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Preface

As we reflect on the inaugural year of ADIA Lab, it is with great pride that we present this
compilation of papers, which collectively showcase the significant strides we have made in
the realms of computational finance, digital economy, advanced computational methods,
and trustworthy artificial intelligence (AI). ADIA Lab was established with the ambitious
vision of harnessing cutting-edge research to address some of the most pressing challenges
of our time. This collection serves as a testament to our commitment to innovation, collab-
oration, and the pursuit of excellence in these critical fields.

In this first year, ADIA Lab has rapidly evolved into a hub of intellectual rigor and
practical impact, bringing together a diverse group of researchers and thought leaders from
around the world. The papers in this volume are a reflection of the depth and breadth of
the work undertaken by our teams, and they underscore the lab’s dedication to pushing the
boundaries of knowledge and technology.

Section 1: Computational Finance highlights our contributions to the financial sector,
where the application of advanced mathematical models and algorithms has led to new
insights and tools for asset allocation, portfolio management, and risk mitigation. The work
on geometric approaches to asset allocation, as well as comparisons between traditional
and novel optimization techniques, exemplifies our focus on providing robust and practical
solutions for financial professionals. These advancements are not just theoretical; they are
designed with the real-world needs of investors and financial institutions in mind, ensuring
that our research is both innovative and applicable.

Section 2: Digital Economy reflects our recognition of the transformative power of
digital technologies and the critical need for robust, interoperable systems in the rapidly
evolving global economy. The studies presented here explore the intersections of artificial
intelligence, quantum computing, and blockchain, offering insights into the challenges and
opportunities these technologies present. Through this work, ADIA Lab is contributing to
the development of a more secure, efficient, and inclusive digital economy, aligning with
global trends and addressing emerging needs in this space.

Section 3: Advanced Computational Methods showcases our efforts to pioneer
new computational techniques that have far-reaching implications across various scientific
domains. Whether through quantum-safe encryption methods, the integration of machine
learning with causal inference, or the development of specialized supercomputers for
climate science, the research in this section highlights the innovative approaches ADIA Lab
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is taking to solve complex problems. These contributions are paving the way for advance-
ments that will impact industries and societies worldwide.

Section 4: Trustworthy Artificial Intelligence emphasizes the critical importance of
developing artificial intelligence systems that are ethical, reliable, and transparent. This
section delves into the frameworks and methodologies that ensure Al systems foster trust
among users, regulators, and society at large. Topics include ethical and legal challenges,
causal regularization to improve A/B testing, and methods to enhance the explainability of
Al in high-stakes applications such as finance and healthcare. By addressing these chal-
lenges, ADIA Lab’s research underscores the necessity of aligning Al technologies with
societal values, creating a foundation for innovation that is not only impactful but also
responsible.

As we move forward, the work presented in this publication lays a strong foundation
for the future of ADIA Lab. It demonstrates our ability to foster cross-disciplinary collab-
orations, to bridge the gap between theory and practice, and to make meaningful contribu-
tions to both academia and industry. The first year of ADIA Lab has been marked by rapid
growth and significant achievements, and we are excited about the future as we continue to
build on this momentum.

We extend our deepest gratitude to ADIA for its visionary support, which has been
instrumental in establishing ADIA Lab as a leading research institution. Without ADIA’s
foresight and commitment to fostering innovation, the accomplishments we celebrate today
would not have been possible. We also wish to thank the ADIA Lab Scientific Advisory
Board for its invaluable guidance and expertise, which has shaped our research direction
and ensured the highest standards of excellence. Our heartfelt thanks go to the ADIA Lab
Operations Board for providing the day-to-day support that has been crucial in turning our
ambitious ideas into reality. Their dedication and hard work have enabled us to focus on
our mission and achieve these remarkable milestones.

Additionally, our partnership with Spain has been particularly beneficial, resulting in
several of the papers included in this volume. The collaboration and support of our col-
leagues in Spain have been invaluable, and we extend our sincere thanks to them for their
contributions. This partnership exemplifies the spirit of international cooperation that is at
the heart of ADIA Lab’s mission, and we look forward to continuing and expanding these
collaborations in the years to come.

As we look ahead, we are confident that the work initiated here will continue to drive
innovation and create lasting impact, both within ADIA Lab and beyond.

Horst Simon
Director, ADIA Lab
August 2024
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Introduction

Section 1: Computational Finance

Financial markets and investment strategies have become increasingly sophisticated, driven
by advancements in financial engineering and risk management techniques. In this section,
we explore innovative approaches to asset allocation, portfolio management, and risk mit-
igation. The introduction of geometric methods to incorporate investor views into asset
allocation marks a significant departure from traditional models, offering more flexible and
accurate ways to manage investments. Additionally, the comparison of different portfolio
optimization techniques, such as Markowitz and hierarchical risk parity (HRP), sheds light
on how these models perform in varying market conditions. Furthermore, the development
of advanced methodologies for managing liquidation and market risks provides critical
insights for financial professionals navigating high-stress environments. This section pro-
vides a comprehensive overview of modern financial engineering practices aimed at opti-
mizing portfolio performance and mitigating risks.

Authors and Titles:

1. A Geometric Approach to Asset Allocation with Investor Views
Authors: Alexandre V. Antonov, Koushik Balasubramanian, Alexander Lipton, Marcos
Lopez de Prado

2. Static Liquidation and Risk Management
Authors: Alvaro F. Macias, Jorge P. Zubelli

3. Overcoming Markowitz’s Instability with the Help of the Hierarchical Risk Parity
(HRP): Theoretical Evidence
Authors: Alexandre Antonov, Alexander Lipton, Marcos Lopez de Prado

4. A Statistical Learning Approach to Local Volatility Calibration and Option
Pricing
Authors: Vinicius V. L. Albani, Leonardo Sarmanho, Jorge P. Zubelli
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Section 2: Digital Economy

The rapid evolution of digital technologies has dramatically reshaped the global economy,
leading to what is now known as the digital economy. This transformation is characterized
by the widespread adoption of advanced technologies such as artificial intelligence (AI),
quantum computing, and blockchain. As these technologies become more ingrained in var-
ious sectors, they bring both significant opportunities and complex challenges. One of the
critical areas of focus in this section is the interoperability of decentralized networks, par-
ticularly in tokenized asset ecosystems. Ensuring that these systems can seamlessly interact
while maintaining security and regulatory compliance is vital for the sustainable growth of
the digital economy. This section explores the transformative impact of these technologies,
the challenges of interoperability, and the role of quantum computing and generative Al in
shaping the future of digital economies.

Authors and Titles:

1. Challenges of Artificial Intelligence and Quantum Potential in the Digital
Economy: A Literature Review
Authors: Laura Sanz Martin, Javier Parra Dominguez, Guillermo Rivas, Alexander
Lipton, Juan Manuel Corchado

2. Exploring the Digital Economy: Current Research Trends, Challenges,
and Opportunities
Authors: Manuel J. Cobo, Nadia Karina Gamboa-Rosales, José Ricardo Lopez-
Robles, Enrique Herrera-Viedma

3. Interoperability Challenges in Tokenized Asset Networks
Authors: Thomas Hardjono, Alexander Lipton, Alex Pentland

Section 3: Advanced Computational Methods

The intersection of advanced computational methods and applied sciences has led to sig-
nificant breakthroughs in fields ranging from finance to climate science. This section
delves into the application of cutting-edge computational techniques such as quantum com-
puting, machine learning, and stochastic processes. The use of parameterized quantum
circuits for encryption highlights the growing importance of quantum-safe methods in
securing communications. Meanwhile, integrating machine learning with causal inference
represents a novel approach to understanding complex datasets, particularly in financial
contexts. Hyperparameter optimization in machine learning is also explored, emphasizing
the need for robust data-driven approaches in model development. Additionally, the compu-
tational demands of climate modeling underscore the need for specialized supercomputers
to enhance the accuracy of high-resolution simulations. Finally, the application of geomet-
ric approaches in stochastic processes demonstrates the versatility of these methods in tack-
ling challenges across various scientific domains. This section provides a glimpse into the
future of computational science and its potential to drive innovation across multiple fields.
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Authors and Titles:

1. Symmetric Encryption on a Quantum Computer
Authors: David Garvin, Oleksiy Kondratyev, Alexander Lipton, Marco Paini

2. Performance-Driven Dimensionality Reduction: A Data-Centric Approach to
Feature Engineering in Machine Learning
Authors: Joshua Chung, Marcos Lopez de Prado, Horst D. Simon, Kesheng Wu

3. Toward Specialized Supercomputers for Climate Sciences: Computational
Requirements of the Icosahedral Nonhydrostatic Weather and Climate Model
Authors: Torsten Hoefler, Alexandru Calotoiu, Anurag Dipankar, Thomas Schulthess,
Xavier Lapillonne, Oliver Fuhrer

4. Dimension Walks on Generalized Spaces
Authors: Ana Paula Peron, Emilio Porcu

Section 4: Trustworthy Artificial Intelligence

Trustworthy artificial intelligence (TAI) ensures that Al systems are reliable, ethical, and
transparent. The first paper explores the ethical, legal, and technical aspects of TAI, empha-
sizing the need for transparency and accountability to foster trust in Al systems. The second
paper introduces causal regularization as a method to improve the reliability of Al-driven
trading systems by reducing bias in A/B testing, thus enhancing explainability and decision-
making. The third paper focuses on using causal modeling to increase the explainability
of large language models, making them more interpretable and trustworthy, particularly in
high-stakes applications. Together, these works highlight the importance of TAI in building
Al systems that are transparent, reliable, and aligned with societal values.

Authors and Titles:

1. Trustworthy Artificial Intelligence: Nature, Requirements, Regulation, and
Emerging Discussions
Authors: Francisco Herrera, Andres Hererra, Javier Del Ser, Enrique Herrera-
Viedma, Marcos Lopez de Prado

2. Getting More for Less: Better A/B Testing via Causal Regularization
Authors: Nicholas Webster, Kevin Westray

3. Toward Automating Causal Discovery in Financial Markets and Beyond
Authors: Alik Sokolov, Fabrizzio Sabelli, Behzad Azadie Faraz, Wuding Li, Luis Seco

Section 1: Computational Finance

Marcos Lopez de Prado

Advisory Board at ADIA Lab

Global Head—Quantitative R&D at ADIA
Professor of Practice at Cornell University

Mathematical finance is the field of applied mathematics dedicated to the study of finan-
cial problems. It concerns itself with two main questions: investing and valuation. Both,
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investing and valuation, are important activities for the correct functioning of modern soci-
eties. Incorrect investing and valuation decisions result in suboptimal decision-making and
policy designs, which can have a dramatic social impact, as evidenced by the 2008 Great
Financial Crisis.

The central problem of investing consists in the optimal assignment of scarce resources
in exchange for a contingent future gain. Investing is therefore an intrinsically specula-
tive activity whereby investors make economic decisions under uncertainty. For centuries,
investors made subjective investment decisions with the help of heuristics, such as so-
called technical analysis or fundamental investing. In the second half of the 20th century,
academics developed rigorous mathematical frameworks to model investment uncertainty.
Mathematics provides the objectivity needed to make sophisticated and coherent data-
driven decisions that can be improved over time. This section contains two prime examples
of mathematical finance applied to investing.

Overcoming Markowitz’s Instability with the Help of the Hierarchical Risk Par-
ity (HRP): Theoretical Evidence, written by Antonov, Lipton, and Lopez de Prado, com-
pares the classical Markowitz portfolio optimization method with the HRP approach, high-
lighting the limitations of Markowitz’s method, which is highly sensitive to estimation
errors in the covariance matrix, particularly as the size of the investment universe increases.
The HRP approach, developed as a more robust alternative, is shown to reduce noise in
portfolio allocation weights and provides more stable, less risky portfolios, particularly in
out-of-sample scenarios. The authors derive analytical formulas to demonstrate HRP’s
superiority over the Markowitz method in minimizing portfolio variance and confirm these
findings through extensive numerical experiments. The study also offers practical applica-
tions, including methods for fast estimation of optimization weights’ confidence levels and
criteria for constructing HRP portfolios that minimize analytical variance.

A Geometric Approach to Asset Allocation with Investor Views, written by
Antonov, Balasubramanian, Lipton, and Lopez de Prado, introduces a geometric approach
to asset allocation that incorporates investor views by utilizing the concept of the gener-
alized Wasserstein barycenter (GWB). The proposed method improves upon the conven-
tional Black-Litterman model by offering investors more flexibility in specifying their
confidence in their views, allowing for a smoother interpolation between prior distribu-
tions and updated views. This approach not only provides more accurate updates to asset
drifts and covariances but also rewards investors for making correct decisions. The authors
present both empirical and theoretical justifications, demonstrating that the geometric
method can yield more intuitive and reliable portfolio allocations compared to traditional
methods.

Conversely, the central problem of valuation consists in estimating the intrinsic price of
an investment as a function of its features or characteristics. For example, a company’s share
may be priced as a function of the discounted future cash flows. In the case of derivative
products, their price can be derived as a function of their contingent payoffs, weighted by
their respective probabilities. For the past fifty years, derivatives pricing has been a highly
stylized mathematical problem, which has allowed investment firms to hedge and transfer
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unwanted risks. This section contains two prime examples of mathematical finance applied
to valuation.

A Statistical Learning Approach to Local Volatility Calibration and Option Pric-
ing, written by Albani, Sarmanho, and Zubelli, provides an in-depth analysis of a statistical
learning approach to local volatility calibration and option pricing, focusing on European
options. The study introduces a novel technique that combines Bayes’ theorem with maxi-
mum entropy densities (MED) to enhance the calibration of local volatility models without
relying on traditional methods like partial differential equations (PDEs) or Monte Carlo
simulations. This approach offers computational efficiency and accuracy in pricing options,
which is demonstrated through both synthetic and real-world data, such as SPX option data.
The method is particularly useful for its applicability in pricing path-independent deriva-
tives and for providing a streamlined, robust alternative to more complex calibration tech-
niques.

Static Liquidation and Risk Management, written by Macias and Zubelli, presents
a comprehensive approach to managing risk in portfolio liquidation scenarios, particularly
in high-stress financial environments. The authors introduce a methodology that improves
upon traditional models like variance and Conditional Value at Risk (CVaR) by incorporat-
ing a more robust framework for minimizing losses due to market and liquidity risks. This
approach emphasizes the importance of evaluating the entire portfolio when calculating
margins for collateral and aims to enhance stability and security in financial transactions.
The study is particularly relevant for risk management professionals working with central
counterparties and clearing houses, offering insights into optimizing liquidation strategies
while addressing intraday price fluctuations and execution price impacts.

The above four papers propose advanced solutions to some of the most fundamental
problems faced by investors. They demonstrate the power of mathematics to inform rational
and coherent investment decisions and to help governments design better policies.

Section 2: Digital Economy

Alexander Lipton

Advisory Board at ADIA Lab

Global Head—Quantitative R&D at ADIA
Connection Science and Engineering Fellow at MIT

This section contains three chapters covering various topics pertinent to developing this
rapidly evolving scientific discipline.

The digital economy is not just a collection of economic activities but a transforma-
tive force that results from the billions of online connections among people, businesses,
devices, data, and processes. It significantly impacts numerous industries and economic
activities, including e-commerce, digital finance, online services, and content creation. The
digital economy both relies on and inspires cutting-edge technologies, including artificial
intelligence (AI), blockchain, and the Internet of Things (IoT).
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The digital economy is highly relevant to society’s future because it transforms how
businesses operate, how consumers interact with products and services, how economies
grow, and how they compete globally. It drives innovation, increases efficiency, and opens
up new markets and opportunities for economic participation. However, it also presents
challenges such as the digital divide, cybersecurity threats, and shifts in the labor mar-
ket, making it essential for businesses, governments, and societies to adapt and harness its
potential for a more inclusive and sustainable future.

Let us briefly summarize the papers dedicated to the digital economy, which, taken
together, cover a lot of ground. In “Challenges of Artificial Intelligence and Quantum
Potential in the Digital Economy: A Literature Review,” Sanz Martin et al. explore the
transformative impact of cutting-edge technologies, particularly quantum computing and
generative Al, on organizations and the digital economy. They systematically reviewed
44 articles using the PRISMA methodology, which provides insights into these technolo-
gies’ fundamentals, applications, and technical requirements. The authors make the follow-
ing observations. Al and quantum technologies are significantly impacting economic and
business practices, especially in data analytics for business and finance. Notable applica-
tions of these technologies impact various sectors, including mobile networks, education,
medicine, cybersecurity, and astronomy. However, numerous ethical and legal issues, par-
ticularly concerning human—AlI relationships, still exist and must be addressed. Generative
Al is crucial in enhancing educational methods, particularly in higher education and pro-
fessional training, with expectations for innovative content generation and potential meta-
verse integration. Yet, the increasing use of large language models like generative Al in
research processes raises concerns about the scientific community’s perception and the
value of researchers’ contributions. Overall, the study emphasizes these emerging technolo-
gies’ profound and wide-reaching effects on society and the economy while highlighting
the need to address challenges and ethical considerations.

In “Exploring the Digital Economy: Current Research Trends, Challenges, and
Opportunities,” Cobo et al. claim that the global economy is undergoing a significant
transformation driven by technological advancements, demographic shifts, and chang-
ing consumer behaviors. The digital economy, spanning various industries, including
e-commerce, digital finance, online services, and content creation, is at the forefront of this
transformation because it accelerates the exchange of information and integrates new and
emerging technologies, including blockchain, Al, and the IoT.

The authors make several key observations. Digitization reshapes traditional busi-
ness models, disrupts established industries, and offers challenges and opportunities.
E-commerce revolutionizes consumer shopping, but the digital divide remains a challenge,
exacerbating inequalities. Automation, Al, and the gig economy transform the labor mar-
ket, raising concerns about job displacement and income inequality.

Addressing the above problems requires urgent education reimagining, enhancing
social safety nets, and fostering collaboration. Cybersecurity and data privacy become
critical issues as reliance on digital technologies grows, since protecting information and
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ensuring digital infrastructure security is vital for maintaining trust in the digital econ-
omy. Despite challenges, the digital economy offers opportunities for businesses to inno-
vate and expand globally. Blockchain and Al enable secure transactions, automate tasks,
and provide insights, while digital platforms connect businesses to global markets. The
metaverse concept is gaining prominence, presenting new opportunities for businesses to
create and monetize digital experiences. Ongoing research and analysis are needed to fully
harness the digital economy’s potential. The study uses bibliometric analysis to explore
key research topics in the digital economy, identifying gaps and opportunities for future
innovation.

In “Interoperability Challenges in Tokenized Asset Networks,” Hardjono et al.
explain the need for interoperability to tokenize physical assets successfully. The tokenized
asset industry received a significant boost with the approval of the EU Markets in Crypto-
Assets Regulation (MiCA) in mid-2023. MiCA aims to establish a robust regulatory frame-
work for asset-referenced tokens (ARTSs), designed to maintain stable value by referencing
another asset, unlike electronic money tokens (EMTs). While the regulation is a positive
step forward, numerous challenges remain, particularly in ensuring interoperability across
the various systems and networks that make up the token ecosystem.

Three critical requirements for the success of the new token ecosystem are highlighted:
The system has to be interoperable since users must be able to legally own, trade, and
transfer their tokenized assets across different blockchain networks without compromis-
ing the stability and integrity of the tokens. There must be a balance between user pri-
vacy and the need for verifiable digital identities to ensure accountability across decen-
tralized asset networks and that the system is audible. Anonymity should be limited to
prevent economic and legal issues. The origins of asset-referenced tokens must be trace-
able from the dematerialization of real-world assets to their on-chain tokenization. This
requirement necessitates clear definitions of which assets can be tokenized and the devel-
opment of tools and infrastructure that integrate seamlessly with existing financial industry
systems.

The authors explore these challenges in detail and contribute to a roadmap for the dig-
ital assets industry to address them. By minimizing technical jargon, they keep the discus-
sion accessible.

Section 3: Advanced Computational Methods

Horst Simon, ADIA Lab, Abu Dhabi

The paper titled “Symmetric Encryption on a Quantum Computer” by David Garvin,
Oleksiy Kondratyev, Alexander Lipton, and Marco Paini proposes a novel symmetric
encryption algorithm that leverages the power of parameterized quantum circuits (PQC).
The algorithm is designed to ensure secure communication between trusted parties by uti-
lizing quantum circuits that create entangled quantum states. These states, when measured
using Pauli operators, generate expectation values that can be used to encode and decode
messages securely. The approach addresses potential vulnerabilities posed by quantum
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attacks on classical encryption systems like RSA, offering a quantum-safe alternative. The
document provides a detailed example of how the algorithm can be implemented and dis-
cusses the benefits of using adjustable quantum gates and randomized bitstring mappings
to enhance security.

The report by Wu et al. discusses the lessons learned from hyperparameter optimiza-
tion (HPO) in machine learning, particularly focusing on data-driven dimensionality reduc-
tion. It highlights the importance of understanding the data, selecting appropriate objective
functions, and using robust parallelization strategies to optimize model performance. The
authors emphasize that HPO success depends not only on the algorithms used but also on
the careful selection of hyperparameters that align with the specific context and goals of
the analysis. The document provides practical insights and recommendations for effectively
implementing HPO, particularly in complex scenarios like dimensionality reduction, where
the relationship between hyperparameters and model quality can be intricate and challeng-
ing to navigate.

The document titled “Toward Specialized Supercomputers for Climate Sciences:
Computational Requirements of the Icosahedral Nonhydrostatic Weather and
Climate Model” by Torsten Hoefler et al. discusses the computational demands of the
ICON climate model, which is crucial for improving high-resolution climate predictions.
The authors analyze the performance of this complex model, which requires significant
computational power, particularly for high-resolution simulations necessary to capture
detailed atmospheric phenomena like cloud formation. The study emphasizes the need for
future supercomputers to achieve these high resolutions, requiring three to four orders of
magnitude greater performance than currently available. The research also explores poten-
tial optimizations and the integration of machine learning to enhance the accuracy and speed
of climate simulations, highlighting the challenges and opportunities in designing special-
ized computing systems for climate science.

The paper titled “Dimension Walks on Generalized Spaces” by Ana Paula Peron and
Emilio Porcu explores the mathematical foundations for stochastic processes defined over
generalized spaces, which are Cartesian products of Euclidean spaces and spheres of various
dimensions. The authors introduce and rigorously define operators called “Monteé” and
“Descente,” which facilitate walks through different dimensions while maintaining positive
definiteness in the associated functions. These concepts are essential for modeling complex
processes in fields such as climate science, finance, and spatial statistics, where data can
have both spatial and temporal dependencies. The paper’s contributions provide significant
theoretical tools that can be applied to a broad range of applied sciences.

Section 4: Trustworthy Al

Prof. Enrique Herrera Viedma
Vice-Rector for Research and Knowledge Transfer
University of Granada
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Artificial Intelligence (AI) holds the promise of performing tasks that until now were
reserved for skilled workers. In some cases, Al may enable the full or partial automation
of some of these tasks, while in other cases Al may act as an advisor to a human who ulti-
mately makes a decision. Both the automation and advisory use cases give rise to legal
and ethical questions. Who is responsible for the mistakes made by the algorithm? Every
activity that requires skill poses the risk of making mistakes; however, what mistakes are
acceptable under the intrinsic risks posed by the activity in question? Put differently, what
makes an Al trustworthy, in the sense that its field deployment is not considered reckless?

Trustworthy Artificial Intelligence: Nature, Requirements, Regulation, and
Emerging Discussions, written by Herrera, Herrera, Del Ser, Herrera-Viedma, and Lopez
de Prado, discusses the framework and critical goal of developing and deploying reliable
and ethical Al systems, which are essential for user confidence, societal acceptance, and
responsible use. The authors explore Trustworthy Artificial Intelligence (TAI) from three
perspectives: its importance, the requirements and characteristics proposed by the High-
Level Expert Group on Artificial Intelligence and the American National Institute of Stan-
dards and Technology, and the role of TAI in Al regulation and governance discussions.
They also highlight contributions that offer interesting reflections from theory to practice,
aiming to provide a holistic vision of TAIL

A key aspect that makes an algorithm trustworthy is explainability. Roughly speaking,
explainability comes in two forms: weak and strong. An Al algorithm is weakly explain-
able when we understand its output values in terms of the input values provided, even if the
underlying function that transformed the inputs into outputs remains unknown. For exam-
ple, an algorithm may use a radiological exam to predict whether a patient will develop a
medical condition, albeit we do not know exactly what causes the condition to appear. Still,
it may be possible to explain what features of the radiological exam are associated with a
certain diagnosis. For instance, the algorithm may rely on a symptom or a highly correlated
condition to predict another. This information, while useful in the sense that diagnostics are
not entirely opaque, may not suffice to develop a treatment. In contrast, an Al algorithm
is strongly explainable when the algorithm discovers or explicitly uses the causal struc-
ture that produced the data. Under strong explainability, it is possible to establish why the
algorithm works, answer counterfactual questions, and extrapolate potential outcomes. In
recent years, strong explainability has attracted the attention of researchers towards causal
Al, that is, the application of Al to the discovery and exploit causal mechanisms.

Getting More for Less: Better A/B Testing via Causal Regularization, written by
Webster and Westray, applies causal regularization to solving several practical problems
in live trading applications, namely estimating price impact when alpha is unknown and
estimating alpha when price impact is unknown. They show how causal regularization can
increase the value of small A/B tests by drawing more robust conclusions from smaller
live trading experiments than traditional econometric methods. Requiring less A/B test
data, trading teams can run more live trading experiments and improve the performance of
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more trading algorithms. Using a realistic order simulator, the authors quantify these ben-
efits for a canonical A/B trading experiment. This paper was awarded the First Prize at the
ADIA Lab Competition on Causal Inference Applied to Investing.

Toward Automating Causal Discovery in Financial Markets and Beyond, written
by Sokolov, Sabelli, Faraz, Li, and Seco, introduces a novel machine learning framework
for causal discovery based on recent advances in large language models (LLMs), and dis-
cusses the applications of these causal discovery techniques to investment management.
Unlike typical data-driven methods for data discovery, the framework using the implicit
“world knowledge” in state-of-the-art LLMs to automate the expert judgment approach to
causal discovery. A key application that is explored in detail is end-to-end causal factor
analysis, where the authors demonstrate the utility of our method in specifying and ana-
lyzing detailed causal models for financial markets. This paper also conducts a compara-
tive analysis, juxtaposing the new approach with conventional methods, to underscore the
enhanced capability of the framework in revealing intricate causal dynamics in financial
data.
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Herein, a geometric approach that incorporates investor views into portfolio construction is
presented. In particular, the proposed approach utilizes the notion of generalized Wasser-
stein barycenter (GWB) to combine statistical information regarding asset returns with
investor views to obtain an updated estimate of asset drifts and covariance as inputs to
a mean—variance optimizer. Quantitative comparisons of the proposed geometric approach
with the conventional Black-Litterman (BL) model (and a closely related variant) are
presented. The proposed geometric approach provides investors with more flexibility in
specifying their confidence in their views than conventional BL model-based approaches.
Additionally, the geometric approach rewards investors more for making correct decisions than
conventional BL model-based approaches. We provide empirical and theoretical justifications
for our claim.

1.1. Introduction

The Black—Litterman (BL) asset allocation model uses a Bayesian approach to analyze the
expected returns of an asset based on a prior along with investor-specific views [1]. Despite
the extensive research conducted to date on this topic [2-10], the BL model continues to
be an area of great interest. In this study, we present a geometric approach for incorporat-
ing investor views, rather than the conventional Bayesian approach used in the traditional
BL model, and provide a means to incorporate the conviction levels of views. Before we
proceed to a formal introduction of the geometric approach, we will discuss the need for an
alternative approach for incorporating views.

This is an open access book chapter co-published by World Scientific Publishing and ADIA Lab RSC Limited.
It is distributed under the terms of the Creative Commons Attribution-Non Commercial 4.0 (CC BY-NC) License.
https://creativecommons.org/licenses/by-nc/4.0/
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To understand the need for an alternative approach, it is essential to recognize that an
investor’s personal confidence and the precision of their views are independent. Investors
who wish to incorporate their views must provide expectations regarding asset returns,
along with “error-bars” (or technically, “confidence” intervals) for their views. In fact,
investors must provide complete information regarding the views distribution if views are
non-Gaussian. The “confidence” intervals do not represent an investor’s personal confi-
dence. An investor can choose to use “confidence” intervals as a measure of personal
confidence but may also choose to use other metrics (can be subjective) to specify their per-
sonal confidence. We provide a concrete example to highlight this remark— if an investor
believes that the methodology used to determine the views is not technically reliable, the
investor will have no confidence in the views irrespective of their precision (or “error-bars”).
For instance, an investor will have no confidence in a set of views if they discover that the
views were determined using look-ahead bias or corrupt data irrespective of the precision
of those views.

Though extreme, this example demonstrates that the investor confidence and precision
of the views are independent. To provide a less-extreme example, let us consider an investor
who uses proprietary signals to generate views systematically and generate views based
on analysts estimates. Let us assume that the investor chooses to use only the proprietary
model to determine the views on expected returns. The precision (inverse covariance) of
views can be derived from historical predictions generated by the proprietary model. The
investor’s confidence in the proprietary model-based views can be determined from the
fraction of the observation period in which the proprietary model outperformed the model
based on analysts’ estimates. In this example, it is again clear that the investor’s confidence
is unrelated to the precision of the views.

The conventional BL model incorporates the precision of views into the allocation pro-
cess while not incorporating the investor’s subjective confidence. This claim will be demon-
strated with the help of a gedankenexperiment in Section 1.2.3. For now, we will present
some heuristic arguments to support this claim. An investor wishing to incorporate their
views should have the flexibility to specify any degree of confidence for a given views dis-
tribution.? That is, if an investor has 100% confidence in their views, then it is desirable to
have the posterior or updated distribution match with the views distribution; furthermore, if
they have 0% confidence, then the desired update should match with the prior. For degrees
of confidence strictly between 0% and 100%, then it is desirable to have the updated distri-
bution smoothly interpolate between the prior and views. Figure 1.1 shows the “evolution”
of the desired posterior distribution as a function of the degree of confidence, for a hypo-
thetical example where the prior and views distributions are Gaussian distributions on R?.
In the conventional BL approach, if the prior and views distribution are specified, then the
prior and likelihood function for the Bayesian update rule are known, and the posterior is
computed from the product of these two functions obtained from the views (see, e.g., Ref.

*We refrain from using the term confidence level here as this can be misinterpreted as the statistical confidence
interval associated the views. The degree of confidence is the investor’s subjective confidence on their views.
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Felor and Views Distribution Confidence = 0% Confidence = 33%

(A) (B) ©

Confidence = 5% Confiderce = 675 Confidence = 100%

(D) (E) (F)
Fig. 1.1 (a) Shows a contour plot of hypothetical prior and views distributions. In this
hypothetical example, we assume there are only two assets and two views on assets.
We also assume that the distributions are normal as in the Black-Litterman model.
(b)—(f) Desired updated distribution for different levels of investors’ “confidence.” When an
investor is 100% confident of their views, then it is desirable to have an updated distribution

match with views distribution and when the confidence in the views is 0%, then it is
desirable to have an updated distribution match with the prior.

[6]). Hence, it is not possible to tune the investor’s confidence in the conventional BL frame-
work as it does not even appear in the update rule. From the earlier discussion, because the
precision of the views and investor confidence are independent, it is clear that tweaking the
parameters that change the precision of the views is not equivalent to tuning the investor’s
confidence. Hence, it seems that an alternate approach is needed for incorporating the sub-
jective confidence of an investor into the allocation model.

At first sight, a mathematical model that incorporates subjective confidence into an
allocation model may seem infeasible. In this paper, we describe a rigorous geometric
approach that incorporates the subjective confidence of an investor. As observed earlier in
the hypothetical example, confidence is a parameter that allows us to smoothly interpolate
between the prior and views distribution. Interpolating between probability distributions is
a well-studied topic in the optimal transport theory. The optimal transport theory is a field
of study that combines ideas from geometry and measure theory. In this paper, we propose
an approach for incorporating investor’s views by using the notion of generalized Wasser-
stein barycenter (GWB) introduced in Ref. [11]. In particular, we show that the GWB of the
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prior and views distribution satisfies the desired properties of a posterior discussed earlier.
We derive a closed form expression for the GWB of the prior and views distribution, which
is a generalization of the McCann interpolant [12]. This generalization is the primary result
of our paper.

The rest of this article is organized as follows: In Section 1.2, we present a review of the
original BL model and a closely related variant proposed by Meucci [4]. We notice that our
alternative geometric approach based on a previous proposal in Ref. [4] has properties that
are intuitive to an investor. Hence, it is worthwhile to review the proposal presented in Ref.
[4] along with the original BL model. In Section 1.2.3, we present a gedankenexperiment to
demonstrate that conventional BL models cannot interpolate between the prior and views
distribution. In Section 1.3, we explain the utilization of GWB in our geometric approach.
In Section 1.4, we present an optimization problem for determining the GWB of the prior
and views distribution. We also explain how the geometric approach extends to the case
when the views are degenerate in Section 1.4.2. The main result of the paper is presented
in Section 1.5, where we present a closed form expression for the optimal update (or pos-
terior) in our geometric approach. In Section 1.6, we show how the geometric updates can
be used within the mean-variance optimization (MVO) framework. Section 1.7 describes
methodologies used for comparing current approaches with the conventional BL approach
(and its variant). Finally, we summarize our findings and present a brief outlook on future
directions.

1.2. Review of Black-Litterman Model and a Variant

In this section, we present a lightning review of two versions of the BL model. The review of
the BL model is in no way comprehensive, and readers might find more elaborate reviews in
literature (see, e.g., Ref. [1-6]). In the first subsection, we will discuss the original proposal
of Black and Litterman, and in the second subsection, we will discuss a variant proposed
by Meucci. The two models differ in the way investors wish to incorporate their views. In
the original BL model, the investors specify their views on the expected drift of a linear
combination of assets (or drifts of certain portfolios). Subsequently, Meucci [4] proposed a
minor modification of the model, where the prior beliefs and the investor views are directly
specified on the asset returns instead of the drifts. In practice, these two approaches yield
very different portfolios with different performance characteristics.

In this chapter, we will refer to the conventional BL model or the original model pro-
posed by Black and Litterman as the BL Model-I and the variant discussed in Ref. [4] as
the BL Model-II. We will now present a review of these two models.

1.2.1. Original Black-Litterman model

A detailed discussion of the BL Model-I will take us too far; however, it is worthwhile
reviewing the assumptions of the BL Model-I and aspects of the model that are related to
its underlying assumptions.
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¢ Assumption 1.2.1. Observable asset returns (I_é) are assumed to follow a Gaussian dis-
tribution centered around a mean value (i) and the covariance of the returns is denoted
by %%. Mathematically,

R~ N, p), g € RV, 6 € Sym " (R) (1.1)

where iy is the drift, €% is the covariance of returns, and Sym;+(R) is the set of
all symmetric, real N X N positive definite matrices. Though the assumption of the
Gaussianity of asset returns does not completely corroborate with real-world data, this
is mathematically convenient and is a relatively common assumption in mathematical
finance. Note that fi; and € are unobserved quantltles and need to be estimated. We
will denote the estimate of tip by (g and COV(R| ,uR) by €. In the original BL model,
the estimate of iy is assumed to be uncertain, and it is the next item in the list of
assumptions.

¢ Assumption 1.2.2. The estimate of the drift ﬁ & 1s assumed to be normally distributed
with covariance (%):

ﬁR = ﬁd + Ed’ where Ed ~ N(6Na’ (gd)5 (] 2)

where fi, € RN is the expected value of the estimated drift in returns, €, € Sym;r]+([R)

is the covariance of the estimated drift in returns, 6N denotes the zero-vector or the
origin of RN« and €, models the noise resulting from the uncertainty in the estimation
of drift. Note that ‘KR * CKR = Cov(R | ,uR) as the uncertainties in [ contributes to %%,
additionally, €% = %R + ¢, (see Ref. [6], for instance).

The following example provides a simple approach for obtaining (i, and % statis-
tically. The historical sample mean is a simple estimate of the drift in the returns (ﬁR).
Different estimates of the drift can be computed as the mean of multiple bootstrapped
samples obtained by resampling the sample data. In this case, i, is the bootstrap
aggregated mean, and % is the bootstrap aggregation of the covariance of the drifts.
However, this method of estimating the drift using historical returns cannot incorpo-
rate investor views and is often considered unsatisfactory to be used for determining
the estimate for drift even in the absence of views [1]. Black and Litterman [1] pro-
vide an argument for estimating the drift i, in the absence of investor-specific views
(i.e., all investor views are identical). This argument will be discussed in the following
assumption.

e Assumption 1.2.3. If all investors have identical views, then all investor positions
align with the market (or a relevant benchmark portfolio) weights, wgy. If all investors
use an unconstrained MVO with an average risk aversion parameter yp to determine
the weights, then the expected drift, fi, is obtained from the reference or benchmark
weights (Wgy;) by inverting the Markowitz optimality condition as shown below [3].

Hy = rfg+ YRCRWpM = ”fg+ )’R(?R + Ca)Wem (1.3)

where r; is the risk-free rate. Eq. (1.3) is referred to as the “equilibrium” model because
it explains the drift in asset returns when the market is in full-equilibrium where
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all participants have equal information and use the same methodology for allocation
[1, 3]. In general, other estimates of the covariance matrix ‘fR and the expected drift fi,
can be obtained through a reverse optimization procedure [3], where utility functions
are different from mean—variance-based utility functions. Furthermore, the covariance
of ﬁR is assumed to be proportional to the conditional covariance of R. That is,

ng = TCgR (1 4)

where 7 is some scalar parameter, which has received a lot of attention from researchers
[4]. The condition 0 < 7 < 1 is necessary for fi, to be a reasonable estimate of /fiR or
Hg. This is because the mean of expectation returns can be more accurately estimated
than the mean of returns. If the equilibrium-model drift is computed using the sample
mean of an observation of length 7, we will have 7 = 1/T (assuming independence
of observations). If 7 is obtained based on a calibration procedure that compares the
uncertainty of the equilibrium model with the sample estimator, then it seems reason-
able to set 7 ~ 1/T [4, 5].

¢ Assumption 1.2.4. Investors and experts may have views (V) that are not aligned with
the market (or the benchmark) and may wish to incorporate them in their allocation
process. Note that the investor must also provide a level of uncertainty by specifying
%y, More generally, an investor specifies their views by specifying the distribution of
expected returns, which could be non-normal. In the original BL. model (BL Model-I),
the views distribution is assumed to be Gaussian. That is, the investors specify their
views on the expected drifts (expectation on expected returns) of assets as shown below:

L@.ﬁR = gvd + ﬁvd , Where ﬁvd ~ N(6N\r’ Cgvd) (] 5)

where & € RNV is the views matrix, which specifies the expected return on specific
assets or some combinations of assets; ¥, , € RNv, Gy, € Sym;',j'(R), and N, is the
number of views. Note that each row (denoted by p,) of the views matrix & represents
the weight of a portfolio IT,, and the expectation of the expected return of this portfolio
is vy, [2]. The portfolio II, could be a long-only portfolio (even possibly with only
asset) or could be a long-short portfolio. Note that & could be degenerate (in principle)
due to the presence of multiple views (could even be conflicting) on the same assets. If
the views are independent, then the covariance matrix ¢’ associated with the views
is a diagonal matrix. In a general case, the views matrix & and the view drift ¥y,
can be transformed in such a way that 4, is diagonal [2]. However, for the purpose of
the current study, we do not make any assumptions regarding ¢, and allow it to be
a symmetric non-diagonal matrix. We have used the suffix 7V, for denoting the views
covariance matrix, ¢y, , to emphasize that the views are specified on the drifts.

The BL model estimates the drift in the presence of views using a Bayesian approach where
the prior distribution is given (1.2) with the drift parameter given by Eq. (1.3) and the
posterior distribution is obtained by computing the distribution of the expected returns given
the views V7, ( denoted by P(f | V) in this chapter).
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We now state the main result of the BL model: Given the views 1, on the drift in
Eq. (1.5), the updated or posterior distribution of the estimated expected returns iy is
given by

P(ir| Vo) = ¢ (ﬁR;ﬁBL, ‘fé,‘_"‘)) (1.6)

where ¢ (Z; A %) is the probability distribution function (PDF) of a Gaussian random vari-

able, Z ~ N (4, ¢) and®
Hgr, = <(T?R)

1 n—1
+<@T<£;dh@) ((T%R) ﬁd+<@T<g;dlq7w). (1.7)

-1
~ =1
G = ((T%R) + W%;j@) : (1.8)

The derivation of the above updated equations can be found in the literature [4, 6]. Note
that the updated estimate for the distribution of asset returns is now given by

P (R1vy) = ¢ (ips> iy, ), Where Crpy, = G+ @, (1.9)

1.2.2. Variant of the Black-Litterman model

In a study [4], it was suggested that investor views can be directly expressed on the raw
asset returns instead of the expected returns. Meucci argued that specifying the views on the
estimated drifts, as done in the BL Model-I, is often “counterintuitive” in limiting situations
(for instance, when 7 — 0), even though the results are consistent with the assumptions of
the model. For instance, the covariance of the posterior distribution has a nontrivial depen-
dence on 7 even in the limit when the views are completely uninformative as well as in the
case when the views are completely correct. This dependence on 7 stems from the fact that
the estimated drift is uncertain, which is inherent in the model assumptions.

Meucci [4] proposed an alternate way to incorporate views that exhibit intuitive lim-
iting behaviors. In this study, we develop geometric methods that are analogous to the
BL Model-I and BL Model-II to verify if any geometric methods yield “counterintu-
itive” results. Hence, understanding the differences in the underlying assumptions of both
approaches seems essential.

* Assumption 1.2.1. As in the original BL model, observable asset returns (I_é) are
assumed to follow a Gaussian distribution centered around a mean (fiz) and the covari-
ance of the returns is denoted by %%. Mathematically,

R~ N(fig, €x),  fig € RY, € € Sym{ " (R) (1.10)

®Using Woodbury identity fi, and %’[gf %) can be written in a form that does not require the inverses of 6% and

'y, separately.
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Unlike the original BL model, it is assumed that i = r;€+y g %Wy This eliminates
the need for modeling it as a random variable.

e Assumption 1.2.2. Expert views are expressed on asset returns directly instead of
expected returns as shown below:

P.R=7Vy+7y, whereijy ~NOy,Cp,) (1.11)

We use the suffix V, to denote the view covariance matrix, %VR , to emphasize that views are
specified on asset returns directly. In this variant of the BL model, the returns distribution
is updated as shown below:

P (R|Vi) = ¢ (*;’2,%(’”) (1.12)
where
1 -l .
ﬁé’?-(% +32T<£;Rh@) (%R ﬁR+32TC€;R‘77V> (1.13)
-1
%(R) (% + 2T 1@) (1.14)

where ‘fR is an estimate for the covariance of returns (%%) and ﬁR is an estimate of the
expected returns of assets prior to incorporating any views. The above results can be
obtained in the same manner as that used for deriving updates in the original BL model.
Note that the parameter 7 does not appear in this model (as the update equations for the drift
and covariance are independent of 7). The details of this derivation can be found in Ref. [4].

1.2.3. A simple gedankenexperiment

Let us imagine that there is only one asset in the entire investible universe, that is, N, = 1
in Sections 1.2.1 and 1.2.2. Let us also assume that an investor has a view about this asset
(N, = 1), which could be a view on the expected returns of the asset (as in the BL Model-I)
or the asset returns directly (as in the BL Model-II).

First, we present an analysis of the BL Model-1 . We denote the estimate of variance of
the asset return (R) by 6; and the variance of the expected returns of the asset (ftz) by 2. In
notations presented in Section 1.2.1, we have €, = c}i = Var(R|ftg) and €, = 03 = ‘[5'123.
The investor’s view on the drift is denoted by v, and the corresponding variance is denoted
by o2. After incorporating the investor’s view using the BL Model-I, the updated expected
return of assets is given by

= ‘ <. (1.15)

2 2 2 =2

[y, MR+ T4V, Oy, Mg T TORVy,
HMprL = > )
oy, +T0g

oy, + 0]
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The above result is a direct application of Eq. (1.9) for a single asset and a single view.
Though the result presented in Eq. (1.15) is sufficient for this gedankenexperiment, we also
present the updated variance of returns below (for the sake of completeness):
2 2 g 12e‘-7 b

Gy, =6r+0k,  whereoh =7| ——— (1.16)
T0g + 0y,

Recall that N'(up; , 0%, ) is the updated distribution of the expected asset return (drift), while
N(upLsGgv,) is the updated distribution of the asset return. We now present the main
findings of this gedankenexperiment.

If the investor is completely confident about their views, then the intuitive expectation
is that the posterior distribution will match with the investor’s views distribution. However,
it is clear from Eqs. (1.15) to (1.16) that BL Model-I cannot produce the investor’s views
distribution as the updated distribution for any value of 7, as T € [0, 1]. Therefore, aligning
the updated distribution with the views distribution by choosing artificially high values of
T (T = o) is illogical as it will imply o3 > 6',2e, that is, the noise in the expected returns
is much greater than the noise in the returns. Therefore, it is not possible to obtain the
views distribution as the posterior by tuning 7, and hence 7 is not a parameter that specifies
an investor’s personal confidence. It is, in fact, a parameter that specifies the “error-bars”
for the estimates in estimates of expected return. Because investors provide views on the
expected drift with a level of uncertainty, 0'12;" is not tunable either. In some research articles,
a t-dependent scaling factor is introduced (sometimes implicitly) in the definition of O'%;d.
In this case, tuning 7 also changes U%,d and taking T — oo turns the views distribution into a
multivariate Dirac delta distribution. In summary, T cannot be used to interpolate between
the “equilibrium” distribution and the views distribution.

In the case of BL Model-Il, it is clear from Eqs. (1.12) to (1.14) that there are no
tunable parameters. Thus, it is not possible to obtain the investor’s views distribution as the
posterior without data dredging the views covariance matrix in the BL. Model-II as well.

With the help of this simple gedankenexperiment, we have demonstrated that neither
the BL Model-I nor the BL. Model-II can reproduce the investor’s views distribution as
the posterior distribution without making illogical parameter choices or data dredging. We
show that the geometric approach gives an investor flexibility to tune the degree of con-
viction so that the geometric posterior distribution will match with the investor’s views
distribution.

1.3. Distance between Distributions

In this note, we provide an alternate approach for incorporating investor views. In particular,
we obtain the distribution of estimated drift (or returns) in the presence of views, as the
GWRB of the views and reference distribution. The focus of this section is to introduce the
notion of GWB and discuss its relevance for asset allocation.
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In the following, the prior distribution could refer to the distribution of estimated drift
or that of asset returns. If the prior is assumed to be the estimated drift, then the views are
expressed on the drift, and in the other model, the views are directly expressed on the asset
returns. We can then derive geometric methods that are analogous to the BL Model-I and
BL Model-1I by a simple mapping and renaming of variables (discussed in Remarks 1.5.3
and 1.5.4 of Section 1.5).

We are interested in finding a target or updated distribution f;; that is as “close” as pos-
sible to the prior (or reference) distribution, fp, while remaining in “proximity” to the views.
“Proximity” between distributions can be defined by introducing the notion of dissimilarity
between distributions. The goal of the current approach can then be restated mathematically
as follows:

[, = argmin Diss(fy, fp) (1.17)
fu

subject to
Diss(2; [ ful.fr) < do (1.18)

where f, is the desired optimal update, Diss(A, B) denotes a generic measure of dissimilarity
between the distributions A and B and Z%[ f;;] denotes the push-forward of the “update”
measure onto the views space along the map, &?. A formal definition of a push-forward
measure can be found in Appendix C.

We can modify the optimization problem in the constrained form to a Lagrangian form
as shown below:

fi = argmin [(D1ss(fu. fp) + AD1ss(24 [ fyl.£1)) ] (1.19)

where A is a Lagrange multiplier that serves as a tuning parameter that turns the constraint
in Eq. (1.18) into a term in the cost function. Note that dissimilarity or distance-based
approaches to BL models have appeared before in Refs. [8] and [10].

The optimization problem specified in Eq. (1.19) is in the Lagrangian form, while
the problem in Eqgs. (1.17) and (1.18) is a constrained optimization problem (COP). The
equivalence between the optimization problem in the Lagrangian form and the COP form
can be guaranteed by choosing a dissimilarity metric Diss such that the Slater conditions
are satisfied for all d;, > 0 and Diss(A, B) > 0 for any distributions A and B for which the
dissimilarity is defined. Proposition B.1 in Appendix B provides the precise details of this
equivalence.

The problem in Eq. (1.19) is quite abstract as the dissimilarity measure is not yet spec-
ified. In this note, we consider the Fréchét or L,-Wasserstein distance as the dissimilarity
measure. The definition of the L,-Wasserstein distance can be found in Appendix B. The
L,-Wasserstein distance induces a metric on the space of probability measures. Note that
the problem in Eq. (1.19) can be written as the minimization of the following Lagrangian:

Lowp = (DWD(fU:fP) + ADyp( Py [fU]’fV)) (1.20)
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The minimization problem Eq. (1.20) is the same as computing the GWB for two centers
[11] after expressing A = #/(1 — ) and multiplying Zsyp by (1 —1) for ¢ € [0, 1). Fig. 1.2 is
a pictorial representation of the space of prior distributions, the views distribution and the
pushforward of f{; onto the space of views distribution.

In a previous study [11], the authors consider the problem of finding the GWB when
there are more than two centers. An analytical expression can be obtained for the GWB of
two Gaussian distributions, and we show that it is a generalization of McCann interpolant
[12]. The problem in Eq. (1.23) can be generalized to other returns and views distributions.
Additionally, views can be prescribed through an arbitrary map &2, which need not be linear.
However, an analytical solution seems feasible only for the case when &2 is linear (even
when the two distributions are Gaussian). In other cases, the problem needs a numerical
approach.

In the next section, we present the problem specialized to Gaussian distributions.

Abstract “Update”
representation of

the space of prior
distributions “Prior” Cut
| plane

“Views”

Normal
to the
“views”
space

“Pushforward’
of the update

Abstract coordinate system for the space of

distributions
Abstract (not to be confused with regular 3d cartesian
representation of the coordinates)

space of views
distribution

Fig. 1.2 (Left) Shows an abstract representation of the space of probability measures
containing the prior distribution f, and the space of measures containing the views
distribution fy,. In the space of probability measures, distributions are points, with the point
corresponding to f» (in the space of prior distribution) is represented by e (solid brown
circle) and that corresponding to fy, (in the space of views distribution) is represented
by e (solid cyan-colored circle). (Right) The push-forward of f;; on to the views space
is denoted by X (orange cross) and the update distribution (fy) is represented by
“* (yellow star).

1.4. Generalized Wasserstein Barycenters for Gaussian Prior
and Views

As mentioned earlier, the geometric method provides models that are analogous to the BL
Model-I and BL Model-II, which will be discussed in Remarks 1.5.3 and 1.5.4 of Section
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1.5. As in the BL model and its variants, we assume that the prior and views distributions
are Gaussian and have the following PDFs:

fr@ = 1 3 ) (1.21)
PR)=—F/——- > .
Qm)" det %,
LU
fv()_l') _ 1 e 2()’ V) %V G-vv) (122)

v )" det %y

where 7, iip € RMe, 3,9, € RM, 6 € Sym;+(|R) and ¢ € Sym;f(R). For conve-
nience, we refer to the subspace in which y resides as the “views” subspéce. Additionally,
we assume that the target distribution f;; is Gaussian. Note that in the original BL model
and in its variant, the updated distribution is Gaussian. Hence, we are justified in seeking a
target or updated distribution that is also Gaussian.

L e

\/ (27T)N det ¢y

where i, € RN« and 6 € Sym;:([R). To define the proximity to the views distribution,
it seems essential to define the distribution of &7 (which resides in the views subspace).
However, the existence of such a distribution might be thwarted by the degeneracy of the
views matrix & (for instance, identical rows in £?).

f@ = (1.23)

1.4.1. Nondegenerate views matrix

Before we proceed to handle degeneracies in the views matrix, we discuss the case where
the distribution of &7 is well-defined, and it is given by

1 _
1 -36- Piiy) (26,27 G- Pity)
e

\/ @)’ det(@%UﬂT)‘

2 vl = (1.24)

Push-forward of a Gaussian distribution along a linear map can be computed quite easily
using the fact that &7 is itself a normal distribution. Hence, it is sufficient to compute
E[£7] and VAR[ 7). Note that E[2Z] = iy, and VAR[PZ] = PE»P2T. We also
provide a longer derivation of the result in Eq. (1.22) using the formal definition of a push-
forward measure in Appendix C. The computations in Appendix C can be extended to more
general maps and distributions.

Note that when the views are degenerate, the determinant in the denominator could
vanish, resulting in an ill-defined distribution. In this subsection we assume that Z[ f;,1()
exists, in which case it is possible to introduce notions of “proximity” between distribu-
tions. In the next subsection, a method for handling degenerate views will be presented.
As mentioned earlier, we only discuss the case of nondegenerate views in this subsection.
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The L,-Wasserstein distance between two Gaussian measures can be computed analytically
(see for e.g., Refs. [13—15]). The details of the computation are presented in Appendix D.
Using Eq. (D.13) in Appendix D, we obtain
!
! I\2
Lows = Iy — @pl|* + &| Gp + Cy = 2| € €6,

(129

1 \2
+ || @iy - V)? + | g+ gZ%U@T—z(%z@%UW%z)

The expression in Eq. (1.25) is well-defined even when the views matrix & is degenerate.
Hence, the above cost function can be used for finding a target distribution that lies in the
“proximity” of the prior and views, even when the views matrix is degenerate. The case of
a degenerate distribution will be discussed in more details in a subsequent part of this note.

1.4.2. Degenerate views matrix

In this section, we demonstrate how the geometric approach extends to the degenerate case.
We start with a formal definition of a multivariate normal (MVN) distribution and utilize
this definition to generalize the geometric approach to include degenerate views.

. . T T L
Definition 1.4.1. A randomvector ¥ = [x1, X2, ... xx| hasan MVNifa X is a univariate
random distribution for any @ € R¥. Note that a univariate normal distribution with zero
variance is a Dirac delta distribution located at the mean of the distribution.

The above definition is applicable even when the “naive” probability of ¥ is degenerate,
that is, when the covariance of ¥ is not invertible. Alternatively, we could define the MVN
distribution in terms of its characteristic function, ¢ )?(‘7)’ of ¥ as follows: A random vector

x=xix- )(k]T has a MVN distribution if the characteristic function, ¢ 5(#), of ¥
(V) = Ey [efvf;z] = exp (ivTﬁ - %VT%V>, i=vV-1 (1.26)

for some fi € R and ¢ € Sym;(R), where Sym:(R) is the set of all symmetric and
real k X k positive semi-definite matrices. The probability mass function or the PDF can be
obtained as the Fourier transform of the aforementioned characteristic function as shown
below:

N*&
lim dv exp (—iVT)? + i\“/’Tﬁ - l\“ﬁ%ﬁ)
@n)" 2
! (1.27)

2
i ((2 )Nld t%) (-3 =67 @ - )
T c
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To handle degenerate distributions, it is essential to define the pseudoinverse and pseudo-
determinant of a matrix. We show that a degenerate Gaussian distribution can be defined
by replacing ¢ ~! in Eq. (1.25) with the pseudoinverse of %" and det(¢’) with the pseudode-
terminant of €', when the covariance matrix % has zero eigenvalues. The Moore—Penrose
pseudoinverse (denoted by the superscript +) and the pseudodeterminant (denoted by sub-
script +) of a matrix Z can be obtained using the following limiting procedure:

z* = lim (Z'Z+ 820y ' 77 = lim 27(22" + 821y (1.28)
det,(2) = lim __1 det (Z + 6°1) (1.29)

50 §2(N—rank(A))

By introducing a regularization parameter & for the covariance in Eq. (1.25), a normal dis-
tribution with a degenerate covariance can then be defined as follows:

1 : | [P -
) -eXP<—§(x—u)T‘€+ ()(—,M)) (1.30)

fDegen()() = (m

The characteristic function of a degenerate distribution is still given by Eq. (1.24), which
is well-defined. In other words, the degenerate distribution can be defined as the inverse
Fourier transform of the characteristic function (with appropriate regularization). Covari-
ance can then be obtained by taking the second derivative of the characteristic function.
To compute the Wasserstein distance between two Gaussian distributions, it is sufficient
that the second derivatives of the characteristic functions of the two distributions are well-
defined. In Appendix D, we show that the Wasserstein distance is well-defined even when
the covariance matrices of interest are degenerate.
In the next section, we will present the optimal updates for 7i;; and €.

1.5. Main Result: Optimal Update

Theorem 1.5.1. %y is minimized when,

iy =i, = W(idp+A2T9y)  with W= (ly, +A1272) =W’ (1.31)

Cy=C, =W+ B)ECp(W+ B) (1.32)

where B = BT, which is given by
L N2 _1
B=1WA 2 (AZ .@T%V@AZ) A 2W, A =WeépW (1.33)

Proof. A detailed proof of this theorem is presented in Appendix E. |
!

In Eq. (1.29), A2 denotes the matrix square root as usual, and its existence is guaranteed

by the spectral theorem. The result in Theorem 1.5.1 is a generalization of the McCann
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interpolant for two Gaussian distributions living on (sub)spaces of different dimensions.
To our knowledge, the result in Theorem 1.5.1 and its proof in Appendix E have not been
previously reported in the literature. Theorem 1.5.1 is the main result of this article, and in
the following we present comments and some consistency checks for this result.

Remark 1.5.1. The optimal update for the drift does not depend on the prior or view
covariance matrices.® In particular, if N, = N, and & = [y _(i.e., the investor has an abso-
lute view regarding every single asset), then the update drift is simply a weighted average
of fip and V.

Remark 1.5.2. In the case when 274,77 is invertible, using Lemma A.2 in Appendix
A repeatedly, we obtain

C, = AW + D) PTE, P(AW + 1),

1
1/ 1 1\ "5 1

where I' = W&, | 6 WPT€,2We,; | €, W (1.34)
! !
= A+ VPWPTE,PW + MAPTC, P)2 W+ AW( P16, PA)2 (1.35)

To obtain the expression in Eq. (1.30), we use the definition of I in Eq. (E.32) shown in
Appendix E.2. When the views matrix & = [, Eq. (1.30) reduces to the McCann interpolant
(refer to Example 1.7 of Ref. [12] or Lemma 2.3 in Ref. [17]), with the identification t —
1%1. Similarly, Eq. (1.31) reduces to Egs. (1.39) and (1.63) in Ref. [18] when &2 = [. This
implies that €, is a point on the geodesic connecting the two points corresponding to %p
and % on the Bures—Wasserstein manifold (when &2 = [). The parameter ¢ controls the
distance of €, from %p; meanwhile, in the financial context, the parameter A is used to
control the confidence in investor views. When an investor has complete confidence in their
views, 4 — oo; similarly, if an investor has very low confidence in the views then 1 — 0.

In the case when the matrices %, and € are diagonal matrices and the views matrix
& = [, we get the following simple expression for the updated volatility:

Op,i+ A0y,

Oy =3 Where %, =Diac (02) = o2, =(%.),, °€{x,P,V} (1.36)

Remark 1.5.3. When an investor provides views on the expected returns, we set 6p =
Cq = TCg, Cy = Cy,, fp = [y, and ¥y, = ¥}, . In this case, the updated distribution for
the returns (using the geometric approach) is given by

Pvd,*(ﬁ) = ¢(Mgwer » Cowar) (1.37)

“This expression for the drift update has a lot of resemblance to the drift update proposed by Doust [16]. However,
there are many crucial differences and the resemblance might just be a coincidence.
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where [F"Vd,*(l_é) denotes the distribution of returns obtained from the optimal updates for
the expected returns, migwg; and Ggwey are given by

figwer = W (g + 2279y, (1.38)
Cown = Cr+T(W+ By, ) Cr(W+ By,) (1.39)
1
_/l N2 _!
By, =AWA, 2| A2 P76, PA2| APW (1.40)
Ay = WEW = TWEW (1.41)

Note that Pvd,*(ﬁ) is not a conditional distribution. We refer to the model that uses the
geometric approach to incorporate views on the expected returns as the GWBMODEL-I.

Remark 1.5.4. When an investor pr0V1des views on the asset returns (as in BL Model-II),
we set 6p = ‘KR, Gy = Cy,, fip = Hg, and ¥y, = ¥}, . In this case, the updated distribution
for returns (in the geometric approach) is given by

PVR,*(E) = ¢(V7lGWBH ’ CgGWBH) (1.42)

where Py, (I_é) denotes the distribution of returns obtained from the optimal updates for
the expected returns, mgwgn and Ggwey are given by,

n_’iGWBH = W(ﬁR + A@TgVR> (143)
%GWBII = <W+ BVR)(gR (W+ BVR> (144)
1
il N2 _!
By, =AWA 2| Ag 2T6y, PAL | APW (1.45)
Ag = WERW (1.46)

We refer to the model that uses the geometric approach to incorporate views on the asset
returns as the GWBMoDEL-II.

Remark 1.5.5. When 1 = 0, we have (171, %, ) = (ip, €p) and when 1 — oo, we have
Py, = Vypand PEy; PT = €. Hence, t = 1/(1+1) plays the role of investor confidence,
as it allows us to interpolate smoothly between the prior and views distribution (as described
in Section 1.1). The parameter A has no counterpart in the conventional BL. model. Note
that in GWBMODEL-I, which is the geometric analog of BL Model-I, the updated drift of
the returns aligns with the views drift when 4 — oo; however, the updated covariance of
returns is gwer = ch + QZT‘KV(I & which depends on ‘fR. This is counterintuitive as the
updates 77, and %, match the views distribution. This is an artifact of the model that stems
from the views being specified on the expected returns and not on the returns themselves.
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This is also a feature of the BL Model-I, which was pointed out by Meucci in Ref. [4].
The fact that the posterior drift of GWBMODEL-I matches the drift of views when investor
confidence is 100% is a desirable feature, as it rewards an investor for having confidence
in correct views. In GWBMOoDEL-II, which is the geometric analog of BL Model-II, the
updated drift and covariance of the returns match the views distribution as the views are
expressed directly on the returns. As explained in Section 1.2.3, neither BL Model-I nor
BL Model-II can produce a posterior distribution that matches with the views distribution
when the investor is 100% confident in their views.

A judicious method of hyperparameter tuning based on regime shift models can be used
for determining the optimal A. Though, tuning the values of A dynamically is an interesting
topic for further exploration, in this note, we assume A is a constant for simplicity.

Remark 1.5.6. An additional point worth mentioning is that the inverse of the update
covariance matrix does not involve inverting % and can also be written as follows:

N2

1 1 1 1\ 2 1
¢ =WTlA2[A2 WA +A<A29T%V@A2) A2w! (1.47)

It would be interesting to check if portfolios constructed using the above estimation for
the covariance matrix and drift are less sensitive to estimation errors. This note will not
address questions surrounding the sensitivity of portfolios constructed using the approach
described here. We do, however, present an approach for comparing portfolios constructed
using the approach described here and the traditional BL approach. In the next section, we
briefly describe the portfolio construction methodology.

1.6. Incorporating Investor Views in Mean-Variance Portfolio

In this study, we are interested in comparing the efficacy of incorporating investor views
in a simple allocation model where the weights are computed by solving the following
MVO problem:

MVO[V?[E, %E, Yr> rf] .

T
W = argmax [(mE —ré) ¥ %RSET%E)?] (1.48)
¥
subject to
=1 (1.49)
x; >0, Vie{l,2,...,N,} (1.50)
In the aforementioned optimization problem, ry is the risk free rate, ZT =[1,1,...,1] N, =

fNa, N, is the total number of assets, y is a risk aversion parameter (positive), mig is an esti-
mate for the drift and %% is an estimate of the covariance matrix. In the rest of this article, we
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assume r; = 0. The optimization problem, MVO[#ig, €; yg] = MVO[rig, €; g, 1y = 0],
is solved using CvxPy [19, 20].

We do not analyze the impacts of transaction costs, holding or borrowing costs, slip-
page, and so on, in our present analysis as the primary goal of this study is to compare
the efficacy of the drift and covariance corrections. In realistic investment (or trading) pro-
cesses, it is often essential to enforce constraints on factor exposures and other trading con-
straints. In Refs. [21, 22], the authors provide a formulation that incorporates realistic cost
models, constraints that are convex and certain risk measures that are different from the risk
metric considered in Markowitz’s original proposal. The analysis in Refs. [21, 22] can be
extended to incorporate investor views using the updated covariance and drift. However, we
do not present such a study here as it will largely deviate from the objective of this paper.

We evaluate the efficacy of the traditional BL and the current geometric approaches
by solving MVO[#ig, €5;vg] for the following four methods of estimating the drift and
covariance:

* BL; Allocation Methodology: In this methodology, views are specified on the
expected returns (or drift in returns). The reference or prior model specifies the distri-
bution of expected drift, and the updates are computed using the BL Model-I. Drifts
and covariance appearing in the updated distribution in Eq. (1.9) are used as inputs to
the optimization problem MVO specified in Eqs. (1.44)—(1.46). A description of the
methodology can be found in Appendix F.1.

* BL; Allocation Methodology: In this methodology, views are specified directly on
asset returns. The prior model specifies the distribution of asset returns and the updates
are computed using BL Model-II. Drifts and covariance appearing in the updated dis-
tribution in Eq. (1.12) are used as inputs to the optimization problem MVO specified in
Egs. (1.44)—(1.46). A description of the methodology can be found in Appendix F.2.

* GWB; Allocation Methodology: In this methodology, views are specified on the
expected returns, similar to the approach used in the BL; allocation model. The
prior model specifies the distribution of asset returns, and the updates are computed
using GWBMOoDEL-I. Drifts and covariance appearing in the updated distribution in
Eqgs. (1.34) and (1.35-1.37) are used as inputs to the optimization problem MVO
specified in Eqgs. (1.44)—(1.46). A description of the methodology can be found in
Appendix F.3.

* GWBy Allocation Methodology: This method is analogous to the BL}; allocation
model. In this methodology, views are specified on asset returns directly. The prior
model specifies the distribution of the asset returns, and the updates are computed
using GWBMOoDEL-II. Drifts and covariance appearing in the updated distribution in
Egs. (1.39) and (1.40-1.42) are used as inputs to the optimization problem MVO
specified in Eqs. (1.44)—(1.46). A description of the methodology is provided in
Appendix F.4.
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1.7. Testing and Evaluation Methodology

In this section, we present a methodology employed for comparing the efficacy of the
aforementioned methods to incorporate views in asset allocation. The testing or evaluation
methodology consists of the following two components:

(i) An evaluation where the inputs to the allocation methodologies can be controlled. We
use simulated data (Gaussian) for this test to respect the assumptions of the alloca-
tion methodologies. This stage of testing will be called preliminary evaluation, as it is
designed in such a way that the backtesting principles are violated. This violation is
required at this stage to generate controlled views as inputs to the allocation method-
ologies. If a methodology fails at this stage of testing, it implies that the methodology
does not work as expected. The precise details of the preliminary evaluation proce-
dure will be discussed later in this section.

(i) In the second stage, we use “walk-forward” backtesting to evaluate the allocation
methodologies. At best, backtesting only estimates the efficacy of an investment strat-
egy on the “single realization” of an unknown process that describes market dynamics.
Making decisions purely based on the backtested results on a “single realization” leads
to overfitted strategies [23]. Backtesting on synthetic paths that capture the stylized
facts in historical market data is a reasonable alternative. However, the methodology
for generating synthetic data and evaluating synthetic data quality must be developed
with caution. Although the topic of generating realistic synthetic data is interesting
in its own right, unfortunately a detailed discussion on this topic is beyond the scope
of this paper. In this study, we present a simpler alternative to reducing the risks of
backtest overfitting. This alternative approach will be discussed in Section 1.7.3.

We now present the details of the two stages of our testing methodology.

1.7.1. Stage I testing: Simulated data

The objective of this evaluation phase is to assess the effectiveness of the various allocation
methodologies (outlined previously) across three scenarios: (i) when views are “correct,”
(ii) when views are “ambiguous,” and (iii) when views are “incorrect.” In the following,
we provide a brief explanation of the three situations and the motivation to evaluate the
methodologies across these situations:

(a) Correct views: A view is considered “correct” when it aligns with the future realiza-
tion of returns or expected returns. In real trading, it is highly unlikely that there is an
investor who is correct about his or her views consistently throughout history.® How-
ever, for preliminary evaluation, we are interested in testing if the proposed allocation

4In other words, we do not believe that any investor possesses a “clairvoyant crystal ball,” nor do we believe such
a thing exists. If it did, the authors would be searching for one rather than writing this paper.
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methodology can outperform the conventional method if an investor uses ‘“consis-
tently correct” views with higher confidence. As emphasized earlier, an ideal alloca-
tion methodology should give an investor the flexibility to incorporate his or her views
with the desired degree of subjective confidence. In addition, it is desirable to have a
methodology that rewards the investor for choosing the right level of confidence for
their correct views.

(b) Ambiguous views: An “ambiguous view” is a view that is uncorrelated with the future
realization of the returns or expected returns. Though no investor intentionally picks
“ambiguous views,” the market can behave erratically making the views look ambigu-
ous. An investor can make an informed decision regarding their confidence in a view,
if an allocation methodology underperforms when the views are ambiguous in com-
parison with “correct views.”®

(¢) Incorrect views: A view is considered “incorrect” when the future realization of
returns or expected returns negatively align with the view. Again, it is highly unlikely
that an investor is incorrect consistently; however, it is desirable to have an allocation
methodology that can penalize more for having more confidence in incorrect views.
For instance, let us consider an investor who wishes to calibrate the confidence param-
eter (associated with a set of views) using backtested results on simulated or syn-
thetic data. If the allocation methodology underperforms more often when confidence
associated with incorrect views is high, the calibration (or “hyperparameter tuning”)
methodology is more likely to assign correspondingly lower confidence to incorrect
views.

So far, we have not presented the procedure for generating views that can be classified as
correct, ambiguous, or incorrect. The precise methodology for views generation used in our
preliminary evaluation and other details of the testing procedure are described below:

¢ For preliminary evaluation, we use simulated returns data. In particular, we gener-
ate multiple (Ng,) samples of the daily return time series of length 7 for N, assets as
follows: for each go € {1,2,..., N}, we sample T independent identically distributed
random variables from an MVN distribution V' (ﬁsm,gm %Sim,g{,), where fgimg €
RM., and Csimgp € Sym Na([R). Note that for each ¢, the daily return series is in the
form of a panel data with T rows and N, columns. Furthermore, the g™ return series
can be represented as a path in N,-dimensional space, and we refer to such a path as
N ,-path. Hence, each simulated returns time series is a single sample from the space
of all N,-paths, and we generate N, samples. In our testing methodology, we choose
T to be more than 10 years, the number of assets (N,,) to be 50 and N, ~ 250.

* For each go, we use each of the allocation methodologies BL{, BL;;, GWB{, and GWBy;
to construct portfolios of the N, “simulated” assets. In the following we describe the
inputs to the allocation methodologies and the rebalancing details:

¢For example, if an investor makes more money from lottery winnings rather than their investment decisions, then
he or she might be tempted to invest in lottery tickets rather than their investment ideas.
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— Portfolio rebalancing occurs quarterly. We want to emphasize that the rebalancing
method used in our preliminary evaluation is theoretical rather than practical, as the
process for generating market views has been deliberately calibrated to either match
or conflict with future actual returns.

— The covariance matrix of the prior distribution is estimated from the historical data
using a look-back window of length €, (6 months) ending on the rebalance day. The
drift of the prior distribution, fip, is computed using the reference model in Eq. (1.3)
by assuming that the benchmark weights are all equal and sum up to 1. That is,

Hp = YrEpWEM> where Wiy = Nié’ (1.51)
a

In the above equations, ip = fiy, €p = €4, Vy = Vy,, and €, = 6, for the BL;

and GWB; allocation methodologies, while for BLy; and GWBy; allocation method-

ologies iip = fig, Cp = Cg, Vy = Vy,, and €y = E), .

— For testing, we choose &7 = [ . Nevertheless, the discussions in the preceding
sections (in particular, the main result in Section 1.5 and its proof in Appendix E)
apply to any general views matrix .

— We now discuss the views generating process. In the preliminary evaluation, we use
a forward looking window (Fy,) of length €/, starting from the date of rebalance. In
this paper, we set £, to 3 years. For each method, we conduct experiments with the
three views mentioned before:

(@) Correct (but “blurred”) views: As mentioned earlier, investor views are con-
sidered correct when they align with future returns. That is, the expected return
and covariance of the views match with those of the returns in Fy,. We can get
unreasonably good results if we assume that the views perfectly match with the
future returns. Hence, we “blur” the views to make them align with the future
returns only approximately by introducing some uncertainty. In particular, we
sample ¢, from a Wishart distribution and ¥,, from an MVN distribution as
shown below:

Vy ~ N (Plipg, ). (1.52)

Cy=¢7'6, where ® ~ W(¢;, PCpp, P7) (1.53)

where ﬁp’[’:w and €pr, are the drift and covariance of the prior distribution esti-

mated from the forward-looking window. Note that the expected value of v,,

is Pfip, and the expected covariance is ZCp & T This ensures that the
views are approximately aligned with the future returns.

(b) Ambiguous view: When the views are ambiguous, ¥}, has no positive or negative

alignment with the future returns. Hence, we model ambiguous views as shown
below:

Vp ~ N(@Nv,‘&,), (1.54)
Cp=07'G, where ® ~ W(¢;, PCpp, PT) (1.55)
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(¢) Incorrect (but “blurred”) views: Incorrect views are modeled like correct views
except that the drifts are drift of the views are negative, aligned with the future
returns as shown below:

Vy ~ N (=Plipg,. ), (1.56)
Cy=¢7'6, where ® ~ W(¢;, PCpp, PT) (1.57)

Note that the drift of the views is exactly the opposite of correct views.
— Using the above methodology for estimating prior and views and equations (F.3),

(F.6), (F.9), and (F.15), we compute (17121“,%EL”,%SWB‘,nﬁEWB”). Similarly, we

compute (%I?L‘, ngl‘“ , %EGWB‘, ‘KEGWB“> using equations (F.2), (E.5), (F.12),
and (F.18) and the estimation for prior and views obtained using the methodology
described in the earlier points.

— We define back-validation as the procedure for evaluating how a strategy would
play out on historical data if the future information required for validating the strat-
egy was made available.” For example, in our paper we are interested in playing out
the strategy when we provide correct or incorrect views, and it is not possible to
determine the correctness of a view without using future information. It is preferable
to use the back-validation procedure on synthetic or simulated data that respects the
assumptions of the model underlying the strategy.

Using the weights allocation procedure described in Appendix F, we “back-
validate” the four methodologies to compute the portfolios’ returns and per-
formance characteristics. We use a quarterly rebalancing schedule for all four
allocation methodologies.

* For every path g, the Sharpe ratios .75, (§2), -1, (), “cws, (), LGws, (%) are

computed. We also compute the Sharpe ratio for the benchmark allocation methodol-
ogy (specified by @Wgy). The Sharpe ratio of the benchmark is denoted by .#gy(40).8
We measure two allocation methodologies using the Sharpe ratio as the evaluation met-
ric. The outperformance metric A.¥(A, B) is defined as the difference in the expected
Sharpe ratios of methodology A and B. More precisely, the outperformance metric
AS(A,B) is

A7(A,B) = Eg, [Z4(90) — ()] (1.58)

We can also evaluate outperformance by comparing other performance metrics, such
as the Sortino ratio, Calmar ratio, Omega ratio, and so on; however, in this paper, we
use the difference in Sharpe ratios as the chosen metric. If A.#(A, B) is statistically
significant, we can infer that A outperforms B. The outperformance is considered sta-
tistically significant if the following test statistic is above a critical threshold z,.:

The purpose of this definition is to distinguish the first stage of our testing methodology from regular backtesting.
£Recall that we have set the risk-free rate to zero.
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1A, B) = N% Ep [Za($0) — S5(9)]

%
VAR [Z4(@) — 7))

(1.59)

where N, is the number of paths.

1.7.2. Results of stage I testing

For the numerical study presented in this section, we chose y, = 2.5, ¢, = 125, £, = 750,
t=¢;',N,=50,N, =N,, T = 4,000, and Ny, = 250." We present the findings for two
distinct values of the confidence parameter ¢ defined as follows:

A

T+

Note that 0 < ¢ < 1. In principle, ¢ can be tuned dynamically or determined through a
hyperparameter tuning methodology.

In our analysis, we examine the results of the methodology for two different values of
the confidence parameter: + = 95% for high confidence and ¢+ = 5% for low confidence.
We want to re-emphasize that 7 is the investor’s subjective confidence, not the confidence
interval determined by the covariance or precision. We denote the geometric allocation
methodologies with r = 95% as GWB; (High) and GWBy; (High) and those with # = 5% as
GWB; (Low) and GWBy; (Low).

In the following, we present our findings of the preliminary evaluation under the three
scenarios: when views are (a) correct, (b) ambiguous, and (c) incorrect. The outperfor-
mance metric A.¥ (defined earlier) is used for comparing the GWB; and GWBy; allocation
methodologies (with confidence parameters t = 95% and ¢t = 5%) with the benchmark and
BL; and BLy; methodologies. We choose a threshold of ¢, = 3.125 for the test statistic .
This 7, value corresponds to a significance level or p—value threshold of 0.001 with N, —1
as the degree of freedom.!

t

1.7.2.1. Performance with correct views

Figure 1.3 shows the distribution of Sharpe ratios for the different allocation methodologies
when the investor views are correct. The location of the peaks of the histograms shows
that the geometric approaches outperform the BL models. This can also be inferred quite
directly from Table 1.1 (Top), which shows the outperformance metric A.#(A, B) for A €
{GWB;{, GWBy} and B € {BM, BL;, BL;;, GWB;, GWB}.

Clearly, both geometric approaches based on GWB outperform the benchmark and
both BL models when the views are “correct” and the investor has high confidence in their
views. The corresponding test static is shown in Table 1.1 (Bottom) and we conclude that
the extent of outperformance is significant.

"Note that T = 4,000 corresponds to around 15 years of daily returns.
'We are only interested in one-sided tail.
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Fig. 1.3 Shows the distribution of Sharpe ratios for the benchmark, BL,, BL;;, GWB,, and
GWB;, (High and Low) allocation methodologies. All allocation methodologies use “correct”
views to update the expected return and covariance.

However, if investors have low confidence in their “correct views” consistently, then
they can only outperform the benchmark and BL; model using the geometric approaches.
The geometric approaches align closely with the benchmark allocation methodology when
confidence is low. Since the BL;; methodology clearly outperforms the benchmark (see
Fig. 1.3), it also outperforms the geometric approaches when the investor’s degree of confi-
dence is low. Interestingly, the GWBy method consistently outperforms the GWB; method,
regardless of the degree of confidence.

Furthermore, geometric approaches incentivize investors for having greater confidence
in their “correct” views. This seemingly “qualitative” statement is based on the empirical
observation (from the top panel of Table 1.1) that GWB(High) and GWBy;(High) outper-
form GWB;(Low) and GWBy;(Low). This outperformance is statistically significant, which
is made clear in the bottom panel of Table 1.1. In particular, we note that the test statistic
t satisfies

t (GWB(High), GWB(Low)) > .

t(GWBH(ngh), GWBH(LOW)) > tC
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Table 1.1 (Top) Outperformance metric A.¥(A,B) for A € {GWB,(High), GWB,(High),
GWB(Low), GWB,(Low)} and B € {BM, BL,, BL,, GWB,(High), GWB(High), GWB,(Low),
GWB(Low)} when the views are “correct.” (Bottom) The corresponding test statistic
t(A, B). If #(A, B) is lower than ¢, the outperformance of A compared with B is statistically
insignificant. If #(B, A) is greater than ¢, then the underperformance of A compared with B is
statistically significant.

A
Method GWB,; (High) GWBy (High) GWB; (Low) GWBy; (Low)
Benchmark 1.51 1.52 0.54 1.39
BL, 1.48 1.49 0.51 1.36
B BLy 0.15 0.17 —0.81 0.04
GWB; (High) 0.00 0.02 —0.96 —0.11
GWBy; (High) —0.02 0.00 —0.98 —0.13
GWB; (Low) 0.96 0.98 0.00 0.85
GWBy; (Low) 0.11 0.13 —0.85 0.00
A
Method GWB,; (High) GWBy (High) GWB; (Low) GWBy; (Low)
Benchmark 49.6 50.6 16.4 88.3
BL; 493 50.3 15.7 91.0
B BLy 16.9 18.5 —27.7 1.8
GWB; (High) - 21.7 -31.6 =55
GWBy; (High) —21.7 - —32.1 —6.4
GWB; (Low) 31.6 32.1 - 27.6
GWBy; (Low) 55 6.4 —27.6 -

1.7.2.2. Ambiguous view

We now present the results for the case where the investor views are ambiguous. Table 1.2
shows that when the views are ambiguous and have no relation to the future returns, the
outperformance metrics are not statistically significant. This conclusion is expected because
there should be no material outperformance (or underperformance) when views have no
material information. This conclusion is independent of the degree of confidence as well.

1.7.2.3. Incorrect views

Table 1.3 shows that when the investors provide consistently incorrect views with high
confidence to the geometric approaches, they underperform the benchmark as well as the
BL models. As explained at the beginning of this section, it is desirable to have a model that
underperforms when the views are incorrect and when the confidence parameter is high.
Recall that, if the confidence in the view is zero, then the geometric model coincides with
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Table 1.2 (Top) Outperformance metric A.7(A, B) in the presence of “ambiguous” views
for A € {GWB,, GWB,;} and B € {BM, BL,, BL,;, GWB,, GWB,} and for t = 95% (High) and
t = 5% (Low). (Bottom) The corresponding test statistic. If the test statistic ¢ is less than 7.,
then the outperformance is statistically insignificant. It is clear from the values in the bottom
table that the outperformance is statistically insignificant.

A
Method GWB,; (High) GWBy (High) GWB,; (Low) GWBy; (Low)
Benchmark —0.05 —0.05 —0.04 0.00
BL,; —0.05 —0.05 —0.04 0.00
B BLy 0.01 0.01 0.02 0.05
GWB; (High) 0.00 0.00 0.01 0.05
GWBy; (High) 0.00 0.00 0.01 0.04
GWB; (Low) —0.01 —0.01 0.00 0.03
GWBy; (Low) —0.05 —0.04 —0.03 0.00
A
Method GWB,; (High) GWBy; (High) GWB,; (Low) GWBy; (Low)
Benchmark -2.0 -2.0 -1.2 -0.3
BL, 2.0 -2.0 -1.2 -0.3
B BLy 0.8 1.1 0.8 2.8
GWB; (High) - 2.5 0.5 2.4
GWBy; (High) -2.5 - 0.4 2.3
GWB; (Low) -0.5 —-04 - 1.2
GWBy; (Low) —24 2.3 -1.2 -

the benchmark, and in the presence of negative views, it is desirable to have an allocation
that is closer to the benchmark.

In the geometric approach, the investor is punished less for having lower confidence
in “incorrect” views and, in fact, is not punished if they have zero confidence in incorrect
views. This observation can be inferred from the two panels in Table 1.3) In particular, we
note that

A% (GWB(Low), GWB(High)) > 0, t (GWB,(Low), GWB (High)) > ¢,
A (GWBH(LOW), GWBH(ngh)) > O, t(GWBH(LOW), GWBH(ngh)) > lC

1.7.2.4. Inference

From the results of our preliminary evaluation, it is clear that the geometric approach
behaves as desired in all three situations when the views are (a) correct, (b) ambiguous, and
(c) incorrect. The confidence parameter, which is absent in the conventional BL models
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Table 1.3 (Top) Outperformance metric A.7(A, B) in the presence of “incorrect” views for
A € {GWB,, GWB,} and B € {BM, BL,, BL,;, GWB,, GWB,;} and for t = 95% (High) and t = 5%
(Low). (Bottom) Shows the corresponding test statistic. If #(B,A) is greater than ¢, then the
underperformance of A compared to B is statistically significant.

A
Method GWB,; (High) GWBy; (High) GWB,; (Low) GWBy; (Low)
Benchmark —1.46 -1.51 —0.51 -1.39
BL, —1.40 —1.50 —0.50 —1.31
B BLy —0.11 —0.20 0.83 -0.12
GWB; (High) 0.00 —0.01 0.88 0.09
GWBy; (High) 0.01 0.0 0.89 0.10
GWB; (Low) —0.88 —0.89 0.00 —0.80
GWBy; (Low) —0.09 —0.10 0.80 0.00
A
Method GWB,; (High) GWBy; (High) GWB,; (Low) GWBy; (Low)
Benchmark —48.2 —49.3 -15.6 —86.2
BL, —48.1 —49.2 —14.8 -90.2
B BLy —16.1 -17.8 28.2 2.8
GWB; (High) - -20.8 30.9 4.1
GWBy; (High) 20.8 - 31.4 5.0
GWB; (Low) -30.9 =314 - -26.9
GWBy; (Low) —4.1 =5.0 26.9 -

provide additional flexibility to the investors, who can take advantage of this parameter and
can (in principle) outperform the benchmark consistently with suitable judicious tuning of
the confidence parameter.

The preliminary evaluation was based on unrealistic assumptions and ideal conditions
that do not occur in real trading. Hence, it is essential to test the different allocation method-
ologies on real-world data. The procedure for testing with real data will be described in
Section 1.7.3.

1.7.3. Stage Il testing and results

We now discuss the second stage of the testing methodology, which involves the use of
real data. In particular, we utilize historical stock price data from YAHOO FINANCE to
evaluate the performance of the different allocation methodologies discussed in earlier
sections. However, unlike the previous stage of testing, we cannot generate multiple “paths”
since real-world data represents only a “single realization” of the underlying process that
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describes the market dynamics. To address this, we propose an alternative approach to back-
test on “multiple paths,” which can reduce the risk of overfitting. The second stage of testing
methodology is described below:

¢ To create multiple samples or “multiple paths” for backtesting, we choose N, assets
out of a larger universe (denoted by U) with Ny, (greater than N,) assets. This can be

done in ( 11\\/, ”) ways. For sufficiently large N, we get a large number of choices, all of

which représent paths in N ,-dimensional space. Since each choice leads to an N ,-path,
we can label a random selection of N, stocks by go where go € {1,2,...Ny}. Out of

the (1;\/, ”) possible N,-paths we choose N, paths and test our allocation methodologies

a

using the Ng, samples obtained from real data. For each ¢ € {1, 2, ...Ng,}, we use each
of the allocation methodologies BL;, BLy;, GWBy, and GWBy; to construct portfolios
of the N, chosen assets (labeled by o). In the following, we describe the inputs to the
allocation methodologies and the rebalancing details.

* We assume that the prior or the reference distribution is determined using Eq. (1.47).
That is, we assume that the benchmark weights are all equal. It is common practice
to use weights determined from the market capitalization as the benchmark weights.
However, in a random selection of stocks, using market capitalization-based weights
could increase the risk of having concentrated benchmark weights. In this paper, we
do not analyze whether capitalization-based weights are a better choice for benchmark
weights than equal weights. Interesting discussions on this topic can be found in the
literature (e.g., Ref. [24]). However, the precise nature of benchmark weights is not
crucial for our discussion.

Again, we use, fip = [y, €p = €, Vy = Vy,, and €y = Cy, for the BL; and
GWRB; allocation methodologies, while for BL;; and GWBy; allocation methodologies
Pp = Hg, €p = Cg, Vy = 7717R’ and €y = Cy,.

* We use the weights of a minimum variance (or volatility) portfolio for generating views
as shown below:

By = YRCpPWyvor (1.60)

where Wyvo, = MVO[0, €p; 7x]. Note that e, is the weights of a long-only mini-
mum volatility portfolio with weights adding up to 1. The views covariance matrix is
obtained as described below:

Gy = PCpPT (1.62)

Note that the above estimates of views drift and covariance are obtained using the
historical information only and forward-looking information is not used here.
The rationale behind using Wy, for generating views is to specify views that reduce
the risk of the final portfolio. In the geometric approach, choosing a very high confi-
dence on the views will ensure that the final portfolio lies in the proximity of a mini-
mum volatility portfolio. Hence, we can hope to get portfolios that interpolate between
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an equally weighted portfolio and a minimum volatility portfolio by tuning the confi-
dence parameter.

* Using the above methodology for estimating prior and views and equations (F.3), (F.6),

_BL; BL; -GWB, _GWBy\ : .-
(F.9), and (F.15), we compute (mE NN PN ) Similarly, we compute
the covariances as we did in the preliminary evaluation methodology, using equations
(F2), (E5), (F.12), and (F.18).

* Using the weights allocation procedure described in Appendix F, we backtest the four
methodologies to compute the portfolios’ returns and performance characteristics for
every choice of N, assets (i.e., for every g € {1, 2, ...,N@}). We use a quarterly rebal-
ancing schedule for all four allocation methodologies. We want to emphasize that the
“walk-forward” backtesting is used for this stage of the testing methodology, and only
historical information is used.

* We then compute the outperformance metric (difference in Sharpe ratios) and the test
statistic 7 using Eqgs. (1.48) and (1.49) as done in the first stage of testing.

1.7.4. Results of stage Il testing

BLy GWB (High)

065 070 075 080 085 090 0.6 0.7 0.8 0.9 0.6 0.8 10 12 14 16

GWBy; (High) GWE (Low) GWBy; (Low)
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Fig. 1.4 The distribution of Sharpe ratios for the benchmark, BL,, BL;, GWB,, and GWB,,
(high and low) allocation methodologies. Each distribution of Sharpe ratios shown in the
figure is obtained by applying an allocation methodology to different selections of N, real
assets from the universe of stocks U.
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For this study, we select the stocks that are the current constituents of the S&P 500, having
approximately 15 years of data as the universe U. This has over 350 stocks, out of which
we choose N, = 50 stocks at random. By ensuring that the stocks have 15 years of data, we
ensure that the universe size does not change with time. All model parameters are the same
as those used in the preliminary evaluation. As done in the first stage of testing, we present
the results for two confidence parameter values:(i) t = 95% and (ii) = 5%. All variables
and methodology names are the same as those used in the preliminary evaluation. We now
present the result of our testing.

Figure 1.4 shows the distribution of Sharpe ratios for the different allocation method-
ologies when used on a random selection of N, real assets. It is quite evident from the
histogram plots that the geometric approaches outperform the benchmark and the BL mod-
els when a high degree of confidence is specified for the views. It is also clear from
Table 1.4 (top) that the GWBy; approach performs far better than the conventional BL. mod-
els and even the GWB; model. The GWB; model underperforms all the methodologies

Table 1.4 (Top) Outperformance metric A.¥(A,B) for A € {GWB,(High), GWB,(High),
GWB(Low), GWB,(Low)} and B € {BM, BL,, BL,, GWB,(High), GWB(High), GWB,(Low),
GWB(Low)}. (Bottom) The corresponding test statistic #(A, B). If #(A, B) is lower than ¢, then
the outperformance of A compared to B is statistically insignificant. If #(B, A) is greater than
t. then the underperformance of A compared to B is statistically significant.

A
Method GWB; (High) GWB (High) GWB; (Low) GWBy (Low)
Benchmark 0.28 0.29 -0.29 0.01
BL,; 0.28 0.29 —0.29 0.01
B BLy 0.35 0.36 —0.23 0.07
GWB; (High) 0.00 0.01 —0.57 —0.27
GWBy; (High) —0.01 0.00 —0.58 —0.28
GWB; (Low) 0.57 0.58 0.00 0.30
GWBy; (Low) 0.27 0.28 —0.30 0.00
A
Method GWB; (High) GWB (High) GWB; (Low) GWB (Low)
Benchmark 15.9 16.3 —28.5 30.6
BL,; 15.8 16.2 —28.7 27.5
B BLy 23.0 23.1 -20.8 17.4
GWB; (High) - 7.0 —28.0 —15.4
GWBy; (High) -7.0 - —28.2 —15.8
GWB; (Low) 28.0 28.2 - 29.4

GWB; (Low) 15.4 15.8 —29.4 -
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when a low confidence is specified. In our analysis, GWBy; method has outperformed all
other approaches in both stages of testing, and it is also intuitive. Therefore, it is worthwhile
to examine this allocation methodology in greater detail.

1.8. Conclusions and Outlook

In this study, we presented a geometric approach that incorporates investor views utiliz-
ing ideas from optimal transport theory. With the growing applications of optimal transport
theory in fields such as machine learning, computer vision, physics, and so on, it is not sur-
prising that optimal transport has utility in portfolio construction. The approach presented
in this paper provides an investor with the flexibility to specify the confidence in the form
of a parameter that does not exist in the conventional BL models. We provided empirical
evidence and theoretical arguments to demonstrate that the geometric approach rewards
skillful investors, who can adjust their confidence in their views judicially, more than the
conventional BL models.

From a systematic investing perspective, it will be interesting to develop an allocation
methodology that tunes the confidence parameter dynamically based on regime shift models
that can identify if a view is correct, incorrect, or ambiguous. An investor who wishes to
incorporate different views with different levels of confidence can do so by using the multi-
center GWB [11], that is, by solving minimizing the following Lagrangian,

K
ZLows =\ Dwp(fuv.fp) + Zli@WD(ﬂél)[fU],fv) (1.63)

i=1

; . . dh R
where 22 denotes the views matrix for the i’ view and #; = g s the confidence asso-

ciated with that view. The Lagrangian in Eq. (1.53) can in principle be minimized numer-
ically; however, the authors are not aware of a closed form expression for the GWB when
the number of centers (K + 1) is more than two. Formally, the GWB problem in Eq. (1.53)
can also be extended to non-Gaussian distributions.

Note that the main challenge in minimizing Eq. (1.53), when fp and fy, are Gaussian,
lies in deriving the covariance update. The covariance update rule can be applied to fore-
cast covariance matrices and may incorporate various methods of estimating covariance as
views. For instance, the covariance update rule (in Eq. 1.28) can be used to find the barycen-
ter of a factor model covariance and historical covariance.

We believe that the geometric approach presented herein has many interesting applica-
tions in finance, and the proposed methodology will provide uncorrelated approaches for
incorporating investor views.
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APPENDIX

A. Some Useful Lemmas

We use the following lemmas in various parts of the papers. These are well-known results
and proofs can be found in standard linear algebra text books.

Lemma A.1. V Z e Sym(R),

d 2 T T TrT

d_Ztr(K'Z K,) =K[KZ+ ZK K] (A.1)
Lemma A.2. VZ,,Z, € Sym(R),

1 1\ >

L 1 1
22, 2
722,72 | z

1
2 =77(2,2,)2 = (2,2,)2 2] (A2)

zZ

1 1

Lemma A.3. (a) Solution of a special case of the Lyapunov equation: If A is a symmetric
invertible matrix, then Z = %,@7 ~1is the unique solution (for Ze SymN(R)) of the follow-
ing equation:

AT+ 7o =al (A.3)
That is, V.of € Symy(R)
AI+Zd =aly = Z= %ﬂ—l (A.4)

(b) If A is a symmetric matrix, then

AZ+Zod =aly = ﬂZ:%UN=me (A.5)
Lemma A4. VZe RVM
1

(227):

1

tr =u|(Z'2)2 (A.6)

B. Lagrangian Form of the Constrained Optimization Problem

This appendix can be skipped by readers who are familiar with Slater conditions and its
connection to the existence of Lagrange multipliers in a convex optimization problem.
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Proposition B.1. Let us consider the following optimization problems (with ¥ € R):

e COP:
min ¥(¥), (B.1)
X
subject to,
3(X) <8 (B.2)
e Lagrangian form (with A > 0):
n}gn [P(X) + A9(7)] (B.3)

where W and 8 are convex. The above two formulations are equivalent if 8, = 0 is the only
value for which the constrain set (B.2) is feasible but not strictly feasible.

Proof. The statement and a sketch of the proof can be found in Ref. [25]. An equivalent
form of the proposition can also be found in Ref. [26] (in particular, Proposition 12 of Ref.
[26]). The following proof is a very minor modification of the proof in Ref. [26], and this
proposition itself is reasonably well known in the literature on convex optimization. We
present the proof here for the convenience of the readers not familiar with this topic.

(i) Let )_(’* be the optimal solution of the COP with 8, # 0. Since 8, = 0 is the only
value for which the constraint set (B.2) is feasible but not strictly feasible, the constraint set
(B.2) is strictly feasible for 9, # 0. This implies that the Slater conditions are satisfied and
strong-duality holds good [27, 28] (¥ and 9 are convex functions). In this case, we have

%" = argmin (¥(¥) + y*(8(¥) — 90)) (B.4)
Z
where y* is obtained as follows:
y* = argmax H}gn (YOO + (3G = 90)) (B.5)
¥

Recall that the duality gap is zero when strong duality holds good, and hence solving (B.4—
B.5) is equivalent to solving the original COP. Further, y*§,, is just a constant term while
solving for )_('* in Eq. (B.4) and can be dropped. The problem in Eq. (B.4) is equivalent to
solving Eq. (B.3) with A = y*. When &, = 0, the primal problem by itself is equivalent to
Eq. (B.3). Hence, we have shown that if )_('* is an optimal solution of Eq. (B.2) for some
9, there exists a A > 0 for which it is optimal in Eq. (B.3).

(i) We now show that the reverse statement is also true, that is, if )?* is an optimal solution
of Eq. (B.3) for some 4 > 0, there exists a &, for which it is optimal in Eq. (B.2). By
choosing 8, = &( )_('*) we have )?* to be optimal in Eq. (B.2) as well. This completes the
proof of this proposition. |
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C. Push-Forward of a Measure

Readers familiar with the notion of push-forward of a measure can skip this section of the
paper.

This appendix provides a formal definition for the push-forward of a measure along a
measurable map and a proposition that provides a method for computing the push-forward
of a measure. We compute the distribution associated with the push-forward of a Gaussian
measure along a linear map as an example application of the proposition. There are much
simpler techniques to compute this push-forward (as discussed in the main text), but the
method described below can be generalized to arbitrary maps and distributions and hence
presented here. The advertised definition and proposition are presented below.

Definition C1.1.  Given a measure space (X|,E, p,), a measurable space (X,,Z,) and a
measurable map .7 . X, — X,, the push-forward of p,, %4 p, is defined to be a measure
on E,.

The following proposition provides a practical definition of push-forward, which is useful
for computations:

Proposition C1.1. Let (X|,E,, p,) be a measure space, (X,,Z,) a measurable space,
F . X, » X, a measurable map, and a E,-measurable and integrable function on X,,
Fy p, satisfies the following:

fg(Xz)d(g‘\nP])=/ 8(F (x))dp, (C.1)
X

2 X

Proof. The proof of this proposition can be found in Ref. [29], and the proposition is some-
times known as the change-of-variables theorem [12]. [ |

As an example application, we compute the distribution associated with the push-
forward of a Gaussian measure along a linear map &, using Proposition C.1. The precise
calculations are described below:

Let y ~N (,u, ‘(5) [ be the multivariate normal distribution associated with ¥ and
< be the linear map & : ¥ — §' such that §' = 2% J The push-forward 2 [fx](f) is

computed by choosing g(§' ) as the indicator function lg, < and differentiating both sides
of Eq. (C.1) with respect to 5 as shown below:

AV (
\/ (277) det®

2, 11,1 = f

iIn Eq. (C.1), we set x; to ¥, x, to 5, Z to &. The probability density associated with the measure p, is f,.
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If & is a invertible matrix (hence a square matrix), the above integrand is straightforward
and evaluates to the Gaussian distribution associated with N (2, 2€ 27T). We now
show that the distribution associated with the push-forward measure has the same form even
when & is not a square matrix. This can be done by introducing the Fourier representation
of the Dirac delta in Eq. (C.2) as shown below:

I, 7 .
( —5()(—#) (ﬁ“(x—u))
N L
ﬂe—ﬂ(g—yx)/dzv)—(» (C.3)

N
(@m) \ e detw

Note that the integrand is still quadratic in ). Hence the integral over ¥ is a simple Gaussian
integral and can be evaluated by reorganizing the integrand as shown below:

2,111 = f

Py [£,1®

(e—%(f—(ﬁﬂ%ﬂﬂ?))r%‘l(;?—(ﬁﬂ%”ﬁrv)))

NG il B o) e 2T .
zfvaez(g -3 dex
(2m) \ @) det@

(C4)

The integral over ) is a straightforward Gaussian integral, and we get the following sim-
plified expression for the push-forward distribution.

S 1
dVv —zvr(g—@ﬁ)—gﬂy%yw
e
N
(27)
The expression in Eq. (C.5) is the inverse Fourier transform of the characteristic function

of N'(2fi, P€P"). Note that the above derivation is applicable even when 2% 27 is
singular or when & is degenerate.

Py [fx](g) = f (C.5)

D. Wasserstein Distance between Two Gaussian Measures

The following details appear in Lemma 2 of Ref. [15], and we present it here again for the
sake of clarity and also to emphasize that the Wasserstein distance is well defined even if
the views matrix & is degenerate.
The L, Wasserstein distance %, between two distributions g; and g,, is defined as
follows:
#2(g1,8)= min E_; [|7—E| D.1
2@ng)= min Ee (17~ EP] (@.1)
where ¥(g,, g,) denotes the set of all joint probability distributions whose marginals are
g1 and g,. In the following, we assume that g; and g, are Gaussian distributions unless
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otherwise specified. We also assume that g, is non-degenerate while g, is allowed to be
degenerate X
Now, let us rewrite Eq. (D.1) as follows:

S 7 L N 2 -z -
£, (17 - 8] = 0 = 2l + £ |7 - ) 2 = )+ B - ) = )
S LT
—2§—f) (X —ﬂl)] (D.2)
where [i; denotes the mean of the Gaussian distribution g;. Further,
Ey (17 = €112] = 1) = a3 + (&) + 6, — 2K)

where %, is the covariance matrix associated with the Gaussian g; and K =

R T
E,[(§ — ) (¥ — Hy)]. From the assumption that g, is non-degenerate, it follows that
b, € Sym;+(lR) and is invertible. The covariance matrix can be obtained by evaluating the
Hessian of the characteristic function, which is well defined even when the views matrix is
degenerate.

Let us introduce the matrix €, which is defined as follows:

TN & L Lz 0
E X —H)X —ED)' ] EJIGF— g€ —f) 1| |6 K 03

RN : U N .
Ey[(§ — )X — i)' ] E € = H)(6 — i) ] K %

This matrix € is clearly positive definite, and hence the Schur complement €/%), is positive
semi-definite. That is,

¢ =

¢, —K'6;'K =0 (D.4)

Note that the matrix 4, needs to be invertible so that €/%, is well-defined. This follows
from our assumption that g, is non-degenerate. Let us denote 4| — KT%Z_IK by .. Then
we have

K'¢'K=¢, -5 (D.5)
Let us denote the diagonalization of 4| — . as follows:
(€, — 715 =D . UaAR Uy thatis, €, — % = UN*UT (D.6)
ik K

where A? denotes the diagonal matrix of eigenvalues and U denotes the matrix of the cor-
responding eigenvectors. If rank(%, —.%) = r < N, then A% = diag(1},13,...A12) @ Oy_,
and U = [U,, Uy_,]. Eq. (D.6) can now be written as follows:

€ —.7 = UNUT (D.7)

*The proof can be modified to allow both g, and g, to be degenerate.
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where A? = diag(13,13, ...42). Using Eq. (D.5) and (D.7), we get

1 T

K'¢7'K=UAU! > (6, °KAS'U | |6, 2KAS'U, | =1, = K=%,20,\UF

1 1

(D.8)

for some ¢, is an N X r matrix such that & ¢, = 1,. Note that this is an orthogonality
condition on &, in N dimensions. We can lift &, to an N—dimensional orthogonal matrix
O and obtain the following condition:

1

K= %25 ONUT (D.9)

We have used A = A, @ 0y_, to obtain the above equation. Now we can work with &
which is an N X N matrix such that 670 = .

To find the minimum value of the objective defined in Eq. (D.1), we need to minimize
—2Tr(K) subject to the condition @07 = 1. We introduce a matrix Lagrange multiplier .7
to enforce the orthogonality condition on the matrix ¢'. The modified objective function
with the Lagrange multiplier is given by

1

& = =2Tt[07€,2 UN] + Tx[ A (670 —1)] (D.10)
After solving for & and the Lagrange multiplier .7 we obtain
!
! ! INAE
O=H""CUN, A =||C2UN||C7UA (D.11)
Substituting for K in the definition of Wasserstein distance, we obtain
1
! 1\ 2
WHg1,82) = m}n i) — o3 + |6, + 6, — 2 € (€1 — )6} (D.12)

The minimum value is achieved when .’ = 0 since . is a positive definite matrix. There-
fore,
1
Lo I\2
W3 (g1,82) = Iy — faoll3 + tr| 6} + 6, — 2| 626,67 (D.13)

We would like to emphasize that the above derivation is valid even when the distribution g,
is degenerate. Hence, the above derivation is applicable even when the push-forward of the
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prior distribution is degenerate. It is possible to modify the above derivation to show that
%z(gl, g,) when both g, and g, are degenerate, by changing ¢, — %, + 6°1 and finally
taking the limit as § — 0. In the extreme case when €} = 65 = 0, #,%(g;, g,) is equivalent
to the distance between two point masses. However, for the analysis in the rest of the paper,
we assume any form of degeneracy arises only from the degeneracy of covariance matrices
of the form € 2T for some € € Sym;;([R). This could arise from & having identical
rows, for example.

E. Proof of Theorem 1.5.1: Main Result

In this section, we present the Proof of Theorem 1.5.1, which is the main result of this paper.

E.1. Details of computing optimal updates

Proof. The Wasserstein distance between Gaussian distributions can be written as sum of
Euclidean distance between the drifts and the Bures distance between covariance matrices.
Hence, the cost function in Eq. (1.23) can be written as:

Lows = Lourr [’ﬁwﬁp, Vy, «@] + Loy [%; Cp, v, «@] (E.1)
where

Lowrr My fps Vs P| = iy — fpl|* + | Py — V|| (E2)
and

1 1

D‘ZCOV [ng, %P’ Cgv, e@] =1tr %p + %U -2 (KPZ (gU(gPZ

S}

1 1

+ 2|6y + 2E,PT - 2| 62 26, PTE?

LSS}

(E.3)

Minimizing -Zwg With respect to 17i;; and €, boils down to minimizing %+ With respect
to iy and £, With respect to €. Minimizing %, With respect to iy, is rather straight-
forward and yields the following equation:

iy — fp) + AP (Pitiy — Vy) = 0 (E4)

Simple algebraic manipulation of the above equation yields the expression in Eq. (1.27).
Minimization of %, is slightly more involved, and the rest of this appendix is dedicated
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to finding the optimal &,. To minimize %, it seems convenient to employ the following
change of variables:

1
1 1\ 5 1

1
X=|C26y% | = Cy=%,>X*%, " (E.5)

1
1 1\ 5 1

1
Y=|¢2 26,276} | = 26,27 =%,Y>F,> (E.6)

where X, Y € Sym(R). After the change of variables, the minimization of %, can then
be recast into the COP:

1 1
X,,Y,)= argmin [tr|%p +ch 2x2 %P 2 x|+
X,YeSym(R)
1 !
Atr <gV+<gv2Y2<5V2 -2y (E.7)
subject to
_1 _! _! !
y 2Y2%v = PCp 2Xz(gp 2 (E.8)

To solve the constrained minimization problem, we introduce a matrix Lagrange multiplier
A and minimize the following modified cost function:

1 1

LIXY, M = || C+ ¢, 2%,

1 1
Po2X |+ | Cy+ 6, YA, T —2Y

1 1 1

1
P26, X*6, * 2T (E.9)

+u |6, v,

1 1 1 1

The Lagrange multiplier matrix ./ is symmetric since €, > Y>%,, > — 26, *X*¢, > 27
is symmetric. The modified cost function in Eq. (E.9) is minimized by setting the gradients
with respect to X and Y to zero, and the Lagrange multiplier .# is obtained by enforcing the
constraint in Eq. (E.8). The gradient of .Z [X, Y, .# ] with respect to X and Y is computed
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using the identity in Eq. (A.1). Setting these gradients to zero, we obtain
! ! 1 1
X\ €' =6, 2 PT M PEC, |+ € —C, PP M PE, T | X=21y  (E.10)

1 1 1 1
Y26, + €, MC,* | +| A6, +€,° MC,* |Y =220y (E.11)

The above equations are special cases of the Lyapunov equation. If (Iy — P P) is
invertible, then the solution of Eq. (E.10) can be written as shown below:

1 1\ ! 1 1

X=|67" =€, PTH 2%, | =620y, - P M P)C} (E.12)

We have used Eq. (A.4) or Lemma A.3(a) to obtain the above solution. It must be clear from

the definition of X that (Iy — 7.4 &) is invertible iff € and €, are invertible. Hence,

the validity of this assumption can be verified only after solving for ;. We show at the end

of this section that €7, is indeed invertible, and hence the invertibility of (Iy — 2T P)

is justified. If (Aly, + .#) is invertible, then the Lyapunov equation (E.11) yields ¥ =
1 1

265 Ay, + M )_I%VZ as the unique solution; however, the invertibility of (Aly + .#) is
not justified if the views matrix & is degenerate. Fortunately, we can derive the optimal
update for covariance 47, without inverting (Aly + .#). Using Lemma A.3(b), we obtain

1 1 1 1

€2 (Ay, +.4) 6, Y = Ay = YE, 2 (A, +.4)C, E13)

Now, to determine the optimal values of X and Y we need to determine . in Eq. (E.12) and
determine Y using the constraint in Eq. (E.8). In fact, .#, or rather 274 & is determined
by enforcing the constraint in Eq. (E.8). Using Eq. (E.13) we obtain

1 1

Ay +.2)C, >V, > Ay, +.4) = 12y (E.14)

1 1

By making use of the constraint in (E.8), we first eliminate ‘ﬁv 2y Z%V 2 _and we then make
use of Eq. (E.12) in the resulting expression to obtain

Ay, +.0)P 0y — PTMP)  Colly, — PT M P PT Ay, + M) = 12Gy
(E.15)

It is convenient to introduce a matrix % such that,

1 1
Ay, +. )P0y — PT MDY =A62UE, ? (E.16)
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The precise properties of the matrix %/ is not very important here as this will be eliminated
in the following steps. Multiplying both sides of Eq. (E.16) by 227, we get the following
result:

(v, +G) PTMP = (G-297P) = 2T =(ly, +G) (G-APTP),
E17)

where G is defined as follows
1 1

G =AD" U, ? (E.18)

Equation (E.17) provides an expression for 274 &7 in terms of the matrix G. The matrix
G contains an unknown unitary matrix, and we will now find an alternate expression for G
by using Eq. (E.17) and the constraint .2 = .#". Noting that 2T.#4 & = (WT%@)T
whenever .# = .#" in Eq. (E.17), we obtain

(v, + G)(G" = AP 2) = (G- 22" 2)(ly, + GT) (E.19)
From the above condition, we can conclude that G can be written as
-1
G=SW, whereS=5", W=(ly +12"2) (E.20)

We can compute X from Eq. (E.12) if (Iy — DT H P) is known. Using Eqgs. (E.17) and
(E.20), we obtain

Iy, = 2T M P =y, +GC) (Iy, +APTP) =1+ 5.W)" W~ (E21)

We now describe the procedure to determine S in the above equation. By using the definition
of G in Egs. (E.18), (E.16), and (E.15), we obtain

G6p,G' = 12276, (E.22)

After defining A = Wé,W, Eq. (E.22) can now be written as follows:

1 1 1 1 1 1
SAS=2PT6,P2 = (A2SA2)(A2SA2) = 12A2 PTG, PA2 (E23)

Hence S is given by,
! N2 1
S=s1A 2 (Az QT%@m) A 2 (E.24)
where s = +1. Using Eqs. (E.24), (E.21), (E.12), and (E.5) we obtain

C(s) = (W+ .’B(s)) ©p (W+ B(s)) (E.25)
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where B(s) = B(S)T and it is given by

il N2 _!
B(s) = sSAWA 2<A2@T%V@A2) A 2W=WSW (E.26)

In Appendix E.2, we show that s = 1 for %, to be a minimum at ¢, = % (s). Hence,
€, = (W+ B)Ep (W + B) (E27)
where B = BT and it is given by

L N2 I
B = AWA z(Az@%ﬂ,@Az) AT2W, A= WEW (E.28)

This completes the proof of the Theorem 1.5.1. |

E.2. Proofofs=1

We present a heuristic argument for the proof first to provide an intuition behind the proof,
which requires tedious algebra. To fix s, we evaluate %, at 6, = € (s) and minimize with
respect to s. We show that s should be s = 1 for %, to be minimized. For the purpose of
this heuristic argument, we assume & = ly , Gpy = D1AG(03 ). In this case, oy can
be written as follows:

op + Aso 2 op + Aso 2
«5’?=(0P‘%) ”(UV‘%) (E.29)

After a little bit of algebra, we can infer that £, is minimized when s = 1. The same
conclusion can be reached for a general €5, and &, but the algebra is more tedious, and
we present the proof for a general ¢ 5, and & below.
Proof. We prove this result for the case when the views matrix is not degenerate and
P16, is not degenerate. The proof for a general views matrix can be modified by intro-
ducing a regulating parameter § and then taking the limit § — 0. Or alternatively, the proof
can be modified by introducing the Moore-Penrose inverse wherever necessary.

We first prove that W + B(s) is positive definite. We know from that X is symmetric
and positive definite by definition. Hence, X can be written as YY” for some Y. Then, it

-1
follows from Eq. (E.12) that (I] N, — 2T @) is also positive definite. Using Eq. (E.21),
we obtain

(b, - 3”//&’«@)_1 =W+3B(s) = W+B(s)>0 (E.30)



46 Transactions of ADIA Lab

Let Q = 274, for convenience. Using Lemma A.2 repeatedly, S can be written as
shown below

YU AT —f 2 -\ -
S=sA 2(A2QA2) A 2 =sAWIE, 2 €I WOWE,S | €, 2 W =sAT !
(E.31)

/! N2 1
where T = W6 CIWQWE: | CZW (E.32)

Similarly, we know that Y is positive semi-definite. Then from Eq. (E.13), we can conclude
that Aly + . is also positive semi-definite.! Using Eq. (E.17), we obtain

-1
2Ty, + M) P = (ly, +G) GW! (E.34)

Now, from the definition of S in Eq. (E.20), (E.31), and (E.34), we obtain
PT(Ay, + M) P = AT +AW) ™ = (sT+AW) > 0 (E.35)

That is, (sT" + AW) is positive semi-definite.” Now, from Eqgs. (E.25), (E.31), and (E.26),
we obtain

C(5) = (W4 sSAWT "I W)EGp(W + sSAWT ~IW) = (sT + AW) P76, P(sT + AW) (E.36)

We have used the fact that s> = 1 to obtain the above equation. From Egs. (E.25) and (E.36),
we obtain

1
! \2 ! !
|| €7 CEC | |=tu|€H W+ B(6s)E, (E.37)
1
! 1\ 2 ! !
|| €F PE()PTE, =tr| €y P(T + W) 276 (E.38)
'Eq. (E.13) implies
1 1
7 (A, +.4)6,2Y6,% (Ay, +.4)2= A7 (Ay, +.4)%,  foranyZe RV (E.33)

Note that LHS is greater than o