diffeomorphism and for all x € R the curve t = ¢;(x + te;)
is the flowline of X ; starting at ¢; (x). Set

Ej:= [x eR":
t f(pj(x1,...,xj-1,t,Xj41,...,X,)) is Pansu differentiable at t = xj}.

By Fubini’s Theorem for the Lebesgue measure and by Proposition 11.3.6, the set
E ; has full measure. Then, the set E = ﬂ’/": X7 (E ;) has full measure.

Let S := {v € G : d(0, v) = 1} be the unit sphere in G. For all £ € N there exist
vf, ey vf{ such that § C U,le Bd(vf, 1/£). We then claim that each set

E¢:={p e E:Df(p;v)) exists foralli € {I,..., ji}}
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has full measure. Indeed, since G := { exp(AX;):reR,iefl,..., m}} generates
G, then for all i and all £ there exists wy, ..., w; € G such that vf = wy...W.
Hence, from Proposition 11.3.7 for almost every p € G we have that Df (p; vf)
exists. Thus, the set E; has full measure.

We finally claim that if p € (),oy Ee, then R(p; v, 1) converges uniformly in
v € S,ast — 0. Indeed, we want to show that for all £ € N there exists § > 0 such
that forall s, € (0,8) and allv € §

1+2L
d(R(p;v,1), R(p;v,5)) < J; ,

where we are denoting by L a Lipschitz constant for f. Let £ € N. Then there exists
8 > Osuchthatforalli € {1,...,i¢} and all s, t € (0, §)

d(R(p; v}, 1), R(p; vf,s)) <

| o=

1
Let v € S. Then there exists i such that d(v, vf) < 7 Then for all s, t € (0, §)

d(R(p;v,1),R(p; v,s))
<d(R(p;v,s), R(p; v}, s))

+d(R(p; vf,s), R(p; vf, 1)

+d(R(p; vf, 1), R(p; v, 1))

IA

1 1 1
~d(f(p3v)). f(p80)) + 5 + —d(f (pdv)). f(pdv)

L+1+L
; .

IA

L ' 1 L .,
—sd(v;,v) + - + —td(v;, v) <
K V4 t

Since the intrinsic difference quotients converge uniformly on compact sets to a
group homomorphism, we showed the Pansu differentiability. O

11.3.2 Applications to Non-Embeddability

It was observed by Semmes, [Sem96, Theorem 7.1], that Pansu’s differentiation
Theorem 11.3.2 implies that each Lipschitz embedding of the Heisenberg group
with its CC distance into a Euclidean space cannot be bi-Lipschitz. The same holds
for every non-commutative Carnot group.

Theorem 11.3.8 There is no bi-Lipschitz embedding from an open nonempty set in
a non-commutative Carnot group into any Euclidean space.
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Proof Let G be a non-commutative Carnot group. Suppose that such an embedding
f U C G — R" exists for some open set U and n € N. Pansu Rademacher
Theorem 11.3.2 implies that there exists at least one point in U at which f is
Pansu differentiable, and whose tangent map fy is a group homomorphism. The
blowing-up procedure that is used to define the tangent map scales in a natural way:
if f is L-bi-Lipschitz, then each rescaled f is L-bi-Lipschitz. Therefore, also the
tangent map fy is bi-Lipschitz. In particular, the map fy is injective. We now get
a contradiction because fj is a group homomorphism between G and the abelian
R"™. However, every homomorphism from a Lie group into R” must have a kernel
that contains at least the commutator subgroup. Therefore, the subgroup [G, G] is
mapped to 0 via fp, and hence fj cannot be injective. O

The same proof gives the following generalization.

Corollary 11.3.9 Let G and H be Carnot groups. If no subgroup of H is
isomorphic to G, then there is no bi-Lipschitz embedding of G in H.

A challenging task is to characterize the Banach spaces into which Carnot
groups can be bi-Lipschitz embedded. On the one hand, we have that Kuratowski
embedding from [Kur35] (see also [HeiOl, page 99]) implies that every separable
metric space can be embedded isometrically into £°°(N). But, on the other hand,
we also have that every Carnot group that embeds bi-Lipschitz into ¢! (N) is
commutative; see [EB+23].

11.4 A Metric Characterization of Carnot Groups

The purpose of this section is to give a more axiomatic presentation of Carnot groups
from the viewpoint of Metric Geometry. In fact, we shall see that Carnot groups
are the only locally compact and geodesic metric spaces that are isometrically
homogeneous and self-similar, in the sense discussed in Chap.6. Such a result
follows the spirit of Gromov’s approach of ‘seeing Carnot-Carathéodory spaces
from within’, [Gro96].

Theorem 11.4.1 The sub-Finsler Carnot groups are the only metric spaces that
are

locally compact,

geodesic,

isometrically homogeneous, and
self-similar (i.e., admitting a dilation).

KN~

We point out that each of the four conditions in Theorem 11.4.1 is necessary
for the validity of the result. Indeed, let us mention examples of spaces that satisfy
three out of the four conditions but are not Carnot groups: every infinite-dimensional
Banach space; every snowflake of a Carnot group, e.g., (R, JTD; many cones, such
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as the usual Euclidean cone of cone angle in (0, 27), or the union of two lines, like
{(x,y) € R?: xy > 0}; every compact homogeneous space, such as the circle st

Theorem 11.4.1 provides a new equivalent definition of Carnot groups. Other
papers focusing on metric characterizations of Carnot groups are [LD11b], [Bulll],
[Fre13] (which is based on [LD11a]), and [BS14].

11.4.1 Proof of the Characterization

The proof of Theorem 11.4.1 is an easy consequence of three hard theorems:
Montgomery-Zippin Theorem 6.2.10, Berestovskii Theorem 7.4.1, and Mitchell
Theorem 12.1.8, which will be discussed in the next chapter.

Proof of Theorem 11.4.1 Let us verify that we can use Theorem 6.2.10. Obviously,
each geodesic metric space is connected and locally connected. Regarding finite
dimensionality, recall from Proposition 6.5.2 that every locally compact, self-
similar, isometrically homogeneous space X is doubling and hence has finite
topological dimension. Therefore, by Theorem 6.2.10, the isometry group G is a
Lie group.

Since the distance is geodesic, Theorem 7.4.1 implies that our metric space is
a sub-Finsler homogeneous manifold G/H. Since the sub-Finsler structure is G
invariant, it is equiregular. Hence, on the one hand, because of Theorem 12.1.8,
the tangents of our metric space are sub-Finsler Carnot groups. On the other hand,
the space admits a dilation; hence, iterating the dilation, we have that there exists a
metric tangent of the metric space that is isometric to our original space. Then, the
space is a sub-Finsler Carnot group. O

11.5 Extremal Curves in Carnot Groups

In this section, we continue the discussion begun in Sect. 7.1.3.1. We review several
problems concerning the regularity of geodesics in sub-Finsler Carnot groups, state
some (optimistic) conjectures, and highlight a few partial results.

11.5.1 Expected Regularity of Sub-Riemannian Geodesics
11.5.1.1 Conjectures
Given two points in a sub-Finsler group, the existence of a geodesic between them

is ensured by Ascoli—Arzela Theorem; see Proposition 3.1.4. Being Lipschitz, we
know that every such curve is differentiable almost everywhere.
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It is expected that when the metric is sub-Riemannian, then every geodesic is C!,
or, in fact, C°°. When instead the norm comes from a polytope, i.e., its unit ball is
the convex hull of finitely many points, then we expect that there exists a constant
N € N such that each pair of points can be connected with a geodesic made of N
smooth pieces.

Conjecture 11.5.1 (Regularity Conjecture for sub-Riemannian Manifolds) If
(M, A, (-,-)) is a sub-Riemannian manifold, then every geodesic for the CC-
distance is C2.

Conjecture 11.5.2 (Weak Regularity Conjecture for sub-Reimannian Carnot
Groups) If G is a sub-Reimannian Carnot group, then each pair of points can
be connected by a C! geodesic.

Conjecture 11.5.3 (Regularity Conjecture for sub-Finsler Carnot Groups) If
(G, V1, |I-ll}) is a Carnot group where ||-||; is the ¢! norm, then there exists a
constant K such that each pair of points can be connected by a geodesic that is the
concatenation of at most K horizontal lines.

11.5.1.2 Various Partial Results

The following is a collection of some partial results from [LMO8], [TY13,LD+16],
[LPS24], and [Sus14], respectively:

Theorem 11.5.4 Let G be a sub-Riemannian Carnot group and y : [0, 1] — G be
an energy minimizing curve.

11.54.i. If G has rank 2 and step < 4, then y is C*°.

11.54.ii.  If G has step <3, then y is C*.

11.5.4.iii.  If[G, G] is abelian, then y is C'.

11.5.4.iv.  The curve y is analytic on some open dense subset of its domain [0, 1].

For sub-Riemannian manifolds, there are several other generic statements for which
it is not clear if there is an analog for Carnot groups. For example, in [CJT06] the
authors proved that for generic sub-Riemannian structures (M, A, (-, -)) of rank at
least 3, energy minimizers are C°°. Here, generic means on an open dense set of
structures, with respect to the Whitney C* topology.

Regarding the case of polygonal norms, very little is known. The following result
is a summary from [BL13, Bar+17, ALS19a, ALS19b]

Theorem 11.5.5 Let G be cither the Heisenberg group, the Engel group, or the
Cartan group, with first stratum Vi ~ R>. Let I-Il; be the 2" norm on Vy. Consider
the CC-distance of (G, V1, ||-|l1). Then, each pair of points in G can be joined with
a geodesic that is made of, at most, a concatenation of 14 pieces of horizontal lines.
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11.5.2 Sublinear Isometric Property of Projections

In addition to the first-order analysis given by the PMP Theorem 7.3.3 (together with
the second-order analysis of Goh’s Theorem 7.3.4 and its generalizations [BMP20,
BMS24]), there is another method to deduce some type of regularity for geodesics.
The idea is to approximate geodesics in Carnot groups with lifts of geodesics in
quotient groups. In brief, we have that for each geodesic, one of its quotients to a
group of lower step is a geodesic up to a sublinear error. The following statement is
the precise formulation; afterward, we will draw a list of consequences.

Theorem 11.5.6 ([HL23, Theorem 3.2]) Let G be a Carnot group and y
[0, 1] — G be a geodesic. Let H be the smallest Carnot subgroup containing y,
and let s be the step of H. Then, there exists C > 0 such that

la —b| — Cla — b7 < d(ms(y(@). ms(y (b)) <la—b|. (11.32)
Va, b € [0, 1],

where g : H — H/exp(Vs(H)) is the canonical submetry.

Proof Since 7 is a submetry, we have the second inequality of (11.32). To prove the
first one, by the compactness of [0, 112, it is enough to show that for all 7 € [0, 1]
there exists C,8 > 0 such that (11.32) holds for all a,b € [t — §,t + §]. Fix
t € [0, 1]. Write V; := V;(H). Being H the minimal Carnot subgroup containing
y, there exist increasing 71, ...,%, € [0, 1]\ {f}and Y}, ..., Y, e Vi D --- D Vi,
such that {Ad, ;) Yi}ie(1,...,n) is a basis of h := Lie(H).

Define ¢ : R" — D by setting

o) =log [ [[Cyuplexpy;¥)) |. V¥yeR" (11.33)
j=1

Notice that, by Formula 5.5.6, we have

d :
dgo(e;) = Elog (Cy(,j)(exp(eYj))) zAd)/(t_,') Y;, Vjell,...,n}.

e=0

Therefore, the point 0 € R" is a regular point for ¢, since

span{Ad, ) Yi}ie(1,..n) = b.
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Hence, after fixing norms || - || on R"” and §, we apply the Inverse Mapping Theorem:
there exist €, C’ > 0 such that

Jy € R” such that
Zeh, |Zlzse = , (11.34)
¢(y) =Zand |yl = C'IZ].

. _ _ 1/ . .
Set § := min {|t1 — ], .. |t — 1, %], where Cpp is the constant coming

from the Ball-Box Theorem. Take a,b € (f — 8,¢ + &). Consider a geodesic & :
[a, b] — H/exp(Vs) between ms(y(a)) and ms(y (b)) and let o : [a, b] — H be
the lift of ¢ from y (a). Set

Z = log(y(b)a(b)_l) € V. (11.35)
Notice, in particular, that Z is in the center of f). We have,
1
IZ]ls < Ced(l, exp(Z)) = Cgpd (0o (D), y (b)) < 2CgBla — b|. (11.36)

Since [a — b| < 8 < 57— by (11.36) we have || Z|| < . Thus by (11.34) there
exists y € R” with

d(y) = Z, (11.37)

Iyl < C'IZ]. (11.38)

Letk :=max{j € {1,...,n} | t; <a}. By (11.37) we get

(11.37)

y(1) exp(¢(y)) exp(Z) 'y (1)

n
.33), .35 _
TP T € (exp(y¥) | o)y )~y (1)
!

J

=1
k
= [1Crupexp;¥) | v @y @ o)y ®) ™!

1

ncy(rj>(eXp(yij)) y (),
j=k

where in the last equality we used that o (b)y (b) ™! is in the center of H.
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Fig. 11.1 A sketch of the points used in the triangle inequality in the proof of The-

orem 11.5.6. For simplicity, we assume {fq,..., t,} = {h.}, and / < a <
b < t. We consider the following points: po = y(0); pi1 = vy@t1); po =
prexpYD: p3 = pay(t)7'v@): pa = pio@ o) ps = pay(b) 'y (n);
pe = psexp(y2Y2) = y () exp(yiY)y )y (@a (@ o®)y () y (1) exp(y2Y2) =
Cyn (exp(y1 YD)a (b)y ()~ Cyy (1) (exp(32Y2))y (1) =y (12); pr = y(1)

Evaluating the distance from y(0), applying a triangular inequality (check
Fig. 11.1) and using the fact that y is a geodesic, we get:

1 =d(y(0), y(1)

k
= d(l, y(~! < [ 1S unexpy; Ym)y(a)y(a)—lcr(b)y(b)—l

j=1

< 1_[ Cy ;) (exp(y; Yj))) y(l))

Jj=k
< Y d(1,exp(y; ) +d(y(0), y (1)
j=1
k—1
+ Y dy)), y () +d(y (%), v (@)
j=1

+d(y(a), o (b)) +d(y(b), y (tk+1))
n—1

+ Y Ay, y(tjp) +d(y (), y (1)

j=k+1
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geodesic

> d(1,exp(y;Y)) + 1 = |b— a| +d(o(a), o (b))
j=1

= > d(l,exp(y;Y)) + 1 — |b—al +d(ms(y (), 7 (y (b))

j=1
BB 1
= nCeelylsT +1—|b—al+d(m(y(a), ms(y (b))
1r3s) 1
= CHZIFT+ 1 = 1b—al+d@m(y(a), ms(y (D))
(11.36)

< Clb—al™ +1—|b—a| +d(m(y(@). 7 (y (b))).

Here are some important consequences of Theorem 11.5.6:

* The projection modulo the last layer exp(Vy) of every blowup of a geodesic in
an s-step Carnot group is a geodesic.

* In every sub-Riemannian manifold of step s, blowing up a geodesic s times gives
lines.

* At every point, among the blow-ups of a geodesic, there is a line.

* Corners cannot be geodesics.

* Every piecewise C! geodesic is C'.

For more on the subject, we refer to [HL16, HL23, MPV18a, MPV18b].

11.6 Abnormal Curves in Carnot Groups

Non-constant abnormal curves are present in 2-step Carnot groups. For example,
there is one in R times the Heisenberg group; recall Exercise 7.5.24. There are none
exactly when the polarization is strongly bracket generating, in the sense that for
every X € Vi \ {0} we have [X, V|] = V,; see [LN18]. However, the abnormal
curves starting from the identity element are confined in a subvariety, which has
Haar measure 0. This general result is proved in [LD+16]. However, next in this
section, we discuss the proof in the case of free groups.

11.6.1 Expected Sard Property for the Endpoint Map

Recall that the abnormal curves (or, better, their final points) are precisely the critical
values of the endpoint map. Hence, in analogy with the classical Sard Theorem
[Mil97, page 16], it is expected that they form a zero-measure set.
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The query is still open, and there are several conjectures for possible results:

Conjecture 11.6.1 (Strong Sard Property) Let G be a nilpotent simply connected
Lie group and V C Lie(G) a polarization. Then, the set of points in G that are
connected from 15 by some abnormal curve is contained in a proper real algebraic
subvariety of G.

It is not clear whether the validity of the above conjecture is actually feasible.
The next version is more likely to be true.

Conjecture 11.6.2 (Weak Sard Property) Let (G, V) be a sub-Riemannian Carnot
group. Then, the set of points in G that are connected from 15 by some abnormal
energy minimizing curve is contained in a zero-measure set of G.

11.6.2 Extremals in Two-Step Free-Nilpotent Lie Groups

In two-step Carnot groups, the Strong Sard Conjecture holds. In fact, the subvariety
containing the abnormal curves is explicit; see [BNV22]. We present it in the case
of free groups, as in Sect. 11.1.3.6, together with the fact that geodesics are normal
curves without using the Goh result.

Theorem 11.6.3 Let F,» be the free Carnot group of rank n and step 2, equipped
with the standard sub-Riemannian Carnot metric. Then, we have the following two
properties:

(11.6.3).i.  Every geodesic in Fy is normal.
(11.6.3).ii.  The Strong Sard Property on F,» holds: Seeing F,» as R* x A%(R"),
abnormal curves starting from (0, 0) are contained in the set

2

{(9, w) € R" x /\(R") Cw? = 0} if n is even, or
2 -1

!(Q,a)) eR"x \N®RD:0rw'T =0} if n is odd.

Proof Lety : [0, T] — F,> be a geodesic. We also assume y (0) = 1g,,. By PMP
Theorem 7.3.3, then it is a normal or an abnormal curve. Assume it is abnormal.
Then, by Proposition 7.3.8, there exists a subgroup H containing y and in which y
is not abnormal. There is a subspace V C R” such that H = V x A?(V). Notice
that H admits a complementary normal subgroup N in F,;.

Back to the curve y, it is also a geodesic within H. Since it is not abnormal, it is
normal in H, say with covector A € Lie(H)*. Hence, the covector A can be extended
to be 0 in the Lie algebra of N. With this extension, the curve y is normal in F,.
Thus, we proved (11.6.3).1.
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Regarding (11.6.3).ii, let y = (6, w) be an abnormal curve in R"” x AZR™). By
the discussion above, the curve 6 is contained in a proper subspace V of R", and w
is contained in /\2 V.IFO,w) eV x /\2 V, then the degree of w3 or AT is
n > dim(V). This implies that @ = 0 or § A 0" = 0. O

11.7 Supplementary Material

11.7.1 Self-Similar Sub-Finsler Spaces

In sub-Finsler geometry, self-similar spaces are well characterized. As differentiable
manifolds, they have a Lie homogeneous structure of a Lie coset space as the
quotient of a Carnot group modulo the action of a dilation-invariant subgroup via left
multiplication. The Lie group metric quotient is the one we saw in Proposition 6.3.4
and then in Proposition 7.1.9. Hence, the well-defined action on the quotient is
on the right, and it may not be by isometries. In fact, these quotients may not be
isometrically homogeneous spaces. They are still called homogeneous because they
admit dilations. To avoid this double use of the word homogeneity, since Sect. 6.5,
we adopted the term self-similar spaces.

Definition 11.7.1 A self-similar sub-Finsler space (or, better, a self-similar
constant-rank sub-Finsler space) is a sub-Finsler manifold obtained as the quotient
space of a (left-invariant) sub-Finsler Carnot group with respect to the left-action
of a dilation-invariant subgroup, and it is equipped with the quotient distribution
and metric, as in Proposition 7.1.9. Namely, assume G is a Carnot group with
distribution A and left-invariant norm || - || and H < G is a closed dilation-
invariant subgroup, for which T1H N A; = {0}. On the quotient manifold
H\G := {Hg : g € G} we consider the sub-Finsler structure that makes the

projection  : G — H\G a submetry: we take AH\G := m4A as (constant-rank)

distribution and we define the continuously varying norm on H\G setting for all
pE H\G and for all v € (7:A), C T,,(H\G)

oIl 6 = inf=||w||q gen ' (p)we T,A, dry(w) = v}. (11.39)

We stress that, if G is a Carnot group with dilations (8;)er, then H is dilation-
invariant if 6, (H) = H, for all A € R, and in this case the map

8, (Hg) := Hé(g), Vg e G,V e Ry (11.40)
is well defined. Metrically, each map 4§, is a dilation of factor A, in the sense

of Sect. 6.5. We, therefore, clarified that, metrically, every self-similar sub-Finsler
space is self-similar.
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Vice versa, we claim that every sub-Finsler space that admits a non-trivial
dilation is of the above form. Indeed, for every dilation of a factor different than
1, we can assume the factor is in the open interval (0, 1), up to replacing the map
with its inverse. Hence, being a contraction, the map has a fixed point. Consequently,
the space (pointed at this point) is isometric to a dilation of it. Therefore, the space
is isometric to one of its metric tangent spaces. By the work of Bellaiche ([Bel96];
see also [ALN23] for the sub-Finsler case), we know that the metric tangents of
(constant-rank) sub-Finsler manifolds are (constant-rank) self-similar spaces.

11.7.2 Local Isometries of Carnot Groups

From what we discussed in Theorem 10.2.1 and more generally in Theorem 10.3.1,
isometries of sub-Finsler Carnot groups are affine maps:

Corollary 11.7.2 Let G and H be sub-Finsler Carnot groups with normed first
layers (V1(G), ||I-]) and (Vi(H), ||-|I), respectively. A map F : G — H is an
isometry with respect to the sub-Finsler metrics if and only if there is g € G and
a Lie group automorphism ¢ : G — H such that d¢ly, is an isometry between
Vi(G), Il) and (Vi(H), |I) and F = ¢ o Lg.

In sub-Finsler Carnot groups, we additionally have that local isometries are
restrictions of global isometries.

Theorem 11.7.3 ([LO16, Theorem 1.1]) Let G| and G, be sub-Finsler Carnot
groups, and open sets 21 C G and Q0 C Go. If F : Q1 — Q9 is an isometry, then
F is the restriction to 21 of an isometry G1 — G».

Note that in the statement above, we require the domain €2 to be open. The
hypothesis that the set €21 is open cannot be dropped. Unlike in the Euclidean
space, Theorem 11.7.3 cannot be generalized to arbitrary subsets. We present a
counterexample: take the sub-Riemannian Heisenberg group (H, dsg) in standard
exponential coordinates (x, y, z) with respect to the basis of its Lie algebra given
by vectors X, Y and [X, Y] =: Z. Consider the set E given by the xy plane together
with the z axis:

E :=exp(RX ® RY) Uexp(RZ).

Then, the map (x, y, z) — (x, y, —z) is an isometry of E into itself. However, this
map is not the restriction of an isometry, and, actually, nor of a bi-Lipschitz map.
Indeed, notice that every homeomorphism that extends F reverses the topological
orientation, while the isometries (and the bi-Lipschitz homeomorphisms) of the
Heisenberg group preserve the topological orientation; see Exercise 11.8.37.
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11.8 Exercises

Exercise 11.8.1 If G is a Carnot group and A is the left-invariant distribution with
Ai; = Vi, then (AU, = Vi@ @ V;.

Exercise 11.8.2 Let §, be the dilation of factor A as defined either at the group level
in Definition 11.1.2 or at the Lie-algebra level in Definition 9.2.12. Then, we have
that (8,)~! = 815

Exercise 11.8.3 (Carnot Morphism) Let ¢ : G — H be a Lie group homomor-
phism between Carnot groups. Then, we have ¢, (V1(G)) € Vi(H) if and only if
@ 08, = 8, o, forall L € R. In this case, we say that ¢ is a homogeneous group
homomorphism or that it is a Carnot morphism.

Exercise 11.8.4 Let G be a Carnot group. For all X € Lie(G), u € C*°(G), » > 0,
and g € G we have X (1 0 8)(g) = (6, X)u(8,8).

Exercise 11.8.5 Let G be a Carnot group. For all p € G, forallr > 0

B (p,r) = Lp(8,(Ba. (16, 1))).

Exercise 11.8.6 Consider a Carnot basis X1, ..., X,, of a Carnot algebra. Each
element X ; of the basis is such that

Xj=1[..1[X;1,Xj2], X3l ..., Xja;l

where X 1, ..., Xj,dj are basis elements in Vi, and d; is such that X; € Vdj, in
other words, it is the degree of X ;.
Hint. Iterate (11.10).

Exercise 11.8.7 In every Carnot group, there is a Malcev basis.

Exercise 11.8.8 Let V and W be vector subspaces of a Lie algebra g with
X1,...,X; and Yq,..., Y, basis of V and W, respectively. Then, the vectors
[Xi,Y;],fori € {1,...,1},j € {1,..., m} span the subspace [V, W], thus one
can extract a basis among such brackets.

Exercise 11.8.9 Letg= V| @ .- @ V; be a stratification of a Lie algebra. Assume
that ij_]+1, . ..,ij is a basis of Vj, for all j € {1,...,s}, then the order-
reversed basis (X, ..., X1) is a Malcev basis.

Exercise 11.8.10 For the Engel group, with group product (11.15), the differential
at 0 of the left translation by x is

1 000

d(Ly) 0 1 00
0:

I R
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Exercise 11.8.11 For the Engel group, consider the exponential coordinates of the
second kind with respect to the ordered basis (X1, ..., X4) with relations as in
(11.14). In these coordinates, the left-invariant vector fields are

X| = dy,

X2 = 8y + 3100y + S0

X3 = dyy + x10y,

X4 =0y,
Exercise 11.8.12 For the Cartan group, with group product (11.16), the induced
left-invariant vector fields are:

X1 =0y — 7 8X3 - (%3 + %)3)64 — 139
Xy = 85, + 505y + 123 — (3 = H72) s
X3 = aX3 + %am + %8)65

X4— = 8x4

X5 = 0y .
While the induced right-invariant vector fields are given by the columns of the
following matrix:

1 0 0 00

0 1 0 00

dRye=| % -3 100
5 _xn 4 _xqg

X X3 X1X2 _ X
+ 5 01

Exercise 11.8.13 For the Cartan group, with group product (11.16), the left-
invariant 1-forms dual to the standard basis are:
91 = dx1

6 = dxp

03 = dx3 — Fdxy + Fdx
94=dx4—x—1dx3_|_"_12dx2+(x73_ 1 )dx1
05 = dxs — Fdxs + (5 + *g?)dxy — —dx1

Exercise 11.8.14 For s € N, the following vector fields in R**! generate a Lie
algebra isomorphic to the s-step filiform Lie algebra of the first kind

X1 =0y
Xy = 8x2 +Zl l'xl Xj42

Exercise 11.8.15 The proof of Proposition 11.2.1 extends to the case where G is a
positively graded group.

Exercise 11.8.16 For the Box as in (11.19) and §; as in (11.20), we have the
property 8, (Box(r)) = Box(Ar), forallr,A > 0
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Exercise 11.8.17 On each Carnot group, the notion of homogeneous dimension
from (11.4) agrees with the one on sub-Finsler manifolds in Definition 4.3.5.

Exercise 11.8.18 If X, ..., X, is a Carnot basis of a Carnot group, vol is a Haar
measure on it, and £" is the Lebesgue measure on R”, then there is ¢ € R such that
Vol({exp(zg’=1 xiXi): (x1,...,x,) € A}) = cL"(A), for all Borel sets A C R".

Exercise 11.8.19 For all Borel subsets A of each Carnot group G equipped with a
Haar measure vol, we have vol(8;(A)) = A€ vol(A).

Exercise 11.8.20 (Homogeneous Lines are Snowflakes) Let G be a Carnot group
with V; the j-th stratum of its stratification. Let X € V;. Then, restricting the metric
of G on exp(RX) gives a metric space that is isometric to the 1/j-snowflake of the
Euclidean line.

Exercise 11.8.21 Let G be a Carnot group. For f : R — G of class C!, we have
that f is Pansu differentiable if and only if it is a horizontal curve.

Exercise 11.8.22 Let G be a Carnot group. Every f : G — R of class C! is Pansu
differentiable.

Exercise 11.8.23 Let G, H be Carnot groups. A C! map f : G — H is Pansu
differentiable at every point if and only if its (standard) differential preserves the
horizontal bundle.

Exercise 11.8.24 (Suggested by S. Nicolussi Golo) Let G, H be Lie groups with
stratified Lie algebras g = @j: , V; and b = @) _; Wi, respectively. Let f : G —
H be a C'-smooth map with f(l1g) = 1y. We write the (standard) differential
dfizs:g—bhof fatlgas

Vi qW2 Vs
AWl AW1 LA

Vi LV xV/Vl

1 2 K

W, AW2 AW2
dfic =1 . R

Vi qW2 Vs

AW, AW, AW,

. Vi . . .
where, for every j and k, Au}k is a linear map V; — W;. Assume that f is Pansu

differentiable at 15. Then A& = O forall k > j, that is,

Vi 42 Vs
AWl AW1 LA

v e
0 A2 .. A%

dfig = HERL (11.41)
0 0 ...AD
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and the Pansu differential of f at 1 is the linear map g — b given by

V
A 0 L0
0 A2 ... 0
. : , (11.42)
: 2
0 0 ...Ap

Solution. We identify both Lie groups with their respective Lie algebras via their
exponential maps. Since f is Pansu differentiable at 15 = 0, then, for every v € g,
the limit lim,_, g+ 81/¢ f (8¢v) exists, and it is a vector in b. Since f is C!, then there
exists a continuous function p : g — b such that

f@) =dfigv+p),  with lim @I _

v—>0  |v] ’
where we denote by | - | some norms in both vector spaces g and ). Write p(v) =
22:1 ok (v) for suitable pi : g — Wy. Forevery j € {1, ..., s} and every (nonzero)
v; € V;, we have

lim PGl |k (/v

e—0T el e—0T |ejvj|

vj| = 0. (11.43)

Forke{l,...,t}andv =v, € Vyforl e {1, ..., s}, we compute [81/c f (5cv) Ik =

Y1 € FALE ) + e Fpr(Bev) = TR AL (o) + € F pr(etvy).
If £ < k, then we get

1 ¢
[81/¢ f Beve)lk = oy (Ai(”@) + @) :

Because the limit for ¢ — 07 exists and because of (11.43), we conclude that
A,f(vg) = (. If instead £ > k, then

. ARy ife =k,
lim[81/c f Geve)le = 1 €
e—0 0 ifl > k.

This shows that the Pansu derivative of f at 15 has the form (11.42).

Exercise 11.8.25 Let H be the Heisenberg group equipped with its Carnot struc-
ture. There are examples of C! curves f : R — 7 that at 0 are horizontal, but they
are not Pansu differentiable at 0.

Exercise 11.8.26 (Fubini Theorem in Carnot Groups) Let G be a Carnot group
and X € g horizontal. Take any W C Vj transverse to X. Then, the set H :=
exp(W @ [g, g]) is a normal subgroup and G is the semidirect product G = H X
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exp(RX). Consider exponential coordinates of a mixed form with respect to H and
X: Namely, (h,t) € Lie(H) x R — exp(h) exp(tX) € G. In these corrdinates, the
flowlines of X are of the form ¢t € R — p 4+ (0,¢) € R", where n := dimg. The
Lebesgue measure in R” is a Haar measure vol for G. The Lebesgue (n—1)-measure
in Lie(H) is a Haar measure for H. If f : G — R is a measurable function, then

/ f(g)dvol(g) = / f@(p)dL (p)
G Lie(H)xR

=/‘ ff(qb(q,t))dtdﬁ"’l(q)-
Lie(H) JR

Exercise 11.8.27 Here is a scketch to prove Egorov’s Theorem 11.3.4: For k € N
and t € (0, 0c0), let

E(k) = |J x:1fi0)—fol >k}

s€(t,00)

Then, for fixed k, the set E, (k) decreases as t decreases, and u (ﬂle(o, o) Et (k)) =

0, so since u(X) < oo we conclude that u(E;(k)) — 0 ast — 0. Given n > 0 and
k € N, choose #; so large that p(E;, (k) < 772_" and let E = ﬂkeN Ey (k). Then
w(E) < n, and we have | f;(x) — f(x)| <k~ fort € (0, 1) and x ¢ E. Thus (f;);
converges to f uniformly on X \ E.

Exercise 11.8.28 (Lebesgue Differentiation Theorem for Doubling Metric
Spaces) If (X,d, ) is a doubling metric measure space and f € LY(X, nw,
then for p-almost every x € X we have

1

wB ) Jsen If () — f@)]duly) — 0, asr — 0.

In particular, if K € X is measurable, then p-almost every point of K has density
1. See [HeiOl, Theorem 1.8].

Exercise 11.8.29 Every sub-Riemannian group of nilpotency step 2 is at a bounded
distance from its asymptotic cone. That is, the two metric spaces are (1, C)-quasi-
isometric for some C > 1.

Exercise 11.8.30 The geodesic lines in sub-Riemannian Carnot groups of step 2
are precisely the left translations of the horizontal one-parameter subgroups.
Hint. Recall Corollary 7.3.11

Exercise 11.8.31 Isometric embeddings of Carnot groups into sub-Riemannian
Carnot groups of step 2 are affine.

Hint. Recall Exercise 11.8.30, or Corollary 7.3.11 for the isometric embeddings of
R. The extension to higher-dimensional domains can be found in [Hak20].
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Exercise 11.8.32 Let End : @ —> G x R be the extended endpoint map on a sub-

Riemannian group G. A control u €S Q is strictly abnormal (i.e., abnormal, but not
normal) if and only if {0} x R € dEnd, (2) # Tgndu)G x R.

Exercise 11.8.33 Let G be a free Carnot group and H < G a Carnot subgroup. Let
y C H be a normal curve. Then, y is normal as a curve in G.

Hint. Find a normal subgroup N such that G = N x H. Extend the normal covector
on b to be 0 on 1.

Exercise 11.8.34 Let G be a Carnot group of step at most 3. Then, all energy-
minimizing curves in G are smooth.

Hint. By Goh Theorem 7.3.4, every strictly abnormal curve is contained in a proper
subgroup. Hence, every energy-minimizing curve is contained in a subgroup within
which it is normal.

Exercise 11.8.35 Let 7 : G — H be a Carnot morphism between Carnot groups.
Let y : [0, 1] — G be a strictly abnormal geodesic. Assume that 7 o y is energy
minimizing. Then & o y is strictly abnormal.

Hint. Use Exercise 11.8.32.

Exercise 11.8.36 & Let # : G — H be a Carnot morphism between Carnot
groups. Let y : [0, 1] — G be a normal geodesic. Assume that 7 o y is energy
minimizing. Is then 7 o y normal?

Exercise 11.8.37 Every affine map of the first Heisenberg group has everywhere
positive Jacobian determinant.
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Chapter 12 ®)
Limits of CC Spaces ST

Sub-Riemannian and sub-Finsler Carnot groups emerge as limit metric spaces, both
as distinguished asymptotic spaces and as tangent metric spaces. In this chapter,
we begin by reviewing the notion of limits of metric spaces and consequently
introduce the concept of asymptotic cones and metric tangent spaces; see Sect. 12.1.
In Sect. 12.2, to study varying CC structure, we discuss some terminology and
some preliminary results, which mostly are consequences of Gronwall Lemma.
Section 12.3 is a collection of examples, which help the understanding of the more
general statements and proofs contained in the subsequent chapters. In Sect. 12.4,
we explain and prove Pansu’s Theorem on the asymptotic geometry of nilpotent
Lie groups. In Sect. 12.5, we discuss Mitchell’s Theorem: we give a complete proof
in the case of sub-Finsler Lie groups, showing that the tangent spaces are Carnot
groups. We only mention the general result for sub-Finsler manifolds in Sect. 12.6,
explaining what is the general strategy of proof for varying CC structures; see
Sect. 12.7. We conclude the chapter with Sect. 12.8, where we discuss finitely-
generated groups of polynomial growth and we mention the general strategy to
prove a celebrated result of Gromov proving that these groups are virtually nilpotent
and hence their asymptotic cones are sub-Finlser Carnot groups.

12.1 Limits of Metric Spaces

In most cases, the study of limits of CC metrics can be reduced, after some change
of coordinates, to sequences of distances on some manifold that uniformly converge
on compact sets. However, it can also be valuable to regard such convergence as a
specific instance of Gromov-Hausdorff convergence.
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366 12 Limits of CC Spaces
12.1.1 A Topology on the Space of Metric Spaces

Recall the definition of quasi-isometric embedding from Definition 3.1.13. In the
following, by the term pointed metric space, we mean a pair of a metric space
together with a point in it. Also, a map ¢ : (X, x) — (Y, y) between pointed metric
spaces isamap ¢ : X — Y such that ¢ (x) = y.

Definition 12.1.1 (Hausdorff Approximating Sequence) Let (X;,x;) and
(Y;,y;), for j € N, be two sequences of pointed metric spaces. A sequence of
maps ¢; : (Xj,x;) — (Y;,y;) is said to be Hausdorff approximating if for all
R > 0 and all § > O there exists a sequence €; > 0 such that

l.ej - 0as j — oo;
2. ¢j|3(xj,R) is a (1, €;)-quasi-isometric embedding;
3. ¢;j(B(xj, R))is an €-net for B(y;, R — §).

Definition 12.1.2 We say that a sequence of pointed metric spaces (X, x;)
converges to a pointed metric space (Y, y), and that (Y, y) is the limit of the sequence
if there exists a Hausdorff approximating sequence ¢; : (X, x;) — (¥, y).

Nowadays, this notion of convergence is called Gromov-Hausdorff convergence.
It was originally introduced by Edwards in 1975, [Edw75], and then later inde-
pendently by Gromov in 1981, [Gro81]. This is a generalization of the Hausdorff
convergence from [Haul4]. The following criterion will be used to show the
convergence of particular sequences of CC spaces.

Proposition 12.1.3 Let d; be a sequence of distance functions on a set X that
converges to a distance function ds uniformly on bounded sets with respect to dso.
Letxg € X. If

diamy,_ ( U By, (xo, R)) < 00, VR >0, 12.1)
jeN

then id : (X, d}, x0) — (X, dwo, X0) is a Hausdorff approximating sequence and
(X, doo, X0) is the limit of (X, dj, xo).

Proof Fix R, 8§ > 0.By (12.1) thereis R" > R such that By, (x0, R) € Bu,, (x0, R,
for all j € N. Define

€ == sup{ldj(x, y) — doo(x, ¥)| : x, y € Bq, (x0, R)}.

R,€e;} ife;j >34

Take € := max{R, &} ifé; =
€j ife; <.

By assumption of uniform convergence, we have ¢; — 0. To check that

id : By, (x0, R) — (X, dx) is a (1, €;)-quasi-isometric embedding, take x,y €
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ij (x0, R) € By, (x0, R'), then |dj(x,y) —deo(x,y)| < €; < €, by the definition
of €;.

Regarding the fact that ij (x0, R) is an €-net for By (x9, R — J), we consider
the two cases: Either €; > § or not. In the first case, by definition, we have ¢; >
R, then, the €;-neighborhood, in the metric d, of xo contains By (xp, R), which
obviously contains By, (xo, R — §). If, instead, we have €; < 4, then for all x €
By, (xo, R — 8) we have

dj(x,x0) < doo(x, x0) +¢€;

<R—-6§4+86=R.

So By, (x0, R — 8) € Ba,(xo, R). m

Example 12.1.4 The following example shows that condition (12.1) is necessary
for the last proposition. For n € N define y, : R — R? by

Yu(t) = (n,t —n) n<t<n+1
m—@t—n—-1),1) n+1=<t

(n,1)

0,0) (n,0)
These mappings induce metrics d,, on R by

dn(x,y) == dg2(yu(x), vu (), Vx,y e R.

Here, asn — oo, the sequence d,, (x, y) converges to do (x, y) := |x—y|,forx, y €
R. The convergence is uniform on compact sets but not in the Gromov-Hausdorff
sense. The sequence (R, d,,, 0) has a Gromov-Hausdorff limit, which however is
isometric to (R x {0, 1}, dg2, (0, 0)).

12.1.2 Asymptotic Cones and Tangent Spaces

If X = (X, d) is a metric space and A > 0, we set AX := (X, Ad).

Definition 12.1.5 Let X, Y be metric spaces, x € X, and y € Y. We say that (Y, y)
is the asymptotic cone of X if for each infinitesimal sequence A; — 0 we have
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(0] [ ] [ ] [ ] [ ] [ ] (0]
(a) Case of X = Z. (b) Case of X = S!.

Fig. 12.1 The asymptotic cone of Z is R, while at each point the tangent is a singleton. The
asymptotic cone of S! is a singleton, while at each point, the tangent is R. (a) Case of X = Z. (b)
Case of X = S!

(A;jX,x) = (Y, y),as j — oo. We say that (Y, y) is the tangent metric space of X
at x if for each diverging sequence A; — oo, (A; X, x) — (¥, y),as j — oo.

Remark 12.1.6 In general, asymptotic cones and tangent metric spaces may not
exist. Within the space of boundedly compact metric spaces, limits are unique up
to isometries. See Fig. 12.1 for some examples. The notion of asymptotic cone is
independent of the base point x.

The following two theorems serve as the central focus of this chapter.

Theorem 12.1.7 (Pansu; [Pan83]; see Theorem 12.4.1) Let G be a nilpotent
simply connected Lie group equipped with a left-invariant sub-Finsler distance.
Then, the asymptotic cone of G exists and is a sub-Finsler Carnot group.

Theorem 12.1.8 (Mitchell; [Mit85]; see Theorems 12.5.1 and 12.6.3) Let G be
a sub-Finsler Lie group or, more generally, an equiregular sub-Finsler manifold,
and p € G. Then, the tangent metric space of G at p exists and is a sub-Finsler
Carnot group.

12.2 Varying CC Structures

When taking limits of sub-Riemannian structures, it is important to note that the
rank of the distribution may change. This can be observed in the example of the
Riemannian Heisenberg group, whose distribution has rank 3, while its asymptotic
cone, the sub-Riemannian Heisenberg group, has a distribution of rank 2. To study
the limits of CC spaces effectively, it is advantageous to adopt the perspective of
sub-Finsler structures with possibly varying rank, as in Sect. 4.1.4.
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12.2.1 Definition of Structures with Parameter

As in Definition 4.1.10, we use the language of bundles to have sub-Finsler struc-
tures where the rank could change. We consider families of CC-bundle structures
that are continuously parameterized by a parameter.

Definition 12.2.1 (Varying CC-bundle Structure) Let A C R be a set. Let M
be a smooth manifold. Let f : A Xx M xR™ - TMand N : A x M x R" —
[0, +00) be maps such that for every A € A we have that (f;, N,) is a CC-bundle
structure, where f5 := f(A,-,-) is the bundle morphism and N, := N(&,-, ")
is the continuously varying norm, as in Definition 4.1.10. We say that the family
{(fo., No)}aen is a smoothly varying CC-bundle structure if

e feC®(A xMxR™,
e NeC%A x M xR™).
The above definition can be generalized to ‘continuously varying Lipschitz-vector-

fields structures’, for which the results in this chapter have analogs; see Sect. 12.7
and [ALN23].

12.2.2 Divergence Bound By Gronwall Lemma

When comparing two sub-Finsler structures, as we will do when studying their
convergence, we need to estimate the displacement of the endpoints of two curves
in terms of the difference between their derivatives. These types of estimates are all
consequences of the following general result, the so-called Gronwall Lemma.

Lemma 12.2.2 (Gronwall Lemma) Let @ C R and X, Y : Q x [0,T] — R
Let || - || be a Euclidean norm on R". Suppose that there are E, K > 0 such that for
all p,g € Qandallt € [0, T]

IX(p, 1) —Y(g,Dll =< E+ Kllp—ql. (12.2)

Let y,n : [0, T] — Q be two absolutely continuous curves such that

v (0) = n(0),
y()=Xy@),1), for almost every t € [0, T] and
n@) =Ym@),t), for almost every t € [0, T].

Then

XKt — 1
ly@® —n®ll < E s vt € [0, T). (12.3)
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Proof Define f(t) := ||y (t) — n(t)||. Notice that f : [0, T] — R is absolutely
continuous and f(0) = 0. Moreover, for almost every ¢ € [0, T] we have

d
2 f'(t) = a(f(t)z)

=2{y (@) —n(®), y (1) — n(@))
<2 ly@) —nI - Iy @) —n@)]
=2f@) -1 X(y @), ) —Y(n@), )l
=2f@) - (E+Kly@) —n®
<2f()-(E+Kf@®)).

So, whenever f(z) # 0 we have
() < E+Kf@).

Let g(1) := e’th(t). Then, whenever g(z) # 0, i.e., whenever f(¢) # 0, we
have

gt)=—Ke M fO)+e X /(1) < —Ke X f)+e M (E+Kf(1) = ME.

We claim
t
g < / e KSE ds, for almost every 7 € [0, T1. (12.4)
0

Indeed, if g(#) = 0, then there is nothing to show because the right-hand side is
nonnegative. If g(z) > 0instead, since g is absolutely continuous, there is a maximal
f < t such that g(f) = 0, and we have

t t t
g(t)=g(f)+/ g'(s)ds 5/ e”“EdSS/ e KSEds,
h h 0

and (12.4) is proved.
Finally, we obtain

t
e KUP() = g(1) < f e Kspds = B Lok,
0 K

which gives (12.3). |

The following is a first application of the Gronwall Lemma that we will use in
the next examples on Lie groups. We use the notation (7.3) for y'.
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Lemma 12.2.3 (Consequence of Gronwall Lemma) Let G be a Lie group, || - ||
be a norm on T\;G, d a left-invariant Riemannian distance on G, and v > 0.
Then there is C > 0 such that for all € > 0, for all absolutely continuous curves
y,o :[0,1] = G such that y (0) = o 0), ||, lo’|| < vae., and |y’ —o'| < €
a.e., then

d(y(1),o(1)) = Ce.

Proof Since d is left-invariant, we assume y (0) = o (0) = 1. Let U be a bounded
neighborhood of 15 that is a domain of exponential coordinates. We claim that
there exists C > 0 such that for all ¢ > 0 and all absolutely continuous curves
o,y : [0, 1] — U valued into U with ||y’ (@) ||, llo’(@)|| <vand |y'(t) =o' ()| < €
fora.e.r € [0, 1], we have

d(y(1),a(1)) < Ce. (12.5)
We define the time-dependent vector fields X and ¥ on U by

X(g, 1) = (L)sy'(0), Y(g, 1) 1= (Lg)so' (0).

Working in exponential coordinates, we will show an estimate as in (12.2). Since
the map (g, v) > (Lg)v is smooth, then it is Lipschitz on the bounded set U x
By (0, v). Hence there is K > 0 such that, for all p,g € U and for a.e. t € [0, 1],

IX(p. 1) =Y (g, Dl = I(Lp)+y' (1) = (Lg)+o " D)l
< ML p)wy' (1) = (Lp)so' Ol + (L p)so” (1) = (Lg)«a' D]
<Kly' ) —-o'Ol+Kllp—ql < Ke+Kllp—ql.

So we have (12.2) with this K and E := Ke. With these constants in (12.3), we
conclude that ||y (1) — o (1)]| < Ce for some C. We finally obtain (12.5) from the
fact that d and the norm || - || are bi-Lipschitz equivalent on U.

Next, since U is a neighborhood of 1¢, there is U > O such that, if y : [0, 1] > G
is an absolutely continuous curve with y(0) = 1g and ||y’ (t)|| < v for ae. r €
[0, 1], then ¢ ([0, 1]) C U.

In order to prove the general statement of the lemma, for curves y, o : [0, 1] —
G that are not necessarily valued into U, let n € N be such that (n — 1) < v < nb.
For j € {1,...,n} define y; and o : [0, 1] — G by

— 1\ -1 2 N
Vj(f)i=)/<]7> J/(jTJr%),Uj(t)::o(]T) a(jn +£)
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Notice that

/ 1/ j_l !
yi()=—y +-),
n n n

and similarly for a]’.. Therefore, ||y]f |l < v/n < D, and ||o} | < v/n < 7, and
I yj’. — 0} | < e/n. It follows that the images of the curves y; and o; are in U. This
shows, in particular, that the images of both y and o are in U" because both curves
are concatenations of left translations of the arcs y; and ;. Since U" is bounded,
there is L such that, forall p € U andallx, y € U", wehaved(xp, yp) < Ld(x, y).

From the above claim, we have d(y(1/n),o(1/n)) = d(y1(1),01(1)) < ée/n.
Next, assume that j € {2,...,n}and that C; 1 is such thatd(y ((j —1)/n), o ((j —
1)/n)) < Cj_1€. Then,

d(y(j/m).o(j/n)

<enta(r () ()

<(C+LC;_y)e.

By iterating, we obtain that there is a positive number C that depends on v but not
on y or o such thatd(y(1),o(1)) < Ce. O

12.2.3 Analytically Varying Lie Structures

An example of varying CC structures is given by a normed vector space (V, ||-]|) and
a one-parameter family of Lie group structures x; on V, or at least defined locally in
aneighborhood of 0 in V. Each product gives rise to a left-invariant extension of the
norm ||-||, seen initially as anormon 71,, V = V. Instead of parametrizing the group
structures, we prefer to parametrize the Lie bracket structures of the Lie algebras
and consider the group products via the Dynkin formula; see Definition 5.7.3. We
will assume that these structures depend analytically on the parameter and call them
analytically varying Lie-algebra structures.
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Lemma 12.2.4 Let V be a vector space, A C R open, and ([, -1))rea a family of
Lie brackets on V. Assume that the map ) + [-, -], is analytic. Denote by x; the
Dynkin product associated with [-, -1,.. Then, the maps

d
A, x, ) > X%y and A, x,y) > d—x *). (5Yy) (12.6)
S s=0

are analytic on some open subset of A x V x V that contains A x {0} x {0}.

Moreover, if the Lie algebras (V, [-, -1,) are nilpotent with uniform step and if
A+ [, -1n is polynomial, then both of the above maps are polynomials from A X
VxViwV.

Proof Recall the alternative formula (5.25) for the Dynkin product: for X and Y in
Va

o=y Sy :
* = _— .
* n rilsite e rplsy! Yor (i 4 si)

n>0 ri+s;i>0
1<i<n

- ((@d})™ o (@d))™ o (ad}) o (@d))™ ... o (ad})™ o adj)" ") (¥),

where we denote adg( Y :=[X, Y],. We define for «, 8 € gl(V),

1t "oBSloao0B2... 0oa™opBsn!
.@(a,ﬂ):Z—( ; > olofloa”op oo

rilsyleeerptsy! Y0 (i s
n>0 ri+si>0 121 neen Zl:l(l+ i)

1<i<n

Using the fact that the series in (5.23) has a positive radius of convergence,
we deduce that also the above series that defines Z(«, 8) has a positive radius
of convergence. Indeed, both series have the same monomials with different
coefficients, and the coefficients for Z(«, B) are smaller. Therefore, Z is a gl(V)-
valued analytic map defined an open subset 2 of gl(V) x gl(V) that contains
{0} x {0}.

Since the function (A, X) +— adﬁ( € gl(V) is analytic, then the composition
*X,Y) > Q(ad)“ , ad?,) and its derivatives are analytic on the open set

[ X, Y) e AxV xV:(kady, ad}) € Q},

which clearly contains A x {0} x {0}.

If all Lie-algebra structures [-, -], are nilpotent of step at most s, then (adé})s =0
forall X € V and A € A. Then, in the previous reasoning, we can truncate the
series defining Z to a finite sum. If also (A, X) +— adé‘( is polynomial, then the
maps in (12.6) are polynomial. O
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Remark 12.2.5 Let (x3)ea be the Dynkin product associated with an analytically
varying Lie-algebra structure (as in Lemma 12.2.4) on a vector space V, equipped
with a norm || - ||. For every fixed A € Aandy € V,themap p € V

% p % (5y) o gives a vector field that is left-invariant with respect to x;.
: .

Moreover, for u : [0,1] - V and A € A, we define the time-dependent vector
field

d
X“Mt, p) = P u®)| (12.7)
s=0

As a consequence of Lemma 12.2.4 and Gronwall Lemma 12.2.2, for every compact
sets K € V and A’ C A and every positive constants Cy, Cy, and ¢ there exists C
with the following property: Lete > 0,u, v € L°°([0, 1]; V) with [|[u —v|ls < Cie€,
ltlloos Iv]lo < € and a, b € A’ with |[a — b| < Cae. Suppose @ and 8 : [0, 1] —

K are absolutely continuous integral curves of X and YV?, respectively, with
a(0) = B(0). Then

la(l) = (D < Ce. (12.8)

12.3 Examples of Limits

In this section, we present some examples that show the ideas for the more general
strategy for proving Mitchell’s and Pansu’s theorems. The techniques are based on
Gronwall estimates and on quantitative Chow’s theorems, as in Sect. 7.1.4.

12.3.1 The Sub-Riemannian Roto-Translation Group

From the neurogeometry point of view, the most important sub-Riemannian mani-
fold that is not a Carnot group is the rototranslation group; see page 20 or [SCPOS].
For this reason, we present a special case of the proof of Mitchell’s Theorem 12.1.8
for such a space.

Theorem 12.3.1 (See Proposition 12.3.3) The tangent metric space of the sub-
Riemannian rototranslation group is the sub-Riemannian Heisenberg group.

The statement will be restated and proved in Proposition 12.3.3. For the
argument, we will use the following result, which implies Chow’s theorem and the
Ball-Box theorem for the sub-Riemannian roto-translation group. Moreover, it gives
a uniform estimate for sequences of structures. We denote the Euclidean balls by
Bg.
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Proposition 12.3.2 (Uniform Chow Theorem) Let X, Y, be a pair of vector
fields in R3 that depend smoothly on )\ € [0, 1]. Assume X, Y, [ Xy, Ya]is a frame
of R3 for all ). For each p € R and A € [0, 1], consider the map (composition of

flows)
(t1, 12, 13) €R’ > @V (1,12, 13) € R

defined as

@Y5 0 0¥y 0@y o dY 0 ®R 0 ®L )(p),  forsy =0

@7 (11, 12, 13) =
’ @Yo 0YiTo Vil o 0y 6 02 0 @) )(p),  fors; <.

12.3.2.i.  The map @f is smooth and (dCDf)o has maximal rank and the bi-
Lipschitz constant of (d<I>f\7 )o is uniformly bounded for (A, p) on compact sets
of [0, 1] x R>.

12.3.2.ii.  For every R > 0 there exists C > 0 such that

@Y (BE(0,Cr)) D Be(p,r), VA €[0,1],Vr € (0, R),VYp € B(0, R).

12.3.2.iii.  Ifd,, is the sub-Riemannian distance for which X, Y are orthonormal,
then for every R > 0 there exists C > 0 such that

dy(p,q) < C\/de(p,q), Vp,q € BE(0, R),VA € [0, 1].

Proof of 12.3.2.i We already saw the following strategy in Sect.7.1.4. We have
(3, @) (0) = X, (p), (312<D§)(0) = Y5.(p), and (3;;9})(0) = [X;., Y21(p). Hence,
the linear map (d@f )(0) : R® — R3 has rank 3. Moreover, for every compact set U
there is C > 0 such that

1) DI = Clivll, Vx € U, Vv e R*, VA € [0, 1].

By continuity in A, we can take C uniform when A € [0, 1]. m]
Proof of 12.3.2.ii It follows from 12.3.2.i and the Inverse Mapping Theorem. O
Proof of 12.3.2.iii Notice that for some K > 0

d(p, @} (11,12, 13)) < |t1] + 2] + 4y/113]

< KV, 12, 3)E, Vi, 0,13 € (0, 1).

Let R as in 12.3.2.ii, take p, ¢ € Bg(0, &) so forr := dp(p, q)

q € Bg(p,r) C ®Y(BE(0, Cr)),
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i.e., there are t1, 12, 3 with ||(¢1, 2, 13) || < Cr such that g = CDf(tl, t, t3). Hence,
di.(p, @) < K1, 2, 5[ < KV Cr = K/C/dg(p. ). O

Because of Proposition 12.1.3, the next proposition implies Theorem 12.3.1.

Proposition 12.3.3 In R? with coordinates x, v, 0 let

X =c0s800y +sinfd, , Y =0y,
XOO = ax+eay 5 YOO = a@v
X, :=cos %8X +nsin%8/V , Y, =0y, Vn € N.

Let d (resp. dy, resp doo) be the sub-Riemannian distance for which X, Y (resp.
Xn, Y, resp. X0, Yoo) are orthonormal. Then

12.3.3.i.  (R3, nd) is isometric to (R3, dy,), for each n € N.
12.3.3.ii  d, — d~ uniformly on compact sets, as n — 00.

Proof of 12.3.3.i The distance nd is the sub-Riemannian distance associated with
the orthonormal frame %X, %Y. Let §, : (x,y,0) —> (nx,nzy,nb‘). Then
d8,(1X) = cos0d, + nsinfd, = X, 08, and d§, (1Y) = ¥, 0 8,. S0 §, is an
isometry between (R3, nd) and (R3, dy,). |

Proof of 12.3.3.ii Fix R > 0. Take p,q € By, (0, R). Let o : [0, 1] — R3 be a
dso-geodesic from p to g, parametrized by constant speed. Thus ||& || < 2R and
for some measurable functions a and b bounded by 2R we have 6 = aX + bY .
Let y be a solution of y = aX, + bY,, with y(0) = p. Then
lo =yl < lallXec 00 = Xpoy|+ [bllYc00 — Yy 0y]

<2R(Kl|o = y|+ | Xoo — XnllL* (B4, (0.R))

<2RK|o — y|+2RKép,
where €, = SUPg, (0.R) | X, — Xool|. Notice that €, — 0, because X, — X

uniformly on compact sets. From Gronwall Lemma 12.2.2, we get |y (1) —o(1)| =
o(1). Then, by Proposition 12.3.2

da(p.q) = du(p,y(1)) +du(y(1),o(1))

(12.3.2.ii)
< Lag,(y)+C+ly1) —o()]
< Ly (o) +o(1)
= doo(p, q) +o(1).

In particular, we have d,(p, 1) < 3R for n large enough. One bound has been
proved.
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Regarding the other bound, we proceed similarly: Let y be a d,,-geodesic from p
tog,y :[0,1] — R3 with y = aX, + bY,, for some measurable functions a and b
bounded by 3R. Let o be such that 6 = a X, + bY~ and o (0) = p. Then as before
ly (1) — o (1)] = o(1). We then bound

doo(p, q) < doo(p, 0 (1)) +dxo(o (1), (1))

< Lg,(0)+C+/lo(1) —y(1)]
< Lg,(y) +o(1)
=dn(p,q) +o(1).

12.3.2 Sub-Riemannian Carnot Groups as Asymptotic Spaces
of Riemannian Groups

This section aims to present some instances in which sub-Riemannian manifolds
appear as limiting objects of Riemannian manifolds. Examples are asymptotic
cones, and a general result is Pansu’s Theorem 12.1.7. We will also see that every
sub-Riemannian manifold is the limit of some sequence of Riemannian manifolds;
see Theorem 12.3.7.

12.3.2.1 The Riemannian Heisenberg Group

The following result should be seen as a specific example of more general
statements. In Sect. 12.4, we will study asymptotic cones of nilpotent Lie groups.

Theorem 12.3.4 The asymptotic cone of the Riemannian Heisenberg group is the
sub-Riemannian Heisenberg group.

We explain a stronger result that we will actually prove: Let X, Y, Z be a basis
of the Lie algebra of the Heisenberg group H with only relation [X, Y] = Z. For
n € N, let d,, be the Riemannian distance for which X, Y, %Z form an orthonormal
frame. Let d.. be the sub-Riemannian distance for which X, Y are orthonormal.
Then we will prove that for all R > 0 there is C > 0 such that

Vp,q € Bce(lgy, R),Vn € N.
(12.9)

1
dn(p,q) <dec(p,q) < dn(p,q) +C—,
Jn
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qg=y()=n()

p=v(0)=0(0)
g=o(l)

Fig. 12.2 The three curves y, 1, and o considered in the proof of Theorem 12.3.4

In particular, we have d,, — dx uniformly on compact sets. Consequently,
by Proposition 12.1.3 if d is the Riemannian distance for which X, Y, Z are
orthonormal, then the sequence (H, %d), which is isometric to (H, d,,), converges
to (H, dee).

Proof of Theorem 12.3.4 The fact that d, < d. is clear since every horizontal
curve for d. has the same length with respect to d,. For the other inequality, take
R > 0and p,q € Becc(1g, R). Let y, : [0, 1] — H be a curve from p to ¢ that
minimizes the length with respect to d,. Decompose y as

y@)=ai(OHX +ax®)Y + a3(t)Z,

with a3(¢) not necessarily 0. Let o : [0, 1] — H be the curve such that 0 (0) = p
and 6 (t) =a1(t)X + ax(t)Y. Let g := o(1). Let n : [0, 1] — H be the curve such
that n(0) = g and 5(¢t) = a3(t) Z. Refer to Fig. 12.2 for a visual representation.

We claim that

n(t) = (Lgo L)) (y(®).  Viel0.1]. (12.10)

g

Since (L; o L7} )(y(0)) = L; o L7 (p) = g = n(0), it is enough to show that
g () q9°%p
d _ .
= (Lq oL;l o y(t))) — ().

For doing this, we consider exponential coordinates as in Sect. 2.3:

y=aX+aY +a3Z = (al,az,% — %111 + %az)

and

. (o)) oa]
o= (al,az, —7611 + 7‘12)'
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Thus y1(t) = o1(t) = p1 + fot aj and y»(t) = o2(t) = po + fot a>. We have

—1 (2.9 1
o®) y@) =" |y1—o1, 12 —o, V3—U3—§(01V2—02V1)
= (0,0, y3 —03).

Thus
d 1 . .
aa(t) y()=(0,0,y3 —03) =a3Z.

The claim (12.10) is proved, and, in particular, we have (1) = ¢ 'q = q.
We need to bound the length L4, (). Since X, Y, Z are orthogonal and || rllZ||,, =
1, we have

1 1
fn~|a3|=f lasZ |l
0 0

1
< /0 la1X + ax¥ + asZlly = La, () = du(p. @) < dee(p. q) < 2R.

Then

1 1 2R
Lg(n) = lasZ|l1 = laz| < —.
0 0 n

Using the Ball-Box Theorem for the sub-Riemannian Heisenberg group, proved in
Proposition 2.4.6, we bound

_ @2 _ 2R\ /2 1
dee(@ 9) < Kd(@'"* < KLay)'? < K (—) = C—,
n Jn
for the suitable constant C. Since dec(p,g) < Lcc(o) < Lg,(y) = duy(p, q), we

conclude that

_ _ 1
dec(p,q) < dee(p,q) +dec(q,q) < dn(p,q) +C—.

Jn

We proved (12.9), and we conclude the theorem recalling Proposition 12.1.3. O

12.3.2.2 Asymptotic Cones of Some Riemannian Groups

Example 12.3.5 Let G be a Lie group and A C TG a bracket-generating left-
invariant distribution. Let A+ be a left-invariant distribution such that A, @ Af‘G =
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T1;G. Let (-, -)n)nenujo) be a sequence of left-invariant Riemannian metrics on G
such that

12.3.5.i. Ay is orthogonal to AILG with respect to (-, -}, for all n € N U {0};
12.3.54i. || Xl = I X|lo, foralln € N, forall X € A;
12.3.5.iii. forall X ¢ A, we have | X||,, = 400, asn — oo.

Let d.. be the sub-Riemannian distance associated with A and (-, -)o, and d,
the Riemannian distance associated with (-, -),. Then d, converges uniformly on
compact sets to dcc. In fact, for all R > 0 there exists an infinitesimal sequence ¢,
such that

dn(p,q) < dec(p,q) < du(p,q) + €n, Vp,q € Bec(lg, R). (12.11)

Proof The left-hand side of (12.11) is obvious from 12.3.5.ii. For the right-hand
side, begin by noticing that the unit tangent bundle of Af-c is compact. Consequently
from 12.3.5.iii, there exists a diverging sequence K, in R such that

Ko 1Zllo < 1ZIla.  VYZ e A],.VneN. (12.12)

Take R > O and p,q € Bcc(lg,R), so p,g € Bg,(1g,R). Let y = y, :
[0, 1] — G be a constant-speed curve from p to g such that Ly, (y) = du(p, q).
Consequently, we have ||y’ ]|, < 2R. Forall 7 € [0, 1] we decompose y’ := (L,)*y
asy'(t) = X(t) + Z(t) with X (r) € Ay, and Z(¢) € AfG. From 12.3.5.i we know
that Z 1L X for each of the Riemannian metrics. Let o : [0, 1] — G be a solution
of 6(0) = pand o () = (Ls)+« X (¢). Then

(12.12) ZLX )
Kp-1Zllo = 1Zlln = X+ Zlla=lylln <2R.

Let £(r) := diamg,, (Edo(lg, r)) as in Exercise 12.9.1. Then we are going to use
Gronwall Lemma 12.2.3 since ||¥/llo, lo’llo0 < IIY'lx < 2R and ||y’ — o'l =
1Zllo < 271%” and get
dec(p, q) < dec(p, 0 (1)) + dec(o (1), y (1))
< Lcc(o) +&(do(o(1), y(1)))

<L C 2R
< dn()/)+€< K_,,>

=d,(p,q)+o(l) ,asn — oo,

where we used that K, — oo and that £(r) = o(1) by Exercise 12.9.1. O

The next statement is an easy consequence of what we showed in Example 12.3.5.
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Corollary 12.3.6 Let G be a stratified group equipped with a Riemannian structure
for which the stratification is orthogonal. Then, the asymptotic cone of G is a Carnot
group. In fact, if d is the Riemannian distance, then there exist Riemannian distances
dy. on G such that d,, — d. uniformly on compact sets and (G, %d) is isometric via
8175 to (G, dy), and (G, d¢.) is a Carnot group.

12.3.3 Sub-Riemannian Spaces as Monotone Limits of
Riemannian Spaces

In this subsection, we show that every sub-Riemannian distance is a monotone limit
of Riemannian distances. This fact has been well-known in nonholonomic geometry
for the last 35 years, and it is probably due to V. Gershkovich.

Theorem 12.3.7 Every sub-Riemannian distance is an increasing limit of Rieman-
nian distances.

The argument is easy and well-known when the sub-Riemannian distribution has
constant rank. Here, we soon present a proof in the following general case: As in
Definition 4.1.10, let E be a vector bundle over M endowed with a scalar product
(-,-) and let o : E — T M be a morphism of vector bundles. For each p € M and
v,v' € T,M, set

pp, V) = inf{(u,u') :u,u’ € E,,ou) =v,0’) =0},
pp(v) = pp(v,v), and Np(v) :=,/pp V). (12.13)

The sub-Riemannian distance d,, associated with p is given by (4.9). The only extra
assumption on p is that the distance d,, is finite and induces the manifold topology,
as for example, in Definition 4.1.6 by Theorem 4.1.8.

Proof of Theorem 12.3.7 Let p and d := d,, as in (12.13) and (4.9). Notice that
on each tangent space T, M, with p € M, the value of p(-, ) is finite on some
subspace, and on this it defines a scalar product. In particular, we have p(v) = 0
only if v = 0. We take some Riemannian tensor g; with the property that g; < p.
Then, by recurrence, for each m € N, we consider g, to be a (smooth) Riemannian
tensor with the property that, for every p € M and v, w € T, M,

max{(gmu—1)p v, w), min{(1 —27")p, (v, w), m(g1) (v, w)}}

< (gm)p(v, w) < pp(v, w).
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Obviously, we have that

81 =8m = &m+1 = P-

Then, for every absolutely continuous path y, we have that

1
Lg,(y) = Lp(y) ::fo V Py (y(@0)de.

Thus, for every p and ¢ in M,
dg,,(p.q) < dy(p.q),
and therefore
lim dg, (p,q) <dp(p,q).
m—00
Assume, by contradiction, that, for some p and ¢ in M, we have that
lim dg,(p,q) <dy,(p,q).
m-—0Q
Then there are curves y,, from p to g such that
lim Lg, (vm) < dp(p,q).
m-—00
Since

Ly, (Ym) < Lg, Ym),

we get a bound on the lengths Lg, (¥,). Therefore, by Ascoli-Arzela argument
(Theorem 3.1.3), the sequence y,, converges to a curve y from p to g. We may
assume that y is parametrized by arc length with respect to the distance of g;. Now,
either L, (y) is infinite, or it is finite. Namely, either there is a positive-measure set
A C [0, Lg, (y)] such that

Py (¥ (1)) = o0, Vi e A,

or, for almost every t € [0, Lg, ()], the value p,, ) (y(¢)) is finite. In the first case,
forallt € A,

(gm)y(t)(f/(t)) =m- (gl)y(t)(f/(t))-
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From this, we have that
Lo, (v) =mLg (y|a) = 00, asm — oo.

We get a contradiction since by assumption d,(p, g) < oo. In the second case, for
almost all ¢, for m big enough,

A =2""0,1y (Y (@) < (@m)y) V(1) < pyy (¥ (1)).
From this, we have that
Lgm ()/) - L,G(V)? asm — OQ.

We get a contradiction since we have that d,(p, q) < L,(y). O

12.4 Pansu Asymptotic Theorem

In this section, we explain and prove Pansu’s Theorem 12.1.7. Let G be a Lie
group with Lie algebra g. Let A be a left-invariant bracket-generating polarization
corresponding to the subspace Ay, C g, as in (7.1). Fix anorm || - || on Ay, and
transfer it to a left-invariant norm on A as in (7.5). Let dyr be the associated sub-
Finsler metric on G as in (4.4). In addition, we assume that G is simply connected
and nilpotent. Consequently, the Lie algebra g is nilpotent, by Proposition 9.4.2.

12.4.1 Pansu Asymptotic Structure

Given the nilpotent Lie algebra g, we consider the associated Carnot algebra g,
of G, as in Definition 9.2.16. This is a stratifiable algebra, and g/[g, g] is the first
stratum of a stratification. Consider G, to be the nilpotent simply connected Lie
group with Lie algebra g, by recalling the existence by Birkhoff Theorem; see
Proposition 9.4.3. We shall put a Carnot metric on it. Consider the projection 7 :
g — g/l[g, g] modulo [g, g]. Since A, generates the whole Lie algebra and since
g/[g, gl is an abelian Lie algebra, we have 7 (A1;) = g/[g, g]l. We define a norm
|l - lloo> on g/[g, ], which we name Pansu limit norm, by imposing By, (0, 1) =
(B (0, 1)). Let d be the sub-Finsler distance associated with (G, 9/[g, gl, | -
lloo). Thus (Geo, dxo) is a Carnot group. We call do, the Pansu limit metric or the
asymptotic metric.

Pansu Theorem 12.1.7 will follow from a more quantitative version as obtained
in [BL13]:
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Theorem 12.4.1 ([Pan83, BL13]; see Theorem 12.4.5) Let (G, d) be a nilpotent
simply connected Lie group equipped with a sub-Finsler left-invariant metric. Then,
the associated Carnot group Goo equipped with the Pansu limit metric ds is the
asymptotic cone of (G, d) and there is a set-wise identification between G and G
such that

d(p. 9) = doo(p, )| = O (max{d (1, p),d(L, ) '), as p.g = oc,
(12.14)
where s denotes the nilpotency step of G.

12.4.2 Structures of Contracted Metrics
12.4.2.1 Algebra-Group(s) Identification

There is a natural way to identify the underlying vector space of g and the one
of its associated Carnot algebra g.,. This identification depends on the choice
of a compatible linear grading on g, as defined in Definition 9.2.2. The natural
identification g ~ g, has been discussed in Lemma 9.2.17. Moreover, via the
exponential maps, which in this case are global diffeomorphisms, by Theorem 9.4.6,
we also have identification at the group level:

compatible grading

——
G ~ g ~ 8o ~ Geo. (12.15)
exp exp

Hence, we may consider the Pansu limit metric d, as a metric on G or on the vector
space g.

12.4.2.2 A Family of Products and Metrics

Consider the dilations (§¢)cer relative to the compatible linear grading as in (9.8),
we stress that the family is defined also for nonpositive € and it is polynomial in €.
Using these maps, we shall modify the Lie group structure of G and its metric into
a one-parameter family. Recall that we are identifying G with g, as in (12.15).

We modify the Lie bracket of g as

(X, Y]e == 667"X,871Y], VX,Y €g,Ve e R\ {0}. (12.16)
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We stress that for X, Y € g the value [X, Y], as defined for € # 0 is polynomially
depending on € and, by (9.10), it extends to € = 0 as

def .
X, Yo:=|X,Y = 1 X, Y], 12.17
[ lo [[ Hoo ©.10) eg%[ le ( )

where [X, Y] denotes the Lie bracket on the associated Carnot algebra g.

For € € R, we denote by . the Dynkin product associated with the nilpotent Lie
bracket [, -]¢; see Definition 5.7.3. The group (g, *o) is then the Carnot group with
Lie algebra g,.; see Proposition 9.4.4.

We also modify the metric d =: p; on G with the contracted metrics defined as

eld(6=1p,8-1q) Ve e R\ {0
pelp.q) = | 1€140O PO 7d \OF oy se6 a2
doo(p, q) fore =0

where d, is the Pansu limit metric from page 383. We point out that each distance
Pe 18 x¢-left-invariant and, for € # 0, it is the sub-Finsler distance induced by the
following distribution and norm:

AD =5 and ] = el

57|, veeald; (1219

see Exercise 12.9.8. Therefore, for each € # 0, each map 6. : (g, x1, [€|d) —
(8¢, *¢, pe) 1s a Lie-algebra isomorphism and an isometry.

Remark 12.4.2 Regarding the norm ||-|| () we claim that, as soon as we fix a norm
|l - Il on g, there is a positive number C such that

lu —w@llp < Cellull@,  Vue A, Ve e (1) (12.20)

Indeed, we assume, without loss of generality, that || - || g is Euclidean, that makes
orthogonal the layers (V)x of the compatible linear grading, and that || - [|[g < || - [|1
on Aj. We write u € Age) asu = uy + --- + ug with uy € Vi. Then, for each
ke{2,...,s}and € € (0, 1), we bound

-1 1—k -1 1-
€ urlle <€ urlle < llur+€ up+---+€ uglle
—1 —1 def
= lles ulle < les M ully = flul©.
Therefore, we obtain (12.20):

lu — @l < (luzllg + -+ luslg) < (s — Dellul|©.

All these sub-Finsler structures, (A, ||-||(€)), make the abelianization map a
submetry:
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Proposition 12.4.3 Under the identifications Vi = G/[G, G] = Goo/[G oo, Gol,
the following maps are submetries:

12.4.3.i.  The projection map 7T|Alc S (A D = (Vi - lloo), modulo [g, gl
12.4.3.ii.  The projection map w: (G,d) — (Vi, || - o), modulo [G, G].
12.4.3.iii.  The projection map 7w : (G oo, doo) — (V1, || - lloo), modulo [G o, G o]
12.4.3.iv.  The projection map 7 : (g, pe) — (V1, ||I'llo0), modulo [g, g].

Proof First, observe that the maps are well defined since the subspace V| is a
complementary subspace of the commutator subalgebra, i.e., g = [g, g] @ V7. These
maps are group homomorphisms. The map 12.4.3.i is a submetry by the way the
norm | - ||co has been defined. It is clear that the maps 12.4.3.ii and 12.4.3.iii
are submetries, for example, as a consequence of Proposition 7.1.9. Regarding the
map 12.4.3.iv, the reason is again that the norm in the target is the push forward of
the norm in the domain:

7 (Bl 0. 1) =7 (8B, 400, 1/6))

—en (B”,Hm(o, 1/0))
= €B).,, (0, 1/€)
= By, (0, 1),

where we used the definition of ||-|| © and of Il so- |

12.4.2.3 Guivarc’h Apriori Bound

The distance function d (1, -) on G is a homogeneous quasi-norm with respect to
the compatible linear grading, in the sense of Definition 10.4.1. Therefore, we have
an immediate consequence of Guivarc’h Theorem 10.4.3:

Corollary 12.4.4 (Guivarc’h) Let G be a nilpotent simply connected Lie group
equipped with a left-invariant sub-Finsler metric d. Let ds, be the Pansu limit metric
on G. Then there exists a constant C > 1 such that

1
Edoo(l,x)—Cfd(l,x) < Cdx(l,x)+C, Vxedg. (12.21)
in terms of the distances pe, as in (12.18), we have

1
Epo(l,x) —Ce < pc(l,x) <Cpp(1,x)+ Ce, Vx e G,Ve>0. (12.22)
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12.4.3 Proof of Pansu Asymptotic Theorem 12.1.7

We are ready to state and prove a quantitative version of Pansu Asymptotic
Theorem 12.1.7, which implies Theorem 12.4.1.

Theorem 12.4.5 (Quantitative Pansu Theorem; [BL13]) Let G be a simply
connected s-step nilpotent Lie group equipped with a left-invariant sub-Finsler
metric p1. With respect to some compatible linear grading, consider the Pansu limit
metric po on G and the contracted metrics pe as in (12.18). For every compact set
K C G there is a constant C > 0 such that

1pe(ps @) — po(p,q)| < Ce'*,  ¥p,q e K,Ve € (0, 1). (12.23)

Proof Without loss of generality, because of dilations, we assume K = B, (1, 1).
Fix p, g € K. We begin with a first inequality: po(p, ¢) < pe(p, q) + C1€'/%, for
some constant C; > 0 independent on p and g. Let C be the Guivarc’h constant
from Corollary 12.4.4. We have the uniform bound:

Pe(P,q) < pe(p, 1) + pe(lG, q)

(12.22)
< Cpo(lg, p) + Ce + Cpo(lg,q) + Ce < 4C, (12.24)

where we used, in addition to the triangle inequality, the fact that p and ¢ are in
the unit pp-ball. Let y, : [0, 1] —> g be a p.-geodesic parametrized by constant
pe-speed connecting p to g. We check that, independently on € € (0, 1), the curve
Ve 1s inside the bounded set By, (1¢, 6C2 + C):

(12.22)
po(lg, ve(®)) =< Cpe(lg, ye(t)) + Ce

< C(pe(lg, p) + pe(p, ve(t))) + Ce

(12.22)
< C(Cpo(lg, p)+ Ce + pe(p,q)) + Ce
12.24

2V 6c? 4 ¢

Let yp: [0, 1] —> g be the left translation by p of the multiplicative integral in
G of the curve o ye, as in Proposition 10.1.11. Namely, if the curve y, has the
control u: [0, 1] —> g for the group structure ¢, then yy is such that y5(0) = p
and it has the control 7 o u for the group structure xq:

Ve(t) = (LS ))wu(t) = %Ve(f) *¢ (su(t))’szo )
() = (LY )= @(®) = &9 %0 (m@®)|
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In particular, the curves yp and 7w o y. have the same length in their respective
spaces: (Goo, po) and (V1, || - ||oo). Therefore, using in addition that 7 : (g, pc) —
(V1, II'lloo) 1s 1-Lipschitz by Proposition 12.4.3, we have

L) = Ljj(move)
= Lpe(Ve)
= pe(p,q) (12.25)
(12.24)
< 4C
and also,
(12.24)
lu@®)© < 4c, fora.e. r € [0, 1], (12.26)
and

polG, vo(t)) < po(lG, p) + po(p, vo(t))
I+ Ly (vo)
1+4cC.

IA

IA

We have established that the curves y. and yq lie in the bounded set By, (1g, 1 +
4C 4 6C?).

Moreover, fixed an Euclidean norm ||-|| g, from (12.20), together with (12.26),
we obtain

lu—moullg < (s — D4Ce. (12.27)

We stress that y, is an integral curve of the vector field X* € as defined in (12.7).
While the curve yy is an integral curve of X™°*9. As a consequence of Gronwall
Lemma and the smoothness of the Lie structures in €, seen in Remark 12.2.5,
together with (12.26) and (12.27), we obtain that ||[yo(1) — Y (D] < Ce.
Consequently, by the Ball-Box Theorem for Carnot groups (Theorem 11.2.3), we
have for some constant C’ > 0

po(ro(1), ye(1)) < C'e'/. (12.28)

Finally, we obtain the first bound:

po(p.q) =< po(p,yo(D) + po(yo(l), ye(1))

(12.28)
< Lpy(yo) +C'e'/s

(12.25)
< pe(p,q) +CeVS.
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We consider the second inequality: po.(p,q) < po(p,q) + C2€'/5, for some

Cy > 0. Let yp : [0, 1] —> g be a pg-geodesic parametrized by constant pp-speed
connecting p to q.

Let m o 9 : [0,1] — (VI,|‘ll) be the development of yy (recalling
Proposition 10.1.11) and y, : [0,1] — G be a lift of 7w o yy starting at p that
has the same length, which exists since the map 7 : (G, pc) — (V1, | - lloo) 18
a submetry; see Proposition 12.4.3 and Corollary 3.1.25. Namely, if the curve yg
has a control v: [0, I] — V; C g with respect to the group structure *q, then,
the control of y. with respect to the group structure *. is a measurable function
u: 0,11 — A® C gsuchthat 7 ou = v and |u]|® = |v]||. In particular,
the curves have the same length in their respective spaces: (G, po) and (G, p).
Therefore, we have

Lpe(ve) = Lpy(v0) = po(p.q) <2, (12.29)

and in particular ||u||® = |woul| < 2, almost everywhere. Consequently,
from (12.20), we obtain

lu—moullg =Ce, (12.30)

for some positive number C’ independent of €, where ||-|| ¢ is a Euclidean norm that
we fixed.

We claim that the two curves yp and y, stay within a bounded set independent of
€. Indeed, regarding the first curve, we obviously have that yy (1) € B, (1, 2), since
D, q € Bp,(1g, 1) and yyp is a geodesic. Regarding the second curve, we bound:

(12.22)
po(lGg, ve(®)) = C(pe(lg, ye(t)) +¢€)

< C(pe(G. p) + pe(p, yve(t)) +€)

(12.22)
< C(Cpo(lg, p)+Ce+ Ly (ye) +€)

(12.29)
< C(CH+CH+2+1D.

We proceed similarly to the first part of the proof: We notice that y is an integral
curve of the vector field X*:€ as defined in (12.7). While the curve yy is an integral
curve of X740, Again, we have a bound between the two controls: (12.30). As a
consequence of Gronwall Lemma and the smoothness of the Lie structures in €, as
seen in Remark 12.2.5, we obtain that ||yo(1) — v (D]l < é‘e, for some constant
c independent on € € (0, 1). Consequently, since the maps (12.6) are Lipschitz
on compact sets, by Lemma 12.2.4, and the curves stay in a bounded set, for some
constant L, we obtain

lyo(D ™" %e eIl = o)™ %e ve(1) — o (1) ™" %e yo(D]]

< L(lye()) — (D) < L(1 + C)e.
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Then, using the Ball-Box Theorem for Carnot groups (Theorem 11.2.3), we have
for some constant L” > 0

p0(1G, o)™ e ye (1)) < L'e'/5. (12.31)

Consequently, for some constant C” > 0, we bound the distance between the
endpoints:

pe(ro(1), ve(1) < pe(lg, yo(1) ™" *e ye (1))

(12.22) .
< Cpo(lg, vo(1)™" *e ye(1)) + Ce

(12.31)

< CLe'S+Ce < e, (12.32)
Finally, we can conclude
Pe(p,q) = Pe(p, Ve(1)) + pe(ve(1), q)
< Lo (YVe) + pe(Ye (1), yo(1))
(12.32)
< Lp(yo)+C'e'l
(1229)

=" po(p.q) + C"e's.

12.5 Mitchell Tangent Theorem

In this section, we explain and prove Mitchell’s Theorem 12.1.8 for sub-Finsler Lie
groups. Later, in Sect. 12.6, we will discuss the general case of manifolds.

12.5.1 Carnot Tangents of Sub-Finsler Lie Groups

Let G be a Lie group with Lie algebra g. Let (A, || - ||) be a bracket-generating left-
invariant sub-Finsler structure on G, with distance d. Let V| := A1. The osculating
Carnot algebra associated with the polarized Lie algebra (g, V1) is the Lie algebra
go given by the direct-sum decomposition

00 i—1
Qg = @ Vl(l)/Vl<'_1), where Vl(’) = X:adl{,l Vi Cg, (12.33)
i=1 k=0
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endowed with the unique Lie bracket [-, -]o that has the property that, if X € Vl(i)
and Y € V1<] ), the bracket is defined, modulo Vl(lﬂ 7]), as

[x+ vy 4 ij‘”]o = [X, Y]+ VY, (12.34)

which is well defined because [Vl(') , Vl(" ) c Vl(”r" ). see Exercise 12.9.17. The Lie
algebra g is also known as nilpotentization of g. But, be aware that if g is nilpotent
but not Carnot, then gy will not be isomorphic to g for any choice of V;. Recall the
example in Exercises 9.5.24.

Consider the simply connected polarized Lie group (Gy, V1) with Lie algebra g.
We stress that G is a stratified group with V| as the first stratum. In fact, the space
V1 is both a bracket-generating subspace of g and of gy. If V| C g is equipped with a
norm ||-||, then the pair (V1, ||-||) can be seen either as a sub-Finsler structure on Gy
and as a sub-Finsler structure on G. We consider G equipped with the sub-Finsler
distance dy induced by (V7, [|-]|). The Carnot group (G, dp) is called the osculating
Carnot group of (G, d).

Mitchell Theorem 12.1.8 will follow from a more quantitative version, following
the work of Bellaiche [Bel96, p.69].

Theorem 12.5.1 ([Mit85, Bel96]; see Theorem 12.5.5) Let (G,d) be a Lie
group equipped with a left-invariant sub-Finsler metric with respect to an s-step
polarization. Then, its osculating Carnot group (G, do) is the tangent metric space
of (G, d) at each point, and there is a local set-wise identification between G and
G such that

d(p.q) = do(p, )| = O (max{d(1, p).d(1. V). asp.g 1.
(12.35)

12.5.2 Structure of Dilated Metrics

There is a natural way to identify the underlying vector space of g and the one of
its nilpotentization gy. This identification depends on the choice of a linear grading
g=V&---® V; such that

j=2 j—1
Vi@ adi Vi =) adj, V. (12.36)
i=0 i=0

Linear grading with property (12.36) will be called adapted linear grading. Via the
exponential maps, we also have local identifications near the identity elements:

—_—
=}
o

G

[

g~ gp >~ Go. (12.37)
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Consider the one-parameter family of dilations (8¢)ecer relative to the linear
grading as in (9.8), which is polynomial in €. We modify the Lie bracket of g as

[X, Y]e :=81/e[0e X, Y1, VX,Y €g,Ve e R\ {0}. (12.38)

The just-defined bracket (12.38) has a different formula than the one defined in the

proof of Pansu’s Theorem, as in (12.16). In fact, while in (12.17), we performed a

large-scale asymptotic expansion, next, in (12.39), we will expand infinitesimally.
The bracket (12.38) satisfies the following formula:

[v, w]e

s N
Zvi,ZwJ-, ZZﬁl/eéiJrj[Ui,wj]

i=1 Jj=1 ¢ i,j

D0 €T i, wy,

i,j k<i+j

where we used the fact that if v; € V; and w; € V;, then, thanks to (12.36),
[vi, wj] € [Vl('), V](")] c Vl(’+") = Vi®- - @ V4. It follows that the Lie brackets
[-, -]Je are polynomial and so they extend to € = 0:

[X,Y]o:= lirr(l)[X, Yle, VX,Y eg. (12.39)
€—>

Observe that the identification (12.37) gives a Lie algebra isomorphism between
(g, [+, -]o) and (g0, [+, -]o)-

Let V be the vector space underlying g. By Lemma 12.2.4, the BCH formula
gives a function (€, x, y) > x* y thatis analytic on a neighborhood of R x {0} x {0}
in R x V x V. The group (g, xg) is the Carnot group with Lie algebra gg; see
Proposition 9.4.4.

Let ro > 0 small enough so that the exponential map restricted to By (0, rg) C g
is an analytic diffeomorphism between By (0, rg) and its image. Observe that for
€ € [—1, 1], the map & maps By(0, ro) into itself. Also, the map exp od¢ is the
exponential map for the local Lie group (g, *¢) and . is well defined and analytic
on By (0, rg) x Bo(0, rp).

We modify the metric d =: d; on G with the dilated metrics defined as

1
Ld(sep,s Ve e R\ {0

de(p,q) = {1l (Gep, deq) Ve M }, Vp.q € Bo(0,rp).  (12.40)
do(p, q) fore =0

We point out that each distance d. is *-left-invariant and, for € # O, it is
locally the sub-Finsler distance induced by the polarization (V7, ||-|]) on (g, *¢);
see Exercise 12.9.8. For each € # 0, each map 8¢ : (¢, *¢, de) — (g, *1, %d) isa
Lie-algebra isomorphism and an isometry.
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Lemma 12.5.2 (Equicontinuity of Distances—1) Fixed a Euclidean distance
| - lg on g, there exists a constant C such that, for every p € By(0, ro) and every
€ € [—1, 1], one has

1/s

de(1, p) < Clpll2°, (12.41)
and
de(1, p) < Cdy(1, p)'/*, (12.42)
do(1, p) < Cdc(1, p)/s. (12.43)

Proof The weak Ball-Box Theorem 7.1.21 can be proved uniform in €, as seen
in Exercise 12.9.21. Hence, there are constants Cp, C» such that d.(1, p) <
CillplYs < Cado(1, p)'/3, for all €, ¢’ € [—1,1] and all p € By, (0, r). The
equations of the lemma are special cases. O

Given an adapted linear grading, as in (12.36), of a polarized Lie algebra g and a
norm ||-|| on g, we define the associated boxes as

Box(r) = [X1+~-~+X” D X eV, |X.,-||<rf',je{1,...,s}}, vr = 0.

(12.44)

Theorem 12.5.3 (Ball-Box Theorem for Lie Groups) Let G be a Lie group
equipped with a sub-Finsler metric dy with respect to an s-step polarization. With
respect to some adapted linear grading, consider the osculating Carnot distance dy
as in (12.40), and boxes as in (12.44). Then, there are a neighborhood 2 of 1 in G
and a constant C > 0 such that

1
Ed‘)(l’ p) <di(1, p) < Cdo(1, p), VpeQ. (12.45)

In particular, there are constants C > 0 and R > 0 such that
exp(Box(r/C)) C By, (1,r) C exp(Box(Cr)), Vvr € [0, R]. (12.46)

Proof Notice that, by the Ball-Box Theorem 11.2.3 for Carnot groups, the esti-
mates (12.45) and (12.46) are equivalent to

ICVe e [-1,1]  Byy(1,€/C) C By (1, €) C By (1, Ce). (12.47)

Let d, be the dilated metrics as in (12.40).
On the one hand, by (12.43), there is C > 0 such that, for all € € [—1, 1],

By (1,1) C By, (1, C).
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Since By, (1,1) = 81/¢(Bg, (1, €)) and By, (1, C) = 81¢(Bg,(1, Ce)), we obtain
B, (1,€) C Bgy(1, Ce),

which is one of the two containments in (12.47).
On the other hand, by (12.42), there is C > 0 such that, for all € € [—1, 1],

By, (1,1/C) C By (1, 1).
As before, after applying the dilation §., we obtain
Bgy(1,€/C) C By, (1, ¢€),

which is other containement in (12.47). O
Applying §¢ to (12.45) we immediately obtain another consequence:

Corollary 12.5.4 (Equicontinuity of Distances—2) Under the same assumptions
of Theorem 12.5.3, there exists a constant C such that, for every p € Bo(l1, ro) and
everye € [—1, 1],

1
Edo(l, p) = de(l, p) < Cdo(l, p). (12.48)

12.5.2.1 A Geodesically Linearly Connected Subset

For the proof of Mitchell’s theorem, we shall need to consider a special set as
follows. For the value ry fixed above and the constant C > 1 from Corollary 12.5.4,
let Q C g be the set

ro

Q= By(0,r7), ithr; .= —.
0(0, 1) withry = 773

(12.49)
We claim that €2 is dc-geodesically connected within By(0, rp), for all € € [—1, 1],
in the sense that for every pair p, g € 2 there is a curve y, from p to g valued in
By(0, rp) such that de(p, q) = Ly, (ye). For € # 0, let y be a geodesic in (G, d)
between 6. (p) and 8. (q). Let y := 56_1 o ¥, which is a d.-geodesic between p and
q. We claim that the curve y is well defined and valued in By (0, ro). Indeed, as long
as y(t) is in By(0, rp), then in fact it is in Bg(0, 3C?ry), because we have

NE

(12.48)
do(1, (1)) = Cde(l,y(n)

< C(de(l, p) + La. ()
C(de(1, p) +de(p, q))
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< C(2de(1, p) +de(1, q))

(1248)
< C°Qdo(1, p) +do(1, q))

< 3C2r1 < r.
Hence, the maximal time ¢ € [0, 1] for which y(¢) € By(0, rp) ist = 1.

For € = 0, let y be a dp-geodesic in (Gg, dy) between p and g. Then, similarly,
as above, we bound

do(1, yo(2)) < 3r1 < ro.

Thus, the curve yy is By (0, ro)-valued.

12.5.3 Proof of Mitchell Theorem 12.1.8

We are ready to state and prove a quantitative version of Mitchell’s Theorem 12.1.8,
which also implies Theorem 12.5.1.

Theorem 12.5.5 (Quantitative Mitchell Theorem) Let G be a Lie group
equipped with a sub-Finsler metric di with respect to an s-step polarization. With
respect to some adapted linear grading, consider the osculating Carnot distance dy
and the dilated metrics d. as in (12.40). Then, there are a neighborhood 2 of 1 in
G and a constant C > 0 such that

lde(p, q) —do(p, q)| < Ce'/s, Vp,q € 2, Ve € [0, 1]. (12.50)

Proof We take as 2 the set constructed in (12.49), which we saw is d¢-geodesically
connected within By(0, ro), forall e € [—1, 1]. Let p, g € Q.

We begin with the first inequality: do(p,q) < dc(p,q) + Cie'/s, for some
constant C; > 0. Let y, : [0, 1] —> By(0, rp) be a d.-geodesic parametrized by
constant d.-speed connecting p to g. Let u : [0, 1] —> V| be the control of y,. Let
o : [0, 1] —> g be the dp-rectifiable curve starting at p with control u, with respect
to xo. Namely, similarly, as in the proof of Pansu’s theorem, we have

ve() = (L )su(t) = Lye(t) xe (su(t))‘szo .
y(t) = (L?/O(t))*u(t) = d%yo(t) *Q (su(t))‘sz0 .
Notice that
Ld() (7/0) = Lde (J/e)
de(p,q) (12.51)
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S de(os p) +d6(07 Q)

(12.48)
< C(do(0, p) +do(0, q))
< 2Cn

and thus do (0, yo (7)) = do(0, p) + La,(v0) = (2C + Dr1 < ro, thatis, yo([0, 1]) C
By (0, ro).

By Remark 12.2.5, we obtain ||y(1) — y(1)||g < C’e. Consequently, by the
Ball-Box Theorem for Carnot groups (Theorem 11.2.3) we have for some constant
C”">0

do(yo(1), ye(1)) < C"e'/s. (12.52)
Finally, we obtain the first bound:

do(p,q) =< do(p,yo(1)) +do(yo(1), ye(1))

(12.52)
< Lay(yo) +C"e'

12.51 .
"Z=Vdp.g)+ e,

We consider the second inequality: d.(p, q) < do(p,q) + Cae'/s, for some
Cy > 0. Let yp : [0, 1] —> By(0, o) be a dy-geodesic parametrized by constant
do-speed connecting p to g. Let u : [0, 1] — V7 be the control of yy, with respect
to xg. Let y¢ : [0, 1] — g be the d.-rectifiable curve starting at p with control u
with respect to x.. The error between y, (1) and ¢ is estimated as

de(Ve(1),q) = de(1, (=ye(1)) % q)
R TR PP
= Cl=ye) % q — (=) % qll}{’
< Cl-rD+ql
Rem.512.2.5 C”el/s,

Notice also that de(p, ye(1)) < Lg.(ve) < Lay(v0) = do(p, q). Therefore, we
obtain

de(p,q) < de(p, ye(1)) +dc(ve (1), q)
<doy(p,q)+ C"e'/s.
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12.6 Mitchell’s Theorem for CC Spaces

Mitchell’s result from the previous section holds more generally. In fact, Carnot
groups are the tangent metric spaces of sub-Finsler manifolds at every regular point.
Such a result, originally attributed to Mitchell, is quite technical and involved; a
complete treatment is in [Bel96, Jeal4]. In this section, we describe the Carnot
group that appears as tangent at every such point.

12.6.1 Osculating Carnot Group, a.k.a. Nilpotentization

Let M be a manifold and let A be a bracket-generating distribution that is equi-
regular in the sense of Sect. 4.1.5. Denote by s the step of A. Let

A=A c APl caAbl=TMm

be the flag of sub-bundles of 7 M as in Definition 4.1.13. The simple but crucial fact
is that

[AK Al ¢ AR+, (12.53)

Equation (12.53) is obvious for £ = 1 and can be proved by induction using linearity
and Jacobi identity:

[AHT Al = [A[k] A, Al Am]
=AM, Al [[A, Al Am]
c AlkHI | [[A[k], Al A] n [[Am’ Al A[k]]
C AR LA AT 4 Al AR

C LS +A[k+l+1] +A[k+l+1]

C A[k+l+1]7

where we assumed that for given k it has been proved for all / and we showed
it for the value k + 1 and every [. This last argument is similar to the one for
Exercises 9.5.20 and 9.5.21.

Define Hy := A and H; := AUl/AU=Y for j = 2,..., n. Still, the space H;
is a bundle over M, but not a sub-bundle of the tangent bundle 7M. We obviously
have the isomorphism

TM ~H & H,&...P H,.
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With the aim of defining a Lie group that we will denote by T),(M, A), for p €
M, we set

S AL
Lie(T,(M, &) == P2 (p)/A[j—l](p). (12.54)
j=1

We equip this set with the Lie bracket that has the property that for all x € All(p)
and y € AlVl(p),

[x + A=y, y + A“*”(p)] = [X, Y], + AlHi=1(p), (12.55)

where X € I'(Alll) with X (p) = x,and Y e T'(AUl) with Y (p) = y. We show that
the bracket (12.55) is well defined: by symmetry, we just show the independence
on the representatlve of x. Let X € I'(All) with X(p) e x + Ali=H(p). Write
X-—X= Ze 1a/éfg with f1, ..., fi a frame of Al'l and a®(p) = 0 when f; &
'(AU=1). Then

k
[X.Y]1—[X,Y]=[X - X,Y] =) [a"f. Y]

k k
B Z Lfe. Y1= Y (Ya") fo.

=1

which, when evaluated in p, gives
[X. Y], — [X. Y], e (A=), T (AUh] + Al (p) ¢ AlH =1 (p).

Thus, the Lie bracket (12.55) is well defined.
Remark 12.6.1 The Lie algebra Lie(T), (M, A)) is stratified by

[j1
(A ! (p)/A[jll(p)>

The first layer is A,. There is a Carnot group with this stratified algebra by
Proposition 9.4.3.

JEfl,...s}

Definition 12.6.2 (Osculating Carnot Group) When an equiregular polarized
manifold (M, A) is equipped with a sub-Finsler norm | - ||, we consider the Carnot
group (T, (M, A), Ap, || - |l ) whose Lie algebra is Lie(T,(M, A)) as in (12.54),
and call it the osculating Carnot group of (M, A, || - ||) at p, and it is considered
equipped with its Carnot-Carathéodory metric dp.
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12.6.2 Tangent Metric Spaces to Equiregular CC Spaces

Mitchell’s theorem for equiregular sub-Finsler manifolds is then the following.

Theorem 12.6.3 (Mitchell) Let (M, A, | - ||) be a sub-Finsler manifold, with A
equiregular. Let p € M. Then, the tangent metric space of (M, d) at p is isometric
to the osculating Carnot group (T,(M, A), do).

We provided a full proof of this theorem for Lie groups; see Theorems 12.5.1
and 12.5.5. The general strategy is very similar. Again, one can see this result as
a convergence of a one-parameter family of CC structures. We state the key result
referring to [Jeal4] for a proof. With the terminology of Bellaiche and Jean, the next
proposition says that exponential local parametrizations are examples of privileged
coordinates.

Proposition 12.6.4 Let M be a manifold equipped with an equiregular bracket-
generating distribution A. Fix p € M. Let X1, ..., X, be a local frame of TM
around p adapted to the flag AN, ... AWKl Let ® : U c R" — M be the
corresponding exponential local parametrization around p. Foreach j € {1, ..., n}
and € € (0, 1), set

Xj.f) = 20 (d 0 8,)* X,

where deg(j) is such that X ; € [(Adee()) \ [(A%ED=1Y gnd 8, : R* — R is the
map

e (X1, vy Xp) 1= (€xy, ..., €9y, ).

Then, in the C*-topology, each vector field XE-E) converges to XE-O) € Vec(R")

such that X 50), X ,(10) form a frame of T (R") and generates a Lie algebra that is
isomorphic to Lie(T,(M, A)).

Remark 12.6.5 Differently from the Riemannian case, it is not true that sub-
Riemannian manifolds are locally bi-Lipschitz equivalent to their tangent metric
spaces, even in the case when the tangent metric space is the same Carnot group at
every point; see [LOW14]. It is, however, true for contact manifolds because of the
Darboux Theorem. See also [LY23] for a measure-theoretic parametrization.

12.7 A General Result on Convergence of CC Structures

Pansu’s and Mitchell’s theorems, together with the other examples that we have
discussed, follow from a more general principle. In brief, when varying CC-
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bundle structures converge, the distances converge. The following theorem has been
obtained in [ALN23, Appendix C].

Theorem 12.7.1 Let A C R, and let {(fxr, Ny)}rea be a varying CC-bundle
structure on a manifold M. Let dy := dy, ;) for every A € A, as in (4.26). Let
Ao € A be such that f(hg, M x R™) is a bracket-generating distribution and the
metric space (M, dy) is boundedly compact. Then d, — dj, uniformly on compact
sets of M as .. — Ao.

The proof of the previous theorem stands on the following crucial lemma, which
should be compared with (12.22) and (12.42).

Lemma 12.7.2 (Equicontinuity of the Distances) In the same assumptions of
Theorem 12.7.1, let K € M be compact set and p Riemannian metric on M. Then
there exists a neighborhood I, € A of Ao, and a homeomorphism B of [0, 4+-00)
such that

d(p,q) < B(p(p,q)), forall p,q € K and A € I,.

Sketch of the Proof of Lemma 12.7.2 One begins by showing that for all x € M
and all € > 0 there exist § > 0 and a neighborhood I of A such that

B,(x,8) € By, (x, €), Vi el (12.56)
As in the proof of Chow’s Theorem 4.2.1, we consider maps

t t
Fxt(tl,...,tN)Hq);-A o~~ofl>;(,\(x)
N 1

obtained as composition of flows starting at x of vector fields in f;. Since fj, is
bracket generating by assumption, from the proof of Chow’s Theorem we have that
Fy, ([0, e/N]N) is a neighborhood of x. By smoothness of Fj in A, the same is true
for A in some neighborhood of 1. One infers (12.56) and concludes by compactness
arguments. a

12.8 Finitely-Generated Groups of Polynomial Growth

Carnot-Carathéodory spaces appear when studying the asymptotic growth of finitely
generated nilpotent groups, which essentially are the finitely generated groups of
polynomial growth; see the theorems below.

A group T is finitely generated if there is a finite subset S C I, called finite
generating set such that

r= U(S nshHr.

neN
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In such a case, fixed a finite generating set S C I, then the distance function dg on
I" that is defined by

Bag(x,n) =x(SNS™H",  Vxel,VneN

is called the word metric with respect to S.
In addition, we say that a finitely generated group I" has polynomial growth if for
some (and consequently, for every) finite generating set S one has

Card ((s N S—l)") <cn®,  VneN,

for some constants ¢y, c2 € Ry, possibly depending on S. Here, the operator Card
denotes the cardinality of sets.
Sub-Finsler geometries will appear in the following two results:

Theorem 12.8.1 (Wolf [Wol68], Bass [Bas72], Pansu, [Pan83]) Let I" be a
nilpotent finitely generated group, with a finite generating set S C I' and word
distance ds.

(12.8.1).i.  The asymptotic cone of (I',ds) exists and is a sub-Finsler Carnot
group, whose Hausdorff dimension is some Q € N and the Q-Hausdorff measure
of the unit ball is some v € Ry ;

(12.8.1).ii.  The group T has polynomial growth, and in fact one has

Card (SN S™H")

wn@

— 1, asn — 00. (12.57)

The following theorem is a reverse.

Theorem 12.8.2 (Gromov’s Polynomial Growth, [Gro81]) Let I" be a finitely
generated group. If " has polynomial growth, then there is a subgroup I'nj) C I that
is finitely generated and nilpotent, and the quotient I" / Ty is finite. In particular, the
asymptotic cone of (I', ds) is a sub-Finsler Carnot group for every finite generating
set S C I and word distance dg.

The two above theorems are summarized by the following sentence: A finitely
generated group has polynomial growth if and only if it is virtually nilpotent.
Actually, these are precisely the finitely generated groups that have Lie groups as
asymptotic cones.

12.8.1 A Few Comments on Wolf-Bass-Pansu’s Theorem

For the proof of Theorem 12.8.1, one can construct the asymptotic Carnot group
explicitly. Starting with a nilpotent finitely generated group I', equipped with a word
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distance dg, we describe a collection of metric groups that are quasi-isometric to
(I', ds), and actually, they are asymptotic to each other in the sense that, after a
coarse identification, the ratio of the distances goes to 1 as the points go to infinity.
One of these metric spaces will be a nilpotent simply connected sub-Finsler Lie
group. Hence, we will conclude, with the help of Pansu’s Theorem 12.4.1, that this
Lie group and, hence, I" are asymptotic to the associated Carnot group. Be aware
that this final Carnot group may not be quasi-isometric to I'.

After I', the next group in the collection that we consider is I' modulo its torsion
elements Tor(I"), as we discussed in Sect. 9.4.6. One can prove that the set Tor(I")
is a normal subgroup that is finite; see [Mac88, Theorem 9.17]. Let 7 : ' —
I'/Tor(I") be the quotient projection. The group m(I') = I'/Tor(I") is nilpotent,
torsion-free, and finitely generated by 7 (S). Via the map 7 the metric spaces (I', ds)
and (w(I'), dr(s)) are (1, C)-quasi isometric.

By a fundamental result by Malcev [Mal51], called Malcev completion, there
is a (unique) nilpotent simply connected Lie group G that admits a discrete
cocompact subgroup I' C G isomorphic to I'/Tor(I'); see [Rag72, Theorem
2.18]. Here, cocompact means that the quotient G/I" is compact. Let us denote
by ¢ : I'/Tor(I") — I an isomorphism.

We equip the Lie group G with the following metric: Let § C G be the finite set
S := ¢ (7 (S)). Then, the Sroll distance between g1, &2 € G (relative to S)is

dston (g1, 82) = inf{|t1| + .ot
gl_lgzzsg' s eN sy, L, sy €S, t, ...t ER}.

This distance function on G is geodesic and left-invariant. Hence, it is a sub-
Finsler metric by Berestovski’s Theorem 7.4.1; see Exercise 12.9.28. The Stoll
distance is named after M. Stoll since he proved that if G is two-step nilpotent, then
on I', the difference between dston and the word metric dg is bounded; see [Sto98].
In groups of step at least 3, the same result may not be true; for a counterexample
in Cartan’s group, see [Bod23]. However, on I the distances dston and dg are
asymptotic, and also quantitatively, as shown in [BL13, Gial7]:

17 ~
ldg(p1., p2) — dswon(p1. p2)| < C (ds(p1. p2)) °, Vpi,p2 €T,

for some C = C(S) and & = «(G) > 0.
After all the above steps, we obtained a quasi-isometry

¢ (I',ds) — (G, dswon),
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which is asymptotic:

lds(p1. p2) — dsion(@(p1), @(p))| < C (ds(p1, p2)' ™, Vpi.pa €T,
(12.58)
for some C = C(S, ¢) and ¢ = a(G) > 0.
Let F be a compact fundamental domain for the action of I" on G. Let vol be the
Haar measure on G such that

vol(F) = vol(G/H) = 1.
With this choice of normalization for the Haar measure, we have
vol(§" F) = Card(S"), Vn € N.

Let dyo be the Pansu limit metric associated with dso1, as in Sect. 12.4.1. For the
next observation, we use that F is bounded, the asymptotic property (12.58), and
Theorem 12.4.1 applied to dsop1. There are constants C, o > 0 such that

S"F C By, (1,n+ Cn'~9),
1—a

Vn > 1.

By (1,n) € S"FC"F,
Recall the scaling property of do, from Proposition 11.2.4. Consequently, we
conclude the volume expansion:

Card($") = vol(B4_ (1, )n? + 0n2™%),  asn — oo.

We actually obtained a more quantitative expansion than (12.57).

Example 12.8.3 (Standard Generating Set in the Heisenberg Group) The
Heisenberg group in the standard exponential coordinates, as in Sect. 2.3, admits
many discrete cocompact subgroups. In these coordinates, a standard one is I' :=
Z X Z x %Z, which is a nonabelian subgroup with respect to the product (2.9).
The subset S := {(£1,0,0), (0,£1,0)} < T is a finite generating subset of I".
Hence, it induces a word metric dg and (I', dg) has polynomial growth. From what
we have seen just above, the asymptotic geometry of (I, ds) is equal to the sub-
Finsler geometry of the Heisenberg Lie group equipped with the £;-Carnot metric.
Such a metric has the standard horizontal bundle with the norm given by the convex
hull of log(S). For a visual representation of the £1-Carnot metric ball, we refer to
Fig. 12.3.
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Fig. 12.3 Balls for the case
of the standard generating set
in the Heisenberg group:

S :={(x£1,0,0), (0, £1, 0)}.
The large balls with respect to
the word distance, when
rescaled by the intrinsic
dilations, converge to the
Carnot-Carathéodory ball.
This geometry is called
£1-sub-Finsler. (a) Unit ball
for the Pansu limit. (b) 7
rescaled by 8 !

(a) Unit ball for the Pansu limit

(b) S7 rescaled by 67 1

12.8.2 A Comment on Gromov’s Theorem

The full proof of Theorem 12.8.2 requires some algebra that goes beyond the tasks
of this book. However, we can spend some words explaining why there is a Carnot
group among the possible blowdown spaces of (T, dg).

Because I' is assumed to have polynomial growth, there is K € Ry such that the
metric space (I, ds) is doubling with constant K. Consequently, for each € > 0 the
metric space (I, eds) is K-doubling, as well.

Let €; ~( 0 be an infinitesimal sequence. We consider the Gromov-Hausdorff
convergence of boundedly compact pointed metric spaces. By a Gromov’s argu-
ment, analogs to Ascoli-Arzeld results, up to passing to a subsequence, we may
assume that the sequence of uniformly doubling pointed metric spaces (I, €ds, 1)
converges to some pointed complete metric space (X, dx, xo), which still is K-
doubling. In particular, the space X is locally compact and has finite topological
dimension.

Here are some more properties of (X, dx). As (I, ds) is (1, 1)-quasi-geodesic
(recall Definition 6.3.7), then, the metric space (I, eds) is (1, €)-quasi-geodesic.
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Hence, the limit (X, dx) is geodesic. In particular, the space X is connected and
locally connected.

Since each (I', edg) is isometrically homogeneous, then so is (X, dx). We
checked all the conditions to apply Theorem 6.2.10, which was a consequence of
the theory of Gleason-Montgomery-Yamabe-Zippin. Consequently, the metric space
(X, dx) has the structure of a Lie coset space. By Berestovskii’s Theorem 7.4.1,
the metric space (X,dyx) is a sub-Finsler manifold. Therefore, by Mitchell’s
Theorem 12.1.8, every tangent metric space of (X, dx) is a sub-Finsler Carnot group
G.

As a general fact, the blowup of a blowdown is a blowdown. In fact, consider
Aj — oo diverging so slow that €; := A;e; N 0. Then, the sequence (I, €;ds, 1)
converges to a tangent metric space of (X, dx, xp), hence, to G. Thus, we proved
that one of the blowdowns of (I', dy) is the sub-Finsler Carnot group G.

In Gromov’s proof for Theorem 12.8.2, one considers various possible actions of
I' on the Carnot group G. We refer to [Gro81, Section 8] for the full argument. We
also point out a book by Mann [Man12] and an article by Losert [Los87].

12.9 Exercises

Exercise 12.9.1 Let di, d> be two boundedly compact left-invariant distances on
a Lie group G inducing the manifold topology. Then the increasing function & :
(0, 00) — (0, 0o) defined by

£(r) == diamy, (Bg,(1G, 1))

issuch that £(r) — 0,as r — 0, and d(p, q) < E(d2(p, q)).

Exercise 12.9.2 Let X"“*(¢, p) as in (12.7). Let K,A,C;,Cy,£ as in
Remark 12.2.5. There exists C > 0 such that, for all e > 0, u, v € L*°([0, 1]; V)
with |[u — v|leo < Ci6, |ltlloo, V]leo < £, alla, b € A’ with |a — b| < Cae:

(129.2)i.  [|X“4@t, p)—XVP(t, p)I| < Cllullco +Ce + Cllulloollp — P’ for all
p. P €K,

(12.9.2).i. ifa and B : [0, 1] — K are absolutely continuous integral curves of
X4 and YV?, respectively, with a(0) = B(0), then || (1) — B(1)|| < Clu|loc€.

Exercise 12.9.3 Let X, Y, Z := [X, Y] be the standard basis for the Lie algebra of
the Heisenberg group H. For n € N, let d, be the Riemannian distance for which
X,Y, %Z form an orthonormal frame. The metric spaces (H, %d1) and (H, d,) are
isometric.

Exercise 12.9.4 Let M be a manifold and A C TM a bracket-generating sub-
bundle. Let (g,)nen be a sequence of Riemannian metrics on M. Assume that
the orthogonal to A is the same for each g,, that g,|o = gi|a, foralln € N,
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and, for all X ¢ A, g,(X,X) — 400, asn — oo. For all p,g € M, we
have lim,_ o d,, (p,q) = dec(p,q) where dcc is the sub-Riemannian distance
associated with (A, g1]a).
Hint. See Example 12.3.5.

Exercise 12.9.5 If (M, d) is a CC space and A > 0, then (M, Ad) is a CC space.

Exercise 12.9.6 Every sub-Riemannian Carnot group is the limit of some (left-
invariant) Riemannian metrics on the same Lie group.

Exercise 12.9.7 Let G be an s-step stratified group, with a basis Xi,..., X,
adapted to the stratification. For each A > 0, consider the dilations §, and the
Riemannian distance d) for which X, ..., Adegk(xj) Xj, ..., As’]Xn are orthonor-
mal. Then, the distance Ad; is associated with the Riemannian metric that makes
%X [ %Xn orthonormal. Every map 4, sends each vector field %X j to the
vectors field %Adeg(x-f)X j- For all A > 0 the metric space (G, Adj) is isometric
to (G, d,) via the map J,,.

Exercise 12.9.8 Let FF : M; — M, be a diffeomorphism between connected
manifolds. Let (A, ||-]|) be a sub-Finsler structure on M;. Then the only metric
on M, that makes F an isometry comes from the sub-Finsler structure where
o]l := | dF~'v| forallv € A := (dF)Ap-1(, and all p € M.

Exercise 12.9.9 In each s-step nilpotent simply connected Lie group, the Dynkin
product for the BCH formula (5.24), has the form:

N
X1+ X3 = log(exp(x1) - exp(x2)) = x1 + X2+ Y > brglxg,. ... xg],

k=2 ge{1,2}

(12.59)
where by 4, are universal real constants, as in Definition 5.7.3, and here [x,, . . ., x4, ]
denotes the left-iterated bracket: [xq,, ..., xg 1 := [xg,, [. . -, [Xgu_ys Xge 1 - - 11
Exercise 12.9.10 Suppose G is a nilpotent simply connected Lie group. Choose
a basis (eq, ..., e,) of g that is adapted to a compatible linear grading g = &;V;.
Givenanindexi € {1, ..., n}, letd; be the degree of e;, namely the integer such that
ei € Vy,. For every multi-index & = (a1, ..., ) € N, we set x® := x| -...-x,"

and d,, := dyo; + ... + d,«a,. Let x be the Dynkin product on g. Then, for some
constants Cy g € R, we have

(x*y)i=xi+y + Z Ca,ﬁx“yﬂ.
{a,B | du>1,dg>1,dy+dg<d;}
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For the Dynkin product %o associated with the asymptotic Lie bracket [-, -] oo of the
associated Carnot algebra as in (12.17), we have

(x %0 )i = Xi +yi + > Cupx®yP,
(@B | da=1.dp =1 do+dp=d;)

where we have chopped the terms with dy, + dg < d;.

Exercise 12.9.11 In the construction of the family of products on a nilpotent Lie
algebra g as in the proof of Pansu’s Theorem, for ¢ > 0, we denote by % the Dynkin
product associated with the contracted brackets [-, -]¢ as in (12.16). We have

g% g2 =386 g *x8-"(g2)), Ve, g €.

Exercise 12.9.12 Let G be a nilpotent simply connected sub-Finsler Lie group. Let
dso be its Pansu limit metric and p the approximating distances, as in (12.18).
Let C > 0 be the Guivarc’h constant from (12.22). Then, for all R > 0 and all
€ € (0,1), wehave B, (1, R) € By, (1, C(R + 1)).

Solution. For p € B, (0, R), one has

doo (1, p) = €doo(1,8." (p)) < Ced(1,8."(p)) + Ce < CR + Ce.

Exercise 12.9.13 Theorem 12.4.5 implies Theorem 12.4.1, and, in particular,
d(lag)_doo(l,g)‘ = 0<d(l,g)171/x>, as g — 00.

Hint. As ds (1, g) — 00, take € := (dxo (1, g))_l and p := 4.(g).

Exercise 12.9.14 (Pansu Comparison Theorem) Let (G, d) be a nilpotent simply
connected sub-Finsler Lie group. Let do be the Pansu limit metric on G. Then

d(,g)
‘doo(l,g)‘ — 1,as g — oo.

Hint. Use Theorem 12.4.1

Exercise 12.9.15 Using Exercise 12.9.2 instead of Remark 12.2.5, one can upgrade
Eq. (12.23) of the Quantitative Pansu Theorem to

—Cepo(p. )'* < po(p.q) — pe(p.q) < Ce' P pe(p. )'V°.

Exercise 12.9.16 Let N be a simply connected nilpotent Lie group equipped with
a Riemannian (or subFinsler) left-invariant metric. If N admits a quasi-isometric
embedding into some Euclidean space, then N is a commutative group.

Hint. Pass to asymptotic cones and use Theorem 11.3.8.
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Exercise 12.9.17 Given a pola_rized LiQ group (G, Vy), with the notation
from (12.33), we have [Vl(’), Vl(])] - Vl(l+]>. Hence, the Lie bracket [-, -]o, as
in (12.34), is well defined on gy and (12.33) gives a stratification for gj.

Exercise 12.9.18 Let (G, A) be a polarized Lie group. Choose a basis (eq, .. ., e,)
of g that is adapted to an adapted linear grading g = &;V; as in (12.36). Given
an index i € {1,...,n}, let d; be the degree of ¢;, namely the integer such that
e; € Vg, For every multi-index o = (oq, ..., o) € N*, we set x* := xf” X
and dy :=dja1 + ... + dyoy,. Let x be the Dynkin product on a neighborhood of 0
in g. Then, for some constants Cy g € R, we have

(xxy)i =xi +yi+ Z Cu.px®yP.
{a.B | do=1,dg>1,do+dp>d;}

For the Dynkin product %o associated with the Lie bracket [-, -Jo of the osculating
Carnot algebra as in (12.39), we have

(x %0 ¥)i =xi +yi + Z Copx®yP,
{@.B | do>1,dg=1,dy+dg=d;}
where we have chopped the terms with d, + dg > d;.

Exercise 12.9.19 In the construction of the family of products on a polarized Lie
algebra g as in the proof of Mitchell’s Theorem, for ¢ > 0, we denote by *. the
Dynkin product associated with the dilated brackets [-, -]¢ as in (12.38). We have

g1 % 82 =8, (5c(81) % 8c(g2)), Vg, g2 €0

Exercise 12.9.20 Theorem 12.5.5, implies Theorem 12.5.1, and, in particular,
d(1,9) —do(1, )| = 0 (d1, ™), asg— 1.

Hint. As dy(1, g) — 0, take € := do(1, g) and p := 5! (g).

Exercise 12.9.21 Let (G, *¢)ec[—1,1] be a sequence of Lie group structures on a
set G as in Sect. 12.2.3. Let X 1€, ..., X*€ be left-invariant vector fields on (G, *¢)
that depend smoothly on € € [—1, 1]. Assume that X Le . xk€ define a (bracket-
generating) sub-Riemannian structure on G of step s. Let d be the sub-Riemannian
metric. Fix a Riemannian metric p on G. Then there exist a neighborhood U of 1 in
G and a constant C > 1 such that

1
P = d. < Cp'"  onU,Ve e [~1,1].
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Hint. Define a map E. as in Proposition 7.1.20, which depends smoothly on €.
Consider the map R” x [—1,1] - G x [—1, 1], (t, €) > (E(t), €). Proceed as in
Corollary 7.1.21.

Exercise 12.9.22 The tangent cone of each Carnot group G is G itself. In fact,
dilations &, provide isometries between (G, d..) and (G, Adcc).

Exercise 12.9.23 Using Exercise 12.9.2 instead of Remark 12.2.5, one can upgrade
equation (12.50) of the Quantitative Mitchell Theorem to

— Celidy(p, )'* < do(p, q) — de(p,q) < Ce'PSdc(p, )'5.

Exercise 12.9.24 If M is a Riemannian manifold, then M is polarized by 7'M and,
for every p € M, the osculating Carnot group of M at p is commutative.

Exercise 12.9.25 If M is a contact 3-manifold, then for every p € M the osculating
Carnot group of M at p is the Heisenberg group.

Exercise 12.9.26 If G is a Carnot group, then for every p € G, the osculating
Carnot group of G is G itself.

Exercise 12.9.27 There is a Lie group G with a left-invariant bracket-generating
distribution such that the osculating Carnot group of G is not isomorphic to G.

Exercise 12.9.28 The Stoll metric dsop relative to a finite generating set S C G
coincides with the left-invariant sub-Finsler metric induced by the norm whose
unit ball is the convex hull of S in the Lie algebra Lie(G) and with left-invariant
distribution induced by the subspace spanned by S in Lie(G).
Hint. Prove it directly or invoke Berestovski’s Theorem 7.4.1.

Open Access This chapter is licensed under the terms of the Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License (http://creativecommons.org/licenses/
by-nc-nd/4.0/), which permits any noncommercial use, sharing, distribution and reproduction in
any medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license and indicate if you modified the licensed
material. You do not have permission under this license to share adapted material derived from this
chapter or parts of it.

The images or other third party material in this chapter are included in the chapter’s Creative
Commons license, unless indicated otherwise in a credit line to the material. If material is not
included in the chapter’s Creative Commons license and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
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Chapter 13 m)
Rank-One Symmetric Spaces ST

In Chap. 14, we will show that to every Riemannian symmetric space, one can
associate a ‘visual boundary’ that has the structure of a Carnot group. In this chapter,
we review the classical notion of symmetric space. We will see that each rank-one
symmetric space of noncompact type has the structure of a metric Lie group.

A Riemannian symmetric space is a connected Riemannian manifold M where
for each point p € M there exists an isometry o), of M such that 5, (p) = p and the
differential of 5, at p is the multiplication by — 1. Simple examples of symmetric
spaces are round spheres, Euclidean spaces, and real-hyperbolic spaces. The rank
of a symmetric space is the largest dimension of a flat subspace in M, where a flat
subspace of dimension n in M is the image of a local isometry from Euclidean R”
to M. For example, spheres and hyperbolic spaces have rank 1, whereas Euclidean
n-space has rank n. A symmetric space is said to be of noncompact type if it is not
the product of two symmetric spaces one of which is either compact or Euclidean.
Hence, we shall exclude the spheres and the Euclidean spaces. Symmetric spaces
were first introduced and studied by Elie Cartan in 1926; see [Car26, Car27]. In
particular, Cartan provided a complete description of these spaces by means of the
classification of simple Lie algebras.

In this chapter, taking Cartan’s description for granted, we first prove that every
rank-one symmetric space of noncompact type admits a Lie group structure of a
semi-direct product with a precise formula for the left-invariant distance. The fact
that such spaces admit semi-direct-product structures has been known at least since
Ernst Heintze’s work in the 1970s; see [Hei74]. However, an explicit formula
for the left-invariant distances is not found in the existing literature. To study
these spaces, we will need the following result: Let M be a rank-one symmetric
space of noncompact type, then M is one of the following spaces, which we call
A-hyperbolic spaces AH", with n € N: real-hyperbolic n-space RH", complex-
hyperbolic n-space CH", quaternionic-hyperbolic n-space HH", or the octonionic
plane OH?. The proof of such last fact was indicated by Cartan but completely
established in this form in the 1950s; see Arthur Besse’s 1978 book [Bes78,
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Section 3.G] and see Ernst Heintze’s 1974 paper [Hei74, Section 5] for a geometric
proof.

We shall introduce A-hyperbolic spaces as metric spaces, where A is the set of the
real, complex, or quaternionic numbers, giving a unified treatment of the subject. We
will comment on the octonionic case in Remark 13.0.2. For simplicity of notation,
we shall restrict to the two-dimensional case, but all constructions generalize to
higher dimensions without effort; see the exercise section. Following Felix Klein’s
construction, we shall describe the A-hyperbolic space AH? as an open subset of
the projectivization of the space A%! equipped with a Hermitian form of type (2, 1),
as of Definition 13.1.4. We shall recall the distance function on AHZ, referring to
Martin Bridson and André Hifliger’s comprehensive book [BH99, Part II, Chapter
10].

To recall the Lie group structure on each AH?Z, in Sect. 13.3, we revise the
continuous Heisenberg group A modeled on A and its intrinsic dilations; we follow
[Ste93, Chapter XII Section 1]. We will double check that, after the identification
of AH? with A’ x R, the hyperbolic distance is invariant under left translations on
N x R4. We shall write explicitly the distance on the A-hyperbolic space modeled
as N x Ry in terms of elementary functions of the coordinates. This whole chapter
is devoted to the proof of the following summarizing result:

Theorem 13.0.1 Forevery A € {R, C, H} the A-hyperbolic space AH? is isometric

to the manifold A x Im(A) x Ry equipped with the group product and the left-

invariant distance d given for all (§,v,\) and (§',v',))) € A x Im(A) x Ry by
€ v, 2) - € VL2 = (§ 428, v 422V +23mErgN, 1)

and
d((€,v, 1), ", v, 1))

_ &2 A — M2 2 Eer ol _ E 2
= arccosh l—i-lS bl | + v+ 88 — v —§'E] .
200 AN

The proof of Theorem 13.0.1 is spread in Theorems 13.2.2 and 13.3.3, and their
preliminaries. See also the high-dimensional generalization in Exercise 13.4.22.

Remark 13.0.2 There is a remaining case: the octonionic-hyperbolic plane. It
cannot be treated as described above due to the non-associativity of the octonions
and, therefore, the impossibility of defining a notion of vector space over the
octonions. For the basic ideas on how to deal with this case and build the octonionic-
hyperbolic plane, see [Pil22].
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13.1 Preliminary Notions for Rank-One Symmetric Spaces

13.1.1 Euclidean Hurwitz Algebras

The algebraic structure needed to construct rank-one symmetric spaces is exactly
given by the Euclidean Hurwitz algebras, also referred to as the normed division
algebras over R. Even if they seem very general structures, there are only 4
examples of them; see Theorem 13.1.2. Still, it is convenient to see them from a
general viewpoint.

Definition 13.1.1 A Euclidean Hurwitz algebra A is a not necessarily associative
division algebra over R with an identity 1, together with a multiplicative norm | - |.
In order to clarify, a (not necessarily associative) algebra A over R is a vector space
over R that is equipped with a bilinear binary multiplication operation A x A — A.
Whereas, an algebra A is said to be a division algebra if

§.0€A (§¢=0) = (E=00rf=0), (13.1)
while a norm | - | on an algebra A is said to be multiplicative it

1551 = 1811¢1, VE, ¢ € A 13.2)

Every Euclidean Hurwitz algebra admits an anti-involution, called conjugation.
There is a general formula to define the conjugate in terms of the norm; see
Exercise 13.4.4. In this sense, Hurwitz algebras may be thought of as a natural
generalisation of the real numbers and the complex numbers. We denote the
conjugate of &€ by &.

It is a result of Hurwitz that the only Euclidean Hurwitz algebras are the
following four examples:

1. The real numbers R, with the absolute value as norm.

2. The complex numbers C, with Euclidean norm given by the natural identification
with R?.

3. The quaternionic numbers H, with Euclidean norm given by the natural identifi-
cation with R*.

4. The octonionic numbers O, with Euclidean norm given by the natural identifica-
tion with R8.

Theorem 13.1.2 (Hurwitz [Hur22]) The only Euclidean Hurwitz algebras are
R, C, H, and O.

Given an element £ in a Euclidean Hurwitz algebra we define its real part as
Re(§) := % and its imaginary part as Im(§) = & — Re(§) = % Notice that
we follow the convention that the imaginary part is an element of the set Jm(A) of
purely imaginary numbers.
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While we do not need to recall the real or complex numbers, we revise the
quaternions and the octonions: The quaternions, or quaternionic numbers, are a
4-dimensional associative algebra over R with basis {1, i, j, k}, where 1 is the unit
element and i, j, k follow the rules:

and

The quaternions are typically denoted by H in honour of its discovery by W. R.
Hamilton. On the quaternions, the conjugate of an element & = &y +&1i +&>j + &3k
is £ = & — &1i — &) — &k, its real part is Re(§) = & € R, while the imaginary
part of & is Im(&) = &1i + & + &k € Im(H) ~ R3. On H, we consider the
Euclidean norm via the identification H ~ R*, which makes H into a Euclidean
Hurwitz algebra; see Exercise 13.4.2.

The octonions, or octonionic numbers, are a nonassociative Euclidean Hurwitz
algebra of dimension 8 over R. This algebra is defined via the Cayley-Dickson
construction [Dic19] as the space of pairs of quaternion numbers {(a, b) | a, b € H},
together with the multiplication

(a,b) - (c,d) := (ac — db,da + bé), Ya,b,c,d € H.

Working with nonassociative algebras takes some time to get used to, and we do
not want to discuss them in this text. Therefore, we will restrict our discussion from
now on to the associative Euclidean Hurwitz algebras. But the reader should keep in
mind that with a little more work, the story extends to the octonion setting as well;
see [Pil22].

13.1.2 Hermitian Forms

Notice that every associative Euclidean Hurwitz algebra is a ring. Let A be either R,
C, or H. Consider the right A-module A3 forz = (21,22,23) € Adand A € A, we
shall consider zX := (z1A, 224, Z3)).

Definition 13.1.3 A Hermitian form over the right A-module A> is a map

() A3 x A3 > A,
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such that forall A, u € A, and z, w,z/, w' € A3,
z+72, w+wW)=(z, W+ z W)+ (Z,w + (Z, W),
(zh, wi) = A(z, w)pe, (13.3)

and

(z, w) = (W, z). (13.4)

A Hermitian form is nondegenerate, if
((z,y) =0, VyeA3) —z=0.

The orthogonal complement of z € A is the set
z- =y e A’l(z,y) =0}.

If (-, -) is nondegenerate, then v @ v = A3, Every Hermitian form (-, -) over the
right A-module A? is given by a 3 x 3 matrix

abc
H=\|\def]|, a,byced, f,g hich,
ghi

through (z, w) = z* Hw. Here z* = (21, 22, Z3) is the Hermitian conjugate of z. Be
aware that to use the matrix products, we should see w as a column vector. In order
to give a Hermitian form, such a matrix H satisfies

abc adg
de fl=|béeh
ghi cfi

Equivalently said, a transformation is a Hermitian form if the matrix that represents
it equals its Hermitian transpose, where given a matrix M = (m;;) over a Euclidean
Hurwitz algebra, the Hermitian transpose of M is M* := (m ;).

The classical spectral theory over C extends to associative Hurwitz algebras; see,
for example, [FPO3]. In particular, the matrices representing Hermitian forms over
A only have real eigenvalues.
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13.1.3 Hermitian Forms of Signature (2, 1)

Definition 13.1.4 (The Space A>') A Hermitian form over A3 has signarure (2, 1)
if it has exactly two strictly positive eigenvalues and one strictly negative eigenvalue.
To stress when A3 is considered equipped with a Hermitian form of signature (2, 1),

we denote it by A>!. Up to linear changes of variables, there is only one such space
A%

Lemma 13.1.5 Let (-, -) be a Hermitian form of signature (2, 1) over the right A-
module A3. Let z be a vector in A> with (z,z) < 0, then (-, ) is positive definite

on ZJ'.

Proof We begin by stressing that a Hermitian form of signature (2, 1) has a trivial
kernel. Assume that there exists a vector y € z such that (y, y) < 0. We claim that
z and y are linearly independent over A. Indeed, otherwise, noticing that z cannot
be zero, we would have y = zA for some A € A, but then

3)

1
0" (z,y) = (z,2)) (2

(z,z)A,

and, because we are in a division algebra, (13.1), either A would be zero (but then
this contradicts (y, y) < 0) or (z, z) = 0 (which contradicts the assumption (z, z) <
0). Consequently, the space span(z, y) is a two-dimensional subspace on which (-, -)

is negative-definite. This is impossible since in A>!, we only have one negative
eigenvector by assumption. O

Lemma 13.1.6 (Reverse Schwarz Inequality) Ler (-, -) be a Hermitian form of
signature (2, 1) over the right A-module A3. For every z, w € A3 with (z,z) < 0
and (w, w) < 0, we have

(z, w)(W,z) > (z,2)(W, W),

with equality if and only if z and w are linearly dependent over A.

Proof Suppose that z and w are linearly independent. Since (w, w) < 0 and (, )
is positive definite on 7zt by Lemma 13.1.5, we infer that w ¢ 2zt ie., (z, w) #£ 0.
Let A := —(z, z)(z, w)~!. Since z and w are linearly independent, z + wi # 0 and
a quick calculation shows that z + wi € z*. Again by Lemma 13.1.5, this implies
that (z + wA, wi) = (z + WA, z + wl) > 0. Expanding the left-hand side gives

—(z,2) + (z, 2)> (W, w) (W, 2) 'z, w)"! > 0.
Dividing by (z, z) < 0 and rearranging, we obtain

(z, w)(w, z) > (z,7)(W, W).
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If z and w are linearly dependent, then there exists A € A such that z = wA. Then
the equality

(z, w)(W,z) = (z,Z)(W, W)

follows straightforwardly from the definition of Hermitian forms. O

13.2 The A-Hyperbolic Space AH?

13.2.1 Definition and Properties

Let A be either R, C, or the quaternions H. Let A2! be the right-module over A of
A-dimension 3, equipped with some Hermitian form (-, -) of signature (2, 1). Define
the subset V_ := {z € A>! : (z,z) < 0}. For every nonzero scalar A, we have that
z) is in V_ if and only if so is z. We may therefore speak of negative A-lines in A>!.

The projective model of hyperbolic space is the collection of negative lines in
A%! Formally, we have a projective map P : A>! — P(A%1), where P(A>!) is the
projective space over A>!, here

P(z) := {zX : A € A\ {0}}, forz € A>!.
Thus, we define the hyperbolic space AH? to be P(V_). In symbols, we write:
AH? := {P(z) € P(A>") : (z,2) < 0}. (13.5)

We denote points in AH? simply by z or w. Following [BH99, Chapter 11.10, p.302]
for this projective model of hyperbolic space, the Bergman metric on AH? is given
by the distance function d defined by the equation'

(z, w)(w, Z)

(cosh (d(z, w)))2 = (13.6)

(z, Z) (W, W)

where z and w are any vectors in A2 guch that P(z) = z and P(w) = w; here cosh
denotes the hyperbolic cosine (13.13). Equivalently, using the inverse hyperbolic

cosine, we write
d(z, w) := arccosh w
(z,z)(w, w)

I'We decided to follow the convention of not dividing by 2 in the definition of the distance, as
instead it is done by Parker [Par03]. We instead follow, for example, Bridson-Haefliger in order to
have a CAT( — 1) space.
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{2 W) )

arccosh
(z,z)(w, w)

( |(z, w)| )

arccosh | ————] .

Viz, z)(wW, w)

Thanks to the Reverse Schwarz Inequality (see Lemma 13.1.6), we have

> 1, Vz,we V_.

Hence, the equation makes sense: recall that cosh bijectively sends [0, +00) onto
[1, 400).

We shall check that the formula does not depend on the representatives: If z' and
w are any other vectors in A%! such that P(z) = z and P(W') = w, then there exist
nonzero scalars A and p in A such that 2’ = zA and w' = wpu. Thus

I, W2 @ wi)?
(@, Z) (W, W) (Zh,Zh) (W, Wi)
(13.3) A (z, w)u|?

A1z, )| > (w, W)

a2 AW ul? ez w)?
A2 (il - (2, 2) (W, W) (2, 2) (W, W)

Here, we made explicit use of the fact that the norm on A is multiplicative and that
the norms are real numbers (and hence central elements).

13.2.2 Models of A-Hyperbolic Space

There are multiple models of real-hyperbolic space RH?. The most common ones
are:

. the Minkowski hyperboloid model [BH99, p.18],
. the Poincaré ball model [BH99, p.86],

. the Poincaré half-space model [BH99, p.90],

. the Klein ball model [BH99, p.83 and p.310],

. and the Siegel parabolic model [BH99, p.310].

WD AW =

The Poincaré ball model and the Poincaré half-space model are conformal, in
the sense that they are angle-preserving. The Klein model and the Siegel domain
model are projective in the sense that hyperbolic straight lines and planes are the
intersection of Euclidean straight lines and planes with the unit ball in R? and the
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interior of the paraboloid x; = %, respectively. The Siegel domain model is not
often mentioned in the real-hyperbolic case. It may be understood as the projective
analog of the conformal Poincaré half-space model. The hyperboloid model, on the
other hand, is particularly common in physics but neither conformal nor projective.

The projective models have straightforward generalizations to hyperbolic spaces
modeled over each associative Hurwitz algebra.

Let A be either R, C, or the quaternions H. Let z and w be vectors in A2l The
first Hermitian form on A>! is defined as

(z, w)1 == 1w + 22w2 — Z3W3.

It is associated with the Hermitian matrix

100
Jii=(01 0
00 -1

Every representative z € A>! of a point z € AH? satisfies (z,2); < 0, i.e.,
0 > Z1z1 4+ 7222 — 7323 = |z11% + |22]* — |z3/%. Therefore, the third component of
such a z is nonzero. Hence, there exists exactly one representative z of z of the form

21
z= |2 |~z 22,1), for which Izll2 + Izzl2 < 1.

This gives an injection ¢ : AH? < A>! as a section of P : V_ — AH? and
identifies the hyperbolic space AH? with Klein’s model which setwise is the unit
ball B in A%. We call such a z the standard lift of z.

The second Hermitian form on A>! is defined as

(z, W)z = Z1w3 + Zowa + Z3wy. (13.7)
It is associated with the Hermitian matrix

001
JH:=1010
100
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Every representative z' € A*! of a point z € AH? satisfies (Z',7))2 < 0, ie.,
0 > 7123 + 2220 + 7321 = 2Re(Z123) + |22|*. Therefore, in particular, the third
component of such a z is nonzero. Hence, there exists exactly one representative z
of z of the form

21
Z= |22
1

This gives an injection ¢ : AH? < A>! as a section of P : V_ — AH? and
identifies each point z € AH? with the point (21, 22) € A? such that 2Re(z1) +
|z2|> < 0. This domain

D := {(z1, 22) € A2 : 2Re(z1) + |22]* < 0} (13.8)

is called the Siegel (parabolic) domain.

A map that passes from one model of hyperbolic space to another is called
a Cayley transform. For example, a Cayley transform interchanging the first and
second Hermitian forms is given by

L fro
— 1042 0
V2

10 —1

A Cayley transform is not unique since it may be pre- and post-composed by any
unitary matrix preserving the relevant Hermitian form.

In the following we will denote by z both the standard lift (z1, z2, 1) € A2 of
z € AH? and its identification with the point (z1, z2) in the Siegel domain D.

13.2.3 A Foliation of the Siegel Domain

We consider the hyperbolic space AH?, as defined in (13.5), as a subset of the
projective space P(A>!). Within this larger subset, the hyperbolic space AH? has a
topological boundary denoted by d AH?.

When we consider AZ! with respect to the second Hermitian form (-, -)s,
from (13.7), we distinguish two types of points in dAH?: we say that z € JAH?
is finite, if z admits a representative of the form z = (z1, 22, 1) € A>!. Otherwise,
we say that z is not finite.

We point out that there exists exactly one point on the boundary that is not finite,
and it is represented by (1, 0, 0). Instead, the finite points in d AH? are those that are
represented by a point in the boundary of the Siegel domain DD as a subset of A2,
Namely, a point z € P(A%!) is a finite boundary point for AH? if (and only if) it has
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a representative z = (z1, z2, 1) € A% quch that
_ 2
Z1 + 21 + |z2]” = 0.

For this reason, we define the parabolic boundary of the hyperbolic space AH?
(modeled by the Siegel domain) as

OparD = {(Zl,zz) € A% 2Re(z)) + |z2)* = 0},

We stress that the topological boundary of AH? is the one-point compactification
of dpyD. Setting & := z5/+/2, the condition for the parabolic boundary becomes
Re(z1) = —|€|>. Hence, we may write Z = (€)% — v, V/2&) fora v € Im(A).
This shows that the parabolic boundary can be identified with A x Im(A). We shall
extend this identification within the Siegel domain, seeing the boundary as a limiting
leaf of a foliation of the domain.

Let » € Ry and consider each point z € AH? for which the standard lift z
satisfies (z, z)» = —2A2. Define

H, = {z € AH?| (z, 7)) = —212}.

The collection = {H; }ser, is a foliation of AH?. A point z € AH? lies in Hj, if
and only if its identification with z € D, satisfies 2Re(z1) = —|z2|2 — 222, We write
Zp as \/ES, with £ € A, and we get that 71 = Re(z1) + Im(zy) = —|§|2 R
for v := Im(—z1) € Im(A). Thus z € D corresponds to a point (£, v, L) € A X
Im(A) x Ry, via (z1, 22) = (—|&]> =A% —v, V/2&). This construction identifies the
Siegel domain with the set A x Im(A) x R;.

Theorem 13.2.1 (Horospherical Coordinates) The Siegel domain D, (13.8), can
be parametrized via the following diffeomorphism:

0 AXxIMA) xRy > D, (& v,A) - (—|‘g|2 —a2_y, ﬁs) . (139

Proof 1t follows from the above construction of ¢, that the map

(z1,22) & <% —3m(z)), _(z,zz)2>7

where z = (z1, 22, 1), is the inverse of ¢. Both ¢ and ¢! are smooth. Thus ¢

identifies A x Im(A) x R4 with D as manifolds. m|

The map ¢ from Theorem 13.2.1 is called horospherical coordinate map. Next, we
pull back the Bergman metric given by (13.6) via such a map. In other words, the
next result expresses the hyperbolic distance in horospherical coordinates.
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Theorem 13.2.2 (Hyperbolic Distance in Horospherical Coordinates) The
pullback ¢*d of the Bergman metric d to the manifold A x Im(A) x Ry by the
horospherical coordinate map ¢ satisfies

e*d((§, v, 1), (§',V, 1))

= 2
6 — &2 4 [n — M 2\° v —v 4 23m(§§")
= h 1 9
arecos \/< + 200 + 20
(13.10)

forall (§,v,))and (§',V/,\)) € A x Im(A) x R,

Proof 1t follows from the definition of the Bergman metric (13.6) that

(cosh (@*d((&. v, 1), (€. V. 2'))))?
= (cosh (d(p (€. v. 1), 9. V. 1))’

_ (@&, v, 0), @&, v, W)l
(@&, v, ), 0, v, 2))2(pE ¥V, ), (&, v, A))2

We start by explicitly computing (¢ (&, v, L), (&', v/, 1/))2: using the definition of
¢ from Theorem 13.2.1, the definition of the second Hermitian form (13.7), and
simple properties of elements in A (see Exercise 13.4.4), we get

(@&, v, 1), 9E v, )2
= ((—IE1* =A% — v, V28, 1), (—|E']* = A% =V, V26", ),

_001 _|5/|2_)L/2_V/
= [—1E> =22+ v, V25, 1] [0 10 J2E
(100 1

—_|%./|2 _ )\/2 —
z[lv\/zé?_'%"z_)"z_{_v] \/55/
1

= g/ = A2 =V 428 — g -2 v
= EEHEEHEE—EE +EE —EFE -+ D+ (v-V)
= —|& — &P +29mEE) — W2+ 1)+ (v—V)).
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From this last calculation, we first see that (@(£, v, 1), (&, v, 1))2 = —21% and
(@& V., M), &V, 1))y = =212 as we expect for horospherical coordinates.
Then, we see that the squared norm of (¢(&, v, 1), ¢(&’, v/, ')}, has value

2 _
(1 =8P +22+22) +1v—v +23mE?
/ 2 2 2 =s/\12
= (2M FlE—E P+ =N ) V=V +23mEEN.
The claim of the theorem follows after normalization. See Exercise 13.4.10 for other

formulations for the distance function. O

Compare the formula in Theorem 13.2.2 with the conformal Poincaré half-space
model of real-hyperbolic space RH?; see Exercise 13.4.12.

13.3 Group Structures and Their Relations

13.3.1 The (First) Heisenberg Group Over A

The manifold A x Im(A) can be given the following Lie group structure,

EV)-E V)= (E+E v+ V +23mEE)), V(E V), E V) €A xImA).

13.11)
This construction turns A x Im(A), which is the parabolic boundary of the Siegel
domain, into a Lie group, known as the Heisenberg group over A which we denote
by N or 4.

Proposition 13.3.1 Formula (13.11) is a group product on A x Im(A) .

Proof The set is closed under the operation, and for every (£, u) € A x Im(A), we
have

¢ w-0,00=1(0,0)- ¢, u) =, ).

Thus, the point (0, 0) is the identity element. Moreover, for every (¢,v) € A X
JIm(A), we have

(V) - (=4, =V) = (€ =, v = v+ 23m(—[¢[*) = (0,0) = (=7, =V) - (£, V).

Hence, the inverse element (¢, v)_1 is given by (—¢, —v). Finally, associativity
holds as well, since
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(G, w) - (&, V) - (1, W) = (E+ ¢, u4v+23mED) - (7, W)
= E+ ¢ +nu+v+23mE) +w+23m(E + )
=E+C+nu+v+w+23mES +En+ )
=E+C+nu+v+w+23m@En) + 23mEE + 1))
=& w - +n,v+w+23m(@n)
=& w- (V) (,wW).
O

It is possible to define a Lie group structure on A" x Im(A) similarly to (13.11)
and define the n-th Heisenberg group N,‘? over A; see Exercise 13.4.13.

13.3.2 A Group Structure on A x Im(A) x R4

On the Heisenberg group N := (A x 3m(A), -) with group product (13.11), we
particularly identify a group homomorphism § : R4 — Aut(N). This shall endow
the set A x Im(A) x Ry with a group structure given by the semi-direct product
N X R+.

The one-parameter subgroup of standard Heisenberg homotheties is the homo-
morphism § : Ry — Aut(N), where

Su(E, V) = (AE,AEV), VA € Ry, V(E,v) € A x Im(A). (13.12)

We call 6, the Heisenberg homothety of ratio A.

Proposition 13.3.2 The map § : Ry — Aut(N) takes, indeed, values in Aut(N)
and is a group homomorphism.

Proof For every A € Ry, we have that §, € Aut(N), because §, is bijective and for
all (¢,u), (¢, v) € N we have

5., W) - (2. V) = 8, (( + ¢, u+ v+23m(EL))
= (ME+0). 27+ v +23m(EQ)))
= (A& + AL, AU+ A%V + 23m(ENL))
=6, w-6,.(¢,v).

Furthermore, the map § itself is a group homomorphism, since

855 = 8 08y, Vi, M €R,
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which is easy to check; see also Exercise 13.4.14. m]

Thus, we perform the semi-direct product N x5 R ; see Exercise 13.4.19.

13.3.3 Left Invariance of the Pullback of the Bergman Metric

From Theorem 13.2.1 we know that the hyperbolic space, in the form of the Siegel
domain D, can be modeled by A x Im(A) x R;. Next, we see this manifold as the
Lie group N x5 Ry, where on N := A x Im(A) we put the group product (13.11)
on which the group R acts by (13.12). On N x5 R, we put coordinates (§, v, 1) €
Ax3Im(A) xR . On this group, we consider the distance ¢*d from Theorem 13.2.2.

Theorem 13.3.3 The pullback ¢*d of the Bergman metric d to the Lie group N X
R by the horospherical coordinate map ¢ is left-invariant.

Proof In Theorem 13.2.2, we have shown that the distance ¢*d between two points
(&,v,A)and (', v/, 1) in A x Im(A) x Ry = N x5 R, satisfies
2
(cosh (p*d (€', ¥, 1), " ¥, 1)) )

(l‘i:/ _ é__//|2 + A2 + )\//2)2 + |V/ —v' + 23m(%-_/$//)|2
40272 '

Let (¢,v,)) € N x R,. Using the basic definition of semi-direct product, as in
Exercise 13.4.19, we get that the left translation is

2
(cosh (¢"d((€,v. ) - €'V ). (6. v 2) - 6.V, 27) )

= (cosh (q)*d((s + A&V 4+ A2 4 23m(EAET), AL,

2
(€ + AE", v+ A2V + 23m(EAE"), M”)))

(|§ + )\‘5/ _ (s + )“5//)|2 4 )\‘2)\‘/2 +)\‘2)\‘//2)2
4N2)2) 2012

iy |V A+ 2ImEE) — (v + AN+ 23m(ERg")
2

+23m((& + A& (E + 1E"))
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(18" = P +22 +22)”

402\ 72
2
V= + Zom(EAg — EAE" + B8 + EAE" +AE'E +AE'A"))
+ 4)2 )72
(|E/ _ %.//|2 + 22 + )»”2)2 + |V/ —v'+ 23m(§/§//)|2

4)L/2)L//2

2
— (COSh (w*d((%./’ V/, )\/), (5//, V”, }L//)))) ,

where we have used that EAE'+E£+AE'E = —|£]|2+2Re(EAE’) has trivial imaginary
part. |

13.4 Exercises

Exercise 13.4.1 Both the real numbers and the complex numbers, together with
their standard norm, form a Euclidean Hurwitz algebra in the sense of Defini-
tion 13.1.1, which is associative and commutative.

Exercise 13.4.2 The quaternions, as defined at page 414, together with the norm
|z] = +/zz form a Euclidean Hurwitz algebra in the sense of Definition 13.1.1,
which is associative but not commutative.

Exercise 13.4.3 In the quaternions, the conjugation satisfies anti-involution: ab =
ab, for all a b € H. Moreover, we have a—! = (a@)~! and |a|? = Re(a)? + |Im(a)|?,
foralla € H.

Exercise 13.4.4 For every element £ in a Euclidean Hurwitz algebra, we have
61> = &&,23m() = § — & and § = —€ + |§ + 1> — |£]* — 1, where the
latter may define the conjugate in terms of the norm.

Exercise 13.4.5 The Hermitian transpose of a product of two matrices over a
Euclidean Hurwitz algebra is the product of the Hermitian transposes in the reverse
order, that is, (AB)* = B*A*.

Exercise 13.4.6 The eigenvalues of Hermitian transformations are real numbers.

Exercise 13.4.7 Because of (13.4), for every Hermitian form we have (x, x) € R.
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Exercise 13.4.8 From the definitions

sinhx := eT and coshx := eT, (13.13)

we obtain the general formula

arccosh(x) = log (x +vVx2— l) , Vx > 1, (13.14)

and the general half-argument formula (sinh (’5‘))2 = %

Exercise 13.4.9 (The A-hyperbolic n-space AH") Let A € {R,C,H} andn € N.
Let P(A"*!) be the n-dimensional A-projective space, defined as the quotient of
At \ {0} by the equivalence relation that identifies x = (x1, ..., x,4+1) with xA =
(X1A, ..., Xps14) for each A € A\ {0}. The equivalence class of x € A"T!\ {0}
is denoted by P(x). Fixing a Hermitian form (-, -) of signature (n, 1), we define the
A-hyperbolic n-space as the set

AH" := (P(x) € P(A"1) 1 (x, x) < 0} (13.15)

equipped with the distance d such that

d(P(x). P(y)) = arccosh, | 22100 %) (13.16)
(x, x){y, y)

The set AH" is well defined, and the distance formula does not depend on the
representative chosen.

Exercise 13.4.10 (Alternative Formulas for the Hyperbolic Distance in Horo-
spherical Coordinates) Formula (13.10) has the equivalent formulations:

\/(|s — &2 4024 22) 4 v -V + 23mEEN)
200

arccosh

and

_EI2 A= A2 2 £l _ &/ 2
arccosh 1+I$ §'7 + | | n v+ 88 — v —§'8| ’
20 200

from which one easily observes the symmetry.
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Exercise 13.4.11 In the manifold A x 3m(A) x R, the distance (13.10) between
(0, 0, 1) and an arbitrary element (£, v, 1) is

JUER +22 1)+ 1v2
2 ’

arccosh

Exercise 13.4.12 Consider the Poincaré half-space model R x R4 of real-
hyperbolic space RH. The distance satisfies:

|%- _ §/|2 +)\'2 +}\‘/2
20\

d((E, 1), (&', \))) = arccosh (

. II(S,A)—@’JJ)II) Y
= 2arcsinh , V(E N, (E,M)eR xRy,
( Wirk § § +
where || - || is the standard Euclidean norm on R2. There are few other formulas in

[Bea83, Theorem 7.2.1].
Hint. First, use Theorem 13.2.2 and the fact that the imaginary part in R is trivial.
Then, recalling Exercise 13.4.8, use the general half-argument formula.

Exercise 13.4.13 (Heisenberg Groups Over A) Let A € {R,C,H} and n €
N. The n-thA-Heisenberg group NﬁA‘ is the set A" x 3m(A) endowed with the
multiplication law

EV)-E V)= E+E vHY +2ImE-E)) . VE V). (EL V) € A" x Im(A),

(13.17)
where £ - £’ = £&’ is the scalar product between the vector & and the vector &’. This
indeed defines a Lie group structure, whose inverse satisfies (&, )7l = (—¢&, —s),
forall (§,s) € NnA. The group NnA is nilpotent.

Exercise 13.4.14 (Heisenberg Homotheties) Let A € {R,C,H} and n € N. On
the group N‘,? from Exercise 13.4.13, for each A € R define Heisenberg homothety
of ratio A by

S5, v) = (A&, A2V),  V(E,v) € A" x Im(A). (13.18)

The Heisenberg homothety satisfies the following properties:

13.4.144.  8,((&,5)(v, 1)) = 84(&,5)8,(v, 1), foralla e R, E,v € A", and s, 7 €
JIm(A);

13.4.14di. ()" ' = 8,-1, foralla € R\ {0};

13.4.14.iii. 84y =84 068y, foralla,a e R.

Exercise 13.4.15 Let A € {R, C, H} and n € N. On A"*! consider the forms

(x,y) = (x, )k =x*Ky,  Vx,yeA"t! (13.19)
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where K is either

L 0 0 0 -1 0 0 1
Ji = |:(')' _1i|, or | 0 I,y 0|, orJ:=|0I,_,0]. (13.20)
-1 0 O 1 00

These forms are Hermitian forms of signature (n, 1).

Exercise 13.4.16 (The Group Ox(n, 1)) In the setting of Exercise 13.4.15, con-
sider the group GL(n + 1, A) of invertible (n 4 1, n 4+ 1) matrices with coefficients
in A. Let Oa(n, 1) € GL(n + 1, A) be the set of matrices that preserve the form
(-, -) given by (13.19), i.e.,

Op(n,1) :={AeGL(n+1,A) : (Ax, Ay) = (x,y), Vx,y € A”’l}.

13.4.16.i. Wehave A € Op(n,1) & A*KA = K, for the K in (13.20).
13.4.16.ii. The set Ox(n, 1) with the matrix multiplication is a Lie group.

Exercise 13.4.17 The induced action of O (n, 1) on the projective space P(A" 1)
preserves the subset AH”, as defined in (13.15), and acts by isometries on AH”.

Exercise 13.4.18 (Two Distinguished Subgroups: A and N) We denote by A and
N the following subsets of the group O (n, 1):

¢ A denotes the 1-parameter set, formed by the elements

et 0 0
A@)=101,_, 0 ], acek;
0 0 e ¢
¢ N denotes the set of matrices of the form
1 M Mg
vIM,M3) :=|01,_1 M* |, (13.21)
0 0 1

where M is a (1, n — 1)-matrix with elements in A and M3 is in A and satisfies
IMI* = Mi3 + M.
13.4.18.i. Forallt € R and all v(M, M3) € N, we have

V(M, Mi3)A(t) = At)v(e ™" M, e My3),
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and
A(OV(M, My3) = v(e' M, e M13)A(t).

13.4.18.ii. The sets A, N, and N A are subgroups of O (n, 1);

13.4.18.iii.  The group N is normal in NA;

13.4.18.iv.  The group A is isomorphic to R.

13.4.18.v. The group N is isomorphic to the Heisenberg group NnA, defined in
Exercise 13.4.13.

13.4.18.vi. The group N A acts simply transitively on AH".

Exercise 13.4.19 If on NV := A x Im(A) we consider the group product (13.11)
and the action § of Ry on A by (13.12), then the semi-direct product on N x5 R is

E, v, M) - (E,V, ) = (E + A6, v+ 12V +23m(E - A&'), A1),
YE, v, M), E,V, M) e AxIm(A) x Ry.

Hint. Use the definition (5.18).

Exercise 13.4.20 The Lie algebra of CH?, seen as C"~' x iR x R, as in
Exercise 13.4.19, is isomorphic to the one in Exercise 8.3.11.

Exercise 13.4.21 Every A-hyperbolic n-space is a Riemannian manifold whose
sectional curvature is at most — 1.
Hint. For some evidence on the curvature, see Exercise 8.3.11.

Exercise 13.4.22 (Final Exercise) We have the following generalization of Theo-
rem 13.0.1 to arbitrary dimensions. For A € {R, C, H} and n € N, the A-hyperbolic
n-space AH" is isometric to the manifold A"~! x Im(A) x R, equipped with the
group product given by

E V. A) - (EL V) = (E4 A8 v+ A2V 4+ 23m(E - A£), AL,
V(E, v, ), (6, V, 1) € A" x Sm(A) x R,

and, denoting by ||-|| the £2-norm on A" the left-invariant distance d is such that

JOER +22 1) 4+ v

d(l A) = h
(1, (§,v, A)) = arccos 7

’

V(E, v, A) € A" x Im(A) x Ry.
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Chapter 14 ®
Heintze Groups and Their Visual Qe
Boundaries

In this chapter, we show that to every Riemannian symmetric space of rank one and
noncompact type, one can associate a ‘visual boundary’ that has the structure of a
Carnot group. Visual boundaries are associated with spaces with negative sectional
curvature. In fact, every homogeneous negatively curved manifold has the structure
of a semi-direct product of the form N x R for some positively graded nilpotent
group N, which canonically represents the visual boundary. Hence, these boundaries
are equipped with the structure of metric Lie groups that admit dilations.

14.1 CAT(-1) Spaces and Visual Boundaries

The A-hyperbolic n-space AH" has been presented in Sect. 13.2 for n = 2 and in
Exercise 13.4.9 for arbitrary n € N. This metric space can be seen as a Riemannian
space whose sectional curvature is at most —1; see Exercise 13.4.21. From the
metric viewpoint, we say that AH" is a CAT(—1) metric space in the sense of
Definition 14.1.1. An explicit proof of this last statement can be found in [BH99,
Part I, Chapter 10]. We shall proceed with applying the theory of CAT(— 1) spaces.
In particular, we shall recall the notion of visual boundary.

There are several equivalent definitions of CAT(—1). We recall just the most
standard one and refer to [BH99] for more.

Definition 14.1.1 (CAT(—1) Space) A geodesic metric space M is said to be
CAT(—1), or, with generalized sectional curvature at most —1, if the following
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q p q p

Fig. 14.1 Comparison of triangles for the CAT(— 1) condition: The triangle on the left is a triangle
in the CAT( — 1) metric space M, and the triangle on the right is in the hyperbolic plane RH?. All
marked distances are pairwise equal except the dashed ones. The CAT( — 1) condition requires
that d(x, y) < d(x, ¥). One loosely says that the triangle on the left is thiner than its comparison
triangle, i.e., the one on the right

comparison property holds (see Fig. 14.1): For all p,q,r,x,y € M and for all

d(p.x) +d(x.q) =d(p.q). d(p.q)=d(p.q). d(p.x)=d(p. %),
d(p.y) +d(y.r) = d(p.r). d(p.r)=d(p.F). d(x.q)=d(..
d(r.q) = dF.§. d(p.y) =d(p.5).

d(y.r) =dG.F).

we have d(x, y) < d(x, y).

Definition 14.1.2 (Visual Boundary) Let M be a metric space. A geodesic ray in
M is an isometric embedding y : [0, c0) — M. Given two geodesic rays y and o
in M, we write

v~ o & supld(y (1), o (1)) : 1 € [0, 00)}) # oo,

and in this case, we say that y and o are asymptotic. Fix o € M. The visual
boundary of M from o is defined as the set of geodesic rays starting at o, up to
asymptotic equivalence:

dvisM = 0Oyis, oM = {y :[0,00) = M : y geodesicray , y(0) = o}/ ~ .

We refer to o as the visual point of the visual boundary.

For rank-one symmetric spaces, it is convenient to consider visual boundaries
where the visual point is at infinity. In this case, we fix a point in the visual boundary,
and we consider geodesic lines originating from that point at infinity.
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Definition 14.1.3 (Parabolic Visual Boundary) Let M be a metric space. A
geodesic line in M is an isometric embedding y : R — M. Given two geodesic
lines y and o in M (or two isometric embeddings y, o : (—oo, 0] — M), we say
that

y and o have the same origin <— . lim d(y(t),o(t)) =0, (14.1)
——00

while we say that they are asymptotic if the rays y |[0,00) and o |[0,o0) are asymptotic.
Fix a geodesic line w : R — M, or just an isometric embedding w : (—o0, 0] - M.
The parabolic visual boundary of M from w is defined as:

OparM = Opar, oM := {y : geodesic line in M with the same origin as w}/ ~ .

We refer to w as the visual point of the parabolic visual boundary.

Visual boundaries can be naturally metrized, at least for CAT(—1) spaces.
Something similar holds for Gromov hyperbolic spaces, which we will not discuss
here; see [BS07, Proposition 3.3.3]. The construction of the parabolic boundary
comes from the work of [HP97, p. 383]. Similar results on the metrization are also
in the work of Hamenstiddt in [Ham89], and for this reason, the visual distances, as
we soon define, are also called Hamenstddt distances.

Definition 14.1.4 (Visual Distance) Let M be a metric space. Let y and o be
geodesic lines in M. The Gromov product between y and o is defined as

1
(V10)oo := lim <t — 54y @), G(I))> , (14.2)

when the limit exists. In this case, the visual distance between y and o is defined as
p(y,0) = dyis(y, 0) 1= e~ V1=, (14.3)

The proof that when M is a CAT(—1) space, the limit in the Gromov product
exists and that the visual distance as defined in (14.3) is a distance on dp,r,, M Will be
discussed in the next subsection. The main reference for the following presentation
is [Bou95].

14.1.1 Hamenstdidt Distance

We adopt Hamenstiddt’s viewpoint of horospherical distances via Busemann func-
tions associated with geodesic lines. The aim is to prove that visual distances on
parabolic boundaries of CAT(—1) spaces satisfy the triangle inequality.
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Let M be a metric space. Fix  : R — M a geodesic line in M. The Busemann
function associated with o is the function b, : M — R defined as the existing limit

bo(x) = lim (d(w().x)+1),  VxeM; (14.4)

see Exercise 14.4.1. In (14.4), the chosen signs and the fact that the limit is to — oo
may not coincide with the choices of other authors. The viewpoint that we take here
is that the origin of w is where b,, equals — 0o, and it is where all the geodesic lines
come from when we see the visual boundary from w. In fact, if y is a geodesic line
in M with the same origin as w, then

boly®) = lim_(d(w(s), 7 (1)) +5)

~ lim @y (5), y(@) £d(@(5), ¥(5)) +5)

= lim (t—s+0+s)=1, (14.5)

§—>—00

where we used the symbol ~ to mean that we have upper and lower bounds
according to the sign chosen as a consequence of the triangle inequality.

Set (x, y)p = %(b(x) + b(y) — d(x, y)) to be the Gromov product between x
and y with respect to a Busemann function b := b,,. The Gromov product is defined
for x, y € M, but will actually extend to dpar,, M. We call pp(-, ) := exp(—(-, -)p)
the Hamenstddt function with respect to b. Notice that we have generalized (14.2)
since if y and o have the same origin as w, then

(45 , _ %d(y(t), o (1)),

1
(v lo@))p = E(b(y(t)) +b(o (1)) —d(y (), 0(1)))
Proposition 14.1.5 (Bourdon) Let M be a CAT(—1) space. Fix w a geodesic line
and b the Busemann function associated with w. Then, the Hamenstddt function pp
is a distance function on dpar,, M. In fact, if for every t € R we consider the function

2 d(x,
a: (x,y) €M X M —> a;(x,y) ::—tsinh( (xzy)),
e

then we have:
14.1.5.i Ast goes to oo, the function oy converges to pp, in the sense that

tgrgoaz(y(t), o(t)) = pp(y,0), Yy, o € Opar,wM.

14.1.5.ii  The function «; is a distance on the set b=\ ().
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Proof The following argument is an adaptation of [Bou95, Théoreme 2.5.1].
Referring to Exercise 14.4.2, we begin by stressing that if x,x’ € M and z, 7' € C
are such that Im(z) = Im(z’) =ie ' and d(z, ') = d(x, x’), then

a(x,x) =z =72 (14.6)

Proof of 14.1.5.i. Take geodesic lines y and y’ that have the same origin as w. We
spell out the definitions:

dy@),y'(t

o (y (1), y (1)) & e~ sinh (—(V( )23/ ( ))>

def 26_,% (ed(,,(t),y/(,))/z _ e—d()/(l),y/(z))/2> ’

where we used the definition of «; and the one of sinh. Then, since the function e 4

is bounded by 1 and lim;_, 1o e~" = 0, the above function has the same limit as

e T OV O = exp(—(t = d(y (1), ¥'(1))/2))

— (¥, ¥).

Proof of 14.1.5.ii. We shall take (0,e™") € C as comparison point for y(¢), as
t € R. Fix x, x’, x” points of the form x = y(¢), x’ = y'(t), x” = y”(¢) such that
y,y',y” are geodesic lines with the same origin as w. Take z, 7/, z” € C so that
Im(z) = ImZ) = ImE") = ie !, d(z, 7)) =dix,x),dZ, 7" = d', x"),
and Re(z) < Re(z') < Re(Z”); see Fig. 14.2 for a visual representation. (N.B. the
triangles z, z’, o0 and z’, z”, oo are comparison triangles for x, x’, w and x’, x”, w,
respectively. We say that these triangles are ideal since one of the points is at
infinity)

Let 1 be the geodesic between z and z”. Let z* be the point in  with Re(z*) =
Re(Z'). Let x* in M be on the geodesic y’ from w to x” with d(x/, x*) = d(Z/, z*).
Then, we bound using the CAT( — 1) comparison property, together with the fact
that z* is along the geodesic 1 and the triangle inequality:

n geodesic

d(z,7") d(z,7*) +d(z*, 7"

CAT(~1)
> d(x,x") +dx* x")

triang. ineq.

> d(x,x"). (14.7)
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Fig. 14.2 The construction of two adjacent ideal triangles for the proof of Proposition 14.1.5.ii.
The full curves are geodesic. The dashed horizontal line marks the height. The dotted horizontal
line represents the parabolic visual boundary, which is the visual boundary minus a point, denoted
by oo

By monotonicity of sinh we deduce

2 d , 4
o (x, x") o — sinh (_(x x )>
e 2

147 2 d(z, 7"
< —sinh (—(Z ‘ )>

- e 2

(14.6) ”
=" |z—7"|
= |z-Z|+|Z -7
14.6
(29 o (6, ) + (¢, x7),

where we used that by construction Re(z”) is between Re(z) and Re(z”). Hence, the
function «; is a distance function.

End of proof of Proposition 14.1.5 Take y, y’, and y” € Opyr.,M. Passing to the
limit in the triangle inequality, given by 14.1.5.1i,

a (@), y"(0)) < a(y(0), y' @) + o, (¥ (1), y" (1)),
we obtain, by 14.1.5.i,

o, Y") < oy v+ op (v v,

Then, also the function pj, satisfies the triangle inequality. O
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14.2 The Visual Boundaries of A-Hyperbolic Spaces

14.2.1 The Boundaries of AH"

Let A be either R, C, or the quaternions H. Let n € N. Thanks to the way we defined
the A-hyperbolic n-space AH”, in Sect. 13.2 and then in Exercise 13.4.9, there is
a natural way to represent its visual boundary. Denoting by A™! the space A"!
equipped with a Hermitian form (-, -) of signature (n, 1), the set of points in the
A-hyperbolic n-space is

AH" = [P(x) € P(A™) : (x,x) < O},

where P(A™1) is the A-projective space of A™ .

As in Sect. 13.2.2, we fix the Hermitian form (13.7) to have the Siegel domain
D, (13.8), with the correspondence of Theorem 13.2.1. The map ¢ generalizes to
arbitrary n. We summarize this correspondence with the following diagram:

AT Sm(A) xRy — P s (1) —F 3 AH C P(An)),

@
defining the composition

PE, v, 1) = PlpE,v, 1), 1)
13 p (-|é§|2 a2 v, V2, 1) , (14.8)

V(E, v, A) € A" x Im(A) x Ry

In ]P’(A"'l) we denote by w the point w := P(1,0,0), where here with 0
we indicate the zero in A"~!. Obviously, the point » belongs to the topological
boundary of AH" within P(A"'l). We shall see that there is a correspondence
between the topological boundary of AH"” and the visual boundary of AH”".
Moreover, with this identification, the parabolic boundary of AH" from (a geodesic
line representing) w is in correspondence with A"~! x Im(A) x {0}. With this
purpose, we consider the following family of curves.

For every &€ € A" landv e JIm(A), we consider the curve

Ve R —> A" 1 Sm(A) x Ry (14.9)
1 yewn(®) = v,e).

See Fig. 14.3 for a visual representation.

Lemma 14.2.1 The curves defined in (14.9) satisfy the following properties:



440 14 Heintze Groups and Their Visual Boundaries

R

Y(£w) Y& wv)

! R | A x Im(A)
(&.v) (&)

Fig. 14.3 The vertical geodesics in the A-hyperbolic n-space AH" seen as A"~ x Im(A) x Ry
in horospherical coordinates. Every point (£, v) in A" ! x Im(A) is associated with the geodesic
line y¢ vy = (&, vV, e~"), whose height decreases when time increases. The dotted horizontal line
is A"~ x Im(A), which will represent the parabolic visual boundary

14.2.1.i.  each y.y) is a geodesic;
14.2.1ii.  every two y( vy and y( vy have the same origin;
14.2.1iii.  ast — —oo, the value ¢(y(& v\ (1)) tends to w within PA™);

14.2.1.0v. ast — oo, the value yg v)(t) tends to (§,v,0) in the topology of
A1 x Im(A) x [0, +00).

Proof Fix (£,v) € A" ! x Im(A). To show that Y(&,v) 1s a geodesic, we directly
use the formula (13.10) for the distance, for s, t € R:

coshd(ye.v) (1), View () = coshd((E, v.e™), (E.v,e™"))

2
(13.10) |e—t _e—s|2
= \/<1 + T +0

|eft _ efs|2
= 1 + e~ t—s
et—i—s
— 1+ 2 (e—zt _2e—t—s +e—25‘)
es—t et—x
= 1 —1
+ 2 + 2
es‘—t +et—s
= T
(13.13)

=""cosh(s —1).
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We deduce 14.2.1.i, thanks to the injectivity of cosh on the nonnegative real
numbers.
Regarding 14.2.1.ii, according to the definition in (14.1) we need to prove that

M d(en 0. ven @) =0, ¥E V), E V) € A" x Im(A).
We calculate:

dWewy O, ey ) "2 d(E v, e, ¢ V. e )

12\ 2 / RS £g/ 2
3. - — Vv 4+ 23m
(1%210) arccosh\/<1 + —|€2e—$2’| ) + <|v v T (€8 )|>
(14.10)

"Z75° arccosh(1) = 0.
Regarding 14.2.1.iii, by the definition of ¢ in (14.8), we have, as t — —o0, that
N 14.9) . _
dewn @) 2 G v, e

(14:8) P (_|$|2 _ 3_2[ —v, ﬁg’ 1)

= P(62’|3§|2 F 146y, —¥V2E, —e2’) — 5 P(1,0,0) & .

Regarding 14.2.1.iv, we clearly have y(¢ v)(7) def &, v,e™) = (£,v,0),ast — 0.
]

Definition 14.2.2 Let A € {R, C, H} and n € N. We define the boundary at infinity
of AH" as the set

I AH" := {P(x) € P(A™) : (x,x) = 0}.
We arrived at the point where d,oAH" \ {w} can be identified with ATl %

Im(A) x {0}, and hence with A" ! x Im(A). Recall that the latter may be endowed
with the product from (13.17):

(E,v:0) - (. V:0):=(E+E . v+V +23m(E-£);0),
V(E, V), (£, V) € A" x Im(A),

which is actually isomorphic to A" ™! x Im(A) x {1} inside A"~! x Im(A) x R4 =
NﬁA x5 R4, with its semi-direct product; see Exercise 13.4.19.
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14.2.2 The Visual Distance on the Boundary of AH"

Our next aim is to explicitly write the visual distance for the A-hyperbolic n-space
AH" in the new coordinates.

Definition 14.2.3 (Visual Distance on the n-th A-Heisenberg Group) Let A €
(R, C,H} and n € N. For every pair (£, v) and (£/,v) € A"~! x 3m(A), we define
the visual distance as

d (€, v), ¢, V) = dvis (Vew) Ve v)) » (14.11)

where Y v) is defined in (14.9) and dy;s is defined in (14.3).

We finally prove that the parabolic visual boundaries of hyperbolic spaces are metric
Lie groups:

Theorem 14.2.4 Let A € {R,C,H} and n € N. On A"~ x Im(A), the visual
distance reads as

2

d (& v, € V) = IE — &1 + |v— v + 23m(Ee)
VE V), EL V) e A x 3ma),  (14.12)

it is left-invariant with respect to the group structure (13.17), and it is self-similar
with respect to the dilations (13.18).

Proof We start by substituting the definitions (14.11), (14.3), and (14.2):

d ((g, v), (&, v’)) (L dyis (V(g,v), V(étv’))
143 ~(remlrew))

142) .. 1
= tl_ljroloexp Ed()/(g,v)(f),J/(g/,v/)(f))—t . (14.13)

Therefore, we calculate the distance between the points along the curves, as defined
in (14.9), as we did in (14.10) using (13.10):

d(yew(®), v v) @)

2t =12 2 2ty — v/ 2% Py 2
ugmmosh\/(He |52 s|> +<e v v; m(éé)l)

2t

= arccosh [%\/(Zezt + & — é/lz)2 +(lv=v + 23m(§$/)|)2i| .
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We denote by B(¢) the value

B(t) = (2e—2’ + & — s’|2)2 +(lv=v+ 2Ssm(§g’)|)2 , (14.14)

so to continue, and using (13.14),

Zz

)

"= JW+ /e —ﬁ(t) =
[ (420 50— )]

2t+10g< 'B(t)+ &—6‘_4t>.

d(yew®), ye v@®) = arccosh(

2 4

Substituting the last equation in (14.13), we obtain

AR P (% e (@ 5 - ))
vﬂ(t /,B(t)
t—>oo 4

= v/ B(0)
= 05 -8 + (Iv - v + 23mEe))’.

d (v, &)

where we took the limit of (14.14) as t — oo. Therefore, we obtained (14.12). The
left-invariance and self-similarity are straightforward exercises. O

We refer to (14.12) as the Cygan-Koranyi distance on the n-th A-Heisenberg
group.

Proposition 14.2.5 The Cygan-Koranyi function on A"~' x JIm(A), given
by (14.12), satisfies the triangle inequality; hence it is a distance function.

Proof The Cygan-Koranyi function is the visual parabolic distance function of the
CAT( — 1) space AH". Therefore, by Bourdon’s Proposition 14.1.5, it is a distance
function.

Still, we will give a more direct argument next. Because of left invariance, it is
enough to prove the triangle inequality when the middle point is the identity element
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(0, 0). Namely, we need to prove that for every (£, v), (§/,V') € A" x Im(A) we
have

d (. V), E',V)) <d (. V), 0,0) +d (0,0, V).

To do this, we rewrite the terms and bound using several times that the imaginary
numbers are orthogonal to the real numbers:

JIE — &1 + v — v + 23mEen
=& - 5’”2 —(v=v+ 25111(55’))‘

d (& v), E,V))

= |E1> —EE —£E + ||&'|* —v+V — E&' + £F

= |lE1> — v — 286" + |€'|* +V

IA

1612 = v| + [288'| + [&'* + v/

VIEN* + v+ 20El & +VIEN* + v

< (d ((5,V), (0,0)))> +2d ((¢,v), (0,0)) d (0,0), (¢".v))
+(d (0,0, ¢, V)
= (d ((§,v), (0,0)) +4d ((0,0), (¢, V/)))Z,

where in the second inequality, we used that the distance (14.27) is increasing in
[v]. |

14.3 Heintze Groups

A well-known motivation for the study of self-similar metric Lie groups in Sects. 6.5
and 10.2 is their appearance as parabolic visual boundaries of negatively curved
homogeneous Riemannian manifolds. More precisely, Heintze [Hei74] showed that
every simply connected negatively curved homogeneous Riemannian manifold is
isometric to a Riemannian Lie group G that is a semi-direct product N x4 Ry,
where N is a simply connected nilpotent Lie group and at the Lie-algebra level,
the element 1 in the Lie algebra R of Ry acts on n by a derivation o« whose
eigenvalues have strictly positive real parts. The parabolic visual boundary of G may
be identified with the Lie group N endowed with some a-homogeneous distance
in the sense of Definition 6.5.3, which is the visual distance. It is important to
remark that a quasi-isometric classification of Heintze groups, which at the moment
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is an unsolved problem, is equivalent to a quasi-symmetric classification of their
parabolic boundaries, which in turn reduces to a bi-Lipschitz classification of self-
similar metric Lie groups (see [Corl8, KLN22], and references therein).

14.3.1 Homogeneous Groups and Heintze Groups

Definition 14.3.1 A homogeneous group is a pair (N, «) where N is a simply
connected Lie group and « is a derivation on the Lie algebra n of N such that for
each eigenvalue A of « it holds Re(1) > 0.

If (N, «) is a homogeneous group, then e~ is a contractive automorphism of 1,
hence n admits a positive grading; see Siebert’s Theorem 9.2.18. In particular, the
group N is nilpotent; see Exercise 9.5.19.

We already encountered homogeneous metric groups in Definition 6.5.3. How-
ever, in Chap. 6, we were considering them already metrized with a self-similar
distance. One of the punchlines of this chapter is to see such homogeneous groups
as metric groups appearing as visual boundaries of negatively curved metric groups.
We begin by introducing this latter type of groups.

Definition 14.3.2 A Lie group G is called a Heintze group if it is of the form
N x4 Ry, where N is a simply connected Lie group, and « : 1 — n is a derivation
whose eigenvalues have positive real parts. In other words, the pair (N, «) is a
homogeneous group. Further, we say that a Heintze group N x,R (or, equivalently,
the homogeneous group (N, «)) is

* purely real, if the eigenvalues of « are real numbers,

* of Carnot type if it is purely real, if « is diagonalizable over R, and if the
eigenspace corresponding to the smallest of the eigenvalues Lie generates m.
Hence, the Lie group N is a stratifiable group, and some multiple of « is the
derivation associated with the one-parameter subgroup of Carnot dilations from
Definition 11.1.2.

Notice that for every Heintze group G := N X, Ry, the nilpotent group
N represents the commutator subgroup [G, G]. Hence, every Heintze group is
solvable; see Exercise 10.5.21.

In this section, we discuss the following theorem from [Hei74].

Theorem 14.3.3 (Heintze) Every connected isometrically homogeneous Rieman-
nian manifold of negative sectional curvature is isometric to a Heintze group
metrized with a left-invariant Riemannian metric.

Vice versa, every Heintze group may be metrized with a left-invariant Rieman-
nian metric of negative sectional curvature.

The work of Heintze relies on earlier results by Wolf and by Kobayashi; see
[Wol64, Kob62, Hei74].
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Theorem 14.3.4 (Heintze, after Wolf) Every connected homogeneous Rieman-
nian manifold of non-positive sectional curvature is isometric to a solvable Lie
group metrized with a left-invariant Riemannian metric.

Theorem 14.3.5 (Heintze) Every connected solvable Lie group G that admits a
left-invariant Riemannian metric of negative sectional curvature is a Heintze group.

Obviously, the last two results give the first and harder part of Theorem 14.3.3. We
will instead discuss the second part of the statement of Theorem 14.3.3.

14.3.1.1 A Discussion on Metrics on Some Heintze Groups

Not all left-invariant Riemannian metrics on Heintze groups are negatively curved.
For example, on the Heintze group of Carnot type given by the semi-direct product
between the Heisenberg group Nic and Ry, there are left-invariant Riemannian
metrics with some planes of positive sectional curvature. We provide an example
of one such metric in Exercise 14.4.7. In this example, the group is the same that
represents the complex hyperbolic space CH? of complex dimension 2.

Example 14.3.6 (Heintze Groups of Carnot Type) Let N be a Carnot group. Let
G be the Lie group obtained by the semi-direct product R4 x N where R, acts on
N by Carnot dilations. We now show that on G, there is a left-invariant Riemannian
metric with negative sectional curvature.

Proof We consider n := Lie(N) as a positively graded vector space, denoting it
by V, with grading V = @j-:l V; and associated dilations d., for ¢ € R. Let
Ey, ..., E, be abasis of V adapted to the direct-sum decomposition. For every j €
{1,...,n},letw; € {1,...,s}besuchthat E; € ij. Let (-, -) be the scalar product

that makes the basis { £ ;} ; orthonormal. Instead of changing the scalar product on n,
we will change the Lie group structure on the vector space V = n, keeping the same
scalar product but putting a different Lie bracket. We stress that the Lie brackets
will be isomorphic to those of n for every value of a parameter €, except possibly
fore = 0.

Let [-, -]; be Lie brackets on V seen as n. Let {afj},- ik be the structure constants
of n,ie., [Ej, Ejli = Y oef/.Ek, foralli, j € {1,...,n}. For ¢ € [0, 1] define
Lie brackets [+, -]c on V by

[X, Y]e := 8([X, YD),

i.e., the structure constants are
n
[Ei, Ejle = Zewka{ijk, Vi, je{l,..., n}.
k=1

Here wy denotes the weight of Ej.
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Define n, as the vector space V endowed with the Lie bracket [, -]c. Whenever
€ # 0, the Lie algebra 1 is isomorphic to 1y via the Carnot dilations .. Notice that
[, -]e = [, -Jo = 0 as € — 0. In other words, the Lie algebra 119 is commutative.

Define the Lie algebra g, := R x 1, with the Lie brackets [, -] extended from
V by

[Eo, Ejle == w;E]j, Vjiefl,..., s},

where Eqg := (1, 0), where 0 is the zero in V = n,. In total, the structural constants
of g, with respect to the basis Eg, E1, ..., E, are

alj(e)—ew’(oz Vi, j, k #0,
otlj(e) =0, Vi,je{0,1,...,n}, (14.15)
aoj(e) = wjak Vj,k#0.

The map (id, ) is a Lie algebra isomomorphism between g; and g, for € # 0.
The sectional curvature, as in (8.7), is

(Re(X, Y, Y), X)
IXI21Y 1% = (X, ¥)?

Sece (X, Y) := (14.16)

where R, is the curvature tensor of (g, (-, -)). By Proposition 8.1.11, each value
(Re(E;, Ej, Ey), Ep) can be expressed in terms of the structure constants of g,
which depend on €, with the formula:

(Re(Ei, Ej, Ex), Ep)

1 j .
_ [Z (e = oy (@ + o (@) (afete) — oy () + afy @)

7 (0@ = (@ + o (@) () — oy () + of ©)

l\)lb—‘ -l>|'—‘

o () (o) — afy () + of(©)) }
14.17)
We focus for the moment on the limit case of € = 0. In this case, the Lie algebra
g is the semi-direct product of R with an abelian Lie algebra R" that is graded by
the degrees wy, ..., w,. We claim that (g, (-, -)) has negative sectional curvature,
that is

Seco(X,Y) <0 VX, Y € R x V linearly independent. (14.18)
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In fact, we need to show that
(Ro(X,Y,Y), X) <0, VX,Y €g, (14.19)

with equality (if and) only if X and Y are linearly dependent. Notice that, writing X
and Y in components, by linearity we have

n
(Ro(X, Y, ¥), X)= Y X'YIY*X"(Ro(Ei, Ej, Ex). Ep).
i,j.k,h=0

So, we first distinguish three cases of indices in (Ro(E;, E;, Ex), Ep): the index
0 appears twice, it appears exactly once, or it does not appear. Because of the
symmetries of the curvature tensor, the three cases cover all possibilities.

Case 1: Supposei = h = 0and j, k # 0. Then we claim that

(Ro(Ei, Ej, Ex), En) = —w3j.

Indeed, by the formula for the curvature tensor (14.17) in terms of the structural
constants (14.15), we have:

(Ro(E;, Ej, Ex), Ep) = (Ro(Eo, Ej, Et), Eo)

(14171
4

1 :
— 7 (a0 = af(0) + ofo®) (300 — ay(0) + o, (0))

1
= 308, 0) (a,0) = afy(©) + oy ()

(%0 = arfy 0 + o)) (e (0) — xfy(0) + xfy(®))

n 1 .
+ ; [Z (ajfk (0) — o], (0) + o (0)) (oz&,(O) —a0(0) + ago(O))

l .
-7 (agk(O) —a2,(0) + a§0(0)) (a?Z (0) — arfy (0) + (0))

i
~ 5ab; (0) (0 = afy(©) + o, () }

15) 1 j
(1415 ; [ -3 (agk(O) - a'&(O)) (a-(’)[(O) + o (0))

|
—36;(0) (@ + o, ) ]
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n
1
U2V 3wt (wnsf + widf)
=1

[\

o 2ek
= wj(Sj.

Case2: Supposei = 0 and j, k,h # 0. Then, using (14.17), similarly to the
previous case, one calculates:

(Ro(E;, Ej, Ev), Ep) = 0.

Case 3: Suppose i, j, k, h # 0. Then, using (14.17), similarly as in the first case,
one calculates:

(Ro(E;, Ej, Ex), En) = wiw;(=3jk8in + 8ikdjn)-

Using the symmetries of the curvature tensor, we see that in the general case, for
X, Y € g, we have

(Ro(X,Y,Y), X)

n
> X'YYXMRo(Ei Ej. Ex). En)
i,j.k,h=0

n
> Xy YOX"(Ro(Eo. E;. Eo). Ep)
Jj.h=1

n
+ Z Xy Y*X°(Ro(Eo, E;, Ex), Eo)
j.k=1

n
+ Z XYY X" (Ro(E;, Eo, Eo), En)
ih=1

n
+ Z X'Y°Y*X°(Ro(E;, Eo, Ex), Eo)
ik=1

n
+ Y X'YIYYXM(Ro(Ei, Ej, Ev), En)
i,j,k,h=1
n
= Y X yOx"(wisin)
J.h=1

n
+ Y XY xO(—wis)
jk=1
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n
+ 3 XYOYOXM (—w?sin)
i,h=1

n
+ > XY XOwisi)
i,k=1

n
+ > XTYIYEX wiw (=8 iin + 8ikdjn)

i,k h=1
n . N2 n . . n S
=Y u? (XOY/ — YOXJ) Y XD wwy + 3 XYY X wiw,;
j=1 ij=1 ij=1

. N 2
= —w? (X°r7 = YOx7)" — AP IBI? + (A, B,

where

n n

A= wiXiEi and B := w Y/ E;.
J J

i=1 j=1

Notice that — ||All - || B|l + (A, B) < 0, with equality if and only if A and B are
linearly dependent. We conclude that (14.19) holds for all X, Y € g. If equality
holds, i.e., if (Ro(X, Y, Y), X) = 0, then A and B are linearly dependent, and thus
soare (X',..., X" and (Y',..., ¥Y"), because {w; E;}?_, is a basis of V. Up to
exchanging X and Y, we can suppose Y; = rX; for all j, with » € R. Moreover,
we also have (X°Y/ — Y9X7)2 = 0 for every j, that is, (X°r — Y?)2(X7)? = 0.
Therefore, either X and Y are multiples of Eg, or Y = rX: in both cases, they are
linearly dependent. Thus, we obtained (14.18).

Next, we infer that there is €p > 0 such that

Sece(X,Y) <0 Ve €[0,e9] and VX, Y € R x V linearly independent.
(14.20)
Indeed, thanks to (14.18) and the compactness of the Grassmannian of 2-planes in
R xV, we can just show that Sec. (X, Y) — Seco(X, Y) ase — 0, locally uniformly
in X, Y linearly independent. But this is clear from (14.16) and (14.17). O

14.3.2 Self-Similar Lie Groups as Parabolic Visual Boundaries

We now explain how the parabolic boundary of a Heintze group is identified with a
self-similar metric Lie group.
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Let G := N x R be a Heintze group equipped with a left-invariant Riemannian
metric g such that the maximum of the sectional curvature is — 1. Up to replacing
the R4 factor with a one-parameter subgroup orthogonal to Lie(N), we may assume
that N x {1} is orthogonal to {1y} xR. Or, more precisely, we have that 77, N x {0}
is perpendicular to {0} x Rin 7T7,G.

We begin by parametrizing the boundary of G. In the following proposition, we
say that the Lie group Ry acts expansively on a Lie group N if every A € (0, 1)
acts as a contractive automorphism in the sense defined at page 261; see also
Exercises 14.4.9 and 14.4.10.

Proposition 14.3.7 Let G := N xR be a Heintze group, i.e., a semi-direct product
of a Lie group N with the Lie group R, such that R ~ N expansively. Assume
that G is equipped with a left-invariant Riemannian metric such that Sec < —1 and
such that Ty, N x {0} is perpendicular to {0} x R in T\, G. Then there exists . > 0
such that the map

neNr— (teRi> y(t) = (n,e ")) (14.21)

gives a continuous parametrization of the parabolic visual boundary Opyr,, G from
w where (Fig. 14.4)

teR— )= (1y, e "). (14.22)

Proof We consider the projection N x Ry — N x R;/N =~ Ry modulo the
normal subgroup N. Since 77, N x {0} is orthogonal to {0} x R, then this projection
is a submetry; see Corollary 6.3.5. Therefore, every injective curve with support in
{1ny} x R4 is length minimizing between every two of its points. Therefore, the

N xR,

1 1 I
N ¢ é s

In n m

Fig. 14.4 The vertical geodesics in a Heitze group N x R4. Every point n in N is associated
with the geodesic line y, (t) := (n, e7#"), whose hight decreases when time increases. The dotted
horizontal line represents the parabolic visual boundary N, where the visual point is the geodesic
line w(t) := (1y, e *)
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one-parameter subgroup s € R — (ly,¢e*) is length minimizing, and, because
the metric is left-invariant, it is parametrized at a constant speed, possibly different
from 1. We deduce that there exists u € R such that w as defined in (14.22) is an
isometric embedding. By the left-invariance of the distance, we infer that every y;,,
asin (14.21), is a geodesic line.

We denote by A.n the action of A € R, evaluated at n € N. Using the left-
invariance and the group laws of semi-direct products, we express the distance
between points on two such curves y,, and y,,, forn,m € N:

(14.21)

d((

d (Y (1), Ym (1)) ,eH), (m, e7H))

= d(m,e ™) (n, e M), lG)

d (@ .(m™Y), e*y(n, e, 1G)

(5 18)

@
(
Rem567v (
(

d ((".n~ et (n), 12, 16 )
= d((ew.(m*‘n),lR),lc). (14.23)

To explain that every y, is an element in dp,r,, G, we observe that it has the same
origin as w:

dyn@®),0®) = d(ya@). yiy®)
129 4 ((e".(n), 1p), 1)
a0 10) =0, ast - —oc,

We claim that every two curves ¥, and y,, with n,m € N distinct, define two
different points in dpar G, i.€., they are not asymptotic. In fact, we show that

. li? d(yn (), ym(t)) = o0, Yn,m € N,n # m. (14.24)
—+00

Indeed, since m~!n # 1y and Ry ~ N is expansive, then, as r — 400,
then e”.(m~'n) leaves every compact set in N. Consequently, the curve
(" .(m~n), 1p) leaves every compact set in G, and so it diverges. Therefore,
we infer

Ay (@), ym@) "EV d

((ef”.(m*‘n), 1p), 1G) o0, ast— 400
Thus, we proved (14.24).

We next show that the correspondence n € N +— ¥, is surjective. Consider
¥ € Opar.wG. Take n € N and fy € Ry such that y(0) = (n, e) = y,(19). We
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shall show that y = y,. Because both y and y,, have the same origin as w, then
lim;—, o d(y (1), y»(t)) = 0. Therefore, for very large T > 0 the triangle y (0),
y(—T), and y,,(—T) has side lengths that are T, T + #¢ and an infinitesimal length.
Because the metric space G is CAT(—1) and T may be taken arbitrarily large, these
triangles are degenerate, i.e., we have ¥ |(—c0,0] = Vul(—00,0]. Since Riemannian
geodesics do not branch, we conclude y = y,,.

We check that the map in (14.21) is continuous, where on dpyr, G We consider
the topology given by the visual distance from Definition 14.1.4. Namely, we check
that if m — n in N, then dyis(¥m, ¥») — 0. For this purpose, for n, m € N distinct,
let t* € R such that

A,y @) "2V d (7w, 1), 16 ) = 1.

We point out that, as m — n, we have t* — +00. By triangle inequality, we bound

d(Ym (@), Ya(®) < dYm @), Y (") +d Y™, va (™) + d(yu (), ya (1))
=2(t —t*) + 1

and, consequently,

Def. 14.1.4 .
dvis (v, v) 2 exp (—%,ggnoo@r —d(yn(®), ynm)))

< exp(—t*+%>—>0, asm — n.
Thus, the parametrization is continuous—it is actually a homeomorphism, but we
shall motivate this fact later. O

Using the correspondence above, we view dyis as a distance function on N.

Definition 14.3.8 (Induced Hamenstidt Distance Function) Let N x R be a
Heintze group equipped with a left-invariant Riemannian metric such that Sec <
—1. Up to changing the Ry factor, assume that 77, N x {0} is perpendicular to
{0} x R. The induced Hamenstddt distance function on N is the function

d(n,m) = dyis(Yn, Ym)»  Vn,m €N, (14.25)

where y, is the geodesic from (14.21).

Theorem 14.3.9 Given a Heintze group N X R, the induced Hamenstddt distance
function on N is admissible, left-invariant, and self-similar. In fact, the group
homomorphisms

8, (n) == A .m, VA eR,,Vn e N, (14.26)
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are dilations for the distance, where |1 is the normalizing factor from Proposi-
tion 14.3.7.

Proof By (14.23), it is immediate that the visual distance is left-invariant on N. For
s € R, consider the action of ¢/ on N. For n,m € N, the visual distance changes
as a translation in time for the geodesics as follows:

(14.25)

(i(eus n, e .m) dyis(Yers ns Vers.m)

‘=" exp <_ t—leoo (t - %d(ye*”.n (1), Vers.m (0)))

(14.23)

exp (— Jim (1= S @ my e ), 1x), 16)))
= exp (s — lim_(r4s = (@7, 15, 10)))
— cexp (— Jim (1= 3d (@ on~'n). 1z), 1G))>

(123) e’ exp (— lim (l‘/ - %d(l/n(t,)7 Ym (t/)))>

t'—+00

D.14.14
=" e dvis(Vn, Ym)

14.25 A
(429 efdn, m).

Setting A := e so (14.26) gives 8, (n) = e**.n, forn € N, we deduce
d(8,(n), 8,.(m)) = Ad(n, m), Vi eRy,Vn,m e N.

Regarding admissibility, it is a general property of left-invariant metrics on Lie
groups admitting a one-parameter family (§; ), of automorphisms each of which
is a dilation of factor A; see Exercise 14.4.11. However, we already proved in
Proposition 14.3.7 that the parametrization is continuous. Hence, the function d
is continuous with respect to the topology. Consequently, using the dilations, it is
easier to conclude that it induces the manifold topology, recall Exercise 10.5.23. O

We conclude with a summary of this chapter. Every Riemannian homogeneous
negatively curved manifold has a notion of parabolic visual boundary, which has the
structure of a metric Lie group admitting dilations. All Carnot groups appear in this
way, as boundaries of Heintze groups of Carnot type. From the Lie group viewpoint,
metric Lie groups admitting dilations are precisely the nilpotent positively graded
Lie groups, as discussed in Theorem 10.2.1.
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14.4 Exercise

Exercise 14.4.1 Busemann functions associated with geodesic lines are well-
defined (i.e., the limit exists) and are 1-Lipschitz.
Hint. The limit is monotone.

Exercise 14.4.2 In the upper-halfspace model of the hyperbolic plane for every
positive ¢ and D, we have d ((0, e ™), (L% sinh (%) , e")) = D.
Hint. Use Exercise 13.4.12.

Exercise 14.4.3 The visual distance defined as in (14.3) is left-invariant when
000cAH" is identified with A x Im(A) with multiplication law (13.17).
Hint. Either use the left-invariance proved in Theorem 13.3.3 or use formula (14.12).

Exercise 14.4.4 The Cygan-Koranyi distance on A" ~! x 3m(A), given by (14.12),
between the point (0, 0) and a point (£,v) € A"~ x Im(A) is

d((0,0), (5. v)) = I&1* + v (14.27)

This function is called Cygan-Koranyi gauge.

Exercise 14.4.5 For A € {R,C,H} and n € N, equip A1 % Im((A) x R, with
the group product given in Exercise 13.4.22. This Lie group is a Heintze group.

Exercise 14.4.6 Every group G,, with z € C\ iR, from Example 6.4.4 is a Heintze
group.

Exercise 14.4.7 Let g be the 4D Lie algebra with basis Xi,..., X4 and only
nontrivial structural constants, as in (5.2),

3 1 2 3
ch=4, cy=1 cp=1, i3 = 2.

This Lie algebra is isomorphic to the one in Exercise 8.3.11. Consider a Lie group
with such a g as Lie algebra, and on it, consider the left-invariant Riemannian
structure for which X1, ..., X4 form an orthonormal basis. We have the sectional
curvature Sec(X1, X3) = 2.

Hint. Apply (8.8).

Exercise 14.4.8 Let N be a simply connected Lie group whose Lie algebra is
positively graded. Let G be the Lie group obtained by the semi-direct product
R4 x N where Ry acts on N by the dilations induced by the grading. On G, there
is a left-invariant Riemannian metric with negative sectional curvature.

Hint. Adapt the proof of Example 14.3.6.

Exercise 14.4.9 An action Ry ~ N by automorphisms is expansive if and only if
lim;_,gt.n = 1y, foralln € N.
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Exercise 14.4.10 If an action R4 ~ N is given by a derivation A, then the action
is expansive if and only if the eigenvalues of A have strictly positive real parts.
Equivalently, this is exactly when N x4 Ry is a Heintze group.

Exercise 14.4.11 é?; Let G be a Lie group. Let & € (0,00) — §, € Aut(G) be
a one-parameter group of Lie group automorphisms. If there exists a left-invariant
distance d on G with d(8,x, 8, y) = Ad(x, y),forall x, y € G and A > O, then d is
admissible and G is connected.

Hint. Check [LN21, Theorem 1.1].
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Symbols

A-homogeneous distance, 182

E, product of exponentials, 199

Eg’ , generalized eigenspace, 262

G°, identity component, 148

G, model for 2-step group, 213,227,319
G ., model for not-type(R), 179, 186, 241, 455
P}, distinguished polynomials, 209
Py, product of exponentials, 198

8., dilation, 258, 337, 428

y, derivative, 80, 191

y’, derivative back to the origin, 191
Y(&,v) vertical geodesics, 439

AH?, A-hyperbolic 2-space, 412, 417
AH", A-hyperbolic n-space, 427
A™1 A" with (n, 1) Hermitian form, 416
H, Hamilton’s quaternions, 414

I, identity matrix, 131

N, nilpotent matrices, 268

U, unipotent matrices, 268

00, associated Carnot algebra, 260
nil,, upper triangular matrices, 247
Der(g), derivations, 140

Mat,, ., (R), square matrices, 131
Vec(M), vector fields, 75

nil(g), nilradical, 320

rad(g), radical, 323

Fp, evaluation of vector fields, 94
Box, box set, 108, 336

G\X , quotient space, 162

End, endpoint map, 203

GL(n, R), general linear group, 131
Lie(.#), Lie algebra generated, 95
0;, coordinate vector field, 75

Tab, abelianization map, 298
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X, semi-direct product, 141
o-compact, 185

AlFL flag of subbundles, 100
(T M), vector fields, 75
l:g/A), sections, 94

End, extended endpoint map, 206
p-energy, 65

H Q, Hausdorff measure, 67
JIm(§), imaginary part, 413
Re(€), real part, 413

Cyg, see conjugation

Ly, see left translation

Ry, see right translation

exp, see exponential

H, see Heisenberg group
gl(V), 135,256

gl(V)q, 256

gl(n), see gl(n, R)

gl(n, R), 132

ns. 1, 248

Nil(F), 266

Nil,,, 266

Ad, see adjoint representation
GL(n), see GL(n, R)
GLn, R), 155

ad, see adjoint map

Nil,, 269

g, 51,155, 159, 222,242, 290, 293, 320, 323,
324,364,456

A

Abelianization, 298
—map, 298
—norm, 299
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Abelian Lie algebra, 245
Abnormal

— curve, 204, 205, 207

— equation, 205, 211

non-smooth — curve, 225

— polynomials, 209

—set, 205
Absolutely continuous (AC), 80
AC, see Absolutely continuous (AC)
Action, 139

continuous —, 162

effective — (see Faithful)

faithful —, 162

free —, 162
group —, 139
left —, 139

— by left translations, 163
— by right translations, 163
Lie —, 164
Lie group — (see Lie action)
proper —, 162
properly discontinuous —, 162
transitive — (see Transitive action)
Adapted
— frame, 108
— linear grading, 391
Adjoint
—map, ad, 136,230, 233, 236, 237
— representation, Ad, 136,203, 230, 236
Admissible
—curve, 5
— distance function, 172, 453, 456
— path, 95
Ado theorem, 121,252
Affine, 308, 311, 358, 363
Ahlfors regularity, 70
Algebra
Lie — (see Lie algebra)
o -algebra, 66
Analytic
— ODE, 225
— structures on Lie groups, 172
Analytically varying Lie structure, 372
Anisotropic dilation, 258
Anti-commutativity, 118
Anti-involution, 426
Antisymmetric, 230, 233,237
Arens, 163
Ascoli—-Arzela Theorem, 58, 85, 170
Associated Carnot algebra, 260, 385, 407
Associated Carnot group, 384
Associativity law, 117, 162
Assouad dimension, 88
Asymptotic

Index

—cone, 363, 367
— of nilpotent Lie group, 384
— of Riemannian stratified group, 380
— metric, 383
Automorphism
Lie algebra —, 120
Lie group —, 120

B
Baire Category Theorem, 163
Baker-Campbell-Hausdorff formula, 147
Ball-Box Theorem, 109

— for Carnot groups, 336

— for Lie groups, 393

Balls
closed —, 60
open —, 56

Base of a bundle, 78
Basis element induced by a chart, 75
Bellaiche, 391
Berestovskii
— bundle, 220
— characterization, 217, 350
—norm, 220
Bergman metric, 417,421,425
Bi-invariant
— Haar measure, 274
— Riemannian metric, 230, 236
Bi-Lipschitz
— embedding, 66, 348
— equivalent distance, 66, 194
— equivalent function, 66
— homeomorphism, 66
— homogeneous, 221, 228
— map, 66
Birkhoff-Embedding Theorem, 252, 264
Borel
— measure, 67
— o -algebra, 67
Boundedly compact, 60, 107, 169, 185, 194
Bourdon, 436
Box, 108, 336, 393
Bracket, see Lie bracket
Bracket-generating, 5, 95, 191
minimal — polarization, 301
strongly —, 355
Breuillard, 291
Busemann function, 436

C
Canonical coordinate, 274, 335
Carathéodory Theorem, 191, 202
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Carnot
— algebra, 254,264, 326

associated — algebra, 260, 385, 407

associated — group, 384

— basis, 328

— characterization, 349

— dilation, 327, 445

examples of — groups, 329

free — group, 334

— group, 326, 445

— in dimension 4, 330

— morphism, 359

osculating — algebra, 408

osculating — group, 391, 398

— type, 445
Carnot-Carathéodory (CC)

— distance, 32, 96, 193

— metric, 5, 96

— space, 97
Cartan

— criterion, 320, 323

— group, 331,351, 360

— Lie algebra, 329, 331
CAT(—1), 433
Cayley transform, 420
CC, see Carnot-Carathéodory (CC)
CC-bundle structure, 98

varying —, 369
Center

— of group, 160, 265

— of Lie algebra, 160, 250
Change of parametrization, 85
Characterization

— of Carnot groups, 349

— of sub-Finsler metrics, 217
Chow’s condition, 95
Chow Theorem, 97, 104, 197

— for sub-Finsler groups, 223

uniform —, 374
Christoffel symbols, 241
Closed Lie subgroup, 120
Closed subgroup, 129, 148
Cocompact, 402
Commutative Lie algebra, 245
Commutator

— of flows, 77,90

— formula, 148

— of matrices, 132

— subalgebra, 244

— subgroup, 265, 270, 287, 445
Compact group, 237,284,295
Compact-open topology, 168
Comparison triangle, 434
Compatible linear grading, 254
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Complete, 168, 194
Complexification, 262
Conjectures, 350, 356
Conjugation, 118, 136, 159
Connected nilpotent Lie group, 269, 283
Connection, linear —, 231
Contact

— distribution, 26

— form, 26
Continuous action, 162
Continuous homomorphisms, 127, 128
Continuously varying norm, 79, 193
Contracted metrics, 385
Contractive, 261,292
Control, 202
Control distance, 98
Controlled path, 95
Convergence

Gromov-Hausdorff —, 366

— pointwise, 57

—uniform, 57
Coordinate vector field, 75
Corner, 355
Corresponding basis vectors, 75
Coset space, 164, 174
Countably subadditive, 67

Covering
— dimension (see Topological dimension)
— map, 155

Criterion

— for bracket generation, 191

Cartan —, 320, 323

— for GH convervence, 366

— for Lipschitz or submetry, 301
Curvature, 234, 238

condition, 212

Ricci —, 239

sectional —, 234
Curve, 56

horizontal —, 95, 191

length minimizing —, 60

rectifiable —, 56
Cygan-Koranyi

— distance, 443

— gauge, 455

D
Database
— for bases of free Lie algebras, 247
— of topological counterexamples, 60
Decomposition
Levi —, 323
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Degree, 254
— of a vector field, 108
DeKimpe, 272
Derivation, 140, 159, 259
Derivative
—of AC curve, y, 80
—of e!4, 134
— of the inverse of a curve, 150
— of product of curves, 149
Descending central series
— for a group, 265
— for a Lie algebra, 244
Development, 192,212, 304
Diagram
description of the —, 247, 329
Diameter, 56
Dido, 23, 50
Difference quotient, 345
Differentiable structure
uniqueness of — on Lie groups, 128
Differential, 76
— of the endpoint map, 203
—of expat0, 124
— of exponential map, 159
— of the extended endpoint map, 207
Dilated metrics, 392
Dilation, 181, 184, 186, 337
—in Carnot group, 327
— on graded vector space, 258
— on stratified Lie algebra, 258
Dimension
Assouad —, 88
Hausdorff —, 68, 111
homogeneous —, 110
topological —, 166
Discrete kernel, 155
Distance
— between subsets, 56
Carnot-Carathéodory —, 96, 193
— function, 56
length —, 60
path —, 60
sub-Finsler —, 97
sub-Riemannian —, 97
See also Distance function
Distribution, 93
Division algebra, 413
normed —, 413
Doubling
— measure, 88, 186
— metric space, 88, 181, 341,363
Dynkin product, 147,271, 283, 293, 330, 373,
406, 408

Index

E
Effective action, see Faithful action
Egorov Theorem, 340, 363
Embedding
bi-Lipschitz —, 66, 348
isometric —, 66
quasi-isometric —, 66
Endomorphism
Lie algebra —, 120
Lie group —, 120
—s of a vector space, gl(V), 135
Endpoint map, 203
differential of the —, 203
differential of the extended —, 207
extended —, 206
— w.r.t. homomorphisms, 224
Energy
— of a control, 206, 225
—of a curve, 64
— minimizer, 206
Engel
— group, 12,330, 351, 359, 360
— Lie algebra, 329, 330
— structure, 12
— Theorem, 250, 252
Equicontinuity of distances, 393, 394, 400
Equiregular
— distribution, 101, 397
— frame, 108
Equi-uniformly continuous, 58
Euclidean Hurwitz algebra, 413
Examples
— of Carnot groups, 329
— of nilpotent Lie groups, 266
Existence
— of geodesics, 59, 107
— of group homomorphisms, 144
— of subgroups, 120, 144
Expansive action, 451,455
Expansively, 451
Exponential
— coordinates, 108, 275, 335
— of the first kind, 126
— of mixed kind, 126
— of the second kind, 126, 277
— growth, 178
—map of a Lie group, 123, 152
— map on nilpotent matrices, 267, 273
— of a matrix, 132, 135
non-Riemannian —, 155
non-surjective —, 155
smoothness of the — map, 154
Extended endpoint map, 206
differential of the —, 207
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Exterior differential system, 12
Extremal

— curve, 205, 209, 350

— equation, 209, 211

F
Faithful action, 162
Fatou’s lemma, 63
FCC, see Finsler-Carnot-Carathéodory
Fiber
— of a bundle, 78
— space, 75
Field of distributions, 94
Filiform
— algebra of the first kind, 246
— algebra of the second kind, 288, 332
— group, 331
Finite-dimensional normed space, 63
Finitely generated, 400
Finnish motto, 142
Finsler
— distance function, 81
— length, 81
— manifold, 80, 96
— structure, 80
Finsler-Carnot-Carathéodory distance, 97
First-countable, 185
First derivative of the extremal equations, 226
First-order necessary conditions, 205
Flag of subbundles, 101
Flag-preserving transformations, 286
Flag-shifting transformations, 248
Flat of a symmetric space, 411
Flow, 76
—line, 76, 122, 124
—of a vector field, 122, 124
Form
contact —, 26
Hermitian —, 414
Killing —, 308, 320
Frame, 26, 78
Free
—action, 162
— Carnot group, 334
— nilpotent Lie algebra, 247, 286
— nilpotent of step two, 246, 334,356
torsion —, 285
Frobenius’s theorem, 144
Fubini Theorem, 362

G
Generalized eigenspace, 262
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General linear group, GL, 131, 155
Generating
— set, 148, 400
Geodesic, 60, 107, 232,233,237
— line, 306, 363, 435
— metric, 60, 194, 228
—ray, 215,434
— space, 60, 349
sub-Riemannian — equation, 208
Germ of function, 75
Gleason-Yamabe Theorem, 166
Goh
— condition, 209, 226
— Theorem, 209
Golo, N, viii, 361
Graded
— Lie algebra, 254,273
— Lie group, 273
positively —, 254
— vector space, 253
Grading
adapted linear —, 391
compatible linear —, 254
induced —, 256
induced — by a derivation, 259
induced — by an automorphism, 262
—of a Lie algebra, 254

linear —, 253
— of a vector space, 253
Gromov

— polynomial growth theorem, 401, 404
— product, 435, 436
Gromov-Hausdorff convergence, 366
Gronwall Lemma, 223, 369, 371, 388
Group, 117
— actions, 139
Cartan — (see Cartan group)
Engel — (see Engel group)
filiform — (see Filiform group)
general linear —, GL, 131, 155
— generated, 144
Heintze — (see Heintze group)
Heisenberg — (see Heisenberg group)
homogeneous — (see Homogeneous group)
—homomorphism, 120
Lie — (see Lie group)
Lie — action (see Lie action)
metric Lie — (see metric Lie group)
— product, 117
— representation, 136
Growth
exponential —, 178
polynomial —, 9, 178
Grushin plane, 112
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Guivarc’h

— apriori bound, 386

— Lemma, 313

— quasi-norm, 313

— Theorem, 314
Guivarc’h-Jenkins Theorem, 179

H
Haar measure, 178, 186, 338
Hamenstadt

— distance, 435, 453

— function, 436
Hausdorff

— approximating, 366

— content, 67

— dimension, 68, 111

— distance, 89

— measure, 67
Heintze

— group, 445

— Theorem, 445
Heisenberg

— algebra, 31, 246, 288

— group, 3, 28, 186,222, 242,275, 333, 351,

374,377,403

— group over A, 423,428, 442

— homothety, 424, 428

— Lie algebra, 329

n-th — group, 266

£1-sub-Finsler — group, 404

quaternionic — group, 333
Hermitian

first — form, 419

— form, 414

second — form, 419

— transpose, 415
Hilbert’s fifth problem, 166
Holder equivalence, see Weak Ball-Box

Theorem

Homogeneous

— dimension, 110, 326

— for Carnot groups, 338

— distance, 184

— group, 182,445,454

— group homomorphism, 359

— manifold, 164

— measure, 88

— metric group, 182,454

— quasi-norm, 312

isometrically — space, 165, 168
Homomorphism

group —, 120

Lie algebra —, 120

Lie group —, 120
Homothety, 181
Hopf-Rinow Theorem, 61, 107
Horizontal
—bundle, 94, 326
—curve, 5,32,95, 191
— line, 305
— stratum, 326
Hormander’s condition, 95
Horospherical coordinates, 421
Hurwitz Theorem, 413
Hyperbolic
A —space, 412,417,427
boundary at infinity of — space, 441
— cosine, 427
— distance, 412,417,422,427,430
—sine, 427
— space, 417,439
visual distance for — space, 442

|
Ideal, 120, 141
Identity
— component, 148, 171
—element, 117
Jacobi —, 118
—law, 162
— matrix, I, 131
Imaginary part, Im(§), 413
Immersion, 155
Increasing limit, 381
Induced
— grading, 256, 264
— by an automorphism, 262
— by a derivation, 259

Index

— Lie algebra homomorphism, 121, 125,

150

— Lie group homomorphism, 121, 145

Infinitesimal
— generator, 182
— preservation of area, 47
Integral curve, 76
Integration of tangent vectors, 191
Intrinsic
— difference quotient, 345
— dilations, 327
— metric, 60
Inverse limit, 166
Inversion, 117

Isometrically homogeneous, 165, 168, 194,

228,349, 445
— with dilations, 180, 307, 454
Isometric embedding, 66, 363
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Isometry, 66, 172,230, 236, 239, 311, 358 — space, 60, 106
— group, 165,170, 171, 185 — structure, 104
Isomorphism Levi-Civita connection, 232, 233, 237
Lie algebra —, 120 Levi decomposition, 323
Lie group —, 120 Lie
Isoperimetric problem, 23, 45 — action, 164
Isotropy subgroup, 162 — algebra (see Lie algebra)
Iwasawa Theorem, 242 — bracket, 77,90, 118

closed — subgroup, 120
— coset space, 164,217,357

J — derivative, 77

Jacobian determinant, 280 — group (see Lie group)
Jacobi identity, 118 — homogeneous manifold, 164
Jordan form, 286 regular — subgroup, 120, 129

— subalgebra, 120
— subgroup, 120

K Lie algebra, 118
Killing form, 308, 320 — automorphism, 120
Koranyi — endomorphism, 120
— distance, 443 — of general linear group, 134
— gauge, 455 graded —, 254
Kuratowski and Ryll-Nardzewski Theorem, — grading, 254
196 —homomorphism, 120

— isomorphism, 120
—of a Lie group, g, Lie(G), 119

L nilpotent —, 244
Layer, 254 — representation, 250
Lazard, 272 - of RIVF, 153
Lebesgue Differentiation Theorem, 62, 341, solvable —, 320
363 stratifiable —, 254
Left stratified —, 254
—action, 139 Lie group, 118,171, 189
— translation, 118 — action (see Lie action)
Left-invariant — automorphism, 120
— continuously varying norm, 193 — endomorphism, 120
— distribution, 190 graded —, 273
— function on the tangent bundle, 193 —homomorphism, 120
— linear connection, V, 231 — isomorphism, 120
— Riemannian metric, 229, 234, 445 metric —, 172,239, 445, 450
— vector field, 119, 124 — with nilpotent Lie algebra, 270
Legendrian, 27 positively graded —, 273
Leibniz rule, 75, 140 space of — automorphisms, 139
Lemma stratifiable —, 273
Crucial — for Berestovskii construction, 217 stratified —, 273
Guivarc’h —, 313 — structures on tangent bundles of Lie
Length groups, 152
— distance, 60 sub-Finsler —, 193
— minimizer, 60, 206, 306 Lift of curve, 72, 300
— of curve Limit
— in Finsler manifold, 81 increasing — of distances, 381
— in metric space, 56 — of metric spaces, 366
— in sub-Finsler manifold, 96, 104 Linear
— of injective curve, 71 — connection, 231

— of projection, 305 left-invariant —, V, 231
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— grading, 253
adapted —, 391
compatible —, 254
Lipschitz
— constant, 65
— map, 65
— quotients, 73
LIVF, 119
Local
— cross section, 164
— diffeomorphism, 124, 155
— frame, 78
— isometry, 358
— trivialization of a bundle, 78
Locally
— compact, 60, 107, 163, 166, 168, 349
— Lipschitz, 87
Logarithm, 268
Lower central series
— for a group, 265
— for a Lie algebra, 244,289

M
Malcev
— basis, 276
— completion, 402
— coordinates, 277, 335
Manifold
Finsler — (see Finsler manifold)
Riemannian — (see Riemannian manifold)
— structure, 164, 171
sub-Finsler — (see sub-Finsler manifold)
sub-Riemannian — (see sub-Riemannian
manifold)
Martinet distribution, 100
Matrix
exponential of a —, 132, 135
norm of —, 157
Measurable selection theorem, 196
Measure, 67
canonical —s, 338
Haar —, 178
—in nilpotent Lie group, 282, 338
Radon —, 178
Mesh of a partition, 84
Metric
— derivative, 61
geodesic —, 60
— group, 165,172
intrinsic —, 60
— Lie group, 172,239, 445, 450
— measure space, 88
— space, 56

Index

— tensor, 79

See also Distance function
Metrically doubling, 88
Milnor, 238
Minimal bracket-generating polarization, 301
Mitchell Tangent Theorem, 368, 391, 395, 399,

409

Model

— of A-hyperbolic space, 418

— for not-type(R) (see G;)

projective — of hyperbolic space, 417

— for 2-step nilpotent group (see G)
Monotone limit, 381
Montgomery-Zippin Theorem, 166
Morphism, 120

— of vector bundles, 99
Multiplicative

—integral, 192, 304

—norm, 413

N
Net, 66, 87
Nilpotency step, 244
Nilpotent
— group, 265
— Lie algebra, 31, 244
— Lie group, examples of, 266
sub-Finsler — group, 297
— tranformation, 249
Nilpotentization, see Osculating Carnot group
Nilradical, 307, 320
Noncompact type, 411
Nondegenerate form, 415
Non-holonomic Riemannian metric, 97
Nonnegative grading, 291
Non-Riemannian exponential, 155
Non-surjective exponential, 155
Norm
continuously varying —, 79
multiplicative —, 413
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Normal
— curve, 207
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— equation, 208, 210

Normed
— division algebra, 413
— space, 63

(0]

Octonions, 414



Index

One-parameter subgroup, 122, 151, 152,215,
232,233,237,305
— of automorphisms determined by a
derivation, 182
Open subgroup, 148
OPS, see One-parameter subgroup (OPS)
Orbit, 162
—map, 162
Oriented curvature, 212, 226
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— Carnot algebra, 390, 408
— Carnot group, 391, 398
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Pansu

— Asymptotic Theorem, 368, 384, 387,407
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— growth Theorem, 401
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Projective model of hyperbolic space, 417
Proper (metric space), see Boundedly compact
Proper action, 162
Properly discontinuous action, 162
Property A, 166
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Purely real, 445
Push forward vector field, 77
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— distance, 5,97
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—bundle, 75, 152
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— vector, 75
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Tao, 166
Theorem
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Ball-Box —, 109
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Chow —, 104, 197,223, 374
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Hopf-Rinow —, 61, 107

Hurwitz —, 413
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Kuratowski and Ryll-Nardzewski —, 196

Lebesgue Differentiation —, 62, 341, 363
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Montgomery-Zippin —, 166, 350

Pansu Asymptotic —, 368, 384, 387,407

Pansu comparison —, 407

Pansu growth —, 401
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Quotient Manifold —, 164
Rademacher —, 62, 340
Siebert —, 262
Sussmann’s orbit —, 102
weak Ball-Box —, 109, 201
‘Wolf-Bass-Pansu —, 401
Topological
— dimension, 166
— group, 118
Torsion, 285
Totally bounded, 58
Total space of a bundle, 78
Trace, 158
Trajectory, 56,202
Transitive
—action, 162, 163, 166, 168, 171
— isometry group, 170
Translation
left —, 118
right —, 118, 124
Triangle inequality, 56
Trotter product formula, 147
Two-step nilpotent Lie group, 213, 246
Type (R), 179, 324

U
Uniform Chow’s theorem, 374
Unipotent

— tranformation, 249

upper-triangular — matrix, 266
Uniqueness

— of Lie structure, 128

— of stratification, 255
Upper central series

—of a group, 265

—of a Lie algebra, 286
Upper-triangular matrix, 266

\'%
Variation, 45
— of length, 45
Varying
analytically — Lie structure, 372
— CC-bundle structure, 369
Vector bundle, 78
Vector field, 75
left-invariant —, 124
right-invariant —, 124
Vector space
graded —, 253
normed —, 63
Visual
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