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Preface 

About the Book The title of this book implies that it can only be selective or 
incomplete. It is not a textbook nor a review of the current state of research nor 
does it cover all issues relevant to seismic hazard in mines. The book summarises 
the author’s main area of expertise and a few decades of experience in the selected 
subjects, without any claim that the described methods are the most suitable to the 
problem at hand. There are other published methods for seismic hazard assessment 
in mines that would deliver good results, therefore I refrained from critical analysis. 

The book grew from the paper “Mine Seismology: Glossary of Selected Terms”, 
which was published in 2013 in the Proceedings of the 8th International Symposium 
on Rockbursts and Seismicity in Mines. The idea behind the Glossary was to serve 
both as quick reference material and as a primer on selected terms used in mine 
seismology. As the scope of the Glossary broadened and the volume increased the 
character of the glossary changed to a Mine Seismology Reference Book: Seismic 
Hazard published in 2016. Both the glossary and the reference book are available 
for free download from the Institute of Mine Seismology website. This book also 
draws on Seismic Monitoring in Mines (Mendecki, 1997) and on A Guide to Routine 
Seismic Monitoring in Mines (Mendecki et al., 1999). 

It is complementary to more comprehensive books on earthquake seismology, 
e.g. Aki and Richards (2002) and Shearer (2009), on critical phenomena in the 
natural sciences relevant to seismology, e.g. Keilis-Borok and Soloviev (2003) and 
Sornette (2004), on earthquake hazard and risk analysis, e.g. McGuire (2004) and 
Baker et al. (2021), and on mine seismology, e.g. Gibowicz and Kijko (1994). A 
very useful source of practical knowledge on mine seismology are the Proceedings 
of the International Symposia on Rockbursts and Seismicity in Mines and the 
relevant papers published by the South African Institute of Mining and Metallurgy. 
I would also like to recommend Ortlepp’s book, Rock Fracture and Rockbursts: 
An Illustrative Study, that shows the complexity of the damage mechanism of 
rockbursts, and remind us of our limited understanding of the subject. As Ortlepp 
states “This book is essentially a phenomenological study intended to increase 
understanding rather than to discuss methods of control”. He then pointedly writes
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that the structure of the book was determined by the “Recognition of the close 
association between rock fracture and rockbursting and adherence to the dichotomy 
between source mechanism and damage mechanism”. This study should be on the 
bookshelf of every mine seismologist and rock mechanics expert. 

Seismology is a very diverse science, ranging from mathematics being the 
language of science, geophysics, classical rock mechanics, fracture mechanics, 
statistical physics and geology. All that brings in a plethora of new terms into the 
seismological parlance. Consequently, the language of earthquake and mine seis-
mology includes terms which may not be familiar to some geotechnical and mining 
engineers. The proliferation of different earthquake magnitude scales managed to 
confuse even this presumably simple concept. Therefore, in this book the common 
logarithm of seismic potency, log P ., is used as a measure of magnitude. Scalar 
seismic potency is directly observable from seismic spectra and it is a product of 
two parameters, P = · V ., where the . is the strain change at source during 
the seismic event and V is the source volume. Seismic potency and radiated seismic 
energy are two fundamental independent parameters describing the seismic source. 

One of the objectives of this book is to introduce, define, and explain some of 
these terms and concepts. Another one is to clarify some of the misconceptions, in 
particular relating to the analysis and interpretation of mining-related seismicity and 
to seismic hazard assessment for mines. I hope the book will help to explain some of 
the intricacies and limitations of the power law size distribution that, when plotted 
as a straight line on a log-log scale, looks deceptively simple. Finally, it emphasises 
the need for testing the quality and integrity of the data before any analysis and 
assessment is attempted, the importance of quantifying observations, estimating the 
associated uncertainties and presenting results in meaningful plots. 

In the first draft version of this book I used different data sets to demonstrate 
different practical examples. Then, recalling Keilis-Borok remark that “For any 
given, not too absurd, hypothesis one can find a self-consistent body of data”, I 
decided to use as much as is viable the same data set in my practical examples. I 
think it works rather well because it introduces some degree of objectivity and it 
demonstrates the limitations imposed on us by the available data. 

The first chapter of the book, “Preliminaries,” starts with the authors views 
on different aspects of mine seismology, states the main differences between 
earthquakes and mine induced seismicity, lists the major factors influencing seismic 
hazard in mines, and proceeds to the general formulation of the Seismic Hazard 
Management Plan for Seismic Monitoring. Such plan should specify: (1) the 
objectives of seismic monitoring for a particular mine, (2) what the mine needs 
to have in terms of technology and skill, and (3) what the mine needs to do daily, 
weekly, monthly, and yearly to achieve the stated objectives. At the end of this 
chapter, almost as an appendix, is a short note on seismic magnitude scales. 

Chapter 2, “Seismic Sources in Rock,” starts with the glossary of terms used 
to describe seismic sources, and a short description of seismic potency, radiated 
seismic energy, and associated parameters like apparent stress, energy index, and 
apparent volume. There is a short description of the static solution for a circular 
crack subjected to a uniform shear strain given by Eshelby, that explains the basic
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source scaling relations, and a section on the circular ω2
. source model by Brune. 

While Brune’s model fits the spectra of seismic events recorded in deep high stress 
mines, it does not work as well in many mines with a weaker inhomogeneous rock 
mass and/or at intermediate depth and in caving mines. Seismic events in such an 
environment radiate less energy per unit of deformation at source. Therefore Chap. 2 
introduces more general point source models suggested by Beresnev and Atkinson 
that allow for “softer spectra”, e.g., ω2.5

. or ω3
.. It also describes the final static 

deformation and strains induced by the double-couple source, gives the radiation 
pattern for the near-, intermediate-, and far-fields, and derives the expression for the 
surface of such a source for a given inelastic strain drop. 

Chapter 3, “Monitoring Rock Mass Stability,” is a continuation of the seismic 
stability analysis suggested by Mendecki (1993). The assumption here is that an 
inhomogeneous rock mass subjected to loading displays certain seismic symptoms 
when approaching instability: (1) an overall softening, measured by a decrease 
in the average value of the apparent stress; (2) increased rate or accelerating 
deformation, measured by an increase in the activity rate and/or apparent volume; 
(3) an associated increase in correlation length where one would expect to observe 
an increase in the spatial distribution of seismic activity, measured, for example, 
by seismic diffusivity; and (4) a decrease in the dimensionality, or localisation, of 
seismic activity as can be measured by the shape factor. The objective of seismic 
stability analysis is not to predict instability or to manage seismic exposure in the 
short term, but to guide control measures to mitigate seismic hazard. 

Chapter 4, “Size Distribution and Seismic Hazard,” starts with a general descrip-
tion of extreme events characterised by heavy tailed distributions with a few very 
large values compared to the other values of the data set. Typical examples of power 
law scaling are the Gutenberg and Richter magnitude frequency relation and the 
Omori law for aftershock decay. However, both are open-ended distributions, and 
therefore have no characteristic scale, i.e. there is no upper limit on magnitude 
in the former and there is no end to the duration of aftershock sequences in the 
latter. Therefore, a need arises for a more physical description, either by introducing 
a soft transition to finite energy release or a sharp cut-off by a double-truncated 
distribution. Another important issue described in this chapter is the so-called 
mmax . or log Pmax ., which in earthquake seismology is the maximum magnitude, or 
potency, earthquake that a given seismogenic region can deliver. However, in mines 
the maximum possible size event scales with the footprint of the mine and with the 
degradation of rock mass stiffness, both increasing as mining progresses creating 
conditions conducive for ever larger events to occur. Therefore, the maximum size 
event associated with mining is not an ultimate number, but needs to be estimated 
periodically. It is the next record-breaking seismic potency, energy, or magnitude 
which can be estimated and that needs to be managed. 

Chapter 5, “Time Distribution and Seismic Hazard,” starts with the time charac-
teristics of seismic activity, the coefficient of variation and proportional variability, 
and progresses to stationary Poisson processes, probabilities of exceedance, and 
mean recurrence times. In this section there are two practical examples. The first
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one compares seismic hazard between three mines with different volumes of rock 
extracted over the same time period at different depths and it is done in the log E . 

domain. It shows the utility of plotting the cumulative potency vs the cumulative 
volume of rock extracted as an indication of seismic hazard. The second example 
compares the seismic hazard characteristics of two mostly overlapping seismic and 
rock extraction data sets selected from the same mine, and it is done in the log P . 

domain. Having partial data on the volume of rock extraction, it postulates that 
apart from increasing extraction ratio, the more concentrated production blasting at 
greater depth may have contributed to the observed increase in seismic hazard. 

The rest of this chapter is dedicated to the seismic rock mass response to step 
loading, mainly by production blasting and by larger seismic events. Seismic rock 
mass response to blasting is driven strongly by the stress level in rock surrounding 
the blast and by the volume of rock blasted. In most cases rock extraction by blasting 
induces and triggers seismic events immediately and in close proximity to the blast. 
In some cases the rate of activity follows typical aftershock sequences that can 
be described by the simple Omori law or by the stretched exponential relaxation 
function. Here, the non-stationary Poisson process needs to be invoked to assess the 
probabilities of having larger events during the aftershock sequences. Two examples 
of seismic hazard assessment after large events are presented. 

In practice mines frequently group blasts to optimise the required exclusion time 
after blasting. It is important then to schedule blasting sequences to limit the overlap 
of seismic relaxation. If larger blasts are too frequent and/or too close to each other, 
i.e. if the next blast is still during the excitation phase of the previous one, it may 
push a larger and larger part of the system into the sub-critical stage. There is also the 
possibility that such blasting may induce a larger seismic event that would not have 
happened otherwise, as opposed to advancing the clock for events that are almost 
ready to be triggered. This issue is addressed in the section Seismic Rock Mass 
Response and Blasting Sequence, where the defined Proximity Index may help to 
test whether the preferred time differences and distances between blasts sequence 
of a planned sequence are at an acceptable level. 

Chapter 6, “Ground Motion Hazard,” starts with the general description of 
transient strains and stresses and the dynamic stress concentration factors for a plane 
harmonic incident P- and S-wave wave hitting a tunnel. Then it gives a rudimentary 
explanation of the ground motion (GM) at seismic source, describes parameters that 
measure the intensity of GM, and presents a case study on amplification of GM at 
the skin of an excavation. Understanding, quantifying, and forecasting GM motion 
in the near and intermediate field of seismic radiation is the most important issue in 
mine-induced seismicity since most damage caused by seismic events is observed 
in excavations very close to their sources. Since the maximum ground velocity at 
source is controlled by the strength of the rock mass, small and large events produce 
similar ground velocity at source, but large events affect a substantial volume of 
rock, hence the probability of hitting a vulnerable structure is considerably higher. 
In smaller mines the strong ground velocities and displacements associated with 
larger events may affect the entire infrastructure.
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The next section is dedicated to the Ground Motion Prediction Equation (GMPE) 
and its applications, e.g., plotting the expected GM at strategic locations in real 
time, seismic fragility curves that show the probability that tunnel support may be 
damaged under different seismic loads given its remaining deformation capacity, 
and the GM alert program, called GMAP. The next section describes the real-time 
version of GMAP, called GMAS, that does not require the GMPE and estimated 
source parameters to issue an alert. 

The next section describes Mapping Seismic Ground Motion Hazard, which in 
earthquake seismology is called the probabilistic seismic hazard assessment and its 
limitations, the major being the uncertainty in the spatial distribution of the expected 
seismicity. 

The last section, Modelling Seismic Hazard, describes what is called the 
deterministic hazard, i.e., kinematic modelling of GM produced by potential seismic 
sources defined by their expected maximum potency or energy, placed at the most 
likely locations that can produce the highest intensity of GM motion at a given site. 
Examples of modelling GM produced by extended and complex sources are given. 

The Appendix, “Basic Concepts in Probability and Statistics,” gives a simple 
overview of the subject with emphasis on statistical dependence. Having a number 
of parameters that may be relevant to the subject at hand, we would like to select a 
subset that is most informative, mainly those that are independent. However, some 
of the relevant parameters may not be totally independent and then we need to select 
a set of parameters that are least dependent. 

The book is intended for mine seismologists, mine geotechnical engineers, and 
consultants who are, or planning to be, involved in advising mines on how to manage 
the seismic rock mass response to mining. It may also be useful to Mining and 
Geotechnical Engineering students. 

Somerset West, South Africa Aleksander J. Mendecki
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Chapter 1
Preliminaries

Abstract This chapter starts with the authors’ views on different aspects of mine
seismology, states the main differences between earthquakes and mine induced
seismicity, lists the major factors influencing seismic hazard in mines, and proceeds
to the general formulation of the seismic hazard management plan for seismic
monitoring. Such plan should specify (1) the objectives of seismic monitoring for a
particular mine, (2) what the mine needs to have in terms of technology and skill,
and (3) what the mine needs to do daily, weekly, monthly, and yearly to achieve the
stated objectives. At the end of this chapter, almost as an appendix, is a short note
on seismic magnitude scales.

1.1 Progress and Limitations in Seismic Monitoring in Mines

Over the last 40 years, considerable progress has been made in seismic monitoring
technology, the quantification of seismic sources, and the quantification and analysis
of mining induced seismicity. However, not enough is said about the limitations
of seismic sensors, shortcomings in data acquisition, our limited understanding
of statistical mechanics, non-linear mechanics and rock mass dynamics, and the
tendency to over-interpretation.

Seismic Sensors and Systems The world first digital and intelligent seismic
monitoring system, i.e. with A/D conversion at the sensor site, and each site working
independently and as a part of the network, was developed in South Africa and began
routine operation in January 1988. There were 48 three-component sites mostly
located underground with a few on surface to monitor seismic activity associated
with gold mining in the Welkom area that spanned 20 km by 15 km (Mendecki
et al., 1988). At that time more than a hundred thousand people worked daily at
depths of 500 to 2500 m below surface applying scattered mining method, imposed
by geological conditions to the tabular reefs, extracting 28 billion tonnes of ore and
waste rock per year and producing almost 200 tonnes of gold.

Since then, a few hundred mines worldwide adopted digital seismic monitoring
to manage seismic rock mass response to mining. Consequently, a number of
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geotechnical practitioners and geophysicists were exposed to, and trained in, the
practical aspects of running seismic networks and in routine data interpretation. In
the process, a new competence has emerged, namely that of mine seismologist.

Digital processing has benefited greatly from improvements in semiconductor
technology over the past few decades, and, to a lesser extent, so has analogue signal
conditioning and conversion. But transduction from ground motion to an electrical
analogue, especially in the form of sensors which are rugged and small enough for
installation in underground boreholes, has not. The result is that sensors are often the
limiting factor in the performance of the seismic system as a whole. The principal
reason is mass: Even in the noisy environment of a mine, with events occurring
relatively close to the sensors, useful signals are small, and the simplest way to
decrease sensor noise is to increase the mass, but the improvement in semiconductor
price/performance has been attained largely by shrinking the size of the individual
features. Applications with lower signal to noise ratio requirements, such as vehicle
airbag triggers, use low-cost semiconductor MEMS, i.e. micro-electro-mechanical
systems, accelerometers quite successfully. For mines, however, these lack dynamic
range and can measure only the strongest ground motions, for example on the skin of
an excavation during a damaging event. The passive geophone with coil and magnet
introduced over 60 years ago is still holding its own in mine seismic monitoring.
While they have limitations, we are not always able to utilise fully their capabilities
mainly by incorrect installation and by applying an approximate transfer function
that translates the voltage generated by the geophone into the instrumental ground
velocities. In addition, there are transverse resonances (spurious frequencies) which
make themselves felt at some sites but are not consistent enough from event to event
to allow removal by site response correction.

Optical cavity accelerometers have been constructed which use optical cooling
to reduce the thermal noise from a small mass with the high dynamic range of the
electro-mechanical force balance accelerometers and wider bandwidth but are still
relatively expensive.

To detect smaller events in mines, accelerometers or velocity sensors are gener-
ally used which attenuate low frequencies compared to displacement sensors. This
is problematical since the measurement of seismic potency is taken from the low
frequency asymptote of the displacement spectrum, which then requires integration
of the velocity or acceleration ground motion recordings. The magnification of low
frequencies inherent in the integration process, especially when compounded by the
deconvolution of a velocity sensor response, must be carefully controlled to prevent
the data from being swamped by noise. This can even lead to difficulties in picking
the dominant frequency.

The new emerging technology in seismic monitoring is distributed acoustic
sensing (DAS) that uses an optoelectronic instrument connected to an optical fibre
to measure strain or strain rate at many positions along the fibre, effectively working
as a seismic array (Lindsey & Martin, 2021). However, applications of DAS in
underground mines are limited by a relatively high cost of interrogators, higher
noise floor, the single -component nature of the recorded signals, and by the need for
tight, uniform coupling of the fibre with the surrounding rock mass. Loosely coupled
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sections of fibre produce strong site effects in some cases larger than the actual
seismic wave (duToit et al., 2022). But, if installed and grouted in longer boreholes,
one can use it to constrain source location, to measure strain changes close to
hydrofracturing sites (Luo et al., 2021), for seismic rock mass characterisation and
exploration. It can also be used for tailings dams monitoring.

Seismic data on ground motion are grossly under-sampled in space and to a
degree also in time. As I stated in Mendecki (1997b) “.. by analysing only good
quality waveforms or well behaved seismic events one is utilising only a fraction
of the time rock mass responds to mining seismically. In the case of 1000 seismic
events recorded and analysed per day of an average duration, say 0.1 second each,
one is listening to the rock mass for only for 0.1% of the day. Surely there is
useful information lost during the remaining 99.9% of the time, since there are
numerous coherent structures associated with convolved fracturing, unprocessable
tremor type events and nonstochastic noise that constitutes a legitimate seismic rock
mass response to mining”.

Hence, there was a need to acquire and utilise continuous data. Over the last 10
years or so, progress in data communication facilitated a collection of continuous,
as opposed to triggered, waveforms, and today, an average seismic network in
a mine produces and acquires 10 billion samples of data per day, and largest
systems produce 100 billion samples. Such a massive amount of data puts a great
demand on our capability to process, characterise, and quantify it. The use of DAS
will magnify the problem. Recent progress in machine learning and convolutional
neural networks (CNN) for phase picking facilitates the development of seismic
monitoring workflow platforms to seed databases with useful information derived
from continuous waveforms, e.g. see Trugman et al. (2022) or Zhang (2022), and
Arowsmith et al. (2022) for a review of big data seismology.

Quantitative Seismology Digital systems provide quality data that facilitate the
quantification of ground motion parameters, seismic sources, and seismicity. Apart
from the timing and location, a seismic source is quantified by seismic potency,
or seismic moment, radiated seismic energy, and predominant frequency and is
characterised by its source mechanism that decomposes the inelastic strain tensor
into isotropic and deviatoric components.

The importance of the quality of seismological processing and the integrity of
data can hardly be overestimated. The process starts with the location of seismic
events, which is important for the following reasons. (1) It indicates the location
of potential rockbursts. (2) All subsequent seismological processing, e.g. seismic
source parameter and attenuation and velocity inversion, depends on location. (3)
All subsequent interpretation of individual events depends on location, e.g. events
far from active mining, close to excavations or, in general, in places not predicted
by numerical modelling, may raise concern. (4) All subsequent interpretation
of seismicity, e.g. spatial interaction, clustering—specifically localisation around
planes, migration, spatial and temporal gradients of seismic parameters, and other
patterns are judged by their location and timing. But accurate location is difficult
because it relies on reconstructing the complex wave path from the source to the
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receiver and on picking the arrivals of the appropriate phases. Also, there are
thousands of these events each day to be located and seismologically processed and
the response time matters—information delayed may be information denied—with
consequences that may exceed the cost of monitoring.

Seismicity is defined by a number of seismic events occurring within a given
volume of rock over a certain period of time and is quantified using mainly the
four, largely independent, quantities. (1) Average time between events. (2) Average
distance between consecutive events. (3) Cumulative seismic potency or seismic
moment. (4) Cumulative radiated energies. A quantitative description of seismic
events and of seismicity allows one to derive information about their size and
time distributions, spatial and temporal pattern formation, migration or diffusion,
and about changes in the strain and stress regime and the rheological properties
of the rock mass associated with seismic radiation. Although seismic waveforms
do not provide direct information about absolute stresses, they do provide useful
information about stress orientation and about the co-seismic spatial and temporal
strain and stress changes.

In today’s practice, we quantify seismic sources by fitting spectra of the observed
waveforms to the source model which predicts a far-field displacement spectrum
that is constant at low frequencies and proportional to the seismic potency or
seismic moment (Keilis-Borok et al., 1960) and decays as the inverse squared power
at higher frequencies, the so-called ω2

. model (Aki, 1967 and Brune, 1970). In
mines, seismic events close to excavations and associated fractures zones have larger
isotropic components, therefore are slower, radiate less energy at higher frequencies,
and deliver displacement spectra that decay according to an ω2.5

. or in some caving
mines even an ω3

. model.
In general, a simple point source representation of seismic sources, whether

crack-like or the pulse-like, does not include the co-seismic generation of rock
damage in the source volume which alters the seismic radiation (Johnson & Sammis,
2001; Sammis et al., 2009). There is ongoing work on more realistic sources with
volume component (Lyakhovsky et al., 2016; Kurzon et al., 2019; Johnson et al.,
2021).

Production Data The seismic rock mass response to mining is mainly the result
of stress changes due to rock extraction. The catalogue of seismic data is used
to gain insight into people’s exposure to seismicity and to quantify the evolving
hazard as mining progresses. If seismic data is used in conjunction with data on
rock extraction, i.e. the timing, location, and volume of the in situ rock extracted,
then we may gain insight into possible causes of and guide the effort into prevention
and control of potential rock mass instabilities that could result in rockbursts.

Complexity of the Problem On a macroscopic scale, all processes in nature are
dissipative. Natural systems consist of a large number of elements which, at any
given time, are not in the same state. Therefore, in order to accommodate the
differences, a macroscopic system spontaneously generates local flow of energy
and momentum in addition to those imposed by the external conditions. Close to
equilibrium, the distribution of fluctuations is more or less random, the correlation
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time and the correlation length are short, and non-linearities are mostly hidden.
Away from equilibrium, the system is more susceptible to the action of intermittent
intrinsic instabilities that, due to their non-linear nature, are agents of spatial and
temporal correlations. The finite values of spatial and temporal correlations measure
the distance from equilibrium, and as this distance grows, the influence of non-
linearities increases. When the range of spatial fluctuations increases, elements
of the different parts of the system interact and the system can generate and
maintain a reproducible relationship among its distant parts. In this process of self-
organisation, the system creates spatial and temporal patterns that are not directly
imposed by external forces. When the range of correlations becomes comparable
with the system size, the resulting coherence, or order, may influence its behaviour
qualitatively, and the system may become critical and undergo bifurcation, i.e.
transition to another state (Nicolis & Prigogine, 1977). The approach to the critical
point and the nature of the instability depends on the degree of disorder or
heterogeneity in the system. Increase in disorder leads to a slower transition and
diffused instability, while highly homogeneous systems may crack in one go with
little precursory behaviour.

An important agent in the development of spatial and temporal correlations in
overstressed rock is seismic activity itself. By breaking numerous asperities, seismic
events smooth the system, allowing transfer of stresses over larger distances and thus
paving the way for even larger events. Disorder, on the other hand, plays a stabilising
role and, to a degree, can be engineered into the system by a scattered layout and/or
by a scattered sequence of mining or blasting. Disordered directions of local stresses
and a slower loading rate may also play a role, since it promotes healing and thus
stress roughening.

In mines, the dynamics is excited mainly by the transient deformation associated
with sudden rock extraction. Each such excitation causes a certain spatial and
temporal pattern of events to develop that prevails only over a limited period of
time after which the next excitation causes a new, and in many cases, compounded
pattern of events. These responses change not only the rock mass properties but also
the energy balance and redistribute that energy across a wide range of scales. As a
consequence, it generates power laws of the size distribution of seismic events.

Modelling with Seismic Data Science does not deliver a universal truth underlying
a given natural phenomenon, but it does provide models of reality with various
degrees of approximation. When building a model, we are trying to understand the
mechanism that generates the observed data and to express it mathematically in the
simplest possible way to capture the essence of the problem. But one can always
find more than one model that can reproduce the observed data, the problem known
as non-uniqueness. Therefore, models cannot be validated since we do not know if
we use the correct equations to get a solution. What we can do is to verify the model
to make sure that the equations used are solved correctly. To add credibility to the
numerical modelling, we should try to adjust the model parameters to match the
available relevant observations. This process is known as calibration. However, we
can never claim that the model is calibrated because of the sparsity of observations
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and because the dynamic systems are evolving and the same action may produce
different outcomes in future. Frequently, after calibration, a model still delivers a
wrong prediction, so there is a need to re-calibrate again and again. This is also
the case when modelling the seismic rock mass response to mining, the more data
we incorporate trying to reconcile the model with data the better, however, we can
never claim that the model is calibrated. See an excellent paper on the subject of
verification, validation, and calibration of numerical model by Oreskes et al. (1994).

Models are useful to analyse the influence of various aspects of the system on
its behaviour that helps to understand the model and indirectly the problem at hand.
Here, the quality of a model may be quantified by the following ratio: the number
of features the model can explain divided by the number of parameters (Ben-Zion,
2017). Models are also used to gain insight into the future behaviour of a system.
While the predictive power of models is limited, their utility can be enhanced by
scenario based modelling, when we compare various plausible future scenarios with
the same model parameters in order to formulate a better outcome.

Past seismic data offers a reasonable forecast of the intermediate future of the size
distribution of seismicity, but it is less successful in forecasting the time distribution
and even less regarding the space distribution. Numerical modelling, however, is
better in forecasting the potential locations of larger events but not so their timing.

Training Traditionally, the training and practice of mining and geotechnical engi-
neers was based on classical mechanics of conservative, and therefore reversible,
systems at equilibrium, with focus on static linear elastic concepts. Statics is
concerned with the equilibrium state of bodies under the action of forces. In
mechanics, equilibrium is a particular state in which both the velocities and the
accelerations of all the material points of a system are equal to zero, that means no
“fluctuations”, i.e. no movements relative to the rest frame of the centre of mass.
Such mechanics prohibits the interaction of system components, and it excludes the
possibility of emergent behaviour.

The assumption of linearity implies superposition, i.e. the end effect of the
combined action of two different causes is merely the superposition of the effects
of each cause taken individually. But in a non-linear system adding a small cause
to one that is already present can induce effects surpassing by far the amplitude
of the individual effects. Elasticity is well suited to explain the propagation of
seismic waves in the far field, but it fails to explain the near and intermediate field
deformation and the transfer of stresses and strains over larger distances.

A seismic source is a volume of rock where linear elasticity breaks down, and
the processes leading to and resulting from such instability are driven by non-linear
dynamics embedded in dissipative, and therefore irreversible, inhomogeneous,
or disordered, systems which are far from equilibrium. While the static elastic
approach offered, and will continue to offer, useful solutions, its validity is limited
to systems at, or close to, equilibrium. The real practical benefit of the applied static
elastic solutions is underpinned by the ability and the experience of geotechnical
engineers to interpret results taking into account the limitations of the method in
relation to the problem at hand.
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Fat Tails, Power Laws, and Seismic Hazard Extreme events can be considered
as large deviations from the average behaviour in an evolving system (Frisch &
Sornette, 1997). Their recurrences are characterised by the thickness of the tail that
defines the probabilities of having large events. The thicker the tail the higher the
probability, so we should expect the unexpected. A thicker tail implies not only
more larger events, i.e. higher hazard, but also a less predictable size of the next
largest event. Unfortunately, it also means a higher probability of being surprised by
the Black Swan—a big event with major effect, unexpected at first but rationalised
by hindsight. Such made up explanations after the fact create misconceptions that
causes of these events are understood and, hence, that they can be avoided or
predicted.

It is therefore of great interest to find out how the smaller events interact in
creating the conditions for larger events to occur. Failure can then be thought of as a
scaling-up process in which failure at one scale is part of the damage accumulation
of the larger instability.

Understanding the mechanisms generating power laws and their implications
is one of the subjects of statistical seismology, which is a field of research at the
interface of probability theory, stochastic modelling, and statistical physics. While
physical models try to understand the process completely, the stochastic models
estimate probability distributions of potential outcomes by allowing for random
variation in one or more parameters. The main objective of statistical seismology
though is to derive the large-scale laws of a physical system from the specification
of the relevant microscopic elements and their interactions. One of the important
practical applications of statistical seismology is the assessment of seismic hazard.

Prediction Versus Forecasting A prediction can be understood as a deterministic
binary statement, true or false, about a future event that can be validated or falsified
with a single observation. A forecast can be defined as a statement of probability
about a future event. In his excellent book, Prigogine (1980) writes “Even in physics,
as in sociology, only various possible scenarios can be predicted”, which should be
a guiding principle for practitioners involved in numerical modelling. One should
however remember the calculated probability reflects what we know about the
system, and not what the system is actually doing. An individual forecast can never
be validated by a single observation and requires multiple observations to establish
a degree of confidence.

The United Nations Disaster Relief Organization (UNDRO, 1979), defined
hazard in general as the probability of occurrence, within a specific period of time
in a given area, of a potentially damaging phenomenon.

Uncertainty Uncertainty is the existence of more than one possibility, and it is
measured by a set of probabilities assigned to a set of possibilities. Risk is a state
of uncertainty where some of the possibilities involve a loss, and is measured by
assigning losses to some possible outcomes. Therefore, one may have uncertainty
without risk but not risk without uncertainty. The notion that events are uncertain
is both complicated and uncomfortable, and therefore we tend to underestimate
uncertainty and consequently underestimate risk.
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In general, uncertainties can be divided into two categories: (1) Aleatory
uncertainty, (from the Latin word alea for dice), or purely stochastic variability,
where the ambiguity in outcome is inherent in the nature of the process, and
no amount of additional measurements can reduce the inherent randomness. (2)
Epistemic uncertainty, or ignorance or a lack of complete knowledge of the process,
which results in certain influential variables not being considered, and affects
our ability to model it. It also includes insufficient and inaccurate measurement.
The epistemic uncertainty can be diminished by taking more data, by using more
accurate instrumentation, by better experimental design and acquiring better insight
into specific behaviour with which to develop more accurate models. The guiding
concept in dealing with epistemic uncertainty should be that less data means larger
uncertainty. While the aleatory variability reflects the natural randomness of the
monitored process, the epistemic variability is the result of the uncertainty in the
expected outcome due to a lack of knowledge or inaccurate measurements.

One way to deal with epistemic uncertainty is to use logic trees, first introduced
by Kulkarni et al. (1984). A logic tree consists of a series of branches that describe
the alternative models and/or parameter values. At each branch, there is a set of
branch tips that represent the alternative credible models or parameter values. The
weights on the branch tips represent the judgment about the credibility of the
alternative models. The branch tip weights must sum to unity at each branch point.
Only epistemic uncertainty should be on the logic tree. A common error is to put
aleatory variability on some of the branches. Logic trees reflect the degree of belief
of the group of experts in the alternative models. However, evaluating the alternative
models involves considering alternative representations, new observations, and,
in some cases, data from analogous regions. This process is also subjective. An
alternative approach is to develop the single best model, but this requires a consensus
by experts, which in some cases may be more difficult than constructing a logic tree.

Interpretation Managing seismic hazard involves judgment under uncertainty.
Judgment, frequently defined as “an intelligent use of experience” or “a sense
of what is important”, is a vague attribute. In making predictions and judgments
under uncertainty, people do not always follow probability theory but frequently
relying on a limited number of heuristic principles: rules of thumb, educated
guesses, intuitive judgments, experience-based reasoning, or simply on common
sense. These rules reduce the complex tasks of assessing probabilities to simpler
judgmental operations, that may be useful, but also may lead to severe and system-
atic errors (Tversky & Kahneman, 1974; Kahneman, 2003). Our understanding of
how judgment works is far from satisfactory, and the definition of common sense
is different to different people. Seismic hazard assessment delivers probabilities
assuming a given probability distribution. However, we do not observe probability
distributions, only a series of events from the system that generates data. So we
assume a given probability distribution, say Poissonian, on the basis of limited data.

Motivational Bias Human judgment under uncertainty is also affected by moti-
vational bias, which may be even more critical than statistical misconceptions or
errors. In some cases, an expert may be motivated by incentives to see things in a
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certain way. But most frequently an expert is defensively conservative or may want
to suppress uncertainty in order to appear authoritative or knowledgeable, or has
taken a strong stand in the past and wants to be consistent. In addition, there may be
a conflict of interest between the loyalty demanded by the organisation the expert
represents or even by the client he consults for, and the expert’s objectivity (Hogarth,
1975; Vick, 2002). To alleviate some of these problems, it is advisable to subject the
applied methodologies, procedures, and results of analysis to peer review.

Communication To be effective, mine seismologists and geotechnical engineers
need to communicate their observations to mine management and convince them
that their advice is credible. There is a difference between being vigilant, that
helps to establish credibility, and being alarmist. The best advise here is, state
the expected, monitor, and notify if the observed exceeds the expected. And when
planning ahead, it can help to expect the unexpected.

1.2 Earthquakes and Mine Induced Seismicity

Use of Magnitude Different mines use different magnitude scales that, in many
cases, differ significantly and, in some cases, are not consistent over time. Therefore,
in this book, the common logarithm of seismic potency, log P ., is used as a measure
of magnitude. Scalar seismic potency is a product of two parameters, P = · V .,
where the . is the strain change at source during the seismic event and V is the
source volume. In hard rock strains ≤ 10−6

. are considered elastic and strains
≥ 10−3

. crack intact rock. Therefore, a seismic event with log P = 1.0., i.e.
Hanks-Kanamori m = 1.59., is not just 10 m3

. of something, but such event creates
approximately V = 101/10−3 = 104

. m3
. of rock subjected to cracks, which is

substantial and may, and frequently does, lead to damage if its source is close to an
excavation.

log P . is simple, appropriate for the range of sizes of seismic events recorded
in mines and independent of rigidity, and thus seismic hazard may be objectively
compared between different mines and between different periods of time for the
same mine. Table 1.1 translates selected values of log P . into Hanks and Kanamori
magnitude, expressed here in terms of potency, m = (2/3) log P + 0.92. or log P =
(3/2) m−1.38.and to Nuttli magnitude used in some Canadian mines, mN = 0.97m+
0.59., which gives mN = 0.65 log P + 1.48. (Sonley & Atkinson, 2005).

A one parameter description is inadequate to gain an insight into the stress and
strain changes at seismic sources. For that, one must quantify the two independent
source parameters: the seismic potency, P , and radiated energy, E. It gives an easy
estimate of the apparent stress, σA = 10log E−log P

., in Pascals, which is a model
independent measure of stress change at the source.

Tectonic Earthquakes Earthquake driving forces cannot be controlled. They are
fairly constant over time and relatively slow compared to changes in stresses induced
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Table 1.1 log P ., Hanks and Kanamori, m, and Nuttli (Sonley & Atkinson), mN ., magnitudes

log P . −5.0 −4.0 −3.0 −2.0 −1.0 0.0 1.0 2.0 3.0 4.0 5.0

m −2.41 −1.75 −1.08 −0.41 0.25 0.92 1.59 2.25 2.92 3.59 4.25

mN . −1.77 −1.12 −0.47 0.18 0.83 1.48 2.13 2.78 3.43 4.08 4.73

m −5.0 −4.0 −3.0 −2.0 −1.0 0.0 1.0 2.0 3.0 4.0 5.0

log P . −8.88 −7.38 −5.88 −4.38 −2.88 −1.38 0.12 1.62 3.12 4.62 6.12

mN . −4.26 −3.29 −2.32 −1.35 −0.38 0.59 1.56 2.53 3.50 4.47 5.44

by mining. For example, different segments of San Andreas fault in California slip
at the rate of a few to 40 mm per year. This slow loading facilitates the process of
self-organisation that leads to a state at which the system develops reproducible
relationships among its distant parts. Over time the system creates well defined
spatial and temporal patterns that are not directly imposed by external forces.

There is a specific model, called self-organised criticality, SOC, developed by
Bak et al. (1987) that combines the concepts of self-organisation and criticality
to explain complexity. It assumes that under very general conditions, dynamical
systems, when slowly driven, organise themselves into a state with a structure whose
statistical properties can be described by simple power laws. The system becomes
critical in the sense that all parts of the system influence each other and such systems
fluctuate around a state of marginal stability. The SOC is a phenomenological
definition, and the more constructive one would be the SDIDT—Slowly Driven
Interaction-Dominated Threshold Systems (Jensen, 1998). The slow drive is needed
to allow the system to relax from one metastable configuration to the other. The
notion of interaction dominated means that the dynamics of the system is dominated
by the mutual interaction between many degrees of freedom rather than by the
intrinsic dynamics of the individual degrees of freedom. The effect of a threshold is
to allow a large number of static metastable configurations. The threshold instability
means that the incoming energy slowly builds up the profiles until the threshold is
locally overcome and the system then self-organises itself via fast relaxation events
that dissipate the energy excess across the system.

A state of SOC would imply a slowly driven system far from equilibrium with
small fluctuations about the critical state over large timescales and sensitivity to
minor perturbations that could trigger large events that can span the length scale of
the system. The model self-organises to produce a power law in the frequency size
distribution, despite having very simple rules governing interactions and no tuning
parameters. In the case of tectonics, the SOC would therefore require the crust to be
perpetually near a state of global failure, rendering individual events unpredictable
both temporally and spatially.

Alternatively, seismicity may be described as a process undergoing self-
organised sub-criticality, SOSC, as suggested by Al-Kindy and Main (2003). SOSC
is characterised by the system being below the critical point but still maintaining
power law statistics on a local scale. An SOSC state would also suggest a finite
degree of statistical predictability in the dynamics of the system, contrary to a pure
SOC.



1.2 Earthquakes and Mine Induced Seismicity 11

While the long term seismic and aseismic loading are the main preparatory
processes for larger earthquakes, their exact timing can be influenced by transient
loading caused by surface waves from other earthquakes (dynamic triggering),
and/or earth tides, atmospheric pressure or heavy precipitation amongst others.
These loading sources all produce a similar amplitude stress change on a fault that
is three to four orders of magnitude less than the ambient stress on the fault, and
they occur on timescales from short periods on the order of 10 to 100 seconds to
long periods, of the order of a year (Johnston, 2017).

Mining Induced Seismicity Induced seismicity results from stress changes that are
at least on the same order as the ambient pre-mining stresses. Triggered seismicity
results from stress changes that are considerably smaller than the ambient pre-
mining stress, i.e. when the system is close to critical. Mining cannot induce large
earthquakes but could potentially trigger such events (McGarr et al., 2002).

The seismic rock mass response to mining is a result of stress changes due to rock
extraction, blasting, hydrofracturing, and, to a lesser extent, due to the relocation of
the extracted rock to rock waste sites, and therefore it is not a spontaneous process.
Mining induces stresses at a particular place, at a particular time, and at a particular
rate which are all highly variable compared to the tectonic regime. The average rate
of deformation induced by mining is at least two orders of magnitude greater than
the average deformation rate of tectonic plates. The bulk of seismic activity in mines
starts with rock extraction, increases with the extraction ratio of the ore body, and,
with the exception of large-scale mining taking place over a number of years, stops
rather quickly with the cessation of mining.

Figure 1.1 left shows the cumulative number of events with log P ≥ −2.0. during
1435 hours before and 2200 after the main shock (MS) of log P ≥ 2.61 (m ≥ 2.66).

where size of the event scales with the radius of source volume and the colour
indicates the distance of the event from the main shock.

The first aftershock with log P ≥ −2.0. was recorded 4, and the second 6.4
seconds after the MS. Within the first 16 hours after the main shock, there were
165 events that give the activity rate just over 10 events/hour and within the first

Fig. 1.1 Cumulative number (left) and distances (right) of seismic events to the MS with log P =
2.61.
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Fig. 1.2 Top (left) and section view (right) of the mine, including the nearest three mining
operations. The main shock is shown in light grey and aftershocks coloured by the time of their
occurrence

171 hours the rate of activity dropped to 1.4 events/hour. Figure 1.1 right shows the
distances from the MS during the same time where colour scales with the logarithm
of apparent stress, log σA = log (E/P ).. The bulk of the immediate aftershocks
spread almost 500 m from the MS.

With a very few exceptions, aftershock sequences after larger seismic events in
mines or after major production blasts are not as well developed as they are after
tectonic earthquakes, mainly due to faster relaxation facilitated by the presence of
openings and extensive fracturing. However, there are a few exceptions where large
events which are triggered by mining are actually driven by local tectonic stresses.
In such cases, there are more aftershocks, and the aftershock sequences last longer
and extend beyond the mining operations.

One such example is a log P = 5.47 (m = 4.57). reverse slip event triggered
by mining and driven mainly by tectonic sub-horizontal stress. Figure 1.2 shows
the left corner and section views of the mine, including the three nearest mining
operations. The main shock is marked by the large light grey sphere centred at the
very bottom of the mine, and its aftershocks are coloured according to time. The
size of each event represents the radius of the source volume taken as a sphere,
V = ., where . is the assumed strain change at the source, in this case

= 1 · 10−4
. to make small aftershocks visible. The main shock was initiated off

the bottom edge of the mine and propagated over one kilometre away from the mine
along a sub-horizontal geological structure. The immediate aftershocks were at the
bottom of the mine and away from the mine on the structure. The first aftershock
with log P = 2.66. one minute after the main shock located within the mine and the
second largest aftershock, marked as dark yellow, with log P = 2.54. occurred 37
days later.

Figure 1.3 left shows the cumulative number of events with log P ≥ −3.0. during
1338.7 hours before and 3730.5 hours after the MS shown here as the large red
circle.



1.2 Earthquakes and Mine Induced Seismicity 13

Fig. 1.3 Cumulative number (left) and distances to the main shock of seismic events with log P ≥
−3.0. before and after the main shock

Colour here scales with distance to the MS, and the size of the event here
represents the radius of the source volume taken as a sphere, V = ., where

. is the assumed strain change at the source, in this case 10−2
.. There was a steady

rate of seismic activity, λB = N (log P ≥ −3.0) B = 0.484., per hour before the
main shock.

Figure 1.3 right shows distances of seismic events to the main shock over the
same period of time where colour scales with the logarithm of apparent stress,
log σA = log (E/P ).. The spatial distribution of events before the MS is mostly
concentrated at the mine, at distances of 300 to 500 m from the future MS, with
only few events at distances over 500 m. From the very beginning of the aftershock
sequence, the spatial distribution of aftershocks extended to over 2000 m from the
MS. Approximately, 2900 hours after the MS one can see seismic activity at 200 m
from the MS associated with the rehab of mining operations.

Smaller events in mines are highly correlated in space and in time with mining,
while the largest events tend to occur after the extraction ratio and/or the depth of
mining reach a critical level. The spatial distribution of larger events, however, is
influenced by past mining layout and by the geological structures influenced by
mining, and their temporal distribution is more random than that of small events.

Less frequently rockbursts result from a sudden shear fracture through pristine
rock where no faults or discernible planar weaknesses existed before (Gay &
Ortlepp, 1978). Certainly, to drive rupture through intact rock would require higher
effective stress than to drive the same size event along pre-existing weakness, and
therefore, it would produce higher ground velocities and therefore radiate more
seismic energy.

Most frequently, the temporal distribution of larger events in mines is more
random than that of small events. Small events are more clustered in time than
larger events, while the time distribution of the larger events tends to a random
or Poissonian distribution.
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1.3 Seismic Hazard Factors in Mines

In mines, the rock mass dynamics is driven by the transient deformation associated
with rock extraction, which is at least two orders of magnitude greater than the
average slip rate of tectonic plates.

Where the excavation is created by blasting, the blasts themselves have a limited
or local effect. The effects of mining are exacerbated by the proximity of older mine
openings, the proximity of geological structures, and local tectonics stresses.

If the balance of the influx of energy and dissipation is not maintained, the system
is susceptible to discharging its surplus energy in the form of larger seismic events,
after which mining operations are frequently suspended and resumed only days or
even months later.

Notwithstanding the complex nature of the inducement, seismic rock mass
response to mining still develops reasonable size distributions and time relaxation
patterns, which seismologists and geotechnical engineers use to manage seismic
related risk.

Seismic hazard in mines is positively correlated with the following natural
factors:

1. Virgin rock stress, which is a combination of depth and the local tectonic stress
2. The bulk strength of the rock mass
3. The degree of homogeneity, or smoothness, of the rock mass including geological

features, specifically those with shear strength comparable to the shear stresses
induced by mining excavations

In addition, there is a number of factors related to mining that may exacerbate the
intensity of the seismic rock mass response to mining:

1. The extraction ratio
2. The spatial extent of the mined-out area or volume
3. The rate of mining and the spatial and temporal sequence of extraction
4. The additional stress induced by adjacent mining
5. The smoothness of the mine layout itself and in relation to the geological

structures (Mendecki, 2012; Mendecki, 2013a)

Smoothness can be defined by the dimensionality of the object, as measured by
its fractal dimension—the lower the fractal dimension the smoother the object.
Fractals appear similar at any scale of observation. In mathematical terms, fractal
objects exhibit fractional dimensionality, that is they are neither lines, nor surfaces
or volumes. Their dimension falls in between the classical dimensions of Euclidean
geometry. An object is fractal when its length L is a function of the length λ. of
the measuring device, L ∼ λ1−D

., where D is the fractal dimension (Mandelbrot,
1967, 1975). If N (λ). is the number of cubes of size λ. needed to cover the
object, then the box counting fractal dimension of an object can be estimated by
D = ln N (λ) / ln (1/λ). (Barnsley, 1988). Fractal dimension increases with the
degree of irregularity, or raggedness of the object.
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Seismic events originate and stop at inhomogeneities in the rock mass. By
breaking numerous asperities, they smooth the system, allowing transfer of stresses
over larger distances and thus paving the way for even larger events. Assuming that
large seismic events are those small ones that were not stopped soon enough, then
one way to manage seismic hazard is to engineer a mine layout that, together with
the natural structures, is “rough” enough to limit the extent of ruptures. It has been
argued that mining scenarios that introduce spatial heterogeneity, or roughness, may
de-correlate the system and be less likely to develop larger dynamic instabilities
(e.g. van Aswegen & Mendecki, 1999; Handley et al., 2000; Vieira et al., 2001;
Mendecki, 2001 Figure 8; Mendecki, 2005; Durrheim et al., 2005).

1.4 Probabilistic Hazard: Long, Intermediate,
and Short Term

Probabilistic seismic hazard analysis (PSHA) is a methodology that estimates how
frequently a given level of a given ground motion parameter can be reached or
exceeded at a point of interest, X, in future time ., Pr [≥ GMP (X) ].,
where the GMP can be the peak ground velocity, PGV , or the cumulative absolute
displacement, CAD.

The PSHA incorporates all potential sizes of seismic events, the frequency of
their occurrence and source distances via the ground motion prediction equation
(GMPE) to estimate the combined probability of exceedance at X for different
time periods ΔT .. It also disaggregates seismic hazard into its contribution from
event size, distance, and the normalised residual, expressed in terms of the number
of standard deviations from the median ground motion estimated by the assumed
GMPE. The main objective of disaggregation is to show which component domi-
nates seismic hazard at a given site.

For mines, the PSHA is frequently limited to the size distribution hazard, i.e.
assessment of the probability that a potentially damaging event ≥ log P . will
occur inside a given seismogenic volume of rock, ., in future time ., or while
extracting a given volume of rock m ., i.e. Pr ≥ log or m .. To
estimate this probability, we need to assume the size and the time distributions of
seismic events for a given seismogenic volume of rock. The most frequently used
size distribution is the upper truncated power law, and it is recommended that the
upper limit for a given data set be estimated independently. As for time distribution it
is frequently assumed that seismic activity can be described by a stationary Poisson
process, whether in the time or in the volume mined domain, and this simplification
is in part neutralised by making regular hazard estimates and comparing differences.
In cases where there is a clear trend in seismic activity, one can try to extrapolate
the parameters of the size distribution, and alternatively, one can apply the non-
stationary Poisson process with a suitable intensity function.
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This limiting PSHA in mines to Pr ≥ log or m . is justified for
smaller operations where the linear size of the target event, log P ., is comparable
with the size of a mine. Moreover, most seismic systems for mines are designed
to locate events and to estimate seismic source parameters, mainly potency P and
radiated energy E, rather than to estimate the resulting ground motion at the skin
of excavations. For this reason, seismic sensors are placed in boreholes, away from
excavations, to avoid the very site effects that amplify ground motion at certain
frequencies and contribute to damage. The ground motion prediction equations
derived from such measurements will certainly underestimate seismic load and need
to be corrected.

Seismic risk is a product of the probability of occurrence and the poten-
tial liability or vulnerability, L (X)., at a given site, Risk (≥ v ) =
X

{Pr [≥ v (X) ] · L (X)} dX .. Since probability is dimensionless, seismic
risk is expressed in the units of liability L.. Information on liability or vulnerability
is usually more difficult to quantify than the information on seismic hazard, because
it involves not only the material damage, injury and in some cases loss of life, but
also the cost of business disruption, which is difficult to predict.

The intermediate term hazard would then cover a period of up to one Year, and
results are presented as the expected probabilities versus different size events for
selected time periods, e.g. 1, 3, 6, and 12 months. The long term hazard in a mining
context should cover a period between one year and the expected life span of the
mine but, because the uncertainties increase with time, 5 years may be sufficient.
For the long term hazard, one can estimate the expected probabilities associated
with different size events, log P . or, for specific size events that are associated with
selected recurrence times, log P t̄1y ., log P t̄2y ., log P t̄3y ., and log P t̄5y .,
and for the estimated next record breaking log Pnrb ., versus time. Note that the data
set used for the long term hazard assessment may frequently be the same as for the
intermediate one. In such a case, the only difference is the presentation of results in
the time domain, as opposed to the magnitude or log P . domain, and the confidence
limits.

The short term hazard would cover a period of less than a month and include the
estimates of interval (or re-entry) probabilities immediately after sudden loading by
larger seismic events or after production blasts.

In many cases, seismic hazard can only be estimated by means of numerical
modelling, since there may not be enough seismic data available to perform such
analysis. However, the results of numerical studies should be confirmed regularly as
soon as data becomes available.

Limitations There is an exchange of views in the literature on the utility of PSHA.
The spectrum of views is wide, from suggestions to drop it altogether (e.g. Mulargia
et al., 2017) to the more pragmatic, stating that the shortcomings of the method
do not invalidate the existence of the hazard curve, which comprises the basic
assumption for PSHA (Anderson & Biasi, 2016).

There is a difference in the nature of ground motion hazard to underground
structures due to seismic events in mines and to surface structures due to earth-
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quakes. The main differences are the distances involved. The near-source ground
motion due to small and larger seismic events is similar, but the hypocentral
distances to underground excavations in mines are very small, say from a few
metres to a few hundred metres. Earthquakes are usually many kilometres away.
Therefore, earthquake engineers are mainly concerned with ground motions from
larger earthquakes, but these earthquakes are less frequent and their activity rates
are less certain. Recurrence times for large events in mines are also uncertain. One
can then expect that the hazard maps for mines can better estimate the potential for
less severe damage caused by smaller and medium size events than the infrequent
large events.

This is why mines prone to larger events may wish to supplement probabilistic
analysis with deterministic analysis, i.e. ground motion simulation. Such a simula-
tion involves kinematic modelling of ground motion produced by sources defined
by their expected maximum potency, or magnitude, and placed at the most likely
locations that can produce the strongest level of peak ground velocity at a given
site or sites. The likely locations of these sources may be determined by numerical
modelling of the induced shear stresses on geological structures. In a kinematic
model, the source process is defined by the spatial and temporal distribution of the
slip vector, the local slip velocity function, and the rupture velocity, without taking
into consideration the forces and stresses acting at the source, see Mendecki and
Lötter (2011) and Mendecki (2016).

Probabilistic and deterministic methods for hazard assessment have advantages
and disadvantages. Probabilistic methods can be viewed as inclusive of all deter-
ministic events with a non-zero probability of occurrence. In this context, a proper
deterministic method that models a particular larger event should ensure that that
event is realistic, i.e. with a finite probability of occurrence. This points to the
complementary nature of deterministic and probabilistic analyses: Deterministic
events can be checked with a probabilistic analysis to ensure that the event is
probable, and probabilistic analyses can be checked with deterministic events
to see that rational, realistic hypotheses of concern have been included in the
analyses (McGuire, 2001). However, the deterministic analysis can better account
for specifics, i.e. the path and the site effects associated with a given strategic
infrastructure.

1.5 Seismic Hazard in the Time and Volume Mined Domain

The mean recurrence interval between events above a certain potency estimated
over the period of time . is t̄ (≥ P) = (≥ P)., where Δt . is the time span
of data used and N (≥ P). is the number of events not smaller than P over that
time. Seismic activity rate for these events is then 1/t̄ (≥ P).. The mean volume
mined between events above a certain size during extraction of Vm . volume of rock
is V̄ (≥ P) = Vm/N (≥ P).. The number of events, N (≥ P)., per unit of volume of
rock extraction is 1/V̄ (≥ P).. Note that the terms “mean inter-event time”, “mean
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recurrence interval” may be deceptive since in many cases the dispersion from the
mean, as measured by the standard deviation, is comparable with the mean value.
If the standard deviation of the observed recurrence intervals is less than 50% of
the mean recurrence interval, then the seismic behaviour may be assumed to be
periodic rather than episodic, and calculated probability estimates can be considered
reasonable. For a very short time interval into the future, ΔT < t̄ (≥ P)., the
probability of having an event with potency not smaller than P can be estimated
as Pr(≥ P) ΔT/t̄ (≥ P).. The calculated recurrence interval or the mean volume
mined that stretch well beyond the span of the data set . or Vm . should be treated
with caution.

Example Data sets from three mines, A, B, and C, were collected over the same
two year period, = 678. days, all related to tabular mining with vertical principal
stresses but with different geological structures, mining layouts, extraction ratios,
depths, and rates of mining. Mine A practiced long-wall mining of a highly extracted
tabular reef and mine B the sequential grid method. In both mines the rock extraction
took place at practically the same depth of 3300 m. The extraction ratio of the tabular
reef in mine A is over 80%, in mine B is 70%, and in mine C 60%. A simple
numerical elastic model shows that due to the higher extraction ratio the mean
vertical stress calculated over the un-mined areas in mine A is 1.7 times higher than
in mine B. Mine C practiced scattered mining, imposed by the presence of larger
faults, at an average depth of 1755 m.

Figure 1.4 compares cumulative volume mined and cumulative seismic potency
in the three mines. Mine B delivered the highest production, production rate, and the
highest seismic potency release. However, mine A delivered the highest observed
potency release per volume mined, P/Vm .. Compared to A and B, the seismic
potency release in mine C is low. Note that the production in B is 4.3 times higher
than in A, however, the potency release per day is only 1.4 times higher, and the
potency release per unit of volume mined is 3.1 times lower. Clearly, the most
informative parameter of the inherent hazard is P/Vm ., and if it is unacceptably
high, then slower pace of mining only delays the inevitable.

Seismic hazard induced by mining should therefore be expressed as a function
of time, e.g. by the mean inter-event times, and as a function of rock extraction, e.g.
by the mean inter-event volumes mined. During times when mining is suspended,

Fig. 1.4 All cumulative: volume mined versus time (left), potency release versus time (centre),
and potency release versus volume mined (right) for mines A, B, and C over 678 days



1.5 Seismic Hazard in the Time and Volume Mined Domain 19

Fig. 1.5 Seismic hazard for the three mines in the time domain (left), and in the volume mined
domain (right)

seismic activity decays very quickly and the mean inter-event times increase,
indicating lower hazard. The mean inter-event volumes mined, however, stay the
same since the hazard potential did not change, and when mining is resumed, it will
be very much the same as it was before.

Figure 1.5 left shows seismic hazard estimated for the three mines A, B, and
C in the time domain for = 10. days, assuming their current rate of mining.
Seismic hazard at mine C is clearly the lowest, although converging with mine B
for large potency events. Note the crossover point between mines A and B below
which seismic hazard for data set B is higher. Figure 1.5 right shows seismic hazard
potential, estimated in the volume mine domain, assuming all three mines extract the
same volume of rock m = 1000. m3

., otherwise for the same set of parameters.
Clearly, hazard potential at mine A is the highest of all three mines, then at mine B,
but again slowly converging with mine C for large potency events.

1.5.1 Seismogenic Volume, Time Span of Data, and
De-clustering

Probabilistic hazard analysis is based on data selected from a given volume of rock,
ΔV ., over a certain period of time, Δt .. The volume ΔV . should include all seismic
events that are interdependent. Many properties of induced seismic activity indicate
a hierarchical organisation, suggesting a connection among events in space and in
time. The range of spatial interaction is at least equal to the size of the largest event.
Kijko et al. (1993) detected similarities in probability patterns between clusters of
seismic activity separated by more than 1000 m, although they did not consider
production. If the linear size of a stand-alone mine is comparable with the size of the
largest expected event, then ΔV . should be defined by the volume of seismic activity
within and around the mine. For the same reason, two or more adjacent mines may
be treated as one seismogenic volume. It is useful to test the spatial extent of the
seismic response to larger production blasts or to larger seismic events which, in
some cases, may cover the entire mine.
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Similar considerations need to be applied to Δt ., which should span as far back as
possible. Since mining scenarios may change, it is advisable to select the past data
that is most relevant to future mining. The calculated probabilities over future time
ΔT . larger than Δt . should be treated with caution. One should avoid sliding time
windows and rather resort to cumulative windows and then normalise to compare.
The future seismic rock mass response to mining is reasonably informed by the data
on the size distribution, but it is less informed by the data on the time distribution,
and even less by its space distribution. There is very little information about the
possible location of future larger events in the past data. To gain insight into
the spatial distribution of seismic hazard, it is better to resort to numerical stress
modelling.

De-clustering Conceptually, one can try to separate seismic activity into two
components: events that are independent (background events or main shocks) and
events that are triggered either by static or dynamic stress changes. This process of
discrimination is called de-clustering, e.g. Gardner and Knopoff (1974), Reasenberg
(1985), Bottiglieri et al. (2009). In mines, the problem is aggravated by blasting
and/or hydrofracturing that induce the bulk of seismic activity. Smaller blasts
frequently produce waveforms difficult to be discriminated.

The objective of de-clustering is to make the working data set more stationary
in time and more random or disordered in space, i.e. more Poissonian, so it can
be treated independently in time and/or in space. Because there is no physical
difference between foreshocks, mainshocks, and aftershocks, clusters of events are
usually defined by their proximity in space and/or by the fact that they occur at rates
greater than the seismicity rate averaged over longer duration. Since most of the
“triggered” events are small, de-clustering would lower the exponent of the power
law overstating seismic hazard for larger events (Mizrahi et al., 2021). However,
de-clustering is an ill-posed problem and does not have a unique solution, and
therefore, it is subjective. In most mines, seismic activity is strongly dependent,
and de-clustering would either decimate the data set leaving not much to work with,
or it would only partially de-cluster leaving a distorted data set. There is a case to
be made for reintroducing aftershocks and foreshocks into the probabilistic hazard
assessment (Taroni, 2024). A careful selection of the seismogenic volume in space
and in time, selecting slightly higher log Pmin ., and a more frequent assessment of
time varying hazard, may offer a more objective solution. One can also account for
a trend by extrapolating the parameters of the size distribution beyond the observed
volume mined or the observed time span.

1.5.2 Testing the Quality and Integrity of Data

This is an important and frequently underestimated, or even overlooked, process that
can influence the results of seismic hazard analysis considerably. It is also a process
that takes time and that should be performed by an experienced mine seismologist.
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Firstly, one needs to select all available data, regardless of their quality. This
original data set should be stored for future reference.

Secondly, one should recognise, document, and then remove all artifacts, e.g.
blasts, ore-pass noise, test pulses, spikes, misassociated, and split events, and
identify gaps in data recordings. Some split events, i.e. larger complex events
separated by seismologist during processing into two or more simple ones, may
significantly affect the time, and to a degree, the size distribution analysis. It is
useful to plot the spatial distribution of seismic events, the activity rate versus time
and the activity versus time of day or day of week. It is useful to plot the peak
ground velocity (PGV ), its associated frequency, and distance for each seismic
station. Some blasts generate higher frequency PGV at close stations. One should
test for amplitude saturation caused either by exceeding the output range of an
amplifier—which produces squared off waveforms—or by exceeding the travel limit
of the inertial mass within the geophone, known as displacement clipping. Seismic
sensors used in mine networks can only sustain a few mm of displacement, and,
for a given peak ground velocity, the peak ground displacement, PGD, increases
as the associated frequency f decreases, approximately PGD = PGV/ (2πf )..
The displacement clipping produces a sharp reversal in velocity and is difficult to
spot on velocity waveforms, but it can be seen more easily on displacement traces
as a sharp triangular peak reaching the maximum displacement. If not recognised,
amplitude saturations will distort seismic source parameter calculations and ground
motion analysis.

Thirdly, one should test the quality of seismological processing, specifically
seismic potency, P , radiated energy, E, and corner frequency, f0 .. Here it is useful
to test the relation between seismic potency and radiated energy on a log-log plot,
log E . versus log P ., the relation between the S- and P-wave energy, log ES . versus
log EP ., the relation between the S- and P-wave corner frequencies, log f0S . versus
log f0P ., the relation between the S-wave corner frequency and potency, log f0S .

versus log P ., and check for outliers and patterns. Source parameters are also
influenced by mislocation, and if the hypocentral distances are overestimated so
are the source parameters, in some cases enormously. Plotting the recorded PGV s
at each site versus distance for different log P . in colour helps to identify events with
suspect source parameters and/or poor location.

One should also examine in detail the quality of seismological processing of at
least the 100 largest events, since they have a great influence on the results. Here it is
important to test the influence of near-field recordings on results of source parameter
calculations, mainly on seismic potency, energy, and corner frequency.

The potency and energy range of seismic events that a system can recover
is limited by its frequency range (f1, f2)., which is mainly determined by the
capabilities of the seismic sensors. For example, in hard rock with vS = 3.6.km/s
and μ = 30.GPa, the largest event for which the system can recover 85% of seismic
potency is P 7.41 10f1)

3
., which for a reasonably high stress drop of

= 3.MPa and f1 = 3.Hz (i.e. for 4.5 Hz sensor) gives log P = 2.9. (Mendecki,
2013b). It is advisable to secure at least 80% recovery of seismic potency. Note that
the estimates of seismic potency and radiated energy can be strongly influenced by
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their dependence on the applied correction for attenuation, Q. Apart from location
and source parameters, one should try to resolve the source mechanisms of larger
events and their spatial association with geological structures. One should also
check if any changes made to the seismological processing software over time
introduced step changes in the results.

Since seismic hazard in mines is driven by rock extraction, it is also useful to
examine plots of cumulative potency versus time, cumulative potency versus volume
mined in relation to cumulative volume mined versus time, see Fig. 1.4.

It needs to be recognised that the definition of a seismogenic volume and the
selection of the appropriate data set introduce a degree of subjectivity.

1.6 Seismic Hazard Management Plan: Seismic Monitoring

The objective of this section is to facilitate preparation of the seismic monitoring
part of seismic hazard management plans (SHMP) for seismically active mines.
As mining goes deeper and the footprint and the extraction ratio of the ore bodies
increases, more underground mines will identify seismicity as being the principal
hazard, i.e. hazard that has a reasonable potential to result in multiple deaths in a
single incident or a series of recurring incidents.

The process starts, or should start, before mining commences with deriving
the expected seismic rock mass response to mining, which constitutes the first
reference seismic hazard. In such a case, there is no seismic system, therefore no
data, so the expected hazard depends on an expert opinion taking into account
the nature of ore body, its geological setting, the planned mine layout, the results
of numerical modelling of the expected stresses and strains, and by taking into
account the experience of other mines in similar conditions. However, in many
cases at the inception, mines did not expect to experience seismic problems, and
therefore, frequently the first hazard assessment is done at a later stage when either
underground workers reported “rock noises” or after the first incident of damage
caused by the perceived seismic event. Most seismically active mines monitor
seismic rock mass response to mining, and in these cases seismic hazard should be
assessed quantitatively in terms of probabilities of exceedance of certain magnitudes
and the resulting ground motion.

The seismic monitoring part of a good SHMP should be logical, consistent,
and quantitative. All criteria should be defined to facilitate quantification and each
routine task and action, timed and costed. The plan should also provide a framework
to ensure compliance with the local health and safety regulations. At the same time,
it should be realistic, i.e. should not be overly ambitious to make sure that the mine
will be able to deliver on its own commitment. It should be reviewed every 6 months,
or every time the seismic rock mass response to mining delivers the “unexpected”.

In preparation, it is useful to follow a four-step process accepted by the industry.
(1) Identify the type and the nature of seismic related hazards, e.g. slip on geological
structures, bursting of pillars, or coal, gas, and rock outburst from a face in coal
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mines. (2) Assess the risk, i.e. the expected consequences, associated with each
type of hazard as measured by the magnitude and the probability or frequency
of occurrence, and then score it in the company accepted risk matrix. (3) Specify
measures to be taken to manage seismic hazard and minimise the risk, e.g. changes
to mine layout and/or the sequence of mining, rate of mining, introduction or
changes to regional or local support, introduction of preconditioning, etc. (4)
Reassess seismic hazard and review control measures. The seismic part of the
SHMP should include the following:

1. The specific objectives of seismic monitoring for the mine.
2. What the mine needs to have to achieve the stated objectives, in terms of seismic

monitoring technology and people and skill involved?
3. What the mine needs to do to achieve the stated objectives, i.e. a list of tasks

the mine needs to do daily, weekly, monthly, and yearly to achieve the stated
objectives?

Having the seismic part of the SHMP, one can prepare a seismic trigger action
response plan that defines conditions, called triggers, that need to be continuously
checked for and the respective actions to follow when those conditions occur.
Actions are triggered when seismic behaviour deviates from the expected and could
become hazardous. The SHMP and TARPs should be reviewed twice a year or every
time seismic rock mass response to mining exceeds expectations in a significant
way.

1.6.1 Objectives of Seismic Monitoring in Mines

Routine seismic monitoring in mines enables the quantification of exposure to
seismicity and provides a logistical tool to guide the effort into prevention, control,
and alert of potential rock mass instabilities that could result in damage, injury, or
loss of life. The scope of seismic monitoring depends on the expected seismic rock
mass response to mining. Mines with very low seismic hazard may opt for a limited
scope of monitoring in order to register any potential changes in seismic response to
mining in time and in space. As seismic activity increases, the scope of monitoring
needs to be revised.

The objectives of seismic monitoring are an integral part of the seismic hazard
risk management strategy adopted by mine management. The overall objective of
seismic monitoring is to measure if the current seismic response to mining is as
expected.

One can define the following general objectives of monitoring the seismic
response of the rock mass to mining (modified after Mendecki, 1997a and Mendecki
et al., 1999):

1. Rescue. To detect and locate potentially damaging seismic events, to alert
management, and to assist in rescue operations.



24 1 Preliminaries

2. Prevention. To confirm the rock mass stability related assumptions made during
the mine design process and enable an audit of, and corrections to, the particulars
of a given design while mining, for example:

(a) Monitor seismic behaviour and the mechanism of seismic events associated
with known geological structures and test for unknown geological structures.

(b) Resolving spatial, temporal, and geometrical characteristics of co-seismic
inelastic strain in selected areas of the mine to reconcile with corresponding
numerical model(s) and to constrain numerical modelling of future mining
scenarios.

(c) Recording strong ground motion in solid rock and at the skin of excavations
to quantify site amplification and assist in support design.

(d) Monitoring the propagation of a caving and the development of the yield
front in caving mines.

(e) Quantify seismic rock mass response to production by plotting the the
cumulative potency versus the cumulative volume of rock extraction, see
Fig. 1.4 right.

(f) Confirm the expected level of ground motion produced by larger events in
solid rock and at the skin of excavations to confirm the support design,
and monitor the consumption of deformation capacity of support due to
seismicity.

(g) Model the expected seismicity associated with different scenarios of future
mining.

(h) To monitor and to quantify an increase in seismic activity caused by larger
seismic events or by production blasts in order to define the area-specific
temporal exclusion zones and to guide the re-entry into the working places.

3. Hazard Assessment. To quantify the expected exposure to seismicity in terms
of the probability of occurrence, within a specific period of time in a given area,
of potentially damaging events, and potentially damaging ground motion in the
intermediate and long term. The latest hazard results should be compared with
previous ones, differences discussed, explained, and documented.

4. Alerts. To detect strong and unexpected changes in the spatial and/or temporal
behaviour of seismic parameters that could lead to instability and affect working
places immediately or in the short term.

5. Back analysis. To improve both the mine design and the seismic monitoring
processes. All seismic events regardless of size that caused fatality, injury, or
damage need to be back analysed thoroughly. It is also advisable to back analyse
all near misses, i.e. seismic events that did not result in consequences—but had
the potential to do so. Results of back analysis should form the basis for a regular
critical review of the applied seismic risk management strategy, guidelines, and
procedures.

A quantitative description of seismic events and seismicity is considered as a
minimum requirement to accomplish these objectives.
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1.6.2 System Requirements

The transducers, data acquisition hardware, and processing software which com-
prise seismic monitoring systems can best be characterised in terms of the ampli-
tudes and frequencies of the ground motion which they can faithfully represent, and
the average rate at which events may be recorded and processed.

One should also specify the minimum location accuracy and the minimum and
maximum potency and energy that the system can recover from waveforms.

Dynamic Range in Amplitude The dynamic range in amplitude is commonly
defined as the ratio of the highest amplitude that can be measured as the RMS
noise level, which is considered to equal the amplitude of the smallest detectable
signal. The ratio R = Apeak/NRMS . is often expressed in decibels dB = 20 · log10 R ..
If the environmental noise within the mine is within 10−7

. to 10−6
.m/s and the

expected maximum amplitude of ground velocity is 1 m/s, then to measure it we
need the dynamic range of at least 120 dB or more. Miniature geophones can easily
measure the ground noise 10−7

. and less, but peak amplitudes are limited by internal
displacement. A 4.5 Hz geophone with 0.7 damping and 4 mm peak-to-peak travel
can accommodate 56 mm/s at the natural frequency, giving a minimum dynamic
range of 115 dB. A 15 Hz geophone can tolerate higher tilt angles, which in turn
reduces the available travel to as little as 0.5 mm, and lower damping is often used to
enhance sensitivity at lower frequencies, all of which could reduce the peak velocity
to 16 mm/s or less, with a corresponding dynamic range of 104 dB.

One can increase the signal range and the travel limits of geophones by
overdamping. With normal damping of 0.7, the frequency response is flat to ground
velocity above the natural frequency, fn ., and is proportional to f 2

n . below, which
is caused by a double pole at that frequency. As the damping increases beyond 1,
the poles separate, in such a way that the product of the pole frequencies remains
constant. Between these poles, the velocity response is proportional to frequency,
effectively making it flat to acceleration over this frequency range. For 4.5 Hz
geophones, the maximum damping which can reasonably be achieved is 3.4, which
means the acceleration response covers the frequency band from 0.7 Hz to 30 Hz. In
this configuration, the ADC voltage clip limit is raised by a factor of 5 to 0.5 m/s,
which is then slightly greater than the minimum internal displacement clip limit. The
spectra need to be corrected for this response when calculating source parameters.

Sensors and Frequency Range The potency and energy range of seismic events
that a system can recover is limited by its frequency range (f1, f2)., which is mainly
determined by the capabilities of seismic sensors. For the conventional ω2

. model at
f1 = 0.2f0 ., we can recover 96%, at 0.42f0 . 85%, and at the corner frequency only
50% of seismic potency, respectively. The conventional 4.5 Hz sensors are capable
of recording frequencies down to f1 = 3.Hz, and therefore, for seismic events with
stress drop Δσ = 5·105

.Pa, they can reliably recover 85% of potency up to log P =
2.05. or m = 2.32.. The omnidirectional 14 Hz geophones are capable of recording
reliably down to f1 = 10.Hz and can recover 85% of potency up to log P = 0.5. or
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Fig. 1.6 Expected S-wave corner frequency and source radius as a function of log P . for different
strain drops and rock type (after Mountfort & Mendecki, 1997)

m = 1.28.. If we assume that both sensors are capable of recording frequencies up
to f2 = 2000.Hz, then they can recover 85% of seismic energy down to log P =
−2.3. or m = −0.58.. While the underestimation of seismic potency does not have
a significant effect on the potency -based magnitude, it has a notable effect on the
estimation of the energy index, apparent stress, and apparent volume.

Assuming the relation between the S-wave corner frequency, f0 ., S-wave velocity,
vS ., and source radius, r = 0.3vS/f0 ., (Brune et al., 1979), and that P = 16 3/7.

(Eshelby, 1957), we can derive the following simple relation: f0 = 0.395 3
√

..
Since vS = (μ/ρ)1/2

., one can construct a nomogram, see Fig. 1.6, representing
the relations between these variables for hard rocks, defined here by μ = 37.GPa,
ρ = 2700.kg/.m3

., and vS = 3700.m/s (top of the band) and for soft rocks by μ =
7.2.GPa, ρ = 1800.kg/.m3

., and vS = 2000.m/s (bottom of the band).
Figure 1.7 left shows the recovery of seismic potency as a function of the ratio of

available frequencies at the lower end of the spectrum f1 ., to corner frequency f0 . for
ω1.5

., ω2
., and ω3

. models. Figure 1.7 right shows that the ω2
. model produces 18%

of energy below the corner frequency (.left of f2/f0 = 1)., the ω1.5
. model less than

10%, while the ω3
. almost 50%. The energy recovery at Fig. 1.7 right is calculated

for f1 = 0.2f0 . and f2 . varying from 0.2f0 . (0% recovery) to 10f0 . (87% recovery).
Therefore for ω2

. model, the smallest event for which we can recover at least 85%
of energy is P 0.1 2/10)3

., which for = 3. MPa and f2 = 1000. Hz is
log P = −0.5..
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Fig. 1.7 Recovery of seismic potency as a function of f1/f0 . (left) and radiated energy
E (0.2f0, f2) /E (f1 = 0,∞). as a function of f2/f0 . (right) for the ω2 . model in red, the ω1.5 .

in green, and the ω3 . in blue. To secure a finite energy, the recovery for the ω1.5 . model is defined
as E (0.2f0, f2) /E (f1 = 0.01f0, f2 = 100f0).. The large black dots on the ω2 . model indicate
particular recoveries of potency and energy. After Mendecki (2013b)

A mine wide system equipped with 4.5 Hz sensors should have at least one site
capable of recording three-component strong ground motions of at least 0.5 m/s at
lower frequencies.

Sensor Orientation There are two aspects to sensor orientation: Firstly, if the
lower natural frequency 4.5 Hz geophones are not installed precisely vertically or
horizontally, they do not function correctly; secondly, the true directions of ground
motion must be found for each event to assist in location and to estimate its
mechanism. The 4.5 Hz geophones are installed in vertical or in horizontal boreholes
up to 10 m from the skin of excavations; therefore, it is relatively easy to secure
proper orientation. The omnidirectional higher frequency geophones are frequently
installed in longer boreholes, and it is recommended to install orientation sensing
electronics in the borehole sensors.

Seismic Data and Data Access Data recorded by the seismic system should be
available in open formats and be easily accessible:

1. Event Data. The user should be able to define a template format that can be
exported on a regular basis. It should contain at least the following data per event:
event time (UTC and local), location (X, Y, Z), seismic potency for P-wave and S-
wave, radiated energy for P-wave and S-wave, corner frequency, for P-wave and
S-wave, the number of triggered stations, and the number of accepted stations.

2. Trigger Data. For each triggered station, the following data should be logged:
Trigger ID, Trigger Time, PGV or PGA, and Duration. This should be
exportable in ASCII or CSV.

3. Seismogram Data. Seismograms of triggered or continuous data should be
exportable to an open format such as ASCII, miniSEED, or SEG-Y. Such
seismogram data should have clear indications of how gain factors are defined
and which filtering or processing, if any, has been applied to the exported
data. Additional metadata such as site coordinates, sensor type, including sensor
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characteristics and configuration of the associated sites, should be exportable to
simple textual formats. Timing information such as sampling rate and reference
times per seismogram should be clear and well documented.

Rock Extraction Data Rock extraction data is an important parameter to constrain
the interpretation of the seismic rock mass response to mining. During times when
mining is suspended, seismic activity decays very quickly, and the mean inter-
event times increase, indicating lower hazard. The mean inter-event volumes mined,
however, stay the same since the hazard potential did not change, and when mining
is resumed, it will be very much the same as it was before. For this reason,
seismic hazard induced by mining should be expressed as a function of time and
as a function of rock extraction. For caving mines, rock extraction data should be
separated into undercutting and drawing or mucking.

Sensitivity and Location Accuracy The location of a seismic event is assumed
to be a point within the seismic source that triggered the set of seismic sites used
to locate it. The interpretation of location, if accurate, depends on the nature of the
rupture process at the source—if a slow or weak rupture starts at a certain point, the
closest site(s) may record waves radiated from that very point while others may only
record waves generated later in the rupture process by a higher stress drop patch of
the same source. One needs to be specific in determining the arrival times if the
location of rupture initiation is sought, otherwise the location will be a statistical
average of different parts of the same source.

Since the source of a seismic event has a finite size, the attainable location
accuracy of all seismic events in a given area should be within the typical size of an
mmin . or log Pmin . event that defines the sensitivity of the seismic network, i.e. the
magnitude above which the system records all events by the minimum number of
stations to secure the required accuracy of location.

Seismological Processing and Source Parameters A seismic event is considered
to be described quantitatively when apart from its timing, t , and location, X =
(x, y, z)., reliable values are obtained for at least two independent parameters
pertaining to the seismic source, namely seismic potency, P , and radiated seis-
mic energy, E. Mining induced seismic events are complex, and underground
excavations are frequently a part of the source volume; it is therefore useful to
invert for source mechanism and to decompose it into the isotropic and deviatoric
components.

Seismicity is defined for a given volume, ΔV ., over a certain time, Δt ., and it
can be quantified by the basic four, largely independent, quantities: (1) average time
between events, t̄ ., (2) average distance, including source sizes, between consecutive
events, X̄ ., (3) cumulative seismic potency, P ., and (4) cumulative radiated
energy, E .. Other parameters, e.g. apparent stress, σA = E/P ., and apparent
volume, VA = μP 2/E ., can be derived from seismic potency and energy. From
these four independent quantities, we can derive a number of statistical parameters
related to co-seismic deformation and associated changes in the strain rate, stress,
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and rheology of the process. These parameters are described in the chapter on
Monitoring Rock Mass Stability.

To quantify the ground motion hazard, one needs to develop the ground motion
prediction equation (GMPE), in case of smaller mines for the entire mine or, in case
of larger mines, for different mining areas.

1.6.3 Recommended Analysis

A seismic monitoring system provides a large amount of potentially useful data.
To accomplish the stated objectives, it is recommended to define routine tasks
that need to be performed regularly. These tasks may vary depending on the
degree of seismic exposure. However, any unexpected or unusual seismic behaviour
needs to be recognised and communicated. Mines with elevated seismic hazard
after production blasts or after larger seismic events should institute a higher
resolution seismic monitoring as a part of the re-entry decision-making process.
This may involve lowering trigger levels and/or monitoring individual triggers or
monitoring continuous ground motions at selected sites. This can be done in addition
to monitoring triggered events. The intermediate and long term seismic hazard
assessment should be done at least once a year and also every time the maximum
observed event size has been exceeded.

Examples of Daily Tasks

• Check the system performance.
• Identify possible outliers of seismological processing and return them for

reprocessing.
• Check for strong and unexpected changes in seismic activity. Unexpected activity

close to excavations and events far from active mining, close to a shaft or, in
general, in places not predicted by numerical modelling, should be noted.

• Compare the time of day plot of seismic activity with the average over the
last week. Be mindful of the linear size and orientation of these events, since
their spatial influence in certain directions may be considerable greater than that
indicated by the routine plots of events as dots or spheres on a mine plan.

• Note any unusual activity after production blasts and after larger seismic events.

Examples of Weekly Tasks

• Note any recurrent system performance issues during the last week.
• Test the integrity of data, e.g. temporal gaps, the presence of blasts and ore-pass

noise.
• Review locations and magnitudes of events recorded over the last week in terms

of their distances from excavations. Persistent activity close to excavations and
events far from active mining, close to a shaft or, in general, in places not
predicted by numerical modelling, may raise concern.



30 1 Preliminaries

• Examine if these unusual locations of seismic events are correct.
• Update plots of cumulative potency versus time and versus the cumulative

volume of rock extraction and compare them with a short term history, e.g. with
the mean value for the last week or month.

Examples of Monthly Tasks

• Note any persistent system performance issues during the past month.
• Review locations and magnitudes of events recorded over the last month in terms

of their distances from excavations. Persistent and unexpected activity close to
excavations and events far from active mining, close to a shaft or, in general,
in places not predicted by numerical modelling, should be reconciled with the
expected behaviour and explained.

• Update plots of the cumulative potency versus time and versus the cumulative
volume of rock extraction. An increase in the rate of the cumulative potency
versus cumulative volume mined, or versus time, may signify an unstable seismic
deformation, and an accelerated potency release may indicate a temporary loss
of control over the seismic rock mass response to mining.

• Check if time of day and day of week plots of seismic activity are as expected.
• Update the list with details of the 10 largest events and the list of record breaking

events at the mine.
• Update the list with details of the 10 largest recorded ground motions at each

monitoring site.
• Watch for amplitude saturation caused either by exceeding the output range of an

amplifier or by exceeding the travel limit of the inertial mass within the geophone.
• Undertake advanced analysis of larger or damaging seismic events, i.e. location

uncertainty, source mechanism, the character of aftershock activity, and the
spatial distribution of strong ground motion.

• Test for any possible precursory behaviour to these events, e.g. activity rate and
the cumulative apparent volume versus energy index plots.

Examples of Yearly Tasks

• Quantify the performance of the seismic system and compare with previous
years.

• Reassess the configuration and the sensitivity of the seismic network.
• Examine the location accuracy of seismic events.
• The recommended location accuracy in a given area should be within the typical

size of an event of that magnitude which defines the sensitivity of the seismic
network for that area.

• Reassess the suitability of currently employed sensors to accurately record strong
ground motion.

• Review lists of largest events, and record breaking events and largest recorded
ground motions.

• Compare and reconcile seismic activity with the latest numerical stress model.
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• Evaluate intermediate and long term seismic hazard and compare it with previous
years.

• Review seismic responses to production blasts, threshold levels for ground
motion alerts and for re-entry, and the re-entry protocol.

• Back analyse larger seismic events and comment on their effect on excavations.
• Estimate the site effect on the skin of critical excavations and reconcile with the

current support design.
• Review seismic hazard management plan for seismic monitoring.

Forensic Analysis of Larger Events This is a part of back analysis, and the
main objective here is to understand the cause(s) of these events, their impact
on mine safety, and the mine infrastructure. Such analysis includes the inversion
of the mechanism of the main shock and its aftershocks, if any, to see if these
events are associated with unknown geological structure, and the ground motion
study to reconcile support performance with the observed and simulated seismic
loading. Frequently larger events are complex, comprising a few sub-events, and it
is important to establish their spatial distribution in respect to pillars and geological
structures.

1.7 A Short Note on Magnitude Scales

In 1931, a Japanese seismologist Kiyoo Wadati constructed a chart of the logarithm
of the maximum ground motion versus distance for 31 shallow, 5 intermediate,
and 5 deep earthquakes and noted that the plots for different earthquakes formed
parallel concave lines (Wadati, 1931). In 1934, Charles Richter constructed a similar
diagram of peak ground motion versus distance for southern California, see Fig. 1.8,
and used the fact that earthquakes of different size gave almost parallel curves to
create the first earthquake magnitude scale. Richter published his work in January
1935 (Richter, 1935). This is how Richter described his initial observations.

I suggested that we might compare earthquakes in terms of the measured
amplitudes recorded at the Wood-Anderson torsion seismographs in California
with an appropriate correction for distance. Wood and I worked together on the
latest events, but we found that we could not make satisfactory assumptions for the
attenuation with distance. I found a paper by Professor K. Wadati of Japan in which
he compared large earthquakes by plotting the maximum ground motion against
distance to the epicentre. I tried a similar procedure for our stations, but the range
between the largest and smallest magnitudes seemed unmanageably large. Dr. Beno
Gutenberg then made the natural suggestion to plot the amplitudes logarithmically.
I was lucky because logarithmic plots are a device of the devil. I saw that I could now
rank the earthquakes one above the other. Also, quite unexpectedly, the attenuation
curves were roughly parallel on the plot. By moving them vertically, a representative
mean curve could be formed, and individual events were then characterised by
individual logarithmic differences from the standard curve. This set of logarithmic
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Fig. 1.8 Modified Richter attenuation graphs

differences thus became the numbers on a new instrumental scale. Very perceptively,
Mr. Wood insisted that this new quantity should be given a distinctive name to
contrast it with the intensity scale. My amateur interest in astronomy brought out
the term “magnitude”, which is used for the brightness of a star.

Richter defined the local magnitude of an event mL . at a given recording station
as

.mL = log [A (R) /A0 (R)] ⇒ A(R) = A0(R) · 10mL, (1.1)

where A is the maximum zero-to-peak horizontal amplitude measured in mm on
a Wood-Anderson torsion seismograph with magnification of 2080 at 0.8 second
period (Uhrhammer & Collins, 1990), at epicentral distance R, and A0(R). is the
reference maximum amplitude for the same distance. The local magnitude then is a
relative measure of the strength of a seismic event, and a unit increase in magnitude
corresponds to a ten-fold increase in the amplitude of ground displacement. The
reference amplitude A0 .[mm] as a function of distance R [km] was given by Richter
in a table that can be approximated by the following formulae: log A0 = 0.15 −
1.6 log R . for distances less than 200 km and log A0 = 3.38−3.0 log R . for distances
between 200 and 600 km. Richter arbitrarily chose the reference amplitudes so that
the earthquakes he dealt with did not have negative magnitudes. At R = 100.km,
A0 0.001.mm and on Wood-Anderson seismograph. The zero-to-peak amplitude
for a magnitude mL = 3. event would measure A = 0.001 · 103

., which is 1 mm or
log A = 0.. To compute the displacement of ground motion u(R)., one must divide
the amplitude measured on the instrument by its magnification, thus for mL = 3. at
100 km u = 1/2080 = 0.00048.mm. The final magnitude of an event is taken as an
average from a number of stations surrounding the event.
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The response of the Wood-Anderson seismometer, with nearly constant displace-
ment amplification over the frequency range for local earthquakes in California, is
implicitly included in Richter’s definition of local magnitude. These instruments
were of low sensitivity, capable of recording only horizontal ground motion,
hence poorly suited to study local micro-earthquakes with well developed vertical
components of ground motion. They have been mostly out of use since the late
1960s, and the local magnitudes are now computed from Wood-Anderson equivalent
of modern high-gain seismographs (Brune & Allen, 1967; Bakun et al., 1978;
Uhrhammer & Collins, 1990).

To cater for earthquakes at larger distances, the magnitude scale was later
extended by the introduction of surface magnitudes. The surface wave magnitude
was developed by Gutenberg (1945a) and is given by mS = log(u/T ) + c1 log +
c2 ., where u is the maximum amplitude of Rayleigh waves in micrometres, T is
the period, approximately 20 seconds, . is the distance in degrees, and c1 . and c2 .

are calibration constants. Gutenberg (1945a) originally worked out c1 = 1.656. and
c2 = 1.818., which applied for Pasadena, and in 1964 the International Association
of Seismology and Physics of the Earth’s Interior (IASPEI) adopted c1 = 1.66.

and c2 = 3.3. proposed by Vanek et al. (1962). The mS . is suitable for shallow
earthquakes that generate well developed surface waves and with source duration
not much greater than 20 seconds.

To cater for earthquakes at all depths, Gutenberg (1945b) developed the body
wave magnitude scale. The body wave magnitude is given by mb = log(u/T ) +

., where T is the period associated with the maximum body wave amplitude,
measured generally at T =. 1 second, and . is the calibrating function to
correct for the epicentral distance ., depth h, and site effects. The body wave
magnitude is more suitable for smaller earthquakes of shorter duration.

The body wave and the surface wave magnitudes coincide only for earthquakes
with magnitude 6.5, for smaller events mb . is larger, and for greater events mS . is
larger. Gutenberg and Richter (1956) related the three magnitude scales as follows:
mb = 0.63mS + 2.5,. and mS = 1.27 (mL − 1) − 0.016m2

L ..
There is also the mLg . magnitude defined by Nuttli (1973) for regional distances

based on the maximum amplitude of Lg waves, mLg = log u + 0.83 log + −
0.09) log e + 3.81., where u in micrometres, . in degrees, and c is an attenuation
coefficient different for different regions: c = 0.07. for the central USA and c = 0.53.

for California. Lg waves are relatively short period, 1 to 6 seconds, have large arrival
amplitude with predominantly transverse motion, and propagate along the surface
with velocities close to the average shear velocity in the upper part of the continental
crust (Aki & Richards, 2002). The Nuttli magnitude was used at one stage to quote
the larger mine related events in Canada.

Before the advent of a high dynamic range, digital network waveforms of
larger earthquakes recorded at distances less than 200 km were frequently saturated,
and the maximum amplitude could not be measured. To alleviate the problem,
Bisztricsany (1958) proposed to determine magnitude from the duration of long
period surface waves. A basis for the duration magnitude was later given by Aki
(1969) who pointed out that duration is virtually independent on distance within
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100 km. One can therefore determine the magnitude of events which are only
approximately located. Aki (1969) also suggested that the energy in the coda of
signals from local events comes from back-scattered waves.

The duration magnitude mD ., determined from short period sensors, can be
defined as mD = c1 log tD + c2R + c3 ., where tD . is the duration of the waveform
in seconds measured from the P-wave arrival and R is the distance in km. The total
duration of an event is defined as the time interval between the onset of the first
arrival and the point at which the signal falls and remains below the background
noise level. The duration of ground motion depends, in part, on amplitude and thus
may be influenced by site amplification, rock mass attenuation, radiation pattern
of the source, and the background noise level. It is therefore important to estimate
the duration magnitude at as many stations surrounding the event as possible, and
the final magnitude is taken as an average over the stations. For small events, with
signal duration dominated by S-P length, the duration magnitude may not be a
stable estimate of event size because it does not measure properly the energy back-
scattered from distant points. In such case, it is recommended to measure duration
from the arrival of S-wave. In most cases quoted in the literature, the dependence
of the duration magnitude on distance is rather weak. Today, the direct estimate of
magnitude is performed routinely by national or regional seismological networks
equipped with the low frequency sensors able to quantify larger earthquakes.

In most areas in the world, the low range of magnitudes of seismic events
recorded in mines is not well covered by the regional or national seismological
networks, and it is difficult to calibrate their records against local magnitudes. The
modern seismic systems deployed in mines derive radiated energy and seismic
potency, or seismic moment, from recorded waveforms. Since the underlying
intention of different magnitude definitions is to offer an equivalent measure to
earthquakes radiating the same amount of energy, one would like to scale the
computed radiated energy with magnitude. Gutenberg and Richter (1956) derived
an empirical relationship between the radiated seismic energy E and the surface
wave magnitude of larger earthquakes,

. log E = 1.5m + 4.8 or m = (2/3 log E − 3.2) . (1.2)

Choy and Boatwright (1995) calculated the radiated energy of 397 earthquakes with
m ≥.5.8 by integrating the path and the radiation pattern corrected velocity-squared
spectra and, assuming the slope 1.5, the least square regression fit yielded log E =
1.5m+4.4.. That indicates that, on average, the Gutenberg-Richter formula (1.2) may
overestimate the radiated energy by a factor of 2.5. According to Eq. (1.2), a unit
increase in magnitude corresponds to an approximately 30 times increase in radiated
energy. Although the relation (1.2) is empirical, the implied scaling m ∼ 2

3 log E .can
be explained for most moderate to large earthquakes in terms of a simple dislocation
model with a constant stress drop, while very small earthquakes are likely to satisfy
m ∼ log E . (Haskell, 1964; Kanamori & Anderson, 1975).

The radiated seismic energy of the P - or S-wave is proportional to the integral
of the radiation pattern corrected far-field velocity pulse squared u̇2(t). of duration
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ts . and in frequency domain to the square of the velocity power spectrum of the P-
or S-wave V 2

P,S(f ).,

.EP,S = 8

5
πρvS,P R2

ts

0
u̇2(t)dt and EP,S = 8πρvP,SR2

∞

0
V 2

P,S(f )df,

(1.3)
where ρ . is rock density, vS,P . is S- or P-wave velocity, and R is the distance from
the source. The total radiated energy E = EP + ES .. The computation of the
radiated seismic energy from waveforms requires a wide frequency bandwidth of the
monitoring system, preferably from 0.2 · f0 . to 10 · f0 ., where f0 . is the predominant
frequency of a given event. Such bandwidth is frequently not available for smaller
events either due to the limited capabilities of the sensors used or due to the
insufficient sampling frequency of the data acquisition units. Moreover, the rate at
which seismic events are produced in mines does not always allow for careful, time
-consuming processing with proper corrections for attenuation and site effects. As a
result, the estimates of radiated energy for smaller events are rather underestimated,
in some cases by up to a factor of 10 that causes the error in magnitude by 0.7 units.
In general, the energy-based magnitude scale struggles to represent small and large
events adequately. The energy measure of the strength of an earthquake, K = log E .,
was adopted in Russia (Rautian, 1960) and then in Polish coal mines (Gibowicz,
1963; Wierzchowska & Dubinski, 1973).

The energy available for seismic radiation during shear dislocation ū. over the
area A driven by the average stress σ̄ . can be approximated by E = ξ σ̄P =
ξ σ̄M/μ., where ξ . is the seismic efficiency. The product ξ σ̄ . is called apparent stress,
σA = E/P ., (Aki, 1966), which is a model independent measure of stress release
at the source, and it does not does not depend on rigidity. Seismic sources similar
in terms of their potency may differ by up to two orders of magnitude in radiated
energies, reflecting stress differences at the place and at the time of their occurrence
(Mendecki, 1993). Comparing E = σAP = σAM/μ. with m = (2/3) log E − 3.2.

gives m = (2/3) (log P + log σA) − 3.2., which, assuming a constant apparent stress
for larger earthquakes of 1.5 MPa and rigidity μ = 30.GPa, gives

.m = (2/3) log M − 6.067 = (2/3) log P + 0.92, (1.4)

which is the magnitude-moment or magnitude-potency relation (Hanks &
Kanamori, 1979).

The assumption of constant apparent stress implies a slope of 1.0 on the log E .

versus log P . plot, which is not always supported by data. In a more general case,
log E = d log P + c ., where d is the slope and c the intercept that measures the
log E . released by a seismic event with log P = 0.. In such a case, apparent stress
scales with potency as log σA = (d − 1) log P + c., and for d = 1., apparent stress is
independent of potency, σA = 10c

.. For d > 1., apparent stress would increase with
an increase in seismic potency. By combining log E = 1.5m + 4.8. with log E =
d log P + c., one obtains a more general magnitude-potency relation
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.m = (2/3) d log P + (2/3) c − 3.2. (1.5)

The slope d of the log E . vs. log P . plot of events recorded in mines is frequently
reported to be higher than 1.0. Spottiswoode and McGarr (1975) calculated seismic
moments, radiated energies and magnitudes of 24 events associated with deep level
mining on the East Rand in SA from analog waveforms recorded at a surface site
above the mine. They confirmed the relation (1.2) for events in the magnitude range
0 < m < 3. and reported log M = 1.2m + 10.7. which, for μ = 30.GPa, gives
m = 0.833 log P − 0.186. and, together with Eq. (1.2), gives log E = 1.25 log P +
4.52.. Mendecki (1993) and van Aswegen and Butler (1993) analysed high dynamic
range digital waveforms of thousands of events in the range, − 0.5 < m < 3.5.,
recorded underground on West Rand, Klerksdorp, and Welkom gold mines. They
reported log E = 1.5(±0.1) log(μP ) − 10.5(±0.5)., which, for μ = 30.GPa, gives
log E = 1.5 log P + 5.22. and m = log P + 0.28..

A similar relation, m = log P + 0.72., was obtained by Ben-Zion and Zhu
(2002) for small earthquakes, m < 3.5., recorded by Abercrombie (1996) with
4.5 Hz sensors located in a deep borehole in California. For data sets with events
in the magnitude range 1.0 < m < 6.0., recorded by the TERRAscope/TriNet
network, the linear fit is m = 0.74 log P + 0.98., but the best overall fit is
m = 4.04

√
log P + 4.86 − 8.07. (Ben-Zion & Zhu, 2002). This indicates that the

non-linear term is required to describe the scaling between potency and magnitude
values over a broad range of sizes with a single relation. A linear potency magnitude
scaling relation can approximate only a limited range of data. The local magnitudes
used by Ben-Zion and Zhu (2002) were determined independently by the Southern
California Short Period Network.
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Chapter 2 
Seismic Sources in Rock 

Abstract This chapter starts with the glossary of terms used to describe seismic 
sources, and a short description of seismic potency, radiated seismic energy, and 
associated parameters like apparent stress, energy index, and apparent volume. 
There is a short description of the static solution for a circular crack subjected 
to a uniform shear strain given by Eshelby that explains the basic source scaling 
relations, and a section on the circular ω2

. source model by Brune. While Brune’s 
model fits the spectra of seismic events recorded in deep high stress mines, it does 
not work as well in many mines with a weaker inhomogeneous rock mass and/or 
at intermediate depth and in caving mines. Seismic events in such an environment 
radiate less energy per unit of deformation at source. Therefore Chap. 2 introduces 
more general point source models suggested by Beresnev and Atkinson that allow 
for “softer spectra”, e.g. ω2.5

. or ω3
.. It also describes the final static deformation 

and strains induced by the double-couple source, gives the radiation pattern for the 
near, intermediate, and far fields and derives the expression for the surface of such 
a source for a given inelastic strain drop. 

2.1 Introduction 

Mining excavations, whether underground or open cast, induce elastic (reversible) 
and inelastic (irreversible) strain within the surrounding rock. Elastic strain is 
defined as a process during which no new micro-defects are nucleated, while all 
existing micro-defects convect with the mass without growing in size (Krajcinovic 
& Mastilovic, 1995). The inelastic deformation of brittle rock is mainly due to 
fracturing and frictional sliding called cataclastic flow. No potential energy, i.e. the 
energy that could do work, is associated with inelastic strain. The potential energy 
accumulated during elastic deformation in a given volume of rock may be unloaded 
due to changes in stress state in this volume, or it may be released gradually due 
to creep, viscous, or plastic deformation, or it may be released suddenly during the 
processes of inelastic deformation. 
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Sudden inelastic deformation associated with fracture and slip radiates seismic 
waves. The amplitude and frequency of seismic waves radiated from such a source 
depend, in general, on the strength and state of stress of the rock, the size of the 
source, and the rate at which the rock is deformed during the fracturing process. 
The following relations apply here (all other parameters being the same): 

1. The amplitude and frequency increase with an increase in rock strength and 
stress. 

2. The amplitude and frequency increase with an increase in co-seismic deforma-
tion rate at source. 

3. The predominant frequency, i.e. the frequency at which the most energy is 
radiated, decreases with an increase in source size.1 

Seismic sensors detect waves caused by inelastic deformation within a certain 
distance. Since the attenuation of seismic waves increases with their frequency, 
the higher the amplitude and the lower the frequency, the longer the distance over 
which one can receive waveforms at a reasonable signal to noise ratio. Quantitative 
seismological processing of recorded waveforms can routinely provide information 
on the following parameters pertaining to the source of the seismic radiation:

• Origin time of the event, t0 .

• Location, X = (x, y, z).

• Seismic potency, P , in m3
., which measures the overall co-seismic inelastic 

deformation at the source, and its tensor, Pi,j .

• Seismic energy radiated from the source of the seismic event, E, in Joules
• Estimate of stress release at source which scales with the E/P . ratio, in Pa, called 

apparent stress, σA . 

Seismic waveforms do not provide direct information about the absolute stress, but 
mainly about the strain and stress release at the source. However, sources of seismic 
events associated with weaker geological features or with a softer or fractured 
patches of rock yield more slowly under lower driving stress and radiate less seismic 
energy per unit of inelastic co-seismic deformation, than equivalent sources within 
strong, solid, and highly stressed rock. Therefore, by comparing the radiated seismic 
energies of seismic events with similar potencies, one can gain insight into the 
stresses acting within the part of the rock mass giving rise to these events. 

The bulk of seismicity induced by mining originates close to excavations where 
the rock mass is fractured, and therefore, the E/P . ratios of these events are low, in 
some cases between 10 and 100 Pa. These events are also of a “volumetric” nature, 
i.e. with a relatively high isotropic component of inelastic deformation at source, 
and generate lower velocity of ground motion. However, the same mine can have

1 In 1581, Galileo Galilei attended service at the Duomo di Pisa and observed the behaviour of 
the chandeliers. They were swinging slightly due to the draught. He noticed three things. 1. The 
period of swinging for chandeliers with the same length was the same regardless of the amplitude 
of the swing. 2. The chandeliers suspended on longer chains had longer periods of swinging. 3. 
The period of swinging does not depend on the mass of the chandelier. 
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very dynamic events that originate away from excavations by rupturing intact rock 
that deliver E/P . ratios between 10 6 . and 10 7 .Pa and ground motion at source above 
1 m/s.  

Many mine seismic networks record over 1000, and some over 10000, microseis-
mic events per day, each event being recorded by at least 10, and in some cases more 
than 50 sites. To get reasonable locations, source parameters and source mechanisms 
every event should be recorded by preferably 10 or more three-component seismic 
sensors surrounding the source to ensure adequate sampling of the radiation pattern. 

In mines, seismic sensors installed underground are grouted in boreholes away 
from excavations to avoid site effects. The main reason to install sensors at the 
skin of an excavation is to measure the amplification of ground motion for support 
design, and these waveforms are excluded from source inversion. However, over 
the last 10 years or so, some mines have installed low frequency or strong ground 
motion sensors on surface to recover the seismic potency of larger events and for 
ground motion studies. 

2.2 Seismic Sources: Glossary of Terms 

Seismic Source in Rock A seismic source is a volume of sudden inelastic 
deformation in rock that radiates perceptible seismic waves. The velocity of that 
deformation varies from a few tens of cm/s for slow events to a few metres per 
second for very dynamic events rupturing intact rock. In mines, the average ground 
motion at source is 0.5 to 1.5 m/s. The volume of inelastic co-seismic deformation, 
V = ., for strains, ., greater than 10 −3

. that crack rock, varies from a fraction 
of a m 3 . for events with log P ≤ −3.0., to 107

.m 3 . for events with log P = 4.. 
Strain changes between 10 −3

. to 10 −4
. cause minor damage to solid hard rock, and 

V ≥ P/10−4
. is correspondingly larger. 

Rupture and Slip Rupture is a propagating pulse that precedes slip at a seismic 
source. Its speed varies from 0.6vS . to 0.9vS . for sub-shear rupture and can be higher 
than vS . for super-shear rupture. Rupture speed controls the frequency content of the 
recorded ground velocity. Rupture may be unilateral, propagating in one direction 
across the source, bilateral, nucleating at the centre of the source and propagating in 
both directions or it may be inhomogeneous. 

Slip follows rupture, very fast at the tip of the rupture and slowing dramatically 
past the rupture front. Slip velocity is the velocity of one side of the source with 
respect to the other. An average slip velocity varies from a few cm/s to a few m/s. 
Rise time refers to slip duration at a given point in a source. 

Directivity It is similar to the Doppler effect. Unilateral rupture directivity will 
produce earthquake source pulses and source spectra that vary with azimuth (Ben-
Menahem, 1961). In the time domain, it produces shorter duration, higher amplitude 
source time functions in the direction of rupture, and longer duration, lower 
amplitude source time functions in the opposite direction. However, the area under
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the source time function is the same, regardless of the azimuth, and is proportional 
to the seismic potency of the event. In the frequency domain, it produces higher 
spectral amplitudes at higher frequencies in the direction of rupture and a lack of 
such high frequency signal in the opposite direction. Low frequency amplitudes of 
source spectra remain unchanged with azimuth. For a circular crack in a purely 
elastic media with radius r rupturing outwards from the centre with rupture v elocity 
vr ., the pulse width of ground velocity, or equivalently the rise time of the far-
field displacement pulse, is τ (θ) = r/vr − (sin θ) r/vπ ., where θ . is the take-off 
angle, i.e. the angle between the normal to the source plane and the ray leaving the 
source, and vπ . is the phase velocity. The full pulse width is the duration between the 
first break and the second zero crossing, = r/vr + (sin θ) r/vπ .. The rise time 
decreases with increasing θ ., and the full pulse width increases with decreasing θ .. In  
a real media, the high frequencies are more attenuated more than low frequencies, 
resulting in a broadening of the pulse width travel time. 

Source Time Function The source time function (STF) defines the deformation 
u (t)., velocity u̇ (t)., or acceleration ü (t). at source versus time. The rise time at a 
given point at source is the duration of slip at that point, and the average rise time 
τ = ū/ u 1/f0 ., where f0 . is the corner frequency. In a crack-like model, the 

slip duration at a given point is comparable to the overall duration of the rupture, 
i.e. slip at a given point continues until information is received that the rupture has 
stopped propagating. The stopping of rupture generates strong healing waves that 
propagate inwards from the rim of the fault. These waves are of three types: P-, S-, 
and Rayleigh waves. Soon after the passage of the Rayleigh waves, slip rate inside 
the fault decreases to zero and the fault heals. In some cases, only a portion of the 
overall rupture surface is undergoing slip at any given point in time, and therefore, 
there may be larger transient stress changes in the vicinity of the propagating slip 
pulse (Heaton, 1990). The initial pulse width is the duration between the first break 
and the first zero crossing of the seismic signal. For wavelengths much larger than 
source size and for periods much longer than source duration, the source volume 
is relatively small and can be approximated as a point concentrated in space with 
finite potency. Shorter, higher frequency waves are sensitive to the finite extent and 
detailed variation of the slip process at the source, and they require finite source 
models. The source time function can also be presented as seismic moment or 
potency and their derivatives in the time domain, e.g. P (t)., Ṗ (t)., P̈ (t).. 

Double Couple A model of seismic source caused by shear slip across an internal 
surface of zero thickness in an isotropic elastic medium for which the equivalent 
force system consists of two orthogonal couples with the same moment and opposite 
sign. The corresponding moment or potency tensors have both zero trace (purely 
deviatoric) and zero determinant. Physically, this is a representation of a shear 
dislocation source without any volume changes. 

Radiation Pattern A radiation pattern is a geometric description of amplitude 
and sense of initial motion distributed over the P and S wavefronts on the sphere 
around the source. If the radius of the sphere is large enough relative to both the
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size of the source and the dominant wavelength, the radiation pattern represents 
the far field of a point source. If the radius of the sphere is large compared to 
the dominant wavelength but comparable with the size of the source, the radiation 
pattern represents the far field of an extended source. The radiation patterns for the 
displacement and the velocity are the same since taking the time derivative does 
not affect the angular distribution. Since radiation from seismic sources reflects 
the strain distribution near the source, it has a degree of symmetry. The polarity 
of the initial P-wave pulse leaving the source may be compressional—away from 
the hypocentre, dilatational—towards the hypocentre, or null at the nodal plane 
where amplitudes tend to go to zero. For a double-couple point source moving 
with speed vr . along the OX axis, the angular distribution of displacement is 
uP (θ) = sin (2θ) / [1 − (vr/vP ) cos θ ]., uS (θ) = cos (2θ) / [1 − (vr/vS) cos θ ]., 
where θ . is anticlockwise from OX. It has elongated lobes in the direction of rupture, 
and more so for faster rupture (Ben-Menahem, 1961; Hirasawa & Stauder, 1965), 
and it is singular for vr ≥ vP . and vr ≥ vS .. For  vr = 0., it gives the radiation 
pattern for a single double-couple non-moving source (Aki & Richards, 2002). 
A double-couple radiation pattern is symmetric with respect to nodal planes. In 
mines, tunnels and excavations act as strong scatterers of seismic waves and may 
modify the radiation patterns of the primary waves. In practice, radiation patterns 
are observable mainly at lower frequencies. 

Source Spectra and Corner Frequency A point source at which stress is released 
instantaneously would radiate P- and S-wave displacement pulses that propagate as 
Dirac delta functions in the retarded time t − R/vP,S .. Their spectra would be flat. 
Seismic source theory predicts a far-field displacement spectrum that is constant 
at low frequencies and inversely proportional to some power of the frequency at 
high frequencies (Aki, 1967). The corner frequency of the displacement spectrum, 
f0 ., is where the high and low frequency trends intersect. In this sense, it is a 
model parameter. The predominant frequency, fE ., the frequency at which the 
maximum seismic energy is radiated, i.e. the maximum of the ground motion 
velocity spectrum, is a more rigorously defined parameter of the seismic spectrum. 
In the ω−2

. model, the corner frequency and predominant frequency coincide, 
f0 = fE ., but in other spectral models they differ. 

When the stress is released over a finite time, the radiated pulses are broadened 
proportionally. There is a corner in both the P-wave and the S-wave displacement 
spectra at frequencies proportional to the reciprocal of the time for the stress to be 
released at the source. Similarly, if stress is released instantaneously, but the source 
size is made finite, the P and S pulses will be broadened, and their spectra will have 
corner frequencies. The P- and S-waves propagate through an attenuating medium 
with frequency dependent velocities. This phenomenon is called dispersion, and it 
leads to a shift in the respective frequencies. 

Maximum Frequency, fmax . While the theoretical acceleration spectrum is flat at 
high frequencies, the observed spectra are characterised by a trend of exponential 
decay. Hanks (1979) and Hanks (1982) suggested that the acceleration spectrum 
is flat above the corner frequency only to a second corner frequency, called fmax .,
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above which it decays rapidly. The origin of the rapid decay may be the source or 
path including the site effect or a combination of the above. 

Fault Plane Solution or Focal Mechanism The fault plane solution determines 
the direction of slip, which is controlled by the orientation of the elastic strain 
field at the time of rupture, and a possible orientation of the rupture plane. In 
its simplest form it uses the directions of P-wave motions recorded at a number 
of stations surrounding the source. Plotting all available directions in the lower 
hemisphere of a stereographic projection, one can define two orthogonal planes 
separating compressional and dilatational motion. The axes of maximum shortening 
and maximum lengthening bisecting the quadrants are known as the P and T axes, 
respectively. These are the principal strain axes that do not necessarily coincide 
with the principal stress axes. The P axis lies within the quadrant of dilatational 
motions, and the T axis lies within the quadrant of compressional motions. Both 
are orthogonal to the intersection of the two nodal planes where their amplitudes 
are zero. The axis formed by this intersection is called the B or the null axis. The 
directions of P-wave motion or moment tensor inversion alone cannot resolve which 
nodal plane is the rupture plane. 

2.3 Seismic Potency and Potency Tensor 

A seismic source in rock is a volume of sudden inelastic deformation that radiates 
perceptible seismic waves. It is always of finite extent in all three dimensions 
although the thickness of the source is usually much smaller than the other two 
dimensions. Scalar seismic potency for a physical source is a product of the inelastic 
strain change and the volume subjected to that strain, P = .. Scalar seismic 
potency modelled as a single dislocation source is the product of an average slip 
and source area, P = ūA. (Ben-Menahem & Singh, 1981; Ben-Zion & Zhu, 2002). 
Seismic moment M = μP = = ., where μ. is rigidity. 

In hard rock, strain changes ≤ 10−6
. are considered elastic, ≥ 10−4

. 

damage inhomogeneous rock and ≥ 10−3
. crack intact rock (Jeffreys, 1975). 

Therefore, a seismic event with log P = 2.0., i.e. mHK = 2.25., is not just a 100 m 3 . 

of volume, but such an event creates approximately V = 102/10−3 = 105
.m 3 . of 

rock subjected to cracks, which is not insignificant and frequently leads to damage 
when its source is close to an excavation. 

For small deformations, the total strain at a given point may be written as a sum 
of elastic ε . and inelastic contributions, .. The inelastic strain tensor, ij ., also called 
transformational strain, represents the inelastic brittle deformation at the seismic 
source that resets the reference levels of the elastic stress and strain tensors after the 
event (Eshelby, 1957). The seismic potency tensor, Pij ., and seismic moment tensor, 
Mij ., can then be defined as 

.Pij =
V

ij dV and Mij =
V

cijkl kldV , (2.1)



2.3 Seismic Potency and Potency Tensor 47

where cijkl . is the tensor of elastic moduli of the rock surrounding the source and 
the product mij = cijkl kl . is also called seismic moment density tensor or stress 
glut (Backus & Mulcahy, 1976). The scalar potency, P = 2PijPij = Pij ., and 
its units are m 3 .. Assuming zero net torque and zero net rotation, both tensors are 
symmetric and have six independent components. The advantage of seismic potency 
is that it makes no assumptions about material properties, cijkl ., outside the source 
which are poorly constrained. 

The seismic potency tensor can be decomposed into an isotropic component, 
PISO = 1

3δij tr (P)., where tr (P) = 3
i=1 Pii . and δij . is the Kronecker delta, and the 

deviatoric remainder, PDEV = Pij − PISO ., 

.Pij = 1

3
δij tr (P) + Pij . (2.2) 

A purely isotropic tensor is characterised by three equal eigenvalues. In fluid 
mechanics, this represents a fluid at rest, and the magnitude of the eigenvalues 
stands for hydrostatic pressure. Positive eigenvalues signify an ideal explosion and 
negative signify implosion. To quantify the strength of the isotropic component, Zhu 
and Ben-Zion (2013) introduced a dimensionless parameter, 

.ξ = 2

3
· tr (P)

P
, (2.3) 

that varies from − 1. for implosion to 1 for explosion. Introducing the normalised 

isotropic tensor, Iij = 1/
√

3 δij ., and normalised deviatoric tensor, Dij ., that 

satisfies Dii = 0. and DijDji = 1., the potency tensor can be written as 

.Pij = P√
2

ξIij + 1 − ξ2Dij . (2.4) 

The deviatoric tensor can be decomposed further into a double-couple term, DC, 
with zero determinant representing shear deformation on a plane, and a remainder 
non-double-couple term, e.g. a compensated linear vector dipole, CLVD, which is a 
dipole of magnitude 2 compensated by two unit dipoles (Knopoff & Randall, 1970). 

The eigenvalues of the normalised deviatoric tensor are λ1 ≥ λ2 ≥ λ3 ., where the 
largest one λ1 .corresponds to the T axis of the deviatoric tensor Dij ., the intermediate 
λ2 . corresponds to the null axis eigenvector N, and λ3 . corresponds to the P axis 
eigenvector P. When λ2 = 0., the deviatoric tensor Dij . is a pure double couple. 
The condition Dii = 0. requires that λ1 + λ2 + λ3 = 0. and DijDij = 1. that 
λ2

1 +λ2
2 +λ2

3 = 1.. From these three conditions imposed on the eigenvalues, Zhu and 
Ben-Zion (2013) show that 

. max (λ2) = min (λ1) = 1/
√

6 and min (λ2) = max (λ3) = −1/
√

6. (2.5)
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While the DC component can be associated with slip on a planar surface, the 
CLVD component corresponds to compensated uniaxial compression or extension 
of a volume which requires a more complicated geological setting and may not be 
well constrained by inversion (Frohlich & Davis, 1999). In addition, the DC-CLVD 
decomposition is not unique because the CLVD symmetry axis can be aligned with 
any of the principle axis. Aligning the symmetry CLVD axis with the N axis, Zhu 
and Ben-Zion (2013) show that 

.Dij = λ1TiTj + λ2NiNj + λ3PiPj = λ1 − λ3√
2

DDC
ij + 3

2
λ2D

CLVD
ij , (2.6) 

where DDC
ij = TiTj − PiPj /

√
2. and DCLVD

ij == 2NiNj − TiTj − PiPj /
√

6. 

are the normalised DC and CLVD tensors, which are orthogonal, and therefore 
DDC

ij DCLVD
ij = 0.. The strength of the CLVD component is given by χ = λ2/

√
3/2., 

which varies between 1/2. and − 1/2.. 
Now Dij = 1 − χ2DDC

ij +χDCLVD
ij ,. and inserting into Eq. (2.4) Zhu and Ben-

Zion (2013) obtained 

.Pij = P√
2

ξIij + 1 − ξ2 1 − χ2DDC
ij + χDCLVD

ij , (2.7) 

which has six independent parameters, i.e. three amplitude factors: P , ξ ., and χ ., and 
three angles that specify the orientation of the principal axes of the deviatoric tensor. 

Here the isotropic parameter ξ . represents the fractional volumetric source 
component, and χ . represents the relative strength of the CLVD component within 
the deviatoric tensor. Following the Chapman and Leaney (2012) suggestion to 
use the squared ratios of the scalar moment of each component to the total scalar 
moment to represent the relative strengths of the ISO, DC, and CLVD components 
Zhu and Ben-Zion (2013) obtained, 

. 
ISO = sgn (ξ) ξ2 DC = 1 − ξ2 1 − χ2 CLVD = sgn(χ) 1 − ξ2 χ2,

(2.8) 
so that ISO + DC + CLVD = 1.. 

Figure 2.1 shows the permissible values of the fractional strength parameters. 
Note that the maximum CLVD strength in this decomposition is 25 per cent, i.e. at 
ξ = 0. and χ = ±1/2.. 

A potency tensor representation is a theoretical relation between the real ground 
motions at a given site and the potency tensor at the source. To invert for the potency 
tensor, we need the recorded waveforms and the synthetic waveforms, i.e. Green’s 
functions that describe the impulse response of the rock mass at a given site to 
a force excitation at the source. Different schemes for moment or potency tensor 
inversion of mine events are described in Fletcher and McGarr (2005), Malovichko 
and van Aswegen (2013), Sen et al. (2013), Ma et al. (2018), Willacy et al. (2019).
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Fig. 2.1 Diagram showing 
permissible values of the 
fractional source strengths 

ISO ., CLVD ., and  DC .. The  
pure explosion and implosion 
sources are indicated by the 
grey solid and open circles, 
respectively. The pure DC 
source is located at the centre. 
The contours show DC levels 
of 75% and 50% 
(Reproduced from Zhu and 
Ben-Zion, 2013) 

Sources of mid-size and larger events in underground mines interact with 
excavations and often display a substantial implosive component (McGarr 1992). 
Seismic moment or potency tensors derived from waveforms of these events 
processed using elastodynamic Green’s functions for an unbounded homogeneous 
medium may lead to an incorrect interpretation. Malovichko (2020) suggested a 
correction for conventional expressions for seismic point sources based on the 
volumetric integral of stress-free strain that includes a term that depends on the 
displacement at the surface of the excavation. He showed that it affects the type of 
mechanism and orientations of principal axes. 

2.4 Radiated Seismic Energy 

The energy release during fracture and frictional sliding is due to the transformation 
of elastic strain into inelastic strain. This transformation may occur at different rates 
ranging from slow creep-like events to very fast dynamic seismic events with an 
average velocity of deformation at the source of up to a few metres per second. Slow 
type events have a long time duration at the source and thus radiate predominantly 
lower frequency waves, as opposed to dynamic sources of the same size. Since the 
excitation of seismic energy can be represented in terms of the temporal derivatives 
of the source function, one may infer that a slower source process implies less 
seismic radiation. In terms of fracture mechanics, the slower the rupture velocity, the 
less energy is radiated; the quasi-static rupture would radiate practically no energy.
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To assess the physical sources of radiated energy, let us consider the formula for 
seismic energy E for the single fracture-type source, expressed in terms of source 
parameters (Kostro v, 1974; Kostrov & Das, 1988; Rivera & Kanamori, 2005), 

. E = ΔW − EF − EG = 1

2 A
ijuinj dA −

ts

0
dt

A(t)

σ̇ uinj dA − 2γeff A,

(2.9) 
where γeff .—the effective surface energy, which includes the total loss of mechani-
cal energy, in particular inelastic work, and heat flow from the fracture edge, A—the 
fracture area with the displacement ui ., ij .—the difference between the final (at 
the end of the event) and the initial stress, nj .—the unit vector normal to the fracture 
plane, ts .—the source duration, σ̇ij .—the time derivative of stress or traction rate. 

Expression (2.9) allows estimating seismic energy from the stresses and dis-
placements only, and it is not necessary to know the absolute value of stress at 
source. Therefore, seismic energy depends only on the stress perturbation at source, 

., caused by rupture, and is independent of the pre-stress within the medium. 
However, it is more likely that high pre-stress will drive higher stress change. The 
term ij uinj . in Eq. (2.9) cannot be interpreted as the local energy density at a 
point on the fault plane. It represents the energy released from the tubular volume 
formed by the integral lines of the vector Fj ≡ ij ui . passing through a unit area at 
a point on the fault plane. Thus, this represents the energy coming from the volume 
of the medium, rather than the fault plane (Rivera & Kanamori, 2005). 

The second term, containing the traction rate, EF ., strongly depends on how the 
fracture propagates and how it correlates with slip. The energy due to the radiation 
of high frequency waves during accelerating and decelerating rupture is called 
radiation friction or radiation loss. If traction rate and slip are uncorrelated, the third 
term will vanish. 

From dimensional analysis, it follows that the first two terms in this equation 
vary with the fracture area as A3/2

., whereas the fracture work, EG = 2γeff A., 
is proportional to A (Kostrov & D as, 1988). Thus, the relative contribution of the 
fracture work to seismic energy increases with a decrease in the size of the fracture. 
Consequently, for sufficiently small fractures, the first term may almost cancel the 
second term, suppressing the acoustic emission so that “silent” fracture would occur. 

In the time domain, the radiated seismic energy of the P- or S-wave is pro-
portional to the integral of the radiation pattern corrected far-field velocity pulse 
squared u̇2(t). of duration ts ., 

.EP,S = 8

5
πρvS,P R2

ts

0
u̇2

corr (t)dt, (2.10) 

where ρ . is rock density, vS,P . is S- or P-wave velocity, and R is the distance from 
the source. Different u(t). may have the same time integral over ts . and thus the same 
potency P , but their time derivatives u̇(t). may differ, producing different energies 
E. If  u(t). varies very rapidly, the radiated energy can be very large since E ∼ u̇2(t)..
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In the far field of seismic observations, the P- and S-wave contributions to the 
total radiated energy are proportional to the integral of the square of the P and 
S velocity spectrum. For a reasonable signal to noise ratio in the bandwidth of 
frequencies available on both sides of the corner frequency, the determination of 
that integral from waveforms recorded by a seismic network is fairly objective. The 
high frequency component of seismic radiation needs to be recorded by the seismic 
system if a meaningful insight into the stress regime at the source is to be gained. 

2.5 Apparent Stress, Energy Index, and Apparent Volume 

Aki (1966) suggested that the ratio of elastic energy released by the source, W , to  
seismic moment, M , is independent of the average relative displacement at source, 
u., and the source area A. Brune (1968) and Wyss and Brune (1971) compared W =
σ ·uA = σ ·P ., where σ . is the average of the initial and final stress, and the radiated 
seismic energy, E = ξW ., where ξ . is seismic efficiency, and called the product, ξσ ., 
apparent stress (Wyss & Brune, 1971), 

.E = ξσP ⇒ σA = ξσ = E/P. (2.11) 

Apparent stress is the ratio of the observed radiated seismic energy to seismic 
potency, and therefore, it is a model independent measure of the dynamic stress 
release in the source region. Apparent stress is proportional to the integral of the 
square of the velocity spectrum divided by the amplitude of the low frequency 
asymptote to the displacement spectrum, or, when the acceleration spectrum is 
considered, apparent stress depends linearly on the product of the comer frequency 
and the amplitude of the high frequency asymptote to the acceleration spectrum. It 
is then a more reliable and less model dependent parameter describing an average 
stress release at the source than the corner frequency cubed dependent static stress 
drop. 

Figure 2.2 left shows the energy, E vs. log P . for the data set described in Chap. 5 
Sect. 1.5, where the green line represents the ordinary least squares fit. The colour 
here scales with log σA .. Figure 2.2 right shows apparent stress, σA ., vs.  log P . for 
the same data set where colour indicates the time of the event. In this case, there is 
an increase in seismic energy with increasing potency. 

Although seismic waveforms do not have direct information about absolute stress 
but merely about the dynamic stress drop at the source, a number of seismological 
studies and numerous underground observations suggest that a reliable estimate of 
apparent stress can be used as an indicator of the local level of stress. Gibowicz 
(1990) considered apparent stress as an independent parameter of stress release 
in the case when P- and S-wave contributions to the seismic energy are included. 
(Mendecki, 1993) showed an example where apparent stress associated with seismic 
events of magnitudes between 1.3 and 1.5 varies from 0.2 to 40 bar, being generally
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Fig. 2.2 Energy, E, vs.  log P . plot of events with the least square fit (left). Apparent stress, σA ., 
vs. log P . for the same data set (right) 

higher at greater depth and within less faulted rock. In general, the apparent stress 
expresses the amount of radiated seismic energy per unit volume of inelastic co-
seismic deformation. 

Let us imagine the source of a seismic event associated with a relatively weak 
geological feature or with a soft patch in the rock mass. Such a source will yield 
slowly under lower differential stress producing larger seismic potency and radiating 
less seismic energy, resulting in a low apparent stress event. The opposite applies to 
a source associated with a strong geological feature or hard patch in the rock mass. 
In the case of a so-called complex or multiple event, the rapid deformation process 
at the initial source can push the stresses in the adjacent volume to a level much 
higher than could normally be maintained by the rock, producing higher apparent 
stress sub-event(s) that need not be an indication of a generally high ambient stress 
prior to the event. Although the estimate of apparent stress does not depend on the 
rupture complexity (Hanks & Thatcher, 1972), the complexity of the event should 
be tested before meaningful interpretation in terms of stress can be given. 

Seismic sources similar in terms of their potency may differ by up to two orders 
of magnitude in radiated energies, reflecting stress differences at the place and 
time of their occurrence (Mendecki, 1993). Since radiated seismic energy broadly 
increases with increasing seismic potency, to gain insight into the stress regime, one 
would need to compare the radiated seismic energies associated with seismic events 
of similar seismic potencies. This notion was translated into a practical tool by van 
Aswegen and Butler (1993) and called the energy index, EI . The energy index of 
an event is the ratio of the observed radiated seismic energy of that event E, to the  
average energy Ē(P ) = 10d log P+c

. radiated by events of the observed potency P , 
for a given area of interest, 

.EI = E/Ē (P ) = E/10d log P+c = 10−cE/P d. (2.12) 

For d = 1.0., the energy index is proportional to apparent stress. In general, it is 
advisable to use the logarithm of the ratio since it equally affects changes in the
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Fig. 2.3 Z-coordinate of events vs. time (left) and apparent stress, σA ., vs. the Z-coordinate of the 
event for the same data set (right) 

numerator or denominator. It also solves the problem of lack of symmetry, i.e. if E 
is greater than Ē (P )., the ratio can take theoretically any value greater than 1, but if 
E is less than Ē (P )., the ratio is restricted to the range of 0 to 1. The logged ratio 
restores the symmetry, i.e. log E/Ē (P ) = − log Ē (P ) /E .. 

Figure 2.3 left shows the Z-coordinate of events vs. time where colour scales 
with apparent stress, σA .. Here, the lower the Z the deeper the event. Figure 2.3 right 
shows apparent stress of events vs. Z-coordinate where colour scales with time. The 
thin black line shows a linear fit to the data, log σA = −0.001Z + 5.712., which 
for this data set indicates that σA . increases by 11 kPa with every 100 m increase in 
depth. 

The energy index is a relative measure of stress because it is specific to a 
given data set, i.e. it is a function of the volume and time from which data are 
selected. Therefore, as more data becomes available, the log E . vs. log P . fit may 
not be applicable, which makes comparison with the previous data set problematic. 
However, it is a very useful tool to test for the relative spatial differences in stresses. 
The energy index of small events is a better test for stress level than larger events, 
since small ones do not disturb stresses in the area. 

Source volume V is the volume of co-seismic inelastic deformation that radiated 
the recorded seismic waves and can be estimated from V = = .. 
Since apparent stress scales positively with stress drop and it does not depend on 
the corner frequency, Mendecki (1993) defined the apparent volume as 

.VA = M

σA

= M2

μE
= μP 2

E
. (2.13) 

Equation (2.13) shows that for a given seismic potency source volume scales 
inversely with seismic energy. Apparent volume, like apparent stress, depends on 
seismic potency and radiated seismic energy, and, because of its scalar nature, can 
easily be manipulated in the form of cumulative or contour plots, providing insight 
into the rate and distribution of co-seismic deformation and/or stress transfer in 
the rock mass. In a cumulative plot, the apparent volume amplifies the influence



54 2 Seismic Sources in Rock

Fig. 2.4 Cumulative potency (left) and apparent volume (right) for the same data set 

of soft events that for a given potency radiate less energy, and reduces the impact 
of fast dynamic events, and therefore it is useful to observe periods of accelerating 
deformations. 

Figure 2.4 shows the cumulative plots of seismic potency and apparent volume 
vs. time for the same data set. The way the Cum VA . depends on potency and energy 
makes it more sensitive to softer seismic events and will more likely emphasise the 
phase of accelerating seismic deformation before larger events, in this case before a 
log P = 2.61. event, which is not visible on the CumP plot. The main applications 
of apparent volume are in cumulative and spatial contouring plots. 

2.6 Circular Crack: Static Solution by Eshelby 

For a circular crack of radius r and a uniform strain drop . over the crack surface, 
A = πr2

., the displacement profile is given by 

.u (x) = 24

7
r2 − x2, (2.14) 

where x is the radial distance from the centre of the crack and r is the radius of 
the crack (Eshelby, 1957). The maximum displacement is at the centre, umax =
24 (7π)., see Fig. 2.5. 

The mean displacement ū. is the integral of u(x). given above divided by 
the area of the crack, πr2.. Integration in polar coordinates, (x, ϕ).,  give  s  

r

0 xdx
2π

0 dϕ
√

r2 − x2 = (2/3) πr3
., and finally, 

.ū = 16

7
(2.15) 

The ratio of the maximum to the mean displacement umax/ū = 1.5.. Equation (2.15) 
gives seismic potency,
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Fig. 2.5 Eshelby (1957) circular crack displacement profile for log P = 2.0. and = 5 · 10−4 . 

.P = ūπr2 = 16

7
3, (2.16) 

and the source radius, 

.r = 7P

16

1/3

. (2.17) 

One can also express ū. as a function of strain drop and potency, 

.ū = 1

π

16

7

2/3
2/3P 1/3 or P = π3 7

16

2

· ū3 2. (2.18) 

For the average strain change at source = 5 · 10−4
., the maximum displacement 

given by Eq. (2.18) is umax = 1.5 ∗ ū = 0.0052 3
√

P ., which is 13% more than 
umax = 0.0046 3

√
P . given by McGarr and Fletcher (2003). Figure 2.6 shows source 

radius, r , and average displacements, ū., for different log P . events. 
The strain energy in an elastically deformed volume is given by =

1/2
V

σij ij dV ., where σij . is the stress tensor, ij . is the strain tensor, and V is the 

Fig. 2.6 Eshelby source radius (left) and average source displacement (right) vs. log P . and mHK . 
for different strain drops
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strained volume. The total change in strain energy . due to a seismic event is 
= W0 − W1 ., where W0 . and W1 . are the strain energies before and after the 

event, respectively. The amount of strain energy released by a seismic event cannot 
be directly estimated from waveforms since the radiated seismic energy is dependent 
only on the stress drop and not on the initial stress. This means that two events with 
the same source displacement can have very different strain energy releases. In the 
circular crack described above the strain energy, = ūA/2 = 2 =
8μr3 2/7.. 

2.7 Circular Crack Model by Brune 

Near Field To construct his model, Brune (1970) assumed a shear stress pulse, 
σeff ., applied to a circular crack with a finite radius r instantaneously at t = 0., 
over the entire interior, i.e. it assumes an infinite rupture velocity, and therefore the 
crack propagation is neglected. The stress pulse σeff . is the effective stress or the 
dynamic stress drop, and it represents the difference between the initial stress and 
the dynamic frictional stress. For a complete stress drop, we can assume that the 
effective stress is equal to stress drop, σeff = ., or that the effective strain is 
equal to the dynamic shear strain change (drop), eff = = σeff /μ.. 

The above assumption is equivalent to applying a sudden uniform stress pulse 
on the interior surface of the crack. Brune also assumed that the crack surface 
reflects shear waves during rupture. The stress pulse sends a shear pulse propagating 
orthogonal to the crack, and the initial time function for this pulse follows directly 
from the boundary conditions, 

.σ (x, t) = σeff H (t − x/vS) , (2.19) 

where x is the distance from the source, vS . is the S-wave velocity, and H (t) = 0. 

for t < 0., H (t) = 1. for t ≥ 0. is the Heaviside unit step function. The displacement 
created by the stress pulse can be obtained by solving the constitutive equation 
μ∂u/∂x = −σeff (x, t). or ∂u/∂x = − x, t)., 

. 
∂u (x, t)

∂x
= −∂ (t − x/vS)

∂x

∂u

∂ (t − x/vS)
= − − x/vS) ,

and since ∂ (t − x/vS) /∂x = −1/vS ., the differential equation for the initial 
displacement is 

.
∂u

∂ (t − x/vS)
= vS − x/vS) ,
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that for t < 0. gives u (x = 0, t) = 0. and for 0 < t < T . 

.u (x = 0, t) = vS · t, . (2.20) 

u̇ (x = 0,  t) = vS (2.21) 

where T is the time required for elastic waves to propagate from the ends of the 
rupture to the observation point. Therefore, Eqs. (2.23) and (2.22) are for the initial 
displacement and velocity at a point very close to the centre of the source and 
neglecting the finite size of the crack. Similar equations were derived by Jeffreys 
(1962). Assuming = 3.3 · 10−4

., i.e. = 10.MPa and vS = 3.km/s Brune, 
estimated the initial near-field ground velocity at 1 m/s. 

The initial ground velocity starts decaying to zero when the effects of the source 
edges are felt at the observation point, which Brune models by introducing an 
exponential decay factor, 

.u̇NF (t) = H (t) vS exp (−t/τ ) , (2.22) 

where τ ≈ r/vS ., where r is the source radius. For = 2.5 · 10−4
. at t = τ ., it gives  

u̇NF (t = τ) 0.8.m/s. Integrating Eq. (2.22) gives  

.uNF (t) = H (t) vS · τ 1 − exp (−t/τ ) , (2.23) 

which for = 2.5 · 10−4
. at t = ∞. gives uNF (t = ∞) 0.013.m. The near-field 

displacement spectrum is 

.ΩNF (f ) = vS

1

2π

2

· 1

f
f 2 + τ−2

−1/2
, (2.24) 

which decays as f −1
. at low and as f −2

. at high frequencies. Figure 2.7 shows 
the near-field source time functions for displacement and velocity described by 
Eqs. (2.23) and (2.22) and the near-field displacement spectra for three different 
effective strains. The assumptions: r = 50.m, 1 = 2.5 · 10−4

., 2 = 5 · 10−5
., 

3 = 1 · 10−5
., vS = 3250.m/s, f0S = 0.373vS/r = 24.2.Hz, and τ =

1/ (2πf0S) = 0.0066. seconds. 

Fig. 2.7 Brune near-field displacement and velocity source time functions and displacement 
spectra described by Eqs. (2.23), (2.22), and (2.24) for selected effective strains
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Far Field The near field is essentially determined by the motion on one side of the 
source, while the far field represents the contributions from both sides of the source, 
i.e. the elastic waves radiated by the opposing side of the source diffract around the 
source surface and differentiate the far-field spectrum modifying its low frequency 
part (Keilis-Borok et al., 1960). Brune approximated this effect by multiplying the 
displacement function by an exponential with decay time of the order of r/vS . and 
by a factor r/R . to correct for spherical spreading, 

.uFF (t) = ΛSvS r/R) · t · exp (−t/τ ) , . (2.25) 

u̇FF  (t) = ΛSvS r/R) · (1 − t/τ ) exp (−t/τ ) , . (2.26) 

üFF  (t) = ΛSvS r/R)  (1/τ) · (−2 + t/τ ) · exp (−t/τ ) , (2.27) 

where R is the distance, and ΛS = √
2/5 = 0.632. is the root mean square 

radiation pattern of the S-wave, i.e. the mean energy radiation computed by 
integrating the squared radiation pattern over the surface of the unit sphere (Aki & 
Richards, 2002). Here, the displacement, uFF (t)., continues indefinitely, although 
limt→∞ (t · exp (−t/τ )) = 0.. Velocity and acceleration have jumps at t = 0.. 
The Fourier amplitude spectra of the S-wave far-field displacement, velocity, and 
acceleration are 

.ΩFFS (f ) = ΛSvS

r

R
· 1

(2πf0)
2 1 + (f/f0)

2
−1

, . (2.28) 

Ω̇FFS  (f ) = ΛSvS

r 
R

· f 
2πf 2 

0

1 + (f/f0)
2

− 1
, . (2.29) 

Ω̈FFS  (f ) = ΛSvS

r 
R

· f 
f0

2

1 + (f/f0)
2

− 1
, (2.30) 

where f0 . is the corner frequency that represents the transition between the flat 
and sloping parts of the displacement spectrum. It is used to estimate source 
radius, although this relation is poorly constrained. The displacement spectra decay 
with f −2

. past the corner frequency; therefore, it is a so-called ω−2
. model. The 

acceleration spectrum predicts that ground acceleration is flat for arbitrarily high 
frequencies. The acceleration spectrum usually decays after a high frequency corner 
identified as fmax .. 

Since the seismic energy scales with velocity squared, the maximum energy 
is radiated at the predominant frequency, i.e. the frequency where the velocity 
spectrum is at maximum. In this case, i.e. the ω−2

. model, the corner frequency 
and predominant frequency are the same, which is not the case for other models. 
Figure 2.8 shows the distance corrected far-field S-wave displacement, velocity, 
and acceleration in time and their spectra. The assumptions are: r = 50. m, 
R = 500.m, 1 = 2.5 · 10−4

., 2 = 5 · 10−5
., 3 = 1 · 10−5

., vS = 3250.m/s,
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Fig. 2.8 Far-field distance corrected S-wave displacement, velocity, and acceleration in time (top) 
and spectra (bottom) and for selected effective strains 

f0S = 0.373vS/r = 24.2. Hz, τ = 1/ (2πf0S) = 0.0066. seconds, and potency 
P = (16/7 3

. which for 1 = 2.5 ·10−4
. gives log P = 1.85.. No  Q correction 

was applied at this stage. Note that the theoretical acceleration spectrum extends to 
infinity, which is not physical; however, the observed acceleration spectra decay 
above a certain frequency called fmax ., (Hanks, 1982). 

Corner Frequency Brune estimated spherical average corner frequency by com-
paring the zero frequency limit of the shear wave displacement spectrum given by 
Eq. (2.28) with Keylis-Borok (1959) equation for the far-field S-wave spectrum at 
zero frequency, ΩFFS (f = 0) = Ω0S ., 

. ΩFFS (f = 0) = Ω0S = ΛSμP/ 4πρRv3
S

= ΛSvS

r

R
1 + (f/f0)

2
−1

/ (2πf0)
2 ,

and taking P = (16/7 3
. (see Eq. 2.16) and μ = ρv2

S ., he obtained, 

.f0S = k · vS/r = 0.373vS/r or r = k · vS/f0S, (2.31) 

where k = √
7/ (16π) = 0.373. is the corner frequency normalised by the wave 

velocity and source radius, referred as the normalised corner frequency when 
comparing the results of different source scenarios. If we assume that source radius 
can also be recovered from the P-wave radiation, then, taking r = kvP /f0P ., the  
ratio of P- to S-wave corner frequency is 

.f0S/f0P = vS/vP . (2.32)
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Corner frequency is not a physical parameter of a seismic source, and there 
are considerable variations when computing f0 . using different source models. 
Madariaga (1976) developed a dynamic model, with a stress singularity at the 
rupture front, and assuming rupture velocity vr = 0.9vS . gave an average kS = 0.21. 

for the S-wave and kP = 0.32. for P-wave. Brune et al. (1979) considered different 
source models with different assumptions and suggested an average k = 1/3.. 
Kaneko and Shearer (2014) studied a quasi-dynamic circular crack model with 
a cohesive zone that prevents a stress singularity at the rupture front and, for 
vr = 0.9vS ., gave kS = 0.26. and kP = 0.38.. 

Keylis-Borok (1959) related the average static stress drop on a circular source to 
the average slip, = 7πμū/ (16r)., that for the S-wave can be written as 

. = 7

16
μP · 1

r3 = 7

16
μP

f0S

kvS

3

. (2.33) 

Here, any uncertainty in the corner frequency f0 . is cubed when computing static 
stress .. Aki (1966) and Wyss and Brune (1971) proposed to use the two 
independent source parameters, seismic potency and radiated seismic energy, to 
estimate stress release at source, σA = E/P ., that does not require an estimate of 
the source dimension. 

If we assume that seismic potency can also be estimated from the zero frequency 
limit of the P-wave displacement spectrum, Ω0P = ΛP μP ./ 4πρRv3

P ., then the 
ratio 

.
Ω0S

Ω0P

= ΛS

ΛP

· vP

vS

3

, (2.34) 

where ΛP = √
4/15 = 0.516.. For a Poissonian solid, i.e. vP = √

3 · vS ., the ratio 
is (3/2)

√
27 7.8.. Seismic potency derived from the low frequency limit of the 

displacement spectra of P- and S-waves should be the same, 

. PP = 4πRv3
P Ω0P / ΛP v2

S = PS = 4πRvSΩ0S/ΛS.

2.8 More General Point Source Models 

The simplest representation of a seismic source is the far-field point source model, 
i.e. a one moment tensor source with a single source time function radiating from a 
point. In contrast, an extended seismic source is rupturing and slipping at all points 
behind the propagating rupture front, and it can be treated as a set of point-like 
sub-sources.
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There are crack-like rupture models, discussed in this section, where the duration 
of deformation at a given point at source is comparable to the overall duration of 
rupture, and pulse-like rupture models where the slipping portion is constrained to 
the vicinity of the propagating rupture tip and the duration of deformation at a point 
is short relative to the rupture duration (Heaton, 1990). Pulse-like models deliver a 
spectrum with two corner frequencies: the lower one that scales inversely with the 
overall duration of rupture, while the higher one is inversely proportional to pulse 
duration. 

The rupture of a fault and the subsequent slip are fast non-linear physical 
processes involving very large irrecoverable deformations and violation of the 
continuity of the material. The effect of a seismic source on the rock mass in the 
immediate vicinity of the fault is to induce motions which cannot be described 
within the framework of linear elasticity. It is only at a certain distance from the 
source, where the local displacements are below the plasticity threshold, that one can 
consider the local wave field as a superposition of the waves radiated by all parts of 
the source. It is the applicability of the superposition principle which separates the 
domain of non-linear material behaviour around the source from the rest of the rock 
mass which resembles the laws of linear elasticity. The terms near field, intermediate 
field, and far field apply only to the rock mass outside the broken zone at the source. 
In that sense, a seismic source is always volumetric even when the rupture can be 
assumed to take place on a 2D surface. 

Ideally, seismic source time functions that describe the displacement, velocity, 
and acceleration of ground motion at source should have the following properties:

• The motion must start at a given moment of time, say at t = 0., with no motion 
before that.

• The motion must stop after a finite period of time has elapsed.
• There must be no change in the direction of the velocity during the motion.
• There must be no intermittent motion, i.e. no stop and restart.
• There must be no discontinuities or infinite values in the displacement and 

velocity.
• The acceleration time function cannot become infinite but can exhibit disconti-

nuities, i.e. sudden changes in the driving force.
• The far-field displacement source pulse of a simple dislocation source is one-

sided, and the Fourier transform of such a pulse is always flat at low frequencies 
and falls off at high frequencies.

• If the far-field displacement is a simple one-sided pulse, then the velocity pulse 
is two-sided, and the acceleration pulse is three-sided with zero area, i.e. zero 
velocity at end of record. 

The far-field displacement due to a point source is controlled by the slip rate, 
uFF (t) = C · u̇(t − r/vP,S).. This statement dictates the following relation between 
the Fourier transform of the far-field displacement and the final static displacement 
at the source, uFF (ω) = C

∞
−∞ u̇ (t) exp (−iωt) dt ., where ω . is angular frequency 

and C a constant.
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Therefore, the low frequency limit of the far-field displacement spectrum is 

. lim
ω→0

uFF (ω) = C

∞

−∞
u̇ (t) dt = C · usrc (t → ∞) ,

since uNF (t = −∞) = 0. and is related to the scalar seismic potency. 
In the frequency domain, the Fourier spectrum of the displacement in the far 

field should be the same, up to a frequency independent factor, as the spectrum 
of the velocity at the source. The spectrum of the velocity in the far field should 
be related to the spectrum of the acceleration at the source, and the spectrum of 
the acceleration in the far field can be expressed in terms of the spectrum of the 
acceleration rate at the source. This means that it will be enough to obtain the spectra 
of the displacement, velocity, acceleration, and acceleration rate at source in order 
to have all spectra in the near field as well as in the intermediate and far field. 

Source Time Functions In the near field, there is no separation between the P- and 
S-wave because the arrivals of these waves are delayed by less time than the total 
seismic source duration. They arrive very close together and interfere to produce 
a static displacement field; therefore, the near-field term refers to ground motion 
unrelated to a specific type of wave. The far-field approximation is valid at distances 
R much larger than the dominant wavelength λ., i.e. for R/λ 1., and λ = v/f ., 
where v is the wave velocity and f the predominant frequency. Seismic waveforms 
contain a range of frequencies. The high frequency part of the spectrum reflects 
the details of the far-field ground motion, while the low frequency is determined 
by the properties of the motion at the source and in the near field. Since in the far 
field there should be no residual static deformation and because the maximum peak 
ground velocities, PGV  , are usually associated with the lower frequencies of S-
waves, one can consider the far field to be at distances where the recorded seismic 
strains, PGV/vS < 10−6

., which are assumed elastic for a hard rock. Practically, 
sites in hard rock that record the maximum ground velocity from the S-wave of less 
than 3 mm/s can be considered far field. If such low ground velocities are recorded 
at distances that give a short S-P window, then spectra should be calculated from the 
S-wave only. 

2.8.1 Source Time Functions and Spectra 

Beresnev (2019) proposed a simple expression for the displacement source time 
function that caters for different far-field spectral models, 

.u (t, z) = H (t) u∞ 1 − + 1, t/τ )

+ 1)
, (2.35)
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where H (t). is the Heaviside step function, + 1, t/τ ) = ∞
t/τ

xz exp (−x) dx . is 
the upper incomplete gamma function, and, for a non-negative integer + 1) =
z!., u∞ . is the final displacement at t = ∞. and τ . is related to the rise time. Parameter 
z = 1. gives the most frequently used omega-square model, ω−2

., z = 2. gives the 
omega-cube model, ω−3

., and z = 1.5. gives an ω−2.5
. model. For real positive values 

of z, the slip velocity and acceleration at source are 

.u̇ (t, z) = H (t)
u∞

+ 1)

1

τ
(t/τ )z exp (−t/τ ) .. (2.36) 

ü (t, z) = H (t) 
u∞
 + 1) 

1 

τ 2 z (t/τ )z−1 − (t/τ )z exp (−t/τ ) . (2.37) 

Note that the acceleration time function for the ω−2
. model, i.e. for z = 1., exhibits 

a finite jump at t = 0., which means that the acceleration is undefined there. For all 
values of z ≥ 1., the velocity is continuous and equal to zero for t = 0.. The velocity 
is maximum at t = z · τ ., where its value is 

.u̇max = u∞
τ

· zz

z! exp (z)
⇒ τ = u∞

u̇max

· zz

z! exp (z)
. (2.38) 

The velocity spectrum is controlled by two physical parameters: the final displace-
ment and the maximum slip velocity defined by the parameters z and τ .. 

Figure 2.9 shows the displacement, velocity, and acceleration source time 
functions given by Eqs. (2.35), (2.36), and (2.37) for  z = 1. that defines the ω2

. 

model, z = 1.5. for the ω2.5
. model, and z = 2., for the  ω3

. model. Assumptions: 
= 2.5 · 10−4

., r = 50.m, give P = (16/7 3 = 71.43. and log P = 1.85., 
the final max displacement u∞ = 24 (7π) = 0.0136. m, and vS = 3250.m/s 
gives f0S = 0.21vS/r = 13.65. Hz and τ = 1/ (2πf0S) = 0.01166. seconds. The 
maximum slip velocities are u̇1 = 0.43.m/s at tz1 = 0.01166. for the ω−2

. model, 
u̇1.5 = 0.36.m/s at tz1.5 = 0.0175. for the ω−2.5

. model, and u̇2 = 0.32.m/s at 
tz2 = 0.02332. seconds for the ω−3

. model. 
The acceleration rate time function at source is 

Fig. 2.9 Displacement, velocity, and acceleration source time functions given by Eqs. (2.35), 
(2.36), and (2.37) for the  ω2 . model (z = 1.) in red, the  ω2.5 . model (z = 1.5.) in blue, and the 
ω3 . model (z = 2.) in green
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. 
...
u (t, z) = u∞

+ 1)

1

τ

2

z
t

τ

z−1

− t

τ

z

δ (t) exp − t

τ

+ u∞
+ 1)

1

τ

3

z(z − 1)
t

τ

z−2

− 2z
t

τ

z−1

+ t

τ

z

exp − t

τ
H(t),

which is not zero for t = 0.. However, for any z > 1., regardless how small, the Dirac 
delta term in the acceleration rate at t = 0. will be zero 

. 
...
u (t, z) = u∞

+ 1)

1

τ

3

z(z − 1)
t

τ

z−2

− 2z
t

τ

z−1

+ t

τ

z

exp − t

τ
H(t),

where τ = 1/ (2πf0).. 

Source Spectra The amplitude spectra of the displacement, Velocity, and acceler-
ation source time functions are 

.Ω (f, z) = u∞ · 1

2πf
1 + (f/f0)

2
−(z+1)/2

, . (2.39) 

Ω̇ (f, z) = u∞ · 1 + (f/f0)
2

−(z+ 1)/2 
, . (2.40) 

Ω̈ (f, z) = u∞ · 2πf 1 + (f/f0)
2

−(z +1)/2 
. (2.41) 

At low frequencies, the displacement spectrum behaves as f −1
., the velocity 

spectrum is flat, and acceleration spectrum is proportional to f . This is true for 
all three cases irrespective of z. Figure 2.10 shows the displacement, velocity, and 
acceleration source spectra given by Eqs. (2.39), (2.40), and (2.41) for  z = 1. that 
defines the ω2

. model, z = 1.5. being the ω2.5
. model, and z = 2., for the  ω3

. model. 

2.8.2 Far Field in Time Domain and Spectra 

Far Field in Time The far-field P- and S-wave displacements radiated by a shear 
dislocation at an individual source patch area element A at distance R can be 
expressed as
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Fig. 2.10 Displacement, velocity, and acceleration source spectra given by Eqs. (2.39), (2.40), 
and (2.41), for the ω2 . model (z = 1.) in red, the  ω2.5 . model (z = 1.5.) in blue, and the ω3 . model 
(z = 2.) in green 

.uFF (R, t) = ΛP v2
S

4πv3
P

1

R
· Au̇ tP + ΛS

4πvS

1

R
· Au̇ tS , (2.42) 

where u̇ tP . and u̇ tS . are the displacement rate functions at source for the 
respective retarded times tP = t −R/vP . and tS = t −R/vS . for P- and S-wave (Aki 
& Richards, 2002). The term 1/R . stands for geometrical spreading with distance 
for body waves in a homogeneous elastic medium. Taking potency P = u∞A., the  
far-field displacement time function for the P- and S-wave is 

.uFFP,S (R, t, z) = H tP,S ΩP,S · 1

+ 1)

1

τ

tP,S

τ

z

exp − tP,S

τ
, (2.43) 

where ΩP,S = CFFP,S ·P/R ., CFFP = ΛP v2
S/ 4πv3

P ., CFFS = ΛS/ (4πvS)., and 
ΛP = √

4/15 = 0.516. and ΛS = √
2/5 = 0.632. are the root mean square radiation 

patterns of P- and S-waves, respectively, and P is seismic potency. 

The displacement time function reaches its maximum f or 

. t max uFFP,S = zτ + R/vP,S umaxFFP,S = CFFP,S (1/τ) (z)z exp (−z) .

The velocity function in the far field for the P- and S-wave is 

. ̇uFFP,S (R, t, z) = H tP,S ΩP,S · 1

τ 2

⎡

⎣z
tP,S

τ

z−1

− tP,S

τ

z
⎤

⎦ exp − tP,S

τ
.

(2.44) 
For z = 1., it is not zero at the onset of motion, tP,S = 0.. This indicates a kinematic 

inconsistency of the ω−2
. model since a discontinuity in the slip velocity, i.e. a jump 

from zero to a finite value at the beginning of the motion, would require an infinite 
driving force. The function behaves properly for any z > 1., regardless of how small. 

As expected, the slip velocity time function for z = 1. is u̇FFP,S (R, t→0, z = 1). 

= ΩP,S . 1/τ 2 0., while for z = 1 + ., 0., one has
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. ̇uFFP,S (R, t →0, z = 1 + =ΩP,S · 1

τ 2

⎡

⎣(1 + tP,S

τ
− tP,S

τ

1+ ⎤

⎦ = 0.

The acceleration time function in the far field for the P- and S-wave is 

. ̈uFFP,S (R, t, z)

= H tP,S ΩP,S

1

τ 3
z(z − 1)

tP,S

τ

z−2

− 2z
tP,S

τ

z−1

+ tP,S

τ

z
⎤

⎦

exp − tP,S

τ

+ δ tP,S ΩP,S

1

τ 2
z

tP,S

τ

z−1

− tP,S

τ

z
⎤

⎦ exp − tP,S

τ
. (2.45) 

The Dirac delta singularity at tP,S = 0. is cancelled for z > 1. but survives for z = 1,. 

i.e. for the ω−2
. model, which is the effect from the discontinuity in the slip velocity 

for that value of the parameter z. 
Figure 2.11 shows the distance corrected far-field time domain displacements, 

velocities, and accelerations for z = 1., 1.5., and 2.0., with the same assumptions as 

in Fig. 2.9. For  z < 2., the power of the term tP,S/τ
z−2

. in Eq. (2.45) is negative  

and goes to infinity for t = 0., see Fig. 2.11 right. 
In general, the modelled time functions can have kinks and singularities which 

can reflect on their behaviour and on the behaviour of their derivatives. Nevertheless, 
such functions can produce regular and smooth Fourier transforms as long as the 
original goes sufficiently fast to zero at infinity and provided that its singularities 
are integrable. In this case, the Fourier transforms of the far-field time functions are 
smooth. 

Fig. 2.11 Displacement, velocity, and acceleration far-field time functions given by Eqs. (2.43), 
(2.44), and (2.45) for the  ω2 . model (z = 1.) in red, the  ω2.5 . model (z = 1.5.) in blue, and the ω3 . 
model (z = 2.) in green. Dashed lines for P-wave and solid for S-wave
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Fig. 2.12 Top row. Log-log plots of the far-field displacement, velocity, and acceleration spectra 
given by Eqs. ( 2.46), (2.47), and (2.50) for the  ω2 . model (z = 1.) in red, the  ω2.5 . model (z = 1.5.) 
in blue, and the ω3 . model (z = 2.) in green. Dashed lines for the P-wave and solid for the S-wave. 
Bottom row. The same as top row but in a linear scale to demonstrate their asymmetry with respect 
to the corner frequency 

Far Field Spectra The expression for the slip velocity at the source defines, up 
to a constant factor, the displacement time function in the far field, i.e. the Fourier 
transform of the ground displacement in the far field will be proportional to the 
complex-valued function, 

. F(f )=
∞

0

(1/τ) (t/τ )z exp (−t/τ ) exp(−i2πf t)dt = + 1) (1 + if/f0)
−z−1 ,

where f0 = 1/ (2πτ).. 

The modulus of F (f ) = [Re(F )]2 + [Im(F )]2 . defines the amplitude spectra 
of the far-field displacement, velocity, and acceleration for a given z. Figure 2.12 
top row shows the log-log plots and bottom row log-linear plots of the far-field 
displacement, velocity, and acceleration spectra. 

The displacement spectra for P- and S-wave are given by 

.ΩFFP,S (R, f, z) = ΩP,S · 1 + (f/f0)
2

−(z+1)/2
, (2.46) 

where ΩP,S = CFFP,S ·P/R .. For  f = 0., it gives the Keylis-Borok equation for the 
zero frequency displacement spectral level of S-wave, ΩFFS (f = 0, z) = Ω0S =
ΛSP ./ (4πRvS).. The velocity spectrum is 

.Ω̇FFP,S (R, f, z) = ΩP,S · (2πf ) 1 + (f/f0)
2

−(z+1)/2
. (2.47)
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The maxima of the P- and S-wave far-field velocity spectra are at frequency, 

.f max Ω̇maxFFP,S = f0/
√

z, (2.48) 

and their magnitudes are 

.Ω̇maxFFP,S = ΩP,S · 2πf0 (z)z/2 [1 + z]−(z+1)/2 . (2.49) 

The P- and S-wave acceleration spectrum in the far field is 

.Ω̈FFP,S (R, f, z) = ΩP,S · (2πf )2 1 + (f/f0)
2

−(z+1)/2
. (2.50) 

2.8.3 Q Corrections and Site Effects 

Q Corrections For a single or a narrow band frequency, the amplitude at source, 
A0 ., of a plain P- or S-wave decays with distance as 

.A (R) = A0 exp −πf R/ vP,SQP,Sf η , (2.51) 

where η . is the exponent in the power law frequency dependence of Q, and Q−1
. is 

the fractional loss of energy per cycle of oscillation due to intrinsic absorption and 
due to scattering caused by energy redistribution. For η = 0., the amplitude decay 
increases exponentially with frequency. Larger Q implies less attenuation, and high 
frequency waves will attenuate faster than low frequency waves. For η = 1., the  
amplitude decay is frequency independent. 

For a relatively solid hard rock mass, Q is well above 500, but for a softer and/or 
fractured rock mass, it can be as low as 25. For strains between 10−3

. and 10 −6
., 

attenuation is strain dependent, and therefore, amplitudes decay more rapidly in 
the intermediate field of seismic radiation, where strains are larger than 10 −3

. and 
where Q may be as low as 10. In general, Q is frequency dependent (e.g. Fedotov 
& Boldyre v, 1969; Rautian & Khalturin, 1978; Aki,  1980), and therefore, it is larger 
for P-waves than for S-waves. 

To correct for amplitude decay due to attenuation and scattering, one should mul-
tiply the observed far-field spectra by exp πf R/ vP,SQP,Sf η

., where R/vP,S . is 
the travel time from source to the recording site. 

Solid lines in Fig. 2.13 left show the shapes of function (2.51) for QS = 200. 

and η = 0., η = 0.1. and 0.2.. Dashed lines show the same but for QS = 25., i.e. 
for a strongly attenuating rock mass. Figure 2.13 centre and right shows a shift in 
the predominant frequency and decay in spectral amplitudes of the far-field velocity 
model spectra due to attenuation over distance. Solid lines represent P- and S-wave 
velocity spectra with no Q attenuation and dashed lines with attenuation for QP =
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Fig. 2.13 The shape of function 2.51 (left). P- and S-wave of the ω−2 ., i.e.  z = 1. model, far-field 
unattenuated (solid lines) and Q attenuated (dashed lines) velocity spectra over distances of 500 
(centre) and 2000 m (right) 

50. and QS = 25. at distances 500 m (centre) and 2000 m (right). The relatively low 
values of Q were selected to illustrate the point. 

An alternative model for spectral decay at high frequencies is a (f ) =
A0 exp (−πf κ).,where κ = R/ (vQ)., and its frequency dependent modification 
described below under fmax . (Anderson & Hough, 1984 and Hendel et al., 2020). 

Site Effect Site effect may be defined as the modification of the amplitude, 
frequency, and duration of the incoming wave field due to the specific mechanical 
properties and geometrical features of the ground surrounding the sensor site. In 
most cases, the ground motions are amplified at certain frequencies in fractured rock 
relative to the motion in solid rock. Seismic systems in mines are designed to locate 
events and to estimate their source parameters. For this reason, sensors are installed 
at 6 to 10 m in boreholes that penetrate the stress-induced fractures surrounding the 
excavations to avoid the surface noise and the very site effects that amplify ground 
motion at the skin of excavations. The further away is the sensor from the skin of an 
excavation the lower the site effect. Site effect at sites 10 m away from an excavation 
is negligible. 

One way to reduce site effect is by averaging the corrected spectra over the 
sites accepted for source inversion and then estimating source parameters from the 
averaged spectrum. This is effective if site effects at different recording sites are 
at different frequencies and not too strong, which is mostly the case for sensors 
installed underground in boreholes. Surface sites are more prone to site effect, and 
to remove it, one needs to estimate the site transfer function and then deconvolve by 
division in the frequency domain. However, if the site response is coherent, it could 
easily be enhanced rather than reduced by the conventional averaging of spectra 
over a number of stations. An effective way to correct spectra for such propagation 
effects is to employ homomorphic deconvolution in the cepstral domain, e.g. Dysart 
et al. (1988) and Mendecki (1993). An advantage of this technique is that one needs 
no prior knowledge about the site effect one is trying to remove. This filtering 
procedure starts with the displacement amplitude spectrum. A complex function 
in the frequency domain is then constructed of which the real part is the logarithm 
of the amplitude spectrum and the imaginary part is zero. Taking the logarithm 
transforms the product to a sum so that the cepstrum contains the superposition
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of the source and the spike train. The inverse Fourier transform of this zero phase 
spectrum is taken, and the resulting cepstrum is filtered by excising peaks or troughs 
and/or by zeroing portions of the trace after the first or second zero crossings. A 
forward Fourier transform is then performed on the filtered cepstrum, and the filtered 
amplitude spectrum is constructed from the antilog of the transformed function. 

Empirical Green’s Functions The removal of path effect can also be done by de-
convolving seismograms of the event by seismograms of a suitable small event of 
similar mechanism located close, preferably within one source dimension, to the 
hypocentre of the target event e.g. Aki (1967), Bakun and Bufe (1975), Hartzell 
(1978), Viegas et al. (2010), Abercrombie (2015), and recently by Ross and Ben-
Zion (2016) for large data sets. The small event then acts as an empirical Green’s 
function (EGF), i.e. simulating the impulse response of the medium. Therefore, the 
source properties of the EGF event cannot be imprinted in the frequency range used 
to deconvolve. It is a very effective method if such a suitable small event is available. 
One of the conflicting requirements is that the size, i.e. the source duration, of the 
candidate EGF event should be considerably smaller than that of the larger event to 
simulate an impulse response, while the signal to noise ratio should be above the 
background noise in the frequency range of interest at all recording sites used in the 
source inversion. That limits the useful frequency bandwidth to only that with signal 
from both large and small events. Source parameters are estimated by comparing the 
observed spectral ratio between the target Ω1 (f ). and EGF event Ω2 (f ). and a given 
spectral model, 

.
ΩT (f )

ΩEGF (f )
= PT

PEGF

1 + (f/f0T )2

1 + (f/f0EGF )2

(z+1)/2

, (2.52) 

where PT ., f0T . and PEGF ., f0EGF . are the potencies and corner frequencies of 
the target and the EGF event, respectively (Abercrombie & Rice, 2005). If z is 
fixed and the PEGF . and f0EGF . are known, there are only two parameters to be 
inverted, PT /PEGF . ratio and f0T .. The same can be done to the velocity spectrum 
to estimate energy. A comprehensive review of the applications of EGFs can be 
found in Hutchings and Viegas (2012). 

Maximum Frequency, fmax . While the theoretical acceleration spectrum for the 
ω−2

. model is flat at high frequencies, the observed acceleration spectra are 
characterised by a trend of exponential decay. Hanks (1979) and Hanks (1982) 
suggested that the acceleration spectrum is flat above the corner frequency only to a 
second corner frequency, called fmax ., above which it decays rapidly. The origin of 
the rapid decay may be the source or path including the site effect or the combination 
of the above. Cases with fmax < f0 . would limit the resolution of corner frequency, 
f0 ., and therefore impose an artificial minimum source dimension on seismic events. 

There are two types of parametric models widely used to shape the observed high 
frequency acceleration spectra. Boore (1983a) proposed the power law frequency 
decay model,
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.P (f ) = 1 + (f/fmax)
2s

−1/2
, (2.53) 

where s controls the decay rate at high frequencies, and Anderson and Hough (1984) 
the exponential model, 

.a (f ) = A0 exp (−πf κ) , (2.54) 

where κ = R/ (vQ). is the spectral decay parameter and can be derived from 
∂ ln a (f ) /∂f =. -πκ ., for frequencies above fmax .. Some studies suggest that that 
the slope of the acceleration spectrum in log-linear space is not constant but rather 
curved, so the estimated κ . does depend on the chosen frequency band of analysis. 
Hendel et al. (2020) modified the kappa model to account for the non-linear spectral 
decay at high frequencies by incorporating a power law frequency dependent Q 
which they call the zeta model, a (f ) = exp −πζf 1−η

., where ζ = Rf0/ (vQ). 

and η . is a parameter. The P (f )., κ . and the zeta models are to be applied to the ω−2
. 

source model in which the acceleration spectrum is flat above the corner frequency. 
The ω−1.5

. and ω−3
. spectra are not flat above corner frequency, see Fig. 2.12 right 

column, and provide a natural high-cut filtering to be modelled as a source effect. 
Figure 2.14 shows S-wave far-field acceleration spectra for the ω−2

. model ( z =
1.) in red, the ω−2.5

. model (z = 1.5.) in blue, and the ω−3
. model (z = 2.) in green 

all attenuated for constant Q (left) and the frequency dependent Q(f ). (centre). 
The right figure shows the ω−2

. model attenuated for constant Q and for fmax ., and 
ω−2.5

. and ω−3
. models corrected only for a constant Q. It is more difficult to resolve 

the corner frequency when f0/fmax = 1. because then source spectra are strongly 
attenuated for high frequencies past the fmax .. 

Figure 2.15 shows acceleration waveforms (left column), integrated velocity 
waveforms (centre column), and the smoothed FFT of the S-wave window (right 
column) of two events recorded at the same site by three-component accelerometers 
installed in a borehole in an underground hard rock mine. 

The first event with log P = 1.05. located 17 km away from the recording 
site (top row), and the second event with log P = 0.87. located 243 m away 
(bottom row). The smoothed FFT of noise is marked by dashed lines. The 

Fig. 2.14 S-wave far-field acceleration spectra for the ω−2 .model (z = 1.) in red, the  ω−2.5 .model 
(z = 1.5.) in blue, and the ω−3 .model (z = 2.) in green all corrected for frequency dependent Q (f ). 
(left) and for constant Q (centre). The right figure shows the ω−2 . model corrected for constant Q 
and for fmax . and ω−2.5 . and ω−3 . models corrected only for a constant Q
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Fig. 2.15 Acceleration waveforms (left), integrated velocity waveforms (centre), and smoothed 
FFT of accelerations (right) of a log P = 1.05. event recorded 17 km away (top row ) and a  
log P = 0.87. event recorded 243 m away (bottom row) 

spectrum was smoothed with the Konno and Ohmachi function, w (f, fc) =
sinc b log (f/fc)

4
., where b = 40. is the coefficient for bandwidth and fc . is the 

centre frequency (Konno & Ohmachi, 1998). The distant event shows a considerable 
depletion of high frequencies over the frequency range 1 to 1000 Hz and maintains 
a constant slope of the acceleration spectrum in log-linear domain up to 800 Hz. 
The casual fit gives κ = 0.0019. second and would imply a constant Q over that 
frequency range. 

The second, close event shows very limited depletion in high frequency over 
the same frequency band, and the spectrum is scalloping up to 500 Hz but overall 
reasonably linear up to 1000 Hz with κ = 0.0008. second. Note that although the 
second event has 8.3 times higher PGA  and 14 times higher PGV  , its cumulative 
absolute velocity CAV = td

0 |a (t) |dt . is 2.1 times lower, and the cumulative 
absolute displacement, CAD = td

0 |v (t) |dt ., 1.25 times lower than that of the 
larger distant event. The reason is the duration of ground motion, td ., which for 
the distant event is 8 times longer. This illustrates the importance of duration. The 
first event with lower PGA  and PGV  but longer duration will consume more 
deformation capacity of support than the second event. 

2.9 Frequency Range logP . and logE . 

Potency Recovery The potency and energy range of recorded seismic events is 
limited by the frequency range of the monitoring system, (f1, f2)., which is mainly 
determined by the capabilities of the seismic sensors. The following ratio of the far-
field displacement spectra quantifies the potency recovery as a function of the ratio
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Fig. 2.16 Recovery of seismic potency as a function of f1/f0 . (left) and the S-wave log P . at 80% 
potency recovery as a function of f1 . for the ω−2 ., ω−2.5 ., and  ω−3 . models and for three selected 
strain drops (right) 

of available frequencies at the lower end of the spectrum to corner frequency f1/f0 ., 
for different spectral models, 

. ΩFF (R, f1/f0, z) /ΩFF (R, f1/f0 = 0, z)=ΩFFR (z)= 1 + (f1/f0)
2

−(z+1)/2
,

(2.55) 
which applies to the P-wave if f0 = f0P . and to the S-wave if f0 = f0S .. Figure 2.16 
(left) shows that the ω−2

. model has the least under-recovery followed by ω−2.5
. and 

ω−3
.. It shows that with f1 . at the corner frequency the ω−2

. model recovers 50% of 
seismic potency, ω−1.5

. recovers 42%, and ω−3
. 35%. The ω−2

. model recovers 80% 
of seismic potency at f1/f0 = 0.5., ω−2.5

. at f1/f0 = 0.44., and ω−3
. at f1/f0 = 0.4.. 

The 80% recovery underestimates log P . by log (0.8P) = log P − 0.0969., and the 
mHK . by 0.0646, and at 50% recovery, i.e. f1/f0 = 1.0. the log P . is underestimated 
by 0.3 units and the mHK . by 0.2. 

The rate of deformation at seismic sources in softer or in fractured rock is slower 
than in stronger solid rock, and such sources radiate the predominant portion of 
their energy at lower frequencies, resulting in a lower corner frequency. Therefore, 
the recovery of seismic potency will be lower in low strain drop conditions. Potency 
recovery as a function of the lowest frequency available to calculate spectra, f1 ., 
taking into account strain drop, can be derived from P = (16/7 3

. (Eshelby, 
1957) and, for the S-wave, r = 0.26vS/f0 . (Kaneko & Shearer, 2014), 

.P [f, fr (z)] = (16/7) (0.26vS)3 [f1/fr (z)]3 , (2.56) 

where f0 = f1/fr (z). and fr (z). is the (f1/f0). ratio derived from Eq. (2.55) for the  
required potency recovery ΩFFR (z)., 

.fr (z) = 10−2/(z+1)·log[ΩFFR(z)] − 1
1/2

. (2.57)
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Figure 2.16 (right) shows ΩFFR (z) = 0.8., i.e. the 80% potency recovery as a 
function of f1 . for selected strain drops (Eqs. 2.56 and 2.57). Clearly, the recovery 
of seismic potency increases in harder rock, i.e. higher .. 

Energy Recovery The predominant frequency fE ., i.e. the frequency at which the 
maximum energy is radiated, is at the maximum of the velocity power spectrum. 
Solving the equation ∂Ω̇FF (f, z) /∂f = 0., 

. fEf 2
0 1 + (fE/f0)

2
−1−z + f 3

E (−z − 1) 1 + (fE/f0)
2

−2−z = 0,

gives 

.fE (z) = f0/
√

z. (2.58) 

Therefore, for the ω−2
. model, i.e. z = 1., the predominant frequency is at the 

corner frequency, fE (z = 1) = f0 .. However, for the ω2.5
. model, i.e. z = 1.5., the  

fE (z = 1.5) = 0.816f0 ., and for ω3
. model, i.e. z = 2., the fE (z = 2) = 0.707f0 .. 

Seismic radiated energy is proportional to the integral of the velocity power 
spectrum, 

.SV 2 (z, 0,∞) = 2

∞

0

Ω̇FF (R, f, z)
2
df = 2π5/2 − 1/2)

+ 1)
Ω2

FF f 3
0 , (2.59) 

which applies to the P-wave if Ω̇FF = Ω̇FFP . and to the S-wave if Ω̇FF = Ω̇FFS .. 
The ratio SV 2 (z = 1.5, 0,∞) /SV 2 (z = 1, 0,∞) 0.85. shows that the ω−2.5

. 

model produces 85% of the seismic energy of the ω−2
. model and the ratio 

SV 2 (z = 2, 0,∞) /SV 2 (z = 1, 0,∞) = 0.5. that the ω−3
. model produces 50% of 

the seismic energy of the ω−2
. model. 

The model independent seismic energy can be calculated by ẼP,S =
4πρvP,SS̃V 2P,S ., where S̃V 2P,S . is the observed, instrument, distance, and Q 
corrected velocity power spectrum for the P- or S-wave. However, the observed 
spectrum is limited by the frequency range of the system, and we can recover only 
the (f1, f2). part of it. The theoretical energy recovery as a function of z can be 
defined as 

.ER (z) = SV 2 (z, f1, f2) /SV 2 (z, 0,∞) . (2.60) 

The integral 2 f2
f1

Ω̇FF (f, z)
2
df . does not have a simple analytical solution for 

all z, but it does if z is either integer or half integer. For z = 1., z = 1.5., and z = 2., 
the respective integrals give
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. SV 2 (z = 1, f1, f2) = 4π2Ω2
FF f 3

0 [(f1/f0) /c1 − (f2/f0) /c2 + A] ,

SV 2 (z = 1.5, f1, f2) = 8

3
π2Ω2

FF f 3
0 − (f1/f0)

3 /c
3/2
1 + (f2/f0)

3 /c
3/2
2 , (2.61)

SV 2 (z = 2, f1, f2) = π2Ω2
FF f 3

0 2 (f1/f0) /c2
1 − (f1/f0) /c1 − 2 (f2/f0) /c2

2

+ (f2/f0) /c2 + A] ,

where A = arctan (f2/f0) − arctan (f1/f0)., c1 = 1 + (f1/f0)
2
., c2 = 1 + (f2/f0)

2
.. 

The following equations quantify the portion of the velocity power spectrum lost in 
the frequency range (0, f1). and (f2,∞). for z = 1., z = 1.5., and z = 2.. 

. SV 2 (z = 1, 0, f1) = 4π2Ω2
FF f 3

0 [arctan (f1/f0) − (f1/f0) /c1] ,

SV 2 (z = 1, f2,∞) = 4π2Ω2
FF f 3

0
π

2
− arctan (f2/f0) + (f2/f0) /c2 ,

SV 2 (z = 1.5, 0, f1) = 8

3
π2Ω2

FF f 3
0 (f1/f0)

3 /c
3/2
1 , (2.62)

SV 2 (z = 1.5, f2,∞) = 8

3
π2Ω2

FF f 3
0 1 − (f2/f0)

3 /c
3/2
2 ,

SV 2 (z = 2, 0, f1) = π2Ω2
FF f 3

0 (f1/f0) /c1−2 (f1/f0) /c2
1 + arctan (f1/f0) ,

SV 2 (z = 2, f2,∞) = π2Ω2
FF f 3

0
π

2
− (f2/f0) /c2 + 2 (f2/f0) /c2

2

− arctan (f2/f0)] .

The ratio SV 2 (z, f0,∞) /SV 2 (z, 0,∞). shows that the ω−2
. model gives 82% of the 

seismic energy above the corner frequency, while the ω−2.5
. model produces 65% 

and the ω−3
. model only 50%. The theoretical energy recovery due to bandwidth 

limitation is SV 2 (z, f1, f2) /SV 2 (z, 0,∞).. Figure 2.17 shows the recovery of 
seismic energy given by Eq. (2.60) as a function of  f2/f0 . for f1/f0 = 0.2.. 

Corner Frequency and Potency The far-field displacement power spectrum is 

.SD2 (z, 0,∞) = 2

∞

0

[ΩFF (R, f, z)]2 df = √ + 1/2)

+ 1)
Ω2

FF f0, (2.63) 

that for the ω−2
. model, i.e. z = 1. gives SD2 = (π/2) Ω2

FF f0 ., for the  ω−2.5
. 

model, i.e. z = 1.5SD2 = (4/3) Ω2
FF f0 ., and for the ω−3

. model, i.e. z = 2SD2 =
(3π/8) Ω2

FF f0 .. 

Corner frequency can be derived from the ratio of the velocity to displacement 
power spectra
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Fig. 2.17 Recovery of seismic energy as a function of f2/f0 .when f2/f0 = 0.2. (left) and f2/f0 =
0.5. (right) 

. 
SV 2 (z, 0,∞)

SD2 (z, 0,∞)
= 2π2 − 1/2)

+ 1/2)
f 2

0 = 2π2

z − 1/2
f 2

0

⇒ f0 = 1

2π

√
2z − 1

SV 2 (z, 0,∞)

SD2 (z, 0,∞)
, (2.64) 

which for the ω−2
. model, i.e. z = 1. gives f0 = √

SV 2/SD2/ (2π)., see also 
Boore (1983b) and Andrews (1986)). For the ω−2.5

. model, i.e. z = 1.5f0 =√
SV 2/SD2/ π

√
2 ., and for the ω−3

. model, i.e. z = 2f0 = 3
√

SV 2/SD2/ (2π).. 

Inserting f0 (z). into Eq. (2.63) gives the low frequency displacement spectral 
plateau, ΩPS (z)., as a function of z, 

. Ω2
FF = √

2
+ 1)

+ 1/2)

− 1/2)

+ 1/2)
· S

3/2
D2

S
1/2
V 2

= 2
√

π√
2z − 1

+ 1)

+ 1/2)
· S

3/2
D2

S
1/2
V 2

,

(2.65) 
and P- and S-wave potency, PP = 4πRv3

P ΩP / ΛP v2
S . and PS = 4πRvSΩS/ΛS .. 

The following equations quantify the portion of the displacement power spectrum 
in the frequency range (f1, f2). for z = 1., z = 1.5. and z = 2., 

.SD2 (z = 1, f1, f2) = Ω2
FF f0 [(f2/f0) /c2 − (f1/f0) /c1 + A] , (2.66)

SD2 (z = 1.5, f1, f2) = 2

3
Ω2

FF f0 3 (f2/f0) /c
1/2
2

− (f2/f0)
3 /c

1/2
2 − 3 (f1/f0) /c

1/2
1 + (f1/f0)

3 /c
1/2
1 ,

SD2 (z = 2, f1, f2) = 1

4
Ω2

FF f0 2 (f2/f1) /c2
2 + 3 (f2/f1) /c2

− 2 (f1/f0) /c2
1 − 3 (f1/f0) /c1 + 3A .
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The following equations quantify the portion of the displacement power spectrum 
lost in the frequency range (0, f1). and (f2,∞). for z = 1., z = 1.5. and z = 2.. 

. SD2 (z = 1, 0, f1) = Ω2
FF f0 [(f1/f0) /c1 + arctan (f1/f0)] ,

SD2 (z = 1, f2,∞) = Ω2
FF f0

π

2
− (f2/f0) /c2 − arctan (f2/f0) ,

SD2 (z = 1.5, 0, f1) = 2

3
Ω2

FF f0 3 (f1/f0) /c
1/2
1 − (f1/f0)

3 /c
1/2
1 , (2.67)

SD2 (z = 1.5, f2,∞) = 2

3
Ω2

FF f0 2 − 3 (f2/f0) /c
1/2
2 + (f2/f0)

3 /c
1/2
2 ,

SD2 (z = 2, 0, f1) = 1

4
Ω2

FF f0 2 (f1/f0) /c2
1 + 3 (f1/f0) /c1

+ 3 arctan (f1/f0)] ,

SD2 (z = 2, f2,∞) = 1

4
Ω2

FF f0
3π

2
− 2 (f2/f0) /c2

2 − 3 (f2/f0) /c2

− 3 arctan (f2/f0)] .

In practice we estimate the power spectra in the frequency band (f1, f2)., and 
therefore we underestimate seismic energy and introduce a bias into the corner 
frequency and other derived source parameters. The corner frequency, f0 ., corrected 
for bandwidth limitation as a function of z is 

.f0 (z) = f̃0
SV 2 (z, 0,∞)

SD2 (z, 0,∞)
· SD2 (z, f1, f2)

SV 2 (z, f1, f2)

1/2

, (2.68) 

where f̃0 . is the corner frequency estimated within the frequency range (f1, f2).. The  
following equations give the corrected f0 . for z = 1., z = 1.5., and z = 2.. 

.f0 (z = 1) = f̃0
Ã + B̃

Ã − B̃

1/2

, . (2.69) 

f0 (z = 1.5) = f̃0
F̃ 

3 Ẽ − F̃

1/ 2

. (2.70) 

f0 (z = 2) = f̃0
Ã + B̃ − 2 D̃ 

3 Ã + 3 B̃ + 2 D̃

1/2 

, (2.71) 

where f̃0 . is calculated using Eq. (2.64), but with bandwidth limited by given sensors 
to (f1, f2). and
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Ã = arctan f2/ f̃0 − arctan f1/ ˜ f0 ., c̃1 = 1 + f1/f̃0
2
., c̃2 = 1 + f2/f̃0

2
., 

B̃ = f2/f̃0 /c̃2 − f1/f̃0 /c̃1 ., 

D̃ = f2/f̃0 /c̃2
2 − f1/f̃0 /c̃2

2 ., Ẽ = f2/f̃0 /c̃
1/2
2 − f1/f̃0 /c̃

1/2
1 ., F̃ =

f2/f̃0
3
/c̃

3/2
2 − f1/f̃0

3
/c̃

3/2
1 .. 

For z = 1., i.e. the ω−2
. model, Eq. (2.69) was derived by Di Bona and Rovelli 

(1988). 
Bandwidth corrections for seismic energy can be carried out by dividing the 

observed energy, Ẽ = 4πρvP,SS̃V 2P,S ., estimated for a given frequency range 
(f1, f2). by the energy recovery, E (z) = Ẽ/ER (z)., given by Eq. (2.60) with 
Eq. (2.61), for z = 1., z = 1.5. and z = 2., respectively, which gives 

.E (z = 1) = Ẽ/ (2/π) Ã − B̃ , . (2.72) 

E (z = 1.5) = Ẽ/ −F̃ , . (2.73) 

E (z = 2) = Ẽ/ (2/π) 2 D̄ + B̃ + Ã , (2.74) 

where S̃V 2P,S ., is the observed, instrument, distance, and Q corrected velocity 
spectrum. Since the recovery of ΩFF ., and therefore seismic potency, is limited by 
f1 . only, the bandwidth correction can be done by dividing the observed Ω̃FF . by the 
potency recovery given by Eq. (2.55), 

.ΩFF (z) = Ω̃FF / 1 + f1/f̃0
2 −(z+1)/2

. (2.75) 

2.10 Source Parameters from Spectra: Examples 

First estimates of spectral source parameters of mine events were conducted by 
Smith et al. (1974), Spottiswoode and McGarr (1975), Gibowicz et al. (1977), and 
Cichowicz (1981), all using digitised analog waveforms, so it was not conducive to 
routine application. The introduction of digital seismic systems to mines in the late 
80s facilitated a real time quantitative seismology, whereby apart from its timing and 
location each seismic event is quantified by seismic potency, or seismic moment, 
their tensors, by radiated seismic energy and the associated predominant frequency 
(Mendecki, 1993). With the recent introduction of machine learning that automates 
the phase picking and event classification (e.g. Gal et al., 2021; Zhu et al., 2022), we 
estimate there are approximately 10 6 . mine seismic events processed and quantified 
that way per day, bulk of them using the ω−2

. model.
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However, the ω−2
. model fits spectra of seismic sources originating in a hard, 

relatively homogeneous rock well, the harder and more homogeneous the rock 
the better the fit. In mines with a softer and/or less homogeneous rock mass, the 
ω−2

. model tends to overestimate higher the frequencies. The difficulties are that 
in some mines some seismic events are well described by the ω−2

. model, while in 
another part of the same mine they tend to conform to the ω−2.5

. or even ω−3
. model, 

therefore a need for adaptive processing. Since there is a trade-off between Q and 
the exponent of the spectral decay, it is not recommended to invert Q together with 
Ω0 . and corner frequency f0 .. In mines, most attenuation and scatter occur close to 
seismic sources due to the mine workings and fractured rock around them, while in 
crustal earthquakes most inelastic attenuations and site effects are close to surface 
(Cichowicz et al., 1988 and Cichowicz & Green, 1989). 

In the frequency domain, the recorded waveform, W (f )., is a convolution 
of the instrument response I (f )., the source function, Ω (f )., the path 
effect modelled by the attenuation and scattering function Q(f )., and the 
site effect S (f ).. To get source, we need to deconvolve the instrument 
response, path, and site effect, Ω (f ) = W (f ) / [I (f )Q (f ) S (f )]..  The  
instrument response for a 4.5 Hz geophone with damping b = 0.72. is 
given by I (f ) = f 2/ 20.25 + (0 + 6.48i) f − f 2

., and for 14 Hz 
omnidirectional geophone with the same damping used in longer boreholes, 
I (f ) = f 2/ 196 + (0 + 20.16i) f − f 2

., see Mountfort and Mendecki (1997). 
Frequently the default damping is between 0.5 and 0.7. 

Spectral parameters, namely the zero frequency asymptote Ω0 ., and corner 
frequency f0 ., are derived from the instrument, distance, and Q corrected spectrum 
of each recorded waveform and then averaged. A more efficient method is to correct 
the individual spectra and then average, or stack, each spectral component over all 
the sites involved. This method tends to average out incoherent site effects, source 
directivity, and random fluctuations of the high frequency s pectrum. 

In many cases, most frequently in smaller mines, the distances from seismic 
sources to the nearest sensors are too short to meet the requirement of being in 
the far field. Since in the near field the displacement spectra at low frequencies 
decay as f −1

. and at high frequencies as f −2
., it may introduce bias to Ω0 . and 

to seismic energy, see Eq. (2.24) and Fig. 2.7. If we assume that the intermediate 
field is where co-seismic strains are of the order 10 −5

., then for hard rock with 
vS = 3000.m/s seismic sites that record PGV ≥ 3.cm/s would be affected. In 
addition a short distance from source to sensor makes the P-wave spectral window 
too short for spectral analysis and it should be rejected. Other complications in 
mines are frequently used single-component sensors, mains electrical noise, and, 
in some cases, long cables that attenuate the signal before A/D conversion. Below 
are three examples of events with similar energy but with spectra that fit different 
models.
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Fig. 2.18 Velocity waveforms of a mid-size seismic event recorded by 4.5 Hz geophones in an 8 m 
borehole away from the excavation in an u/g mine (left), and integrated displacement waveforms 
(right) 

Example 1, log E 7.1., 4.5Hz Sensor, ω−2.5
. Model Figure 2.18 shows a 1.05 

second snap of the 4.4 second buffer waveforms recorded in an underground hard 
rock caving mine 1.2 km below surface by a three-component 4.5 Hz geophone 
grouted at the end of an 8 m borehole away from the skin of the excavation. 

The event located 607 m from the site. The vector PGV = 2.91 · 10−3
.m/s, 

PGD = 1.19 · 10−5
.m, and the cumulative absolute displacement, defined as 

the integral of the absolute value of a velocity time series, CAD = td
0 |v (t) |dt ., 

calculated for the full 4.4 s buffer, CAD = 1.62 · 10−4
.m. The P-wave window for 

spectral analysis is taken from just before the P-arrival to the S-arrival, and the S-
wave window from just before the S-arrival to Sw .. Sampling frequency, sf = 6.kHz, 
and after the DC offset removal waveforms are high passed by a 2nd order 1 Hz 
Butterworth filter run both ways. No site effect deconvolution was needed for this 
event since it was recorded by sensors embedded in solid rock. 

Figure 2.19 shows the velocity and displacement cepstra filtered at the 15th zero 
crossing and the resulting velocity and displacement spectra. 

Figure 2.20 shows the distance, Q corrected, and cepstral filtered S-wave velocity 
and displacement spectra fitted with ω−2

., ω−2.5
., and ω−3

. models. The observed 
spectra deviate from the ω−2

. model, shown here in red, and fit ω−2.5
. better shown 

in blue. Note that seismic energy estimates from one site can be strongly affected 
by the radiation pattern. 

Example 2, log E 7.1., 4.5Hz Sensor, ω−3
. Model Figure 2.21 top row shows 

a 1.2 second snap of the 5.0 second buffer waveforms recorded in an underground 
hard rock caving mine 850 m below surface by a three-component 4.5 Hz geophone 
grouted at the end of an 8 m borehole away from the skin of the excavation. The 
event located 370 m from the site. The vectors PGV = 4.43 · 10−3

.m/s, PGD =
3.91·10−5

.m, and the CAD = 2.64·10−4
.m, calculated for the full 5.0 second buffer. 

Sampling frequency, sf = 6.kHz, and after DC offset removal, the waveforms are 
high passed by a 2nd order 1 Hz Butterworth filter run both ways.
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Fig. 2.19 Velocity and displacement cepstra filtered at 15 zero crossing (top row) and velocity 
and displacement spectra before, in grey, and after, in black, cepstral filtering 

Fig. 2.20 Distance and Q corrected and cepstral filtered S-wave velocity (left) and displacement 
(right) spectra for ω−2 ., ω−2.5 ., and  ω−3 . models 

Figure 2.21 bottom row shows the distance, Q corrected, and cepstral filtered 
S-wave velocity and displacement spectra fitted with ω−2

., ω−2.5
., and ω−3

. models. 
In this case, the observed spectra fit the ω−3

. model shown in green. It indicates a 
lower stress environment at the site of the event due to the shallow depth and a more 
inhomogeneous and weaker rock mass than in the first example.
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Fig. 2.21 Velocity and displacement waveforms of a mid-size seismic event recorded by 4.5 Hz 
geophones in an 8 m borehole away from the excavation in an u/g mine (top row). The distance, Q 
corrected, and cepstral filtered S-wave velocity and displacement spectra fitted with ω−2 ., ω−2.5 ., 
and ω−3 . models (bottom row) 

Example 3, log E 7.8., 4.5Hz Sensor, ω−2
. Model Figure 2.22 top row shows 

1.2 second snap of the 5.0 second buffer waveforms recorded in an underground 
tabular hard rock gold mine 2000 m below surface by a three-component 4.5 Hz 
geophone grouted at the end of an 8 m borehole away from the skin of the 
excavation. 

The event located 713 m from the site on a known normal fault. The vectors 
PGV = 5.31 · 10−3

.m/s, PGD = 3.59 · 10−5
. M, and the CAD = 4.4 · 10−4

.m, 
calculated for the full 5.0 second buffer. Sampling frequency, sf = 6.kHz, and 
after the DC offset removal waveforms are high passed filtered by a 2nd order 1 Hz 
Butterworth filter run both ways. 

Figure 2.23 bottom row shows the distance, Q corrected, and cepstral filtered 
S-wave velocity and displacement spectra fitted with ω−2

., ω−2.5
., and ω−3

. models. 
The observed spectra fit the ω−2

. model, shown in red, which is expected for events 
associated with fault slip in high stress environment.
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Fig. 2.22 Velocity waveforms of a mid-size seismic event recorded by 4.5 Hz geophones in an 8 m 
borehole away from the excavation in an u/g mine (left), and integrated displacement waveforms 
(right) 

Fig. 2.23 The distance, Q corrected, and cepstral filtered S-wave velocity (left) and displacement 
(right) spectra fitted with ω−2 ., ω−2.5 ., and  ω−3 . models 

2.11 Final Static Deformation for Double-Couple Source 

2.11.1 Radiation Patterns 

Aki and Richards (2002) gave a relatively simple formula for the displacement 
vector due to a moment or potency tensor corresponding to a point shear dislocation. 
This equation shows the following: 

1. The far-field displacements attenuate as R−1
. and are proportional to particle 

velocity at the source. 
2. The far-field and the near-field radiation patterns are similar. 
3. There is a final static displacement that attenuates as R−2

.. 

Two coordinate systems are assumed: One is Cartesian, with the source at the origin 
and the slip in the XY-plane, and the other is spherical polar with the same origin 
and the polar axis along the Cartesian OZ. The azimuth φ . is measured from the OX 
axis of the Cartesian system.
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The famous Aki and Richards’s Eq. (4.32) can be expressed in terms of the scalar 
seismic potency time function P (t)., 

. u (R, θ, φ; t) = ΛNv2
S

4π

1

R4

R/vS

R/vP

ζP (t − ζ ) dζ

+ ΛIP v2
S

4πv2
P

1

R2 P tP + ΛIS

4π

1

R2 P tS

+ ΛFP v2
S

4πv3
P

1

R
Ṗ tP + ΛFS

4πvS

1

R
Ṗ tS , (2.76) 

where (R, θ, φ). are the spherical polar co-ordinates of the receiver, the integration 
variable ζ . has units of time, tP = t − R/vP . and tS = t − R/vS . are the respective 
retarded times, and the radiation patterns, ΛN ., ΛIP ., ΛIS ., ΛFP ., and ΛFS .are vectors 
as given by Aki and Richards (2002) in Eq. (4.33) as 

. ΛN = 9ar̂ − 6bθ̂ + 6cφ̂, ΛIP = 4ar̂ − 2bθ̂ + 2cφ̂, ΛFP = ar̂

ΛIS = −3ar̂ + 3bθ̂ − 3cφ̂, ΛFS = bθ̂ − cφ̂ (2.77)

ΛFSV = bθ̂ + cφ̂, ΛFSH = −cφ̂,

where ΛFSV . and ΛFSH . are the two polarisations of the far-field S-wave. The scalar 
coefficients a, b., and c and the Cartesian components of the unit vectors r̂ , θ̂ . and φ̂ . 

are 

. a = sin (2θ) cos (φ) r̂ = [sin (θ) cos (φ) , sin (θ) sin(φ), cos (θ)]T

b = cos (2θ) cos (φ) θ̂ = [cos (θ) cos (φ) , cos (θ) sin(φ),− sin (θ)]T (2.78)

c = cos (θ) sin (φ) φ̂ = [− sin (φ) , cos (φ) , 0]T .

The first term with 1/R4
. in Eq. (2.76) is named near field as it is negligible at 

distances far away from the source. Madariaga et al. (2019) wrote the first term of 
Eq. (2.76) in a slightly different form to stress that the near and intermediate terms 
decay as 1/R2

. and cannot be separated in the study of seismic radiation. Indeed, 
applying the mean value theorem of calculus, one can write 

. 
1

R4

R/vS

R/vP

ζP (t −ζ )dζ ≈ 1

R4

R

vP

− R

vS

.
1

2

R

vP

+ R

vS

P (ξ) for
R

vP

< ξ <
R

vS

,

which is of order 1/R2
.. The P- and S-waves cannot be separated at very short 

distances from source, which does not mean that the two types of seismic waves do



2.11 Final Static Deformation for Double-Couple Source 85

not exist there. The reason that we cannot separate them is that they arrive almost 
simultaneously and that their amplitudes are not significantly different. 

The next two terms in 2.76 are said to belong to the intermediate field of the 
seismic radiation. Both the near field and the intermediate field terms are fully 
determined by the potency time function at the source. The last two terms are 
dominant in the far field and are determined by the potency rate. They decrease 
with the distance to the source as 1/R . and go to zero when the time goes to infinity, 
unlike the near-field term and the two intermediate field terms. 

A common feature of the individual terms in 2.76 is that in each of them the 
angular dependence is factored out that makes it possible to visualise those terms as 
3D surfaces in polar coordinates, 

.
2 a2 + 2 b2 + 2 c2, (2.79) 

where the subscript . stands for N, IP, IS, FP . or FS  and the components ., 
., and . are given in Fig. 2.24 bottom right, see also Eq. (2.77). 

The RMS radiation pattern is obtained by averaging 2
. over the unit sphere 

around the source and then taking the square root of the result, 

. , RMS = 1

4π

2π

0

dφ

π

0

sin (θ) 2 a2 + 2 b2 + 2 c2 dθ. (2.80) 

Figure 2.24 illustrates the spatial distribution or the radiation from a double-couple 
source in the near, intermediate, and far fields. Note that the vector ΛIP = 4ar̂ −
2bθ̂+2cφ̂ . is neither orthogonal to the wavefront at the point of the receiver to qualify 
it as a purely P- or pressure wave of longitudinal polarisation, nor it is tangential 
to the wavefront at the point of the receiver, to qualify it as a purely S- or shear 
wave of transverse polarisation. The same applies to ΛIS = −3ar̂ + 3bθ̂ − 3cφ̂ .. 
Therefore, the intermediate field terms in the classical expression do not describe 
seismic waves of different polarisation but rather do so for groups of waves which 
arrive at the receiver almost at the same time. The same can be said for the near-field 
term. 

2.11.2 Final Static Displacement and Induced Strain 

Nearly all seismic related damage in underground mines is observed in excavations 
relatively close to the seismic sources where rock is subjected to large inelastic 
deformations. Dynamic strains of the order of 10−4

. or greater are associated with 
ground velocities over 30 cm/s, which are frequently associated with localised
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Fig. 2.24 Spatial distribution of the radiation of seismic waves for a double-couple source. Table 
bottom right gives parameters Λ ., Λ ., Λ . and the RMS values
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damage to underground infrastructure. Larger strains crack intact rock. It is therefore 
important to gain insight into the extent of that deformation caused by seismic 
sources. 

Taking t → ∞. in Eq. (2.76), i.e. u (R, θ, φ; t → ∞)., gives the final static 
displacement field for a shear dislocation by potency P that does not depend on 
the details of the source time function. This permanent deformation is due to the 
near-field and the intermediate field terms since in the far field limt→∞ Ṗ (t) = 0.. 
The convolution integral, i.e. the near-field term, can be taken exactly in the limit 
t → ∞., 

. lim
t→∞

R/vS

R/vP

ζP (t − ζ ) dζ = P
1

2

R

vS

2

− R

vP

2

= PR2 v2
P − v2

S

2v2
P v2

S

,

and the final expression for the static displacement at (R, θ, φ). is 

.u (R, θ, φ, t → ∞) = 1

4π

P

R2

1

2
1 − v2

S

v2
P

ΛN + v2
S

v2
P

ΛIP + ΛIS , (2.81) 

which decays along direction (θ, φ). as 1/R2
., see Aki and Richards (2002) 

equation (4.34). The maximum static displacement is obtained for θ = π/4. and 
φ = 0., which for a Poissonian solid gives 

.umax = 1.333
P

4πR2 . (2.82) 

The components of the strain tensor in spherical polar coordinates can be expressed 
as partial derivatives with respect to R, θ . and φ . of the displacement vector 
components relative to the spherical polar system, 

. RR = ∂

∂R
uR

θθ = 1

R

∂

∂θ
uθ + uR

φφ = 1

R sin (θ)

∂

∂φ
uφ + uR sin (θ) + uθ cos (θ)

Rθ = 1

2

1

R

∂

∂θ
uR + ∂

∂R
uθ − 1

R
uθ , (2.83)

Rφ = 1

2

1

R sin (θ)

∂

∂φ
uR + ∂

∂R
uφ − 1

R
uφ

θφ = 1

2R

1

sin (θ)

∂

∂φ
uθ + ∂

∂θ
uφ − uφ

cos (θ)

sin (θ)
.
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The spherical polar components of the displacement vector in Eq. (2.75) are  
obtained by decomposing N ., IP ., and IS . as combinations of the spherical polar 
base vectors r̂ , θ̂ .and φ̂ .and then grouping the terms. The spherical polar components 
of the static co-seismic displacement are 

. uR = P

4πR2

3

2
1 − 1

3

v2
S

v2
P

sin (2θ) cos (φ) ,

uθ = P

4πR2

v2
S

v2
P

cos (2θ) cos (φ) , (2.84)

uφ = P

4πR2 − v2
S

v2
P

cos (θ) sin (φ) .

The spherical polar components of the induced static strain tensor ij . are 

. RR = P

4πR3 − 3 − v2
S

v2
P

sin (2θ) cos (φ)

θθ = P

4πR3

1

2
3 − 5

v2
S
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sin (2θ) cos (φ)
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4πR3

3

2
1 − v2

S

v2
P

sin(2θ) cos(φ)

Rθ = P
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3

2
− 2

v2
S
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P

cos (2θ) cos (φ) , (2.85)

Rφ = P

4πR3 − 3

2
− 2

v2
S

v2
P

cos (θ) sin (φ)

θφ = P

4πR3

v2
S

v2
P

sin (θ) sin (φ) ,

which can be written ij (P , ν) = P/ 4πR3 eij ., where the components of the new 
tensor eij (θ, φ, ν). are equal to the respective expressions in the square brackets in 
Eq. (2.85) and depend on θ, φ . and the Poisson ratio, ν ., since 

.
v2
S

v2
P

= (1 − 2ν) / (2 − 2ν) or ν = 1 − 2 v2
S/v2

P / 2 − 2 v2
S/v2

P .
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The second order invariant of the strain tensor, I2 = Tr · ., can be used to define 
a scalar measure for the level of inelastic deformation p ., 

. p = Tr · = P

4πR3
Tr (e · e) , (2.86) 

where 

. Tr · = RR)2 + θθ )
2 + φφ

2 + 2 Rθ )
2 + Rφ

2 + θφ
2

= P

4πR3

2

Tr (e · e) .

Equation (2.86) can be solved for R to get a surface of the source volume with 
≥ p ., 

. R ( P , ν; θ, φ) = P

4 P

Tr (e · e)

1
3

, for 0 < θ < π, 0 < φ < 2π.

(2.87) 
The volume of the double-couple source with ≥ p . can be computed by taking 
the integral, 

. V ( P , ν) =
2π

0

dφ

π

0

dθ ·sin (θ)

R(,θ,φ)

0

r2dr = 1

3

2π

0

dφ

π

0

dθ ·sin (θ)·R3 (θ, φ) ,

that gives 

. V ( P , ν) = P

12 P

2π

0

dφ

π

0

dθ · sin(θ) · Tr (e · e).

Figure 2.25 shows the shape of the source volume for an event with log P = 2.0. 

for p ≥ 10−6
. in grey and p ≥ 10−4

. in red, as given by Eq. (2.87) assuming 
v2
S/v2

P = 1/3., i.e. Poisson ratio ν = 0.25.. 
Figure 2.26 left shows the source volume with p ≥ 10−4

. for a seismic event with 
log P = 2.0. as a function of Poisson ratio, and Fig. 2.26 right shows the Poisson 
ratio as a function of vS/vP ., for reference.
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Fig. 2.25 Shape of the source volume with p ≥ 10−6 . in grey and p ≥ 10−4 . in red given by 
Eq. (2.87) in a 3D view (left) and top view (right) 

Fig. 2.26 Volume of the source region with strains p ≥ 10−4 . as a function of Poisson ratio (left) 
and Poisson ratio as a function of vS/vP . for reference (right) 
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Chapter 3 
Monitoring Rock Mass Stability 

Abstract This chapter is a continuation of the seismic stability analysis suggested 
by Mendecki (1993; Real time quantitative seismology in mines: Keynote Address. 
In R. P. Young (Ed.), Proceedings 3rd International Symposium on Rockbursts 
and Seismicity in Mines, Kingston, Ontario, Canada (pp. 287–295). Balkema, 
Rotterdam.). The assumption here is that an inhomogeneous rock mass subjected 
to loading displays certain seismic symptoms when approaching instability. (1) An 
overall softening, measured by a decrease in the average value of the apparent 
stress. (2) Increased rate or accelerating deformation, measured by an increase in 
the activity rate and/or apparent volume. (3) An associated increase in correlation 
length where one would expect to observe an increase in the spatial distribution of 
seismic activity, measured, for example, by seismic diffusivity. (4) A decrease in 
the dimensionality, or localisation, of seismic activity as can be measured by the 
shape factor. The objective of seismic stability analysis is not to predict instability 
or to manage seismic exposure in the short term, but to guide control measures to 
mitigate seismic hazard. 

3.1 Note on Time, Order, Disorder, and Stability 

In 1708, Gottfried Wilhelm von Leibniz said “Time and space are not things, 
but order of things”, (Wiener, 1951). Or, as Albert Einstein put it “Time and 
space are modes by which we think, and not condition in which we live” (Forsee, 
1967). Therefore, time is nature’s way to keep everything from happening all at 
once, (Atiyah, 1988). And John Wheeler (1911–2008) quipped that “Space is what 
prevents everything happening to me”. In essence, anything is possible if it happens 
too fast to be detected. 

Time, as incorporated in the basic laws of physics, e.g. by Newton, Maxwell, 
or Einstein, does not distinguish between past and future, all processes are time 
reversible, meaning that they can proceed backwards as well as forwards through 
time. In his excellent book, Eddington (1928) introduced the concept of the arrow 
of time. He writes that “cause and effect are closely bound up with arrow of 
time, i.e. the cause must precede the effect. Thus in primary physics, which knows 
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nothing of time’s arrow, there is no discrimination of cause and effect, but events are 
connected by a symmetrical causal relation which is the same viewed from either 
end”. He then states that the future is associated with more randomness and the 
past with less randomness.1 The subject of arrow of time and irreversibility was 
thoroughly explored by the Nobel prize winner Ilya Prigogine in Prigogine (1980) 
and Prigogine (1997), where he states that irreversibility can no longer be identified 
with a mere appearance that would disappear if we had perfect knowledge. He used 
the concept of entropy to distinguish between reversible and irreversible processes. 
Only irreversible processes contribute to entropy production, e.g. chemical reac-
tions, heat conduction, diffusion. The second law of thermodynamics then states that 
irreversible processes lead to a kind of “one-sidedness” of time. The positive time 
direction is associated with the increase of entropy. The law of entropy increase is 
simply a law of increasing disorganisation. In this process, the initial conditions are 
forgotten. As Prigogine (1997) speculates: “The big bang was an event associated 
with an instability within the medium that produced our universe. It marked the 
start of our universe but not the start of time. Although our universe has an age, the 
medium that produced our universe has none. Time has no beginning, and probably 
no end”. 

On a macroscopic scale, all processes in nature are dissipative. Natural systems 
consist of a large number of elements which, at any given time, are not in the 
same state. Therefore, in order to accommodate the differences, a macroscopic 
system spontaneously generates local flow of energy and momentum in the form of 
localised small-scale events, in addition to those imposed by the external conditions. 
Close to equilibrium, the distribution of fluctuations is more or less random, the 
correlation time and the correlation length are short, and nonlinearities are mostly 
hidden. In other words, near equilibrium fluctuations are harmless. Away from 
equilibrium, the system is more susceptible to the action of intermittent intrinsic 
instabilities that, due to their nonlinear nature, are agents of spatial and temporal 
correlations. Here the distribution of fluctuations is broader than Gaussian, with 
slower, power law like, decays or with additional peaks, facilitating rare but larger 
events that dominate the behaviour of the system. The finite values of spatial 
and temporal correlations measure the distance from equilibrium, and as this 
distance grows, the influence of nonlinearities increases. When the spatial range 
of fluctuations increases, elements of the different parts of the system interact, 
and the system can generate and maintain a reproducible relationship among its 
distant parts. In this process of self-organisation, the system creates spatial and 
temporal patterns that are not directly imposed by external forces. When the range of 
correlations becomes comparable with the system size, the resulting coherence, or

1 Without any mystic appeal to consciousness, it is possible to find a direction of time on the four-
dimensional map by a study of organisation. Let us draw an arrow arbitrarily. If as we follow the 
arrow, we find more and more of the random element in the state of the world, then the arrow is 
pointed towards the future; if the random element decreases, the arrow points towards the past. 
That is the only distinction known to physics. This follows at once if our fundamental contention 
is admitted that the introduction of randomness is the only thing which cannot be undone. 
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Fig. 3.1 Illustrations of stochastic analogue of bifurcation (left) and complexity vs. entropy (right) 

order, may influence its behaviour qualitatively, and the system may become critical 
and undergo bifurcation, i.e. transition to another state (Nicolis & Prigogine, 1977). 
The divergence of correlation length indicates that the details of the system are 
irrelevant to its critical behaviour. 

In essence, the traditional classical science evolved around stability and certi-
tudes, and probability was associated with ignorance, while in reality we experience 
fluctuations, instabilities, multiple choices, and limited predictability. Once instabil-
ity is included, the meaning of “law of nature” changes, and they no longer express 
certitudes but rather possibilities and need to be formulated on the statistical level 
(Prigogine, 1996) or, as Wallerstein (1999) said, “Probability is the only scientific 
truth there is”. 

Figure 3.1 left illustrates the stochastic analogue of bifurcation described by 
Nicolis and Prigogine (1989). 

The system at time t1 . is described by a sharp unimodal peak around its mean 
value X .. In other words, the system is firmly in the current state, and the internal 
fluctuations and/or the external influences are weak. At time t2 . due to increased 
strength of fluctuations and/or changes in boundary conditions, the range of spatial 
correlation increased, and the system has a flat distribution, exploring regions of 
phase space that are far from the most likely value, preparing for bifurcation, 
i.e. a qualitative change of its behaviour due to a small smooth change in the 
parameter values. At this stage, one would expect seismic activity to develop 
spatial correlations. For example, the seismic response to blasting would have 
far wider spatial range than at the time t1 .. This is a state of marginal stability. 
Such correlations can only arise in systems in which the regime of Poissonian 
fluctuation, or disorder, has been overcome, i.e. there is an increased coherence 
and associated lower dimensionality of the system. In a Poissonian regime, the 
inter-event times are distributed with the same probability density function, i.e. the 
process is memoryless, and the vanishing of the covariance in the joint probability 
distribution in two sub-volumes implies the complete absence of spatial correlations, 
i.e. no interactions between events. Such a state can therefore be considered as the 
prototype of disorder. At time t3 ., the system transitioned into a multi-hump regime 
beyond bifurcation and is more likely to be at X2 . than X1 ..
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In general, the approach to the critical point and the nature of the instability 
depend on the complexity of the system that depends, in turn, on the degree of order 
or disorder in the system. A highly entropic state is random and not so complex, and 
a low entropic state is not complex because of its regularities (Crutchfield & Young, 
1989; Kaneko & Tsuda, 2001), see Fig. 3.1 right. Therefore one would expect the 
state of marginal stability, state at time t2 ., to represent high complexity where the 
system itself hesitates what to do next. For complexity to feature, the system needs 
to be open to interaction with the environment where there is a net flow of energy. 
Closed systems would proceed towards an ordered or disordered equilibrium state, 
which is not complex. 

Mining is an open system where transitions between ordered and disordered 
states are driven by stress and strain gradients imposed by rock extraction and by 
resulting seismic and aseismic deformation. Moreover, mining is not a spontaneous 
process. Rock extraction takes place at a particular place, at a particular time, and at 
a particular rate which are all highly variable compared to the tectonic regime. This 
interferes with the process of self-organisation. The average rate of deformation 
induced by mining is at least two orders of magnitude greater than the average 
slip rate of tectonic plates. The bulk of seismic activity in mines starts with rock 
extraction, increases with the extraction ratio of the ore body, and stops rather 
quickly with cessation of mining. Larger events tend to occur after the extraction 
ratio, or the depth of mining, or both reach a certain level. The complexity of the 
rock mass response to mining is driven mainly by two competing spatio-temporal 
processes of excitation and relaxation. In terms of the stress-strain behaviour of a 
given volume of rock, it would be the mode switching and the balance between strain 
hardening and softening that drives complexity. Since softer, heterogeneous systems 
spend more time after the peak stress and dissipate more, they generate more entropy 
at the costs of complexity. Thus, it may be that the relative drop in complexity, due 
to increase in entropy, gives rise to lower seismic hazard and more visible alerts. 
Increase in disorder leads to slower transitions and to diffused instabilities, while 
highly homogeneous systems may crack in one go with little warning or precursory 
behaviour. 

An important agent in the development of spatial and temporal correlations in 
highly stressed rock is seismic activity itself. By breaking numerous asperities, 
seismic events smooth the system, allowing transfer of stresses over larger distances 
and thus paving the way for even larger events. Disorder, on the other hand, plays 
a stabilising role and, to a degree, can be engineered into the system by scattered 
layout and/or by a scattered sequence of mining or blasting. Disordered directions 
of local stresses and a slower loading rate, i.e. slower rate of mining, may also play 
a role, since it promotes healing and thus stress roughening. 

Assuming that large seismic events are those small ones that were not stopped 
soon enough, the one way to manage seismic hazard is to engineer a mine layout 
that, together with the natural structures, is “rough” enough to limit the extent 
of ruptures. It has been postulated that mining scenarios that introduce spatial 
heterogeneity, or roughness, may de-correlate the system and be less likely to
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develop larger dynamic instabilities (e.g. van Aswegen & Mendecki, 1999; Handley 
et al., 2000; Mendecki, 2001, Figure 8; Mendecki, 2005). 

However, there is a degree of confusion regarding the role disorder plays in rock 
mass stability. Since order is prerequisite of human survival, the impulse to produce 
orderly arrangements is inbred by evolution. In common speech, order describes 
organisation, structural regularity, and is associated with stability. We can achieve 
more if we act in organised manner, and therefore, there is a tendency to design 
mining a layout with simple geometrical shapes with straight lines. When in the late 
80s I argued for a disordered or scattered mining layout in South African gold mines, 
a senior mine executive replied “a long-wall is a long-wall is a long-wall”, which in 
an essence promoted straight lines. It took a few years and countless rockbursts to 
change that perception. 

But rock subjected to excessive stress also ruptures along straight lines. Yes, 
in aseismic mines, an orderly design may facilitate better financial outcome, but 
in deep hard rock mines it is the order or the smoothness of the mine layout and 
geological structures that promote more frequent and more destructive rockbursts. 
Put simply, the entropy or disorder measures the degree to which energy is mixed 
up inside a system, and therefore, it scales positively with the quantity of energy no 
longer available to do physical work. 

This introduction explains why this chapter is about the degree of rock mass 
stability rather than prediction or forecasting. Keilis-Borok (1994) described the 
earthquake generating part of the solid Earth as a hierarchical nonlinear dissipative 
system. The same can be said about a rock mass subjected to mining. It consists 
of a hierarchy of geological structures under load, random heterogeneities, patches 
of rock resisting deformation where stresses are increasing, patches of fractured 
rock where stresses are decreasing, and passive volumes of rock not influenced by 
loading. Such a system shows partial self-similarity, fractality, and self-organisation, 
and its parts may remain in a sub-critical state even after larger events. 

3.2 Stability of Deformation and Stability of a System 

The surface which bounds all stress states that correspond to elastic deformation in 
six-dimensional stress space is called the yield or damage surface. The evolution 
of the yield surface with continued deformation specifies the manner in which the 
material hardens or softens during the deformation. The direction of the inelastic 
strain increment beyond the yield surface is determined by the inelastic potential. 
The inelastic potential surface is always normal to the inelastic strain rate vector 
˙in .. The associated flow or normality rule applies to the material where yield and 
potential surfaces coincide, that is when the inelastic strain rate vector is always 
normal to the yield surface. Under the associated flow with a smooth yield surface, 
one would expect a strain softening behaviour before the instability. This could 
be described by the classical instability criterion formulated by Hadamard in 1903 
(Truesdell & Noll, 2004), and rediscovered by Pearson (1956) and Hill (1958),
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.

δV

σ̇ · ˙e · dV +
δV

σ̇ · ˙in · dV
> 0 stable
< 0 unstable

, (3.1) 

where ˙e . and ˙in . are elastic and inelastic strain rates, σ̇ . is the rate of change of 
stress, and dV the volume of interest. The second inequality in Eq. (3.1) states that 
for unstable deformation of dV the inner product of the next increment of stress 
with the next increment of strain should be negativ e,

. = e + in < 0.

For the elastic strain increments e > 0., therefore the deformation will be 
unstable only when the inelastic term balances the elastic term, so that there is 
a net strain softening. Near the end of the hardening regime, however, almost all 
further strain increments are inelastic. As stress and strain are tensors, there are 
many different components that may be influential in causing the instability. 

At some stage, the system may cease to deform in a homogeneous mode and 
undergoes bifurcation. In general, bifurcation refers to a qualitative change of the 
object under study due to a change of parameters on which the object depends. 
In this case, it is the non-uniqueness of the deformation path. A bifurcation mode 
may or may not be amplified by continued deformation past the bifurcation point. 
After the displacement corresponding to the bifurcation point, there may be more 
than one incremental displacement field that satisfies the equilibrium and boundary 
conditions. If σ̇1 . and σ̇2 . are the stress rate fields corresponding to two such solutions, 
with ˙1 .and ˙2 . the respective strain rates, then the necessary condition for bifurcation 
to occur is that there exists an incremental displacement field such that 

V
˙ ˙ =

0., where σ̇ = σ̇1 .- σ̇2 . and ˙ = ˙1 − ˙2 .. 
If the bifurcation grows, it may be symmetrical or asymmetrical. A symmetrical 

bifurcation (e.g. barrelling of the specimen) is stable, so 0., i.e. the 
deformation is stable when it is easier to start deformation elsewhere rather than to 
pursue it where it has begun. Asymmetrical bifurcation, characteristic of materials 
that show frictional and dilatational responses to stress, results in strain localisation 
in single, conjugate, or quasi-periodic multiple shear bands (Rudnicki & Rice, 
1975; Hobbs et al., 1990; Muhlhaus et al., 1992). The possibility of localisation 
arises when one or more stress components within a volume are able to decrease 
with increasing strain (Cundall, 1990). Here the deformation may be unstable. 
Alternatively, strain localisation can be caused by relative strain softening, where 
material within a localised strain zone hardens at a lower rate than the adjacent 
body of rock (Hobbs et al., 1990; Jessell & Lister, 1991). The localisation is driven 
by the release of strain energy from an unloading region outside the localisation 
zone. Strain localisation may occur under both strain softening and strain hardening 
material response and is promoted by non-associated flow and/or by the presence of 
vertices on the yield surface (Hobbs et al., 1990; Olson, 1992). 

Fredrich et al. (1989) conducted the first laboratory study to quantify all the 
constitutive parameters for pressure-sensitive dilatant materials in both the brittle
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and semi-brittle regime. They measured an internal friction coefficient, a dilatancy 
factor, being the ratio between the increments of inelastic volume strain and the 
inelastic shear strain, and a hardening modulus for Carrera marble deformed at 
room temperature and at different confining pressures. At a confining pressure of 
5 MPa, they showed a brittle failure mode, and at 40–190 MPa, semi-brittle failure 
was observed. In the brittle region, shear localisation was not evident until the 
sample was deformed well into the post-failure region. In the semi-brittle regime, 
with increasing confining pressure, the hardening modulus increased, whereas 
the friction coefficient, dilatancy factor, and Poisson ratio decreased. Thus, the 
bifurcation model predicts that shear localisation is inhibited in the semi-brittle 
regime as long as the rock continues to strain harden. 

Wawersik et al. (1990) investigated localisation of deformation theoretically 
and in the laboratory. They found that deviation from normality, i.e. associated 
flow, promotes localisation before peak stress for plane-strain compression. Triaxial 
deformation was characterised by a broad peak followed by gradual strain softening, 
with breakdown instability occurring only well beyond the peak stress. 

In the case where the nucleation zone is localised and is developing far from the 
free surface, the shear band(s) are constrained by both elastic and, to a limited extent, 
inelastic deformation in the less deformed rock surrounding the shear zone. In such 
a case, hardening of the system undergoing deformation is to be expected even if 
the material softens within the nucleation zone. The critical states of stability of a 
three-dimensional body can generally occur only if the compression stress is of the 
same order of magnitude as the shear modulus of the material (Bazant & Cedolin, 
1991). 

Whether or when the process of strain softening and/or strain localisation 
becomes unstable depends on the energy release and the dissipation inside the 
softening zone and on the exchange of mechanical energy between the softening 
zone and the ambient rock. Stress decrease associated with softening within the 
nucleation zone induces some elastic un-straining and redistribution of stresses in 
the ambient rock. Energy released by elastic rebound of the surrounding rock is fed 
into the softening region and accelerates its deformation. The amount of energy fed 
into the nucleation zone correlates positively with its size and with the strain rate 
or, rather, rate of un-straining in the ambient rock. As soon as an input of elastic 
energy exceeds the energy dissipation due to the inelastic processes in the growing 
nucleation zone, the system becomes unstable. 

One should distinguish between the stability of deformation defined by the stress-
strain response of the material and the stability of the system being deformed. 
For a given loading, the necessary condition for instability of a system, e.g. a 
tunnel, stope, mined out fault, or dyke, is that the volume of net softening needs to 
reach a critical size, which introduces a size scale into the instability criterion. The 
necessary condition for the dynamic instability is that this critical volume needs to 
be overloaded suddenly, which introduces a critical time scale. 

There is no universal rule how to determine the critical length scale; however, one 
can try for a proxy to gauge the proximity of the system to the critical point. Some of 
the proxies are based on the assumption that the stability of the rock mass subjected
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to mining can be related to its stiffness, i.e. its ability to resist deformation with 
increasing stress. While the overall stiffness of the rock mass is being maintained, 
the seismic response to mining, measured by the cumulative inelastic co-seismic 
deformation, e.g., seismic potency P , is expected to be proportional to the effective 
volume mined, P ∼ Vmeff .. As mining progresses, the overall stiffness of 
the rock mass is being degraded and the rate of potency release may increase. 
With further degradation in stiffness, the response may become nonlinear with 
accelerating potency release, frequently associated with an increase in activity rate, 
signifying potential for larger instability. The dynamics of such instability depends 
on the ratio of the stiffness of the potentially unstable volume of rock to the stiffness 
of the surrounding rock mass. The higher this ratio the more energy will be released 
per unit of inelastic deformation at the source. 

Another guiding idea in the interpretation of seismic activity is the concept 
of self-organisation into critical state, i.e. a state at which the correlation length 
becomes comparable with the system size. Intermittently, the correlations length 
may reach or even exceed the system size creating conditions conducive for larger 
instabilities. Here one would expect an increase in the mean distance between 
consecutive events d .. It is assumed that the growth of long-range correlations 
within the rock mass allows for progressively larger events to be generated. Zoller 
et al. (2001) tested the critical state concept for earthquakes in California in terms 
of the spatial correlation range and found a scaling relation log R ∼ 0.7 m. between 
the main shock magnitude m and the critical region R. However, in mines, seismic 
activity follows rock extraction, and a scattered mining operation may obscure 
spatial correlation and influence the distribution of distances between ev ents.

3.3 Seismic Softening and Accelerating Deformation 

Seismic Softening The growth of the deformation processes up to the point of 
instability is called nucleation. Breakdown instability will only take place once 
a quasi-static and/or quasi-dynamic inelastic deformation has occurred within the 
critical volume of rock. The entire nucleation process prior to overall instability 
includes aseismic creep (e.g. Dieterich, 1992; Ohnaka, 1992), sub-critical crack 
growth, and dynamic instabilities of local to small scale. Experimental data on sub-
critical crack growth in synthetic quartz crystals indicates that this process starts 
only above certain stress levels, which could be of the order of 50% of the rupture 
stress (Darot & Gueguen, 1986). During sub-critical crack growth, crack advance 
occurs by discrete, individually dynamic events, but with slow average rupture 
velocity. Though individual microseismic events may be dynamic, their evolution 
can be modelled as a continuous, quasi-static process because they release only 
small amounts of stress or seismic potency compared to the breakdown instability. 
The larger the event the stronger its influence on the stress and strain environment 
in the area and the more likely it will affect both the time and the size of the next 
seismic event.



3.3 Seismic Softening and Accelerating Deformation 103

Fig. 3.2 Interaction of inelastic behaviour of the nucleation volume with the stiffness of the 
surrounding rock mass (left). Typical stress-strain diagram of a rock sample: stable sequence from 
t0 . to t2 . and an instability from t2 . to t3 . (right) 

Since the development of the nucleation zone is associated with overall strain 
softening, sources of seismic events located within the nucleation zone would be, 
on average, of a slower or softer nature. This effect would be magnified in cases 
where the nucleation zone interfaces through the fractured zone with the opening. 
In the laboratory experiments, crack branching and distributed damage associated 
with the fracture are observed only if the strength variation in the source region is 
greater than the stress concentration (Labuz et al., 1985; Labuz et al., 1985; Cox  
& Paterson, 1990). Outside, or at the interface of the nucleation zone, one would 
expect seismic events of a harder or faster nature characterised by higher apparent 
stress. The overall size of the nucleation zone increases with the size of the potential 
instability (Scholz, 1990) and with the degree of inhomogeneity and decreases with 
the increase in the strain rate (Kato et al., 1992). 

One can consider an interpretation of instability in terms of the relative stiffness 
of the components of the system—an instability will occur when the stiffness of the 
nucleation volume is equal to or exceeds the unloading stiffness of the surrounding 
rock, see Fig. 3.2 left. Stuart (1981) stated that, for earthquakes, the proximity to 
instability can be measured by the ratio of the stiffness of the fault zone to that of 
the elastic surroundings—stability decreases as this ratio approaches unity. 

The stress and the strain jumps at the point of instability, . and ., depend 
on the properties of the rock within and, to a certain extent, outside the nucleation 
volume. The stronger and more homogeneous the rock mass the higher the stress 
drop and the higher the ratio of the stress drop over strain drop associated with 
instability. In particular, instability is predicted much nearer the peak load for 
localised nucleation volumes and for states of deviatoric simple shear than for states 
of axisymmetric compression (Rudnicki, 1977). 

Accelerating Deformation It is the nature of rock fracture and friction that 
breakdown instability does not occur without some preceding phase of accelerating 
deformation (e.g. Hirata et al., 1987; (Rudnicki, 1988); Scholz, 1990 Mendecki, 
1993; Dieterich, 1994). In some cases, this phase is detected by the seismic 
monitoring system and in other cases not.
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An increase in the rate of co-seismic deformation before instability can be 
reflected by an increase in the rate of seismic events, an increase in the number 
of mid-size events or, for the same rate and sizes of events, by the softer nature of 
individual events, occurring within the nucleation volume. A small but statistically 
significant decrease in seismic activity (quiescence) has been observed at the 
beginning of the strain softening stage, followed by an increase just before the 
instability (Brady, 1977b; Brady, 1977a; Main et al., 1992). 

Figure 3.2 right illustrates the acceleration of deformation preceding instability. 
It is assumed that the surrounding rock mass is stiffer than the nucleation zone and 
undergoes strain hardening at the time when the nucleation zone softens. As a result, 
for the same increments of loading stress, σ2−σ1 ., and σ3−σ2 ., the nucleation volume 
experiences considerably larger increments of displacement, u1 ., u2 ., u3 ., than the 
surrounding rock (see Rudnicki, 1988). The longer the surrounding rock maintains 
its stiffness the later and less dynamic is the instability. 

3.4 Statistical Parameters of Co-seismic Deformation 

Seismic events can routinely be quantified by the following four independent 
parameters derived from recorded waveforms: the time of the event, t , location, 
X = x, y, z., seismic potency, P , and the radiated seismic energy, E. From seismic 
potency and energy, one can derive apparent stress, σA = E/P ., energy index, 
EI , i.e. the ratio of the observed radiated seismic energy of that event E, to the  
average energy Ē(P ) = 10d log P+c

. radiated by events of the observed potency P , 
for a given area of interest ((van Aswegen & Butler, 1993)), and apparent volume, 
VA = μP 2/E ., (Mendecki, 1993). 

From the four independent quantities derived from waveforms, we can derive a 
number of seismicity parameters related to co-seismic deformation and associated 
changes in the strain rate, stress, and rheology of the process. 

3.4.1 Seismic, Strain, Strain Rate, Stress, and Stiffness 

Brune (1968) calculated average earthquake slip rates for major fault zones by 
u = M/ (μAT ). or u = P/ (AT )., where M is seismic moment, 

P potency, AT . is the total area of the shear zone involved in seismic slip, and μ. is 
the assumed rigidity. Kostrov (1974) generalised Brune’s formula to get an average 
strain and strain rate produced by the n events randomly distributed within a v olume

. rather than along an individual fault, over time ., 

. s = P

2
and ˙s = P

2
(3.2)
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Then taking E = σs ˙s ., he defined the average seismic stress, σs ., 

.σs = 1

˙s E = 2 E

P
. (3.3) 

Seismic stiffness, Ks ., then can be defined as the ratio of seismic stress to seismic 
strain, 

.Ks = σs

s

= 4 E

P
2 . (3.4) 

Seismic stiffness measures the rock mass ability to resist deformation with increas-
ing stress. 

3.4.2 Seismic Viscosity, Relaxation Time, and Deborah 
Number 

Rock mass resistance to seismic deformation can also be measured by seismic 
viscosity, ηs ., in Pa·.s, defined as the ratio of seismic stress to seismic strain rate 
(Kostrov & Das, 1988; Mendecki, 1997), 

.ηs = σs

˙s = 4 E

P
2 . (3.5) 

The concept of seismic viscosity is similar to the fluid mechanics concept of turbu-
lent or eddy viscosity. Unlike ordinary or molecular viscosity, eddy viscosity does 
not describe the physical properties of the medium but characterises the statistical 
properties of the flow. Therefore, it does not have to be constant but varies in time 
and space. For a fixed ., seismic viscosity would increase during quiescence, due 
to the increase in . if all other components in Eq. (3.5) are constant, or during a 
sequence of higher than average apparent stress events. Consequently, for a fixed 

. and ., viscosity would decrease during a sequence of low apparent stress, or 
softer, events. The inverse of viscosity is called fluidity. Lower seismic viscosity, or 
high fluidity, implies easier seismic inelastic deformation and greater stress transfer 
due to seismicity. The kinematic seismic viscosity is νs . = ηs/ρ ., in m  2/.s, where ρ . is 
rock density. 

Seismic relaxation time quantifies the rate of change of stress during seismic 
deformation, τs = ηs/μ., and it scales positively with the usefulness of past data in 
forecasting seismic deformation. The lower the relaxation time the shorter the time 
span of useful data. 

Seismic Deborah number is defined as Des = τs/tf ., where tf . is the time of 
observation, or the time scale of the process, which in practical applications can
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be replaced by the expected life span of a structure under consideration. Deborah 
number, like the relaxation time, may be interpreted as the ratio of elastic to viscous 
forces, with De going to infinity for a perfectly elastic medium.

The concept of Deborah number was presented by Marcus Reiner in his 
after dinner speech to the Fourth International Congress on Rheology at Brown 
University in August 1963, and then published in Reiner (1964). In the paper, 
Reiner quotes the Prophetess Deborah who in the Book of Judges proclaimed “The 
mountains flowed before the lord”. In his speech, Reiner said “Deborah knew two 
things. First, that the mountains flow, as everything flows. But, secondly, that they 
flowed before the Lord, and not before man, for the simple reason that man in his 
short lifetime cannot see them flowing, while the time of observation of God is 
infinite”. If the time of observation is long or the relaxation time of the material is 
short, then “fluid-like” behaviour is to be expected. Conversely if the relaxation time 
of the material is large, or the time of observation short, then the Deborah number 
is high and the material behaves, for all practical purposes, as a solid. 

Knowing the relaxation time, one can use the Deborah number to evaluate the 
potential stability of pillars over time tf .. The higher the seismic Deborah number 
the more stable it is. Crush pillars, on the other hand, should be designed for 
shorter relaxation time so that they would soften and drop off the load within the 
designed tf .. 

3.4.3 Seismic Diffusivity 

A non-equilibrium process which is moving towards equilibrium at the rate 
governed by its distance from equilibrium is described by the diffusion equation 

.
∂φ

∂t
= D∇2φ = D

∂2φ

∂x2
+ ∂2φ

∂y2
+ ∂2φ

∂z2
, (3.6) 

where ∂φ/∂t . is the change of φ . with time, D is diffusivity, and ∇2φ . is called the 
divergence of gradient or Laplacian of φ .. The solution in the 4D space of the initial 
value problem φ(t = 0,X) = δ3(X)., where δ . here is the Dirac delta function, is 

.φ (t,X) = 1

(4πDt)3/2 exp − X2

4Dt
. (3.7) 

If we compare with the standard Gaussian function, g (x) = exp −x2/σ 2
., then 

the standard deviation σ = √
4Dt ., which points to the linear dependence of the 

variance with time, σ 2 ∼ t ., or d (t)2 ∝ t ., where d (t). is the distance travelled over 
time t . This is the so-called normal diffusion. The diffusivity D has dimension m2/s . 

and is interpreted in terms of a characteristic distance of the process which varies 
only with the square root of time.
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Fig. 3.3 Diffusivity vs. time of events with log P ≥ −2.0. before and after the main shock (left). 
Scaling of log d (t)2 . vs. log t . for 100 events before (in blue) and for 240 events after the main 
shock (in red) is shown on the right 

Many different experiments though reveal deviations from normal diffusion, in 
that diffusion is either faster or slower, which is termed an anomalous diffusion. A 
useful characterisation of the diffusion process is through the scaling of the mean 
square displacement with time, d (t)2 ∼ tγ ., where γ . is the scaling index. The case 
γ = 1. relates to the normal diffusion, and all other cases are termed anomalous. The 
cases γ > 1. form the family of super-diffusive processes, including the particular 
case γ = 2. which is called ballistic diffusion. The cases γ < 1. are the sub-diffusive 
processes. Plotting log d (t)2

. vs. log t . is an experimental way to determine the 
type of diffusion. Figure 3.3 left shows the diffusivity vs. time during 147.7 hours 
before and 353.8 after an event with log P = 2.61. shown here as a red circle. In 
this figure, colour scales with distance to the MS, and the size of the event here 
represents the radius of the source volume taken as a sphere, V = ., where . 

is the assumed strain change at the source. 
There was a steady rate of seismic activity of 0.68. events per hour before and 

a typical burst and a power law decay of aftershock activity after the main shock. 
Figure 3.3 right shows log d (t)2

. vs. log t . scaling for 100 events before and for 
the first 240 events after the main shock. It shows a normal diffusion before with 
γ = 1.07. and a sub-diffusive process with γ = 0.91. after the MS. 

Mendecki (1997) defined seismic diffusivity as the ratio of the mean distance 
squared between the reference location, e.g. the main shock or the blast, the point 
of injection in case of hydrofracturing, and seismic events dsr ., or between the 
consecutive sources of events, d2

IE ., to mean time between these events, t ., 

.Ds = d2

t
. (3.8) 

When calculating distances, one can also include half of their source radii.
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3.4.4 Seismic Schmidt Number 

Similar to the turbulent Schmidt number, which is the ratio of eddy viscosity to 
eddy diffusivity, Mendecki (1997) defined the seismic Schmidt number as the ratio 
of kinematic seismic viscosity to seismic diffusivity, 

.Scs = νs

Ds

= 4 t E

ρ d2 P
2 . (3.9) 

Note that Eq. (3.9) encompasses directly all four independent parameters which 
describe seismicity, namely: t ., d ., P ., and E .. Looking at Eq. (3.9), the 
seismic Schmidt number would decrease with an increase in activity rate, with a 
drop in apparent stress of events and with an increase in the mean distance between 
the consecutive events that may signify an increase in the spatial correlation range. 
As mentioned before, the mean distance between the consecutive events in mines 
may not be the best proxy for growing correlation range. In some cases, we also 
observe a migration of seismic activity towards the future main shock which pushes 
the seismic Schmidt number up. 

3.4.5 Shape Factor—Sphericity 

To take into account the strain localisation that may promote localisation of seismic 
activity before instability, we can introduce a shape factor of seismicity. Shape factor 
is an index influenced by the shape of the object but independent of its size. Small 
or thin objects have a larger surface area compared to the volume, and this gives 
them a large ratio of surface to volume. As the size of an object increases, without 
changing shape, this ratio decreases. Wadell (1933) defined sphericity index as the 
surface area of a sphere of the same volume as the object, As ., divided by the actual 
surface area of the object, A, and therefore, 

. A3
s = 4πr2

3 = 36π
4

3
πr3

2

= 36πV 2 ⇒ As = 36πV 2
1/3

. = π1/3 (6V )2/3 = As/A = π1/3 (6V )2/3 /A. (3.10) 

Sphericity measures how closely the shape of an object resembles that of a perfect 
sphere. Sphericity of the sphere is 1 by definition, and any object which is not a 
sphere will have sphericity less than 1. The sphericity of a cube is 0.806, tetrahedron 
0.671, the common salt is 0.84, crushed coal 0.75, and crushed glass 0.65. To 
estimate the sphericity, ., of a set of seismic events given by their locations, we 
calculate the volume and the area of the smallest convex polygon that encloses these 
events, which is called a convex hull.
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3.5 Seismic Stability Analysis 

3.5.1 Assumptions and Data Selection 

The seismic stability analysis has been developed over the last 30 years. The first 
formulation was in Mendecki (1993), where Eq. (3.1) was quoted, followed by 
Mendecki (1997) and numerous applications and modifications, e.g. van Aswegen 
et al. (1997), van Aswegen (2005), Rebuli and van Aswegen (2013). 

The objective of seismic stability analysis is not to predict instability or to 
manage seismic exposure in the short term, but to guide control measures to mitigate 
seismic hazard. There is a view that these control measures just delay the inevitable. 
However, experience shows that scattered and slower rock extraction changes the 
nature of seismic release by producing more smaller or mid-size events and fewer 
large ones. 

Theoretical considerations, laboratory studies, and seismic observations suggest 
that an inhomogeneous rock mass subjected to loading shares certain seismic 
symptoms when approaching instability:

• An overall softening, measured by a decrease in the average value of the apparent 
stress, σA ., or energy index, EI .

• Increased rate or accelerating deformation, measured by an increase in the 
activity rate, λ = 1/ t .. Or, for the same activity rate, by lower apparent stress or 
larger apparent volume events that would result in increased rates of cumulative 
potency, CumP , or cumulative apparent volume, Cum VA ..

• Decrease in the dimensionality, or localisation, of seismic activity, measured by 
the fractal dimension, correlation dimension, or by the sphericity index of seismic 
sequences, ..

• Increase in correlation length. In this case, one would expect to observe an 
increase in the spatial distribution of seismic activity and, in some cases, an 
increase in the number of mid-size events in different parts of the system. One 
could also observe an extended spatial distribution of the immediate seismic 
response to blasting or to mid-size events. 

The following ratios depict the expected qualitative changes preceding larger 
instabilities: 

. 
apparent stress

activity rate or apparent stress
apparent volume =⇓

seismic stress

seismic strain rate
or

seismic viscosity

seismic diffusivity
=⇓ . (3.11) 

All statistical parameters of co-seismic deformation described above directly or 
indirectly include . that, in the case of stability analysis, should be the seismo-
genic volume of rock that generates the next larger event. This is the volume we 
suppose to select seismic events from to plot a given stability function. However, a
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seismogenic volume is an expression which is not well defined. If we define it as a 
volume of rock that includes all interdependent events surrounding the future main 
shock, then it is a function of space and will be different at different locations. It 
will also scale positively with the size of the future main shock. 

A stability analysis yields plots of a given stability function vs. time for a given 
site, and having done it for a number of sites, one can contour it on a plane or 
in space. The values of the stability function are calculated in a moving window. 
The window can be fixed in time or with a fixed number of events, in which case 
a variable in time. One way to select events into the moving window is to take 
what is available in the database. In this case, there may be events far away from 
the site that may have no influence on stability, or that may obscure the analysis. 
Alternatively, we may select a polygon based on past experience. Another option is 
to select events that exceed a given threshold of peak ground velocity, PGV , at the  
selected site. This influence based selection is more general, because if the threshold 
is set low it gives the first option and it facilitates automatic plotting. 

3.5.2 Stability Example 

Data We analysed the last 60 days of seismic history before a log P = 2.61. event 
at a mine here referred to as MineD, see the seismic hazard case study described 
in Chapter 5. Figure 3.4 left shows the convex hull span over all 6073 events 
log P ≥ −4.5. available for analysis. 

Fig. 3.4 Convex hull span over all available 6073 events with sites S1, S2, and S3 (left) and over 
3578 events that generated PGV ≥ 10−7 . m/s at site S3 (right)
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The size of the event scales with the radius of source volume, and the colour 
indicates the time of the event, from the earliest in blue to the latest in red. Stability 
was assessed at three sites: at the source of the largest event S1, at the source of the 
second largest event S2, and at the centre of all 6073 events available for analysis 
S3. Distances between these sites are: S1 and S2 = 273 m, S1 and S3 = 185 m, and 
S2 and S3 = 118 m. Figure 3.4 right shows the convex hull span over 3578 events 
that generated PGV ≥ 10−7

. m/s at the centre of all 6073 events, shown as S3 in 
blue. 

Distances of these events to site S3 range between 12 and 542 m. Tables in 
these figures give the number of events, NE ., activity rate/day, the log P . range, the 
volume, VCH ., and the sphericity index, CH ., of the convex hull, the total volume 
of seismic sources with strain change = 0.0001, V ≥ 10−4

., and the ratio of 
VCH /V ≥ 10−4

.. After the selection of the 3578 events VCH /V ≥ 10−4
., 

ratio dropped from 177.2 to 8.85, which indicates that the volume selected for 
stability is reasonably saturated with co-seismic inelastic deformation. The spheric-
ity index, CH ., here dropped slightly from 0.86 to 0.83, however, while running 
moving windows through these 3578 events it varied between 0.61 and 0.86. 

Figure 3.5 shows the cumulative number of events, CumN , and the cumulative 
apparent volume, Cum VA . in km 3 ., for all 6073 events. The size of the event 
represents the radius of the source volume and colour scales with distance to the 
site S3. There were 17 mid-size events with log P ≥ 0.0., which gives an activity 
rate 0.28/day, the coefficient of variation of these 17 events Cv . is 0.87, but of all 
6073 events Cv = 1.32., which indicates a degree of time clustering for the latter. 

The CumN vs. time plot is quite steady with almost constant activity rate, while 
CumVA . shows a bit more structure and a significant increase in rate before the main 
shock. The largest event with log P = 2.61. occurred on 07 July and located 185 
m from site S3, the second largest with log P = 1.24. on 14 June located 118 m 
away, and the third largest with log P = 1.06. on 08 June 153 m away. The distance 
between the largest event and the second largest is 273 m, the largest and the third 
largest 85 m, and the second and the third largest 211 m. 

Fig. 3.5 CumN (left) and CumVA . (right) vs. time plotted for all 6073 events
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Results We tested a few different seismic stability functions defined by the 
combination of statistical parameters of co-seismic deformation described above, 
and all of them dropped to a low level before the log P = 2.61. main shock. Some 
of them also dropped before a few mid-size events preceding the main shock. All 
plots below show the moving window-based qualitative history of a given stability 
function in black and, as a reference, the Cum VA . of the selected 3578 events marked 
by their sizes and colour indicating distances to site S3. The vertical axes are 
for Cum VA . in km 3 .. We use a moving window of 119 events, which is 2 days of 
seismic activity of the selected events. All elements of the stability functions were 
normalised between 1 and 10. 

Note that the Cum VA . vs. time plot of the 3578 events does not show the same 
change in rate before the main shock as that shown by the 6073 events. This increase 
is caused by three little clusters to the right of the main shock (see Fig. 3.4 left), and 
these events were too small and/or too far to generate PGV ≥ 10−7

. at Site 3 and 
were automatically excluded. 

Figure 3.6 shows two seismic stability functions derived for site S3. The vertical 
red, blue, and green lines indicate times of the three largest events respectively. 
(1) CH · Median log σA /λ., where σA . apparent stress, λ. the activity rate, and 

CH . sphericity of the convex hull span over 119 events in each moving window. 
This function dropped to a low level before all three largest events. (2) CH ·
Median log σA / λ · uCAD ., where uCAD . is the sum of the cumulative 
absolute displacements, CAD, in a given time window. CAD is derived from the 
GMPE for a given mine or area. This function also dropped to a low level before all 
three largest events. 

Figure below shows the main components of these two stability functions. 
Figure 3.7 left shows the time history of the Median log σA . that drops 

convincingly, as desired in terms of the stability criteria described above, before 
the main shock, less so before the second and third largest events. Figure 3.7 right 
shows the time history of the activity rate, λ., that is at high level before all three 
largest events and corrects the undesired increases in the Median log σA .. 

Fig. 3.6 Time history of the first two seismic stability functions, in black, with Cum VA . of the 
selected data set
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Fig. 3.7 Time history of Median[log σA]. (left), and the activity rate, λ., (right) 

Fig. 3.8 Time history of sphericity, . (left), and the sum of the cumulative absolute displace-
ments, uCAD . (right) 

Figure 3.8 left shows the time history of the sphericity of the convex hull, CH ., 
that is low before the second and third largest events, not so before the largest one. 
Figure 3.8 right shows the time history of the uCAD . that is undesirably low 
before the largest event but complies with the assumptions before the second and 
third ones. 

Figure 3.9 left shows a Schmidt number based stability function for site S3, CH ·
log Scs (VCH )., defined by Eq. (3.9) with . taken as the volume of convex hull, 
VCH .. This function indicates low stability before all three largest events. Figure 3.9 
right shows seismic diffusivity that is increasing, as assumed in Eq. (3.8), before the 
largest and the third largest events, no so before the second largest though. 

Comparison Between Sites The stability analysis described above was applied to 
site S3. Figure 3.10 below shows the same stability functions applied to sites S1, S2 
and again for S3, for completeness. 

Each site has a different set of events that generated PGV ≥ 10−7
., with different 

distances to a given site. They also have different activity rates: 31.9 events/day at 
sites S1, 43.72 at site S2, and 59.73 at site S3, and therefore, they have a different 
length of the moving window.
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Fig. 3.9 Time history of the Schmidt number (left) and diffusivity (right) 

Fig. 3.10 Time histories of the same three stability functions for site S1 (top row), S2 (middle), 
and S3 (bottom) 

In this case study, there are no significant differences in qualitative behaviour 
of stability functions at these three sites, and they are all at a reasonably low level 
before the three largest events. The main reason is that all three sites are located 
relatively close to each other and also close to the main volume of seismic activity. 
In most cases studied to date stability function are reasonably similar for sites at 
distances less than 200. The notable exception would be if there is a flurry of small 
events close to one site that does not exceed the assumed PGV  threshold at the 
other site.
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Somewhat surprisingly, in this case, sites S2 and S3 behave reasonably similar 
and gave better indication of instability before the largest event than site S1 that was 
deliberately located at site S1. One possible explanation is that site S1 attracted the 
lowest number of events. In general, the described stability analysis, or any other 
seismic alerts, performs better with higher activity rate. 

3.5.3 Stability—General Comments 

When analysing seismic stability, one should take into account the following 
limitations: 

1. Seismic stability analysis is based on theoretical considerations, laboratory 
experiments, and case studies. Therefore, it will always be influenced by local 
factors associated with a particular way of mining and by geological conditions. 

2. The utility of seismic stability analysis is in guiding control measures to mitigate 
seismic hazard. If the value of a given stability function is systematically 
dropping or stays low in a given area, then the mine may change the spatial 
and temporal manner of rock extraction, e.g. scatter the production blasts and/or 
slow down the rate of mining. Alternatively, they may try to trigger the potential 
seismic event, while people are not in the area. 

3. Events induced by production blasts may not be preceded by instability indi-
cators. On the upside, people are not in the area during blasting. Production 
blasting with associated increase in seismic activity and strain softening will push 
the stability function lower. In a reasonably stable system, it should, however, 
recover relatively quickly. A simple stability function based on median apparent 
stress and seismic activity could be useful to monitor for safe re-entry. 

4. At any particular mine, tests should be carried out to select the most suitable 
stability function or functions, and the reference strain needs to be calibrated for 
a given GMPE at different sites. 

5. In some mining scenarios, we observe the migration of seismic activity towards 
the source of the future main shock. In these cases, the distances between 
consecutive events, d2

., may decrease before the main shock. If this is the 
expected outcome, one constructs the appropriate stability function. 

6. The seismic Schmidt number has four independent parameters which describe 
seismicity and, in theory, should be the most suited for stability analysis. In 
simpler mining scenarios, it is the case, however, in more complex environment, 
one or two parameters fail to comply with our assumptions and it may give 
inferior results.
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Chapter 4 
Size Distribution and Seismic Hazard 

Abstract This chapter starts with a general description of extreme events char-
acterised by heavy tailed distributions with a few very large values compared 
to the other values of the data set. Typical examples of power law scaling are 
the Gutenberg and Richter magnitude frequency relation and the Omori law for 
aftershock decay. However, both are open-ended distributions and therefore have 
no characteristic scale, i.e. there is no upper limit on magnitude in the former and 
there is no end to the duration of aftershock sequences in the latter. Therefore, a 
need arises for a more physical description, by introducing either a soft transition to 
finite energy release or a sharp cut-off by a double-truncated distribution. Another 
important issue described in this chapter is the so -called mmax . or log Pmax ., which 
in earthquake seismology is the maximum magnitude, or potency, earthquake that 
a given seismogenic region can deliver. However, in mines the maximum possible 
size event scales with the footprint of the mine and with the degradation of rock 
mass stiffness, both increasing as mining progresses creating conditions conducive 
for ever larger events to occur. Therefore, the maximum size event associated with 
mining is not an ultimate number but needs Mendecki (March 11, 2025)—Elements 
of Seismic Hazard in Mines, Springer Preface 2 to be estimated periodically. It is the 
next record breaking seismic potency, energy, or magnitude which can be estimated 
and that needs to be managed. 

4.1 Fat Tails, Power Laws, Extreme, and Unexpected Events 

Extreme events can be considered as large deviations from the average behaviour in 
an evolving system. They are governed by the thickness of the tail of a probability 
distribution that defines the occurrence of events of a given size, i.e. their probability 
increases with the thickness of the tail of the underlying size distribution. One 
characteristic of heavy tailed distributions is that there are usually a few very large 
values compared to the other values of the data set. The extreme events are actually 
a part of the nonlinear dynamics of many complex systems. 

The open-ended power law, N (≥ P) = αP −β
., with β > 0., with the probability 

density function f (P, β) = βP
β
minP

−β−1
.,  see  Eq  . (4.3), is an example of a fat 
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tailed distribution that for large potency P falls off more slowly than an exponential 
and much more slowly than a Gaussian, which is thin tail. Sooner or later an event at 
the end of a thick tail is going to happen, and it is going to be surprisingly big. These 
extreme events, defying the normal probability, are also called Black Swan events 
(Taleb, 2007). While unexpected at first, they tend to be rationalised in hindsight 
creating the impression that they can be predicted or avoided. 

Laherrere and Sornette (1999) and Sornette (2009) identified a number of data 
sets showing power laws with outliers that they claim are the result of positive 
feedback mechanisms. They call these events Dragon Kings. They document their 
presence in six different examples: distribution of city sizes, distribution of acoustic 
emissions associated with material failure, distribution of velocity increments in 
hydrodynamic turbulence, distribution of financial drawdowns, distribution of the 
energies of epileptic seizures, and distribution of earthquake energies. 

The main aspects of the heavy tail distribution are that the historical averages 
are unreliable for prediction, differences between successively larger observations 
increase, and the ratio of successive record values does not decrease. An important 
lesson to be learned is that risk management strategies and planning based on a 
normal distribution can lead to serious under preparation if in fact the problem at 
hand follows a power law distribution—the risk is in the tail of the distribution. The 
thicker the tail the higher the probability to be surprised, so we should expect the 
unexpected. 

If we order a data set from a power law distribution, then the ratio between 
two consecutive observations also has a power law distribution. The sum of power 
law distributions, f (P, β1). and f (P, β2)., is a fat tail distribution very close to 
the power law with the exponent min (β1, β2)., but only for large values of P ,  see  
Fig. 4.1 left. 

The power law has the property of scale invariance, i.e. the relative change 
of N (≥ kP ) /N (≥ P) = k−β

. is independent of P , and therefore it lacks 
characteristic scale. The scale transformation changes all lengths by the same factor. 
The question is are the laws of nature invariant with respect to scales? This was 
already answered in the negative by Galileo in (1638),1 see also a very good 
discussion on the subject in Weingartner (1996) who stated that since atoms cannot 
be enlarged or reduced therefore laws in which basic physical constants play a role 
are not scale invariant. Larger systems do not contain larger atoms but just more 
atoms. The earthquake size distribution scaling can only exist within a certain range 
of sizes, then either the exponent of the distribution or the nature of the distribution 
needs to change to secure a finite energy or potency release.

1 From what has already been demonstrated, you can plainly see the impossibility of increasing 
the size of structures to vast dimensions either in art or in nature; likewise the impossibility of 
building ships, palaces, or temples of enormous size in such a way that their oars, yards, beams, 
iron bolts, and, in short, all their other parts will hold together; nor can nature produce trees of 
extraordinary size because the branches would break down under their own weight; so also it 
would be impossible to build up the bony structures of men, horses, or other animals so as to hold 
together and perform their normal functions if these animals were to be increased enormously in 
height; for this increase in height can be accomplished only by employing a material which is 
harder and stronger than usual, or by enlarging the size of the bones, thus changing their shape 
until the form and appearance of the animals suggest a monstrosity. 
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Fig. 4.1 Sum of power law distributions (left) and bodies and tails of selected thin- and thick-tailed 
probability distributions (right) 

Typical examples of power law scaling are the Gutenberg and Richter magnitude 
frequency relation and the Omori law for aftershock decay. Both lack a characteristic 
scale, i.e. there is no upper limit on magnitude in the former and there is no end to 
the duration of aftershock sequences in the latter. 

The distance from the expected value of a given probability distribution is defined 
by nsd ., where sd . is the standard deviation, see Fig. 4.1 right as an example. The 
probability of having an unexpectedly large event in a system governed by the Gaus-
sian distribution of sizes is Pr (nsd)Gauss ∼ exp − (nsd)2 / 2s2d = exp −n2/2 .. 
The probability of having an unexpectedly large event in a system governed by the 
exponential distribution of sizes is Pr (nsd)Exp ∼ exp (− |nsd | /sd) = exp (−n)., 
and by the stretched exponential distribution, Pr (nsd)SE ∼ exp − (|nsd | /sd)q =
exp (−nq)., where q < 1.. The ratio Pr (nsd)Exp /Pr (nsd)Gauss = exp −n + n2/2 . 

and the ratio Pr (nsd)SE /Pr (nsd)Gauss = exp n2 − 2nq /2 .. 
Thus, the probability of a 6sd . or 6-sigma event in a system described by the 

exponential distribution is 105 . times more likely than in a system described by the 
Gaussian distribution. The tail of the stretched exponential distribution is fatter than 
the exponential one, and, for q = 1/2., it gives a 35 times higher probability of a 
6sd . event than the exponential. The power law tail is yet fatter than the stretched 
exponential. 

4.2 Open-Ended Power Law (OE) 

In a hard rock mass with random heterogeneities and with some regular geological 
structures undergoing loading, there are patches of rock resisting deformation where 
stresses are increasing, patches of diffusion where stresses are decreasing, and 
there are some passive volumes not influenced by loading. Locally, stress build-
up and/or strength degradation may lead to fast relaxation via deformation jumps, 
or seismic events, that radiate and dissipate energy across the system. Over time, 
the size distribution of these events will, within a certain range, follow the power
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law, N (≥ P) = αP −β
., where N (≥ P). is the number of events not smaller than P , 

where P is seismic potency. The same relation applies to seismic moment, M , and 
the radiated energy E. The parameter α . measures the level of seismic activity, and 
β . is the exponent. 

Remarkably, the distribution of sizes of earthquakes for Southern California is 
observed to be a power law with a constant exponent over more than six orders of 
magnitude (e.g. Christensen et al., 2002). This scaling is the property of regional 
dynamics rather than individual faults where it is more complex (e.g. Wesnousky 
et al., 1983; Main & Burton, 1984; Kijko & Stankiewicz, 1987; Wesnousky, 1994; 
Wiemer & Wyss, 2002). However, some deviations from the power law may lie 
within the 95% confidence limits of the Poisson process and therefore may not 
be significant enough to be regarded as “characteristic” or “bi-modal” (Jackson & 
Kagan, 2006; Kagan et al., 2012). 

In mines, the power law scaling has been observed for seismic events as large as 
m = 5.0. (Mendecki et al., 1988) and recently for small fractures with m = −4.0. to 
− 0.3. (Kwiatek et al., 2010), although with varying exponents. 
The open-ended (OE) potency size distribution power law can be written as 

.N (≥ P) = αP −β, (4.1) 

where P is potency (or energy, or seismic moment), α . estimates the number of 
seismic events with potency not smaller than one, α = N(P ≥ 1)., and β > 0. is 
the exponent—the lower the β . the heavier the tail of the distribution. Taking the 
logarithm of equation (4.1)  gives logN (≥ P) = logα − β logP ., which is the 
well-known (Gutenberg & Richter, 1944) relation 

. logN (≥ m) = a − bm, (4.2) 

where a = logα ., b = β ., and magnitude m = logP .. The OE, or the Gutenberg-
Richter, relation has no upper limit on the event size. The assumption that solving 
αP

−β
max1 = 1. gives the so-called the one largest possible event or the next largest 

event, Pmax1 = α1/β
. or mmax1 = a/b., is incorrect. Note that the probability of 

having an event greater than or equal to Pmax1 . in the OE distribution is small, but 
finite, and it increases as β . decreases, Pr (≥ Pmax1) = P

β
min/α .. 

The cumulative distribution function, F(P ),. i.e. the probability of having an 
event with a potency smaller than P ,  i  s Pr (≤ P) = N(≤ P)/N (≥ Pmin) =
1 − P

β
minP

−β
., where Pmin . is the minimum observed potency that fits the power 

law. The survival function S (P ) = Pr (≥ P) = 1 − Pr (≤ P) = P
β
minP

−β
.. 

Parameter Pmin . is limited by the sensitivity of the monitoring system. One can 
expect that an increase in system sensitivity by . will increase the number of 
recorded events by N (≥ Pmin − /N (≥ Pmin) = P

β
min (Pmin − −β

..  For  
an order of magnitude drop in Pmin ., i.e. Pmin − = Pmin/10., one can expect 
to record (1/10)−β

. more events, which for β = 1. gives a ten-fold increase. The 
probability density function for the OE relation is
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Fig. 4.2 Illustration of the PDF of the OE power law for different values of β . 

.f (P ) = dF (P ) /dP = βP
β
minP

−β−1 = β

P

Pmin

P

β

. (4.3) 

Figure 4.2 illustrates the behaviour of probability density function of the open-ended 
power law for different values of β .. 

The number of events within the potency range P1 < P2 . is N (P1, P2) =
α P

−β
1 − P

−β
2 ., and the probability of having this event is Pr (P1, P2) =

F (P2) − F (P1) = P
β
min P

−β
1 − P

−β
2 .. The mean value of the distribution 

P
∞
Pmin

Pf (P ) dP/
∞
Pmin

f (P ) dP = βPmin/ (β − 1)., which is finite for 
β > 1.. Note that the mean of any finite sample is always finite, but as we draw 
more samples from the power law distributed population, this sample average tends 
to increase. One might mistakenly conclude that there is a time trend in such data. 

4.2.1 Selection of Pmin . 

Pmin .,  or logPmin ., can be interpreted technically as the minimum observed potency 
that fits the data. A correctly selected Pmin . should also define the completeness of 
the catalogue, i.e. the lowest potency at which all events within a volume and time
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of interest, ., are detected. While different methods for an objective and/or 
automatic threshold detection have been proposed, in practice the most reliable is 
the visual inspection of the potency frequency data. The potency frequency can 
be presented as a cumulative plot or an incremental plot. In the cumulative plot, 
the number of events increases or stays the same from high to low potencies. The 
incremental plot shows the number of events in each potency bin, ., including 
the empty ones. 

It is advisable to inspect both the cumulative and the incremental plot, since 
each value in a cumulative plot depends on all the preceding values and it may 
hide fine details. It is important not to underestimate logPmin . since it may lead to 
underestimation of β . and thus overstating hazard. The properly determined Pmin . in 
a well -behaved data set is the minimum potency above which the estimates of β . are 
stable. Data below the Pmin . threshold should not be used in fitting the parameters of 
the power law distribution. However, in some applications, e.g. short term hazard, 
dynamic triggering detection, and stability analysis, data below Pmin . is very useful. 

4.2.2 Estimation of α . and β . of the OE Relation 

The β .-value in the OE potency frequency relation N (≥ P) = αP −β
. can be 

estimated by maximising the likelihood function (Utsu, 1964;  Aki  , 1965), 

.L Pj ;β =
n

j=1

f Pj =
n

j=1

βP
β
minP

−β−1
j , (4.4) 

where f (P ). is the probability density function, n is the number of events abov e
Pmin ., and Pmin . is the potency selected to fit the distribution. The values of the 
probability density function f (Pj ). are very small, and when multiplied together 
the result may be too small to be accurately represented by a computer. This 
is why it is advisable to maximise the log likelihood function, logL(Pj ;β) =

n
j=1 log f Pj ., where multiplications are replaced by summation. 
The logL(Pj ;β). is monotonic giving the same maximum as the likelihood 

function L(Pj ;β)., and it is also easier to differentiate to find its maximum. The 
point at which the logL(Pj ;β). is maximum with respect to β . is the solution of the 
equation ∂ logL Pj ;β /∂β = n/ [β ln (10)]+ n

j=1 logPmin− n
j=1 logPj = 0., 

which gives (n log e) /β +n logPmin − n
j=1 logPj = 0., and after simple algebra, 

the estimate of β . of the open-ended relation is 

.β̂OE = log (e) / P − logPmin , (4.5) 

where log (e) = 0.4343. and P = (1/n)
n
j=1 logPj .. It follows that studying 

β .,  or  the  b-value, is effectively equivalent to studying the mean logP . or mean
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magnitude. To correct for bias, one can multiply the β̂OE . by (n − 1)/n., which 
makes a difference only for small data sets. 

For a sufficiently large data set, the standard deviation can be obtained from 

the second derivative of the log likelihood, sd (β) = −∂2 logL(β)/∂β2 −1/2 =
β̂OE/ n log (e). (Aki, 1965). Shi and Bolt (1982) gave a useful expression for the 
standard error of β . when it varies slowly in time, which is very much the case in 
mines, and for large n, 

.sd (βOE) = β̂2
OE

log (e)

n
j=1 logPj − P

2

n (n − 1)
. (4.6) 

The parameter α̂OE . can be estimated from log α̂OE = β̂OEP + (1/n)
n
j=1 . 

logN ≥ Pj .. 

4.3 Open-Ended Tapered Power Law (OET) 

Kagan (1993) suggested the OE relation that tapers to zero by multiplying the 
survival function of the OE power law by the exponential function, as suggested 
by Vere-Jones et al. (2001), 

. Pr (≤ P) = F (P ) = 1 − P
β
minP

−β exp
Pmin − P

Pc

, , (4.7) 

where Pc . is the soft upper cut-off. The survival function, S (P ) = 1 − F (P )., 
for different exponents β . is illustrated in Fig. 4.3 left, and the probability density 
function is 

.f (P ) = β

P
+ 1

Pc

Pmin

P

β

exp
Pmin − P

Pc

. (4.8) 

The mean and the standard deviation can be obtained from a general formula the 
higher order moments given by Kagan and Schoenberg (2001), 

. E P k = P k
min + kP

β
minP

k−β
c exp

Pmin

Pc

k − β,
Pmin

Pc

, for k = 1, 2,

(4.9) 

where k − β,
Pmin

Pc
= ∞

Pmin/Pc
exp (−t) tk−β−1dt . is the upper incomplete 

Gamma function. The probability of having an event greater than or equal to Pc . as 
a  function  of Pc/Pmin . is finite, Pr (≥ Pc) = (Pc/Pmin)

−β exp (Pc/Pmin)
−1 − 1 ., 

which is illustrated in Fig. 4.3 right. If we assume β = β̂OE ., then the soft cut-off 
can be estimated from data by
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Fig. 4.3 Probability density functions for OE and OET power law (left) and the probability of 
having an event greater than or equal to Pc . as a function of Pc/Pmin . (right) for selected β . 

.Pc = 1

n

n

i=1

P 2
i − P 2

min / 2βPmin + 2P (1 − β) , (4.10) 

where P . is the mean value of P , Kagan and Schoenberg (2001). 

4.4 Upper Truncated Power Law (UT) 

The upper truncated (UT) power law can be written as 

.N (≥ P) = α P −β − P −β
max , (4.11) 

where N (≥ P). is the number of events not smaller than P . The number of 
events within the potency range (P1, P2)., where P2 > P1 . is N (P1, P2) =
α P

−β
1 − P

−β
2 .. Parameter α . measures the level of seismic activity, β . is the 

exponent, and Pmax . is the limit of the maximum expected event size for a given 
data set. The probability density and the cumulative distribution functions F (P ). 

are 

. f (P ) = βP −β−1/ P
−β
min − P −β

max , Pr (≤ P) = 1 −
P −β − P

−β
max

P
−β
min − P

−β
max

,

(4.12) 
where Pr (≥ Pmax) = 0., and the survival function Pr (≥ P) = 1 − Pr (≤ P).,  see  
Fig. 4.4 (e.g. Page, 1968; Cosentino et al., 1977; Burroughs & Tebbens, 2001; Kijko, 
2004). Note that Pmax . needs to be greater than the maximum observed potency 
Pmaxo . for N (≥ P). to be positive. The probability of having an event in a given 

potency range is Pr (P1, P2) = P
−β
1 − P

−β
2 / P

−β
min − P

−β
max .. For example, for
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Fig. 4.4 Survival function of the OE power law (left) and the UT and OET (right) for a selected β . 

β = 0.75., logPmin = 0., and logPmax = 3.,  we  ha  ve Pr (0.0 ≤ logP ≤ 1.0) =
0.827., Pr (1.0 ≤ logP ≤ 2.0) = 0.147., and Pr (2.0 ≤ logP ≤ 3.0) = 0.026.. 

The mean value of the UT power law is P [β/ (1 − β)] P
1−β
max − P

1−β
min /. 

P
−β
min − P

−β
max . for β 1., and P ln (Pmax/Pmin) / P −1

min − P −1
max =

ln P 2
max/ (Pmax − Pmin) .,  for β = 1.. The variance, V ar (P ) = P 2 P 2

., where 

P 2 = β/ (2 − β) P
2−β
max − P

2−β
min / P

−β
min − P

−β
max .. 

4.4.1 Estimation of α . and β . of the UT Relation 

For the sake of convenience, the probability density and the survival functions of 
the upper truncated distribution may be written as 

. f (P ) = βP
β
minP

−β−1/ 1 − Rβ Pr (≥ P) = P
β
min P −β − P −β

max / 1 − Rβ ,

(4.13) 
where R = Pmin/Pmax .. The log likelihood function is logL(Pj ;β) =

n
j=1 log f Pj ., and taking its derivative with respect to β . gives 

.
n

β̂UT

+ 1

log (e)

nRβ̂UT logR

1 − Rβ̂UT

− 1

log (e)

n

i=1

(logPi − logPmin) = 0, (4.14) 

which can be simplified to 

.β̂UT = log (e) logP − logPmin − Rβ̂UT logR / 1 − Rβ̂UT
−1

, (4.15) 

where logP . is the geometric mean of the data, logP = (1/n) logPi .. Assuming 
the Pmin . and Pmax . are known, the Eq. (4.15) can be solved numerically for β̂UT . 

(Page, 1968). The standard deviation is given by
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.sd(βUT ) = 1√
n

⎡

⎢
⎣
log (e)

β̂2
UT

− Rβ̂UT (logR)2

log (e) 1 − Rβ̂UT

2

⎤

⎥
⎦ .−1/2 (4.16) 

An approximate solution was given by Kijko and Funk (1994), by truncating the 
Taylor expansion of equation (4.15) at the second term , 

.β̂UT = β̂OE − β̂2
OERβ̂OE log (1/R)

log (e) 1 − Rβ̂OE

, (4.17) 

where β̂OE . is derived from Eq. (4.5). Note that for the same data set the 
estimate of β . for the UT formulation will always be lower than β . for the OE 
one. The estimate α̂UT . can be taken as log α̂ = (1/n)

n
j=1 logN ≥ Pj −

(1/n)
n
j=1 log P

−β̂UT
j − P

−β̂UT
max .. 

4.4.2 Comments on Data Selection and Parameter Estimation 

It is important to select a data set and to determine the parameters of the power 
law correctly since a small change in the exponent β . influences significantly the 
expected number of larger events. Typical mistakes and potential problems in fitting 
the power law to data: 

1. Using a data set polluted by blasts. 
2. Using a small data set, see Fig. 4.5. 
3. Using data over a short time span. The typical power law distribution develops 

under slow constant loading over longer period of time. 

Fig. 4.5 99% and 95% confidence limits for β . as a function of the number of events (left). 95% 
confidence limits for β . as a function of the number of events for UT power law for two bin sizes, 

logP . (right)
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4. Selecting the time span of data during which the way of mining changed 
significantly over a considerable period of time, e.g. the introduction of backfill, 
stabilising pillars, more disordered less concentrated mining method, precondi-
tioning by hydrofracturing or blasting. 

5. Selecting a data set which is the result of mixing two independent different 
seismogenic areas. 

6. Fitting data with the linear least squares method (LS) as opposed to the maximum 
likelihood (ML). The LS method gives a standard deviation of β . 2  to  3  times  
lar ger than ML.

7. Fitting parameters to the cumulative data which, by the very nature of its 
construction, is correlated. This violates the basic assumption of independent 
observations. 

8. Underestimating Pmin ., which delivers lower β ., i.e. overestimates hazard. 
9. Incorrect binning of data. Linear binning produces unacceptable results. Log-

arithmic binning is better, but results depend on bin size. Too coarse binning 
produces inaccurate results for two reasons. Firstly, because the average com-
puted from binned data is systematically overestimated. Secondly, because the 
centre of the first bin is different to Pmin ., and this influences the difference 
logP Pmin ., which is very small and sits in the denominator, and therefore is 

influential. Small bins are more accurate but frequently empty, and this leads to 
a biased estimate. If the seismic system delivers source parameters of reasonable 
accuracy, there is no reason for binning. 

4.5 Confidence Limits 

A confidence interval is the range of values of a sample statistic that, at a given level 
of probability called a confidence level, is likely to contain a population parameter. 
This is the interval that will include the population parameter a certain percentage of 
the time during repeated sampling. A confidence level is the degree of certainty that 
one wants to be able to place in the confidence interval. This is the probability that 
the parameter being estimated by the statistic falls within the confidence interval. 
The confidence limits are the upper and lower values of a confidence interval. 

Confidence intervals and the standard error of the mean serve the same purpose. 
However, those error bars around the mean that represent the standard error 
imply that only 66% of them include the parametric mean, which is not always 
remembered. The error bars with confidence intervals, usually 95%, imply that 95% 
of them include the parametric means, which is explicit. In addition, for very small 
sample sizes, which apply to larger events in the size distribution statistics, the 95% 
confidence interval is larger than twice the standard error. Note that the lower the 
level of confidence the narrower the confidence region. One would like to have 
a narrow confidence region with high probability, which is possible for normally 
distributed data and a great number of observations. For a data set drawn from a
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power law distribution, e.g. size distribution of seismic events, there are very few 
observations for larger events and, for the same probability, the confidence region 
there is wider. 

A typical assumption when estimating the confidence limits is that the data is 
normally distributed. This gives symmetrical confidence limits, which for means 
near zero or one give negative limits. This is obviously incorrect. Therefore, for 
data sets which are power law distributed, it is better to calculate the confidence 
interval based on the binomial or the Poisson distribution. 

4.5.1 Confidence Limits for β . 

If the standard deviation of β . is known and if the population is normally distributed, 
or if the number of events is greater than 30, the 99% confidence limits can be 
estimated as β ± 2.58 · sdβ ., the 95% confidence limits can be estimated as β ±
1.96 · sdβ ., and the 90% confidence limit as β ± 1.645 · sdβ .. The higher the level of 
confidence, the wider the interval. 

Figure 4.5 (left) shows the 99% and 95% confidence limits for the β .-value as 
a function of the number of events. It shows that one would need well over 1000 
events for 95% confidence errors <. 0.1. Figure 4.5 (right) shows that, for the same 
confidence limit, the smaller the bin size the better the estimate. 

4.5.2 Confidence Limits for the Power Law Fit 

Suppose that the data selected to fit the power law deviates from the model. The 
deviation may scatter randomly around the model or they may be systematic, 
e.g. there may be a surplus of events of certain size that, if significant, could be 
considered as characteristic. To be significant, the deviation has to exceed a certain 
level of confidence, and therefore, it is important to test to what degree a given data 
set supports the model. 

If we assume that the number of events in a given logP . bin can be estimated 
from the Poisson distribution, then the probability of having N events in that bin i s
Pr (N) = λN/N ! exp (−λ)., where λ. is the mean number of events in that bin. As 
per the power law, the mean number of events in a potency bin logPj

= Pj −Pj−1 . 

is N Pj−1, Pj = α P
−β
j−1 − P

−β
j ., where α . and β . are derived from the data. 

According to the Poisson distribution, the probability of having Nj . events in that 
bin is 

. Pr Nj = 1/Nj ! α P
−β
j−1 − P

−β
j

Nj

exp −α P
−β
j−1 − P

−β
j ,

j = 1, 2, ..., nb, (4.18)
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where nb . is the number of bins. The upper and lower confidence limits for the 
centre potency in the j th bin are found by solving Eq. (4.18)  for Nj ., assuming 
the required probability Pr Nj .. The 95% confidence intervals are estimated using 

Pr Nj = 0.975. for upper limit and Pr Nj = 0.025. for lower limit, see, 
for example, Fig. 4.17. 

4.6 Utility of Power Law Distributions 

4.6.1 Limitations and Benefits 

The power law size distribution has some apparent limitations. In general, power 
laws are asymptotic, and as a consequence, their moments, e.g. mean or variance, 
exist only for a certain range of exponents. Therefore, there is a need to impose a 
hard upper limit on the maximum event size and to define the power law within 
a range, (Pmin, Pmax)., or to add an exponential term to its tail, to secure a finite 
energy release. 

The power law size distribution disregards the time of seismic events, thus 
ignoring any potential trend in the data. The bulk of the data are small events which 
are not necessarily hazardous, and, in some cases, the processes leading to small 
events may be different from the processes leading to large events. 

Inverting α ., β ., and Pmax . simultaneously from data does not always deliver stable 
results. Therefore, there is a need to estimate Pmax . independently, e.g. by order 
statistics which regards the sequence of larger events. Because order statistics and 
the associated jumps in the history of record breaking events change as mining 
progresses, Pmax . needs to be reassessed regularly. 

The power law also disregards the spatial distribution of seismic events. Sub-
dividing space into sub-volumes without de-clustering, fitting a power law to the 
data extracted from each sub-volume, and calculating their probabilities are not 
the best strategies to estimate spatial hazard. Unless one will assume some form 
of spatial intensity function in the non-stationary Poisson process, there is nothing 
to extrapolate, and therefore the future hazard will be very much like the past. In 
addition, there are two potential problems with subdivision of space: (1) Seismic 
activity within these sub-volumes may not be independent. (2) There is a trade-off 
between the spatial resolution and the amount of data one can extract from these 
sub-volumes, and therefore, there may be insufficient data for a reliable power law 
fit, see Fig. 4.5. 

The best way to address the spatial hazard is by numerical modelling of stresses 
and strains associated with future mining, calibrated with the existing seismic data 
(Linkov, 2006,  Linkov  , 2013, Malovichko & Basson, 2014). 

Nevertheless, the power law size distribution offers obvious benefits. It provides a 
useful association between its exponent and the seismic hazard-related factors, e.g. 
the state of stress, the system stiffness, rock mass and mine layout heterogeneity,
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potency production, information entropy or the unpredictability of larger events, 
and the stress transfer due to small and large events. It also gives an insight into the 
scaling relation between seismic potency and radiated seismic energy. 

To take full advantage of the size distribution-based hazard, one needs to apply it 
carefully. Since the bulk of seismic activity in mines follows production, that can be 
very intermittent, the traditional recurrence times, t̄ = (≥ P)., and associated 
probabilities may not be as useful as in crustal seismology where loading is steady. 

The other traditional size distribution parameters, namely, the activity rate, 
the β .-value, “the one largest event, Pmax1 .”, also do not measure seismic hazard 
consistently and reliably. The supposition that solving αP

−β
max1 = 1. gives the one 

largest possible event or the next largest event, Pmax1 = α1/β
.,  or mmax1 = a/b. in 

the Gutenberg-Richter relation, is incorrect. The fact that the data follows the OE 
power law closer than the upper truncated one indicates the potential for even larger 
events and larger jumps in record breaking events. Only when the largest observed 
events are significantly smaller than that predicted by the OE relation can one infer 
that the size distribution hazard may be contained or controlled. 

If rock extraction is not a linear function of time, one should resort to parameters 
based on volume mined, e.g. an average inter-event volume mined to generate an 
event above a certain size, V̄m (≥ P) = Vm/N (≥ P)., the probability that a larger 
seismic event will occur while extracting a given volume of rock, Pr (≥ m)., 
or the volume of ground motion VGM (≥ v m).. 

As the extraction ratio increases and the overall stiffness of the rock mass is being 
degraded, there is a tendency for the β .-value to decrease and α . to increase. If such a 
trend can be detected, quantified, and extrapolated, then seismic hazard assessment 
is less dependent on the assumption of stationarity (Mendecki, 2008). 

4.6.2 Missing Potency and β . 

Seismic monitoring systems record events above their overall sensitivity level Pmin ., 
therefore there is missing potency below that level, and the ratio of the missing 
to recovered potency depends on the slope or the β .-value of the observed potency 
frequency distribution. 

The potency release by seismic events within the potency range P1 . to P2 . is 
P (P1, P2) = N (P1, P2)

P2
P1

Pf (P )dP/
P2
P1

f (P )dP ., which for β 1. gives 

. P (P1, P2) = αβ P
1−β
2 − P

1−β
1 / (1 − β) .

For β = 1., one can integrate within the finite potency range, P (P1, P2) =
α ln (P2/P1)..  For β < 1., one can integrate from P1 = 0. to a finite potency 
P (0, P2) = αβP

1−β
2 / (1 − β)., and for β > 1., one can integrate from a finite 

potency to infinity, P (P1,∞) = −αβP
1−β
1 / (1 − β).. The equations for the number 

of events, N (P1, P2)., for both OE and UT relations are similar, with the exception 
that in the UT case the P2 . can only go as far as Pmax ..
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Fig. 4.6 Missing to observed potency ratio as a function of logPmax − logPmin . for different β . 

The following ratio quantifies the UT portion of seismic potency below Pmin . 

that, if already produced by the rock mass, is missing because it could not have 
been recorded due to the limited sensitivity of the seismic monitoring system or 
because it has been produced aseismically, 

.
P (0, Pmin)

P (Pmin, Pmax)
= P

1−β
min

P
1−β
max − P

1−β
min

, (for β < 1). (4.19) 

It can be shown that P (0, Pmin)/P (Pmin, Pmax)= 10(logPmax−logPmin)(1−β)−1
−1

., 
i.e. it depends only on β . and on the difference logPmax − logPmin ., regardless of 
Pmin ., see Fig. 4.6. As expected, the higher the β .-value the more potency is lost 
below the threshold level. For logPmax − logPmin = 3. and β = 0.9., there is 50/50 
split between the observed and the missed potency. 

4.6.3 Power Law and log(Energy) vs. log(Potency) Relation 

In practice, the size distribution analysis is carried out in the magnitude and/or in the 
potency (moment) domain. However, the most appropriate measure of the strength 
of a seismic source is the radiated seismic energy, E, and, if estimated reliably, it 
should be the base for size distribution hazard estimation. If both seismic potencies 
and energies are available for the same data set, assuming the OE power law, we can 
write N (≥ P) = αP P −βP = N (≥ E) = αEE−βE ., which, after simple algebra, 
gives 

. logE = (βP /βE) logP + (1/βE) log (αE/αP ) , (4.20)
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where subscripts P and E stand for potency and energy, respectively (Mendecki,
2013). This equation expresses the scaling relation logE = d logP + c . via 
parameters of the potency frequency and the energy frequency distributions, where 
d = βP /βE . and c = (1/βE) log (αE/αP ).. Parameters d and c are usually 
derived by fitting a straight line to data using a standard least squares regression 
or the generalised orthogonal regression (e.g. Mendecki, 1993, Figure 1.2). Since 
parameters α . and β . in the potency and the energy frequency distribution are derived 
by the maximum likelihood (ML) method, equation 4.20 offers an indirect way of 
ML fitting. Note that the logE . vs. logP . scaling may be affected by the inability 
of systems to record the wide frequency spectrum radiated from seismic sources. 
The exponent βE . scales inversely with the number of larger energy events, i.e. 
lower βE . delivers a larger portion of high-energy events. The exponent βP . scales 
inversely with the number of larger potency events, i.e. high βP . delivers larger 
portion of smaller potency events. Since most of seismic potency is delivered at low 
frequencies and most of seismic energy at higher frequencies, larger events recorded 
in mines by 4.5 Hz or 14 Hz geophones may underestimate potency more than 
energy, and therefore parameter d and an increase in apparent stress with potency 
may be ove restimated.

Figure 4.7 left shows the logE . vs. logP . for the MineD data set where the red 
line represents the fit with coefficients d = βP /βE . and c = (1/βE) log (αE/αP )., 
see Equation 4.20, and the green line is by the ordinary least squares. The colour 
here scales with log σA .. Figure 4.7 right shows apparent stress, σA .,  vs. logP . for 
the same data set where colour indicates the time of the event. 

From logE = d logP + c ., the apparent stress is σA = E/P = 10cP d−1
., which 

gives 

.σA = (αE/αP )1/βE P (βP /βE)−1, (4.21) 

Fig. 4.7 logE .,  vs. logP . plot of events with logP ≥ −1.0.. The red line represents the fit with 
coefficients d and c derived from E q. (4.20), and the green one is by the ordinary least squares 
(left). log σA . vs. logP . for the same data set (right)
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Fig. 4.8 Apparent stress, σA ., vs. Z-coordinate of the event for the same data set as in Fig. 4.7 
(left). Energy index vs. Z-coordinate of the event for the same data set (right) 

and for d = 1.0.,  or βP = βE ., the apparent stress is constant and independent of 
potency σA = 10c

.,  or σA = (αE/αP )1/βE .. The higher the driving stress at the 
source the higher the apparent stress. 

The energy index of an event is the ratio of the observed radiated seismic energy 
of that event E, to the average energy Ē(P ) = 10d logP+c

. radiated by events of the 
observed potency P , for a given area of interest, EI = E/Ē (P ) = E/10d logP+c =
10−cE/P d

., which for d = 1.0. would be proportional to the apparent stress (van 
Aswegen & Butler, 1993). Energy index can now be written as 

.EI = (αE/αP )1/βE E/P (βP /βE). (4.22) 

Figure 4.8 top row shows a modest increase in apparent stress, σA . and energy index, 
EI , over time. Figure 4.8 bottom row shows σA . and EI vs. Z-coordinate, where 
size of the event scales with the radius of source volume and the time of the event 
from the main shock. Note that here the lower the Z-coordinate the deeper the event. 
Since 2010, most rock extraction was concentrated at depth 1050 and 950, and this 
modest increase in apparent stress and energy index over time can be attributed to 
depth of mining and an increase in the extraction ratio at that depth.

The slope d of the logE . vs. logP . plot of earthquakes is frequently reported to 
be close to 1.0. However, Choy et al. (2006) reported that earthquakes occurring on
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Fig. 4.9 logE .,  vs. logP . plot of events with logP ≥ −1.0.. The red line represents the fit with 
coefficients d and c are derived from E q. (4.20) and the green one is by the ordinary least squares 
(left). log σA .,  vs. logP . for the same data set (right) 

immature faults radiate more a higher frequency energy per unit of moment than 
earthquakes occurring on mature faults. 

The slope d of the logE . vs. logP . plot of events recorded in mines is frequently 
reported to be higher than 1.0 (Mendecki, 1993, see also Fig. 4.7). However, there 
are exceptions. Figure 4.9 shows the logE . vs. logP . plot of 1738 events recorded 
during 1738 days between 2015 and 2019 in a deep tabular hard rock gold mine in 
South Africa. Here the slope d is practically 1.0, consequently, apparent stress is 
independent of potency, and energy index is proportional to the apparent stress.

4.6.4 Power Law and Stress Transfer 

Small seismic events contribute very little to the total energy and potency release 
and to the cumulative co-seismic deformation, but they can make an important 
contribution to the spatial and temporal stress transfer within the seismically active 
rock mass (Hanks, 1992). 

The major part of the stress transfer due to inelastic deformation associated with 
seismic activity takes place within the source volume, V = .. Since the co-
seismic stress drop ., and the strain change = ., associated with larger 
events are remarkably similar to that of smaller events (Aki, 1972), the overall stress 
transfer due to small events may be equal to or even dominate that of large events. 

Therefore, within the power law distribution, there is the centre potency, 
P0.5 ., that splits the potency release P (Pmin, Pmax)., and for a constant . the 
cumulative source volume, into two equal parts with similar contributions to 

stress transfer. Solving P (Pmin, P0.5) = P (P0.5, Pmax)., i.e. P
1−β
0.5 − P

1−β
min =

P
1−β
max − P

1−β
0.5 .,  for β 1. gives 

.P0.5 = 0.5 P 1−β
max + P

1−β
min

1
1−β

. (4.23)
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Fig. 4.10 The centre potency, P0.5 ., as a function of β . for logPmin= − 3.0. and for the selected 
values of logPmax . 

For β = 1., the centre potency P0.5 = √
Pmin · Pmax ., which is the right and the left 

hand limit of the previous equation when β → 1..  For β < 1., we can integrate from 
Pmin = 0., which gives P0.5 = 0.51/(1−β)Pmax ..  For β > 1., we can integrate from 
Pmin . to Pmax = ∞. and have P0.5 = 0.51/(1−β)Pmin .. For example, for Pmin = 0. and 
β = 0.9., logP0.5 = logPmax − 3., and for Pmax = ∞. (OE relation) and β = 1.1., 
logP0.5 = logPmin + 3.. Figure 4.10 shows that P0.5 . is lower for lower Pmax . and 
decreases with increasing β .. 

While sources of all seismic events smaller than logP0.5 . may have the same 
cumulative volume of inelastic deformation as sources of events greater than 
logP0.5 ., the influence of smaller events on stress transfer and on possible triggering 
of larger events will depend on their spatial distribution. The more clustered they 
are the more likely that they may trigger a larger event (Helmstetter et al., 2005). 

4.6.5 Power Law and Information Entropy 

Information is the currency of nature, but not all information is of equal value. 
The total amount of information in a system is the difference between the system’s 
current entropy and its maximum possible entropy. Following Shannon’s second 
paper (Shannon, 1948), the continuous information entropy of the probability 
density function of potency can be written as 

.H [f (P )] =
Pmax

Pmin

f (P ) log [1/f (P )] dP, (4.24)
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where f (P ). is the probability density function of the upper truncated potency 

frequency distribution, f (P ) = βP −β−1/ P
−β
min − P

−β
max .. 

In Eq. (4.24) log [1/f (P )]. is the information content of event P with probability
f (P )., and if f (P ). is high, then knowledge that event P occurred gives very little 
information, since it had a high probability of occurrence to start w ith.

The continuous entropy is not a limit of the discrete entropy when the bin size 
goes to zero. The entropies of continuous distributions have most, but not all, of the 
properties of the discrete case. 

There is one important difference between the continuous and discrete entropies. 
In the discrete case, the entropy measures the randomness of the variable in an 
absolute way. The continuous formulation measures the entropy relative to the 
coordinate system, and the entropy can be negative. This is not important, though, 
if one is interested in the differences or in the rate of change between two or more 
entropies, since they are independent of the frame of reference. 

In general, H measures the amount of uncertainty in a given distribution, which 
is a measure of unpredictability. After integration, the information entropy of the 
upper truncated potency power law i s

. H = log
P

−β
min − P

−β
max

β
+ 0.43 1 + 1

β

+ (β + 1) P
−β
min logPmin − P

−β
max logPmax

P
−β
min − P

−β
max

, (4.25) 

which monotonically decreases with increasing β .. For the OE distribution, where 
Pmax → ∞., H = log (Pmin/β) + 0.43 (1/β + 1).. 

Figure 4.11 shows the information entropy H as a function o f β . for the OE power 
law, i.e. logPmax = ∞., and for the UT one with three different values logPmax .. 
It is clear that unpredictability increases with decreasing β . for both OE and UT 
distributions, although more so for the OE one (Mendecki, 2012). Therefore, low 
β .-values imply not only higher hazard, but also a less predictable size distribution 
of seismic events. 

The information entropy should not be confused with the thermodynamical 
or mechanical interpretation, which states that the amount of entropy increase is 
proportional to the loss of capacity of the system to deliver work. 

4.6.6 Power Law Exponent, Rock Properties, Stress, and 
Stiffness 

For a data set that obeys the power law size distribution, the exponent β . is a 
statistical measure of the ratio of small to large events, and it decreases as the portion 
of the intermediate and large events increases.
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Fig. 4.11 Information entropy, H , as a function of β . for the OE power law, i.e. logPmax = ∞., 
in blue and for the UT for selected logPmax . in red 

In some cases, however, data points on the cumulative frequency plot indicate a 
double slope convex or concave character. One possible explanation of such devi-
ations is the change in the sensitivity of the monitoring system during acquisition 
of data. Another possibility is that the data is generated by two spatially separated 
processes with different size distributions. 

Concavity may be generated by a combination of high activity of low -magnitude 
events induced by mining excavation(s) with a few larger events caused by an 
existing geological structure. This behaviour is frequently a function of spatial 
and/or temporal data selection. More frequently observed convexity is caused by 
a deficit of larger events that may be the result of a limited time span of the selected 
data. Its persistence, however, indicates that seismic hazard is contained. 

In general, the exponent β . is positively correlated with the heterogeneity of the 
rock mass and with its stiffness and negatively with stress. 

The rock mass heterogeneity depends on the spatial distribution of sizes and 
distances between strong or stressed and weak or de-stressed patches of rock, where 
seismic sources may nucleate and be stopped. An increase in rock heterogeneity 
results in a higher β ., since it is more likely that the initiated rupture be stopped 
by a soft or hard patch before growing into a larger event (Mogi, 1962;  Mori  &  
Abercrombie, 1997). Scholz (1968) stated that the β .-value varies inversely with 
stress. His reasoning is based on a similar argument to heterogeneity, namely, that 
rupture once initiated grows larger in a high stress regime. 

Stiffness measures the rigidity of a system, i.e. its ability to resist deformation 
in response to an applied load. It scales positively with the ratio of the applied 
stress to the induced strain. Experimental study on rock samples of equal degrees of 
heterogeneity in triaxial conditions has shown a decrease in β . of acoustic emission
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Fig. 4.12 The time evolution of energy index EI (a proxy for stress, in red) and the cumulative 
apparent volume, VA . (a proxy for deformation, in blue) during shaft pillar extraction progressing 
from the centre to its outer perimeter 

events with both the differential stress and the confining pressure, during all stages 
of stress-strain regime, including the post-peak strain softening (e.g. Amitrano, 
2003). 

Observations in mines found a higher β . in stiffer systems and lower β . in softer 
systems (Mendecki & van Aswegen, 1998 and van Aswegen & Mendecki, 1999). 

Figure 4.12 shows the time evolution of the energy index (a proxy for stress) and 
the cumulative apparent volume, VA . (a proxy for deformation), during a shaft pillar 
extraction progressing from the centre to its outer perimeter. Note that almost all 
events larger than logE = 7.5., marked by arrows, occurred during softening past 
peak stress. Other parameters are: seismic stiffness Ks .,  the  b-value (or β .), and the 
d-value in logE = d logP + c.. 

These observations do not contradict reports on decreasing β . with increasing 
stress during the strain hardening regime, since there is a general loss of stiffness 
with increasing stress. However, in a strain softening regime, where the strength is 
decreasing with increasing strain, stress is lower but lower β .was observed. 

4.7 Expected Maximum Event Size 

4.7.1 What Is Pmax . or mmax . 

In earthquake seismology, mmax . or logPmax . is the maximum magnitude, or 
potency, earthquake that a given seismogenic region can deliver (e.g. McGarr, 1976;
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Ward, 1997; Kijko, 2004; Pisarenko et al., 2008). In regions where the association 
of earthquakes and geological structures is evident, one can assume that the largest 
event will occur on one of these structures. The estimate of mmax . can then be 
made based on the mapped fault length and geological record of displacement or 
from the empirical relation between the observed magnitudes and the source size. 
Alternatively, it can be estimated by numerical modelling of stresses. In regions 
where connection between geological structures and past earthquakes is less clear, 
the possible location of a future largest event is uncertain, and the mmax . needs to be 
estimated from past observations. 

Having an adequately long catalog of data, the problem of estimating the 
maximum possible potency or magnitude of an earthquake in a given area may be 
reduced to finding the truncation point of the observed distribution of past events 
(Robson & Whitlock, 1964; Cooke, 1979; Van Der Watt, 1980; Kijko & Singh, 
2011). In such a case, the complex details of the data on small and intermediate 
events are less important. However, all estimates of mmax . are highly uncertain, and 
the upper bounds of the confidence intervals are acceptable only if reliable data 
over a long time interval, including several earthquakes with magnitudes close to 
mmax ., are available (Zoller & Holschneider, 2016). The assessment of the maximum 
magnitude of a fluid injection-induced earthquake was described by Zoller and 
Holschneider (2014) and Zoller (2022). 

In mines, the geology of the ore body and of the surrounding rock mass is 
reasonably well explored, and therefore, the maximum possible event size can 
be estimated by numerical modelling, assuming a complete stress drop on the 
main geological structures at different mining steps, i.e. different extraction ratios 
or times, or a complete failure of pillars at different mining steps, i.e. different 
extraction ratios or times. However, the estimate of reliable mmax ., defined as the 
maximum possible event size during the life time of a mine, from the seismic 
catalogue only is not possible. 

At best, it can be guesstimated from the empirical relation between the footprint 
of a mine and the maximum observed event size. The main reason for the difficulty 
is that, unlike in a tectonic regime, the rate and the spatial and temporal distribution 
of loading in mines are highly variable, and this may have significant influence on 
the size distribution of seismic events, and therefore on seismic hazard. In addition, 
there are two opposing forces at work. 

On one hand, an increase in extraction ratio and consequently the degradation 
of rock mass stiffness create conditions conducive for larger events to occur. On 
the other hand, to manage the situation, mines alter the way of mining. There are 
examples where, after changes to mine layout and/or the introduction of backfill, 
seismic hazard decreased. Therefore, mmax . or Pmax . associated with mining is not 
a fixed parameter and needs to be estimated periodically as mining progresses. It is 
the next mmax . or Pmax .which can be estimated and that needs to be managed. 

Size of aMine and theMaximumEvent Size In the absence of tectonic forces, the 
size of the largest possible event induced by mining scales approximately with the 
characteristic size of the mine, L. The upper bound relation between the maximum
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magnitude and the linear size of the mine is mmax = 2.0 logL − 2.0. (McGarr et al., 
2002). For L = 1500. m, there is a potential for moment-magnitude mHK = 4.3. 
(or logP = 5.07.). For L = 2500. m, the maximum mHK = 4.8. or logP = 5.82. 
( logPmax = 1.5mHK −1.38.). There are many mines with characteristic dimension 
L ≥ 1500.m that did not generate seismic events of that size. 

However, there is also a case where mining triggered an event along an inter-
secting geological structure which was considerably larger than the characteristic 
size of the mine. It is speculated that this is more likely in the presence of tectonic 
horizontal stresses. If mining takes place in an active tectonic regime, then the 
maximum possible event size within the mine could be the same as the maximum 
possible size earthquake in the area. 

4.7.2 Balance of the Effective Volume Mined and Pmax . 

If we assume that the extraction of rock, the backfill placement, and the seismic 
and aseismic deformation take place within the volume . at discrete times, 
then one can construct the following step function that reflects a balance of 
inelastic deformation, B (t) = Vm (t) − Vb (t) − VP (t) − Va (t)., where: Vm (t) =

ti≤t Vm (ti − ti ). is the volume mined to date, . is the Heaviside function, 
= 0. if t < 0., and = 1. if t ≥ 0., Vm (ti). is the volume mined at ti ., 

Vb (t) = tj ≤t cb (t) Vb tj t − tj . is the volume of backfill placed to date, 

where Vb tj . is backfill placed at tj ., Vmeff (t) = Vm (t) − Vb (t). is the effective 
volume mined to date, cb (t). is the efficiency of backfill that corrects for shrinkage 
and compaction, VP (t) = γ0 tk≤t P (tk − tk). is the volume reduction due to 
seismic inelastic deformation to date, P (tk). is the seismic potency of the event at 
time tk ., PI (tk). is the isotropic component of the potency P (tk)., γ0 = PI (tk) /P (tk). 

is the portion of the isotropic component of the total potency associated with seismic 
activity, which for events close to excavation faces is 0.6 ≤ γ0 ≤ 0.9. (McGarr, 
1993), Va (t) = γa tl≤t P (tk − tk). is the volume of aseismic inelastic 
deformation to date, spatially and temporarily synchronous with seismic activity, 
where 0.1 ≤ γa = Pa (tk) /P (tk) ≤ 0.25., and Pa (tk). is the aseismic potency at tk .. 

The balance function can now be finally written as B (t) = Vmeff (t) −
γ tk≤t P (tk − tk)., where γ = γ0 + γa .. 

Scenario 1 Collapse type closure. Here the current deficit of deformation B (t). is 
to be closed in a single large seismic event, which may or may not fit to the observed 
power law size distribution. This can be considered the worst-case scenario. 

However, history shows that it is possible to engineer such a pathological mining 
layout that at some stage it collapses during one large complex seismic event. 
Without external loading, the maximum potency of such an event would be limited 
to Pmax (t) = B (t).. 

Scenario 2 Power law deficit closure. The deficit of deformation is closed due 
to seismic activity with a power law size distribution. In this case, Pmax . can be 
estimated from B (t) = Vmeff (t) − γ tk≤t P (tk − tk)., by replacing the
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sum of seismic potency by a model of potency production derived from the size 
distribution, B (t) = Vmeff (t) − P

1−β
max · γαβ/ (1 − β).. By setting B (t) = 0., one 

can now calculate the Pmax . of the potency frequency distribution that would have 
closed the deficit of deformation 

. Pmax (t) = 1 − β

γβ
· Vmeff (t)

α

1
1−β ⇒ log

Pmax = 1

1 − β
log

1 − β

γβ
· Vmeff (t)

α
, (4.26) 

where α . is the number of seismic events with logP ≥ 0.. Similar equations were 
derived by Wyss (1973), Smith (1976), McGarr (1976), and Molnar (1979)  to  
estimate the expected maximum magnitude of earthquakes, and by McGarr (1984) 
for mines. 

The interpretation of this equation is straightforward, namely, Pmax (t). increases 
with the effective volume mined. For given Vmeff (t)., the more seismic and aseismic 
potency has been produced to date, i.e. higher α .,  lowe  r β . and higher γ .,  the  less  
there is to be produced to close the deficit, therefore, the lower Pmax (t)..  One  way  t  o
reduce Pmax ., at least temporarily, is to manage the heterogeneity of the seismogenic 
volume. Such heterogeneous systems are stiffer and, for a given Vmeff ., maintain 
higher β . for longer and deliver lower Vmeff /α ., therefore lower Pmax ., see Fig. 4.13. 

Relation (4.26) is based on a few assumptions that may limit its application. 
Firstly, it implies that one knows the total potency produced due to mining in a 
given area. In practice, however, one can at best account only for that portion of 
seismic potency which has been released since the introduction of the monitoring 
system. Secondly, it assumes that the only stress acting in the area is the one induced 
by the particular volume mined, which may not be the case in scattered mining 
scenarios or in the presence of tectonic stresses. Then the effective volume mined 
Vmeff (t).may be smaller than P

1−β
maxo · γαβ/ (1 − β)., where Pmaxo . is the maximum 

observed potency. Misfitting the power law may also result in the balance B (t). 

being negative. 

Fig. 4.13 logPmax Vmeff /α . (left) and logPmax (β). (right)
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4.7.3 Order Statistics: Pmax .—The Upper Limit to the Next 
Largest Event 

Order statistics represent the characteristics of a sample after it has been 
ordered, usually from the smallest observation to the largest observation. 
For P1 .,. . . ,  Pn ., random potencies P(k) . is the kth smallest, called the kth 
order statistic, P(1) = min (P1, . . . , Pn). and P(n) = max (P1, . . . , Pn)..  Le  t
P(1) = Pmin .,. . . ,P(n) = Pmaxo < Pmax ., be the order statistics of a random 
sample of seismic potency of size n from a population with a continuous 
distribution function. The question here is: What is the Pmax .—the estimator for 
the upper bound of this random variable? The probability that any potency is 
not greater than some P is, by definition, the cumulative distribution f unction,
Pr (< P ) = F (P )., but the probability that Pmax . is not greater than P 
is Pr (Pmax < P ) = FPmax (P ) = Pr (P1 < P, P2 < P, ..., Pmax < P ) =

n
i=1 Pr P(i) < P = [F (P )]n .. The probability density function here is 

dFPmax /dP = fPmax (P ) = n [F (P )]n−1 f (P )., where f (P ) = dF (P ) /dP ..  The  
mean value of the distribution function FPmax (P ). is obtained after integrating by 
parts, Pmax

Pmax

Pmin
P dFn

max (P ) = Pmax − Pmax

Pmin
F n

Pmax
(P ) dP ., and therefore 

the estimator of Pmax . can be taken as 

. Pmax = Pmaxo +
Pmaxo

Pmin

F n
Pmaxo

(P ) dP = Pmaxo +
n−1

i=1

i

n

n

P(i+1) − P(i) ,

(4.27) 
where FPmaxo (P ). is the empirical distribution function based on order statistics, 
FPmaxo (P ) = i/n.,  for P(i) ≤ P ≤ P(i+1) . and for i = 1.,...,n−1., FPmaxo (P ) = 0. for 
P < Pmin ., and FPmaxo (P ) = 1. for P ≥ Pmaxo ., and dP = P(i+1) − P(i) . (Cooke, 
1979). Rearranging the summation gives 

.Pmax = 2Pmaxo −
n−1

i=0

Pmaxo−i 1 − i

n

n

− 1 − i + 1

n

n

, (4.28) 

where for i = 0Pmaxoi−1 . is the second largest observed potency, for i = 1. the 
third largest observed potency, and so on. For large n, i.e. limn→∞ (1 − i/n)n =
exp (−i). and limn→∞ [1 − (i + 1) /n]n = exp (−i − 1)., it can be simplified to 

.Pmax = 2Pmaxo − 1 − 1

e

n−1

i=0

e−iPmaxo−i . (4.29) 

As expected, the estimator of the upper bound of a random variable is a function of 
the differences of its largest observations, Pmaxoi − Pmaxoi−1 ., and only the first few 
differences are significant in estimating Pmax ..
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The estimate can also be made on log-order statistics, i.e. logP(1) .,..., logP(n) ., 
which is slightly more conservative, since logP log ( P ).. Then Eq. (4.28) 
gives 

. logPmax = logPmaxo + logPmax, (4.30) 

where logPmaxo . is the maximum observed logP . and logPmax . is the maximum 
expected jump from the history of observed jumps in record logP ., 

. logPmax = 2max logPmaxo)

−
n−1

i=0

1 − i

n

n

− 1 − i + 1

n

n

logPmaxo−i . (4.31) 

The order statistics estimate of Pmax . or logPmax . is independent of the underlying 
probability distribution, and therefore, one can make a reasonable estimate even if 
the data does not conform to any accepted potency frequency power law. 

Note that in most cases seismic systems are installed in operating mines, and 
therefore a part of the history of seismic records is missed. It is very likely then to 
record larger record jumps at the beginning of the monitoring period that may not 
reflect the true history of record breaking events. If included in calculations, these 
false large record jumps will overstate hazard and need to be ignored. Initially, this 
introduces a degree of discretion, but it fades with time as new records occur. 

Figure 4.14 left shows the history of record breaking logP . in MineD. The 
data set, called here DataSet1, starts on 07 September 2007 and ends on 13 June 
2012, just after the largest event with logP = 2.24. (mHK = 2.41.), and includes 
2281 events with logP ≥ −1.0 (mHK ≥ 0.25).. Search for the first record started 
from the mean of all logP ≥ 0.5., which was logP = 0.88., and delivered eight 
forward counting records. The expected upper limit of the next record breaking 
event estimated by Eq. (4.30) delivered logPmax = 2.684.. Table 4.1 lists logP . 

Fig. 4.14 History of the record breaking events and the estimated range of logPmax . for MineD 
based on two overlapping data sets, DataSet1 (left) and DataSet2 (right)
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Table 4.1 List of eight forward counting logP . records and eight largest logP . events at MineD 
over the period 07 September 2007 to 13 June 2012 

Record logP . 1.05 1.07 1.14 1.16 1.20 1.44 1.82 2.24 

Largest logP . 1.45 1.46 1.47 1.51 1.53 1.65 1.82 2.24 

and mHK . of all eight forward counting records and the eight largest events. Note 
that the largest events are not necessarily records. 

Figure 4.14 right shows the history of record breaking logP . in the same mine 
for the period 07 September 2007 to 07 July 2013, called here DataSet2, which is 
388.8 days longer than DataSet1, and stops just after the next record breaking event 
on 07 July 2013 with logP = 2.61 (mHK = 2.66).. The new record logP = 2.61. 
is close to the upper limit of the predicted range 2.24 ≤ logP ≤ 2.684.. 

4.7.4 Record Statistics—The Next Record Breaking Event 

A record is an entry in a chronological sequence of data that exceeds all previous 
entries. Let us ask the following question: Given a set of random observations in 
time, how often will the record value be surpassed? In a sequence Pj . for j = 1., 
2,.., n of real independent and identical distributed variables in a time series, a 
record breaking high occurs at k if Pk = maxj≤k Pj .. P1 . is always a record. 
The probability that a record high, or low, occurs at j is 1/j . The probability of 
having exactly k records in n samples can be calculated by a recursi ve formula,
Pr (k, n) = (1 − 1/n) Pr (k, n − 1) + (1/n) Pr (k − 1, n − 1). for k ≥ 1. and 
n ≥ 2. with the initial values Pr (k = 0, n > 1) = 0. and Pr (k = 1, n = 1) = 1., 
see Fig. 4.15 dashed lines. For larger sample size n, the asymptotic result gives 
Pr (k, n) = [ln (n)]k−1 / [n (k − 1)!].. The probability of having at least k records in 
n samples then is Pr (≥ k, n) = 1 − k

j=1 Pr (k, n)., see Fig. 4.15 solid lines. 
The expected number of records high (or low), Nrb .,  is n

j=1 (1/j)., which is 
a harmonic sequence that grows without bound, though rather slowly. The proof 
that harmonic sequences diverge was provided by Oresme (c.1323 - 1382) in the 
fourteenth century that was published only in fifteenth century by Johannes de 
Sancto Martino, Oresme, 1482. This supports the idea that any record can be beaten, 
but the time for this becomes longer and longer with the increasing number of 
records. For large n, the number of records can be approximated by Nrb (n)

ln (n) + 0.577215., and the variance V ar (Nrb) = n
j=1 (1/j) − 1/j2 ≈

ln (n) − 1.0677. (Table 4.2). 
The observed frequencies of record highs (or lows) can be used to infer whether 

or not the data set is random. The number of record breaking events can be 
determined both with time running forwards and with time running backwards. If 
future samples behave like earlier samples, then the number of records calculated 
forwards would be equal to the number of records calculated backwards. Statisti-
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Fig. 4.15 Probabilities of having exactly k records, Pr (k, n)., dashed lines, and at least k records, 
Pr (≥ k, n)., solid lines, in n observa tions

Table 4.2 The expected 
number of records in n 
independent observa tions

n 101 . 102 . 103 . 104 . 105 . 106 . 

Nrb . 2.93 5.19 7.49 9.8 12.1 14.4 √
V ar . 1.17 1.88 2.42 2.85 3.23 3.57 

cally significantly more forward record breaking events signify an increased hazard 
and more backward records indicate that hazard is abating. The record sequence is 
distinctly non-stationary with increasing time, i.e. it becomes exponentially harder 
to beat the current record. 

If Pmaxo . is the maximum potency in a data set of n observations, then, for a 
random data set, the probability of having a larger potency in the next nn . new 
observations is Pr(> Pmaxo, nn) = nn/ (n + nn)..  For  large  n, the number of 
new observations needed to beat the current record with probability Pr. is given 
by nPr = n · Pr / (1 − Pr).. So, there is 60% probability of beating the current record 
in 1.5n. new observations. 

4.7.5 The Expected Next Record Breaking Potency 

Suppose that the selected data set on seismic potency is distributed according 
to the upper truncated (UT) power law with probability density function 

f (P ) = βP −β−1/ P
−β
min − P

−β
max ., where Pmin ., Pmax ., and β . are parameters. 

The first randomly selected potency is, by definition, the first record breaking 
event, and it will most likely be the mean value of that distribution, Pnrb(1) =
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[β/ (1 − β)] P
1−β 
max − P

1−β 
min / P

−β 
min − P

−β
max . for β 1.,  o  r Pnrb(1) =

ln (Pmax/Pmin) / P −1
min − P −1

max . for β = 1.. The value of the second record 

breaking event will be the mean value of that portion of that distribution that 
lies beyond the first record, Pnrb(2) = Pmax

Prb(1)
Pf (P ) dP/

Pmax

Pnrb(1)
f (P ) dP ., and 

proceeding recursively, the relation between successive typical record potencies can 
be given by 

. Pnrb(k) =
β P

1−β
max − P

1−β

nrb(k−1)

(1 − β) P
−β

nrb(k−1) − P
−β
max

or Pnrb(k) = ln Pmax/Pnrb(k−1)

P −1
nrb(k−1) − P −1

max

,

(4.32) 

for β 1. (left) and β = 1. (right), and for k = 2, 3, ...,. where Pnrb(k−1) . is 
the potency of the previous (or the last) record breaking event (Mendecki, 2012). 
Note that Pnrb(k) . given by Eq. (4.32) are not particularly sensitive to changes in β .. 
Applying a similar procedure, the next record breaking potency for the OET relation 
is 

. Pnrb(k) = Pnrb(k−1) + P
β

nrb(k−1)P
1−β
c exp Pnrb(k−1)/Pc Γ 1 − β,

Pnrb(k−1)

Pc

.

(4.33) 

Figure 4.16 shows the histories of records breaking logP . in MineD, as in 
Fig. 4.14, and the estimated expected next record logP . assuming the UT power 
law distribution, in red, and OET distribution in green. 

The power law exponent for the UT distribution of DataSet1 is β = 0.949. 
and for the OET β = 0.951.. For DataSet2 the respected values are β = 0.941. 
and β = 0.942.. Assuming the UT distribution, the expected next record breaking 
logPnrb = 2.45. for DataSet1 and logPnrb = 2.81. for DataSet2. Assuming the 
OET distribution, the logPc = 1.85. and the logPnrb = 2.36. for DataSet1 and 
logPc = 2.41. and logPnrb = 2.77. for DataSet2. 

Fig. 4.16 History of the record breaking events and the estimated range of logPnrb . for MineD 
based on two overlapping data sets assuming UT, in red, and OET distribution in green
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Fig. 4.17 Cumulative number of unbinned data vs. logP . for the first (left) and second data sets 
(right) in MineD. The three fits marked by black red and green solid lines are described in text 

Since it has been published in Mendecki (2012), the method has been applied to 
data sets from a number of mines in Australia, Africa, South America, Canada, and 
Europe and, with a few exceptions of extreme outliers, delivered reasonable results. 
Recently the method has been applied to injection-induced seismicity by Cao et al. 
(2020) and Verdon and Bommer (2020). 

Figure 4.17 left shows the cumulative number of unbinned data vs. logP ≥ −1.0. 

for DataSet1, where colour indicates the time of the event, with three fits. (1) The 
upper truncated (UT) potency frequency relation assuming logPmax = 2.684. and 
the respective α = 257.612. and β = 0.949., in black. (2) The upper truncated 
(UT) potency frequency relation assuming logPmax = 2.45. and the respective α =
258.312.and β = 0.948. in red. (3) The OET one with the soft upper cut-off logPc =
1.85. and the respective α = 256.594. and β = 0.951., in green. The blue straight line 
represents the OE power law and is given as a reference. The light grey vertical 
spikes below the data illustrate what would be the empirical pdf if the data was 
binned with bin size 0.05. The dashed grey lines on both sides of the UT power law 
fit indicate 95% confidence limits, see Eq. (4.18). 

Figure 4.17 right shows the cumulative number of unbinned data vs. logP ≥
−1.0. for DataSet2 with the three fits. (1) The upper truncated (UT) potency 
frequency relation assuming logPmax = 3.04. with the respective α = 324.356. 
and β = 0.941. in black. (2) The upper truncated (UT) potency frequency relation 
assuming logPmax = 2.81. with the respective α = 324.816. and β = 0.94. in red. 
(3) The OET one with the soft upper cut-off logPc = 2.41. with α = 323.68. and 
β = 0.942., in green. 

4.7.6 Rank Plot 

Rank plot of seismic potency, or energy, is a presentation of the potency, or energy, 
frequency data but with flipped axes, where logP . is on the vertical axis and rank,
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Fig. 4.18 Rank-ordered logP .before shifting (left) and after with the estimated range of logPnrb . 
(right) 

or N (≥ logP). on the horizontal axis. The statement that “the nth largest event has
logP .” is equivalent to “there are n events greater or equal to logP .”. Inverting the 
axes also inverts the exponent from β . to 1/β .. 

Rank statistics is a useful tool to test the continuity of the power law size 
distribution over the entire range of available data and to estimate the next record 
breaking event size, logPnrb ., in cases where a small number of largest events 
deviate from the assumed power law (Sornette et al., 1996). 

Firstly, all events are ranked so the largest logP . observed, logPmaxo .,  is  in  
rank 1, the second largest, logPmaxo−1 ., in rank 2, the third largest logPmaxo−2 . 

in rank 3, et cetera. Note that the ranked series of events will almost never be in a 
chronological order. The rank-ordering plot depicts logP . vs. the logarithm of the 
rank. Then, the largest observed event, logPmaxo ., is shifted to rank 2, the second 
largest observed event, logPmaxo−1 ., to rank 3, and so on. A fit to the first n largest 
events in the shifted rank-ordering plot extrapolated to n = 1. gives the estimate 
of the logPnrb . event. The logPmax . is defined as the upper 95% confidence limit 
of logPnrb .. The choice of n depends on the structure of the rank-ordering plot. If 
the rank-ordering plot has two branches, the cross-over point would be the obvious 
candidate to select n. In most cases studied, the cross-over point is 10 ≤ n ≤ 50., 
and therefore, logPnrb . is constrained by a small number of the largest events. 

Figure 4.18 left shows the rank plot of logP . recorded at a mine where one can 
differentiate the two branches of the data and to illustrate the method. The cross-
over point is assumed at the 6th largest event. Before shifting, the least square fit to 
the largest six events gives α = 24.12. and β = 0.44.. 

Figure 4.18 right shows the rank plot of logP . of the same data set after shifting. 
The least square fit to the six largest events gives α = 17.62. and β = 0.30., which 
at the intersection with rank 1 gives logPnrb = 4.12 ± 19.5., and therefore one can 
assume the upper limit of logPnrb = logPmax = 4.51.. 

Note that in this case the upper branch has a steeper slope, i.e. lower beta in the 
size distribution than the lower branch, which is the opposite to what is expected 
for tectonic earthquakes. It frequently happens during the end of mining operations 
when the extraction ratio is high and/or when mining approached larger geological 
structures with the shear strength comparable to induced stresses.
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Chapter 5 
Time Distribution and S eismic Hazard

Abstract This chapter starts with the time characteristics of seismic activity, the 
coefficient of variation, and proportional variability and progresses to stationary 
Poisson processes, probabilities of exceedance, and mean recurrence times. In this 
section, there are two practical examples. The first one compares seismic hazard 
between three mines with different volumes of rock extracted over the same time 
period at different depths, and it is done in the logE domain. It shows the utility 
of plotting the cumulative potency vs. the cumulative volume of rock extracted as 
an indication of seismic hazard. The second example compares the seismic hazard 
characteristics o f two mostly overlapping seismic and rock extraction data sets
selected from the same mine, and it is done in the logP domain. Having partial
data on the volume of rock extraction, it postulates that apart from increasing
extraction ratio, the more concentrated production blasting at greater depth may
have contributed to the observed increase in seismic hazard.

The rest of this chapter is dedicated to the seismic rock mass response to step 
loading, mainly by production blasting and by larger seismic events. Seismic rock 
mass response to blasting is driven strongly by the stress level in rock surrounding 
the blast and by the volume of rock blasted. In most cases, rock extraction by 
blasting induces and triggers seismic events immediately and in close proximity to 
the blast. In some cases, the rate of activity follows typical aftershock sequences that 
can be described by the simple Omori law or by the stretched exponential relaxation
function. Here, the non-stationary Poisson process needs to be invoked to assess the
probabilities of having larger events during the aftershock sequences. Two examples
of seismic hazard assessment after large events are presented.

In practice, mines frequently group blasts to optimise the required exclusion time 
after blasting. It is important then to schedule blasting sequences to limit the overlap 
of seismic relaxation. If larger blasts are too frequent and/or too close to each other, 
i.e. if the next blast is still during the excitation phase of the previous one, it may 
push a larger and larger part of the system into the sub-critical stage. There is also the 
possibility that such blasting may induce a l arger seismic event that would not have
happened otherwise, as opposed to advancing the clock for events that are almost
ready to be triggered. This issue is addressed in the section Seismic Rock Mass
Response and Blasting Sequence, where the defined proximity index may help to
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test whether the preferred time differences and distances between blasts sequence 
of a planned sequence are at a n acceptable level.

5.1 Time Characteristics of Seismic Activity

Stationarity is a property of an underlying stochastic process, and not of observed 
data. They would be characterised by a constant mean and a constant standard 
deviation. Non-stationary processes have statistical properties that are deterministic 
functions of time. All natural processes are non-stationary, and therefore, the 
question is w hether the underlying non-stationarity is strong enough to justify
building a complex deterministic model of the process. In many cases over longer
time, a simple stationary stochastic model may represent the process adequately.

A renewal process is a point process characterised by the fact that the successive 
inter-arrival times are distributed with the same probability density function. A Pois-
son process is a renewal process in which the inter-arrival times are exponentially
distributed, f (t) = λ exp (−λt)., where the rate of events, λ., is constant. In general, 
the superposition of a number of mutually independent renew al processes converges
to Poisson process.

A homogeneous Poisson process results in a random series of events occurring
at a constant rate, λ., in time or at a constant density in space. It is characterised by 
independence, stationarity, and orderliness. Independence means that the occurrence 
of a given event is not influenced by the occurrence of any other event in the
group—they are not correlated. Stationarity means that the rate λ., or the underlying 
probability distribution, is constant over time or space, but it does not mean that all
time or space intervals are equally likely.

While in a Poisson process occurrences are very irregular, the probability of an 
event remains constant regardless of how much time elapsed since a previous event. 
Orderliness precludes the possibility of multiple events at a single point in time or
space or the possibility of an infinite number of events in a finite interval of time or
space.

Over the short term, small seismic events in mines tend to occur in clusters in 
space and in time in response to rock extraction. Such processes are neither station-
ary nor independent. However, if a number of such processes are superimposed over 
a longer time and over a lar ger area, the outcome may not be far from Poissonian.
Assumption of stationarity is very useful because it facilitates statistical analysis
where probabilities are well defined as limits of frequency of occurrence.

Larger seismic events in mines are less clustered in time and in space than smaller 
events. Hence, the Poisson process may provide an asymptotic fit to the distribution 
of larger events in the time or volume mined domains. However, there are cases 
where larger events are clustered in time, specifically at the later stages of mining
when the extraction ratio is higher and mining is deeper. While stationary models
may apply to the intermediate and long term hazard assessment, over the short term
one needs to resort to non-stationary models.
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Note that in mines the main problem in analysing the spatial and temporal 
characteristics of seismicity is gaps in the data mainly due to frequent power failures. 
Therefore, it is advisable t o test the continuity of data and, in some cases, split data
into uninterrupted sections.

5.1.1 Coefficient of Variation and Proportional Variability

Coefficient of Variation In 1896, Pearson introduced a number of statistical 
measures, among them the coefficient of variation, Cv ., as the ratio of the standard 
deviation to the mean. For the data set x = x1, ..., xn ., 

.Cv = sd

x
= 1

n

n

i=1

(xi − x)2/
1

n

n

i=1

xi = 1

n

n

i=1

xi − x

x

2

, (5.1) 

where sd . is the sample standard deviation and x . is the sample mean. If t1 ., t2, . . . , tn . 

are the times of n consecutive seismic events and td = t2 − t1 .,..., tn − tn−1 . are t he
n − 1. respective time differences between them, then Cv (t) = sd (td) /td . can be 
used to test for the time distrib ution of these events.

The time distribution of seismic activity can be either random, quasi-periodic,
or clustered. If Cv (t) 1., the process is close to periodic oscillations, and if
0 < Cv (t) < 1., the process is quasi-periodic. For a Poissonian process, where 
the standard deviation is equal to the mean, Cv (t) = 1.. For a c lustered process
,Cv (t) > 1.. For a power law distribution of inter-event times, the clustering takes 
an extreme form, and the mean inter-occurrence time, the standard deviation, as well 
as the coef ficient of variation tend to infinity as the observation time increases. This
form of clustering is called fractal.

Note that the fact that in a Poisson process the time intervals between events 
of a given size are exponentially distributed means that short intervals are more 
probable than long ones and events tend to cluster in small groups, separated by 
longer spacings. This apparent clustering does not indicate any greater dependence
between the closely spaced events than between the more distant ones. In statistical
physics, the stationary Poissonian process is considered as a prototype of disorder.

If the inter-event time distribution for events greater than logP . is thin tailed, e.g. 
the periodic, uniform, semi-Gaussian, and the stretched exponential with exponent
q > 1.0., then the longer it has been since the last event of that size the shorter the 
expected time till the next one. However, if this distribution is thick tailed, e.g. the
power law or the stretched exponential with exponent q < 1.0., then the longer it has 
been since the last event of that size the longer the expected time till the next one
(Davis et al., 1989; Sornette & Knopoff, 1997). The case Cv (t) = 1. is memoryless; 
therefore, the expected time until the next event greater than or equal to logP . is 
independent of time.
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In practice, we have a data set of n events with time span = tn − t1 ., all above 
a  given logPmin ., and wish to calculate the coefficient of variation of events Cv (t). 

of events with logP ≥ logPmin .. In this case, the time difference ≥ logP) =
tn (≥ logP) − t1 (≥ logP). may be significantly smaller than = tn − t1 ..  This  
underestimates the mean recurrence intervals; therefore, it overestimates seismic 
hazard and needs to be corrected. One way to correct is to “stretch” the observed
inter-event times by (≥ logP)., so that they would sum to .. 

The coefficient of variation is not a perfect measure of clustering, and it has its 
drawbacks: (1) It is problematic when the data are both positive and negative. (2) 
When the mean value is near zero, the coefficient of variation is sensitive to small 
changes in the mean, limiting its usefulness. (3) It lacks an upper bound; therefore, 
it is difficult to interpret. (4) It does not identify the timescales invo lved, so it is
always useful to quote the mean as a reference. (5) It is sensitive to outliers. (6)
The estimate of the coefficient of variation is a negatively biased quantity, and the
bias increases as the sample size decreases. Haldane (1955) derived a s mall sample
correction, Ĉv = Cv [1 + 1/ (4n)]., but this correction is always smaller than the 
expected error. Kvalseth (2016) proposed the ratio,

.Cv2 = sd
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= 1
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i=1

(xi − x)2/
1
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n

i=1

x2
i = s2d

s2d + x2
, (5.2) 

called the second order coefficient of variation which has the following properties. 
(1) It is well defined for all real-valued variables and data. (2) Takes values between
(0, 1). and Cv2 = 0. if sd = 0. and Cv2 = 1. only if x = 0.. (3) It is less affected 
by outliers and less sensitive to changes in the mean. For a Poissonian process, the
Cv (t) = 1. and Cv2 (t) = √

1/2 = 0.7071.. 

Proportional Variability The proportional variability, Pv ., is quantified by compar-
ing the numbers with each other, requiring no assumptions about central tendency or 
underlying statistical distributions, i.e. it is non-parametric. Like the Cv ., it provides 
a summary of variation where the chronology of the data is irrelevant. For a g iven
data set of n non-negative values xi ≥ 0., there are nk = n (n − 1) /2. combinations 
of xi, xj . for which one can calculate the relative difference D xi, xj ., 

.Pv = 1

nk nk

D xi, xj , (5.3) 

where D xi, xj = 0. if xi = xj . and D xi, xj = xi − xj /max xi, xj =
1 − min xi, xj /max xi, xj ..  The Pv . varies between 0 and 1, it is the average 
percentage difference between all combinations of observed differences, therefore,
unlike theCv ., it is independent of the deviation from the mean, and it is less sensitive 
to outliers. It has also been shown that the Pv . is more accurate than the coefficient 
of variation at estimating long term variability from short term data (Heath, 2006).
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If the data is constant, Pv = 0., the time series is a simple horizontal line. The
inverse of Pv . can be interpreted as stability; therefore, Pv = 0. would represent 
complete stability. If there is variability, the ordered series will be increasing and 
its steepness indicating the extent of variability. If the ordered series is linearly
increasing, then Pv = 0.5..  If Pv > 0.5., the values in the ordered series are 
increasing in a non-linear w ay.

For a continuous probability distribution f (x). of a non-negative real variable x, 
the proportional variability is defined as Pv = 1 − 2 ∞

0
∞
xi

xi/xj f (xi) f xj . 

dxjdxi .. For the uniform distribution, f (x) = 1/ (b − a)., with the width w =
(a − b) /2., the standard deviation, sd = (b − a) / 2

√
3 ., and the coefficient of 

variation, Cv = (b − a) /
√
3 (b + a) ..  For w (a + b) /2.,  the Pv . is very similar 

to Cv ., and for a = 0.,  the Cv = 1/
√
3 = 0.577., and the Pv = 0.5..  For  the  

exponential distribution, λ exp (−λx)., the coefficient of variation Cv = 1., and the
Pv = 2 (1 − ln 2) 0.6137..  The Pv . can be calculated even when a mean is not 
defined, e.g. in case of the OE power law, f (P ) = dF (P ) /dP = βP

β
minP

−β−1
., 

where Pv = 1/ (1 + β)., for an y β . and irrespective of Pmin .. As expected, the low er
the exponent β ., the higher the variability.

Example 1 Figure 5.1 shows the time histories of logP . in a mine over 5 0 months
for logPmin = −2.5. and logPmin = −0.5.. The coefficient of variation for 
39044 events with logPmin = −2.5. is 2.31, which indicates relatively strong time 
clustering, and for 983 events with logP ≥ −0.5. is 1.29, which is not far from 
Poissonian. The second order coefficient of variation, Cv2 ., dropped from 0.92 to 
0.79, and the proportional variability, Pv ., dropped only a fraction from 0.73 to 0.73. 
However, there are cases in mines where larger events are clustered.

Example 2 Figure 5.2 shows the time clustering of two short time sequences of
150 seismic events with − 1.0 ≤ logP ≤ 1.0.. 

Fig. 5.1 Time histories of logP . in a mine over the time span of 2130 days for two different
thresholds of logPmin = −2.5. and logPmin .= − 0.5.
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Fig. 5.2 Two time sequences of 150 seismic events simulated by the exponential distribution a nd
the respective empirical survival functions with constant τ = 1.0. for q = 1.0. (left column) and by 
the stretched exponential distribution with q = 0.35. (right column) 

Both are simulated by the stretched exponential distribution, f (t) =
(q/τ) (t/τ )q−1 exp − (t/τ )q ., with τ = 1.0.. The first one with q = 1.0. that 
gives the exponential distribution of the inter-event times with Cv = 1., Cv2 = 0.71., 
and Pv = 0.6.. The second one with q = 0.35. which delivers a thick tail power law 
type distribution in time, therefore strongly clustered with Cv = 3.02., Cv2 = 0.95., 
and Pv = 0.83.. 

The empirical survival function, Pr (≥ t)., for the data set that simulates the 
exponential distribution is linear for the entire domain of inter-event times, and 
probabilities of outliers are low. However, the clustered data set with Cv = 3.02. 
delivers a highly non-linear survival function with much higher probabilities of 
extreme i nter-event times.

5.2 Intermediate Term Hazard

The mean recurrence interval between events above a certain potency estimated 
over the period of time . is t̄ (≥ P) = (≥ P)., where . is the time span 
of data used and N (≥ P). is the number of events not smaller than P over that 
time. Seismic activity rate for these events is then 1/t̄ (≥ P).. The mean volume 
mined between events above a certain size during extraction of Vm . volume of rock 
is V̄ (≥ P) = Vm/N (≥ P).. The number of events, N (≥ P)., per unit of volume of 
rock extraction is 1/V̄ (≥ P).. Note that the terms “mean inter-event time”, “mean
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recurrence interval” may be deceptive since in many cases the dispersion from the 
mean, as measured by the standard deviation, is comparable with the mean value. 
If the standard deviation of the observed recurrence intervals is less than 50% of 
the mean recurrence interval, then the seismic behaviour may be assumed to be
periodic rather than episodic, and calculated probability estimates can be considered
reasonable. For a very short time interval into the future, t̄ (≥ P).,  the  
probability of having an event with potency not smaller than P can be estimated
as Pr(≥ P) t̄ (≥ P).. The calculated recurrence interval or the mean volume 
mined that stretch well beyond the span of the data set . or Vm . should be treated 
with caution.

5.2.1 Homogeneous Poisson Distribution

The Poisson distribution can be used to forecast the number of random events in a
future time, .. There are two random variables that arise from a Poisson process: 
(1) the number of events in a given time interval, which is a discrete variable, (2) the 
time until the occurrence of the first event, which is a continuous variable. Having
a single event in the time interval ., the probability of finding this e vent in the
sub-interval = t2 − t1 . is ..  Having  n events in ., the activity rate is
λt = ., the recurrence time t̄ = ., and the expected number of events in

. is = n ( ) = λt .. The probability that exactly N < n. events 
can be found in the interval . is given by the binomial distribution,

.Pr ( ) = n! [ /n]N {1 − /n}n−N / [N ! (n − N)!] . (5.4) 

The mean of the binomial distribution is ., and the v ariance is
(1 − )., i.e. the variance is less than the mean. F or large n and small

., the binomial distribution can be approximated by Poisson distribution,

. Pr ( ) = [ ]N

N ! exp [− ] =
t̄

N 1

N ! exp − t̄ ,

(5.5) 
with the mean value and the variance equal to λt = . and the coefficient 
of variation Cv = 1/ (λt .. Note that Pr N = 1, t̄ = 0.37.. 

The probability that there will be no events in . is Pr (N = 0 ) =
exp (− )., and the probability that there will be at least one event is

= Pr (N ≥ 1 ) = 1 − exp (− )., which is the exponential 
distribution with the mean 1/λt . and the variance 1/λ2t ., and therefore, the coefficient 
of variation Cv = 1..  If n ( ) < 0.1., then Pr (N ≥ 1 ) n ( ).. 
Note that Pr N ≥ 1, t̄ = 0.63., see Fig. 5.3. 

The exponential distribution describes the length of time between events, or 
the inter-event time distribution, and it does not depend on time. The assumption 
of stationary and independent increments means that at an y point the process
probabilistically restarts itself, i.e. it has no memory. The probability density
function of an exponential distribution is = λ exp (− )., and the
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Fig. 5.3 Left. Poisson probabilities of having exactly 1 (green solid line) and exactly 5 (green 
dotted line) events as a function of waiting time .. Exponential probabilities of having at least 
one event (blue solid line) and no events (blue dotted line). Right. Probability density function of an 
exponential distribution (blue) and probabilities that an event will occur in time interval (0, 1/λ). 
or (1/λ,∞). 

probability that an event will occur in time interval (0, 1/λ). is Pr (0, 1/λ) =
1/λ
0 λ exp (− = 0.632., and the probability that it will occur in the
time interval (1/λ,∞). is Pr (1/λ,∞) = 0.368., see Fig. 5.3. 

5.2.2 Probabilities of Exceedance and M ean Recurrence Times

If a set of n random variables,X1 ., X2 ., ..., Xn ., whereX1 = P1 .,X2 = P2 ., ...Xn = Pn . 

is one possible realisation of each of them, is dra wn from the same distribution
function F (P ) = Pr (≤ P)., then the distribution of t he maximum value Pmax =
max {P1, P2, ..., Pn}. is given b y Pr (≤ P) = Pr (P1 ≤ P,P2 ≤ P, ..., Pn ≤ P) =

n
j=1 Pr ≤ Pj = [F (P )]n .. 
If the occurrence of larger events in time . is ruled by a homogeneous Poisson 

process with activity rate λt = ., then the probability of having exactly N 
events within time . is 

. Pr ( ) = [ ]N exp {− } /N !, (5.6) 

where = λt . is the expected number of events in .. The probability 
that all Pj .within . are smaller than or equal to some large P is

. Pr (≤ ) =
∞

N=0

[F (P )]N [ ]N exp [− ] /N ! ,

which gives Pr (≤ ) = exp {− [1 − F (P )]}.,  o  r Pr (≤ ) =
exp [− Pr (≥ P)]., and the probability of having at least one event ≥ P . 

within .,
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. Pr (≥ ) = 1 − exp [− Pr (≥ P)] = 1 − exp [− ( )N (≥ P)] ,
(5.7) 

where Pr (≥ P) = N (≥ P) /n.. For the UT power law, the Eq. (5.7)  giv  es

. Pr (≥ ) = 1 − exp −α ( ) P −β − P −β
max . (5.8) 

Epstein and Lomnitz (1966) showed that the OE power law, N (≥ P) = αP −β
., 

gives Pr (≤ ) = exp −α ( ) exp (−βm) ., where m = lnP ., which 
is the first Gumbel distribution of the extreme values (see also Shakal & Willis,
1972 or Kijk o, 1982). Note that replacing . with the r ecurrence time t̄ (≥ P) =

(≥ P). gives Pr ≥ P, t̄ (≥ P) = 0.63., regardless of P . The mean recur-
rence time can also be presented as

.t̄ (≥ P) =
N (≥ P)

= −
ln [1 − Pr (≥ )]

, (5.9) 

where Pr (≥ ). is the probability of exceedance, and . here is called the 
exposure time. Most seismic building codes are based on the following performance 
levels that define the ability of a structure to sustain its main functions during and 
after earthquakes of different strengths. (1) Operational Limit: 50% probability of
exceedance over 50 years, which is considered frequent, that according to Eq. (5.9) 
gives t̄ (≥ P) = 72. years, (2) Immediate Occupancy: 20% in 50 years (occasional)
that gives t̄ (≥ P) = 225. years, (3) Life Safety: 10% in 50 years ( rare) that gives
t̄ (≥ P) = 475. years, and (4) Collapse Prevention: 2% in 50 years (v ery rare) that
gives t̄ (≥ P) = 2475. years. In general, one expects better structural performances 
for frequent events of lower intensities, and one can accept higher damage for very 
rare large events. Building codes also adjust seismic input level to the importance of
a given structure, e.g. by increasing the exposure time . in Eq. (5.9) that leads to 
an increase of the mean recurrence time. For m any structures in mines, the exposure
times . are shorter. For example, 50% probability of exceedance over 1 0 years
would give t̄ (≥ P) = 14.4. years, 20% in 10 years would give t̄ (≥ P) = 44.8. 

years, and 10% in 10 years would give t̄ (≥ P) = 95. years. 
For a Poisson process, the probability of having N occurrences over a time

window equal to the recurrence time, = t̄ .,  is Pr (N) = (1/N !) exp (−1)., which 
gives a probability of 36.8% that such an event will occur once, 18.4% that it will
occur twice and 6.1% for three times.

Equation (5.9) can also be presented in terms of potency as a function 
of recurrence times, which for the upper truncated power law, N (≥ P) =
α P −β − P

−β
max .,  giv  es

.P t̄ ≥ P = 1

t̄ (≥ P)
+ P −β

max

−1/β

, (5.10) 

and for the OET distribution t (≥ P) = N (≥ Pmin) Pr (≥ P)OET ..
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Fig. 5.4 Probabilities of exceedance for MineC derived from Eq. (5.8)  for logE . (left) and the 
probabilities of exceedance of logE .with the recurrence times of 1, 2, 3, and 5 year derived from
equation 5.10 

These equations can be used to calculate the expected potencies over the selected 
recurrence times and to estimate their probabilities (Eq. 5.7)  as  a  function of ., 
as mining progresses, to monitor longer term hazard. In this case, Pmax . should be 
taken as the latest estimate of the maximum expected potency. Figure 5.4 left shows 
the probabilities of exceedance versus logE . for MineC over 90, 180, and 360 days 
given by Eq. (5.8), and Fig. 5.4 right shows the probabilities of exceedance of logE . 

with the recurrence times of 1, 2, 3, and 5 years f or the same data set calculated with
Eq. (5.10). 

Note that the term “the mean recurrence time” or “the return period” as it is 
frequently called may be misleading unless it also gives the standard deviation 
around the mean. In practice, the Poisson model is justified if this standard deviation
is not far from the mean.

In mines where the volume of rock extraction is not a linear function of time 
seismic hazard can be expressed i n terms of the volume of rock extracted, or volume
mined Vm .. Then, the probability that there will be at least one event ≥ P . while 
extracting an additional volume of rock m . is 

. Pr (≥ m) = 1 − exp [− m)Pr (≥ P)] = 1 − exp − m

Vm

N (≥ P) ,

(5.11) 
where m) = m/Vm) = λm m . is the expected number of 
events in m .. Since V̄m (≥ P) = Vm/N (≥ P).,  the  Eq. (5.11)  gives  
the ratio V̄m (≥ P) m = −1/ ln [1 − Pr (≥ m)].. For e xample, if
Pr (≥ m) = 0.05., we can mine on average 19.5 times m . to generate 
seismic event ≥ P .. For the UT power law, the Eq. (5.11)  giv  es

.Pr (≥ m) = 1 − exp − m

α

Vm

P −β − P −β
max , (5.12) 

which shows that if β . is constant and α . is proportional to Vm ., then seismic hazard 
can be controlled by the rate of mining.
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Limited Data and Uncertain Activity Rate For limited data and/or for an 
uncertain activity rate, one can treat the activity rate λt . as a random variable that 
can be accounted for by taking the integral ∞

0 Pr (≥ ) f (λt ) dλt ., w here
f (λt ) = t

n exp (−λt /n!. is the probability density function of the 
activity rate, which gives

.Pr (≥ ) = 1 − [1 + ( )Pr (≥ P)]−n−1 . (5.13) 

The ratio of expressions (5.13)  t  o (5.7) is approximately 1+1/n., and the p robability
premium 1/n. drops quickly with n, and for n ≥. 100 is less than 1% (McGuire,
1977). Equation (5.13) can also be expressed in t he volume mined domain,
Pr (≥ m) = 1 − [1 + m/Vm) Pr (≥ P)]−n−1

.. 

Hazard Trend In mines, the parameters α . and β . of the potency frequency 
distribution are not always constant or fluctuating in time as may be assumed in 
crustal seismology. As mining p rogresses, the overall stiffness of the rock mass is
being degraded, and therefore, the parameters αβ . and Pmax . are expected to be a 
function of the effective volume mined, Vmeff .. The data shows that the exponent
β . decreases as the effective volume mined, i.e. extraction r atio of the ore body,
increases. Pmax . also tends to increase as mining progresses. In most cases α . has 
been shown to be proportional to Vmeff ., though at different rates in different mining 
scenarios. However, there are examples where α . increases with Vm . in a non-linear 
way, which is indicative of increasing hazard. Figure 5.5 shows the behaviour of α . 

and β . versus Vm . in two m ines.
By extrapolating parameters α . and β . beyond the observed volume mined or the 

observed time span, one can estimate future hazard for different mining scenarios
from equation,
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Fig. 5.5 Parameters α . (triangles) and β . (circles) versus the effective volume mined for two mines
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. Pr (≥ m) = 1 − [1 + m/Vm Pr [≥ P, β m)]]−n[α( m),β( m)]−1 ,

(5.14) 
where n is the expected number of events as a function of the future α . and β . 

(Mendecki, 2008). 

5.3 Empirical Probabilities from the Observed Recurrence
Times

Given the latest n observed recurrence intervals of events ≥ logP ., of which n . 

are smaller than or equal to ., one can estimate t he empirical probability, Pr(≥
log E ., that a given volume will produce an event ≥ logP . within time . 

after the preceding event of this size,

.Pr(≥ log E = p = n + 1

n + 2
, sd (p) = ±2

p(1 − p)

n + 3
, (5.15) 

where sd (p). is the uncertainty of the estimate. Note that the standard deviation,
sd (p)., decreases slowly with increasing n, and if the number of observed intervals 
n is not much greater than 10, the probability generally will not be determined better
than ± 0.2. (Savage, 1994). For a given n, the standard deviation, or the uncertainty,
is maximum at p = 0.5., and it decreases symmetrically to zero as p → 0. and p →
1.0.. Equation (5.15) is derived under the assumption that the probability of having 
an event of certain size within a specified time interval following the preceding event 
of that size is the same for all event cycles. Empirical probabilities cannot extend to 
the largest few events and cannot be extrapolated. However, they can be used to test
results if there is a sufficient number of the observed recurrence intervals between
intermediate and larger events.

Given the latest n observed inter-event volume mined of events ≥ logP .,  o  f
which n m . are smaller than or equal to m ., one can estimate the empirical prob-
abilities in the volume mined domain, Pr (≥ log m)E = n m / (n + 2).. 

Table 5.1 lists the empirical probabilities Pr(logP ≥ 1.2, t1 + E ., calculated 
over the periods of one day, one week and one month, having 15 events with
logP ≥ 1.2. in the data set with the following 14 recurrence intervals quoted here in 
hours: 118, 542, 265, 22, 587, 116, 56, 110, 11, 282, 95, 73, 235, 1. The last event
with logP ≥ 1.2. occurred at t1 =. 14h14’ on 25 December 2014. The empirical 
probabilities are listed in Table 5.1. 

Table 5.1 Empirical probabilities

Pr(logP ≥ 1.2 =
1 day)E .

Pr(logP ≥ 1.2 =
7 days)E .

Pr(logP ≥ 1.2 =
30 days)E . 

0.25 (±0.21). 0.62 (±0.23). 0.94 (±0.12).
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Fig. 5.6 Potency frequency plot (left) and the empirical probabilities (right) for logP ≥ 0.8., 
marked by the black step line, logP ≥ 1.0., green, logP ≥ 1.2., blue, and logP ≥ 1.4.,  red.  The  
smooth dashed lines are the respective probabilities estimated by Eq. (5.8) for the same data set

Figure 5.6 left shows an example of the potency frequency data where for the 
most part it fits the upper truncated power la w reasonably well, although it deviates
from the 95% confidence limit in the potency range 0.8 ≤ logP ≤ 1.4., mostly at
1.0 ≤ logP ≤ 1.2.. Figure 5.6 right shows the empirical probabilities deri ved from
Eq. (5.15). It shows that the UT power law model underestimates seismic hazard 
in that potency range for the time period of the next 70 days. However, beyond 
this time range, the UT pow er law model predicts reasonably well. Note that the
empirical probabilities are conditional in nature, i.e. it gives the probability within
time ., after the preceding ev ent of this size.

5.4 Example: Seismic Hazard Difference Between Three
Mines

Data Sets Data sets from three mines: A, B, and C, were collected over the same
two year period =. 678 days, all related to tabular mining with principal vertical 
stresses but with different geological structures, m ining layouts, extraction ratios,
depths, and rates of mining.

MineA practiced long-wall mining of highly extracted tabular reef, see Fig. 5.7 
left column, and MineB applied the sequential grid method, see Fig. 5.7 centre. For 
a review of these mining methods, see Vieira et al. (2001). In both cases, the rock 
extraction took place at practically the same depth of 3300 m. A simple numerical 
elastic model shows that due to the higher extraction ratio the mean vertical stress 
calculated over the un-mined areas in MineA is 1.7 times higher than in MineB.
MineC is related to the scattered mining imposed by the presence of larger faults at
an average depth of 1755 m, see Fig. 5.7 right column. 

The depth of mining, the volume mined, the rate of mining, the approximate 
extraction ratio are listed in Table 5.2. The relative hazard rating from (1) the 
highest to (3) the lowest, imposed by the author for each parameter, is also quoted



168 5 Time Distribution and Seismic Hazard

Fig. 5.7 Mine layouts in plan and in section of MineA (left column) , MineB (centre), and MineC
(right)

Table 5.2 Mining factors with hazard r ating in parentheses

Parameter MineA MineB MineC 
Time of observation, .,  days 678 678 678 
Weighted depth of extraction, m 3294 (1) 3287 (2) 1755 (3) 
Volume mined, Vm .,  m  3 . 207688 (3) 673209 (1) 386158 (2) 
Rate of mining, m3 ./day 306 (3) 993 (1) 570 (2) 
Approximate extraction ratio, % 80 (1) 70 (2) 60 (3) 

in parentheses, where applicable. Here we assumed that seismic hazard scales 
positively with the depth of mining, the deepest being MineA, the volume of rock 
extraction, the highest being MineB, the rate of mining, also MineB and with the 
e xtraction ratio, the highest being MineA. While these criteria are sensible, they are
not sufficient to rate these three mines regarding seismic hazard.

Layout, Sequence of Mining, and Relative Hazard To gain insight into the 
influence of the mine layout on seismic hazard, their respective fractal dimensions 
were estimated. Fractals appear similar at any scale of observation. In mathematical 
terms, fractal objects exhibit fractional dimensionality, that is, the y are neither lines,
nor surfaces or volumes. Their dimension falls in between the classical dimensions
of Euclidean geometry. An object is fractal when its length L is a function of the
length λ. of the measuring device, L ∼ λ1−D

., where D is the fractal dimension
(Mandelbrot, 1967, 1975). If N (λ). is the number of cubes of size λ. needed to cover 
the object, then the box counting fractal dimension of an object can be estimated
by D = lnN (λ) / ln (1/λ). (Barnsley, 1988). Fractal dimension increases with the 
degree of irregularity, or raggedness of the object. The lowest fractal dimension of
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Table 5.3 Mining factors, 
with hazard rating in
parentheses

Parameter MineA MineB MineC 
Dml . of mine layout 1.67 (1) 1.68 (2) 1.71 (3) 
Dsxy . of epicentres 1.60 (2) 1.49 (1) 1.61 (3) 
Dste . of space-time extraction 1.84 (1) 1.92 (2) 2.20 (3) 
Dsxyt . of epicentres and time 1.84 (3) 1.71 (1) 1.83 (2) 

mine layout, Dml = 1.67., is associated with long-wall mining in MineA, followed
by sequential grid, Dml =. 1.68 in MineB, and the roughest is the scattered m ining
imposed by the presence of geological structures Dml = 1.81., in MineC. This 
sequence could easily be inferred just by looking at the smoothness of lines in
Fig. 5.7. 

Having coordinates and the dates and times of panel, extraction lines between 
consecutively extracted panels were connected, and the fractal dimension of such a
spatial and temporal graph was calculated, Dste .. The smoothest s equence of mining,
Dste = 1.84., is associated with MineA, then MineB with Dste = 1.92., and the 
roughest by MineC with Dste = 2.20.. By connecting lines between consecutive 
seismic events, an image of the sequence of seismic activity was created, and then
its fractal dimension calculated. This exercise was limited to the (x, y, t). domain 
since the tabular ore bodies imposed a flat distribution of seismic stations and made 
the z-coordinates less reliable, specifically at the fringes of the network. Results and
the relative hazard ratings are given in Table 5.3. They show that seismic activity 
does not follow mining exactly. One may speculate that the high stress and high rate 
of mining associated with data set B aligned most events with the excavation faces 
lowering the fractal dimension of their spatial distrib ution, but this has not been
tested numerically.

There is also a negative correlation between the fractal dimension of the
epicentres and time of events, Dsxyt ., and β ., see Tables 5.3 and 5.5. There are reports 
stating the positive correlation for earthquakes, but mainly for s ingle fracturing
or single fault processes, e.g. Aki (1981), King (1983), Wyss et al. (2004), Chen 
et al. (2006). Hirata (1989) reported a negative correlation due to different fault 
systems and Henderson et al. (1999) for induced seismicity where they show a 
negative correlation for high loading rates and a positive correlation for slowly
loaded systems. Amitrano (2003) also reported negative correlation stating that 
diffused damage is associated with low β ., whereas localised damage is associated
with high β .. The data set B has the highest loading rate of all three and the lowest 
fractal dimension, followed by data set C, and the lowest loading rate and the highest
fractal dimension is associated with data set A.

Observed Seismicity and Relative Hazard Table 5.4 lists the observed seismic 
parameters and the relative hazard rating from the highest (1) to the lowest (3),
imposed by the author for each parameter.

Figure 5.8 shows the cumulative graphs of the volume mined, seismic potency, 
and energy vs. time for all three mines.
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Table 5.4 Observed seismic parameters with hazard rating in parentheses

Parameter MineA MineB MineC 
logPmaxo .; logPmaxo−1 . 3.37; 2.97 (1) 2.70; 2.59 (2) 2.51; 2.43 (3)
Nobs(logP ≥ 2.0). 23 (1) 23 (1) 13 (2) 
t̄ = obs(logP ≥ 2.0).,  days 29.49 (1) 29.49 (1) 52.17 (3) 
V̄m = Vm/Nobs(logP ≥ 2.0).,  m  3 . 9.03 (1) 29.27 (2) 29.70 (3) 
logEmaxo .; logEmaxo−1 . 9.53; 9.49 (1) 8.68; 8.63 (2) 7.75; 7.58 (3)
Nobs(logE ≥ 7.0). 98 (1) 89 (2) 12 (3) 
t̄ = obs(logE ≥ 7.0).,  days 6.92 (1) 7.61 (2) 56.51 (3) 
V̄m = Vm/Nobs (logE ≥ 7.0).,  m  3 . 2119.3 (1) 7564.1 (2) 32179.87 (3) 

Fig. 5.8 All cumulative for MineA, MineB, and MineC: volume mined versus time, potency 
release versus time, and seismic energy versus time

Fig. 5.9 Cumulative potency (left) and seismic energ y (right) vs. volume mined

Figure 5.9 shows the cumulative potency and seismic energy versus volume 
mined. The potency release and seismic energy versus volume mined plots are 
evident, and both rate the hazard potential, i.e. assuming the same mining rate, for 
the three data sets clearly: The highest is MineA (1), the second highest is MineB
(2), and the lowest of the three is MineC (3). Note that MineA mined at much lower
rate to mitigate seismic hazard.

Size Distribution Parameters and Seismic Hazard Seismic hazard rating is 
a useful but a rudimentary scale, and it does not differentiate across the size 
distribution of seismic events. It is frequently the case that one mining area may
have higher hazard up to certain event size and lower above it, and if the crossover
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Fig. 5.10 History of records for MineA, MineB, and MineC with the estimated range of logPnrb . 
(top row) and energy frequency p lots (bottom row)

is at the size that is potentially damaging, it may change seismic risk because t he
events below the threshold are more frequent.

Figure 5.10 top row shows the history of records for all three mines where
logEmax ., marked by black line, is the upper limit of the next record breaking logE ., 
logEnrb ., marked by red line, is the expected next record estimated by the upper 
truncated distribution (UT). The green line shows the l evel of the expected next
record estimated by the open-ended tapered distribution (OET).

Figure 5.10 bottom row shows the cumulative number of unbinned data versus
logE . for all three mines where colour indicates the time of the event, with 4 fits: 
OE shown in blue, the UT assuming that the upper limit of the next record breaking
logE = logEmax . in black, the UT assuming that the upper limit of the next record
breaking logE = logEnrb . in red, and OET in green. The light grey vertical spikes 
below the data illustrate what would be the empirical pdf if the data was binned with 
bin size 0.05. The dashed grey lines on both sides of the UT power law fit indicate 
95% confidence limits. 

The data set for MineB and MineC shows the frequency of the largest observed 
events deviated from the predicted UT model; therefore, one can infer that the size
distribution hazard may be contained or controlled. The frequency of the largest
observed events for MineA is close to the OE relation, indicating a potential for
even larger events.

In general, seismic hazard should scale positively with α . and negatively with β .; 
however, Table 5.5 shows that α . indicates the highest hazard for MineB and β . for 
MineC. The expected next record breaking in energy, logEnrb ., and its upper limit,
logEmax ., rate seismic hazard correctly.

Figure 5.11 left shows seismic hazard estimated by Eq. (5.8) in terms of logE . 

for all three mines in the time domain for = 30. days, assuming their current 
rate of mining. Seismic hazard at MineC is clearly the lowest. However, there is the
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Table 5.5 Size distribution parameters for potency and energy w ith hazard rating in parentheses

Parameter MineA MineB MineC 
logαEUT . 6.4476 (2) 7.8055 (1) 5.6835 (3) 
βEUT . 0.6517 (2) 0.832 (3) 0.6254 (1) 
logEnrb .; logEmax . 10.167; 10.917 (1) 9.058; 9.524 (2) 8.257; 8.812 (3)
Pr (logE ≥ 7; = 30 days). 0.1966 (2) 0.984 (1) 0.527 (3) 
Pr (logE ≥ 8; = 30 days). 0.527 (1) 0.418 (2) 0.063 (3) 
Pr logE ≥ 7; m = 104 m3 . 0.975 (1) 0.752 (2) 0.354 (3) 
Pr logE ≥ 8; m = 104 m3 . 0.557 (1) 0.166 (2) 0.038 (3) 

Fig. 5.11 Seismic hazard for the three mines in the time domain (left) and in the volume mined
domain (right)

crossover point at logE = 7.4. between MineA and MineB below which seismic 
hazard for MineB is higher. Figure 5.11 right shows seismic hazard potential, 
estimated by Eq. (5.12), assuming all three mines extract the s ame volume of rock

m = 10000 m3
., otherwise for the same set of size distribution parameters. 

Clearly, hazard potential at MineA is the highest of all three mines, and the 
difference between MineA and MineB is significant. Therefore, slow ing down rate
of mining in MineB would lower seismic hazard considerably.

5.5 Example: Seismic Hazard Difference in Time

In this example, we compare seismic hazard characteristics of two mostly overlap-
ping seismic and rock extraction data sets selected from the same mine:

1. The DataSet1 starts on 07 September 2007 and ends on 13 June 2012.
2. The DataSet2 starts on 07 September 2007 and ends on 07 July 2013, so it is

DataSet1 plus an additional 389 days of mining.

Seismic Activity and Production During DataSet1 This data set starts on 07 
September 2007 and ends on 13 June 2012 just after a logP = 2.24 (m = 2.41). 
event. It spans 1741 days and includes 2281 events with logP ≥ −1.0 (m ≥ 0.25).,
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which gives the rate of 1.31 events/day. These events delivered ΣP = 1630.1. m 3 . 
of seismic potency at the rate of 0.9363 m3

./day. The largest event in DataSet1 has
logP = 2.24 (m = 2.4)., and there are 20 events with logP ≥ 1.0 (m ≥ 1.59).. 
The mean recurrence interval, t̄ (logP ≥ −1.0) = 0.7639. days with the 
standard deviation of 1.133. days, which gives the coefficient of variation
Cv (logP ≥ −1.0) = 1.48.. The mean recurrence interval, t̄ (logP ≥ 1.0) =
91.634. days with the standard deviation of 110.75. days, which gives the coefficient 
of variation Cv (logP ≥ 1.0) = 1.21., which indicates that larger events are less 
clustered in time than small events. The vertical black line in Fig. 5.12 marks the 
time of the second largest event during that time with logP = 1.82.. 

During this time, the mine did 1071 blasts and extracted 1092912.9 m3
. of rock 

that gives the average extraction rate of 627.735 m3
./day. The ratio m =

670.416., i.e. on average the rock mass produced 1m3
. of seismic potency eve ry

670.416 m3
. of volume mined. The minimum single extraction was 19.5 m3

., 
maximum 11116 m3

., and the mean 1020.4 m3
.. The minimum distance between 

consecutive production blasts was 1 m, the maximum 355, and the mean 108 metres. 
The minimum time between production blasts was 0.96 days, the maximum 16, and
the mean 1.63 days.

Figure 5.12 shows the cumulative number of events, cumulative potency, and 
cumulative volume mined vs. time for DataSet1. Size of the event scales with the
radius of source volume with strain change ≥ 10−2

., i.e. V = P/10−2
., and the 

colour indicates the distance of that event from the logP = 2.24. main shock. The 
size of the production blast scales with the size of the rectangle, and its colour scales 
with the distance of that blast f rom the main shock.

There is an increase in the rate of seismic events with logP ≥ −1.0. from 
September 2007 to March 2008. While there is no increase in the rate of seismic
activity before the logP = 1.82. on 06 March 2009, there is an increase in the 
frequency of mid-size events which one could attribute to blasting of large volumes 
of rock. However, after January 2010, the mine also had a few large extractions, but
there were only few mid-size events.

Fig. 5.12 Cumulative number of events (left), cumulative potency, and cumulative volume mined
vs. time (right) for DataSet1
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Fig. 5.13 Distances between consecutive blasts (left) and elevation of production blasts vs. time
(right) for DataSet1

From January 2012, there was an increase in frequency of mid-size events, also 
reflected in the increased rate of CumP, that lasted almost to the logP = 2.24.main 
shock on 13 June 2012. While the rate of production was steady over t hat time, the
distances between subsequent extractions were smaller (Fig. 5.13 left) and at greater 
depth (Fig. 5.13 right). 

Seismic Activity and Production During DataSet2 This data set also starts on 07 
September 2007 and ends on 07 July 2013 just after a logP = 2.61 (m = 2.66). 
event. It spans 2130 days and includes 2818 events with logP ≥ −1.0 (m ≥ 0.25)., 
which gives the rate of 1.32 events/day. These events delivered ΣP = 2526.06. m 3 . 
of seismic potency at the rate of 1.186 m3

./day, which is higher than that during 
DataSet1. The largest event in DataSet2 has logP = 2.61 (m = 2.66)., and there 
are 30 events with logP ≥ 1.0 (m ≥ 1.59).. 

The mean recurrence interval t̄ (logP ≥ −1.0) = 0.756. days with the 
standard deviation of 1.125. days, which gives the coefficient of variation
Cv (logP ≥ −1.0) = 1.49.. The mean recurrence interval t̄ (logP ≥ 1.0) = 73.44. 
days with the standard deviation of 94.76. days, which gives the coefficient of
variation Cv (logP ≥ 1.0) = 1.29.. 

During this time there were 1343 production blasts extracting 1346518 m3
. of 

rock that gives the average extraction rate of 632.23 m3
./day. The ratio m =

533.06., i.e. on average the rock mass produced 1m3
.of seismic potency eve ry 533.06

m3
. of volume mined. The minimum single extraction was 19.5 m3

., maximum 
11116, and the mean 1002.6 m3

.. The minimum distance between consecutive 
production blasts was 1 m, the maximum 355, and the mean 105 metres. The 
minimum time between production blasts was 0.25 days, the maximum 16, and
the mean 1.58 days.

Figure 5.14 shows the cumulative number of events, cumulative potency, and 
cumulative volume mined versus time for DataSet2. Here the vertical black line 
marks the end of DataSet1 that was analysed above. After the logP = 2.24. on 13 
June 2012, the rate seismic activity was fairly steady but characterised by frequent 
mid-size events that pushed the rate of cumulative potency up.
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Fig. 5.14 Cumulative number of events (left), cumulative potency, and cumulative volume mined
vs. time (right) for DataSet2

Fig. 5.15 Distances between consecutive blasts (left) and elevation of production blasts vs. time
(right) for DataSet2

Figure 5.15 shows the distances between consecutive events and the elevation of 
production blasts versus time for DataSet2.

Comments 

1. The rate of rock extraction, measured by ΣVm ./day, was also similar , 628.1
m3

./day versus 633.1 m3
./day. 

2. The mean span between consecutive production blasts in DataSet1 was 368 m i n
X, 195 m in Y, and 245 in Z-direction.

3. The mean span of 272 production blasts during the additional 389 days of mining 
past DataSet1 was 265 m in X, 154 m in Y, and 102 m in Z-direction.

4. The volume mined weighted depth of production was 91 m deeper during the
additional 389 days of mining.

5. The rate of seismic activity, N (logP ≥ −1.0)./day, was similar, 1.31/day ver-
sus 1.32/day, but the rate N (logP ≥ 1.0)./day increased from 0.0115/day in 
DataSet1 t o 0.0141/day in DataSet2.

One can postulate that apart from increasing extraction ratio, the more concentrated 
rock extraction at greater depth may have contributed to the observed increase in
seismic hazard.
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The Upper Limit to the Next Largest Event The upper limit to the next
record breaking potency, logPmax ., was estimated from logPmax = logPmaxo +
logPmax ., where logPmaxo . is the maximum observed logP . and logPmax . is 

the maximum expected jump that can be estimated using order statistics based on
the history of observed jumps in record logP ., 

. logPmax = 2max logPmaxo)

−
n−1

i=0

1 − i

n

n

− 1 − i + 1

n

n

logPmaxo−i ,

where logPmaxo−i . are the observed jumps in the history of records and n is 
the number of observed r ecord jumps. Note that the order statistics estimate of
Pmax . or logPmax . is independent of the underlying probability distribution, and 
therefore, one can make a reasonable estimate even if the data do not conform to the 
potency frequency power law. The upper limit to the next record breaking potency
for DataSet1 logPmax = 2.68. and for DataSet2 logPmax = 3.04., see Fig. 5.17. 

Size Distribution Figure 5.16 shows the cumulative number of unbinned data
vs. logP ≥ −1.0. for DataSet1 (left) and DataSet2 (right). The black solid line 
represents the UT power law, N (≥ P) = α P −β − P

−β
max ., assuming truncation 

at logPmax . and the red solid line at logPnrb .. The straight blue line represents the 
open-ended power law, N (≥ P) = αP −β

., also known as the Gutenberg-Richter 
relation, and is plotted as a reference. Data points below logPmin = −1.0. are 
excluded from fitting. The grey dashed lines on both sides are the 95% confidence 
limits. The light grey vertical spikes below the data illustrate what would be the 
empirical pdf of the distribution for bin size 0.05. 

Note that DataSet2 fits the UT power law a little better than DataSet1, although in
both cases it overestimates frequency of events between logP = 1.2. and logP =
2.0.. 

Fig. 5.16 Potency frequency fits to DataSet1 (left) and DataSet2 (right) recorded at Mine D
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Fig. 5.17 History of the record breaking events and the estimated range of logPnrb . for Mine D 
based on DataSet1 (left) and DataSet2 (right)

The Expected Next Record Breaking Potency The e xpected next record potency,
Pnrb ., was calculated from

. Pnrb(k) = β P 1−β
max − P

1−β

r(k−1) / (1 − β) P
−β

r(k−1) − P −β
max ,

where Pr(k−1) . is the potency of the previous (or the last) record breaking event and
β . is the exponent of the potency frequenc y distribution.

Figure 5.17 (left) shows the history of records and the estimated range of the next
record logP . for DataSet1 with colour indicating the distance to the main s hock.
The record breaking event logP = 2.61. recorded on 07 July 2013 is within the
predicted range of 2.45 ≤ logPnrb ≤ 2.68.. There are eight forward counting logP . 

records and one backward counting logP . record, which indicates an upward t rend
in seismic hazard. Figure 5.17 (right) shows the history of records and the estimated 
range of the next record breaking logP . for DataSet2. The expected range of the next 
record breaking event is 2.81 ≤ logPnrb ≤ 3.04.. There are nine forward counting
logP . records and one backward counting record, confirming an upward trend in
seismic hazard.

Intermediate Term Hazard Change in Time The intermediate term hazard,
Pr ≥ logP ; ., was calculated assuming the s tationary Poisson process,
Pr (≥ ) = 1 − exp [− ( )N (≥ P)]., where . is the time of 
observation, N (≥ P) = α P −β − P

−β
Limit ., PLimit . is logPnrb . for the lower 

limit (red line) and logPmax . for the upper limit (black line) of probabilities, and
α . and β . are the respective parameters of the upper truncated potenc y frequency
distribution.

Figure 5.18 shows the intermediate term probabilities of having at least one event 
greater than or equal to a given logP . over 3, 6, and 12 months.

Comments 

1. Seismic hazard for the period 07 September 2007 to 07 July 2013 (DataSet2,
= 2130. day) is higher than it was during the period 0 7 September 2007 to 13

June 2012 (DataSet1, = 1741. days).
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Fig. 5.18 Intermediate term probabilities for DataSet1 (left) and DataSet2 (right)

Fig. 5.19 Hazard curves for DataSet1 (left) and DataSet2 (right)

2. The ratio ΣVm/ΣP . indicates how much rock needs to be extracted to produce
1 m3

. of seismic potency. During the first 1741 days of mining, this ratio was 
670.42, and it dropped to 245.1 during the additional 389 days of mining.

3. During the first 1741 days, the activity rate of events with logP ≥ 1.0. was 
0.0115/day, and it increased to 0.0283/day during the additional 389 days.

4. During the first 1741 days, the probability of ha ving at least one event with
logP ≥ 2.0 (m ≥ 2.25).within 1 year was 0.407, and it increased to 0.475 during 
the additional 389 days of mining.

Frequently mine management asks for seismic hazard to be presented as seismic 
hazard curve that shows the annual rate at which a given logP . will be exceeded. 
Hazard curve is then superimposed on the probability rating scheme, or risk matrix,
defined by the mine. Figure 5.19 shows hazard curves, i.e. the expected annual rate 
of exceedance for both data sets.
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5.6 Seismic Response to Step Loading: Short Term Hazard

5.6.1 I ntroduction

The rock mass dynamics in mines is driven mainly by the transient deformation 
of nearby excavations in response to extraction of stressed rock and by the near-
field deformation of seismic sources, including pillar and abutment failures, and by 
blasting. To a lesser degree, it is also influenced by waves from remote sources of 
seismic radiation and by tidal forces. The step loading caused by rock extraction and 
by seismic events induces larg e displacements, plastic instability, splitting, buckling,
and bursting of rock close to excavations. The energy imparted into the rock mass
during step loading is partially converted into strain energy and partly dissipated
through friction, local plastic deformation, and strain energy of radiated waves.

After a step loading, one can observe two partly competing stress-related 
processes occurring in the affected rock mass:
(1) An excitation phase that elevates the average stress level in volumes of rock 
where loading is faster than the ability to dissipate the excess of strain energy. It i s
generally short-lived, and it can be observed by monitoring changes in seismically
inferred stress and strain by high-resolution networks.
(2) A relaxation phase that cascades the system down from its excited state through 
intermediate phases toward a non-equilibrium steady state. It is facilitated by 
different forms of inelastic deformation—seismic and aseismic. It modifies the 
stress pattern by reducing its elevated levels and moving it further away from
excavations. It generates the bulk of the seismic activity after loading, and it lasts
much longer than the excitation phase.

Seismic rock mass response to blasting is driven strongly by the stress level 
in rock surrounding the blast and by the volume of rock blasted. In the case of 
a preconditioning blast, when there is little or no rock extraction, the stress level 
plays the major role. In most cases, rock extraction by blasting induces and triggers
seismic events immediately and in close proximity to the blast, which helps to set
up a proper re-entry protocol, i.e. the exclusion zone and re-entry time.

Aftershock sequences after larger seismic events in mines or after major pro-
duction blasts are not as well developed and do not last as long as after tectonic 
earthquakes of similar size. The main reason is faster relaxation facilitated by the 
presence of openings and extensive fracturing. If the immediate aftershocks are 
subdued and locate close to the main shock, there is less potential for a large event.
As the immediate aftershocks extend further away from the main shock, it is more
likely they may trigger larger event, see Fig. 5.20. 

However, rock mass convergence associated with large rock extractions or with 
larger pillar removals may produce elevated seismic response for days or even 
weeks with sporadic elevated levels of seismic activity away from the place of 
extraction. Locations and orientations of larger events during aftershock sequences
are controlled by geological structures rather than by the elevated stress level.
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Fig. 5.20 Cumulative number (left) and distances (right) of seismic ev ents to the main shock
(MS) with logP = 2.61. 

The seismic activity after step loading tends to cluster in space and time. In some 
cases, the rate of activity follows typical aftershock sequences that can be described 
by the Omori law or the stretched exponential relaxation function. Ho wever, in some
cases, the response is more complex and cannot be described by a simple intensity
function and therefore needs to be treated with non-parametric statistics.

5.6.2 Seismicity Rate Change

The fundamental premise here is that as the rate of seismic activity increases so does 
the likelihood that one of these events may be larger and damaging. In many cases, 
specifically after production or development blasts, the recorded activity is complex 
and does not follow the typical aftershock sequences that could be described by 
the Omori law or the stretched exponential relaxation function, and therefore needs 
to be treated by non-parametric statistics. One w ay to check if the elevated seismic
activity has returned to an acceptable level is to test the null hypothesis of no change.
The acceptable level of seismic activity can be defined a priori, or it can be taken as
an average activity rate before step loading.

To detect changes in seismic activity rates in two different time intervals, 1 . 

and 2 ., within the same volume of rock, one can count the respective number 
of recorded events above a certain potency. If the time intervals are equal and 
relatively long and the observed number of events is significantly different, then 
a statement can be made about the relative change. However, the associated 
uncertainty increases as the time intervals get shorter and as the difference in
the event counts becomes smaller. The situation is even more difficult if the time
intervals are not equal.

Under normal conditions, the event counts can be considered as outcomes of a 
Poisson process, and therefore, their occurrence can be very irregular. T o measure
the seismicity rate change, we need the probability density function of the activity
rate, λ.. This can be derived by normalising t he Poissonian density function (see
Eq. 5.5) so that the integral over λ. from 0 to ∞. is unity, which gives
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.f (λ) = )N exp (− ) /N ! (5.16) 

The probability that the seismicity rate in two different time intervals, with densities
f1 . corresponding to time interval 1 . and f2 . to 2 ., increased by more than k
times is Pr [(λ2/λ1) > k] = ∞

0 dλ1f1 (λ1)
∞
kλ1

dλ2f2 (λ2)., which, taking λ1 =
N1 (≥ logP) 1 . and λ2 = N2 (≥ logP) 2 .,  giv  es

. Pr
λ2

λ1
> k = 1

N2!N1!
∞

0

xN1 exp (−x) Γ N2 + 1, kx
2

1
dx, (5.17) 

where Γ (N2 + 1 2 1) = ∞
2 1

exp (−t) tN2+1dt . is the upper incom-
plete Gamma function, and the ratio 2 1 . caters for the unequal time i ntervals
(Marsan, 2003). 

Illustrative Example Let us assume that in a given volume of rock, ., during 
1 = 10. days preceding the step loading in a remote section o f a mine, the seismic

system recorded N1 = 10. events with logP ≥ −1.0., i.e. λ1 = 1.0.. Figure 5.21 
(left) shows the probability calculated by Eq. (5.17) that the event rate increased 
by more than k times, if during 2 = 10. days after blasting t he system recorded
N2 = 10.,  15  or  20  events with logP ≥ −1.0., i.e. λ2 = 1., 1.5.,  or 2.0., respectively. 
The Pr [(λ2/λ1) > k = 1] = 0.5. indicates an equal chance of activation (k > 1.)  or  
slow down (k < 1.) of seismic activity in .. This is the case when 2 = 1 . and 
λ1 = λ2 ., see the green dot in Fig. 5.21 (left). 

If, however, it had taken 1 = 20. days to record N1 = 10. events w ith
logP ≥ −1.0. before the step loading, then with all other parameters being equal, 
the probability of activation would increase to Pr [(λ2/λ1) > k = 1] = 0.944.,  the  
probability that seismic activity increased by more than k = 1.5. times would b e
Pr [(λ2/λ1) > k = 1.5] = 0.747., and the probability that seismic acti vity at least
doubled Pr [(λ2/λ1) > k = 2] = 0.5., see the green dots at Fig. 5.21 (right). Then, 
the probability that 0.944. or 0.747. or more could be obtained by chance if there was

Fig. 5.21 Probabilities of an increase in seismicity rate for equal (left) and unequal (right) time
intervals
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no change, which is the null hypothesis, is 1−0.944 = 0.056. or 1−0.744 = 0.256., 
respectively .

One can also solve Eq. (5.17)  for  k for a give n probability, e.g.

. (N1!N2!)−1

∞

0

xN1 exp (−x) Γ [N2 + 1, kx 2 1)] dx = 0.9, (5.18) 

to answer the following question: What is the ratio of seismicity rate change that 
gives 90% certainty. For example, if during 1 = 10. days preceding the step 
loading in a remote section of a mine, the seismic system recorded N1 = 10. events 
with logP ≥ −1.0., and N2 = 20. events during 2 = 10. days after, then there is 
90% probability that seismicity rate changed by at least k = 1.2. times. 

Reference Activity Level Equation (5.17) can be applied to monitor if the elevated 
rate of seismic activity after production blasts returned to an acceptable reference 
level. Note that frequently activity rate before larger events is elevated and, if used as 
a reference, would underestimate the re-entry time. The reference activity rate can 
be estimated by taking an average over periods of times that satisfy the following 
criteria: (a) they are outside the influence of blasting, (b) there were no larger events, 
and (c) there was normal production activity and people working in the area. It is
expected that the coefficient of variation of the data selected to estimate the reference
activity will not be far from 1.0, so the reference activity would not deviate too far
from Poissonian.

Typically, the exclusion zone and time after a large seismic event, or blast, have 
the following characteristics. (1) The exclusion time increases as the size of the 
main shock increases. (2) The e xclusion zone increases as the size of the main
shock increases. (3) The exclusion time decreases as the distance to the main shock
increases.

Data One can use the following types of data t o measure seismic activity:

1. Magnitude, or logP . or logE ., of associated seismic events. This data is delayed 
since it requires seismological processing, i.e. location and source parameters. 
Moreover, to provide a reasonable location, the seismic system accepts events 
that associated with at least five stations, and this removes a great number of 
small events from the analysis. Data on the activity of associated events also
underreports on immediate aftershocks, some of them buried in the coda of the
main shock.

2. The peak ground velocity, PGV , and/or the cumulative absolute displacement, 
CAD, which is the integral of the absolute value of a velocity time series,
CAD = t

0 |v (t) |dt ., and has units of displacement. Both parameters can be 
extracted from a stream of continuous data provided by seismic system. This data 
is available in real time since it does not require processing. An event is declared
when during a given time interval, say = 0.25. second, the GM parameter 
exceeds a predefined threshold.
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The data for analysis can be derived from a predefined polygon which is defined as a 
seismogenic volume that generates seismicity affecting working places. Therefore, 
all relevant parameters are derived from the data selected from this polygon. This 
method has been widely applied in mines for many years. The most difficult, and 
also subjective task, here is the definition of the polygon. Different polygons select 
different data sets and therefore will produce different seismic characteristics. 

Alternatively, one can apply the polygon-less or the influence based approach
where one takes into account the influence of all available seismic events, regardless
of their location, on a particular working place. The preferred measures of influence
can be PGV and/or CAD since their influence is moderated by the distance from
the seismic source to the place of potential exposure.

5.6.3 Omori Relaxation Function

In 1893 Fusakichi Omori published the 11 page long note “On aftershocks” (Omori,
1893), which was the abstract of the paper published a year later (Omori, 1894), 
where he described the activity of aftershocks at an y time x after the main shock
as y = k (x + h)−1

., where k and h are constant, which “represents a rectangular 
hyperbola and implies that the acti vity varies nearly inversely with time”. Hirano
(1924) and Utsu (1957) modified Omori’s equation by introducing the exponent p, 
and today the Omori law is presented as

.dN/dt = k (t + c)−p , (5.19) 

where k, c., and p are parameters and t is time. The total number of events Nt =
N (0,∞). is derived from Nt = ∞

0 k (t + c)−p dt . that gives Nt = kc1−p/ (p − 1). 
for p > 1. and Nt = ∞. for p ≤ 1. (Fig. 5.22). 

The parameter k depends on the magnitude of the main shock and for given c 
and p scales with the total number of events. The parameter c is the offset time that 
accounts for the incompleteness o f the data set immediately after the main shock—
the better the resolution of the seismic network, the smaller the c. Setting c > 0. also 
prevents the infinite N at t = 0., and its physical meaning, howev er, is debatable.

When plotting the observed number of events within a certain interval of time 
versus time on a log-log scale, the data points should tend to a straight line whose 
slope is an estimate of p. The parameter p controls the rate of decay of aftershocks,
and, for slowly decaying sequences with p ≤ 1., the Omori law predicts that the 
total number of events becomes unbounded with increasing time. The parameter 
p measures the overall relaxation time of the process following the major event. 
The lower the p-value, the slower the relaxation, which is characteristic of stiffer 
systems; the opposite would apply to softer systems. As a consequence, the p-value
would be expected to correlate negatively with the Gutenberg-Richter b-value, e.g.
(Wang, 1994). Note that p and c are positively and almost linearly correlated, which 
can frustrate the estimation process. In general, the Omori law is an open-ended
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Fig. 5.22 Omori relaxation for k = 100., c = 0.1. and different values of parameter p on the
log-log scale

power law, N (≥ t) ∼ t−p
., has infinite moments and therefore the property of scale 

invariance, i.e. the relative change of N (≥ st) /N (≥ t) = s−p
. is independent of t , 

and therefore it lacks a characteristic scale—there is no characteristic time. To be 
physical, the power la w description of a finite system must be bounded; otherwise,
aftershocks would continue forever.

The number of events in a time interval N (t1, t2). after the step loading can be
calculated by N(t1, t2) = t2

t1
k/ (t + c)p dt ., which giv es

.N(t1, t2) =
k

(1−p)
(t2 + c)1−p − (t1 + c)1−p , p 1

k ln t2+c
t1+c

, p = 1
(5.20) 

and the r atio

. 
N (t1, t2)

N (0, t2)
= (t2 + c)1−p − (t1 + c)1−p / (t2 + c)1−p − c1−p , p 1

ln [(t2 + c) / (t1 + c)] / ln [(t2 + c) /c] , p = 1
.

(5.21) 

5.6.4 Omori Distribution, Parameters, and Simple Omori

To get the probability distribution, we need to normalise parameter k so
T

0 k (t + c)−p dt = 1., where T is the assumed end of the aftershock sequence,
which gives
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.
f (t) = (p − 1) (t + c)−p / c1−p − (T + c)1−p , p 1

f (t) = (t + c)−1 / ln [T/ (1 + c)] , p = 1
, (5.22) 

and the cumulative distribution function, F (t) = Pr (≤ t) = t

0 f (u) du., which 
giv es

. 
Pr (≤ t)=c−p (T +c)−p [c (T +c)−cp (T +c)] / c1−p−(T +c)1−p , p 1

Pr (≤ t) = ln [(c + t) /c] / ln [t/ (1 + c)] , p = 1
,

(5.23) 
and Pr (≤ t) = (t/T )1−p

. for c = 0. and p 1.. The probability of having an event 
during the time interval (t1, t2). is 

. 
Pr (t1, t2) = (t1 + c)1−p − (t2 + c)1−p / c1−p − (T + c)1−p , p 1

Pr (t1, t2) = ln [(t2 + c) / (t1 + c)] / ln [T/ (1 + c)] , p = 1
.

(5.24) 
For p ≤ 1., the end of the aftershock sequence T must be finite; otherwise, t he
integral diverges, but for p > 1. there is a finite number of aftershocks as T → ∞. 

and the respective equations are a s follows:

.

⎧

⎨

⎩

f (t) = (p − 1) (t + c)−p /c1−p, p > 1
F (t) = − (t − c)1−p − c1−p /c1−p, p > 1

Pr (t1, t2) = (t1 + c)1−p − (t2 + c)1−p /c1−p, p > 1
. (5.25) 

The maximum likelihood (ML) method of estimating parameters of the Omori 
relation is similar to the method of calculating the β .-value of the power law size 
distribution. However, the results are not always stable, because p and c are almost
linearly correlated. One can simplify calculations by assuming that parameter c = 0., 
i.e. simple Omori (SO). Then to get the probability density function, we need to

normalise parameter k so t2
t1

kt−p = 1., which gives k = (1 − p) / t
1−p

2 − t
1−p

1 .. 

The ML function then is L (t, p) = N
j=1 (1 − p) t

−p
j / t

1−p

2 − t
1−p

1 ., where N is 
the number of events in the time period t2 − t1 .. The parameter p can be calculated
from ∂ lnL (p) /∂p = 0., which giv es

.
N

(1 − p)
+

N t
1−p

2 ln t2 − t
1−p

1 ln t1

t
1−p

1 − t
1−p

2

+
N

j=1

ln tdj = 0, (5.26) 

where tdj . is the time of seismic events. Equation (5.26) needs to be solved 
numerically for p. T he parameter k can then be calculated from

.N = k

t2

t1

t−pdt = k

(1 − p)
t
1−p

2 − t
1−p

1 ⇒ k = N (1 − p)

t
1−p

2 − t
1−p

1

. (5.27)
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The standard deviation of p can be obtained from the second deriv ative of the log
likelihood function, −∂2 lnL (p) /∂p2 −1/2

., which giv es

. sd (p) = N/ (1 − p)2 − N (t2/t1)
1−p [ln (t2/t1)]

2 / (t2/t1)
1−p − 1

2 −1/2

.

(5.28) 
The single most important factor influencing estimates of sd(p). is the number of 
observations, and for small N , the estimates are unreliable. For p = 1., t aking
∂ lnL(p = 1, k)/∂k = 0. gives k = N/ (ln t2 ln t1).. 

5.6.5 Stretched Exponential Relaxation Function

An alternative to the Omori law is the stretched exponential f unction introduced by
von Rudolf Kohlrausch (1854) to interpret charge relaxation in a Leiden jar, which 
was the first capacitor. The stretched exponential is also kno wn as the Kohlrausch-
Williams-Watts (KWW) function, after Williams and Watts (1970)  used  it  to  
characterise the dielectric relaxation rates in polymers. The stretched exponential 
function has a fatter tail than the exponential, but less so than a pure power law 
distribution, offering a compromise between the two descriptions. It can therefore 
be used to account for both a limited scaling regime and a cross o ver to non-scaling.
While the Omori law is purely empirical, the parameters of the stretched exponential
have a clear physical meaning, i.e. the relaxation time of the exponential decay
process and the total number of events.

The function is defined as exp − (t/τ )q . for t ≥ 0., where τ > 0. is the relaxation 
time and 0 < q < 1. is called the stretching or the shape exponent. The origin of the 
stretched exponential is assumed to be the result of a competition between two or
more exponential processes. The reciprocal of q is called a heterogeneity parameter,
h = 1/q ., which is the number of generations in a multiplicative process, and it 
gives an insight into the heterogeneity in complex systems. The larger the values of
relaxation time τ ., the slower the relaxation processes. The smaller the v alue of the
shape exponent q < 1., the quicker the decay for short times and slower for long
times.

To apply the stretched exponential to aftershock sequences, it is convenient to
start at time t1 . after t0 . when the step loading was applied (Kisslinger, 1993). Then 
the number of events yet to occur in a sequence at time t1 . is 

.N (t1, T ) = N (t0, T ) exp − (t1/τ)q , (5.29) 

where N (t0, T ). is the total number of events that will eventually occur and T − t0 . 

is the duration of the process (Fig. 5.23). At time t1 = τ ., the number of events s till
to occur is N (τ, T ) = N (t0, T ) /e., regardless of q, so 63% of the work is done 
during the relaxation time. The number of events that had occurred to time t1 . is 
N(t0, t1) = N (t0, T ) − N(t1, T )., which gives a prediction of the total number of
events at time t1 . as
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Fig. 5.23 Cumulative number of events vs. time after step loading for τ = 4.hours and for selected 
q (left),  and for q = 0.5. and for selected τ . (right) 

.N (t0, T ) = N (t0, t1) / 1 − exp − (t1/τ)q . (5.30) 

The expected number of events to occur in the interval (t1, t1 + . is 

. N (t1, t1 + = N (t0, T ) exp − (t1/τ)q − exp − ((t1 + /τ)q .

(5.31) 

5.6.6 Stretched Exponential Distribution and Its Parameters

The cumulative distribution f unction is

.F (t) = Pr (≤ t) = N (t0, t) /N (t0, T ) = 1 − exp − (t/τ )q , (5.32) 

and the survival function, S (t) = exp − (t/τ )q .. The probability density function
is

.f (t) = dF (t) /dt = (q/τ) (t/τ )q−1 exp − (t/τ )q . (5.33) 

The probability of having an event in the time interval (t, t + . is 
Pr (t, t + = F (t + −F (t) = exp − (t/τ )q −exp − ((t + /τ)q ., 
and the expected number of events in t his time interval is N (t, t + =
N (t0, T ) Pr (t, t + ..  For q = 1., the stretched exponential becomes a simple 
exponential distribution and for q < 1. decays slower than exponential for large 
times (thick tail). For q > 1., it decays faster than exponential and is known as the 
Weibull distribution. For q = 2., it is also known as the Rayleigh distribution.

All moments of the stretched exponential distribution are finite, the mean, or the
expected value is τΓ (1 + 1/q) = (τ/q) Γ (1/q)., and v ariance τ 2Γ (1 + 2/q) −
τ 2Γ (1 + 1/q)2 .. The gamma function, Γ (t) = ∞

0 xt−1e−xdx ., reduces to Γ (n) =
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Fig. 5.24 t · f (t). for τ = 4. hours and for selected q (left),  and for q = 0.5. and for selected τ . 
(right) 

(n − 1) !. for positive integers and Γ (t + 1) = tΓ (t).. The median is F (t) =
exp − (t0.5/τ)q = 0.5., which gives t0.5 = τ (ln 2)1/q .. 

The function t ·f (t) = q (t/τ )q exp − (t/τ )q . has a maximum at t he relaxation
time τ ., regardless of q, and the τ · f (τ) = q/e. depends only on q, see Fig. 5.24. 
These two properties of t · f (t).may be utilised while fitting the data.

The maximum likelihood function is

. L tj ; τ, q =
n

j=1

f tj =
n

j=1

(q/τ) tj /τ
q−1 exp − tj /τ

q
,

and lnL tj ; τ, q = n
j=1 ln f tj = n ln (q) + q

n
j=1 ln tj − n

j=1 ln tj −
nq ln (τ ) − n

j=1 tj /τ
q
.. Taking ∂ lnL tj ; τ, q /∂τ = 0. and ∂ lnL tj ; τ, q /. 

∂q = 0. gives 

.τ = (1/n) tj
q 1/q

, (5.34) 

. 
n

q
− n ln (τ ) + ln tj − τ−q tj

q ln tj − ln (τ ) tj
q = 0,

(5.35) 
respectively, where all sums are n

j=1 .. Inserting τ . given by E q. (5.34)  into  
Eq. (5.35)  giv  es

. (1/q) + (1/n) ln tj − tj
q ln tj / tj

q = 0, (5.36) 

which depends only on q but does not have an analytical solution and needs to 
be solved numerically, and then one can solve for τ . using Eq. (5.34). The standard 
deviation of q and τ . can be obtained from the second derivative o f the log likelihood
function, −∂2 lnL (q, τ) /∂q2 −1/2

. and −∂2 lnL (q, τ) /∂τ 2
−1/2

., which gives
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. sd (q) = n

q2 + 1

τq
t
q
j ln tj /τ

2
−1/2

and

sd (τ ) = τ q n + q + 1

τq
t
q
j

−1/2

. (5.37) 

5.6.7 Hazard Function, Conditional Probability, a nd Stretched
Exponential

The hazard function is defined as h (t1) = f (t1) / [1 − F (t1)] = f (t1) /S (t1)., 
where f (t1). is the probability density function, F (t1) = Pr (≤ t1). is the cumulative 
distribution function, i.e. the probability that the event will happen before time t1 ., 
and S (t1) = Pr (≥ t1) = 1 − F (t1). is the survival function, i.e. the probability that 
the event will not happen until time t1 .. 

If the distribution of the recurrence times is a stretched exponential with f (t1) =
(q/τ) (t1/τ)q−1 exp − (t1/τ)q . and the cumulative distrib ution function F (t1) =
1 − exp − (t1/τ)q ., then the hazard function becomes

.h (t1) = (q/τ) (t1/τ)q−1 , (5.38) 

where t1 . is the time since the last event. For systems characterised by q = 1.,  the  
probability of having another event of similar size is independent of time, i.e. the 
stretched exponential distribution is reduced to the exponential one, and since the
system has no memory, events occur randomly, see Fig. 5.25 (left). 

For q > 1., the probability of having another event of that size is increasing as the 
time since the last event increases. Interestingly, for q < 1., the probability of having 
another event of that size decreases with an increasing time since the last event.

Fig. 5.25 Hazard function (left) and conditional probability of the stretched exponential distribu-
tion (right)
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For the intermediate and the long term hazard, one needs to consider the 
conditional probability that such an event will occur during ., if the time since 
the last event of that size is t1 ., Pr(≥ P ; t1 ≤ t ≤ t1 + | t1 < t) =

t1+
t1

f (t)dt/
∞
t1

f (t)dt ., which, assuming the stretched exponential d istribution,
gives

. Pr(≥ P ; t1 ≤ t ≤ t1 + | t1 < t) = |t1)

= 1 − exp
t1

τ

q

− t1 +
τ

q

, (5.39) 

see F ig. 5.25 (right). The waiting time corresponding to a probability of 0.5 g ives
the median waiting time,

. Pr(≥ P ; t1 ≤ t ≤ t1+ | t1 < t) = 0.5 ⇒ 0.5 = τ
t1

τ

q

− ln 2
1/q

− t1.

(5.40) 
The respective probability density function is the derivative d [ |t1)] ., 
which gives |t1) = f (t1 + /S (t1)., where S (t1) = 1 − F (t1)., and for 
the s tretched exponential,

. |t1) = q

τ

t1 +
τ

q−1

exp
t1

τ

q

− t1 +
τ

q

. (5.41) 

The expected time to the next event then is [1/S (t1)]
∞
0 1 + . 

., which for the stretched e xponential gives

.
τ

q
Γ

1

q
,

t1

τ

q

, (5.42) 

where Γ (1/q) , (t1/τ)q . is the upper incomplete gamma function.

5.6.8 Information Entropy and S tretched Exponential

The Shannon information entropy measures the amount of uncertainty in a given 
distribution, which is a measure of unpredictability. Similar to the power la w
distribution, the continuous information entropy of the stretched exponential dis-
tribution is defined as H [f (t)] = T

0
f (t) log [1/f (t)] dt ., where f (t). is the 

probability density function, f (t) = (q/τ) (t/τ )q−1 exp − (t/τ )q ., where τ > 0. 
is the relaxation time and 0 < q < 1. is the shape exponent and t is time. The
log [1/f (t)]. is the information content that an event will occur at time t with
probability f (t)., and, if f (t). is high, then knowledge that event occurred gives
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Fig. 5.26 Information entropy vs. q for different τ . 

very little information, since it had a high probability of occurrence to start with. 
After integration, the information entropy for the stretched exponential distribution
can be expressed as

.H = γ 1 − 1

q
+ ln

τ

q
+ 1, (5.43) 

where γ =. 0.57721 is the Euler-Mascheroni constant. For q = 1., i.e. for the 
exponential distribution H = ln (τ ) + 1., which is independent of q, and for τ = 1., 
H = 1.. 

The uncertainty is low for low q-values, and it reaches its maximum of γ +
ln (τ/γ ). at q = γ ., regardless of the relaxation time, and then slowly decays. For 
a  given  q, the uncertainty, or the unpredictability, increases with an increase i n
relaxation time, i.e. systems that are slow to relax are less predictable, see Fig. 5.26. 
Note that the uncertainty here refers to the forecasting ability of the f (t). and not to 
the uncertainty or the error in q.

5.6.9 Non-stationary P oisson Process

In a non-stationary, also called a non-homogeneous, Poisson process, the under-
lying probability distribution and the intensity of the occurrence of events, I (t)., 
vary with time. If 1, t1 + = t1+

t1
I (t) dt . is the expected number 

of events in the time interval (t1, t1 + ., then, according to the Poisson 
distribution, the probability of having exactly N events in that time interval
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is Pr [N; (t1, t1 + ] = [ 1, t1 + ]N exp [− 1, t1 + ] /N !..  The  
expected total number of events is T

t0
I (t) dt ., where t0 . is the beginning and T 

is the end of the process. The probability of having zero events during that time is
Pr [N = 0; (t1, t1 + ] = exp [− 1, t1 + ]., and the probability of having 
at least one event is

.Pr [N ≥ 1, (t1, t1 + ] = 1 − exp [− 1, t1 + ] . (5.44) 

The non-stationary Poisson process can be applied to model the expected time 
and size distributions of seismic activity after step l oading, e.g. after production
blasts, pillar failures, or after larger events. If I (t, P ). is the intensity function of 
the underlying process defined in such a way that t1,t1 + ; (P1, P2) =

t1+
t1

P2
P1

I (t, P ) dPdt . is the expected number of events in t he time interval
(t1, t1 + . and within the potency range (P1, P2)., then the probability of having 
exactly N events in this time i nterval and in this potency range is

. Pr [N; (t1, t1 + ; (P1, P2)]

= [(t1, t1 + ; (P1, P2)]N

N ! exp {− [(t1, t1 + ; (P1, P2)]} .

If within that time interval the time and size distributions are Independent, then
I (t, P ) = I (t) I (P ). and t1+

t1
I (t) dt = 1, t1 + . is the expected 

number of events in this time interval that can be modelled by the Omori la w or
by the stretched exponential function. The integral P2

P1
I (P ) dP = Pr (P1, P2). 

gives the probability of having an event in this potency range, and I (P ). is the 
probability density function of the underlying size distribution, e.g. the upper
truncated power law. Taking N = 0. gives Pr [N = 0, (t1, t1 + ; (P1, P2)] =
exp [− 1, t1 + Pr (P1, P2)]., which is the probability that the first event in 
this potency range will occur after time t1 + .. Therefore, the interval probability 
that at least one event will occur in potency range (P1, P2). in this time interv al
is Pr [N ≥ 1; (t1, t1 + ; (P1, P2)] = 1 − exp [−N (t1, t1 + Pr (P1, P2)]., 
which for P1 = P . and P2 = Pmax . can be written as

. Pr [≥ P ; (t1, t1 + ] = 1 − exp [−Pr (≥ P) · N (t1, t1 + ] . (5.45) 

The probability Pr (≥ P). can be given by the UT power law Pr (≥ P) =
P −β − P

−β
max / P

−β
min − P

−β
max ., where β . and Pmax . are parameters to be derived 

from data over the period . before the step loading.
Assuming the simple Omori relaxation function, i,e. c = 0., the number of events 

after the step loading is N (t1, t1 + = k t
1−p

2 − t
1−p

1 / (1 − p). for p 1. 

and N (t1, t1 + = ln (t2/t1). for p = 1.. For the stretched exponential relaxation 
function, the number of events after the step loading is given by Eq. (5.31). The 
N (t0, T ). in Eq. (5.31) can be estimated in an on-line scheme as the aftershock data
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is being acquired, N (t0, T ; t1) = N (t0, t1) / 1 − exp − ((t1 − t0)/τ )q ., w here
N (t0, t1). is the observed number of events at time of forecast, t1 > t0 ., and τ . and 
q are estimated at the time t1 . by the maximum likelihood method described above. 
This process is then repeated as the aftershock sequence progresses to firm up these
estimates.

The total number of events to be produced by the sequence, N (t0, T )., can also 
be estimated by the productivity law of aftershocks, N (t0, T ) = αmP

β
m ., where Pm . 

is the known potency of the main shock, αm . is the scaling factor to be calibrated,
and β . is the power la w exponent.

Parameters k and p for the Omori relation and τ ., q for the stretched exponential 
can be inverted on-line for the current ongoing sequence by the maximum likelihood 
method. They can also be taken a priori as average values from previous sequences 
in the area or, taking a Bayesian-like approach, a weighted average of the a priori
and the on-line values (Reasenberg & Jones, 1989). 

If after the step loading rock extraction is suspended, the r elaxation process
would end naturally at time t [N (t0, T )].. If, however, production continues or 
is restarted long before the relaxation process is completed, the stresses may 
accumulate and hazard may increase. In principle, mining could restart when 
seismic hazard dips below a predefined acceptable level and then stays there for a 
given period of time. This exclusion time would scale positively with seismic hazard
before loading and the intensity of sudden loading which scales positively with the
stress level in the area.

5.6.10 Aftershock Sequence After logP = 2.61. Event 

Here we will discuss the aftershock activity after the main shock (MS) with logP =
2.61. that occurred on 07 July 2013, see description of the data up to the MS in
Sect. 5.5. Figure 5.27 left shows the cumulative number of events with logP ≥
−2.0. from 8 May to 23 July, where size of the event scales with the source volume 
and the colour indicates the distance of the event from the MS. The three vertical 
lines in red, blue, and green mark the times of the three largest events. The rate
of events before the MS was steady with no increase in the rate or acceleration of
activity before the MS. The first aftershock with logP ≥ −2.0. was recorded 3.95, 
and the second 6.4 seconds after the MS. Within the first 16 hours after the main 
shock, there were 165 events that give the activity rate just ov er 10 events/hour, and
within the first 171 hours, the rate of activity dropped to 1.4 events/hour.

Figure 5.27 right shows the distances from the MS during the same time with 
colour scaling with the logarithm of apparent stress, log σA = log (E/P )..  The  bulk  
of the immediate aftershocks spread 670 metres from the MS. The largest of the
immediate aftershock with logP = 0.15. occurred 1.5 minutes after the MS and 
located 235 metres away. The largest event in the aftershock sequence with logP =
1.13. occurred 162 hours after the MS and located 670 metres away.
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Fig. 5.27 Cumulative number of events (left) and distances of e vents to the MS (right) vs. time

Fig. 5.28 Coefficient of variation of inter-event times (left), seismic diffusivity (centre),  a  nd
seismicity rate change (right) before and after the MS

Figure 5.28 left shows a 15 event moving window of the coefficient of variation of 
inter-event times, Cv (t)., seismic diffusivity ds = d2 / t ., and the seismicity rate 
change, where the colour scales with the mean distance of events in each moving 
window to the MS, that v ary from 165 m in red to 391 m in blue. For details, see
Sect. 5.6.2 in this chapter. The high Cv (t). indicates clustering of events in time. 
Seismic diffusivity, d2 / t ., increases due to an increase in the rate of seismic 
activity, i.e. decrease in the mean time between events, t ., and/or increase in the 
spatial extent of events, i.e. increase in the mean distance from the MS or the mean
inter-event distance d2

.. Usually , ds . increases when a given system is overloaded 
and needs to relax. The seismicity rate change gives the probability that there is an 
increase or a decrease in the rate of events. Probability less than 0.5 means that there 
was a decrease in the event rate and above 0.5 that there was an increase. Parameter
k specifies the magnitude of the change.

The Cv (t). before the MS ranged between 0.79 and 1.4, and it spiked to 3.81 at 
the time of the MS indicating high clustering, but dropped to below 1.27 within 8 
hours. The reference diffusivity started t o increase 70 hours before MS and jumped
to 3661.32 just after that and it took 63 hours to drop to pre-MS level.

Figure 5.28 right shows the probability that the rate of seismicity increased by 
at least 2 times with respect to the background level before the MS. The seismicity 
rate change jumped twice before the MS but reached a maximum 0.61 which is low.
It spiked to 1.0 at the time of MS and stayed there for 17 hours dropping below the
significant 0.75 level after 25 hours.
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Fig. 5.29 Diffusivity vs. time of events with logP ≥ −2.0.before and after the main shock (left).
Scaling of log d (t)2 . vs. log t . for 100 events before (in blue) and for 240 events after the main 
shock (in red) is shown on the right

Figure 5.29 left shows the diffusivity vs. time during 147.7 hours before and
353.8 after an event with logP = 2.61. shown here as a red circle. In this figure, 
colour scales with distance to the MS, and the size of the ev ent here represents the
radius of the source volume taken as a sphere, V = ., where . is the assumed 
strain change at the source.

There was a steady rate of seismic activity of 0.68. events per hour before and 
a typical burst and a power law decay of aftershock activity after the main shock.
Figure 5.29 right shows log d (t)2 . vs. log t . scaling for 100 events before and for 
the first 240 events after the main s hock. It shows a normal diffusion before with
γ = 1.04. and a sub-diffusive process with γ = 0.91. after the MS.

Figure 5.30 first row shows the cumulative number of events 150 hours before 
and 200 after the MS with the stretched exponential (SE) fi t to the first 16 and 176
hours of aftershock activity in red. Figure 5.30 second row shows the same but with 
the simple Omori fit (with c = 0.) in blue. In both cases, the forecast at the time tf . 

for the next 48 hours is shown in green. All statistics quoted on the right of the plots
relate to the aftershocks at the time of forecast.

The SE fitted data well and provided a reasonable forecast at 16 and 171 hours 
after the MS. The SO fitted data at 16 hours well but failed in forecast and at 171 
hours d id not fit data well but provided a reasonable forecast. The coefficient of
variation of time differences between events, Cv (t)., increased from 1.75 in the first 
fit to 2.47 in the second fit due to the additional 76 intermittent events, but it shows
that in both cases there is a temporal clustering and interdependence of events.

Figure 5.30 bottom row shows the interval probabilities, Pr ≥ logP ; tf , tf + ., 
of having at least one event not smaller than a given logP . within = 48. hours 
after tf ., calculated assuming SE, shown in red and SO in blue. The Poissonian 
probabilities during any 48 hours before the MS are shown in black. In general the
SE provided better fit to data.

At 64 hours after the MS, the SE probabilities are considerably higher than 
before the MS, indicating that the relaxation process is still in progress and seismic
hazard is high, and therefore, people should not enter the area affected by aftershock
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Fig. 5.30 Cumulative number of aftershocks and the SE fit in red (first row) and simple Omori 
in blue (second row) to the first 16 and 176 hours of aftershocks vs. relative time in hours. The
forecasts for the next 48 hours are plotted in green. The probability of having a seismic event not
smaller than logP . within 48 hours after the respective tf . by SE plotted in red and by simple 
Omori in blue, and the probabilities of having such an event during any 48 hours before the MS
are plotted in black (bottom row)

activity. For example Pr logP ≥ 0.0; 64h . is 0.4, while before the MS it was
0.265 and Pr logP ≥ 1.0; 64h . is 0.055, and before the MS it was 0.034. At 224 
hours after the MS, the relaxation process is mainly completed and seismic hazard
dropped. For example, Pr logP ≥ 0.0; 240h . is 0.079, while before the MS it was
0.265, and Pr logP ≥ 1.0; 240h . is 0.009, and before the MS it was 0.034.

Note that after the main shock mining was suspended and this is reflected in 
the interval probabilities, therefore here we compare seismic hazard before the
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MS driven by production with the interval probabilities after the MS with no 
production. Obviously, when production will resume, seismic hazard will increase,
and therefore, the re-entry into the aftershock area needs to be done with caution.

5.6.11 Aftershock Sequence After logP = 5.47. Event 

This example describes aftershock sequence follo wing a large logP =
5.47 (mHK = 4.6). and logE = 10.6., mining triggered reverse slip event driven 
by tectonic sub-horizontal stress. The event was initiated off the bottom edge of 
a small mine and propagated over one kilometre away from the mine along sub-
horizontal geological structure. Waveforms from the mine seismic system, from the
close by mines, and regional stations were used to evaluate source parameters and
mechanism of the main shock (MS) and aftershocks.

Figure 5.31 left shows three-component velocity waveforms recorded by 14 Hz 
sensors at distance 280 metres, Fig. 5.31 middle shows waveforms recorded by 
4.5 Hz sensors at distance 4384 metres, and Fig. 5.31 right shows 200 seconds of 
waveforms recorded by broadband sensor at a distance of 92 km from the mine.

The moment tensor solution by the USGS, as well as location and mechanisms 
of aftershocks, indicates that the event represents a rupture along a plane with strike
240◦

. and dip 2 4◦
., in the mine’s coordinate system, which extends to the South-

South-West of the mine. Analysis of waveforms indicates the two main episodes 
of rupture, the main shock and 0.7 seconds later the sub-event, that could well be
treated as the first aftershock, see Fig. 5.31 left. This sub-event was most likely 
associated with the rupture of the fault segment about 950 m to the South-South-
West from the primary main shock.

The spherical equivalent of the MS is shown in Fig. 5.32 by a large light grey 
circle that scales with the radius of the source volume with strain change =.10 −4

., 
r = [3P/ (4 )]1/3 = 856. metres, where P is potency. However, the real shape 
of this event was rather closer to a flat ellipsoid span over the ellipse shown in
Fig. 5.32 in blue. The event triggered 3670 aftershocks with logP ≥ −3.0. within 
156 days which are shown in Fig. 5.33. Most of the aftershocks located away from

Fig. 5.31 Three-component velocity waveforms recorded by 14 Hz sensors at distance 280 metres 
(left) recorded by 4.5 Hz sensor at 4384 metres (middle) and by broadband sensor at distance 92
km from the mine (right)
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Fig. 5.32 Top (left) and section view (right) of the mine, including the nearest three mining 
operations. The main shock i s shown in light grey and aftershocks coloured by the time of their
occurrence

Fig. 5.33 Cumulative number (left) and distances to the main s hock (right) of seismic events
with logP ≥ −3.0. before and after the m ain shock

the mine are associated with the sub-horizontal planar structure approximated b y
ellipse. The largest aftershock with logP = 2.66., shown in Fig. 5.32 in red, 
occurred within the mine 54 seconds after and 581 metres from the MS. The second
largest aftershocks with logP = 2.54. shown in F ig. 5.32 in orange occurred outside 
the mine 38 days after and 258 metres from the MS. The third largest aftershocks,
with logP = 1.37. occurred within the mine 15.6 hours after and 578 metres from
the MS.

Figure 5.33 left shows the cumulative number of events with logP ≥ −3.0. 
during 1338.7 hours before and 3730.5 after the MS shown here as the large red 
circle. Colour here scales with distance to the MS, and the size of the event here
represents the radius of the source volume taken as a sphere, V = ., w here

. is the assumed strain change at the source, in this case 10−2
.. There was a steady 

rate of seismic activity, λB = N (logP ≥ −3.0) B = 0.484. per hour before the 
MS. Figure 5.33 right shows distances of seismic events to the MS over the same 
period of time where colour scales with the logarithm of apparent stress, log σA =
log (E/P ).. The spatial distribution of events before theMS is mostly concentrated at
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Fig. 5.34 Cumulative number of aftershocks and the SE fit in red (first row) to the first 756 and 
3057 hours of aftershocks vs. relative time in hours. The forecast for the next 48 hours is plotted
in green. The probability of having a seismic event not smaller than logP . within 48 hours after 
the respective tf . by SE plotted in red and by simple Omori in blue, and the probabilities of having 
such an event during a ny 48 hours before the MS is plotted in black (second row)

the mine, at distances of 300 to 500 metres from the future MS, with only few events 
at distances over 500 metres. From the very beginning of the aftershock sequence, 
the spatial distribution of aftershocks extended to over 2000 metres from the MS.
Approximately 2900 hours after the MS, one can see seismic activity at 200 metres
from the MS associated with the rehab of mining operations.

Figure 5.34 top row shows the cumulative number of events with the stretched 
exponential (SE) fit at the time of forecast tf = 756. and tf = 3057. hours after the 
MS, shown in red, and its extrapolation into the next 48 hours in green. The simple
Omori (SO), i.e. with c = 0., was also tested for these data sets and gave very similar 
results. All statistics quoted on the right of the plots relate to the aftershocks at the
time of forecast. The first aftershock with logP ≥ −3.0. was recorded 8 seconds 
after the MS.

At tf = 756. hours, the rate of aftershocks was λA = 2.84., the background activ -
ity rate λB = 0.48.. The coefficient of variation of time d ifferences between events
Cv (t) = 1.6., which indicates a degree of temporal clustering and interdependence 
of events. At that time, the mean distance of aftershocks to the MS was 857 metres, 
extending well beyond the boundary of the mine, which suggests the influence of
local tectonics influenced by years of mining in the area.
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Figure 5.34 bottom row shows the interval probabilities, Pr ≥ logP ; . 

tf , tf + ., of having at least one event not smaller than a given logP .within 
= 48. hours after tf ., calculated assuming SE, shown in red, and SO in blue,

which are practically the same.
The Poissonian probabilities during any 48 hours before the MS are s hown in

dark grey which, at tf = 756., are considerably lower which implies that the 
relaxation process is still in progress and seismic hazard is high. For example, the SE
probability, Pr logP ≥ 1.0; tf + = 48h = 0.054. as opposed to 0.022. for any 
48 hours before the MS, which is 2.45 times higher . Note that the SE relaxation time,
τ ., at this stage is large, but it will get smaller as the relaxation process continues.

The forecast at tf = 3057. hours gives a lower hourly rate of aftershocks 
of 1.13, and the activity rate over the last 1000 aftershocks is 0.51, which is 
very close to t he premain shock background. The coefficient of variation of time
differences between events increased to Cv (t) = 2.29. due to the intermittency 
of the recent aftershocks, which indicates a strong degree temporal clustering and 
interdependence of events. The spatial distribution of aftershocks extended even 
further beyond the boundary of the mine, which confirms the previous premise
of tectonic or other mining influence. Figure 5.34 bottom right shows the interval
probabilities, Pr ≥ logP ; tf , tf + ., of having a seismic event not smaller 
than a given logP . within = 48. hours after tf = 3057. hours, calculated 
assuming SE, shown in red, and SO in blue, which are practically the same and 
equal to the probabilities at any 48 hours before the MS.

At 756 hours, after the MS, the SE probabilities are considerably higher than 
before the MS, indicating that the relaxation p rocess is still in progress and seismic
hazard is high. For example, Pr logP ≥ 0.0; 804h . is 0.3, while before the MS it 
was 0.14 and Pr logP ≥ 1.0; 64h . is 0.053, and before the MS it was 0.022.

At 3105 hours after the MS, the relaxation process progressed to the stage that 
seismic hazard is a t the same level it was before the MS.

Note that after the main shock mining was suspended, and this is reflected in 
the interval probabilities coming back to the pre-shock level rather quickly, and 
therefore, here we compare seismic hazard before the MS driven by external loading 
and production with the interva l probabilities after the MS with no production.
Obviously, when production will resume, seismic hazard will increase, and therefore
the re-entry into the aftershock area needs to be done with caution.

5.7 Seismic Rock Mass Response to Blasting Sequence

5.7.1 I ntroduction

McGarr (1976b) showed that if after extracting a volume of rock Vm ., the altered 
stress and strain field can readjust to an equilibrium state through seismic move-
ments only, the sum of seismic potency released within a given period of time would
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be proportional to the excavation closure, and in the long term P = Vm .. 
Then, assuming the seismic deformation will follow the open-ended power law
with parameters α ., β ., one can estimate the maximum possible event size Pmax . in 
the seismic sequence, Pmax = [(1 − β) Vm/ (αβ)]1/(1−β)

.. Similar equations were 
derived by Wyss (1973), Smith (1976), McGarr (1976a), and Molnar (1979)  to  
estimate the expected maximum magnitude of earthquakes, and by McGarr (1984) 
for mines. See also section Balance of the Effective Volume Mined and Pmax . in 
Chap. 4. 

Mendecki (2001) studied seismic rock mass response to extraction blasting in a 
long wall with four 30 m panels at a depth of 3000 m at Tau-Tona mine. The area 
was covered by a high-resolution microseismic network of five three-component 
accelerometers that provided enough data to gain insight into the excitation and 
relaxation processes associated with a sudden transient closure after production 
blasts. During five days of observations, 15 panels were blasted—minimum 3, 
maximum 6 panels per day, and no blasts on Sunday. In each stope, there were two 
rows of 0.9 m long blasting holes separated by 0.5 m vertically and horizontally. 
They were blasted in pairs top and bottom, with about 200 ms delay. Thus it took 
approximately 12 to 15 seconds to blast a panel, with face advance by about 0.8 
m. A few thousand events were recorded over the five days of observations, but
only 1086 with well-developed P- and S-wave signatures were processed and used
in analysis. The larger seismic events occurred during Day1 and Day3 after the
production blast of at least three contiguous panels. It was concluded that blasting
a number of contiguous panels degrades stiffness of the surrounding rock more
and for a longer period of time than if the same number of panels were blasted
non-contiguously. The loss of stiffness makes the system more vulnerable to larger
events.

In another study, Mendecki (2005) analysed the seismic rock mass response to 
production by blasting at Mponeng mine. The rate of mining Vm . ranged from 3 
to 33 m3

./day and did not correlate with seismic hazard. Although the highest rate of 
mining was where non-contiguous panels were blasted, the seismic hazard r emained
low and larger events occurred during the periods of contiguous blasting.

Martinsson and Torrman (2020) developed a Bayesian hierarchical model that 
captured the dynamic relationships between seismic activity and production rate, 
depth, and size of the orebodies. Testing on data from the LKAB Malmberget mine, 
they inferred that the seismic half-life, defined as the amount of time required for the 
activity to fall halfway to its steady state value, ranges from weeks up to 2 months 
for the cases considered. They also found that the eff ect of the weekly production on
the induced seismicity depends exponentially on the average production size in the
orebody. The seismic exposure term reveals a dependency on depth, and, for cases
considered, an increase in depth by 100 m doubles the seismic activity.

de Beer (2022) tested correlations between production rates, taking into account 
ring and drawbell blasting and mucking, and seismic potency response in a block 
cave mine. He found that the rate o f mucking is a long term driver of seismic potency
release both above and below the undercut. Birch et al. (2024) conducted a similar 
analysis, fitting a simplified version of a generalised linear model to tons bogged
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and blasted in weekly intervals over two years at Oyu Tolgoi block cave mine. They 
found that during this period, which included the start of drawbell development 
and production bogging, weekly tonnes bogged had much stronger influence on 
seismicity than blasting. 

Most of these papers focus on the seismic rock mass response to production and 
production rate. Here, we explore the influence of the proximity of group blasting
on the intensity of seismic response as measured by the number of larger, potentially
damaging seismic events during and after blasting.

5.7.2 Scaled Volume and Proximity Index of Blasts

The intensity of the seismic rock mass response to a single extraction, undercut, 
or preconditioning blast scales positively with the stress level at the blasting site 
and the surrounding area and with the volume of rock extracted. In the case of 
multiple blasts, it also depends on the number and the p roximity of these blasts, i.e.
the time differences and the distances between them. For a given stress condition
and volumes of rock blasted, more clustered blasts result in a more intense seismic
response.

Let us denote the volume of the first blast in a sequence of two blasts by Vb1 . 

and ask what should be the time delay, 21 ., and the space separation, 21 .,  to  the  
second blast to avoid superposition of seismic activity. First, let us define the scaled
volume of the first blast as

.Vsb1 = Vb1

21/tα1 + 21/dα1
, (5.46) 

where the numerator is the volume of rock blasted during the first blast, Vb1 ., and the 
dimensionless denominator quantifies the proximity in time and in space between 
the first and the subsequent blast. The proximity in time is quantified by the ratio

21/tα1 ., where tα1 . is the characteristic seismic relaxation time, and the proximity 
in space is measured by the ratio α1 ., where dα1 . is the characteristic size, or 
the radius, of the seismic relaxation zone. Both tα1 . and dα1 . are functions of Vb1 .. 
The best proxies for tα1 . and dα1 . are the calibrated exclusion or re-entry time, tr ., and 
the characteristic size of the exclusion zone, de .. Alternatively, they can be scaled 
appropriately. For a given 21 . and 21 ., the larger tα1 . and/or dα1 ., the larger Vsb1 .. 
Since the seismic rock mass response to blasting scales positively with the stress
level, so would tα1 . and dα1 ., and therefore, Eq. (5.46) indirectly caters for the s tress
level.

If the time difference between the first and the second blast 21 . is equal to tα1 . 

and the distance between them, 21 .,  to dα1 ., t hen

.Vsb1 [ 21 = tα1 21 = dα1] = Vb/2. (5.47)
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Now, we can define the proximity index of the first blast t o the second blast as the
ratio,

.Ipb1 = Vsb1

Vsb1 [ 21 = tα1 21 = dα1]
= 2tα1dα1

tα1 21 + dα1 21
. (5.48) 

If 21 = tα1 . and 21 = dα1 ., then Ipb1 = 1.. For a given tα1 . and dα1 ., the inde x
Ipb1 .measures the deviation from the desired proximity of the second blast from the
first one in time and/or in space. The case Ipb1 ≤ 1.means the desirable outcome o r
better, and Ipb1 > 1. means that, for a given Vb1 ., the second blast may be too c lose
in space and/or in time. Since tα1 . and dα1 . scale positively with Vb1 ., the larger this 
volume the longer the relaxation time and the larger the relaxation zone. In principle
both, tα . and dα .would scale with the cube root of the volume of rock blasted.

Equation (5.48) allows testing whether the preferred time difference and distance 
between two planned blasts are below the acceptable level of Ipb . that produces a 
manageable seismic response.

In practice, mines frequently group more than two blasts to optimise the required 
exclusion time. The most practical way to test the proximity is to apply the above 
formulas to each two consecutive blasts. However, while all pairs of consecutive 
blasts may be reasonably separated in time and space, there may be some non-
consecutive blasts missed by this scheme. For example, the case of three blasts
carried out within a small . where the first and the second blasts are separated 
enough in space but the third one is very close in space to the first one. Here, if 
measured in relation to the second blast, the third one would give reasonable space
separation resulting in low Vsb . and Ipb ., while it would not be the case if the first 
blast would be measured in relation to the third one.

To detect such cases, one can consider all combinations of two blasts i n a given
blasting sequence. For nb . blasts, there are Cnb

2 = n (n − 1) /2. combinations of two 
blasts, and for each, we can calculate Ipb .. Then, we can sort Ipb . from the largest to 
the smallest and compare with the sorted values of consecutive b lasts to see if these
two lists are the same.

5.7.3 Example: Proximity of Blasting and Seismic Response

The example below is based on the best blasting data a vailable to the author for
publication.

Proximity of Blasting Figure 5.35 left shows the cumulative number of 3296 
events with logPmin ≥ −3.0 (m ≥ −1.1). over 91 days between 6 December and 7 
March in an open stopping hard rock mine. In the figure, the size of the ev ent scales
with the source volume, and the colour indicates the distance of that event from the
logP = 2.23 (m = 2.4).main shock (MS) that occurred on 19 February at 13:09:48 
at level of 1805. The second largest event with logP = 0.84 (m = 1.5). occurred
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Fig. 5.35 Cumulative number of events (left) and their distances to the MS (right) vs. time

Fig. 5.36 Cumulative number of events and volume of rock blasted (left). The cumulative volume 
of rock blasted with s eismic events in light grey plotted at the bottom (right)

on 26 December at 14:16:12 at the 1706 level. The three vertical lines in red, blue, 
and green mark the times of the three largest events. There were 52 mid-size events
with logP ≥ −1.0 (m ≥ 0.25)., which gives rate of 0.57/day. T he mean recurrence
interval, t̄ (logP ≥ −1.0) = 34.82. days with a standard deviation of 35.86. days, 
which gives the coefficient of variation Cv = 1.03.. There was no change of rate or 
acceleration of seismic activity before any of the three largest events. Figure 5.35 
right shows the distances of events from the MS during the same time, with colour
scaling with the logarithm of apparent stress, log σA = log (E/P ).. The bulk of 
these events locate between 200 and 400 metres from the MS, with the exception of 
the s tring of events 120 metres away that persisted for days after the MS.

Figure 5.36 left shows the volume of rock blasted where the size of the rectangle 
scales with the volume of the blast with colour indicating the distance between 
consecutive blasts varying from 0 metres in red to 891 in blue. The left bottom 
of the rectangle marks the time of the blast. A timeline of seismic events and they
sizes is shown at the bottom in grey. There were 82 blasts extracting 98240 m3

. of 
rock, the smallest 48.5 m3

. and the largest 5597.3 m3
. at 1728 level, i.e. 77 metres 

below the MS. All 3321 combinations of two blasts were tested to confirm that they
comply with the consecutive order.
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Fig. 5.37 Histograms of volumes of rock blasted (left) and distances between consecutive blasts
(right)

Figure 5.36 right shows the cumulative plot of volume of rock blasted where 
colour scales with the distance between consecutive blasts. There was an increase in 
the rate of volume of rock blasted before the second largest event and ev en more
so before the MS. There was also an increase in the number of closely spaced
consecutive blasts before these two events.

Figure 5.37 shows the histogram of the volumes of rock blasted and the distances 
between consecutive blasts. There were 12 blasts with Vb > 2000. m 3 . and three 
blasts with Vb > 3000. m 3 ., the maximum single blast was 5579 m3

., and the 
minimum 49 m3

.. There were two pairs of blasts practically at the same spot but 
separated by 12 and 24 hours, respectively. There were three blasts at a distance of
less than 10 m from their predecessor, 11 <.50 m, and 13 <.100 m, 15 <.150 m and 
20 <200 m.

Figure 5.38 left shows the distances between consecutive blasts where colour 
scales with the distance to the MS. It also shows the cumulative volume of rock
blasted in blue. Note the accelerating rock extraction before the MS.

Since we do not have the calibrated values for t he exclusion zone, we scaled it
as, dej = 10 · Sbj ., where Sbj = V

1/3
bj . is the characteristic size of rock blasted, 

which gave demin = 36. metres for Vbmin = 48.5. m 3 . and demax = 177. metres for 
Vbmin = 5579.m 3 .. The two red horizontal lines in Fig. 5.38 left mark the minimum 
and the maximum radius of the scaled exclusion zone for all blasts.

We also do not have calibrated re-entry times, and therefore, we scaled them as
follows:

.trj = trmin + trmax − trmax exp − Sbj − Sbmin /Sbmax
q

, (5.49) 

where trmin . and trmax . are the assumed, for a given range of Vb ., minimum and 
maximum re-entry times, respectively, Sbj . are the characteristic sizes of the rock 
blasted, and q is the e xponent of the stretched exponential relaxation function.
Assuming trmin = 4. and trmax = 36. hours, Sbmin = 3.6. m, Sbmax = 17.7. m, and
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Fig. 5.38 Distances between consecutive blasts with cumulative volume of rock blasted in blue 
(left) and the scaled volume of consecutive blasts (right). Seismic e vents in light grey vs. time are
plotted at the bottom of both figures

Fig. 5.39 Proximity indices, Ipb ., of blasts (left) and CumIpb . vs. time (right). Seismic events in 
light grey vs. time are plotted at the bottom of both figures

q = 0.75.,  E  q. (5.49) gives the minimum re-entry time of 4 hours for Sbmin = 3.6.m 
and 24.5 hours for Sbmax = 17.7.m. 

Figure 5.38 right shows the scaled volume of consecutive blasts where the colour
indicates distance between consecutive blasts.

Figure 5.39 left shows the proximity index of all blasts, Ipb ., where the colour 
indicates distance between consecutive blasts. The minimum Ipb . is 0.087 and is 
associated with Vb1 = 49. m 3 ., with time delay to the next blast 21 = 0.,  but  
the distance to the next blast 21 = 836. m. There are two such blasts in the 
catalogue, on 10 and 17 of February. The maximum Ipb . is 43.1 and is associated
with Vb1 = 2773. m 3 .with time delay to the next blast 21 = 0. but with 21 = 7. 
m.  There  were  15  blasts with Ipb ≥ 1., of which 5 were during 19 days before t he
second largest event with logP = 0.84., and 5 during 9 days before the MS with
logP = 2.23.. The blast with the maximum Ipb = 43.1. was carried out 6 minutes 
before the MS.

Figure 5.39 right shows the cumulative proximity index of blasts, CumIpb .,  vs.  
time. There was an increase in the index before the MS that started with the blast on
10 February. Table 5.6 lists the proximity parameters of 16 blasts from 10 February 
before the MS. The data in columns in bold were used to calculate the proximity
index of the given blast.
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Fig. 5.40 CumN and volumes of rock blasted (left) and distances (right) of 100 events before and
250 after the MS

Seismic Response to Blasting Before and After the Main Shock Figure 5.40 left 
shows the cumulative number of 100 events before and 250 after the MS as well 
as the time and volumes of rock blasted. Size of the event scales with the radius of 
source volume, and the colour indicates the distance of that event from the MS. In
the figure, the size of the rectangle scales with the characteristic size of the blast,
(Vb)

1/3
., and colour scales with the distance of that blast from MS.

Note that not every blast or blast sequence triggered a seismic response. Let us 
look at the seven blast sequences from 72 hours before to 60 hours after the MS:

1. Two blasts 72 hours before the MS. Vb1 =.1216 3 . at distance 313 m away from 
the future MS and Vb2 =.452 m 3 . at distance of 86 m. Rock mass responded 
seismically to these two blasts.

2. Three blasts 48 hours before the MS. Vb1 =. 84 m 3 . at distance 517 m, Vb2 =.49 
m 3 . at 495 m, and Vb3 =.778 m3

. at 458 m. No seismic response.
3. Three blasts 24 hours before the MS. Vb1 =. 1216 m 3 . at distance 313 m,

Vb2 =.656 m 3 . at 345 m, and Vb3 =.1320 m3
. at 409 m. A v ery light seismic

response.
4. Three blasts 6 minutes before the MS. Vb1 =. 226 m 3 . at distance 440 m,

Vb2 =.2733 m 3 . at 86 m, and Vb3 =.2066 m3
. at 84 m. Strong seismic response

that triggered logP = 2.23. event and 95 aftershocks within the first 12 hours.
5. Two blasts 12 hours after the MS. Vb1 =. 469 m 3 . at distance 517 m, Vb2 =.2778 

m 3 . at 345 m. Relatively weak seismic response, considering the volume of the 
second blast and the buoyancy of the rock mass after the MS. The response was 
delayed by 1.5 hour and delivered 12 events during 1.2 hours. After these 12
events, the activity rate dropped.

6. Two blasts 48 hours after the MS. Vb1 =. 606 m 3 . at distance 409 m, Vb2 =.2703 
m 3 . at 440 m. Practically, no seismic response, just three very small events within
40 minutes.

7. One blast 60 hours after the MS. Vb1 =. 867 m 3 . at distance 517 m. Practically, 
no seismic response, just a few v ery small events within 7 hours.

The fact that the rock mass responded seismically to blasts close to the future MS 
may suggest that this was an area of higher stress. Indeed, the apparent stress of



5.7 Seismic Rock Mass Response to Blasting Sequence 209

Fig. 5.41 Probability of seismicity rate change (left) and reference seismic diffusivity (right) in a
15 event moving window

the MS was 0.46 MPa, which is the highest in the data set. If correct, this would 
support the concept of tap-testing of the criticality of a system, i.e. how close is a 
given system to the critical point at which its behaviour would change qualitatively. 
Systems close to criticality are more excitable. The concept of tap-tests is that 
the immediate seismic response t o blasting contains information about the general
levels of stress.

There was a seismic flurry that started 35.5 hours after the MS and delivered 21
events within 1.5 hours. The bulk of these events located 120 metres from the MS,
see Fig. 5.40 right that shows the distances of these events from the MS with colour 
scaling with the logarithm of apparent stress. It may be considered a s pontaneous
activity, unless it was the response to a blast that was not logged.

Figure 5.41 left shows a 15 event moving window of the probability that the rate 
of seismicity increased by at least 3 times with respect to the activity before the MS. 
The colour scales with the mean distance of events in each moving window to the
MS that vary from 128 m in red to 612 m in blue. For details, see subsection 5.6.2 
in this chapter. The probability jumped above the significant 0.75 level for 3 hours 
in reaction to seismic activity associated with two blasts 72 hours before the MS. 
These events were on average over 300 metres from the MS. It jumped to 1.0 at the 
time of the MS and stayed above 0.75 level for 10 hours. Then it dropped briefly and 
started to rise again 13.5 hours after the MS reacting to the 12 events after blasting. 
Practically, after the MS, the activity rate was 3 times higher than before the MS for 
15 hours. The probability of activity rate change jumped above the 0.75 level again
in response to what looks like a spontaneous flurry of small events that started 35.5
hours after the MS and stayed there for 2.8 hours.

Reference seismic diffusivity can be defined as the ratio of the mean distance
squared between the reference location, e.g. the main shock or the blast or the point
of injection in case of hydrofracturing, and seismic events to the mean time between
these events, dsr = d2 / t .. An increase in the seismic reference diffusivity 
signifies development of spatial correlation within the system. Figure 5.41 right 
shows a 15 event moving window of seismic diffusivity over the time of interest 
where colour scales with the mean distance of events in each moving window to the
MS that vary from 128 m in red to 612 m in blue. The horizontal red line marks
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the mean reference diffusivity before the MS, dsrmeanb = 0.87.. It ignored the light 
seismic response to the three blasts 24 hours after the MS mainly because they 
were relatively close to the MS. It started to increase 21.5 hours before the MS in 
reaction to both, a modest increase in the activity rate and larger distances of these 
events from the MS. It jumped at the time of the MS but dropped down to the pre-
MS level 7 hours later. It increased modestly again for almost 10 hours 26 hours
after the MS due to an increase in distances and in activity. The reference diffusivity
dropped significantly during the flurry of activity 35 hours after the MS mainly due
to the smaller distances from the MS and dropping in activity rate.

Final Comments It is important to schedule blasting sequences to limit the overlap 
of seismic relaxation. If larger blasts are too frequent and/or too close to each other, 
i.e. if the next blast is still during the excitation phase of the previous one, it may 
push a larger and larger part of the system into the sub-critical stage where it is more 
sensitive to small stress perturbations. Such systems are characterised by periods of 
low seismic activity follo wed by small bursts of activity, and they are less time
predictable. There is also the possibility that such blasting may induce a larger
seismic event that would not have happened otherwise, as opposed to advancing
the clock for events that are almost ready to be triggered.

It is recommended to use seismic tap-testing to guesstimate how close the 
system is to the critical point, at which its behaviour could change qualitatively. 
Systems close to criticality are more excitable. There are three ways to tap-test the 
system: (1) Self tap-testing, where one can analyse the immediate response to small 
event(s) within the system. (2) Self tap-testing, where one can analyse the immediate
response to remote larger events. (3) Active tap-testing where one can analyse the
immediate seismic response to small blasts carried out in selected areas.
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Chapter 6 
Ground Motion Hazard 

Abstract This chapter starts with the general description of transient strains and 
stresses and the dynamic stress concentration factors for a plane harmonic incident 
P- and S-wave hitting a tunnel. Then it gives a rudimentary explanation of the 
ground motion (GM) at seismic source, describes parameters that measure the 
intensity of GM, and presents a case study on amplification of GM at the skin 
of an excavation. Understanding, quantifying, and forecasting GM motion in the 
near and intermediate field of seismic radiation is the most important issue in mine 
induced seismicity since most damage caused by seismic events is observed in 
excavations very close to their sources. Since the maximum ground velocity at 
source is controlled by the strength of the rock mass, small and large events produce 
similar ground velocity at source, but large events affect a substantial volume of 
rock, and hence, the probability of hitting a vulnerable structure is considerably 
higher. In smaller mines, the strong ground velocities and displacements associated 
with larger events may affect the entire infrastructure. 

The next section is dedicated to the ground motion prediction equation (GMPE) 
and its applications, e.g. plotting the expected GM at strategic locations in real 
time, seismic fragility curves that show the probability that tunnel support may be 
damaged under different seismic loads given its remaining deformation capacity, 
and the GM alert program, called GMAP. The next section describes the real-time 
version of GMAP, called GMAS, that does not require the GMPE and estimated 
source parameters to issue an alert. 

The next section describes mapping seismic ground motion hazard, which in 
earthquake seismology is called the probabilistic seismic hazard assessment and its 
limitations, the major being the uncertainty in the spatial distribution of the expected 
seismicity. The last section, modelling seismic hazard, describes what is called the 
deterministic hazard, i.e. kinematic modelling of GM produced by potential seismic 
sources defined by their expected maximum potency or energy, placed at the most 
likely locations that can produce the highest intensity of GM motion at a given site. 
Examples of modelling GM produced by extended and complex sources are given. 
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6.1 Seismic Waves, Transient Strains, and Stresses 

Introduction A wave is a disturbance that transports energy from its source 
through the rock without the transport of matter. It is the energy of the wave, not 
the particles of the medium, that travels through the medium. Wave motion can 
be transient, periodic, or random. Transient motion is the response of the medium 
to a sudden pulse-like excitation. Periodic motion is repetitive, recurring in the 
same form at fixed time increments, e.g. harmonic motion. In random motion, the 
instantaneous amplitude can be predicted only on a probabilistic basis (e.g. random 
noise). 

The maximum disturbance in each cycle is known as the amplitude of the wave 
and is determined by its source. The amplitude of a wave is equal to the maximum 
displacement, velocity, or acceleration of ground motion from the equilibrium 
position. The number of cycles that pass by a fixed point per second is called 
frequency, f , and is expressed in hertz [Hz]. The frequency of a wave is determined 
by its source. The time in seconds required for a complete cycle to be produced 
or to pass a given point is the period of the wave, T , and it is the reciprocal of its 
frequency, T = 1/f . or. f = 1/T .. The length corresponding to one complete cycle 
of the wave is called the wavelength, .. It can be measured from crest to crest, 
trough to trough, or between corresponding points on adjacent pulses. Wavelength 
is affected by both the source and the medium. 

Phase velocity quantifies how fast crests or troughs travel. The wavefront 
associated with any particular phase advances a distance . in time T , and therefore, 
the phase velocity vπ = . =. ω/k ., where k = 2 . is the wavenumber and 
ω = 2πf . is the circular frequency. Note that for a given frequency, the wavelength 
increases with increasing wave propagation velocity, . =.vπ/f .. In perfectly elastic 
homogeneous media, all frequencies travel with the same velocity. Attenuating 
media are dispersive and allow waves of different frequencies to travel at different 
velocities. 

Wave Speed The speed of any wave depends upon the properties of the medium 
through which the wave is travelling. Typically, there are two essential types of 
properties which affect wave speed: inertial and elastic properties. The greater the 
inertia, or the mass density, of individual particles of the medium, the less responsive 
they will be to the interactions between neighbouring particles and the slower the 
wave. If all other factors would be equal, a sound wave would travel faster in a 
less dense material than in a more dense material. Elastic properties relate to the 
strength of interaction between particles measured by the tendency of a material 
to resist deformation upon applied force, which is called stiffness. The stiffer the 
material the faster the wave. Even though the inertial factor may favour gases, the 
elastic factor has a greater influence on the wave speed, and therefore: vsolids . >. 

vliquids > vgases .. In general, the velocity of a seismic wave increases with rock 
mass stiffness and decreases with its density, v ∝ √

stiffness/density..



6.1 Seismic Waves, Transient Strains, and Stresses 215

P-Wave The dilatational or longitudinal or primary waves, where the elastic 
medium expands and contracts and in which particles move in the direction of 
propagation. The wave velocity is 

.vP = κ + (4/3) μ

ρ
= 2μ(1 − ν)

ρ(1 − 2ν)
= Y (1 − ν)

ρ(1 − 2ν)(1 + ν)
, (6.1) 

where κ . is the bulk modulus, μ. the shear modulus, ρ . is density, Y is the Young 
modulus, and ν . the Poisson ratio. Note the dependence of vP . on both, the bulk and 
the shear modulus. The reason is that during propagation of dilatation the medium 
is subjected to a combination of compression and shear. The cross-sectional area of 
a small cube element normal to the direction of propagation will not be changed, 
but its dimension along the propagation will be altered. There is thus a change in 
the shape of the element as well as in its volume, and the resistance of the medium 
to shear as well as its compressibility comes into play (Kolsky, 1963). 

S-Wave The transverse or shear or secondary waves, where the medium changes 
in shape, but not in volume. Particles move perpendicular to the direction of 
propagation, which occurs with velocity 

. vS = μ

ρ
= Y

2ρ(1 + ν)
.

Given a reference plane, the S-wave particle motion can arbitrarily be decomposed 
into horizontal SH and vertical SV components which, in homogeneous isotropic 
media, travel with the same speed. The polarisation, i.e. the direction of particle 
motion relative to the direction of wave propagation, of both P- and S-waves, is 
linear. In an anisotropic medium, where properties vary with direction, the S-wave 
splits into a fast and slow component. These split waves propagate with different 
velocities that cause a time delay and related phase shift. Accordingly, the two 
split S-wave components superimpose on an elliptical polarisation. The orientation 
of the main axis and the degree of ellipticity are controlled by the fast and slow 
velocity directions of the medium with respect to the direction of wave propagation 
and the degree of anisotropy. An independent propagation of the P- and S-waves is 
only guaranteed for sufficiently high frequencies where spatial variations in elastic 
properties occur over much larger distances than the wavelength of the waves 
involved. Fluids have no shear strength, μ. =. 0, and thus do not propagate shear 
waves. 

Ratio vP /vS . The ratio of the P- to S-wave velocity depends only on the Poisson 
ratio ν ., see Fig. 6.1, and since − 1. <. ν . ≤. 0.5.,  we  ha  ve

.
2√
3

<
vP

vS

= 2 − 2ν

1 − 2ν
< ∞. (6.2)
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Fig. 6.1 vP /vS . and  Poisson  rat  io

Table 6.1 Relationship between elastic moduli 

Y =. 2μ(1 + ν). 3κ(1 − 2ν).
9κμ
3κ+μ

.
λ(1+ν)(1−2ν)

ν
.

μ(3λ+2ν)
λ+μ

. . 

ν =. λ
2(λ+μ)

. Y
2μ − 1. 3κ−2μ

2(3κ+μ)
. λ

3κ−λ
. 3κ−Y

6κ . . 

μ =. Y
2(1+ν)

.
λ(1−2ν)

2ν .
3(κ−λ)

2 .
3κ(1−2ν)
2+2ν)

. 3κY
9κ−Y

. . 

κ =. Y
3(1−2ν)

.
2μ(1+ν)
3(1−2ν)

.
μY

3(3μ−Y)
.

λ(1+ν)
3ν . λ + 2

3μ. . 

λ =.
2μν
1−2ν .

μ(2μ−Y)
Y−3μ . νY

(1+ν)(1−2ν)
. 3κν

1+ν
. κ − 2

3μ. . 

Thus in a given medium, the P-wave is always faster than the S-wave. The ratio 
vP /vS . increases with increasing ν ., and for ν . =. 0.15.,  the vP /vS . =. 1.558.,  fo  r ν . 

=. 0.2. vP /vS . =. 1.633.. For a Poissonian solid, where the Poisson ratio ν . =. 0.25., 
vP /vS . =.

√
3. and vS . = vP /

√
3.. For most consolidated rocks, the vP /vS . ratio is 

between 1.5 and 2.0. 

Elastic Constants Since hydrostatic pressure cannot cause an increase in volume 
and the volume decrease must remain finite, the bulk modulus κ . can only assume 
positive values. The shear caused by a state of simple shearing has the direction 
of the stress, and therefore, the shear modulus μ. must be positive. For an incom-
pressible material, κ ., and hence, λ. (Lamé constant) must become infinite. These 
conditions ensure that the strain energy is positive, and they impose the following 
fundamental inequalities for the elastic moduli of isotropic materials:∞ ≥ λ > 2

3μ., 
∞ > μ > 0., 0 < Y ≤ 3μ., − 1 < ν ≤ 1

2 ., where Y is the Young’s modulus 
(Table 6.1). Abstract distance between two elastic media can be measured by d =. 

log (κ1/κ2)
2 + log (μ1/μ2)

2
.. 

One can reduce the number of parameters to one under certain simplifying 
assumptions. The most frequent is the so-called Poisson’s relation, λ = μ., from
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which it follows: ν = 0.25., Y =. 5μ/2., and κ . =. 5μ/3.. Another simplification is to 
assume that material is incompressible, and then κ . =. λ. =. ∞., ν . =. 0.5., and μ. =. 

Y/3.. 

Surface Waves Seismic surface waves are an example of guided waves that 
propagate along free surfaces, internal discontinuities, or other waveguides. Seismic 
surface waves are created by the interference of seismic body waves. There are two 
major kinds of surface waves: Love waves, which are shear waves trapped near the 
surface, and Rayleigh waves, which have rock particle motions that are very similar 
to the motions of water particles in ocean waves. 

Love waves are generated when an SH ray hits a reflecting horizon near surface 
at post-critical angle, and all the energy is trapped within the wave guide (Love, 
1911). They propagate by multiple reflections between the top and bottom surfaces 
of the low speed layer near the surface. Love waves are similar to S-waves with no 
vertical displacement. They move the ground from side to side horizontally parallel 
to the Earth’s surface, at right angles to the direction of propagation, and produce 
horizontal shaking. The Love wave velocity is equal to that of shear waves in the 
upper layer for very short wavelengths, and to the velocity of shear waves in the 
lower layer for very long wavelengths. 

Rayleigh waves, also known as a “ground roll”, are the result of incident P 
and SV plane waves interacting at the free surface and traveling parallel to that 
surface. The particles oscillate in a vertical plane along the direction of propagation. 
There are two components to their oscillations: vertical up and down motion and 
the horizontal forward and back motion. At the free surface, the initial vertical 
motion is up, but the initial horizontal movement is backward. Thus the particle 
motion at the free surface is elliptical retrograde (i.e. the particle moves opposite 
to the direction of propagation at the top of its elliptical path), and the vertical 
displacement is about 1.5 times the horizontal displacement. The penetration into 
the ground increases with wavelength .. The vertical amplitude of particle motion 
decreases exponentially with depth. The horizontal amplitude becomes zero at a 
depth of 0.19 · ., and below that depth, it reverses its direction and the particle 
motion becomes forward elliptical. The Rayleigh wave velocity, vR ., varies from 
0.9 vS ., for the media with Poisson ratio ν . =. 0.1.,  to 0.93 vS .,  fo  r ν . =. 0.4..  For  a  
Poissonian solid, ν . =. 0.25., Rayleigh waves travel with a phase velocity vR . . 

0.92vS .. In mines, surface waves are developed as the wavefront reaches the tabular 
excavations. 

Transient Strains and Stresses Any function f (x − vπ t). represents a wave prop-
agating in the x direction, and the function u(x, t). =. u0 sin (2πf x/vπ − 2πf t). 

represents a simple harmonic wave with an amplitude u0 ., frequency f propagating 
in the x direction with velocity vπ .. The ground (particle) velocity at x then is
v. =. ∂u/∂t . =. − 2πf u0 cos (2πf t − 2πf x/vπ). and acceleration a =. ∂v/∂t . 

= (2πf )2 u0 sin (2πf t − 2πf x/vπ ).. The ground velocity v. is shifted in phase by 
π/2. with respect to u and by π . with respect to a. The dynamic transient strain at 
point x is d(x, t). =. ∂u(x, t)/∂x . =. 2πf (u0/vπ ) cos (2πf t − 2πf x/vπ )., and it



218 6 Ground Motion Hazard

shows that the particle velocity and the dynamic strain in a harmonic motion are 
related by d . =. v/vπ .. In summary, for harmonic motion, 

.a = ωv = ω2u and d = v/vπ . (6.3) 

Therefore, ground displacement of 1 mm at a frequency of 20 Hz would result in 
a ground velocity of 0.125 m/s and an acceleration of 15.8 m/s 2 ., and the observed 
PGV  of 10 mm/s associated with a wave propagating in the rock mass at 3300 
m/s would cause 3·.10 −6

. strains, which is close to the upper limit for the elastic 
behaviour of rock. Larger ground velocities in this medium would result in inelastic 
deformation. If we assume that hard rock ruptures at shear strain d . =. 5 · 10−4

. and 
that vπ . =. vS . =. 3250 m/s, then the maximum expected ground velocity at source, 
v. =. 1.625. m/s, see Sect. 6.3. For two waves of the same frequency and different 
displacement amplitudes, u1/u2 . =. v1/v2 . =. a1/a2 .. These results are accurate for 
the harmonic pulse; otherwise, they are only approximations. 

Assuming a linear elastic isotropic material in plane strain, the maximum normal 
stress is 

. σmax = Y (1 − ν)

(1 + ν) (1 − 2
max = ± Y (1 − ν)

(1 + ν) (1 − 2ν)

|vP |
vP

= ±ρvP |PGVP | ,
(6.4) 

where Y is the Young’s modulus, ν . is the Poisson ratio, max . is the maximum axial 
strain, PGVP . is the peak ground velocity in the direction of P-wave propagation, 
and vP . is the apparent P-wave velocity. A similar expression can be derived for 
the shear stress due to the propagating S-wave, τmax . =. ± ρvS |PGVS |., where 
vS . is the apparent S-wave velocity and PGVS . is the peak ground velocity in the 
direction of S-wave polarisation. These approximations are more accurate at lower 
frequencies and quite sensitive to the value of apparent propagation velocity which 
may be highly variable in the fractured rock surrounding excavations. Indeed, the 
selection of the appropriate apparent propagation velocity is not simple, and the 
associated uncertainty limits the accuracy of strain estimates from recorded data. At 
higher frequencies, there may be additional differential displacements and strains 
caused by spatial variability of ground motions, i.e. changes in the amplitudes and 
phases of the motions as well as arrival time perturbations of the waveforms at the 
various locations in the ground near the surface. 

6.2 Static and Dynamic Stresses Around a Circular Tunnel 

Underground structures, specifically those embedded in hard rock, are far more 
resilient to shaking than surface ones. Therefore, with the exception of large events, 
most damage caused by seismic events is observed in excavations very close to their 
sources. Since the maximum ground velocity at source is controlled by the strength 
of the rock mass, small and large events produce similar ground motion at source,
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but large events affect a substantial volume of rock, and hence, the probability of 
hitting a vulnerable structure is considerably higher. In smaller mines, the strong 
ground velocities associated with larger events may affect the entire infrastructure. 
The maximum ground motion that can be experienced at a given site is controlled by 
the maximum ground velocity at source, the interaction of radiation from different 
parts of the source and from different travel paths, and by site effects. 

The response of tunnels to seismic motion may be understood in terms of three 
principal types of inflicted deformation: axial, curvature, and hoop (tangential). 
Axial and curvature deformations develop when the direction of the incident wave 
is not exactly normal to the axis of the tunnel. Axial deformations are represented 
by alternating regions of compressive and tensile strain that travel as a wave-train on 
the surface of the tunnel along its axis. Curvature deformations also travel along the 
length of the tunnel trying to bend it in alternating directions. Hoop deformations 
result from waves of normal or nearly normal incidence to the tunnel axis. Three 
effects of the hoop deformations can be observed: (1) a distortion of the cross 
section, (2) dynamic stress concentration near the free surface of the tunnel, and 
(3) a circulation of seismic wave energy around the tunnel (which is possible only 
for wavelengths which are shorter than the radius of the tunnel). 

An analytical treatment of the dynamic stress field near a tunnel of arbitrary 
shape and dimensions is not possible, yet valuable intuition can be obtained from 
case studies formulated for tunnels of simple geometry exposed to plane harmonic 
seismic waves. A typical example is the solution of the dynamic equations of 
motion for a plane SH wave at normal incidence to an infinite cylindrical tunnel 
of circular cross section surrounded by a perfectly elastic material. The same case 
can be reformulated for incident P-wave or SV-wave. The stationary case of a plane 
harmonic wave can be used as a stepping stone to the description of the dynamic 
effect on a tunnel due to a seismic pulse of complex frequency content. This would 
simply involve a direct and an inverse Fourier transform of the input data. This 
approach is of practical importance when the effect from an actual seismic wave on 
an existing tunnel needs to be evaluated. In this case, the velocity seismogram needs 
to be transformed into the frequency domain, and after computing the effect from 
each frequency, the obtained stress needs to be transformed back from the frequency 
domain to the time domain in order to compute the stress concentration factors and 
the related seismic response spectra. 

At the other extreme of reformulating the problem, one can study the stress 
field around a tunnel due to a static remote loading. At a first glance, this static 
stress field should have very little in common with the picture of dynamic stress 
concentration. However, in many cases, the wavelength corresponding to the 
predominant frequency of a seismic wave can be one or two orders of magnitude 
greater than the radius of the tunnel, and therefore, the final results for the stress 
concentration factors in the dynamic and static cases turn out to be similar. 

Of practical importance is the case of a plane wave at normal incidence to an 
infinite circular cylinder. The mathematical formulation of the problem is truly 2D 
and can be solved exactly. The corresponding static case was solved by Kirsch in
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the nineteenth century. The 2D-stress field near a circular opening under a constant 
remote stress σxx = σ1 ., σyy = σ2 ., and σxy = σ12 . is 

. σr =σ1+σ2
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2 
sin 2θ + σ 12 cos 2θ ,

where a is the radius of the circular hole (the cross section of the tunnel) and the 
components of the stress tensor are given in polar coordinates, x = r cos (θ). and 
y = r sin (θ).,  for 0 ≤ r < ∞. and 0 ≤ θ ≤ 2π .. 

The analytical static solution gives the radial stress component σr ., the tangential 
(or hoop) stress σθ ., and the shear stress σrθ . at any point outside the hole, r ≥ a . 

and 0 ≤ θ ≤ 2π .. The circular hole in the 2D Kirsch case corresponds to the cross 
section of an infinite tunnel, and this is why the values for the stress components on 
the free surface r = a . are of special interest. One can verify that the components 
contributing to the normal stress are zero as required for the boundary of a cavity, 
σr (r = a) = 0. and σrθ (r = a) = 0.. The hoop stress on the surface of the 
tunnel, r = a ., varies with the polar angle θ . and can be expressed in terms of the 
corresponding value of the load σ∞

θ .—this would be the hoop stress if the hole was 
absent. The special case of the hoop stress at the edge of the hole for r = a . is 

.σθ (r = a) = (σ1 + σ2) − 2 (σ1 − σ2) cos 2θ − 4σ12 sin 2θ. (6.6) 

The stress concentration factor γ . is defined as the ratio of the maximum hoop stress 
on the cavity wall (r = a .) to the maximum remote stress. For the special case of 
biaxial loading, σ12 = 0. (or τ12 = 0. in Fig. 6.2), σ1 > 0., and |σ2| ≤ σ1 ., the stress 
concentration factor is reached for θ = ±π/2. and has the value 

.γ = 1 + σ2

σ1
+ 2(1 − σ2

σ1
) = 3 − σ2

σ1
. (6.7) 

The biaxial static concentration factor ranges between 4 and 2. The maximum γ = 4. 
is reached for pure shear loading σ2 = −σ1 ., and the minimum γ = 2. corresponds 
to uniform, or hydrostatic, loading σ2 = σ1 .. 

A special case of biaxial loading is σ2 = −σ1ν/(1 − ν)., where ν . is the Poisson 
ratio of the surrounding material. As it turns out, the static stress concentration factor 
for the above case can be very close to the similar dynamic quantity defined for a 
long tunnel exposed to a plane monochromatic P-wave.
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Fig. 6.2 2D elastic stresses 
around a hole 

The general problem of evaluating the stress field at the boundary of an under-
ground tunnel in the presence of a propagating seismic wave is quite complicated 
but, under some simplifying assumptions, a solution can be found (Mow & Pao, 
1971). Usually, it is assumed that the tunnel is an infinitely long cylinder with 
circular cross section surrounded by a perfectly elastic material. Further, a plane 
harmonic incident wave is assumed to hit the tunnel at a right angle to the axis. 
In this formulation, the problem is two dimensional and admits an exact solution 
for the superposition of the incident and reflected waves. The dimension-less ratio 
of the maximum resultant tangent stress on the wall of the tunnel to the maximum 
stress in the incident wave defines the dynamic stress concentration factor. In the 
case of incident P- and SV-waves, the tangent stress is the hoop σθθ ., while for SH 
incidence σθz . is tangent to the boundary of the tunnel. All functions in the exact 
solutions are expressed in terms of the polar angle θ . and the radial distance r to the 
axis of the tunnel. The polar angle is measured from the direction of the incident 
wave, and the radial variable, r , enters in the final solution through two dimension-
less combinations: ωr/vP . and ωr/vS ., where ω = 2πf . is the circular frequency, vP . 

is the P-wave velocity, and vS . is the S-wave velocity. The exact evaluation of the 
stress components for any frequency, tunnel radius, and location in the surrounding 
rock can be computationally quite demanding, but obtaining asymptotic expressions 
for the dominant frequency of typical seismic waves and for a tunnel radius of just 
a few metres can be relatively easy. This would require taking the limit ωa/vP → 0. 
and ωa/vS → 0. in the expression for the tangent stress. The wavelength in the case 
of circular frequency ω. and wave speed v is = 2πv/ω. so ωa/v = 2 . is 
usually a very small number. Indeed, the wavelength corresponding to the dominant 
frequency of a seismic event will be two orders of magnitude greater than the radius 
of the tunnel which justifies the limit ωa/v ∝ → 0.. But this limit is also 
consistent with ω → 0. irrespective of the wave speed and the tunnel radius. The
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Fig. 6.3 Maximum dynamic stress concentration factor for P-wave (left) and SV-wave (right) on 
a cylindrical cavity 

zero, or low, frequency regime is equivalent to the static case, hence, the relationship 
between the Kirsch solution and the dynamic stress concentration factor for P-wave 
incidence. The low frequency or quasi-static limits for the three types of plane 
harmonic waves at normal incidence to a tunnel are 

. σθz = σ0 1 + a
r

2 sin (θ) for SH-wave

σθθ = 4σ0 sin (2θ) for SV-wave (6.8)

σθθ = 2σ0
k2

k2 − 1 − 2 cos (2θ) for P-wave,

where k2 . =. (vP /vS)2 . =. (2 − 2ν) / (1 − 2ν).. For practical purposes, these quasi-
static limits can be very useful taking into account the fact that they are only 
10% to 15% lower than the respective dynamic counterparts. However, this is not 
true for high frequencies when significant oscillations are observed in the stress 
concentration factors. 

The properties of the rock surrounding the tunnel are also of importance when 
computing the stress concentration factors. This is shown in Fig. 6.3 where the 
dynamic and static stress concentration factors for incident P-wave and SV-wave 
are plotted as functions of the Poisson ratio of the rock. 

The total stress is a superposition of the static and dynamic stresses. The dynamic 
stress concentration around the cavity for a P-wave for an isotropic, elastic medium 
was determined by Mow and Pao (1971), and it depends on ν . and on the dimension-
less frequency, .,  of  the  wa  ve

. = 2πf a

vP

= 2πa ⇒
a

= 2π
(6.9) 

where f is the frequency of the wave and . is the wavelength. Note that for a very 
long wavelength, i.e. very low frequency, . tends to zero and only the static stress 
concentration applies. The full expression for the dynamic stress concentration is 
rather complex, but its peaks are approximately 10% to 15% greater than the static



6.3 Ground Motion at Source 223

one and occur at 0.25., and therefore, the maximum stress concentration occurs 
at Λ/a . . 25, i.e. at wavelengths approximately equal to 25 times the cavity radius. 
For SH-waves in which the particle motion is normal to the plane of the cross 
section, the dynamic stress concentration factor is 2.1 and corresponds to 

.
2πf a

vS

= 2πa

Λ
= 0.4 ⇒ Λ

a
= 16 ⇒ f = vS

16a
, (6.10) 

and therefore, the maximum shear stress concentration occurs at wavelengths 
approximately equal to 16 times the cavity radius. For vπ . =. vS . =. 3000 m/s 
and the characteristic radius of the cavity of a = 4. metres, the frequency of the 
maximum dynamic stress is at f = 187.5/8. =. 47 Hz, and for PGVS . =. 0.1. m/s, 
the maximum dynamic shear stress τmax . =. 0.8.MPa. 

Mow and Pao (1971) selected the largest value of the dynamic stress concen-
tration factor over the entire range of frequencies for a given ν . and plotted it as a 
function of ν ., for both P- and SV-wave, see Fig. 6.3. 

6.3 Ground Motion at Source 

Rupture is a propagating pulse that precedes slip at a seismic source. Its speed 
varies from 0.6vS . to 0.9vS . for sub-shear rupture and more than vS . for super-shear 
rupture. Slip follows rupture, and it is very fast at the tip of the rupture and slows 
dramatically past the rupture front. Slip velocity is the velocity of one side of the 
source with respect to the other. An average slip velocity varies from a few cm/s to a 
few m/s. Rupture may be unilateral, propagating in one direction across the source, 
bilateral, nucleating at the centre of the source and propagating in both directions, 
or it may be inhomogeneous. Seismic radiation and thus near-field motions strongly 
depend on rupture velocity: Slow ruptures radiate little seismic energy, while fast 
ruptures generate higher ground motion amplitudes. If all other factors are equal, 
the amplitudes of the radiated seismic waves increase with co-seismic deformation 
rate, rupture speed, rock strength, and with ambient stress. 

The near-source ground velocity is equal to half of the slip velocity —the velocity 
of one side of the source with respect to the other. The ground velocity at source is 
controlled by the maximum stress at source which, in turn, is limited by the strength 
of the rock mass. 

Consider a small piece of ground attached to an infinite source bounded on a 
plane by the extension of a rupture propagating with velocity vr → ∞. over a 
small increment of time ., and away from the source plane by the extension of the 
propagating S-wave with velocity vS ., see Fig. 6.4 left. If the applied effective stress 
σeff . available to accelerate the two sides of the source is released instantaneously, 
then the rock mass acceleration, a, and velocity, v., can be derived from a =. F/m., 
where here force F =. σeff (vr

2
. and mass m =. ρ (vr

2 vS ., and therefore
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Fig. 6.4 Sketch of a volume 
of ground attached to a 
moving source 

. a = F

m
= σeff

ρvS

= σeff
vS u =

m
= σeff

ρvS

= σeff

μ
vS = eff vS,

(6.11) 

where μ.= ρv2S . is rigidity, ρvS . is the shear wave impedance, and eff . is the effective 
shear strain. If the effective stress σeff = μ., then the ground velocity would be equal 
to S-wave velocity, u̇ = vS .. However, since σeff μ., the ground velocity u̇ vS .. 

According to the above equations: (1) Rock strength does not limit peak 
acceleration. For small . (at high frequencies, 1 .), there is practically no limit 
on peak ground acceleration. A fracture may produce a steep change in ground 
velocity which results in high acceleration at high frequencies (Andrews et al., 
2007). (2) The ground velocity will always be much smaller than the rupture velocity 
because the effective stress is much smaller than the shear modulus. (3) Rock 
strength limits ground velocity, which does not depend on frequency. (4) Ground 
velocity at source does not depend on the size of the event. 

For a finite circular source of diameter 2r with instantaneous stress release, the 
effects of the edges of the crack will abate the ground velocity with time. For a 
simple taper, exp (−vSt/r)., given by Brune (1970), integration of equation (6.11) 
over the process time, r/ vS ., (Kanamori, 1972) gives the average ground velocity, 

. u 0.63σeff /μ. (6.12) 

If the effective strain, σeff /μ., at seismic source is between 5 · 10−4
. and 10−3

. and 
vS = 3250. m/s, the near-source ground velocity would vary between 1 and 2 m/s. 
For an inhomogeneous rupture, the effective strain may be considerably different 
at different parts of the source producing varying dynamic strain drops and varying 
ground motion. The highest ground motion would be produced by rupture of intact 
rock (Gay & Ortlepp, 1978; Ortlepp, 1997; van Aswegen, 2008). 

The effective stress cannot be measured directly, but different approximations 
can be made. The best proxy would be the dynamic stress drop; however, it cannot 
be derived reliably from observations. One option is to assume that σeff . is equal
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Table 6.2 Models of near-source ground velocity as a function of rupture velocity according to 
Burridge (1969) (1) .,  Ida  (1973) (2) ., and McGarr and Fletcher (2001) (3) .,  where f (vr ). is a monotonic 
function that ranges from 0.11 to 0.4 as rupture velocity increases from 0.6vS . to 0.9vS . 

Model u . For vr . =. 0.75vS . 

Bilateral rupture (1) . u σeff / [ρvS (1 + vS/vr )]. u 0.43σeff / (ρvS). 

Dynamic cohesive rupture (2) . u σeff vr/ ρv2S . u 0.75σeff / (ρvS). 

Dynamic rupture scaling (3) . u 0.8σeff / [ρvSf (vr )]. u 0.36σeff / (ρvS). 

Fig. 6.5 Near-source ground velocity for a finite bilateral source and finite rupture velocity 
(Burridge, 1969) 

to the bulk shear strength of the rock within the volume of interest, which averages 
for most hard rocks between 40 and 60 MPa. An intact rock may be considerably 
stronger. If a reliable database is available, one can, as a lower bound, also use the 
maximum stress drop derived from recorded waveforms, which in many hard rock 
mines averages between 2 and 4 MPa. Again the maximum values associated with 
failure  of  intact  rock  may  go  as  high  as  40  t  o 60 MPa.

The near-source ground velocity for a finite source and finite rupture velocity for 
different source models are quoted in Table 6.2.  For σeff . =. 30 MPa, ρ . =. 2700 
kg/m 3 ., vS . =.3250 m/s, assuming the rupture velocity vr .between 0.5vS . and 0.75vS ., 
the estimates of the near-source ground motion would vary between 1.14 m/s and 
1.47 m/s, see Fig. 6.5. In general, the faster the rupture the faster the slip and the 
higher the near-field ground motion. 

Equations (6.11) and those in Table 6.2 are applicable when the rate of stress 
release with an increase in slip velocity is, at all times, less than the shear wave 
impedance, dσeff /du̇. <. ρ vS .,  both  in Pa·.s/m. Slip rates given by these equations 
may underestimate strain rates at the edges of the moving source. If the rate of 
loading exceeds the rate at which energy can be removed by elastic waves, the 
system is no longer linear. To remove this excess energy, the large strains need to
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travel faster than small ones—the particle velocity exceeds the shock wave velocity. 
This is also what happens during super-shear rupture when the crack tip is moving 
faster than the S-wave velocity (e.g. Weertman, 1969; Burridge, 1973; Savage, 
1971; Andrews, 1976; Archuleta, 1984; Spudich & Cranswick, 1984; Dunham, 
2007; Lu et al., 2010; Andrews et al., 2007). 

6.4 Ground Motion Characteristics 

Near-source ground motions can be amplified by rupture forward directivity, 
which occurs when the rupture direction and slip direction are aligned and move 
towards the site. When the source ruptures towards the site at a speed close to shear 
wave velocity, most of the radiated energy arrives there in a short time interval, and 
the cumulation of these pulses results in a single large low frequency pulse observed 
at the beginning of the seismogram. Rupture directivity produces a long period pulse 
in the direction normal to the fault plane. In the case where the rupture propagates 
away from the site, the arrival of seismic waves is distributed in time. This condition, 
referred to as backward directivity, is characterised by ground motions with 
relatively long duration and lower amplitude. Neutral directivity occurs for sites 
located off to the side of the rupture area where the rupture is neither predominantly 
towards nor away from the site (Archuleta & Hartzell, 1981; Somerville et al., 
1997). 

Fling step is a result of a static ground displacement and is generally charac-
terised by a unidirectional velocity pulse and a monotonic step in the displacement 
time history. Fling step displacements occur in the direction of slip and therefore are 
not strongly coupled with the rupture directivity pulse. In a strike-slip source, the 
directivity pulse occurs on the strike-normal component, while the fling step occurs 
on the strike parallel component. In a dip-slip source, both the fling step and the 
directivity pulse occur on the strike-normal component. 

Secondary Sources Spall fractures are an example of secondary sources that occur 
when a high-intensity transient stress wave from the primary source reflects from 
a free surface. This phenomenon is the result of interference near a free surface 
between the portion of an oncoming incident compression wave which has not 
yet been reflected and the portion which has been reflected and transformed into 
a tensile wave. Usually, the amount of tension increases as the reflected wave 
moves back inward from the surface. The transient tensile stress resulting from the 
superposition is at the quarter wavelength depth and twice the maximum stress in the 
incident pulse. If the medium is not capable of withstanding these induced tensile 
stresses, it will break, creating a secondary source or sources of seismic radiation at 
that time and depth. The energy from the secondary sources arrives at the surface 
later in the strong motion, see Fig. 6.6. 

They can be recognised by high frequency content in waveforms recorded by 
station(s) close to the spall but far from the primary source. Spalling occurs in rocks, 
soils, liquids and in cohesionless materials.
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Fig. 6.6 Illustration of spall 
fracture 

Figure 6.7 left shows 5.375 seconds of waveforms of the logP = 3.0. event 
recorded in a mine 1230 metres from source with PGV = 1.78. cm/s at frequency 
approximately 5 Hz. Figure 6.7 right shows a zoomed section with a hidden 
secondary small high frequency event that was triggered close to the recording site. 

6.4.1 Engineering Characteristics of Ground Motion 

There is a number of parameters that measure the intensity of ground motion and 
its potential for damage. They are mainly based on measured maximum amplitude, 
energy, and duration.
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Fig. 6.7 Three component velocity waveforms of large event recorded 1230 metres away (left) 
and a zoomed section showing the hidden secondary event that happened close to the recording 
site (right) 

Peak Ground Characteristics Ground motion characteristics include peak ground 
acceleration, PGA, velocity, PGV , and displacement, PGD.  The  PGA  is most 
convenient for structural engineers, since the maximum force experienced by a rigid 
structure of mass m is Fmax = m · PGA.. However, the PGA  is a poor parameter 
for evaluating potential for damage. For example, a large PGA  associated with 
a high frequency pulse may be absorbed by the inertia of the structure with little 
deformation, since PGD ∝. PGA/f 2

., where f is frequency. On the other hand, a 
more moderate acceleration associated with a long duration pulse of low frequency 
may result in a significant deformation of structures. The PGV , which at source is a 
half of the slip velocity, is less sensitive to the higher frequencies than PGA, can be 
measured directly and reliably, and provides a better indication of damage potential.

Duration The degradation of stiffness and strength of rock are sensitive not only 
to the amplitude of ground motion but also to its duration and an associated number 
of load or stress reversals above the elastic regime. There are three different types 
of duration: bracketed, uniform, and significant. 

The bracketed duration measures the duration of the ground motion from 
the first to the last occurrence of amplitude exceeding a specified threshold. The 
uniform duration is defined as the sum of the time intervals during which the 
ground motion is greater than the threshold. A functional way to display it is to 
construct a histogram and the cumulative graph of the time that the amplitude of 
ground motion spent above a certain level. Figure 6.8 left shows waveforms with 
PGA =. 82.1. m/s 2 . produced by an event with logE = 6.5. recorded 93 metres 
from the source, and Fig. 6.8 right the uniform duration plot. PGA ≥. 10 m/s 2 . 
lasted for 0.05 seconds and PGA  ≥. 1  m/  s2 . lasted for 0.09 seconds. 

The significant duration defines ground motion duration as the length of the 
time interval between the accumulations of two specified levels of ground motion 
energy at the site. For example, the amount of time in which the central 90% of the 
integral of the squared velocity or acceleration takes place, t90 . (Trifunac & Brady, 
1975). As distance increases, the bracketed and uniform durations tend to zero, but,
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Fig. 6.8 An example of uniform duration associated with a complex event (left) measured on the 
cumulative graph of the time that the amplitude of ground motion spent above certain level (right) 

as energy becomes dispersed with distance, the t90 . tends to increase. It is useful then 
to calculate the central 90% of energy, E90 . =. E (t95). −. E (t5). and the power, P90 . 

=. E90/t90 .. 
Arias intensity, Ia . =. π/ (2g)

td
0 [a (t)]2 dt ., where Ia . is in m/s, a(t). is the 

acceleration time history in units of acceleration due to gravity g, and td . is the 
duration of ground motion (Arias, 1970). 

The cumulative absolute velocity, CAV =.
td
0 |a (t) |dt ., and has units of 

velocity, m/s (EPRI, 1988). In mines, however, the utility of Ia . and CAV are limited 
for two reasons: (1) Mines mostly employ velocity transducers. (2) The highest 
accelerations recorded by piezoelectric accelerometers are associated with very high 
frequencies, where there is little displacement and little or no damage potential.

The cumulative absolute displacement, CAD, is defined as the integral of the 
absolute value of a velocity time series, CAD =.

td
0 |v (t) |dt ., which has units of 

displacement. CAD is the area under the absolute velocity time history and is more 
sensitive to lower frequency ground motion, i.e. to larger displacements.

The gradient of the time integral is equal to the absolute velocity. Since 
v (t). =. du/dt ., the integral over velocity can be written as the summation of 
incremental peak-to-valley and valley-to-peak displacements, regardless of sign, in 
the displacement time series, CAD =.

n
j | j |., where j . is the jth value of 

incremental displacement in the time series and n is the total number of incremental 
displacements. CAD can also be interpreted as the area under the plot of ground 
velocity, v., versus duration, td (≥ v)., see Fig. 6.9. Since CAD could be overly 
influenced by a time series of long duration that contained insignificant amplitudes, 
one can introduce an integration threshold, CAD (≥ vmin). =.

td
0 |v (t) |≥vmin

dt .. 
CAD is a better indicator of damage potential than a single PGV  measurement and 
can replace PGV  in the ground motion prediction equation.

Figure 6.10 top row shows the three-component velocity and displacement 
waveforms of a logP = 2.61. event recorded by 4.5 Hz geophone and at the bottom 
row X, Y , and Z components of the absolute velocity that, after integration, deliver 
CAD.  The  PGV  and CAD values are shown in the right margin of each graph.
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Fig. 6.9 An example of CAD measured on time series

Fig. 6.10 Velocity waveforms and integrated displacements (top) of a logP = 2.61. (m2.66.)  and  
energy logE = 8.65. event recorded 402 metres from source. X, Y, and Z components of the 
absolute velocity that after integration delivers CAD (bottom). At the bottom of each graph, there 
is the date and time of the event and information on sensor and filter applied to p rocessing

Energy of Ground Motion The amount of S-wave (or P-wave) energy transmitted 
by the seismic wave across an area A normal to the direction of propagation during 
the time interval t2 − t1 . is EGM = ρAvP,S

t2
t1

u̇2dt ., where ρ . is the rock density, 
vS,P . is the S- or P-wave velocity, and u̇. is the ground velocity.
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6.5 Ground Motion Amplification at the Skin of Excavation 

The bulk of the damage caused by seismic events in mines occurs at the source 
region, i.e. within the volume V = ., with the strain change of the order of 
10−4

., which for logP = 2. gives V = 106 . m 3 .. Complex, cascading sources may 
create considerably larger volumes of rock destruction. Damage to an excavation 
away from the source is related to the local geological site conditions that amplify 
ground motion, and to the capacity of support to sustain loading. Therefore, to select 
the appropriate support, it is advisable to estimate the expected site response. Site 
response can be estimated from theoretical models given that sufficient information 
about the near-surface geology is available, from weak ground motion or from the 
waveforms of seismic events recorded at the surface of the excavation and at a 
reference site. 

Modelling the site response is very useful in understanding the physics of 
the problem; however, its success may be limited if the detailed 3D structural 
and geotechnical information is not accurate. The most reliable estimation of site 
response in mines, however, is obtained from waves recorded close to or at the skin 
of the excavation and the same waves recorded downhole deeper in the rock mass 
which is then taken as the reference site. The fundamental requirement then is that 
the distance between these two sites is small relative to the distance to the source 
and that the reference site should be free of site effect. One can then compare the 
ratio of the recorded ground motion characteristics and compute the spectral ratios 
of the S-wave group to estimate the frequency dependent site response. 

Event1 logP = 1.0. at Distance 55 m Figure 6.11 shows waveforms of a logP =
1.0. seismic event recorded in an underground hard rock mine 55 metres away from 
the source by two three-component 14 Hz geophone sets sampled at 6 kHz, one 
installed at the surface of the 5 m by 6 m tunnel and the other 10 metres downhole. 

The recorded average background noise level at the surface of the excavation on 
the x-component, vertical ↑., and y-component, parallel to the axis of the tunnel ||.,  is  
16 times higher and on the z-component, orthogonal to the tunnel⊥., 10 times higher 
than the respective components of the downhole sensor set. The maximum ground 
velocity at the surface is 1.7 times higher than downhole, with the x-component, 
PGV↑ ., amplified 1.72 times, the y-component, PGV ., amplified 3.24 times, and 
the z-component, PGV⊥ ., 1.24 times. The cumulative absolute displacement, CAD, 
is also amplified: CAD↑ . 2.09 times, CAD . 2.7 times, and CAD⊥ . 1.16 times 
(Table 6.3). 

Figure 6.12 left shows the spectra of the logP = 1.0. event that includes 0.2 
seconds of the pre-P-arrival noise and 0.2 seconds of coda, smoothed with the 
Konno-Ohmachi function 

.w (f, fc) = sinc b log (f/fc)
4
, (6.13)
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Fig. 6.11 Three-component velocity waveforms recorded at the end of the 10 metre borehole (top 
left), at the surface of the u/g excavation (top right), and integrated displacements (bottom row) of 
a logP = 1.0. event located 55.5 metres away. The grey area indicates the part of the waveform 
taken for spectral analysis of the event, and the grey lines at the top of the grey area show the part 
taken for spectral analysis of noise. The black line shows the cumulative energy of ground motion 

Table 6.3 logP = 1.0. located 55 m away: PGV  mm/s, PGD  mm, and CAD mm, per 
component and their ratios

PGV↑ . PGV . PGV⊥ . PGD↑ . PGD . PGD⊥ . CAD↑ . CAD . CAD⊥ . 

Surface 17.47 28.12 20.86 0.043 0.026 0.122 0.547 0.574 0.736 

Borehole 10.17 8.69 16.87 0.049 0.031 0.158 0.261 0.213 0.633 

Ratio 1.72 3.24 1.24 0.88 0.84 0.77 2.09 2.7 1.16 

Fig. 6.12 Velocity spectra (left) and spectral ratios (right) of the logP = 1.0. event recorded 10 
metres downhole and at the surface of the tunnel
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where b = 40. is the coefficient for bandwidth and fc . is the centre frequency 
(Konno & Ohmachi, 1998). The resulting spectral ratios, Fig. 6.12 right, show 
site amplifications between 2 and 3 times at 18, 40, and 120 Hz on the x- and y-
components. Higher amplifications of 4 to 7 times are recorded at 150 to 250 Hz. 
Spectral ratios increase again past 300 Hz, most likely due to the interaction of 
higher frequencies with the tunnel, but at those high frequencies displacements are 
small, and therefore potential for damage is low. 

Site amplification can also be quantified by taking PGV ,  or  CAD,  from  
continuous records every . and calculating the ratio between the records at the skin 
of excavation and in the borehole. While here frequency is disregarded, the method 
benefits greatly from the large number of measurements, e.g. taking sampling at 6 
kHz, there are 5.184 · 108 . samples per component per day to choose from. The 
method is also simple, and therefore, it can be implemented online to monitor 
changes in site effect at a particular site or between different sites as mining 
progresses. 

Figure 6.13 left shows the smoothed probability density kernel of the observed 
logged ratio of the PGV  for each component at the surface and the same measured 
downhole, taken every Δt = 0.25. second from the recorded continuous waveform 
over the 24 hour period that includes the logP = 1.0. event shown in Fig. 6.11. 
To avoid spurious amplifications associated with weak ground motion, a threshold 
of 0.003. mm/s was applied to the data before the ratio was taken that reduced 
the number of ratios from 345600 to 669 on the x-component, to 621 on the y-
component, and to 1084 on the z-component. It shows that the most probable 
amplification of ground motion on the x-component is log (PGVS/PGVB). =. 0.2., 
i.e. PGVS . on the x-component is most likely 1.6. times higher than PGVB .,  on  the  
y-component 2.2 times higher, and on the z-component 2.5 times higher.

Figure 6.13 right shows the survival function, i.e. the probability that the 
amplification ratio is greater than or equal to a given value. In this case, the 

Fig. 6.13 Smooth probability density function of the logged ratio of the PGV  per component 
measured at the surface and at 10 metres downhole taken every 0.25 second from the recorded 
continuous waveform over the 24 hour period that includes the logP = 1.0. event (left).  The  
survival function for the same dataset, i.e. the probability that the amplification ratio is greater or 
equal to a given value is also shown (right)
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Fig. 6.14 Same as Fig. 6.11 but for logP = 0.2. event 

probability that the amplification of PGV  on the x-component is greater than 2 
is almost 50%, and on the y- and z-components it is 70%. The probability that the 
amplification of PGV  on the x- and z-components is greater than 3 is 30%, and on 
the y -component 38%.

Note that logging the ratio solves the problem of lack of symmetry, i.e. if PGVS . 

is greater than PGVB ., the ratio can take theoretically any value greater than 1, but 
if PGVS . is less than PGVB ., the ratio is restricted to the range of 0 to 1. The logged 
ratio restores the symmetry, i.e. log (PGVS/PGVB). =. − log (PGVB/PGVS).. 

Event2 logP = 0.2. at Distance 286 m Figure 6.14 shows waveforms of a smaller 
event with logP = 0.2. located 286 metres away and recorded by the same set of 
sensors. 

The recorded average background noise level at the surface of the excavation 
on the x-component, ↑., is 8 times higher, on the y-component ||., 11 times higher 
and on the z-component ⊥., 5 times higher than at the respective components of 
the downhole sensors. The maximum ground velocity at the surface is 4.8 times 
higher than downhole, with the x-component, PGV↑ ., amplified 4.2 times, the y-
component, PGV ., 5 times and the z-component, PGV⊥ ., 5.5 times. The cumulative 
absolute displacement, CAD, is amplified 3.7 times, and the energy of ground 
motion, EGM,. 3.8 times. The PGD  is amplified less than PGV  but more than 
in the previous case. The maximum amplification of the PGD  is 2.7 times in the 
direction orthogonal to the tunnel, 1.4 times along the tunnel, and 1.3 times on the 
vertical component (Table 6.4).
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Table 6.4 logP = 0.2. located 286 m away: PGV  mm/s, PGD  mm, and CAD mm, per 
component and their ratios

lsg PGV↑ . PGV . PGV⊥ . PGD↑ . PGD . PGD⊥ . CAD↑ . CAD . CAD⊥ . 

Surface 1.995 1.809 1.785 0.00199 0.0014 0.00173 0.0515 0.042 0.0443 

Borehole 0.469 0.362 0.322 0.00152 0.0010 0.00063 0.0141 0.0108 0.0113 

Ratio 4.25 5.0 5.54 1.31 1.41 2.73 3.65 3.87 3.9 

Fig. 6.15 Same as Fig. 6.12 but for logP = 0.2. event 

Fig. 6.16 Same as Fig. 6.13 but for logP = 0.2. event 

Figure 6.15 left shows the smoothed spectra of the logP = 0.2. that also includes 
0.2 seconds of the pre-P-arrival noise and 0.2 seconds of coda. The resulting spectral 
ratios, Fig. 6.15 right, show site amplifications up to 2 times in the frequency range 
up to 120 Hz on all components. Higher amplifications of 5 to over 20 times are 
recorded at 150 to 300 Hz, and then again up to 50 times past 300 Hz, most 
likely due to the interactions of shorter waves with the tunnel. Again, at such high 
frequencies, displacements are small, and therefore potential for damage is low. 

Figure 6.16 left shows the smooth probability density kernel of the observed 
logged ratio of the PGV  for each component at the surface and the same measured 
downhole.
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The ratio is taken every Δt = 0.25. second from the recorded continuous 
waveform over the 24 hour period that includes the logP = 0.2. event shown in 
Fig. 6.14. The same threshold of 0.003 mm/s was applied to avoid the spurious 
amplifications associated with weak ground motion, which reduced the number of 
ratios from 345600 to 500 on the x-component, 401 on the y-component, and 1274 
on the z-component. 

It shows that the distribution of amplification of ground motion on the x-
component peaks at log (PGVS/PGVB). =. 0.15., i.e. where PGVS . on the 
x-component is 1.4. times higher than PGVB .. On the y-component, it is between 
1.6 and 4 times higher and on the z-component 3 times higher. Figure 6.15 right 
shows the survival function, i.e. the probability that the amplification ratio is greater 
or equal to a given value. In this case, the probability that the amplification of PGV  
on any of the three components is greater than 2 is almost 85% and greater than 3 is 
70%.

Summary (1) Larger seismic events produce strong ground motion at frequencies 
below 15 Hz, and at these frequencies both sets of sensors displace in tandem, and 
therefore, there is no, or very little, amplification. (2) The PGV  is subjected to 
largest amplification, then CAD and least the PGD. The component of the largest 
amplification, being parallel, vertical or orthogonal, depends on the direction of the 
incoming wa ve.

6.5.1 Ejection Velocity 

Ortlepp (1993) presented evidence of rock ejection velocities associated with 
seismic events in mines of the order of 10 m/s and greater and suggested that 
they may be due to a rock failure phenomenon different than the classical slip on 
geological structures. Ground motion can be modified at, or close to, the surface 
of an excavation during the buckling of slabs in the sidewalls inducing an ejection 
velocity that can well exceed that of ground motion at source. 

Assuming buckling of excavation sidewalls subjected to high levels of compres-
sive stress as a possible mechanism of failure (McGarr, 1997) estimated the ejection 
velocity, vej .,  a  s

.vej = σc

7 − ν2

2ρY
, (6.14) 

where σc . is the uniaxial compressive stress at failure in Pa, ν . is the Poisson ratio, Y 
is the Young modulus in Pa, and ρ . is the rock density in kg/m 3 . (Fig. 6.17). Indeed, 
taking reasonable values of σc ., Y , ν ., and ρ . for hard rocks, the ejection velocities 
could be well in excess of 10 m/s. The ejection velocity, vej .,  in  Eq  . (6.14) depends 
very weakly on the Poisson ratio.
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Fig. 6.17 Ejection velocity, Eq. (6.14) 

For larger mass, m, such velocities can exert a considerable force, F =.mvej ., 
on a stiff support system, i.e. for short deformation time .. However, in case of face 
bursts driven by sudden loading where rock is shattered to small pieces, the average 
velocity of ejection is a decreasing function of m, i.e. vej ∼ 1/

√
m.. 

If a block of rock is moving with velocity vej . while being at a level where the 
gravitational potential energy is mgh0 . and eventually hits a wall at a point where 
its potential energy is mgh1 . and is stopped there, the work done, ., will be 
numerically equal to the work for accelerating the body from rest to velocity vej ., 
plus the work for moving the rock in the field of the Earth’s gravity from the point 
of impact, level h1 ., to the starting level h0 ., and therefore, 

. = 1

2
mv2ej + mg (h0 − h1) :

1. Ejection from the roof hits the floor. The depth of failure is df ., and ρ . is the 
density of the rock. The total mass of the ejected rock fragment is mf = ρdf A., 
where A is the area of the face of the burden. The mass per unit area of the face 
is mA = ρdf .. The work done on the floor when it is hit by the ejected rock is 

= 1
2mf v2ej + mf gh., in Jules, where h is the height of the tunnel. The work 

per face-unit area of the ejected rock is, A = 1
2mAv2ej + mAgh., in Jules/m 2 .. 

2. Ejection from the floor. A block of rock is detached from the floor and pushed 
up by a dynamic event with an initial velocity vej .. If the ejected rock hits the 
roof, the work done on the roof when it is hit by the ejected rock is =
1
2mf v2ej − mf gh., and the work per face-unit area of the ejected rock is A =
1
2mAv2ej − mAgh.. If the ejected rock does not reach as high as the roof, A =
1
2mAv2ej ..
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3. Ejection from the side wall. A block of rock is detached from one of the walls 
of the tunnel at height h0 . and pushed towards the opposite wall by a dynamic 
event with an initial velocity vej .. The vector of the initial velocity subtends angle 
θ .with the horizontal: 

(a) If the ejected rock hits the opposite wall at some height h1 < h0 ., then 
the work per face-unit area of the ejected rock is A = 1

2mAv2ej −
+mAg (h0 − h1).. 

(b) If the ejected rock drops on floor some distance d from the wa ll A =
1
2mAv2ej − +mAg (h0 − h1)., then the work per face-unit area of the ejected 

rock is A = 1
2mAv2ej + mAgh0 .. The distance d at which the ejected rock 

hits the floor is related to the initial velocity by the r elation,

.vej = d
g

2h0 cos2 θ + d sin2 θ
, (6.15) 

which for θ = 0. gives vej = d
√

g/ (2h0).. 

6.6 Simple GMPE and Its Utility 

6.6.1 Introduction 

The ground motion prediction equation (GMPE) gives the expected value of a given 
ground motion parameter, e.g. PGV  or CAD, as a function of seismic energy, 
potency or magnitude, and distance.

There is not much literature on GMPE for mining induced seismicity and 
even less for underground sites. McGarr et al. (1981) used ground motion data 
recorded 3 km underground in a South African gold mine to develop the relationship 
log (R · PGV ). =. 3.95 + 0.57mL ., where both R is in cm and the peak ground 
velocity, PGV , is in cm/s, and mL . is local magnitude. 

Kaiser and Maloney (1997) proposed a similar equation but with the exponent 
a∗

. =. 0.5. as a scaling law for support design in rockburst conditions. It is written in 
the form, PGV =. C∗ · Ma∗

/R ., where M is seismic moment expressed in GNm. 
The parameter C∗

. depends on the stress drop environment and based on data from 
the Creighton Mine, C∗

. =. 0.1.. to 0.3. for events with stress drops less than 2.5.MPa 
and with C∗

. =. 0.5. to 1.0. for higher stress drop events. However, it is recommended 
to adjust C∗

. to a specific dataset at hand. Translating to the seismic potency domain 
gives PGV =. C∗P 1/2/R ., where PGV  is in m/s, P in m3

., and R in metres. Taking 
into account that M =. μP . and μ. =. 30 GPa, the parameter C∗

. =. ( 1.1. to 1.64.) 
for events with stress drop less than 2.5. MPa and C∗

. =. (2.74. to 5.48.) for higher 
stress drop events. The relations by McGarr et al. (1981) and by Kaiser and Maloney 
(1997) do not cater for attenuation and near-source saturation.
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McGarr and Fletcher (2005) developed GMPE for PGV  and PGA  based on the 
ground motion recorded on surface due to coal mining that generated events with
m ≤ 2.2., recorded at distances of 500 metres to 10 km. 

Mendecki (2008) developed and compared the GMPE-PGV  for four under-
ground mines: two gold mines in South Africa, one in Australia, and an iron 
ore mine in Sweden, all based on data recorded by three -component geophones 
installed in boreholes drilled from underground excava tions.

Atkinson (2015) used the NGA-West 2 database, containing horizontal compo-
nent response spectra and PGV  for events 3.0 ≤ m ≤. 6.0. recorded on surface 
at distances up to 40 km to develop a GMPE that could be applied to induced 
seismicity. She concluded that ground motion from small to moderate induced 
events may be significantly larger than that predicted by most currently used GMPE. 

Mendecki et al. (2018) developed GMPE for PGA  due to induced seismicity 
based on 15541 observations recorded by 14 surface sites in the central area of the 
Main Syncline of the Upper Silesia Coal Basin in Poland.

The development of a GMPE for underground mines is in some respects different 
to that in earthquake seismology. There are very few accelerometers installed in 
mines, and in most cases, these are piezoelectric which are not strong ground motion 
instruments. They deliver high accelerations at high frequencies which are of little 
interest since at those frequencies there is not much ground velocity and even less 
ground deformation. Double integration of frequently noisy acceleration waveforms 
to displacement may also prove difficult. It is only recently that the semiconductor 
micro-electromechanical systems accelerometers, MEMS, are being used in mines. 
In addition, underground support designs are based on the expected demand in terms 
of PGV  and deformation. Most mines install a mixture of 4.5 and 14 Hz geophones, 
and only recently have lower frequency sensors been deployed. For larger events, 
the higher frequency sensors filter lower frequencies and underestimate the ground 
motion parameters, and to some degree seismic potency and energy .

Figure 6.18 shows the three-component velocity and integrated displacement 
waveforms of a logP = 2.86. event recorded at a distance 2252 metres from 
the source by a 1 Hz sensor and a 4.5 Hz sensor located next to each other 
in the same borehole. While the shape of the waveforms is similar, the 4.5 Hz 
sensor recorded significantly lower ground motions. PGV  recorded by the 4.5 Hz 
sensors is 1.8 times lower, PGD  is 3.5 times lower, and the cumulative absolute 
displacement, CAD, is 2.3 times lower. The 14 Hz geophone would record even 
lower ground motion. For smaller events, the differences are less significant. It is 
therefore advisable to select PGV  and CAD recorded by the same type of sensors 
while de veloping GMPE.

One can increase the signal range and the travel limits of geophones by 
overdamping. With normal damping of 0.7, the frequency response is flat to ground 
velocity above the natural frequency, fn ., and is proportional to f 2

. below, which is 
caused by a double pole at that frequency, see Fig. 6.19. As the damping increases 
beyond 1, the poles separate, in such a way that the product of the pole frequencies 
remains constant. Between these poles, the velocity response is proportional to 
frequency, effectively making it flat to acceleration over this frequency range. For
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Fig. 6.18 Velocity and displacement waveforms of a logP = 2.86. event recorded by 1 Hz (left 
column) and 4.5 Hz sensors (right column), located at the same site 

Fig. 6.19 The solid lines show the ground velocity required to produce 2 mm peak internal 
displacement in a 4.5 Hz geophone, for overdamped and maximally flat responses. The voltage 
limits for a typical audio ADC are marked by dashed horizontal lines, and pole frequencies by 
dashed vertical lines, after Mountfort and Mendecki (2019)
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4.5 Hz geophones, the maximum damping which can reasonably be achieved is 3.4, 
which means the acceleration response covers the frequency band from 0.7 Hz to 
30 Hz. In this configuration, the ADC voltage clip limit is raised by a factor of 5 to 
0.5 m/s, which is then slightly greater than the minimum internal displacement clip 
limit. 

Traditionally, the most important ground motion parameter in underground mines 
was the instrumental PGV  which is used for support design. Recently, Mendecki 
(2018) developed a GMPE for the cumulative absolute displacement, CAD,  to  be  
applied to monitor the consumption of the deformation capacity of support due 
to seismicity. The main interest for mines are the ground motion parameters at 
distances between 50 and 1000 metres. Larger distances are of interest for surface 
structures, e.g. tailings dams or processing plants. For the sizes of events in mines, 
the PGV  may drop by two orders of magnitude between 100 and 1000 metres from 
the source. CAD decays more slowly with distance than PGV , mainly because of 
the increased duration of waveforms with distance due to scattering. Although we 
caution that the GMPE is not the best tool to estimate the near -source ground motion
(Mendecki, 2016), the geotechnical engineers, lacking other credible data, resort to 
such extrapolation when considering support specifications. Therefore, there is a 
need to constrain PGV  at source to a physically acceptable lev el.

Seismic systems in mines are designed to locate events and to estimate their 
source parameters. For this reason, sensors are installed at least 6 to 10 metres into 
boreholes to avoid the very site effects that amplify ground motion at the skin of 
excavations. Since the GMPE derived from such measurements certainly underes-
timates seismic load, mines conduct separate site amplification measurements at 
selected locations (Milev & Spottiswood, 2005; Cichowicz, 2008; Mendecki, 2013; 
Dineva et al., 2016; Mendecki, 2016, 2017). 

Unlike crustal seismology, in mines the bulk rock mass properties are changing 
due to rock extraction, specifically in caving and open pit mines, and, because new 
strong ground motion data is coming fast, the GMPE needs to be updated at least 
once a year. For the same reason, the GMPE developed for mines is characterised 
by large scatter. Moreover, many waveforms of larger events recorded at closer 
distances are displacement clipped or voltage saturated, which limits the number of 
observations in the near field. The distances to larger and intermediate size events 
are also uncertain because of the unknown orientation of sources and the complex 
nature of larger events. 

6.6.2 Simple GMPE for PGV  and CAD (Based on M endecki,
2019) 

Ground Motion Prediction Equation The ground motion prediction equation 
(GMPE) gives the expected value of a given ground motion parameter, GMP ,  e.g.  
peak ground velocity PGV  or the cumulative absolute displacement CAD, as a



242 6 Ground Motion Hazard

function of seismic potency or energy or magnitude and distance. Its main utility 
in mines is to predict ground motion at selected sites in the near and intermediate 
fields of larger events that may occur in the future, on the basis of observations of 
ground motion caused by smaller events. 

We start with the following prediction equation for a ground motion parameter, 
GMP , caused by an event of potency P at distance R ,

.GMP (P,R) = c · P cP R + cL · P 1/3
−cR

, (6.16) 

where R for larger events should be measured orthogonal to the characteristic 
rupture plane, cP . is the potency dependence parameter, cR . controls the geometrical 
attenuation rate, and c is a free parameter (Esteva , 1970; Campbell, 1981). The term 
cLP 1/3

. modulates ground motion at small distances, where geometric attenuation 
is small, and to saturate them at source. 

The amplitudes of GMP predicted by the GMPE above are positively correlated 
with cP . and c and negatively with cR . and cL ..  The  term cP logP . is consistent with 
the definition of earthquake magnitude as a logarithmic measure of the amplitude 
of ground motion. The term − cR logR . is consistent with the geometric spreading 
of the seismic wavefront as it propagates away from the source, and it also caters in 
part for the attenuation due to anelasticity and scattering. 

The GMPE at source gives GMP (R = 0). =. cc
−cR

L P cP −cR/3
., i.e. at source 

logGMP . is a linear function of logP ..  For cP . =. cR/3. the GMP at source is 
independent of event size, GMP (R = 0). =. c/c

cR

L ..  For cP . >. cR/3., it delivers 
larger GMP s at source for events with larger potencies. The case cP . <. cR/3. 
predicts that lower potencies generate higher GMP s at source than larger potencies, 
which is rather unlikely. The case cR . =. 1.0. with no attenuation and for cL . =. 0 
gives the familiar GMP =. cP cP /R ., McGarr et al. (1981); Kaiser and Maloney 
(1997). 

From the GMPE given by Eq. (6.16), we can calculate R =. (cP cP /GMP)1/cR−
cLP 1/3

., i.e. the distance over which seismic source with potency P generates the 
ground motion parameter ≥ GMP .. We can also calculate the minimum potency, 
or logP ., that delivers a given level of GMP at a distance R. The case cP . =. cR/3. 

gives P (R) = R3/ (c/GMP)1/cR − cL
3
., but in the general case the solution 

must be obtained numerically. 
There are many forms of GMPE, and most of them developed for predicting 

surface ground motion resulting from earthquakes, see Douglas (2018)  for  a  review.  
Some of them are complex and have more than five or even 10 coefficients to 
cater for magnitude, distance, site effects, source mechanisms (normal, strike slip, 
or reverse faulting), and, in some cases, even directivity. However, more complex 
models are more susceptible to the danger of overfitting, i.e. modelling spurious 
details of the data rather than the data generating process. The inversion procedure 
for parameters in more complex models should therefore be carried out in two stages 
to decouple potentially correlated variables, in this case, cP .and cR . (Joyner & Boore, 
1993, 1994) or (Abrahamson & Youngs, 1992). However, such a process can only
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alleviate the problem, and the real physical meaning of these parameters may be 
lost, a point well made by McGarr and Fletcher (2005). 

Simple GMPE-PGV Equation (6.16)  for  PGV is PGV (P,R). =. cP cP . 

R + cL · P 1/3 −cR
., which at source, for R = 0.,  gives PGV (P,R = 0). =. 

cc
−cR

L P cP −cR/3
.. The average ground velocity at source is PGV0 = 0.63vS eff ..  Fo  r

σeff . =. 25 MPa, ρ . =. 2700 kg/m 3 ., vS . =. 3300 m/s, and the rupture velocity vr . =. 

0.75vS ., the estimates of the near-source ground motion vary between 1.0 m/s and 
2.1 m/s. 

The effective stress cannot be measured directly, but one can assume that it is 
equal to the bulk shear strength of the rock within the volume of interest, which 
for hard rock varies between 10 MPa, for an inhomogeneous rock to 100 MPa for 
an intact homogeneous hard rock. This, assuming the rigidity of the order of 10 
GPa, translates to 10−4 ≤ eff ≤ 10−3

.. A more practical proxy for σeff . or eff . 

is the upper limit of the static stress drop, Δσ ., or strain change, ., derived from 
waveforms recorded in the area of interest. 

Now, from PGV (P,R = 0). =. 0.63vS . =. cc
−cR

L P cP −cR/3
., we can derive 

c =. 0.63vS
cR

L P −cP +cR/3
..  For cP = cR/3., parameter c = 0.63vS

cR

L . is 
independent of potency P , and the GMPE for PGV . is 

.PGV (P,R) = 0.63vS

cLP 1/3

R + cLP 1/3

cR

. (6.17) 

While this expression has four parameters: vS ., ., cL ., and cR ., two of them, vS . and 
., are constrained by the type of rock and can be assumed, and the other two, cL . 

and cR ., need to be inverted from data. 

Simple GMPE-CAD Equation (6.16)  for  CAD is CAD (P,R). = c ·
P cP R + cL · P 1/3 −cR

.. For a circular crack with a uniform strain change 
. over the source surface, the displacement profile is given by u (x). =. 

24
√

r2 − x2/ (7π)., where x is the radial distance from the centre of the crack 
and r is the radius of the crack (Eshelby, 1957). The maximum displacement is in the 
middle of the crack, i.e. at x = 0., and therefore, umax . =. 24 (7π).. Integration 
over the crack length in polar coordinates, (x, ϕ)., gives the mean displacement at 
source ū. = 24 7π2r2 · r

0 xdx
2π
0 dϕ

√
r2 − x2 ., which translates to ū. =. 

48 7πr2 · r

0

√
r2 − x2xdx ., and finally ū. =. 16 (7π).. This gives seismic 

potency, P =. ūπr2 . =. (16/7) r3 ., the source radius r = (7/16)1/3 ( )1/3 ., 
and 

.umax = 1.5ū = q0
2/3P 1/3, (6.18) 

where the constant q0 . =. (24/7π) (7/16)1/3 . =. 0.828494.. For the average strain 
change at source = 5 · 10−4

., the maximum displacement umax . =. 0.0053 3
√

P ., 
which is not far from umax . =. 0.0046 3

√
P . given by McGarr and Fletcher (2003).
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If we assume that the cumulative absolute displacement at the source is equal 
to the maximum source displacement, i.e. CAD0 = umax = q0Δ

2/3P 1/3
., then 

at source, CAD (P,R = 0) = cc
−cR

L P cP −cR/3 = CAD0 = q0
2/3P 1/3

..  Fo  r
cP = (1 + cR) /3., parameter c = q0

2/3c
cR

L . is independent of potency P , and, 
after simple algebra, the GMPE for CAD . can be written as 

.CAD (P,R) = q0
2/3P 1/3 cLP 1/3

R + cLP 1/3

cR

. (6.19) 

Equation (6.19) has three parameters, ., cL ., and cR ., and since . is constrained 
by the type of rock and can be assumed, the other two, cL . and cR ., need to be inverted 
from data. 

6.6.3 SGMPE Example 

We analysed ground motion data from 265 seismic events in the potency range 0.0 ≤
logP ≤ 2.79. recorded at distances between 87 and 996 metres from source that 
delivered 837 observations of PGV  and CAD. The minimum PGV  is 0.0218 cm/s, 
and the maximum 9.9 cm/s. The minimum CAD is 0.0028, cm and the m aximum
0.512 cm.

Figure 6.20 shows log . vs. logP . and log f0 . vs. logP . on the background 
of different constant strain changes at source. The upper limit of strain change at 
source is assumed to be 6 · 10−4

.. 
Figure 6.21 shows logP . vs. PGV  and logP . vs. CAD of the final dataset 

accepted for fi tting.

GMPE-PGV Assuming vS = 3950. m/s and = 6 · 10−4
., the GMPE for PGV  

is obtained as

.PGV (P,R) = 1.4931
3.5872P 1/3

R + 3.5872P 1/3

1.466

, (6.20) 

Fig. 6.20 log . vs. logP . (left) and log f0 . vs. logP . (right) of events accepted for fitting
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Fig. 6.21 logP . vs. PGV  (left) and logP . vs. CAD (right) of the datasets accepted for fitting

Fig. 6.22 The GMPE-PGV  fit and data (left) and predictions for larger potencies (right)

where PGV  is in m/s, P in m3
., and R in metres. The cR = 1.466.with the standard 

errors of sdcR =. ± 0.03576. and cL = 3.5872. with the standard error sdcL =. 

± 0.37495., and σlogPGV . =. 0.25622.. 
If we assume 5% uncertainty in vS . and 20% uncertainty in ., then the expected 

peak ground velocity at source varies between 103.1 ≤ PGV0 ≤ 171.0. cm/s, 
irrespective of logP .. Figure 6.22 left shows the data selected for fitting with dots 
coloured by size range and the fitted model plotted in the middle of each PGV  data 
range. Figure 6.22 right shows extrapolations for larger events. 

Figure 6.23 shows the results of residual analysis: log (Obs/Pred). as a function 
of logP . and log (Pred). vs. log (Obs).. 

GMPE-CAD Assuming = 6 · 10−4
., the GMPE for CAD is obtained as

.CAD (P,R) = 0.00589 · P 1/3 0.3788P 1/3

R + 0.3788P 1/3

0.6083

, (6.21) 

where CAD is in m, P in m3
., and R in metres, see Fig. 6.24.  The cR = 0.6083. 

with the standard errors of sdcR =. ± 0.02395. and cL = 0.3788. with the standard 
errors of sdcL =. ± 0.0959. and σlogCAD . =. 0.1908.. If, in addition, we assume 
20% uncertainty in ., the expected maximum seismic displacement at source for 
logP = 3.0. varies between 4.5 and 5.89 cm.
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Fig. 6.23 log PGVobs/PGVpred . vs. logP . (left) and logPGVpred . vs. logPGVobs . (right ) 

Fig. 6.24 The GMPE-CAD fit and data (left) and predictions for larger potencies (right)

Fig. 6.25 log CADobs/CADpred . vs. logP . (left) and logCADpred . vs. logCADobs . (right ) 

Figure 6.24 left shows the data selected for fitting with dots coloured by 
size range and the fitted model plotted in the middle of each CAD data range. 
Figure 6.24 right shows extrapolations for larger events. 

Figure 6.25 shows the results of residual analysis: log (Obs/Pred). as a function 
of logP . and log (Pred). vs. log (Obs)..
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6.6.4 Perceptibility of Ground Motion 

The velocity of ground motion at the source of a seismic event is mostly independent 
of its size, i.e. large and small events have similar velocities of ground deformation 
at source. However, small events affect smaller volumes of rock and radiate waves 
of higher frequencies that are attenuated faster than lower frequencies. Therefore, 
smaller events are perceptible over shorter distances. 

Humans experience the effect of ground motion as a movement of the ground 
and as a sound. Large seismic events, e.g. with logP ≥ 3.0. (mHK = 2.95.), radiate 
most of their energy in a frequency band of 5 to 20 Hz and are easily felt as a 
movement over a distance of a few kilometres. Small events, e.g. with logP = −2.0. 
(mHK 0.38.), which can be seen as a 15 metre size crack, radiate most of their 
energy at frequencies of 100 Hz and more and can be felt and/or heard underground 
at 100 metres away. 

In general, ground motions lower than 1 mm/s are hardly perceptible as 
movement, but, by interacting with the environment, they may generate a perceptible 
noise. This is what happens underground when waves generated by a seismic event 
interact with the fracture zone around a tunnel and with support elements and 
generate an audible noise. Ground motion between 1 and 10 mm/s is perceptible as 
a movement and higher than 10 mm/s becomes unpleasant. Ground motion stronger 
than 10 cm/s can cause local falls of ground or strain bursts and above 50 cm/s can 
cause rock failure and damage to underground excavations. Since localised blasts 
generate PGV  at higher frequencies, therefore producing less displacement, they 
will be felt as movement over shorter distances, but their high frequency content 
will generate more audible noise. In general, the same PGV  generated at lower 
frequency will be felt as movement over lar ger distance.

Figure 6.26 illustrates the perceptibility and the expected damage potential to the 
underground structure by different levels of PGV  with superimposed SGMPE for 
selected logP .. 

6.6.5 Damage Inspection and Cumulative CAD Plots 

The basic outcome of ground motion hazard analysis for a given site is a seismic 
hazard curve that shows the annual rate, or probability, at which a specific ground 
motion level will be exceeded. This is outside the scope of this chapter. It is 
expected that CAD, which includes the peak and the duration of ground motion, 
may be a better indicator of damage potential than the PGV  alone, being a single 
measurement over the whole waveform. Below we present two simple applications: 
the potential damage inspection plot and the cumulative CAD plot.

From the simple GMPE-PGV  given by Eq. (6.17), we can calculate the distance, 
R, over which a seismic source with potency P generates the velocity of ground 
motion ≥ PGV .,
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Fig. 6.26 Perceptibility of ground motion illustrated on the GMPE shown in Fig. 6.22 

.R (≥ PGV,P ) = cLP 1/3 (0.63vS )1/cR − 1 . (6.22) 

A similar equation can be derived from GMPE-CAD. We can also calculate the 
minimum potency, or logP ., that delivers a given level of PGV  as a function of 
distance,

.P (PGV,R) = (R/cL)3 (0.63vS
1/cR − 1

−3
. (6.23) 

Now we can plot logP . vs. distance R of seismic events, on the background of 
envelopes of a minimum logP . that delivers a given level of PGV  as a function of 
distance, for a number of strategic s ites.

We analysed the last 60 days of seismic history before a logP = 2.61. event at 
a mine here referred to as MineD, see the seismic hazard case study described in 
Chap. 5 and subsection Example in Chap. 3, and Sect. 6.6.8.3 below. The size of the 
event scales with the radius of source volume, and the colour indicates the distance 
of the event to the site. 

Figure 6.27 left shows events with logP ≥ −1.0. vs. distance and the thresholds 
of ground motion, PGVx ., set as 1, 5, and 10 cm/s. The envelopes of a minimum 
logP . stop where, according to the SGMPE, a logPmax . event cannot deliver a given 
PGV  beyond that distance. A seismic event that crosses the calibrated envelope for 
a given site may trigger damage inspection. Note that the developed GMPE does 
not take into account site effects, i.e. the amplification of ground motion at the skin 
of excavations, and therefore all these estimates are in solid rock and most likely
underestimated.
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Fig. 6.27 897 events with logP ≥ −1.0. that occurred between 08 May and 07 July vs. distances 
to three sites at the mine. The orange, red, and darker red envelopes indicate a minimum logP . that 
delivers PGV = 1., PGV = 5., PGV = 10. cm/s, respectively, as a function of distance 

Fig. 6.28 Estimates of cumulative co-seismic displacement at the same sites, S1 (left),  S2  
(centre),  and  S3  (right), over the same period of time

Another useful application is monitoring the consumption of the deformation 
capacity of the support due to seismicity. Figure 6.28 right shows the cumulative 
seismic deformation, CumCAD, due to seismic events with logP ≥ −1.0. that 
exceeded PGV = 10−7

. m/s, at the same three sites over the same period as in 
Fig. 6.27. It shows a big jump in CAD at site S1, which was deliberately located at 
the source of logP = 2.61. event that delivered 4.36 cm of CAD. 

It shows that Site1 was subjected to a relatively low level of seismic deformation 
before the main shock. Site 2 accumulated 6.67 cm and 1.52 cm of that was due 
to the logP = 1.24. event that located very close to this site. Site S3 accumulated 
7.12 cm, and the biggest jump was the logP = 2.61. main shock that contributed 
0.42 cm. Again, the observed CAD were recorded by sensors in boreholes, and 
therefore, they do not take into account the amplifying effect of the fracture zone 
close to excavations and the reaction of the support.
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6.6.6 Probability Pr (≥ PGV,R,ΔT ). 

To calculate the probability that ground motion may exceed a given threshold at 
distance R from a source, regardless of source location, within the time interva l
ΔT ., we need to replace potency in Equation 6.20 for the probability of having an 
event ≥ P .within the time interval ., 

. Pr (≥ ) = 1 − exp −ΔT

Δt
α P −β − P −β

max , (6.24) 

with the potency P derived from the GMPE. The potency as a function of PGV  and 
distance, P (PGV,R)., can be derived analytically from Equation 6.17 for SGMPE-
PGV , 

.P (PGV,R) = (R/cL)3 (PGV0/PGV )1/cR − 1
−3

, (6.25) 

and, when inserted into Eq. (6.24), gives 

. Pr(≥ PGV,R,ΔT )=1−exp −α
ΔT

Δt

R/cL

(PGV0/PGV )1/cR − 1

−3β

− P −β
max .

(6.26) 

Figure 6.29 left shows the distance over which a given logP . generates ground 
velocities PGV ≥. 15, 10, and 5 cm/s. Figure 6.29 right shows the probabilities of 
having ground velocity PGV ≥. 15, 10, and 5 cm/s within 180 days, as a function 
of the distance from the source. 

Fig. 6.29 Distance over which a given logP . generates ground velocity ≥ PGV . (left), and 
Pr (≥ PGV,R,ΔT ). as a function of distance from the source for three PGV  thresholds (right)
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6.6.7 Seismic Fragility Curves and Damage Potential 

Fragility curves are functions that describe the conditional probability that the 
system may be subjected to a different degree of damage over the full range of loads 
to which that system might be exposed. The probability of damage is a function 
of both uncertainty in the capacity and uncertainty in the demand, and as demand 
increases relative to capacity, the probability of damage approaches one. 

It is usually assumed that uncertainty in the capacity term follows a log-normal 
distribution, and therefore, the fragility curve also follows a log-normal distribution. 
Conforming to the accepted convention, the equation for the fragility function can 
be written as 

.Pr D ≥ d X = x = Fd (x) = 1

βcd

ln
x

θcd

, (6.27) 

where D is an uncertain damage state of the accepted damage classification, d is a 
particular value of D, Pr D ≥ d X = x . is the conditional probability that D ≥ d . 

is true given X = x . is true, X is the engineering demand parameter, x is a particular 
value of X, Fd (x). is a fragility function for damage state d evaluated at x, . is the 
standard normal cumulative distribution function, θcd . is the median capacity of the 
structure to resist damage state d, and βcd . is the standard deviation of the natural 
logarithm of the capacity of the structure to resist damage state d (Porter, 2018). In 
this formulation, only the median and standard deviation of the capacity are required 
to define the fragility function. For ground motion hazard, Eq. 6.27 can be written as 

.Fd (GMP) = 1

σlnGMPc

ln
GMP

GMPc

, (6.28) 

where the engineering demand parameters GMP can be PGV , PGA,  or  CAD. 
The mean capacity of the structure to resist damage GMP c = GMPc exp (βc/2)., 

and the standard deviation σGMPc =. GMP c exp σlnGMPc

2 − 1.. 
The nature of the log-normal fragility function dictates that Fd (GMP = GMPc). 

= 0.5., and the uncertainty in capacity σlnGMPc . dictates how steep is the fragility 
curve. If there is little uncertainty in capacity of the system, the fragility curve 
will be steep, i.e. there is great degree of certainty that the system will fail at that 
load. This situation applies to brittle or to well-understood systems. For complex 
inhomogeneous systems, e.g. the support of u/g tunnels in seismically active mines, 
the uncertainty in the capacity, GMPc ., is larger and the fragility curves are flatter. 

Conventionally, the capability of geotechnical structures is evaluated by the 
design factor of safety, in this case, the ratio of the design capacity to the expected 
demand, FS = GMPc/GMPd .. The demand should be estimated for the maximum 
expected potency, P = Pmax . or logP = logPmax .. Obviously, all structures are 
designed to a factor of safety greater than one to provide an adequate margin of 
safety, MS = GMPc − GMPd .. The SGMPE allows not only to estimate the
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expected demand in terms of PGV  or CAD, but also the expected linear extent of 
damage, Rd (GMPc, P )., in metres in case the demand exceeds the in situ capacity, 
GMPd ≥ GMPc ., 

.Rd (GMPc, P ) = cLP 1/3 (GMPd/GMPc)
1/cR − 1 , (6.29) 

which may be of interest to underground tunnels. Equation (6.29)  gives Rd = 0. 
when the demand is equal to capacity, i.e. GMPd = GMPc ., which is the limiting 
case, without a margin of safety. Any further increase in demand leads to a damaged 
state, i.e. Rd > 0.. Negative distances, Rd < 0., indicate a positive margin of safety. 

Figure 6.30 shows an example of the fragility curves for four different capacities 
in terms of PGVc . (left) and CADc . (right) assuming the structure is at or very close 
to a source of event with logP = 2.0., 2.5., and 3.0.. 

We assumed 0.5 ≤ σlnPGVc ≤ 0.6. and 0.4 ≤ σlnCADc ≤ 0.5..  The  PGV  
graph also shows the corresponding dynamic co-seismic strains, d = PGV/vS . 

as a reference, and the distances Rd (PGVc, P ). and Rd (CADc, P ). within which 
the in situ demand exceeds, Rd > 0., or is below, Rd < 0. the capacity of the 
support. The parameters of the SGMPE are vS = 3590. m/s, = 6 · 10−4

., 
and cRPGV = 1.466., cLPGV = 3.587., cRCAD = 0.6083., cLCAD = 0.3788.. 
At source, the PGV0 = 0.63vS = 1.357. m/s is independent of logP ., and 
CAD0 = q0Δ

2/3P 1/3
. is a function of logP . and gives 0.0274, 0.04, and 0.0589 

metres at source for logP = 2.0., 2.5., and 3.0., respectively. 
The PGV  fragility curves in F ig. 6.30 left show the probability of damage for 

four different in situ capacities, PGVc =. 0.8, 1.0, 1.2, and 1.4 m/s. For the lowest 
capacity of 0.8 m/s, the distances within which the demand exceeds the capacity 
are 7.2, 10.6, and 15.6 m for logP = 2.0., 2.5., and 3.0., respectively. For PGVc =
1.0. and 1.2., the probabilities of having damage are still over 50%. The minimum 
capacity to lower the probability of damage to below 50% by these events is 1.4 

Fig. 6.30 Fragility curves for four different in situ capacities in terms of PGVc . (left) and CADc . 
(right). Distances Rd (PGVc, logP). and Rd (CADc, logP).within which the demand exceeds the 
capacity are calculated for three different logP . using SGMPE. Dashed lines indicate the range of 
probabilities for assumed σlnGMPc .
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Table 6.5 Factors and margins of safety for limited CAD fragility curve given in F ig. 6.30 

Factors and margins of safety, FS |MS . 

logP . CADc = 3. cm CADc = 4. cm CADc = 5. cm CADc = 6. cm 

2.0 1.097 |. 0.003 1.462 |. 0.013 1.828 |. 0.023 2.193 |. 0.033 
2.5 0.747 | −.0.010 0.996 | −.0.000 1.245 | 0.010 1.494 | 0.001 

3.0 0.509 | −.0.029 0.679 | −.0.019 0.848 | −.0.009 1.018 | 0.001 

m/s. The PGV  fragility curves are of limited practical value since it is difficult to 
establish the remaining in situ PGV , or the energy capacity, of the support.

The CAD fragility curves in F ig. 6.30 right are of more practical value because 
it is easier to assess the remaining in situ deformation capacity of support. The 
respective factors and margins of safety for CAD are given in Table 6.5. 

6.6.8 Seismic Ground Motion Alert Program—GMAP 

6.6.8.1 Introduction 

This section is based on Mendecki (2023). Seismic risk is associated with the 
probability of a loss, which is the product of seismic hazard, the vulnerability of 
a site, and the exposure. Seismic hazard is the probability of having potentially 
damaging ground motion at a given site at a future time. The vulnerability of that site 
is its ability to sustain a certain level of ground velocity and ground displacement. 
The exposure is defined by the elements at risk which, in the case of safety, is the 
number of people that could be affected by a potential rockburst. 

While the prediction of the time and the location of a potentially damaging 
seismic event is impossible, one should limit people’s exposure at times of increased 
seismic activity and/or increased seismic loading by mid-size or larger events close 
to working places. The reason is very simple, as the rate of seismic activity increases 
so does the likelihood that one of these events may be larger and damaging. 

One of the objectives of seismic monitoring in mines is “To detect strong and 
unexpected changes in the spatial and/or temporal behaviour of seismic parameters 
that could lead to rock mass instability and affect working places immediately or 
in the short term”, see Mendecki (2016) section 1.2. By “strong”, we understand 
changes exceeding a specified reference level, and the “unexpected” here means 
spontaneous, not associated with blasts or other controlled mining activities that 
usually trigger or induce such changes. 

After blasting or after larger seismic events, the seismic activity rate is expected 
to increase, and over the years mine seismologists have developed different methods 
to monitor and quantify its decay in time and space to allow safe re-entry of 
personnel (e.g. Spottiswoode, 2000; Turner & Player, 2000; Malek & Leslie, 
2006; Woodward et al., 2017; Gospodinov et al., 2022). While some methods 
use a combination of different seismic parameters, the fundamental one is always
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the seismic activity rate. One such method, which also includes guidelines for 
developing a re-entry protocol, is described in Vallejos (2010). Mendecki (2016), 
section 4.2, described a method to estimate the probability that the seismicity rates 
in two different time intervals are different by a given factor. Nordstrom et al. (2020) 
back analysed the utility of 14 different parameters as short term hazard indicators 
or as early warnings using data from Kiirunavaara mine in Sweden. They concluded 
that the most successful parameters are accelerated moment, accelerated apparent 
volume release, and increased activity rate. However, in many cases, the first two 
parameters are associated with the third one. 

The short term hazard associated with aftershock activity quantified in terms of 
the probability of having an event above a certain size can be estimated by applying 
a rate function, e.g. the Omori or the stretched exponential, and the size distribution 
of seismicity for the given area to clusters of events, see Mendecki (2016) section 
5.3. 

An alert is raised if a given parameter, or a set of parameters, exceeds the imposed 
reference level(s). The reference level can be estimated by taking an average of a 
given parameter over times that were outside the influence of blasting and larger 
events and when there was normal safe working activity in a given area. In the case 
of seismic activity, it is expected that the coefficient of variation of the data selected 
to estimate the reference activity will be close to 1.0, i.e. not far from Poissonian. 
It is important that the reference level takes into account the current vulnerability 
of the site, or excavation. For example, an area with lower deformation capacity of 
support and/or a wider span of excavation should have a lower reference level. 

Seismic exposure also needs to be defined in space; therefore, we need to be able 
to delineate the exclusion zone. In small mines, the exclusion zone can be the whole 
mine, but this is not practical for large mining operations. After an alert has been 
issued, there is a need to de-alert, and this again includes time and space. After some 
time, a part of the excluded area may be below the reference level, while others, 
specifically those close to the sources of larger events or blasts, may not. Typically, 
the exclusion zone volume increases as the size of the main shock increases. The 
exclusion time increases with the size of the main shock and decreases as the 
distance to the main shock increases. 

All methods described above are the so-called polygon-based, where the polygon 
is defined as a seismogenic volume that generates seismicity affecting working 
places. Therefore, all relevant parameters are derived from the data selected from 
this polygon. This method has been widely applied in mines for many years. 
The most difficult, and also subjective, task here is the definition of the polygon. 
Different polygons select different datasets and therefore will produce different 
seismic characteristics. 

In this section, we describe the polygon-less approach, where one takes into 
account the influence of all available seismic events, regardless of their location, on a 
particular working place. The preferred measures of influence are the rates of the fol-
lowing two ground motion parameters: (1) The cumulative absolute displacement, 
measured over a given minimum ground velocity, CAD =.

td
0 |v (t) |≥vmin

dt ..  (2)  
The ACAD, which is the rate of CAD. The influence of CADRate . and ACADRate .
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is moderated by the distance from the seismic source to the place of potential 
exposure. For example, a logP = 2.0. event generates a similar level of PGV  at 
200 metres away as a logP = 1.0. at 100 metres, and a logP = 2.0. event generates 
a similar level of CAD at 200 metres away as a logP = 1.0. at 50 metres. 

6.6.8.2 GMAP Algorithm 

GMAP is an influence based polygon-less two parameter method where one takes 
into account the influence of ground motion generated by all available seismic 
events, regardless of their location, on a particular working place. It is based on the 
rates of the cumulative absolute deformation, CAD calculated above a given ground 
velocity threshold, CADRate ., and on the activity rate of CAD events, ACADRate .. 
See Sect. 6.4.1 for more on CAD. 

The following few steps describe the procedure to calculate GMAP ratings 
for each site defined by its coordinates (x, y, z)., given the alert reference 
rates, CADRref 1 . and ACADRref 1 ., and alarm reference rates, CADRref 2 . and 
ACADRref 2 .. In this case study, alarm reference rates are set as 2 times the alert 
reference rates. 

First define the moving time window, ., needed to calculate the rates. The 
window can be constant in time, or it may be defined by a number of events. For all 
events in the window: 

1. Calculate the threshold seismic strain, s . =. vmin/vS ., and CAD using the 
relevant GMPE.

2. If for a given event seismic strain is greater than or equal to s ., accumulate CAD 
to get . and calculate its activity, ACAD, defined by NCAD ., the number 
of times CAD is accumulated.

3. Calculate CADRate =. . and ACADRate =. NCAD .. 
4. Normalise CADRate . and ACADRate .. They have different units, m/s and 1/s, but 

can be compared when normalised relative to their individual alert and alarm 
reference rates. 

. CADRateN=1 + CADRate − CADRref 1 / CADRref 2 − CADRref 1

ACADRateN=1+ ACADRate−ACADRref 1 / ACADRref 2−ACADRref 1 .

5. Take max [CADRateN ,ACADRateN ]. to get the GMAP rating. 
6. Repeat for each site and contour and/or move the window by an increment of 

time, or by one event, to create the time series of GMAP. 

Note that any seismic activity or ground motion based alert or re-entry protocol is 
not a prediction. The method described here is also not a forecast, since it does 
not state the probabilities of occurrences. GMAP just responds to changes in the 
selected ground motion parameters.
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CADRate . will react to small events located close to a given site and to larger 
events located up to a few hundred metres away. CADRate . is also sensitive to an 
increase in the frequency of mid-size events that are not associated with an overall 
increase in seismic activity. A single larger event located nearby should issue an 
instant alert/alarm at that site. ACADRate . is sensitive to an increase in the activity 
rate influencing a given site. 

Note that CAD excludes any time dependent aseismic deformation, e.g. bulking 
which is a function of time and may be delayed. Also the support system prevents 
part of that deformation from reaching the skin of excavation, so one cannot see or 
measure it, but this kind of seismic action contributes to the increase in the fracture 
zone around excavations and may contribute to damage when hit with a larger ev ent.

CADRate . and ACADRate . are calculated in a moving window. The moving 
window can be defined by a fixed number of events, in which case its duration 
varies with activity rate, or by a fixed time window. If after alert, the activity rate 
unexpectedly drops, the fixed number of events window will drop the GMAP rating 
very slowly, while with the fixed time window the rating will drop quickly. If the 
GMAP rating is dominated by one larger event with few aftershocks, then the rating 
will drop as soon as the large event drops from the moving window. 

6.6.8.3 GMAP Example 

GMAP Data We analysed the last 60 days of seismic history before a logP =
2.61. event at a mine here referred to as MineD, see the seismic hazard case study 
described in Chap. 5 and subsection Example in Chap. 3. Figure 6.31 left shows the 

Fig. 6.31 Convex hull span over all available 6073 events (left) and over 3578 events that 
generated PGV ≥ 10−7 .m/s at site S3 (right)
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convex hull span over all 6073 events with logP ≥ −4.5. available for analysis. 
The size of the event represents the radius of the source volume taken as a sphere, 
V = ., where . is the assumed strain change at the source, in this case 

= 10−4
., and the colour indicates the time of the event, from the earliest in blue 

to the latest in red. In this section, we will test GMAP at site S3, which is the average 
location of all 6073 events. Figure 6.31 right shows the convex hull span over 3578 
events that generated PGV ≥ 10−7

. m/s at the centre of all 6073 events, shown as 
S3 in blue. 

Distances of these events to site S3 range between 12 and 394 m. Tables at 
the bottom of these figures give the number of events, NE ., activity rate/day, the 
logP . range, the volume of the convex hull, VCH ., and its sphericity index, CH ., 
the total volume of seismic sources with strain change ≥. 0.0001, V ≥ 10−4

., 
and the ratio of the convex hull to the volume of inelastic deformation of events 
VCH /V ≥ 10−4

.. After selection of the 3578 events, VCH /V ≥ 10−4
. 

ratio dropped from 177.2 to 11.67, which indicates that the volume selected 
for stability is reasonably saturated with co-seismic inelastic deformation. The 
sphericity index, CH ., here dropped slightly from 0.86 to 0.83, however, while 
running moving windows through these 3578 events it varied between 0.65 and 
0.86. 

Figure 6.32 shows the cumulative number of events, CumN , and the cumulative 
apparent volume, Cum VA . in km 3 ., for all 6073 events. The size of the event 
represents the radius of the source volume and colour scales with distance to the 
site. There were 17 mid-size events with logP ≥ 0.0. which gives an activity rate 
0.28/day, and the coefficient of variation of all events is Cv = 1.32., which indicates 
a degree of time clustering. The vertical red, blue, and green lines indicate times of 
the three largest events, respectively. The CumN vs. time plot is quite steady with 
an almost constant activity rate, while CumVA . shows a bit more structure and an 
increase in its rate before the main shock. However, the apparent volume does not 
enter into GMAP. 

The largest event with logP = 2.61.occurred on 07 July and located 130 m from 
site S3, the second largest with logP = 1.24. on 14 June located 99 m away, and 
the third largest with logP = 1.1. on 08 June 137 m away. The distance between 
the largest event and the second largest is 273 m, the largest and the third largest 85 
m, and the second and the third largest 211 m. The distance between an event and 
a given site is taken as the Euclidean distance minus the radius of the event, r =. 
3
√
3P/ (4 )., where the strain change, ., is the same used in the development 

of the SGMPE, in this case 6 ·.10 −4
.. 

Time History of GMAP Parameters Figure 6.33 top row shows the cumulative 
CAD and NCAD . vs. time. The vertical red, blue, and green lines on cumulative 
plots here indicate times of the three largest CAD events, respectively, i.e. events 
that generated the three largest seismic deformation at site S3. Figure 6.33 bottom 
row shows normalised CADRate . and ACADRate . and the resulting GMAP alerts. 

The reference rate CADRref 1 . was set as 0.072 cm/day and ACADRref 1 . as 44 
CAD events per day. Alarm levels were set as double the alert levels. Alert plots are
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Fig. 6.32 CumN (left) and CumVA . (right) vs. time plotted for all 6073 events 

Fig. 6.33 Cumulative CAD and NCAD . vs. time, (top row), and time histories of normalised 
CADRate ., ACADRate ., and resulting GMAP alerts (bottom row) 

based on a fixed number 119 event moving window, which is equal to 2 times the 
average activity rate per day. 

Of the total 6073 seismic events only 3578 classified as CAD events because 
most of them were too far and/or too small to induce PGV ≥.10 −7

. m/s at the site. 
Most of these events located between 20 and 120 metres from site S3. The total 
CAD over that time was 7.12 cm, and the largest event with logP = 2.61. that was 
130 metres away imposed 0.42 cm of CAD. The second largest CAD was 0.09 cm 
associated with event with a logP = 1.24. located 99 metres away. 

The selected dataset is characterised by a reasonably stable activity rate which 
always makes alerting more difficult. However, the data has a significant number
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Fig. 6.34 The last 68.35 hours of CumCAD (left) and CumNCAD . before the main shock (right) 

of mid-size events not far from the site of interest, therefore, with the exception of 
the last three days before the main shock, GMAP alert time history is dominated by 
CADRate . rather than ACADRate .. 

The largest event with logP = 2.61. occurred on 7 July at 15:38:57. The first 
alarm was on 02 July, then there were seven additional alarms, and the last one on 7 
July at 15:30:40. There was also a spike type alarm exactly at the time of the event. 

The second largest event with logP = 1.24. and CAD = 0.1. cm occurred on 14 
June at 04:36:38. There was only one Alarm before the event on 12 June at 09:52:48, 
and there was a spike type of alarm at the time of event. 

The third largest event with logP = 1.1. and CAD = 0.06. cm occurred on 
8 June at 18:47:01 at distance 137 metres from site S3. At the time of this event 
GMAP was in a state of alert. There was the alarm issued on 06 June at 13:41:48, 
then three Alarms on June 07, and the last one on 08 June at 09:23:03. 

Figure 6.34 shows the cumulative CAD andNCAD . for the last 68.35 hours before 
the largest event of logP = 2.61., excluding the main shock. 

During this time, there were 238 events giving the activity rate 83.56 events/day. 
The maximum event was with logP = −0.12. that occurred 47 hours before the 
main shock at a distance of 97 metres and generated 0.17 mm of CAD. There was a 
clear acceleration in the cumulative CAD and NCAD . during the last 6 hours before 
the main shock. However, it was partially smoothed over by the 119 events moving 
window. The shorter window would have alerted earlier, but it would also have 
issued more false alarms. 

Comparison with Stability Analysis Figure 6.35 left shows the time history of 
GMAP alerts, which is based on CADRate . and ACADRate .. Figure 6.35 right shows 
a simple version of the stability function for site S3, CH · Median log σA /λ., 
where σA . is apparent stress, λ. the activity rate, and CH . sphericity of the convex 
hull span over the events in each moving window. 

Both cases are based on the same dataset, the PGV  threshold of 1 0−7
. m/s, 

and the moving window of 119 events. See Sect. 3.5.2 in Chap. 3 for more on 
the examples of stability analysis. Note that the low level of the stability function 
indicates a less stable rock mass with higher potential for larger events or a swarm 
of events. In such cases, GMAP alerts go up. It is clear that these two plots are



260 6 Ground Motion Hazard

Fig. 6.35 GMAP (left) and stability (right) 

qualitatively similar, or inversely correlated, i.e. both indicating increase potential 
for larger ground motion at the site at the same times. This is interesting because 
with the exception of the activity rate, λ., these two plots are based on different 
parameters. Let us consider the same three events we analysed above: 

• The largest event with logP = 2.61. on 7 July. From 02 July, GMAP is 
practically at alarm level, and the stability function is well below the 30 days 
mean. 

• The second largest event with logP = 1.24. on 14 June. GMAP is high and 
stability is low. 

• The third largest event with logP = 1.1. on 8 June. GMAP is high and stability 
is low. 

6.6.8.4 General Comments 

A prediction can be understood as a deterministic binary statement, true or false, 
about a future event that can be validated or falsified with a single observation. 
A forecast can be defined as a statement of probability about a future event. An 
individual forecast can never be validated by a single observation and requires 
multiple observations to establish a degree of confidence. As mentioned above, 
GMAP is neither a prediction nor a forecast, since a forecast requires stating the 
probabilities of occurrences. 

The utility of GMAP is not only in issuing ground motion alerts or alarms after a 
sudden increase in GMAP rating, or in delineating the exclusion zones, but also 
in guiding control measures to mitigate seismic hazard. If the GMAP rating is 
systematically increasing or stays high in a given area, then the mine may change the 
spatial and temporal manner of rock extraction, e.g. change the sequence of blasting, 
scatter the production blasts, and/or slow down the rate of mining. There is a view 
that these control measures just delay the inevitable. However, experience shows 
that scattered rock extraction changes the nature of seismic release by producing 
more smaller or mid-size events and fewer large ones (van Aswegen & Mendecki,
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1999; Handley et al., 2000; Vieira et al., 2001; Mendecki, 2001 Figure 8; Mendecki, 
2005; Durrheim et al., 2005). Therefore, if guided by GMAP, the mine applies 
control measures to manage the seismic response, then the GMAP success or failure 
rate cannot be tested by the number of larger events that did or did not occur after 
alerts or alarms. In such cases, it would be more appropriate to measure it by the 
overall positive changes in the size distribution of seismic events. Paradoxically 
then, the case where there is no larger event after GMAP alerts would be considered 
a success. Like any other alerting method, GMAP has limitations: 

1. GMAP may fail to alert for mid-size events located far, typically a few hundred 
metres from a given site, if there is no increase in seismic activity within that 
distance. During testing, GMAP never failed on a large event located within a 
few hundred metres from a given site; however, it may alert or alarm at the time 
of the event. 

2. It needs to be calibrated, mainly the alert rate reference levels, CADRref 1 . and 
ACADRref 1 ., and the alarm multiplier. 

3. GMAP requires a reasonably accurate GMPE that should be updated at least once 
a year. 

4. It relies on seismic events being processed before the rating can be updated, and 
therefore, it depends on the speed and the quality of seismological processing, 
i.e. it is not a real-time system. 

6.7 Seismic Ground Motion Alert System—GMAS 

GMAS, like GMAP, is based on the two ground motion parameters, CADRate . and 
ACADRate ., but it computes these rates in real time from the waveforms provided 
by seismic sensors at a given location. Unlike GMAP, GMAS does not need a 
ground motion prediction equation, is not subject to association, and does not rely 
on the seismological processing that delays the process and introduces uncertainties, 
and therefore, it gives instantaneously local alerts or alarms when given threshold 
parameters are exceeded. 

The following few steps describe the procedure to calculate GMAS ratings for 
an area around the GMAS sensor, given the alert reference rates, CADRref 1 . and 
ACADRref 1 ., and alarm reference rates, CADRref 2 . and ACADRref 2 ., which in this 
case study are set as 2 times the alert reference rates. 

Define the moving time window, ., needed to calculate the rates. The window 
can be constant in time, or it may be defined by a number of events. For all events 
in the window: 

1. Take a segment, say δt = 0.25. seconds long, of the continuous data stream 
as recorded by a seismic site and test if the PGV  in this section exceeds a 
predefined threshold, say PGV ≥.10 −5

.m/s. If so, declare a ground motion event. 
2. Integrate that segment of the waveforms to get CAD for the GM event.
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3. Accumulate CAD in the window to get . and calculate its activity ACAD 
defined by NCAD ., and the number of times CAD is accumulated.

4. Calculate CADRate . =. . and CAD activity rate, ACADRate . =. 

NCAD . . 
5. Normalise CADRate . and ACADRate .. They have different units, m/s and 1/s, 

but can be compared when normalised relative to their individual alert and alarm 
reference rates. 

. CADRateN=1+ CADRate−CADRref 1 / CADRref 2−CADRref 1

ACADRateN=1+ ACADRate − ACADRref 1 / ACADRef 2 − ACADRef 1 .

6. Take max [CADRateN ,ACADRateN ]. to get GMAS rating. 

GMAS Example We analysed 15.36 hours of continuous three-component wave-
forms recorded at Site10 by 4.5 Hz geophones installed at 8 metres in a borehole 
and sampled at 6 kHz,. The first sample was at 00:00:09 and the last at 15:21:32. 
A seismic event with logP = 1.1. (m = 1.65). and logE = 6.4. occurred at 
10:21:43:608 and located 196 metres from the sensor. Figure 6.36 shows the 
recorded velocity and integrated displacement waveforms. The long tail on the 
displacement waveforms may indicate a permanent displacement. 

Figure 6.37 shows the time history of PGV , CAD, and CumCAD of all 221087 
segments of data with the red lines marking the mean values. The mean rate of 
cumulative CAD was 1.21 cm/day. There were a few bursts of CAD activ ity in the

Fig. 6.36 Velocity and displacement waveforms of the logP = 1.1. event 

Fig. 6.37 PGV  (left), CAD (centre), and CumCAD (right) time histories of all 221087 segments
of data



6.7 Seismic Ground Motion Alert System—GMAS 263

Fig. 6.38 CumCAD (left) and CumNCAD . (right) of GM events 

Fig. 6.39 Time histories of CADrate . and ACADrate . 

morning, but the CumCAD rate plot remained structureless, it increased moderately 
at 07:30, but then remained steady until the main shock. Obviously, the cumulative 
number of all segments of data here would be just a straight line. 

Figure 6.38 shows the CumCAD and CumNCAD . vs. time where we selected 
segments of data with CAD ≥ CAD =.3.5 ·.10 −6

. cm and with predominant 
frequency less than 150 Hz. There are 16751 such GM events, and now the data 
show more interesting structure, including a significant increase in both, the rate of 
CumCAD, and the rate of CumNCAD . approximately 3 hours before the logP =
1.1. event. The largest PGV = 5.67. cm/s, and the second largest CAD = 0.031. cm 
occurred at 10:21:43.358. The second largest PGV = 2.24. cm/s and the largest 
CAD = 0.033. mm occurred at 10:21:43.608, all of them associated with the 
logP = 1.1. event. 

Reference alert level for CADRate .was set at 0.3042 cm/day, and alarm level was 
set as 2 times the alert level. Reference alert level for ACADRate . was set at 41850 
GM events/day and alarm level at double the alert level. The moving window was 
set at 350 GM events, see Fig. 6.39. 

Here we assumed the normalised GMAS alert level as 1 and alarm level as 2. 
Figure 6.40 shows time histories of normalised CADRate . and ACADRate .,  in  this  
case dominated by ACADRate ., and time histories of the final GMAS alerts. 

The first GMAS alert was at 07:31:29 followed by an alarm at 07:38:16, and the 
GMAS stayed there practically till 09:24:54 when it dropped all the way to below
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Fig. 6.40 Time histories of normalised CADrate ., ACADrate . (left) and resulting GMAS alerts 
(right) 

the alert level. Then after a short spike above the alert level at 09:50:53, the GMAS 
rating jumped to alarm level at 10:01:55 and stayed there during the main shock and 
de-alerted only at 10:50:18. 

The PGV = . 5.67 cm/s associated with the main shock was recorded by the 
sensor embedded at 8 metres in a borehole, and it would be amplified at the 
surface of the excavation. This level of ground motion may not be damaging, but 
it would certainly be felt strongly by people close to this site, and they would 
spontaneously evacuate the area. There was another GMAS alarm at 14:01:17 
triggered by a flurry of smaller GM events with maximum PGV = 0.08. cm/s and 
max CAD = 0.0073. cm. 

The area where the sensor is located is not well covered by the seismic system, 
and there is limited seismic data available; therefore, GMAP and stability analysis 
would not alert for this event at that site. 

General Comments Like GMAP, GMAS is not a prediction, and it is also not a 
forecast since it does not state the probabilities of occurrences. GMAS just responds 
to changes in the local ground motion parameters, but, unlike GMAP, it works in real 
time. Like any other alerting method, GMAS has limitations: 

1. GMAS is an inexpensive way to monitor and Alert/Alarm on stronger, potentially 
damaging ground motion. It does not need a ground motion prediction equation, 
is not subject to association, and does not rely on seismological processing, and 
therefore, it works in real time and, in cases of complex seismic events, may give 
a short notice to evacuate. 

2. GMAS is local and in most cases will Alert/Alarm personnel to frequent mid-size 
events relatively close to the excavation. Its area of influence will scale positively 
with the recorded intensity of GM and its frequency. 

3. If run on a number relatively closely spaced sites, it forms a real -time ground 
motion hazard monitoring system for the area. 

4. One needs to define what constitutes a false alarm. This is an important question 
because it affects the calibration process. It would certainly be the case if an 
alarm goes off and people in the area do not feel anything. But it may not be
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the case when GMAS alarms on GM that make people uncomfortable, and they 
would evacuate anyway. 

5. GMAS needs to be calibrated, mainly the alert rate reference levels, CADRref 1 . 

and ACADRref 1 .. One can easily calibrate GMAS to Alert/Alarm at the time 
of a large GM event. However, it is difficult, if not impossible, to eliminate 
alarms on weaker but perceivable ground motion that may affect a small area. 
One can reduce the number of such alarms by increasing reference levels and/or 
the duration of the moving window. However, it is also advisable to define the 
number and the level of alerts and/or alarms in a given time span before advising 
personnel to evacuate. This should be a part of the calibration process that then 
feeds into the re-entry protocol. 

6.8 Mapping Seismic Ground Motion Hazard 

This section is based on the key note lecture delivered at the Rockburst and 
Seismicity in Mines Symposium in Santiago, Chile Mendecki, 2017. 

The size distribution analysis disregards space; therefore, the given probabilities 
apply to the whole mine, while in many cases it is quite obvious that seismic hazard 
varies considerably in space, and these differences should be taken it into account 
when managing seismic risk. Subdividing space into sub-volumes, fitting a power 
law to the data extracted from each sub-volume, and calculating their probabilities 
are not the best strategy to estimate spatial hazard. There are two potential problems 
with this approach: (1) Seismic activity within these sub-volumes may not be 
independent, and therefore, it would be inappropriate to fit two different power laws 
to data. (2) There is a trade-off between the spatial resolution and the amount of 
data one can extract from these sub-volumes, so there may not be sufficient data for 
a reliable power law fit. 

A better option to delineate seismic hazard in space is to estimate how frequently 
a given level of ground motion can be reached or exceeded at a given site, X,  in  
future time ., i.e. Pr [≥ GMP (X) ]., where the ground motion parameter 
GMP can be PGV , PGA,  or  CAD. The ground motion hazard incorporates the 
size distribution analysis, the ground motion prediction equation, GMPE, and the 
distribution of distances from the relevant seismic events to a giv en site.

6.8.1 Methodology 

The presented methodology to estimate ground motion hazard is based on the 
principles described in Cornell (1968), McGuire (2004), and Baker et al. (2021), 
with changes appropriate to accommodate data provided by mine seismic networks. 
For a given site, X = (x, y, z)., this methodology consists of the following steps:
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1. For a given seismogenic volume of rock and time span of data, ., estimate 
the expected size of the next largest event, Pmax ., and obtain the empirical and 
theoretical probability density function of the size distribution, f (P )., and the 
expected activity rate, λ (≥ Pmin). =. N (≥ Pmin) ., of events above a given 
potency threshold Pmin .. 

2. Develop a simple GMPE and the respective survival function, Pr [≥ GMP (X) ; . 

P,R]., i.e. the probability that for a given seismic potency P and distance R the 
recorded ground motion at point X will exceed a given level of GMP .

3. For given site, define the empirical or theoretical probability density function of 
the distribution of distances, f [R (X)]., of events with co-seismic strain below 
a given threshold, say 10 −7

.. This will deliver a different number of events, 
and therefore, different activity rate for each site. The empirical distribution of 
distances is frequently based on more recent, shorter data set than the one used 
to derive the size distribution. 

4. Combine the above information to compute the rate of exceedance, 

. λ [≥ GMP (X)] = λ (≥ Pmin)

nP

i=1

nR

j=1

Pr

≥ GMP (X) ;Pi, Rj f (Pi) f Rj (X) , (6.30) 

where the ranges of seismic potency and distances are discretised into nP . and 
nR . intervals, respectively, and f (Pi). and f Rj (X) . are the theoretical and/or 
the empirical probability density functions. The above equation assumes that the 
size distribution and the distance distribution are independent. 

5. Compute the probability of observing at least one event in a period of time 
. into the future. If the probability distribution of time between events is 

close to Poissonian, i.e. independent of time, where the coefficient of variation 
of the inter-event times is close to one, then the probability of observing at 
least one event in a period of time . is Pr [≥ GMP (X) ]. =. 1 −. 

exp [−λ [≥ GMP (X)] · ].. In cases where there is a clear trend in seismic 
activity, one can apply the non-stationary Poisson process with a suitable 
intensity function. 

6.8.2 Example: Data and Size Distribution 

The data set starts on 07 September 2007 and ends on 07 July 2013 just after a 
logP = 2.61. (m = 2.66). event. It spans 2130 days and includes 2818 events with 
logP ≥ −1.0. (m ≥ 0.25)., which gives the rate of 1.32 events/day. These events 
delivered = 2526.06. m 3 . of seismic potency at the rate of 1.186 m 3 ./day. The 
largest event has logP = 2.61. (m = 2.66)., and there are 30 events with logP ≥
1.0. (m ≥ 1.59).. The mean recurrence interval, t̄ (logP ≥ −1.0) = 0.756. days
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Fig. 6.41 CumP and the history of records vs. time

Fig. 6.42 Size distribution and the probabilities of exceedance 

with the standard deviation of 1.125. days, which gives the coefficient of variation 
Cv (logP ≥ −1.0) = 1.49.. The mean recurrence interval, t̄ (logP ≥ 1.0) = 73.44. 
days with the standard deviation of 94.76. days, which gives the coefficient of 
variation Cv (logP ≥ 1.0) = 1.29.. The black vertical line is at the time of the 
second largest event with logP = 2.24. that occurred on 13 June 2012 at the same 
depth but 500 m away from the main shock. 

Figure 6.41 shows the cumulative potency, CumP , and the history of records vs. 
time where the colour indicates the distance of the event from the main shock of 
logP = 2.61.. 

Figure 6.42 left shows the size distribution of unbinned data where the colour 
indicates the time of the event, and two UT fits: the black with logPmax = 3.04. and 
the red assuming that logPmax = logPnrb = 2.809.. The blue straight line is the 
open-ended fit with β = 0.9415. shown as a reference. 

Figure 6.42 right shows the expected ranges of the probabilities of exceedance 
for the next 90, 180, and 360 days. The black line is for the upper range associated 
with logPmax ., and the red line shows the lower range associated with logPnrb ..  The  
probability of at least one event exceeding the maximum observe d logPmaxo =
2.608. within one year, Pr (≥ logPmaxo; 1Y )., lies between 0.066 and 0.111 and 
Pr (≥ logP = 2.0; 1Y ). is between 0.449 and 0.475.
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6.8.3 GMPE and Survival Function, Pr (≥ GMPx;P,R). 

The ground motion prediction model should provide a probability distribution 
instead of a single value of the ground motion parameter. In general, the ground 
motion prediction model can be described as lnϕ . = lnϕ . +. σ ., where in this case 
ϕ = PGV .or ϕ = CAD ., lnϕ . is a random variable, assumed to be well described by 
a normal distribution, and lnϕ . and σ . are the predicted mean and standard deviation 
of lnϕ . , respectively. Note that if lnϕ . values are normally distributed, the non-
logarithmic values are log-normally distributed. 

Under such an assumption, the probability of exceeding a given level of ground 
motion parameter, GMPx ., is the survival function of the normal distribution, 

. Pr (≥ ϕ;P,R) = 1 − lnGMPx − lnϕ /σlnϕ , (6.31) 

where . is the standard Gaussian cumulative distribution function. One can express 
it via the probability density function that can easily be evaluated numerically, 
Pr [≥ ϕ;P,R]. =.

∞
GMPx

f (u) du., where f (u). is the probability density function 
of ϕ . given P and R, which give s

. Pr [≥ ϕ;P,R] =
∞

PGVx

1

σlnϕ

√
2π

exp

⎡
⎣−1

2

ln u − lnϕ

σlnϕ

2
⎤
⎦ du. (6.32) 

The scatter measured by σlnϕ . in data recorded in boreholes in solid rock in mines 
is expected to be lower than that recorded at the skin of underground excavations. 
Typical values of σlnPGV . calculated to date in mines range from 0.4 to 0.65 and 
σlnCAD . 0.3 to 0.55. Figure 6.43 shows the PGV  and CAD survival functions for
logP = 2.0. at distances of 20, 50, and 100 metres for the SGMPE developed in 
Sect. 6.6.3. 

Fig. 6.43 Survival functions for logP = 2.0.: Pr [≥ PGVx; P,R]. at PGVx = 0.2. m/s, 
σlnPGV = 0.59. (left), and Pr [≥ CADx; P,R]. at CAD = 0.005. m, σlnCAD = 0.4393. 
σlogPGV = 0.256. (right), at distances 20, 50, and 100 metres from the seismic source
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6.8.4 Distribution of Distances 

Figure 6.44 left shows the convex hull span over all 6073 events available for 
analysis, and Fig. 6.31 right shows the convex hull span over 3578 events that 
generated PGV ≥ 10−7

. m/s at the centre of all 6073 events, shown as S3 in blue. 
The three sites at which we will evaluate probabilities of exceedance are shown as 
S1, S2, and S3. This is the same data set we used in Sect. 6.6.8.3. 

To estimate the expected ground motion at a given site, it is necessary to establish 
the distribution of distances from seismic sources to that site. The location of a 
seismic event is represented as a point which, in most cases, is assumed to be 
the rupture initiation. Earthquake seismologists use distance to the epicentre or 
hypocentre, distance to the closest point on the rupture surface, or distance to the 
closest point on the surface projection of the rupture. 

However, in mines, seismicity follows rock extraction and clusters along geo-
logical features; therefore, the assumption of random spatial distribution frequently 
cannot be made. A better option is to construct an empirical probability distribution 
of distances to a given site. In most cases, these empirical probabilities cannot be 
fitted with any reasonable theoretical distribution. 

Figure 6.45 shows the empirical probability density function of distances to the 
same three hypothetical sites S1, S2, and S3 as described in Sect. 6.6.8.3 and marked 
by blue dots. The log-normal distribution fit to the data defined by a mean and 
standard deviation is marked by solid red lines. 

Fig. 6.44 Convex hull span over all available 6073 events (left) and over 3326 events that 
generated PGV ≥ 10−7 . m/s at site S3 (right). The three sites are shown as S1, S2, and S3 in 
blue
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Fig. 6.45 The empirical probability density marked as blue dots and log-normal fit LGN (R). 
marked by red line for sites S1, S2, and S3 

Table 6.6 Probabilities of exceedance of a given PGV  and CAD over 90 and 360 days

Pr (PGV ≥ . Pr (PGV ≥ . Pr (CAD ≥ . Pr (CAD ≥ . 

Site 0.05, 90). 0.05, 360). 0.0005, 90). 0.0005, 360). 

S1 0.032 0.1219 0.039 0.1471 

S2 0.0851 0.2995 0.0665 0.2407 

S3 0.128 0.4217 0.115 0.3866 

The data set used to derive these distribution ranges from 08 May to 07 July, 
i.e. the last 60 days before the largest event, and includes 6073 events. The best 
log-normal distribution fit of distances is for site S3 with 3578 events that exceeded 
the strain threshold of 10 −7

., and it has the mode at about 65 m and small standard 
deviation. The second best is for site S1 with 1106 events that has a mode at about 85 
m, but the observed data also has a second mode at 130 m that cannot be reproduced 
by a log-normal distribution and consequently has larger standard deviation. The 
distribution for site S2 with 1059 events is the worst of the three, and it moved the 
observed mode at 100 m to almost 60 m, which would overestimate hazard. The 
distance between an event and a given site is taken as the Euclidean distance minus 
the radius of the event, r =.

3
√
3P/ (4 )., where the strain change, .,  is  the  same  

used in the development of the SGMPE, in this case 6·.10 −4
.. 

There is no acceptable model for source to site distances in mining, and therefore 
we use the empirical distribution in GM hazard calculation. In mines, seismic 
activity follows rock extraction, and therefore, the empirical distances distribution 
should be updated at least every 3 months. 

6.8.5 Probabilities and Hazard Maps 

The basic outcome of ground motion hazard analysis for a given site is the 
probability of exceedance, i.e. the probability that there will be at least one event 
that will exceed a given GM parameter in time . in the future. All plots below are 
based on the theoretical size distribution and empirical distances distributions. 

Table 6.6 gives probabilities that there will be at least one event every 90 and 360 
days with PGV ≥ 0.05.m/s or CAD ≥ 0.0005.m.
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Fig. 6.46 Probabilities of observing at least one event greater than a given PGV  (left) or CAD 
(right) within the period of 90, 180, and 360 days

Fig. 6.47 Hazard curves for PGV  (left) and CAD (right)

Figure 6.46 left shows the probabilities of exceedance of PGV  over 90, 180, and 
360 days for all three sites, and Fig. 6.46 right shows the same for CAD. 

Ground motion hazard can also be presented as a seismic hazard curve that gives 
the annual rate at which a specific ground motion level may be exceeded. The hazard 
curve may be superimposed on the probability rating scheme, or likelihood scores, 
defined by the mine, see Fig. 6.47. 

Figure 6.48 shows probability maps for PGV ≥ 0.05. m/s and CAD ≥ 0.0005. 
m calculated at the level of site S3. 

6.8.6 Limitations 

There is a wide spectrum of views in the literature on the utility of PSHA, from 
suggestions to drop it altogether (e.g. Mulargia et al., 2017) to the more pragmatic, 
stating that the shortcomings of the method do not invalidate the existence of the 
hazard curve, which comprises the basic assumption for PSHA (Anderson & Biasi, 
2016).
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Fig. 6.48 Probability map for PGV ≥ 0.05.m/s (left) and CAD ≥ 0.0005.m (right), both at the 
level of site S3 

The Nature of the Problem There is a difference in the nature of ground motion 
hazard to underground structures due to seismic events in mines and to surface 
structures due to earthquakes. The main difference is the distances involved. As 
stated before, the near-source ground motion due to small and larger seismic events 
is similar, but the hypocentral distances to underground excavations in mines are 
very small, say from a few metres to a few hundred metres. Earthquakes are 
usually kilometres away. Therefore, earthquake engineers are mainly concerned 
with ground motions from larger earthquakes, but these earthquakes are less 
frequent and their activity rates are less certain. 

Recurrence times for large events in mines are also uncertain, and therefore one 
can expect that the hazard maps for mines can better estimate the potential for less 
severe damage caused by smaller and medium size events than the infrequent large 
events. 

This is why mines prone to larger events may wish to supplement probabilistic 
analysis with the deterministic one, i.e. ground motion simulation. Such a simulation 
involves kinematic modelling of ground motion produced by sources defined by 
their expected maximum potency, or magnitude, and placed at the most likely 
locations that can produce the strongest level of peak ground velocity at a given 
site or sites. For more details, see the next section in this book. 

Probabilistic and deterministic methods for hazard assessment have advantages 
and disadvantages. Probabilistic methods can be viewed as inclusive of all deter-
ministic events with a non-zero probability of occurrence. In this context, a proper 
deterministic method that models a particular larger event should ensure that that 
event is realistic, i.e. with a finite probability of occurrence. This points to the 
complementary nature of deterministic and probabilistic analyses: Deterministic 
events can be checked with a probabilistic analysis to ensure that the event is
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probable, and probabilistic analyses can be checked with deterministic events 
to see that rational, realistic hypotheses of concern have been included in the 
analyses (McGuire, 2001). However, the deterministic analysis can better account 
for specifics, i.e. the path and the site effects associated with a given strategic 
structure. 

GMPE and Site Effect The reliability of a GMPE depends mainly on the selection 
of the appropriate data, and the main obstacle in selecting a good data set is the 
limited capability of the sensors employed to record stronger ground motion. This 
may limit the predicted level of ground motion at closer distances. It is important 
then for mines to deploy strong ground motion sensors. A more serious limitation 
though is the unknown amplification of ground motion at the skin of excavations. 

Distribution of Distances There is no acceptable model for source to site distance 
distribution in mining, and therefore, in this example, we used the empirical 
distribution that reflects the recent past but does not extrapolate into the future. One 
option is to model the future spatial distribution of seismicity which for mines is 
very uncertain, or to update the analysis more frequently. 

Size Distribution We assume that the magnitude distribution of future seismic 
events will be close to the one derived on the basis of existing data, i.e. that the 
predicted upper limit of the next record breaking potency, Pmax ., and parameters α . 

and β . of the assumed power law are reasonably accurate. This is not the most risky 
assumption since in most cases the future seismic rock mass response to mining is 
reasonably informed by its past size distribution. There are, of course, “black swan” 
events that considerably exceed the largest observed one, but they are not frequent 
enough to discourage forecasting. The experience of the author is that the bigger 
jumps occur more frequently when data follow the open-ended power law closer 
than the upper truncated one. 

A Homogeneous Poisson Process In some cases, e.g. when rock extraction is 
interrupted, seismic activity in the time domain is far more clustered than in the 
volume mined domain. In such a case, it is recommended to perform the analysis in 
the volume mined domain. Alternatively, one can apply the non-stationary Poisson 
process with a suitable intensity function. 

6.9 Modelling Ground Motion—Deterministic Hazard 

6.9.1 Introduction 

General Description Seismic waves in rock, propagating away from the source, 
interact with interfaces between different rock types, fractured zones, and under-
ground excavations. In the process, they experience reflection, refraction, diffrac-
tion, scattering, and inelastic attenuation. Reflection, refraction, and diffraction are
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all manifestations of boundary behaviour of waves and are associated with some 
significant change of the wave vector leading to the bending of the wave path. Path 
bending can be observed only for waves in two or three dimensions. Reflection is a 
sudden change in the direction of wave propagation. It occurs when the wavefront 
reaches the interface between two different media. Refraction is caused by the 
change in speed when the wave travels through the interface between two different 
media. This change of wave speed leads to a change in the wavelength and in the 
direction of propagation. Diffraction is observed when a wave reaches some obstacle 
(an edge or an opening) of size co-measurable with the wavelength. It is a complex 
physical phenomenon involving not only bending of the wave path but also changes 
in the wave intensity due to interference. The said changes in the wave intensity can 
take the form of alternating minima and maxima when the peak value in a diffractive 
maximum is significantly larger than the intensity of the incident wave. 

As an outgoing wave travels away from the source, its amplitude decreases 
due to geometrical spreading, attenuation, and scattering. Local effects include 
constructive and destructive interference of scattered waves, trapping in lower 
velocity layers and site effects. The combined effect from all these factors is that 
the wave field becomes more complex as the wavefront progresses. 

The deterministic hazard, as it is discussed here, involves kinematic modelling of 
ground motion produced by specific seismic sources, i.e. sources, defined by their 
expected maximum potency or energy and placed at most likely locations that can 
produce the strongest level of peak ground velocity, PGV , or cumulative absolute 
displacement, CAD, at a given site. The likely locations of these sources may be 
inferred from the past data or, preferably, they can be determined by numerical 
modelling of the induced shear stresses on geological structures. In a kinematic 
model, the source process is defined by the spatial and temporal distribution of the 
slip vector, by the local slip velocity function, and by the rupture velocity, without 
taking into consideration the forces and stresses acting at the source. 

There are three steps in the kinematic modelling process. Firstly, one needs 
to build a model of the mine including the geometry of any existing or planned 
excavations, geological structures, and rock mass properties such as rock density, 
wave velocities, and attenuation factors. Secondly, one needs to prescribe the 
location, the shape and the size of the source as well as the details of the slip rate 
that will generate seismic waves. The simplest example of a kinematic source model 
is one of zero size called a point source. A point source is defined by its location 
and the source time function, i.e. the local displacement time history. The seismic 
wave field created by a point source is relatively easy to reconstruct, but it can be 
compared with actual observations only at stations sufficiently far from the source. 
Since a true point source, that is one of zero volume, cannot exist, the modelling of 
the near and intermediate field effects requires the preparation of extended sources 
as input. The third element of the deterministic modelling of strong ground motion 
is the formulation of the initial and boundary conditions for the equations of motion. 

Equations of Motion The equations of motion for elastic materials are the math-
ematical expression of Newton’s second law: The rate of change in the momentum
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of a body is equal to the net applied force. The change of the momentum for the 
material in a small volume dV is ρüdV ., where ü. =. ∂2u (x, t) /∂t2 . and u(x, t). 
is the displacement of the centre of mass. The net applied force comes from two 
contributions. One is due to interactions with the world outside the volume element. 
It is called body force. An example of body force is the weight or the force due to 
gravity. The other contribution to the net force applied on the volume element dV 
is a measure of the response of the surrounding medium to local deformations. The 
complete information for all response forces is contained in a single mathematical 
object called the stress tensor. For perfect elastic materials, the components of the 
stress tensor are linear functions of the components of the tensor of deformation 
which for small deformation is equal to the strain tensor. The forces due to the 
local deformation act on the surface dV , and their resultant is expressed as a 
combination of the spatial derivatives of the stress tensor ∇ · σ .. The components of 
the stress tensor are functions of the gradients of the displacement ∇u.. These are the 
constitutive relations, and they can be either linear or nonlinear thus determining the 
overall properties of the equations of motion. The complete 3D equations of motion 
for a linear elastic solid are 

.ρü = ∇ · σ + f and σij = cijkl∇kul , (6.33) 

where cijkl . are constant coefficients. If the material is homogeneous, cijkl . are 
symmetric: cijkl . =. cklij . =. cjikl . =. cij lk ., which reduces the 81 components of the 
cijkl . to 21 independent components. If the material is also isotropic, the number of 
independent components of cijkl . is further reduced to just two Lame’s parameters 
λ. and μ.. The equations of motion can now be written as the nine simultaneous 
equations: The first three are expressing Newton’s second law 

.

ρ∂ttux = ∂xσxx + ∂yσxy + ∂zσxz + fx

ρ∂ttuy = ∂xσxy + ∂yσyy + ∂zσyz + fy

ρ∂ttuz = ∂xσxz + ∂yσyz + ∂zσzz + fz

(6.34) 

and the other six are the constitutive stress-strain relations 

.

σxx = λ(∂yuy + ∂zuz) + (λ + 2μ) ∂xux

σyy = λ(∂xux + ∂zuz) + (λ + 2μ) ∂yuy

σzz = λ(∂xux + ∂yuy) + (λ + 2μ) ∂zuz

σxy = μ∂yux + μ∂xuy

σxz = μ∂zux + μ∂xuz

σyz = μ∂zuy + μ∂yuz.

(6.35) 

In the above, ∂tt . is the operator of taking the double derivative with respect to time, 
∂x ., ∂y ., ∂z . are the operators of taking the first order spatial derivatives, ux, uy, uz . 

are the three components of the displacement vector, σxx .,  . . . , σyz . are the nine
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components of the stress tensor, and fx ., fy ., fz . are the three components of the 
applied body force. The stress tensor is symmetric, so only six of its components 
are independent. 

The spatial derivatives are a measure of the change in the function when moving 
from a given point to one of its neighbours. The governing differential equations 
of elastodynamics are the mathematical expression of the fact that a disturbance 
at one point in a continuum propagates by means of interactions between nearest 
neighbours. The result is a wave field which fills the volume of the elastic solid. 
The numerical methods for solving differential equations are simple in the case of 
a first order problems, that is, when only first order derivatives are present. The 
equations of elastodynamics are of second order, but they can easily be transformed 
into a system of first order differential equations by introducing the velocities 
vj (x, y, z, t). =. ∂uj (x, y, z, t) /∂t . as new unknown functions and differentiating 
the constitutive equations with respect to time, 

.

ρ∂tvx = ∂xσxx + ∂yσxy + ∂zσxz + fx

ρ∂tvy = ∂xσxy + ∂yσyy + ∂zσyz + fy

ρ∂tvz = ∂xσxz + ∂yσyz + ∂zσzz + fz

(6.36) 

and 

.

∂tσxx = (λ + 2μ) ∂xvx + λ ∂yvy + ∂zvz

∂tσyy = (λ + 2μ) ∂yvy + λ (∂xvx + ∂zvz)

∂tσzz = (λ + 2μ) ∂zvz + λ ∂xvx + ∂yvy

∂tσxy = μ∂yvx + μ∂xvy

∂tσxz = μ∂zvx + μ∂xvz

∂tσyz = μ∂zvy + μ∂yvz.

(6.37) 

These equations are meaningful only for a particular domain in space and in time, 
and therefore, the components of the source function, fx ., fy ., and fz ., need to be 
defined within the same domains. All differential equations have infinitely many 
solutions, and one needs to impose additional conditions on the components of the 
velocity and the stress to ensure the uniqueness of the elastic wave radiated by a 
given source. 

Space-Time Grid The space-time grid is a set of discrete points separated in space 
by Δx ., Δy ., and Δz. and in time by Δt .. In most applications, the grid is regular: Δx . 

=. Δy . =. Δz. =. h. In a simple grid, all functions are approximated at the same grid 
points. In a partly staggered grid, displacement or particle velocity components are 
located at one set of grid points, whereas the stress tensor components are assigned 
to another set. A staggered grid of step h is just two regular grids of the same step but 
shifted by h/2. relative to each other in the three spatial directions. This procedure 
puts extra nodes at the middle of the ribs and the faces of the h-cubic cells and has 
the advantage that, when the components of the velocities and the stress are allocated 
to particular nodes, the spatial derivatives are approximated by central differences
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of step h/2., hence more accurately. The staggered distribution of quantities in space 
is related through the equations of motion to the staggered distribution of quantities 
in time. 

The partial derivatives in the equations of motion need to be replaced by 
approximations which are related to the definition of derivatives, e.g. the first 
order partial derivative with respect to x for the function uz (x, y, z, t). at the point 
(x0, y0, z0, t0). can be approximated by the central difference 

. ∂xuz (x0, y0, z0, t0) [uz (x0 + h, y0, z0, t0) − uz (x0 − h, y0, z0, t0)] / (2h) ,

and for the time derivative by the forward difference at (x0, t0) = (x0, y0, z0, t0)., 

. ∂tσxz (x0, t0) [σxz (x0, t0 + Δt) − σxz (x0, t0)] /Δt.

One and the same partial derivative of a given function can be approximated by 
infinitely many different finite difference expressions which can be obtained by 
combining different Taylor expansions of the same function. A finite system of 
equations for the desired approximation can be obtained from the truncated Taylor 
expansions. The lowest order term which was neglected in the truncation procedure 
defines the order of accuracy for the particular finite difference approximation. 
There are two meanings of “order” when the term is used to describe a finite 
differences approximation: One can approximate a derivative of a certain order, 
for instance, all derivatives in the nine differential equations for the velocity and 
the stress are of first order, and then one can describe a particular finite differences 
approximation as being of a given order of accuracy meaning the lowest order term 
in the truncated Taylor series which was neglected. 

It can be shown that the forward difference is a first order approximation because 
the truncation error is proportional to Δt ., and the central difference is a second order 
approximation because the truncation error is proportional to h2 .. One example of a 
fourth order approximation formula is 

. ∂xuz (x0)
1

h
− 1

24
uz x0 + 3

2
h − uz x0 − 3

2
h

+9

8
uz x0 + 1

2
h − uz x0 − 1

2
h .

The choice of h and . depends on the properties of the material and of the source 
time function. A good rule is h =. vS/ (kfmax)., where vS . is the velocity of the 
slower wave, in this case, S-wave fmax . is the maximum frequency to be resolved 
and k represents the number of evaluations per wavelength, usually k = 6.. The time 
step . depends on the shortest time taken by the P-wave to cross the distance h 
between two neighbouring nodes, and it is limited by the stability condition which, 
for the staggered grid, reads: Δt . <. 0.5h/vP .. The finite difference representation of 
the partial derivatives applies only to points of the interior for which all nearest
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neighbours are within the model and for moments of time for which the time 
derivative can be approximated. This excludes the beginning, i.e. t = t0 .. 

The numerical solution of the dynamical equations of motion on a staggered 
grid is obtained by first imposing the initial conditions, that is, by giving the initial 
values of the velocity and the stress components at the respective grid nodes, and 
then solving for the nodal values at the next moment of time, evaluating the finite 
difference expressions on the right hand sides of the equations. In this way, the 
numerical solution is woven like a 3D carpet one time step at a time. There are two 
types of nodal values which require special attention: the nodes on the boundaries 
and the nodes on the seismic source. The boundaries and respectively the boundary 
nodes can be of two types: free surfaces and virtual boundaries. Free surfaces are 
characterised by zero normal stress, and the corresponding nodal boundary values 
must reflect this fact. Virtual surfaces are not related to any existing feature in the 
model domain. Their role is just to separate a finite volume out of the much bigger 
material world so that the numerical model would be of a reasonable size and could 
be solved. It is very difficult to impose boundary conditions on a virtual boundary 
because it must stay “invisible” for every incidence of waves on it. The nodes on the 
source are similar to the boundary nodes in the sense that the values of the physical 
fields at these points are not obtained by solving the equations but are taken from 
tabulated time functions. This is how a source point works: At the beginning, the 
source function is zero, and the source node behaves just like any other node in the 
model. That is, it obtains a new value after each iteration according to the solution of 
the finite differences equations. But when the time stepping procedure reaches the 
moment when the source function becomes non-zero, at that time step the velocity 
component in the source node takes its value from the source function. This value 
is not what the solution of the model would have given, and the difference acts as a 
perturbation of the wave field. In other words, it becomes a point source with a short, 
pulse-like velocity function. The time sequence of such pulses constitutes a point-
like source which, together with others of the same type, represents the extended 
kinematic source model. 

6.9.2 Implementation and Examples 

This section is based onMendecki and Lötter (2011). A numerical solution of the 3D 
wave equation can be achieved by finite difference modelling. In principle, the finite 
difference method does not have restrictions on the type of constitutive equation, 
boundary conditions, curved interfaces, and different source types and allows 
general material variability. The implementations of finite difference schemes for 
solving non-linear and non-isotropic problems, though, can be complicated and of 
little practical value. 

As a first step, partial derivatives in Equation 6.33 are replaced by numerical 
first, second, or fourth order estimates obtained from Taylor expansions truncated 
after the desired number of terms. The decision on where on a finite difference
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Fig. 6.49 Elementary 2D cell for velocities and stresses in a rotated staggered grid (left), and its 
3D view (right) 

grid to place spatially dependent material properties, ρ ., λ., and μ., and physical 
quantities, vi ., σij ., constitutes the choice between various staggered grid schemes. 
A fourth order in space scheme is described in Graves (1996). However, a 
staggered grid causes instability problems when the medium possesses high contrast 
discontinuities. Saenger et al. (2000) and Saenger and Bohlen (2004) proposed 
a new rotated staggered grid where all medium parameters are assigned to the 
centre of each elementary cell (Fig. 6.49). This modified finite differences scheme 
provides a more accurate way of including in the model underground excavations 
and interfaces between different materials. To reduce the influence of nonphysical 
wave reflections of any virtual boundaries, it is important to apply either absorbing 
boundary conditions (e.g. Clayton & Engquist, 1977) or an attenuating shell around 
the model that quenches the waves and minimises reflection. 

The wave field from an extended source is modelled as the superposition of 
the wave fields from multiple point sources in a finite difference scheme. The 
seismic potency of a finite source is the sum of the potencies of the constituent 
point sources, and it is expected that these point sources will have similar principal 
axes but may vary in magnitude, as not all parts of the source will experience 
the same net displacement. Figure 6.50 demonstrates such a simple scheme with 
colours proportional to the final displacement experienced by each point. At the edge 
of this elliptical source, displacement tends towards zero (blue), while maximum 
displacement occurs at an off-centre point on the principal axis of the source ellipse. 

When building a kinematic model of an extended source, the consistency of the 
set of source parameters and time histories for each point of the fracturing fault 
is very important. Two features of seismic sources that enforce some constraints 
on the possible distributions of these parameters are self-similarity of the final 
slip distribution and the expected characteristics of the high frequency part of the



280 6 Ground Motion Hazard

Fig. 6.50 An extended source built from a distribution of point sources 

displacement spectrum as seen in the far field. These consistency constraints ensure 
smooth and monotone slip histories for all parts of the source, while remaining 
physically admissible. 

To provide explicit constraints on the parameters controlling the rupture, the 
kinematic k-square earthquake source model of Herrero and Bernard (1994) can 
be used. The idea of the k-squared model and its generalisations is to prescribe 
the Fourier transform of the displacement in the 2D wavenumber space and 
then to obtain the spatial distribution in real space by performing the inverse 
Fourier transformation. One implementation of the k-square model proposes a final 
displacement at (x, y). on the fault as 

.u(x, y) = D(kx, ky)e
i(xkx+yky)dkxdky, (6.38) 

where D kx, ky = exp kx, ky / 1 + (kx/kc)
2 + ky/kc

2 2
., with the 

function x, ky). in the Fourier transform being a random phase and kc . ∼. 

1/(source size), is the corner wavenumber which, like the corner frequency in 
the Brune model, demarkates the low-wavenumber asymptote from the high-
wavenumber behaviour in the Fourier transform of the slip distribution. Fourier 
transform decays as an inverse square. An extended source can then be constructed
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by distributing its total seismic potency over the sub-sources proportional to the 
modelled permanent displacement at their positions. For sub-source (i, j). at point 
(xi, yj ). on the fault, we thus obtain P

ij

0 = u(xi, yj ) Aij = uijh
2
. . Similarly, rise 

times over different parts of the source can be chosen proportionally to the final 
slip, Ti . =. T maxu (ξi, umax)., where T max

. is a chosen rise time corresponding to the 
sub-source with maximum final displacement. 

The modelled spatial distribution of the final displacement on the source cannot 
ensure on its own the correct high frequency behaviour of the far-field displacement 
spectra. A method of specifying the slip velocity time functions for the sub-sources 
needs to be added to the kinematic source model. Beresnev and Atkinson (1997) 
have given an example of a slip velocity time function which leads to a far-field 
displacement spectrum adhering to ω−2

. decay. The parametrisation of their source 

time function ν (t; τ, ζ ) =. u∞ 2
τ

2
t · exp (−2t/τ ).will reproduce the rise time for 

the sub-sources Tij .when τ = 1
2Tij .with Tij T max

.. 
Every sub-source in an extended kinematic source model needs to be assigned 

its own initiation time t ij0 .. In solving a finite difference model, time is measured in 
time steps . starting from zero. The velocity time function of sub-source (i, j). is 
zero before the initiation time t ij0 . after which it follows the respective velocity time 
function, for instance the Bereznev expression. The choice of initiation times t0ij . for 
the sub-sources is equivalent to specifying the propagation of the rupture front over 
the fault. It is an important element of seismic source modelling because the spatial 
distribution of the initiation times is equivalent to the complete rupture scenario. 
At this stage, one can model acceleration of rupture, sub- or super-shear rupture 
velocity, and the stopping phase. For instance, one can make the simple assumption 
that rupture speed is faster when parallel to slip and slower when orthogonal to 
slip. In this case, one obtains an extended source in the shape of an ellipse, with 
eccentricity determined by the ratio of these two orthogonal rupture velocities. This 
is the scenario illustrated by Fig. 6.50. 

Alternatively, one can choose a spatial distribution of the rupture velocity v
rupt
ij . 

and compute the initiation time t ij0 . for a sub-source as (h/v
rupt
lm ). where the sum 

is taken over the fault nodes on the shortest path from the hypocentre to sub-source 
(i, j).. Now, the ground motion experienced at a site is controlled by the maximum 
velocity of deformation at the seismic source, i.e. slip velocity, by the interaction of 
radiation from different sub-sources from different travel paths and by site effects. 

6.9.2.1 Example 1: Extended Sources in Heterogeneous Media 

Displacement on a fault originates at the focus, i.e. at the hypocentre, and propagates 
towards its edges, in a manner resembling the extended source described above. As 
the focus is not necessarily in the centre of the fault, much of the propagation is 
unidirectional.
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Fig. 6.51 Snapshots in section of time steps in a sub-shear rupture process, chronologically from 
left to right, top to bottom 

Fig. 6.52 Snapshots in section of time steps in a super-shear rupture process, chronologically from 
left to right, top to bottom 

Traditionally, it has been assumed that the upper bound for rupture propagation 
velocity is the Rayleigh wave velocity (Broberg, 1996). However, field observation 
has shown several examples where the rupture velocity exceeds shear wave velocity, 
vr > vS ., Dunham and Archuleta (2004). 

To examine the extreme ground motions that can be caused at points placed 
close to the source in the direction of rupture propagation, we modelled two similar 
extended sources based on the same k-square slip distribution, but with different 
rupture scenarios. 

In the first case, we took a sub-shear rupture speed vr = 0.9vS . , while in the 
second case we let the rupture propagate with super-shear velocity vr = √

2vS .. 
Also present in this model was a tabular stope that caused reflections and partly 
obstructed the waves from directly traveling to the upper part of the rock mass. The 
displacement follows the rupture front from the focus towards its edges. As the focus 
is not necessarily in the centre of the fault, much of the propagation is unidirectional. 
From an inspection of the wave field in Figs. 6.51 and 6.52, for which corresponding 
frames refer to the same points in time, it can be seen that rupture progresses faster 
in the super-shear case and that a Mach cone evolves (see Fig. 6.52 frame 4). 

6.9.2.2 Example 2: Complex Sources in Heterogeneous Media 

We model a complex seismic source conceptualised by David Ortlepp and described 
in Ortlepp (1984) and Ortlepp (1997) page 63 caption (e), see Fig. 6.53 left.  It  is a
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Fig. 6.53 Strike section through a stope showing a double source mechanism conceptualised by 
Ortlepp (first) . Rupture history of the Ortlepp source, with initiation time per point obtained from 
radial distance from the focus (second). Slip history of the Ortlepp source, with final displacements 
determined by a k-square distribution (third). Synthetic sensor placement around the fault-stope 
corner (forth) 

system of two rectangular extended faults. A kinematic source model was created 
for each of the faults following the methodology outlined in the previous section. 
Rupture initiates at the fault which is further away from the stope. The wave radiated 
by this fault triggers rupture on the second fault, the one that interacts with the 
stope. Here we assume that the second rupture is induced by the first one almost 
immediately. 

Due to the available freedom in placing faults and sub-sources in a finite 
difference grid, we are now able to independently choose both the orientations 
and the velocity of rupture, vr ., on these faults. In particular, we can chose for the 
initiating fault a sub-shear rupture velocity (vr < vS .) and a super-shear rupture 
velocity (vr > vS .) for the second fault. The rupture and slip histories of such a 
scenario are illustrated in Fig. 6.53. 

One can see that rupture and slip do not need to be in the same direction at all 
source points. For our model, we introduce a fault with a dip of 60◦

., touching a 
horizontal stope. Some points of interest are marked around it. It is at these points 
where we record the modelled ground motion. In particular, as the rupture of the 
fault starts below and progresses upwards, we are especially interested in comparing 
ground motions of the footwall and the hanging wall. 

After performing a sufficient number of iterations with the described kinematic 
source model, we investigated the recorded velocity seismograms at sensors 4, 7, 
and 9 (Fig. 6.54). It was found that particle velocities close to the fault exceed 10 
m/s as one can see on the synthetics recorded at sensor 9. Both, sensors 4 and 7, 
which are opposite to each other on the footwall and hanging wall of the fault, 
experience about 2 m/s velocities, although a higher frequency content is observed 
at sensor 7 due to the interaction of the stope with the wave field. 

Sensors 12 and 15 are placed opposite to each other on the hanging wall—sensor 
12, and the footwall—sensor 15, of the stope. The corresponding synthetic velocity 
seismograms are shown in Fig. 6.55. 

Clearly the footwall sensor records ground motion earlier than the hanging wall 
sensor. This is not so much due to the shorter straight line distance to source, 
but because of the longer path the elastic waves need to travel around the stope
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Fig. 6.54 Synthetic seismograms recorded around the fault. Sensor 4: Velocities near fault and 
footwall corner (left), Sensor 7: Velocities just ahead of the stope (centre). Sensor 9: Velocities 
close to the fault (right) 

Fig. 6.55 Synthetic seismograms (as absolute velocity) comparing the hanging wall and footwall 
ground motions of sensors 12 and 15 

which is modelled as a reflector. Evidently, the synthetic velocity seismograms 
recorded at sensor 12 have significantly lower amplitudes. This difference in the 
recorded velocity amplitudes from two stations so close to each other would not 
have been seen if the effect from the underground excavation was not a property of 
the numerical model. 

Figure 6.56 shows successive snapshots of the seismic wave field from a two-
fault Ortlepp source. In the first few frames, the radiation from the low-potency 
initial fault is visible, but upon initiation of the second, high-potency, fault, its 
contribution to the wave field becomes dominant. When the rupture on the second 
fault reaches the stope, interaction, reflection, and constructive interference lead to 
high ground motions.
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Fig. 6.56 Snapshots of a 2D section of the 3D wave field induced by the synthetic Ortlepp shear 
event 

6.9.2.3 Example 3: Surface Ground Motions Induced by Mining Events 

In this model, the event is 1.5 km below surface, at an epicentral distance of 5 km 
from a major city centre. The event is modelled as a rupture of an elliptical reverse 
fault with axes of 300 m and 100 m. The fault strikes at 0◦

.,  dips  at 45◦
., and slips 

at a rake of 90◦
.. The maximum slip velocity is chosen to be 2 m/s, and the average 

displacement over the whole source is set as u = 0.2. m. We assumed logP = 3.5. 
and a predominant frequency of 3 Hz. 

The model domain is filled with a mostly homogeneous hard rock. There is a 
soil layer three-grid spacings thick just under the free surface (the grid is of spacing 
h =.25m). For the hard rock, we choose ρ = 2700. kg/ m3

., vP = 5500. m/s, and 
vS = 3500. m/s, whereas for the 50 m soil layer, which is constructed over the top 
three-grid points in the rock below the air in the finite difference grid, we choose 
ρ = 2000. kg/ m3

., vP = 4000. m/s, and vS = 2000. m/s. To model the free surface 
effect and air above it, we choose ρ = 2000. kg/ m3

., vP = 300.m/s, and vS = 0.m/s 
with high density to avoid stability problems during the kinematic modelling phase 
on the finite difference grid. 

We have computed waveforms in three points of interest indicated at Fig. 6.57. 
Forward modelling allows us to track velocities and dynamic stresses of the wave 
field not only at the points of interest, but in the entire model domain. Thus we can 
visualise the wave field on multiple planes of interest in subsequent time snapshots. 
This representation is shown in Fig. 6.58. With reference to Fig. 6.57,  we  have  
recorded synthetic seismograms at sensors 1, 2, and 3, and these are shown i n
Fig. 6.59. 

We show only the vertical component (blue) and the horizontal component 
(green) because our source is symmetric relative to the plane of the sensors. The 
stronger horizontal ground motions at sensor 1 (Fig. 6.59 left) which are actually 
further from the hypocentre are expected to have a more damaging effect. 

The predominant frequency at sensor 1 was calculated by computing a power 
spectrum over the two non-trivial components of the observed waveform. The 
predominant frequency of the ripple recorded by sensor 2 at about t =. 2s is 10 
Hz (estimated from the average over eight consecutive full periods). 

While potentially a numerical effect, this can be compared to the expected 
horizontal S-wave resonance (20 Hz) and the expected vertical S-wave resonance 
(10 Hz). Both horizontal and vertical ground motions exceeding 15 mm/s are
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Fig. 6.57 Points of interest at which seismograms are recorded. Sensor 1 is just below the urban 
area of interest, sensor 2 at epicentre, and sensor 3 is halfway between the hypocentre and urban 
city centre 

Fig. 6.58 Snapshots of velocity fields during subsequent stages of the kinematic model run of 
an underground event and observed surface ground motions. The intersection of the two vertical 
sections represents our point of interest, the area below the urban area where damage could 
potentially occur 

Fig. 6.59 Synthetic seismograms at sensors 1 (left),  2  (centre), and 3 (right)

observed on the surface and in the area of interest. The predominant frequency of 
this ground motion is 5.8 Hz. At sensor 2, a significant vertical particle velocity 
is recorded. After integrating to displacement, this leads to an upward permanent 
displacement of the surface equal to about 1 mm. It is to be expected of reverse 
faulting but unlikely to be particularly damaging to surface structures. At sensor
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3, the initial arrivals and their immediate coda are clear of reflected waves, as 
this synthetic recording is underground, halfway between the hypocentre and the 
surface. 
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Appendix A 
Basic Concepts in Probability 
and Statistics 

This chapter gives a simple overview of the subject with emphasis on statistical 
dependence. Having a number of parameters that may be relevant to the subject 
at hand, we would like to select a subset that is most informative, mainly those 
that are independent. However, some of the relevant parameters may not be totally 
independent, and then we need to select a set of parameters that are least dependent. 

A.1 Basic Concepts in Probability 

A.1.1 Random Variable 

The frequentist view of probability is associated with the relative frequency of 
events in the long run, Pr (A) = nA/n., where nA . is the number of times event 
A occurred and n is the total number of trials. However, most processes are 
unique and do not occur repeatedly. The Bayesian approach allows one to update 
assessments of probability that integrate prior knowledge with observed events, 
thereby allowing better conclusions to be reached. Both the frequentist and the 
Bayesian approaches converge to the same results as increasingly more data, or 
information, is available. It is most frequently used to judge the relative validity 
of hypotheses in the face of sparse or uncertain data, or to adjust the parameters 
of a specific model. It is important, however, to distinguish between the Bayesian 
interpretation of probability and the calculus of Bayes’ rule—which is nothing more 
than a formula for calculating conditional probability.

A random variable is a numerical description of the outcome of an experiment 
whose value depends on chance, i.e. whose outcome is not entirely predictable. 
There are two types of random variables: (1) discrete—that can take on only a finite 
number of values, (2) continuous—that may take on any value in an interval. 
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The basic concepts of the theory of probabilities are best explained by examples 
from combinatorics. The factorial n!. of a non-negative integer n is defined as equal 
to 1 for n = 0. and to the product of all positive integers less than or equal to 
n. The factorial function is defined by the product, n! = n

k=1 k ..  A  list  of  n 
different entries can be reordered in exactly n!. different ways called permutations. 
Permutation, P (n, k) = n!/ (n − k)!., is the number of ways that k objects can be 
selected from n objects with the order being important, P (n, n) = n!.. Combination, 
C (n, k) = n!/ [k! (n − k)!]., is the number of ways that k objects can be selected 
from n objects with the order not being important.

A.1.2 Union and Conditional Probability 

Union of two events A and B is the set of outcomes in either A or B or both 
and is denoted by A ∪ B .. Intersection of two events A and B is represented by 
the set of outcomes in both A and B simultaneously and is denoted by A ∩ B .. 
Mutually exclusive events are those which have no outcomes in common. Event 
B is inclusive in event A when all outcomes of B are contained in those of 
A, i.e. B is a subset of A. Probabilities of mutually exclusive e vents add up,
Pr (A ∪ B) = Pr (A) + Pr (B).. The complement is everything else that could 
happen other than the proposition in question. The probability of the complement 
of event A, Pr Ā = 1 − Pr (A).. Probability for either A or B, when they 
are not mutually exclusive, to occur is Pr (A) + Pr (B) − Pr (A ∩ B).. Marginal 
probability of an event A is the probability of A expressed via the joint probability,
Pr (A) = Pr (A ∩ B) + Pr A ∩ B̄ .. Conditional probability is the probability that 
event B occurs given that A has already occurred, Pr (B|A) = Pr (A ∩ B) /Pr (A). 

or Pr (A|B) = (nAB/n) / (nB/n).. Probabilities for events that are positively 
correlated tend to move in the same direction. If A and B are positively correlated,
then: Pr (B|A) > Pr (B). and Pr (A|B) > Pr (A). and Pr (A ∩ B) > Pr (A) · Pr (B).. 
If A and B are negatively correlated, then: Pr (B|A) < Pr (B). and Pr (A|B) <

Pr (A).and Pr (A ∩ B) < Pr (A)·Pr (B)..  If  A and B are uncorrelated or independent,
then: Pr (B|A) = Pr (B). and Pr (A|B) = Pr (A). and Pr (A ∩ B) = Pr (A) · Pr (B).. 
The Bayesian theorem allows going from Pr (B|A). to Pr (A|B). if we know the 
marginal probabilities of the outcomes of A and the probability of B,  given  the  
outcomes of A, Pr (A|B) = Pr (B|A)Pr (A) /Pr (B).. 

The total probability theorem, Pr (B) = n
j=1 Pr B|Aj Pr Aj .,  gives  the  

probability of B given probabilities of a set of mutually exclusive, collectively 
exhaustive events A1 ., A2 ., ..., An .. For example, we can estimate the probability 
of having damage to one of the tunnels in a given area of a mine during 
the next 12 months given the following probabilities: Pr (0.0 ≤ logP ≤ 1.0) =
0.827., Pr (1.0 ≤ logP ≤ 2.0) = 0.147., and Pr (2.0 ≤ logP ≤ 3.0) = 0.026.. 
In addition, we know from experience that Pr (damage|0.0 ≤ logP ≤ 1.0) =
0, 01., Pr (damage|1.0 ≤ logP ≤ 2.0) = 0.15., Pr (damage|2.0 ≤ logP ≤ 3.0) =
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0.9.. Therefore, the probability of having damage within the next 12 months is 
Pr (damage) = 0.01 · 0.827 + 0.15 · 0.147 + 0.9 · 0.026 = 0.054.,  or  5.4  %.

A.1.3 Distribution Function and Bimodality 

The cumulative distribution function (CDF), F (x)., gives the probability of choosing 
at random an event with X ≤ x ., i.e. F (x) = Pr (X ≤ x).. The survival function 
is defined as S (x) = 1 − F (x) = Pr (X ≥ x).. The probability density of a 
continuous random variable (PDF) is a function that describes the relative likelihood 
of X = x ., and f (x) = F (x). or F (x) = x

−∞ f (u) du.. If events are mutually 
exclusive and collectively exhaustive, then Pr (x) = ∞

−∞ f (x) dx = 1., and 

Pr (a ≤ x ≤ b) = F (b) − F (a) = b

a
f (x) dx ..  If  X is a discrete random variable 

that takes on specific values x1 ., x2,...,. then the probability density (or mass) function 
is f (xi) = Pr (X = xi)., i.e. the probability that a discrete random variable is exactly 
equal to some value. The value of the cumulative distribution function for a discrete 
random variable is the sum of the probabilities of all xi . that are less than or equal to 
x, xi≤x f (xi). and u f (xi) = 1.,  as  u runs through the set of all possible values 
of X (Fig. A.1). 

The mode of a probability distribution is the value at which its probability density 
function takes its maximum value. For a unimodal distribution, the median and 
the mean lie within

√
3/5., and the median and the mode lie within

√
3. standard 

deviations of each other. The mode is not necessarily unique, since the probability 
density function may take the same maximum value at several points. The extreme 
case being the uniform distributions, where all values occur equally frequently. 

A bimodal distribution is a probability distribution with two modes. It most 
commonly arises as a superposition of two distinct unimodal distributions. A 
mixture of two normal distributions with equal standard deviations is bimodal 
only if their means differ by at least twice the common standard deviation, see 
Fig. A.2. Note that it is difficult to recognise bimodality by inspecting the cumulative 
distribution function and that one needs to examine the probability density function 
(Kijko & Stankiewicz, 1987; Lasocki et al., 2000; Lasocki & Papaditriou, 2006). 

Fig. A.1 CDF and PDF of Poisson, Gaussian, and stretched exponential distributions
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Fig. A.2 Mixture of two equally weighted PDFs (left) and CDFs (right) of normal distributions 
with common standard deviation, sd1 = sd2 ., and with means μ2 = 1 · sd1 . (black), 3 · sd1 . (green), 
4 · sd1 . (blue), and 6 · sd1 . (red) 

A.1.4 Conditional Probability and Hazard Function 

The conditional probability that an event ≥ P .will occur at some time t between t1 . 
and t1 + ., where t1 . is the time since the last event of this size is, 

.Pr(≥ P ; t1 ≤ t ≤ t1 + | t1 < t) =
t1+

t1

f (t) dT /

∞

t1

f (t) dt, (A.1) 

where f (t) = dF (t) /dt . is the probability density and F (t). the cumulative 
distribution function of the recurrence times. It is the ratio of the probability that 
an event will occur within the time interval t1 . and t1 + ., to the probability that 
the event will eventually occur, given that at the time t1 . it has not yet happened, 
which gives 

.Pr(≥ P ; t1 ≤ t ≤ t1 + | t1 < t) = [F(t1 + − F(t1)]

[1 − F(t1)]
=

S (t1)
. (A.2) 

Figure A.3 illustrates the conditional probability expressed via the probability 
density function f (t).. The time interval of interest is from t1 ., which is the present 
time, to t1 + ..  The . is equal to the area marked in Fig. A.3 (right) in dark 
grey, and the survivor function, S (t1) = 1 − F (t1).,  at  time t1 . is equal to the area 
marked by light grey in Fig. A.3 (left). The conditional probability is the ratio of 
these two areas. 

The hazard function gives the instantaneous rate of failure at time t1 . conditional 
upon no event having occurred up to time t1 .. The hazard function is not a density 
or a probability, h (t1) > 1. is acceptable, and however, one can think of it as the 
probability of having an event in a very small period of time between t1 . and t1+ ., 
when → 0., given that there was no event before time t1 .. The hazard function is
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Fig. A.3 Illustration of conditional probability 

also defined as dF (t1) /dt1 = d [1 − S (t1)] /dt = −d [S (t1)] /dt = h (t1) S (t1)., 
and therefore 

.h (t1) = f (t1)

1 − F (t1)
= f (t1)

S (t1)
, (A.3) 

where f (t1). is the probability density function, F (t1) = Pr (≤ t1). is the cumulative 
distribution function, i.e. the probability that the event will happen before time t1 ., 
and S (t1) = Pr (≥ t1) = 1 − F (t1). is the survival function, i.e. the probability that 
the event will not happen until time t1 .. The hazard function measures the probability 
that an event will occur at time t1 ., under the assumption that it did not occur until 
this time. The hazard function is defined as 

.h (t1) = lim→0

Pr(≥ P ; t1 ≤ t ≤ t1 + | t1 < t)

dT
, (A.4) 

where the numerator is the conditional probability that the event of this size will 
occur in the time interval t1 . and t1 + . given that at the time t1 . it has not yet 
happened, and the denominator, dT , is the width of the interval. 

A.2 Basic Concepts in Statistics 

Statistics are a usage of mathematical procedures for summarising and interpreting 
observations. Random variables are uncertain numbers subject to variations due 
to chance. The expected value, E [X]., of a random variable X x1, ..., xj , ... . is 
a weighted average of its possible outcomes. For a discrete random variable, each 
outcome is weighted by its probability of occurrence, E [X] = x:f (x)>0 xjf xj ., 
where f (x). is the probability Pr X = xj ., and for a continuous random variable, 
E [X] = ∞

−∞ xf (x) dx ..
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For a sample of observed data, x1 .,..., xn ., each of the individual xj . has asso-
ciated probability Pr xj = f xj = 1/n., and the sample mean is x̄ =

n
j=1 xj (1/n) = (1/n)

n
j=1 xj ., which is called the arithmetic mean. The 

geometric mean of a sample for non-negative real numbers, x̄G = n
j=1 xj

1/n

., 

and log x̄G = (log x1 + log x2, ..., log xn) /n.. The geometric mean is used for 
variables whose effect is multiplicative. The geometric mean is slightly smaller 
than the arithmetic mean unless the data are highly skewed. The harmonic mean, 

x̄H = n
n
j=1 1/xj

−1
.. The general inequality states that x̄ ≥ x̄G ≥ x̄H .. 

A median of the distribution is any real number x̃ . that satisfies the inequalities: 
Pr (≤ x̃) ≥ 0.5. and Pr (≥ x̃) ≥ 0.5.. The median of the data set is the numerical 
value separating the higher half of a data sample from the lower half: It is the middle 
value of a set of data containing an odd number of values, or the average of the two 
middle values of a set of data with an even number of values, xm = x(n+1)/2 . when 
n is odd and xm = 0.5 xn/2 + nn/2+1 .when n is even. The median is less sensitive 
to outliers than the m ean.

The mode of a set of data is the value which occurs most frequently. An empirical 
relation between the mean, median, and mode which appears to hold for unimodal 
distributions of moderate asymmetry is: mean − mode ≈ 3 (mean − median).. 

A.2.1 Variance, Coefficient of Variation, and Covariance 

Variance is the average squared deviation of a random variable from its mean, 
V ar (x) = E (X − E [X])2 .. For a discrete random variable, V ar (X) =

x:f (x)>0 xj − E [X]
2
f xj ., and for a continuous case, V ar (X) =

∞
−∞ (x − E [X])2 f (x) dx .. The variance of a sample is V ar = s2 =

(1/n)
n
j=1 xj − x̄

2
.. The standard deviation measures the average distance of a 

random variable X from its mean,
√

V ar (X)., and for a sample sd = V ar
1/2

.. 
The standard error of the sample mean, sd (x̄) = sd/

√
n., is an estimate of how far 

the sample mean is likely to be from the population mean. 
The coefficient of variation is a normalised measure of dispersion of a probability 

distribution or a frequency distribution, Cv (X) = √
V ar (X)/E (X)., and for a 

sample, Cv (x) = sd (x) /x̄ .. In a finite sample of n non-negative numbers with a 
real zero, the coefficient of variation can take value between 0 and

√
n − 1.,  the  

maximum is when all values but one are equal to zero. If the underlying data is 
normally distributed, its standard error ˆsd (Cv) = Ĉv/

√
2n.. 

Covariance measures the degree to which two variables differ from their mean, 
Cov (X, Y ) = E {(X − E [X]) (Y − E [Y ])}. . The covariance of a variable with 
itself is its variance, Cov (X, X) = V ar (X).. The covariance of a sample is 
Cov = (1/n)

n
j=1 xj − x̄ yj − ȳ .. Note that covariance is a dimensional 

quantity; therefore, it depends on the units of measurement for X and Y .  Cor-
relation measures the degree of linear relationship between random variables,
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Corr (X, Y ) = Cov (X, Y ) /
√

V ar (X)
√

V ar (Y ) .. The correlation of a variable 
with itself is always one, Corr (X,X) = 1.. 

Covariance and correlation measure the degree of linear relationship, and if their 
values are zero, then either the relationship between X and Y can be assumed to be 
of some non-linear type, or else the variables are independent.

A.3 Statistical Dependence 

Having a number of parameters that may be relevant to the subject at hand, for 
example, stability analysis described in Chap. 3, we would like to select a subset 
that is most informative, mainly those that are statistically independent. However, 
some of the relevant parameters may not be totally independent, and then we need 
to select a set of parameters that are least dependent. 

Two random variables are said to be statistically independent if the outcome 
of one random variable does not affect the conditional probability of the other. 
Dependence applies to any statistical relationship, whether causal or not, between 
two random variables or two sets of data. 

It is well known that the correlation coefficient measures the degree of the linear 
relation between variables, and, in some cases, it may be zero, while there is a strong 
non-linear relation between these variables. 

A.3.1 Correlation Coefficient 

Correlation is a measure of a monotonic association between two variables. In 
correlated data, the change in the magnitude of one variable is associated with 
a change in the magnitude of another variable, either in the same or in the 
opposite direction. A linear relationship between two variables is a special case of 
monotonic relation. The degree to which the change in one variable is associated 
with a change in another continuous variable can mathematically be described 
in terms of the covariance. Covariance is similar to variance, but it measures 
how two variables vary together. The most popular correlation measure is the 
correlation coefficient of the two variables X and Y and is obtained by dividing 
their covariance by the square root of the product of their standard de viations,
cor (X, Y ) = cov (X, Y ) /

√
var (X) var (Y ).. The sample correlation coefficient, rxy ., 

for n measurements o f xi . and yi . and the sample means x̄ . and ȳ . is 

.rxy = (xi − x̄) (yi − ȳ)

(xi − x̄)2 (yi − ȳ)2
, (A.5) 

where the summations go from 1, ..., n.. It is symmetric and defined only if both 
standard deviations are finite and nonzero. It ranges from − 1 ≤ rxy ≤ 1., and it is 1
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when all data points lie on a line for which Y increases as X increases, indicating a 
perfect positive linear relation, and it is − 1. in the opposite case. The case rxy = 0. 
does not mean two variables are independent, i.e. it does not measure dependence. 
The correlation coefficient is limited to linear associations and is very sensitive to 
outliers. It is called the Pearson coefficient although its development was initiated 
by Galton and then formalised by Pearson. 

A.3.2 Hoeffding Test 

Unlike the Pearson correlation, rxy ., the Hoeffding (1948) DH . statistic tests whether 
two random variables, X and Y , are independent. If F (X, Y ) = Pr (X < x, Y < y). 

is a joint cumulative distribution function and their marginal distribution functions 
are FX (x) = Pr (X < x). and FY (y) = Pr (Y < y). and continuous, the null 
hypothesis that these two variables are independent is F ≡ FXFY .. Hoeffding 
proposed the following statistic: 

.DH = [F (x, y) − FX (x) FY (y)]2 dF (x, y) , (A.6) 

and DH = 0. if X and Y are independent and DH > 0. if the joint distribution is 
dependent and continuous. It is a non-parametric rank-based statistics that measures 
the dependence by the ranking of n paired samples (Xi ., Yi .). It measures the quantity 
Qi . which is the number of bivariate observations xj , yj . for which xj < xi . 

and yj < yi ., where Qi = n
j=1 φ xj , xi φ yj , yi . with φ (a, b) = 1. if 

a < b. and φ (a, b) = 0. otherwise. If DH1 = n
i=1 Qi (Qi − 1). and DH2 =

n
i=1 (Ri − 1) (Ri − 2) (Si − 1) (Si − 2). and DH3 = n

i=1 (Ri − 2) (Si − 2) Qi ., 
where Ri . and Si . are ranks xi . and yi ., respectively, then 

.DH = (n − 2) (n − 3) D1 + D2 − 2 (n − 2) D3

n (n − 1) (n − 2) (n − 3) (n − 4)
. (A.7) 

The parameter DH . lies on the interval (−1/2, 1)., but the positive or negative signs 
have no interpretation, the larger the value the higher the dependence. The DH . 

decreases as the number of duplicate values in the data increases. The DH . test is 
valid for the data drawn from a continuous distribution. Blum et al. (1960) proposed 
an improved method to overcome this problem. 

A.3.3 Distance Correlation 

Distance correlation, developed by Szekely et al. (2007), is a relatively new measure 
of statistical dependence between two random variables of arbitrary dimension. It
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is obtained by dividing their distance covariance by the product of their distance 
standard deviations, 

.dCorr (X, Y ) = dCov (X, Y )√
dV ar (X) dV ar (Y )

, (A.8) 

which is zero only if X and Y are independent and 1 for a perfect linear dependence. 
In case of non-linear dependence, 0 < dCorr (X, Y ) < 1..  The  value  o  f
dCorr (X, Y ) = 0. implies rxy = 0. and rxy = 1. only if dCorr (X, Y ) = 1., 
and therefore dCorr (X, Y ) = 0. only if X and Y are independent.

The distance correlation for a sample of n measurements o f xi . and yi . can be 
estimated in the following way: (1) Define distance matrices, Aij = xi − xj . and 
Bij = yi − yj .,  for i, j = 1, ..., n.. (2) Double centre the distance matrix Aij . so 
all rows and columns sum to zero, Ãij = Aij − Āj. − Ā.j − Ā.. ., where Āj. . is 
the mean of row i, Ā.j . is the mean of column i, and Ā.. . is the overall mean of A. 
(3) Double centre the distance matrix Bij . the same way. (4) Compute the estimate 

of the distance covariance, dCov (X, Y ) = 1/n2
n
i=1

n
j=1 Ãij B̃ij .. Taking 

dV ar (X) = dCov (X,X). and dV ar (Y ) = dCov (Y, Y ). gives the estimate of 
Eq. (A.8). 

Distance correlation coefficient measures any kind of dependence including non-
linear or non-monotone dependencies (Edelmann et al., 2021). 

A.3.4 Information Entropy 

Information entropy is a measure of the unpredictability of information content and, 
for a random variable X with n outcomes {x1, ..., xn}., is defined as 

.H (X) =
n

i=1

Pr (xi) log2 [1/Pr (xi)] = −
n

i=1

Pr (xi) log2 [Pr (xi)] , (A.9) 

where Pr (xi). is the probability that a random variable X associated with xi . 

(Shannon, 1948a first paper). For log2 ., the units of entropy are called bits, and 
for log10 . nats. In Eq. (A.9), log2 [1/Pr (xi)]. is the information content of event xi . 

with probability Pr (xi)., and if this probability is high, then knowledge that event xi . 

occurred gives very little information, since it had a high probability of occurrence 
to start with, see Fig. A.4 left. Information entropy does not depend on the actual 
values taken by the random variable X but only on the probabilities. If one of the 
outcomes has probability one, Pr (xk) = 1., then Pr (xi) = 0. for all xi xk ., and 
such a system conveys no information, thus H = 0.. Note that limx→0 x log x = 0., 
and therefore, adding terms of zero probability does not change the entropy. If,
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Fig. A.4 Probability vs. information (left). Binary information entropy, i.e. the variable X that 
takes the value one with probability p and the value zero with probability (1 − p)., (right) 

however, all possible outcomes are equally likely, Pr (xi) = 1/n. for i = 1, ..., n., 
then the uncertainty is maximal and H = log (n)., see Fig. A.4 right. 

Events with either very high or very low probabilities do not contribute signif-
icantly to the information entropy. H reaches its maximum value if all states are 
equally probable, and it decreases as the uniformity of the probability distribution is 
being eroded. In this sense, it is a measure of r andomness.

The bounds on information entropy are 0 ≤ H (X) ≤ log2 n., and it is zero when 
X is constant and log2 n.when X has a uniform probability distribution because the 
uncertainty is maximal when all possible events are equiprobable.

Information entropy can be used to test the variability of the underlying prob-
ability distribution. A sharply peaked distribution with low variance will have low 
entropy, and flat distributions will have high entropy since all potential outcomes 
have similar probabilities and the outcome of any particular one is very uncertain. 

The name information entropy may be confusing since by definition information 
is always a measure of the decrease of uncertainty at a receiver. When Shannon 
developed his theory, he wanted to call it “information”, then “uncertainty”, 
eventually he asked the famous mathematician John von Neumann for advice. Von 
Neumann replied “You should call it entropy, for two reasons. In the first place your 
uncertainty function has been used in statistical mechanics under that name, so it 
already has a name. In the second place, and more important, nobody knows what 
entropy really is, so in a debate you will always have the advantage”. 

The joint entropy of a pair of discrete random variables (X, Y ). with a joint 
distribution Pr (x, y). is defined as 

. H (X, Y ) = −
x y

Pr (x, y) log Pr (x, y) .

The conditional entropy H (Y | X). is defined as 

.H (Y | X) =
y

Pr (x) H (Y | X = x) = −
x y

Pr (x, y) log Pr (y | x) ,
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and therefore, the entropy of a pair of random variables is the entropy of one plus 
the conditional entropy of the other, 

. H (X, Y ) = H (X) + H (Y | X) .

In summary, the entropy is a measure of the amount of information required on the 
average to describe the random variable, and the relative entropy is a measure of the 
distance between two distributions. 

A.3.5 Mutual Information 

Mutual information between two variables, I (X, Y )., introduced by Shannon 
(1948b), is the relative entropy between the joint distribution, Pr (x, y)., and the 
product distribution, Pr (x) Pr (y)., 

.I (X;Y ) =
x y

Pr (x, y) log2
Pr (x, y)

Pr (x) Pr (y)
, (A.10) 

and I (X;Y ) = H (X) − H (X | Y ). and by symmetry I (X;Y ) = H (Y) −
H (Y | X)., and therefore X says as much about Y as Y says about X . Since
H (X, Y ) = H (X) + H (Y | X)., then I (X;Y ) = H (X) + H (Y) − H (X, Y ). 

and I (X;X) = H (X) − H (X | X) = H (X)., i.e. the mutual information of a 
random variable with itself is the entropy of the random variable, also called self-
information. 

The relationship between these entropies is illustrated in Fig. A.5, where mutual 
information I (X;Y ). corresponds to the intersection of the information in X with 
the information in Y .

Mutual information measures the reduction in uncertainty of one variable due 
to knowledge of another. If knowledge of Y reduces uncertainty of X, then Y

Fig. A.5 Illustration of 
mutual information expressed 
in a Venn diagram
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carries information about X. The most important property of I (X;Y ). is that it is 
always non-negative, and is zero if and only if X and Y are independent, since for 
independent variables Pr (x, y) = Pr (x) Pr (y). and log 1 = 0. gives I (X;Y ) = 0.. 

The bounds on mutual information are 0 ≤ I (X;Y ) ≤ min [H (X) ,H (Y )]., 
and it is zero when Xand Y are independent and min [H (X) ,H (Y )]. when XY . 

is constant. Therefore, one can normalise mutual information by IN (X;Y ) =
I (X;Y ) /min [H (X) ,H (Y )].. Alternatively, similar to the information coefficient 
of correlation introduced by Linfoot (1957), 

.ICC (X;Y ) = 1 − exp [−2I (X;Y )], (A.11) 

which for the bivariate normal distribution is equal to the classical correlation 
coefficient by Pearson. 

The mutual information is a general measure of dependence of two variables, 
and, unlike correlation coefficient that measures the linear dependence, it places 
no assumptions or models on the variables under consideration and is sensitive 
to any possible relationships, including non-linear effects and effects in high-order 
statistics of the distributions. It measures the deviation of a given process from an 
uncorrelated one. Or, it is the average value of the logarithmic measure of distance 
from independence. 

To estimate mutual information from data is nontrivial. The main problem is to 
estimate the joint distribution Pr (x, y). that can be done by binning the data over 
a rectangular grid (x, y).. Then Pr (x, y). can be estimated as the fraction of data 
points falling into the respective bin. The efficient way is given by Kraskov et al. 
(2004). 

Mutual information can also be used as a kind of non-linear autocorrelation 
function to determine when the values measured at time t and t + . in a time 
series are independent enough of each other. 

A.3.6 Example: Anscombe Test 

This section illustrates the performance of different measures of dependence in the 
classical Anscombe test of 11 data points that give the same linear regression all 
with equal Pearson correlation coefficient. 

Anscombe constructed the four data sets to demonstrate the importance of 
exploratory data analysis and the effect of outliers. Anscombe did not explain 
how he created his data sets, but since its publication some authors managed to 
recreate these data sets, see Table A.1. He stated that most textbooks on statistical 
methods pay too little attention to graphs. He said that graphs help us to perceive and 
appreciate some broad features of the data and to look behind these broad features to 
see what else is there. Graphs help to clarify the nature of the relationships between 
variables, detect any outliers or unusual patterns in the data, and facilitate further 
analysis.
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Table A.1 Anscombe data sets 2, 3, and 4 

x1 10 8 13 9 11 14 6 4 12 7 5 

y1 8.04 6.95 7.58 8.81 8.33 9.96 7.24 4.26 10.84 4.82 5.68 

x2 10 8 13 9 11 14 6 4 12 7 5 

y2 9.14 8.14 8.74 8.77 9.26 8.1 6.13 3.1 9.13 7.26 4.74 

x3 9.14 8.14 8.74 8.77 9.26 8.1 6.13 3.1 9.13 7.26 4.74 

y3 7.46 6.77 12.74 7.11 7.81 8.84 6.08 5.39 8.15 6.42 5.73 

x4 8 8 8 8 8 8 8 19 8 8 8 

y4 6.58 5.76 7.71 8.84 8.47 7.04 5.25 12.5 5.56 7.91 6.89 

Fig. A.6 Distance correlation, dCorr , mutual information -based coefficient of correlation, ICC, 
and a simple linear correlation coefficient r for three Anscombe data sets

Figure A.6 shows the data sets 1, 2, 3, and 4 of the Anscombe’s quartet that have 
almost identical sample mean and variance: x̄ = 9s2x = 11. and ȳ = 7.5 s2y = 4.12., 
i.e. the same correlation, rxy = 0.816., the same linear regression y = 0.5x + 3. 

and the same coefficient of determination R2 = 0.6667., but different distributions 
(Anscombe, 1973). 

Figure A.6 top left shows a simple linear relationship of two correlated variables 
with distributed noise. Figure A.6 top right shows the data that indicates a clean 
non-linear relation, and therefore, the linear Pearson correlation coefficient is not 
applicable. Such a data set should be fitted with a polynomial. Figure A.6 bottom 
left shows the data that indicates a perfect linear relation except for one outlier along 
the y-axis that is enough to lower the Pearson correlation coefficient rxy . from what 
would be 1 to 0.82. To fit such data set, one should use the first norm that would
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ignore the outlier. Figure A.6 bottom right shows an example where data lies along 
the straight line on the y-axis except for one outlier far in the x direction which is 
enough to produce a high linear correlation coef ficient.

Anscombe test shows that the summary statistics, e.g. r ,DH ., I ,  or  dCorr , cannot 
capture all characteristics of a given data set. One should always visualise the data 
before fi tting.

A.3.7 Example: Noisy Data 

This section demonstrates the performance of different dependence measures in the 
presence of noise. 

Figure A.7 shows a data set that represents a parabola, y = 0.25x2+RN .,  marked  
by a red line with added random noise RN = 0.01. (left) and RN = 0.05. (right). 
The distance correlation, dCorr , indicates correctly a non-linear relation, while 
the mutual information, I , and the Hoeffding statistic, DH ., drop with increasing 
noise. As expected, the Pearson coefficient, r , indicates no linear relation between 
variables and also drops slightly with increased noise. 

Figure A.8 shows the power law, y = x−β
.,  for β = 0.25., 0.5., 1.0., 1.25., and 1.5., 

marked by red lines, all with added random noise RN = 0.1.. As the exponent β . 

Fig. A.7 Distance correlation, dCorr , mutual information, I , Hoeffding DH . statistics, and the 
Pearson correlation coefficient, r , for the parabola, y = 0.25x2 +RN ., with random noise 0.01 and 
0.05 

Fig. A.8 Distance correlation, dCorr , mutual information, I , Hoeffding DH . statistics, and the 
Pearson correlation coefficient, r , for the power law data sets with random noise, y = x−β + RN ., 
for increasing exponents β . from  0.25  to  1.25
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increases, the dCorr decreases indicating a stronger non-linear relation, the Pearson 
coefficient, r , also decreases indicating less linear correlation, but the Hoeffding 
statistic, DH ., increases. Mutual information, I , however, tends to increase for β . 

between 0.25 and 0.75 but then stays more or less the same. 

A.3.8 Example: Source Parameters 

Seismic events are routinely quantified by the following four independent param-
eters derived from recorded waveforms: the time of the event, t , location, X =
x, y, z., seismic potency, P , and the radiated seismic energy, E. From seismic 
potency and energy, one can derive apparent stress, σA = E/P . (Aki, 1966), and 
apparent volume, VA = μP 2/E ., (Mendecki, 1993). Seismic potency is derived 
from a single measurement of amplitude at the low frequency asymptote of the 
displacement source spectrum, and seismic energy is derived from the integral 
of the velocity-squared source spectrum. Consequently, potency scales with the 
lowest frequency of seismic radiation, and since the bulk of seismic energy is 
released past the predominant frequency, it scales with high frequencies of seismic 
radiation. However, the fact that these two parameters are derived from independent 
measurements does not necessarily imply independence. We know that seismic 
energy increases with seismic potency and in general scales logE = d logP + c., 
and here d is the slope and c the intercept that measures the logE . released by a 
seismic event with logP − 0.. In such a case, apparent stress scales with potency 
as log σA = (d − 1) logP + c ., and for d = 1., apparent stress is independent of 
potency, σA = 10c

..  For d > 1., apparent stress would increase with an increase in 
seismic potency. 

Seismic sources associated with a weak geological structure will yield slowly 
under lower differential stress producing larger seismic potency and radiating less 
seismic energy, resulting in a low apparent stress event. The opposite applies to a 
source associated with a strong geological feature or hard patch in the rock mass. 
However, in a relatively competent homogeneous rock, one would expect less scatter 
in logE . vs. logP . plot than in inhomogeneous rock, i.e. they should be more 
dependent. Here we will test the degree of dependence between P , E, σA ., and VA . 

for a particular data set. 

Example As an example, we used the same data set of 6073 events in the logP . 

ranged from −.4.45 to 2.61 recorded over 60 days or 1438 hours with a spatial span 
of 2171 metres, coefficient of variation in time of 1.32, and space 0.84. 

Figure A.9 top row shows three scatter plots, E vs. P , σA . vs. P , and VA . vs. 
P . The power law distribution of sizes makes these plots hardly useful, and most 
of the data points are squeezed in the left bottom corner or row. The bottom row 
shows the same data, but after logarithmic transformation: logE . vs. logP ., log σA . 

vs. logP ., and logVA . vs. logP . that clearly demonstrates the power of logarithmic 
transformation that makes it easier to visualise and interpret.
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Fig. A.9 Simple scatter plots of source parameters tested for dependence 

Table A.2 Dependence test for selected source parameters 

E vs. P logE . vs. logP . σA . vs. P log σA . vs. logP . VA . vs. P logVA . vs. logP . 

dCorr 0.995 0.673 0.170 0.329 0.208 0.264 

I 0.000 0.396 0.000 0.074 0.000 0.069 

DH . 0.160 0.160 0.035 0.035 0.017 0.017 

r 0.999 0.737 0.252 0.345 0.174 0.337 

Table A.2 lists the four dependence measures: distance correlation, dCorr , 
mutual information, I , Hoeffding test, DH ., and the Pearson correlation, r ,  for  the  
three data sets shown in Fig. A.9 before and after logarithmic transformation. 

The distance correlation and Pearson correlation rate potency and energy as 
dependent, while mutual information as independent and Hoeffding test slightly 
dependent. The same two parameters after taking the log transform are measured 
slightly differently: Distance correlation indicates dependence but not necessarily 
linear at 0.673, mutual information shows slight dependence at 0.396, the Hoeffding 
test stays the same, and the linear Pearson coefficient drops from 0.999 to 0.737. 
Potency and apparent stress are rated as low dependence by all four measures, 
while after taking logs the dependence increased, but slightly. The same for potency 
and apparent volume. A logarithmic transformation is non-linear, and therefore, it 
will change the relationships between variables and modify the correlation between 
them. 

A.4 Correlation Integral and Correlation Dimension 

In mathematics, the dimension measures the space filling properties of a set. 
Regular objects, conforming to classical Euclidean geometry, can be characterised
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by their Euclidean dimension. A point is a zero-dimensional object, a line is one 
dimensional, a smooth surface is two dimensional, and a cube is 3D. Therefore, the 
Euclidean dimension takes only integer values. 

Since the geometry of most natural objects is highly irregular, their dimension 
may fall in between the integer values. One can say that the dimension of an object 
is the number of independent quantities needed to specify the positions of points on 
the object. 

A fractal dimension is a statistical index that measures how detail in a pattern 
changes with the scale at which it is measured. It is also used as a measure of the 
space filling capacity, and, for three -dimensional geometries, the fractal dimension 
varies from 0 to 3. For example the fractal dimension of the coastline of Norway is 
1.52, Britain is 1.25, Ireland is 1.22, Australia is 1.13, and South Africa is 1.02. The 
fractal dimension of the surface of broccoli is 2.7, cauliflower 2.8, and the human 
brain 2.79. 

The correlation sum for the collection of n points is the fraction of all possible 
pairs of points which are closer than a given distance l ,

.C (l) = 2

n (n − 1)

n

i=1

n

j=i+1

H l − xi − xj , (A.12) 

where H is the Heaviside step function. Theoretically, if n → ∞. and l is very small, 
C would scale like a power law C (l) ∼ lD ., where D is the correlation dimension 
(Grassberger & Procaccia, 1983). 

The correlation dimension is invariant, i.e. unchanged under a specific transfor-
mation, but the correlation sum is not. If the system of points is a fractal set, the 
graph of C (l). in logarithmic coordinates must be a linear function with slope Dl . 

equal to the fractal correlation dimension of the system, ∂ logC (l) /∂ log l ..  In  th  e
limit, n → ∞., the correlation sum becomes the correlation integral and is equal 
to the probability that the distance separating two randomly chosen events is less 
than l. 

The correlation dimension is a measure of clustering. A correlation dimension 
equal to the embedding space means that the data set covers it completely, i.e. 
no clustering, and a data set with low correlation dimension shows clustering. The 
correlation dimension is also related to randomness since random processes occupy 
all the available space. 

The correlation dimension varies between 0 and the value of the embedding 
dimension, which for space is 3 and for time 1. 

One can then define the space-time correlation integral, 

. C (l, t) = 2

n (n − 1)

n

i=1

n

j=i+1

H l − xi − xj · H τ − ti − tj ,

where n is the number of observations and the sums run through all pairs whose 
spatial distance is less than l and time interval less than τ ..
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Likewise, the time correlation dimension and the space correlation dimension are 

.Dd = ∂ logC (l, t)

∂ log l
Dτ = ∂ logC (l, t)

∂ log t
. (A.13) 

There is a number of authors studying the fractal structure of seismicity, both natural 
and induced. Here we will mention only the first few papers on the subject we have 
read and learned from. 

Kranz et al. (1995) showed the fractal structure of stope-scale seismicity in a 
silver mine in northern Idaho. 

Eneva (1996) studied the generalised correlation integral that allows to test for 
multifractal behaviour of the data set. She counted numbers of events within balls 
of a certain radius centred at points in the data set. In the paper, she concluded 
that the appearance of multifractal features in the scaling properties of the spatial 
distribution of seismic activity in Creighton Mine in Ontario Canada is largely 
spurious in character. She also stated that it may be misleading to compare values of 
correlation dimensions estimated from data sets featuring differences in the number 
of events, size and geometry of the embedding space, scaling range used to evaluate 
the slopes, and location errors. Eneva (1998) also analysed the degree of non-
randomness, the correlation dimension, and the time interval for occurrence of a 
constant number of events and compared them quantitatively with the times of larger 
events. 

Tosi (1998) used the generalised correlation integral to analyse seismicity in 
Central Italy and found the background seismicity with higher spatial fractal 
dimension but dropping to a lower value before and during earthquake sequences. 
The first work on the space-time correlation integral applied to earthquakes known 
to the author was done by Tosi et al. (2004) and Tosi et al. (2008) that analysed 
changes in the space and time correlation dimensions of global seismicity over time. 

Davidsen and Paczuski (2005) analysed the spatial distribution between succes-
sive earthquakes and concluded that the spatial distance and waiting time between 
subsequent earthquakes are uncorrelated with each other, which contradicts the 
theory of aftershock zone scaling with main shock magnitude. 

Example As an example, we used the same data set we used in Sect. A.3.8, with 
6073 events in the logP . range from −.4.45 to 2.61 recorded over 60 days or 1438 
hours with spatial span of 2171 metres, coefficient of variation in time of 1.32 and 
space 0.84. 

Figure A.10 left shows the PDF of the space correlation integral with two modes. 
The main one is between 80 and 130 metres, and the second smaller one between 
350 and 380 metres. 

Figure A.10 right shows the CDF of the space correlation integral with the first 
scaling regime up to 50 metres with the correlation dimension of 2.26. There may 
be a second one between 50 and 125 metres with a lower dimension of 1.7, but then 
scaling breaks down.
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Fig. A.10 Histogram of correlation integral in time (left) and  correlation  integral  with  fit  f  or
correlation dimension Dt . (right) of BCF dataSet1 

Fig. A.11 Histogram of correlation integral of distances (left) and correlation integral with fit for 
correlation dimension Dd . (right) of BCF dataSet1 

Fig. A.12 Histogram of space-time correlation integral (left) and space-time correlation integral 
(right) of BCF dataSet1 

Figure A.11 left shows the PDF of the time correlation integral, and Fig. A.11 
right shows the CDF of the time correlation integral with a well developed scaling 
regime up to 500 hours with a correlation dimension of 0.926. 

Figure A.12 left shows the PDF of the space-time correlation integral with the 
two modes along the space axis and smooth along the time axis. Figure A.12
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right shows the CDF of the space-time correlation integral which, as mentioned 
in Sect. A.1.3, smoothes over the second mode. 

A.5 Random Walk and Diffusion 

The degree of randomness in the spatial distribution of distances between consec-
utive seismic events may justify the interpretation of the seismicity in terms of 
a random walk. The following assumptions are made: (1) Isotropy, i.e. the next 
step can proceed from the previous one with equal probability in all directions. 
(2) Uniformity, i.e. the random walk proceeds from the last step with the same 
probability as it did in the previous step. 

Let us consider the probability, n (X)., that the random walker will reach the 
location X. in the volume . during the nth step, 

. n (X) = φ (x n−1 (X − x) d3x, (A.14) 

where φ (x).is the probability of making a step x.. If the step x. is small, the probability 
n−1(X − x). can be expanded in 3D Taylor series, 

. n−1 (X − x) = n−1 (X) − xi∇i n−1 (X) + xixj

2
∇i∇j n−1 (X) + ...

Integrating the first term gives 

. φ (x n−1 (X) d3x = n−1 (X) φ (x) d3x = n−1 (X) .

The integral of the second term is proportional to the mean value of the step vector, 
and since the distribution φ (x). is isotropic, xiφ (x) d3x xi 0..  The  
third integral is proportional to the variance of x ., 

. xixjφ (x) d3x = 1

3
xixj δij ⇒ n (X) = n−1 (X) + 1

6
x2

∇2
n−1 (X) .

Assuming that the time intervals δt . between consecutive steps are small and 
approximately the same, one can write 

.
nδt (X) − (n−1)δt (X)

δt
= 1

6

x2

δt
(n−1)δt .
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Introducing the current time t = nδt ≈ (n − 1)δt . and identifying the left-hand 
side as the finite difference approximation to the partial derivative of X, t). with 
respect to time, one arrives at the following partial differential equation: 

.
∂t

= D∇2 where ∇2 ≡ ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
, (A.15) 

where D is the diffusivity, . is the change of . over time, and ∇2
. is called 

the Laplacian of .. The partial differential equation governing the time evolution 
of the spatial distribution is known in physics as the diffusion equation. It describes 
transport processes when a system of equilibrium is moving towards equilibrium at 
the rate governed by its distance from equilibrium. The solution in the 4D space of 
the initial value problem = 0,X) = δ3(X)., where δ . here is the Dirac delta 
function, is 

. t,X) = 1

(4πDt)3/2
exp − X2

4Dt
. (A.16) 

If we compare with the standard Gaussian function, g (x) = exp −x2/σ 2
., then the 

standard deviation σ = √
4Dt ., which points to the linear dependence of the variance 

with time, σ 2 ∼ t .,  or d (t)2 ∝ t ., where d (t). is the distance travelled over time t . 
This is the so-called normal diffusion, with linear dependence of the variance with 
time, d (t)2 ∝ t ., or equivalently with the number of steps, which is applicable 
to homogeneous and isotropic systems. However, in reality, this scaling is not 
always valid, and, for heterogeneous systems, the diffusion law becomes anomalous, 
d (t)2 ∝ tγ .. The case γ > 1. signifies a super-diffusive and γ < 1. a sub-diffusive 
behaviour. In disordered systems, γ . is frequently less than one. Plotting log d (t)2 . 

vs. log t . is an experimental way to determine the type of diffusion occurring in a 
given system. 

A.5.1 Space-Time Distribution of Aftershocks 

Most frequently aftershocks of larger events start close to the main shock and then 
migrate away diffusing stresses imposed by the main rupture. If we use the diffusion 
equation as a continuous analogue of the underlying discrete random walk and 
position the main shock at the centre of the coordinate system at t = 0., then the 
probability of an aftershock to arrive at time t in an annulus defined by R1 . and R2 . 

is 

. Pr (t;R,R2) = 4π

(4πDT )
3
2

R2

R1

r2 exp − r2

4DT
dr. (A.17)



314 A Basic Concepts in Probability and Statistics

Assuming that the interval = R2 .-R1 . is small compared to R = R1 .,  the  
Eq. (A.17)  give  s

. Pr (t; )
1

(4πDt)3/2
R2 exp − R2

4Dt
(A.18) 

The probability of an aftershock to occur in a small volume cut from a thin annulus 
around (R, θ, φ)., where θ ∈ [θ, θ + ]. and φ ∈ [φ, φ + ]. in the interval of 
time between t1 . and t + δt . is 

. Pr (t; ; ; )
1

(4πDt)3/2
R exp − R2

4Dt
R sin

(A.19) 
If the small volume = R sin . about (R, θ, φ). is expressed in 
Cartesian coordinates, one gets 

. Pr
1

(4πDt)3/2
exp − R2

4Dt

where R2 = x2 + y2 + z2 .. Going back to a discrete random walk with mean time 
step δt = t/n. gives 4Dt = 2n d2 /3., and therefore, 

. Pr ( )
1

2
3πn d2

3
2

exp − 3R2

2n d2
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