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Preface

This book provides an overview of the cutting-edge research conducted as part
of the nationwide academic project in Japan, Algorithmic Foundations for Social
Advancement (AFSA). The primary goal of this project is to systematize innova-
tive foundations in algorithmic theories and techniques, and apply them to solve
socially significant real-life problems, thereby driving social transformation and
advancement.

A central theme of this book is how algorithmic foundations can be leveraged
to contribute to social advancement. One of the major challenges lies in effectively
packaging the profound impact of these algorithmic theories and techniques and
creating an interface that connects them with real-life problems. Formulating such
social problems into well-defined mathematical or computational terms is no trivial
task. It requires not only a solid theoretical foundation but also a deep understanding
of the application domain itself.

In this project, we have been conducting research on how to formulate societal
challenges in ways that can be addressed using algorithmic techniques. At the same
time, researchers with deep theoretical expertise have aimed not merely at solving
easily approachable problems but at creating new theoretical solutions based on
innovative perspectives linked to societal applications. The synergy between deep
theoretical understanding and practical problem formulation is the core of this project.

The AFSA project has spanned five years, with more than 50 researchers from
various fields collaborating to create and systematize algorithmic theories and tech-
niques that contribute to social advancement. This collaborative effort has resulted in
numerous innovative achievements in algorithmic theories and techniques, and this
book presents those research accomplishments.

This book is divided into three parts. Part I, comprising Chapter “Overview
of Algorithmic Foundations for Social Advancement (AFSA) Project”, serves as
an introduction, outlining the social context that motivated the AFSA project, the
prospective innovations we aimed to achieve, and the organizational framework that
supported these goals. Part II discusses how to bridge the gap between algorithmic
solutions and social advancement. Chapters “Motivating Problems and Algorithmic
Solutions”, “ZDDs and Frontier-Based Search for Solving Combinatorial Problems”,
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and “Graphillion: Combinatorial Solver for Graph Problems” present motivating
problems that showcase the remarkable performance improvements driven by algo-
rithmic technologies, followed by examples of how interfaces and tools were
provided to apply these solutions to real-world challenges. The subsequent Chapters
“Interdisciplinary Discussions for Future Computer Science” through “Reframing
Problems: Analyzing the Design of Mixed Reality Tools Through the Lens of
Fictionality” then focus on interdisciplinary discussions regarding how to formulate
real societal issues into a catalog of problems to be addressed. Finally, Part III, span-
ning Chapters “Solving Rep-tile by Computers: Performance of Solvers and Analyses
of Solutions” to “Perpetual Scheduling Under Frequency Constraints”, highlights
selected topics on the innovative algorithmic foundations developed through the
project, focusing on intriguing subjects and the latest ongoing research. These include
processing large-scale discrete structures, graph algorithms, discrete optimization,
quantum algorithms, and various other topics related to algorithmic foundations.
Each chapter of this book has been authored by the project members who contributed
to their respective research areas.

As the lead editor, I would like to express my sincere gratitude to the co-editors
of this book for their invaluable discussions and contributions during the planning
of the book. I also wish to extend my heartfelt thanks to Prof. Jun Kawahara, Dr.
Takeru Inoue, Dr. Susumu Hashimoto, Mr. Kazuki Maeyama, Mr. Yuta Yamamoto,
Prof. Giulia Punzi, Prof. Francois Le Gall, Prof. Harumichi Nishimura, Prof. Shigeru
Yamashita, Prof. Akitoshi Kawamura, Prof. Ryuhei Uehara, and Prof. Suguru Tamaki
for their careful reading and insightful feedback during the writing process. My deep
appreciation goes to all the project members who dedicated themselves to the success
of this endeavor. The AFSA project was made possible through the financial support
by the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of
Japan, Grant Number 20H05961 to 20H05967, and other related grants, for which
I am deeply grateful. Finally, I express my sincere thanks to the editorial office of
Springer for providing the opportunity to publish this book.

I hope that this book serves as a valuable resource for researchers, practitioners,
and students and that it contributes to further innovation in algorithmic technologies.

Kyoto, Japan Shin-ichi Minato
Director of the AFSA project
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Part I
Introduction

The first part serves as an introduction, outlining the social context of the project, as
well as the proposed concept of Algorithmic Foundations for Social Advancement.



Overview of Algorithmic Foundations for | m)
Social Advancement (AFSA) Project Gk

Shin-ichi Minato

Abstract Over the last 30 years, since around 1990, significant advancements in
integrated circuits, optical communication, and storage device technologies have
driven a remarkable increase in computational power. It is expected that the devel-
opment of algorithmic technologies that leverage the benefits of this substantial
improvement in computational capabilities will become a source of competitiveness
in the next generation of highly information-driven societies and have a major ripple
effect that drives social advancement. In the first chapter of this book, we describe the
social and historical background of algorithmic technology and introduce the concept
we propose, called Algorithmic Foundations for Social Advancement (AFSA). Addi-
tionally, we explain the innovations we aim to achieve through this research project,
our vision of research management, and the organizational structure designed to
support these research goals.

1 Background: The Social Importance of Algorithmic
Technology

With the rapid advancements in integrated circuits, optical communication, and stor-
age devices, personal computers and information communication terminals available
to people have achieved an overwhelming 100,000- to 1,000,000-fold improvement
in the price—performance ratio over the last 30 years since around 1990. Such a sig-
nificant technological advancement is unprecedented in human history. For example,
the recent boom in deep learning and Al is based on fundamental techniques [21] that
had already been started in the 1980s. However, it was only through the overwhelm-
ing increase in computational power and the easier acquisition and distribution of
big data that these technologies truly blossomed. It is expected that the develop-
ment of algorithmic technologies that leverage this overwhelming improvement in
computational power will become a driving force of competitiveness in the highly

S. Minato (<)
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information-driven society over the next 10-20 years, leading to ripple effects that
will lead to social advancement.

In history, Google’s ascent to dominance began with the development of an algo-
rithmic technique called PageRank [3]. This method enabled the automated execution
of popular site searches in just a few seconds, tasks previously difficult to perform
manually, and became a key driver of its competitive edge. Additionally, mathemat-
ical concepts and related algorithmic technologies such as differential privacy [7]
and compressed sensing [5, 6] have enhanced the competitiveness of the modern IT
giants known as GAFA (Google, Apple, Facebook, and Amazon), contributing to the
emergence of a new economic framework. This illustrates that leading the world in
the field of algorithms and developing concepts and methods that can drive advance-
ment in next-generation science, technology, and societal construction is essential
to maintaining a nation’s competitiveness and continuing to be a leading country.
Furthermore, with the increased feasibility of innovative hardware technologies like
quantum computing devices [2, 22], there is also a demand for advancing theo-
retical research on foundational algorithms that can leverage the benefits of future
innovative devices. To achieve this, it is crucial to strengthen the community of lead-
ing researchers in the field of algorithms and to cultivate world-class young and
mid-career researchers continuously.

2  Concept of Algorithmic Foundations for Social
Advancement

Just as the astronomer Galileo Galilei was also the inventor of the telescope, the-
ory and application were closely linked in the early days of computer technology
development. However, in today’s highly advanced technological era, the distance
between theoretical and applied researchers has grown, as illustrated in Fig. 1, mak-
ing it difficult to explore both simultaneously deeply. The foundational theories of
algorithms and their applied technologies now form distinct research communities,
which creates a gap in the intermediate areas where it is harder to produce research
publications, making it challenging to cultivate researchers in the gap area. Now, it
becomes more critical to provide methodologies and software tools that contribute
to practical applications as a research outcome of algorithmic foundations. Thus, we

Application

Research community ““v .....................
in old days of 33 7 (gap)

Computer Science A T

Fig. 1 Research communities in theoretical computer science

Engineering

Art

Science
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Fig. 2 A visual identity of

the project .
AFSA

started to organize a research project to form the “Art” layer to bridge Science and
Engineering, crossing the gap. Our project logo (Fig. 2) symbolizes this research
vision.

While it is essential to provide tools that contribute to real-world applications,
these tools must be specialized for individual application problems to be truly utilized.
However, over-specialization can lead to a loss of generality, resulting in solutions
only useful in isolated cases and hindering long-term academic accumulation.

Considering these challenges, it is necessary to devise some effective method of
bridging theory and application, which is considered one of the crucial points for
academic transformation. Successful past examples of such efforts include (inte-
ger) linear programming (LP/ILP) solvers [8, 12] and matrix computation pack-
ages [20]. These tools, which allow problems to be described with concise mathe-
matical formulas and then automatically and efficiently solved, are still widely used
today. This success was made possible by demonstrating that various socially impor-
tant problems could be formulated using concise mathematical models like linear
inequalities and matrices. When typical example datasets were made publicly avail-
able, researchers competed to develop algorithmic techniques to solve them quickly,
leading to significant advancements.

Similar formulation models include Boolean satisfiability (SAT) solvers [1] and
Binary Decision Diagram (BDD) [4]/Zero-suppressed Binary Decision Diagram
(ZDD) Packages [13, 18], which manipulate Boolean functions and combinatorial
sets, respectively. In a broader sense, the instruction sets of microprocessors [9] can
also be considered a form of low-level formulation. Additionally, the recent boom in
deep machine learning [ 10] represents a type of formulation for solving pattern recog-
nition problems, while the Ising model [17], which is popular in quantum annealing,
serves as a formulation model for solving combinatorial optimization problems.

In the 1990s, a major research project in Japan called Algorithm Engineering, led
by Ibaraki [11], aimed to apply algorithmic theory to practical engineering applica-
tions, demonstrating remarkable foresight that remains relevant even today. However,
at that time, it was difficult to produce immediate, transformative societal results due
to limited computational power and the effort being primarily driven by theoretical
researchers with insufficient connections to the applied research communities.

Later, in the ERATO Minato project [15] carried out in the 2010s, thanks to the sig-
nificant improvements in computational performance, cutting-edge algorithmic tech-
niques were employed to address real-world engineering problems. Through close
collaboration with applied researchers, it achieved breakthrough results in areas such
as power grid optimization and big data statistical analysis in life sciences, surpass-
ing the conventional expectations of applied researchers. These individual successes
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should not just be concluded as isolated incidents but should serve as a foundation
for ongoing academic development. Based on this background, a new major research
project called Algorithmic Foundations for Social Advancement (AFSA) [19] was
launched in 2020 to continue these efforts.

In the world, various engineering challenges exist, each of which can be
approached through different models and formulations. To truly become a driv-
ing force for social advancement through innovative algorithmic foundations, our
research project needs to be guided by the following directions:

e Consider problems that involve new concepts and values to promote social
advancement.

e Provide algorithm implementations capable of handling the scale and complexity
of real-world problems.

e Offer flexibility and usability to adapt to individual problems.

e Possess novelty and usefulness, rather than merely following existing technologies.

We should systematically study such formulations, the theories surrounding them,
and techniques for practical applications, as this constitutes what should be called
innovative algorithmic foundation. We now have access to overwhelmingly advanced
computational power, and the emergence of innovative devices like quantum com-
puters is fast approaching. At this opportune time, our research project has been
launched.

In recent years, a new academic field known as e-Science or the Fourth Paradigm
of Science has emerged, where information-processing technologies are becoming
essential in nearly all scientific fields. The importance of algorithmic techniques,
which drive the enhancement of these technologies, is growing significantly. How-
ever, at present, interdisciplinary research projects combining informatics with fields
such as life sciences, materials science, medicine, and financial engineering are car-
ried out independently, resulting in competition for the limited number of information
science researchers, leading to concerns about the fragmentation of human resources.

Research on theories and techniques in the field of algorithms does not require
expensive experimental equipment; instead, it is crucial for leading researchers to
come together and engage in deep discussions to cultivate new ideas. Maintaining
and strengthening a central research community for such exchanges is essential for
the future development of information science and technology. This research project
aims to establish such a platform, contributing not only to all areas of information
science but also, directly and indirectly, to almost all experimental and social sciences.

3 Innovations Our Research Aims to Achieve

The key points for achieving innovations for social advancement in this research
domain can be summarized as follows:
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e Research Area:
Based on the assumption of dramatically improved computational power and the
advent of innovative future devices, we aim to reconstruct and systematize general
formulation models that effectively bridge theory and application. Specifically, we
will further develop areas of algorithms where our research group has a solid global
presence, such as BDD/ZDD packages, SAT solvers, enumeration algorithms,
large-scale graph analysis, discrete optimization, and quantum computation theory.
These areas will be advanced as integral components of the innovative algorithmic
foundation.

e Research Style:
We will implement effective management strategies for large-scale research
projects in fields such as algorithm research, which do not require expensive
experimental equipment. Leveraging the 10-year achievements initiated by the
ERATO Minato Project, which created a research community where theory and
application converge to continuously cultivated ideas that became sources of com-
petitiveness, we aim to broadly extend these practices across the entire field of
theoretical computer science.

e Research Output:
While achievements in top conferences and journals are undoubtedly important, we
will also evaluate the broader societal impact. It includes applications to real-world
problems through collaboration with applied researchers, indirect contributions to
various other fields of science and technology, the economic ripple effects from
practical applications, and the social impact of our outreach efforts toward the
general public. All these factors will be actively considered in our evaluations.

With these essential points in mind, we have planned our research project. The
field of theoretical computer science, especially in algorithms and computational
complexity, has been studied internationally for many years, primarily in Western
countries. However, there are several areas where Japanese research groups hold
considerable strengths. In this project, we mainly focus on the following three areas,
around which we have structured our research groups:

e Theories and techniques for processing discrete structures to efficiently per-
form large-scale case analysis and enumeration:
This field, which includes techniques such as BDD/ZDD packages, SAT solvers,
and enumeration methods, has achieved many results through the ERATO Minato
project [15]. While there is highly competitive international research in opti-
mization techniques focused on finding the best single solution, enumeration
techniques—aimed at identifying all possible solutions—have recently begun to
attract attention. Japanese research groups have maintained a competitive edge in
this area.

e Theories and techniques of algorithms for efficiently processing large graphs
and big data:
This field, which includes large graphs, machine learning, and discrete optimiza-
tion, features a group of top young researchers developed through the ERATO
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Kawarabayashi project [16], who are competing at the international top level.
Significant future development is expected.

e Theories and techniques for ultra-fast/ultra-parallel algorithms based on non-
classical computation models, such as quantum computing:
The theory of quantum computing in Japan has a long-standing history, beginning
with the ERATO Imai project [14] in 2000. Since then, in the field of quantum
computation theory, Japanese research groups have become one of the international
leading centers.

Attempts to bridge the algorithm theory researchers with application engineers
are frequently made in international research projects. Yet, often, these collabora-
tions do not extend beyond individual studies and do not last long. In international
projects, the size of specific research communities is larger than within domestic
ones, and breaking out of these frameworks requires more energy. With its rela-
tively small geographical size, Japan offers more frequent opportunities for inter-
action among leading researchers across various fields of information science than
in the international research communities, creating an ideal research environment
for algorithm researchers to collaborate closely with applied researchers and build
really meaningful algorithmic foundations. However, this does not mean that research
activities should be closed within a country. The research community should include
top international researchers, and engaging in deep discussions based on the latest
technological information is crucial for generating competitive ideas.

4 Organization of AFSA Project

Our research project aims to systematize the recent rapid advances in the theory
and techniques of algorithms into an innovative algorithmic foundation that can be
widely and freely utilized by scientists and engineers across various fields, thereby
establishing it as a fundamental research area that drives social development.

Based on the above objective, we present our vision for managing the research
project. In today’s highly information-driven society, cutting-edge theories and tech-
niques in algorithms have the potential to impact all scientific fields and serve as a
powerful driving force for social development. However, to achieve truly effective
research outcomes, it is essential not to proceed with research aimlessly but to strate-
gically define the research direction and allocate resources appropriately. We will
advance research in this project by focusing on the following points:

e Conduct research based on new computational models considering recent advances
in computational power and future innovative devices. While theoretical computer
science has a long history rooted in discrete mathematics, the foundational com-
putational models must adapt appropriately to the latest information-processing
environments.
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e The progress in big data and Al technologies has deeply integrated information
technology into society, significantly altering social structures and ethical per-
spectives. Therefore, formulating real-world problems based on new social con-
cepts and values is essential to achieve research outcomes that can drive social
advancement.

e It is not easy to catch up with or surpass just by following the IT giants and
centralized governments of a big country that are investing overwhelming research
resources. Therefore, the focus should be on areas where our academic groups have
demonstrated strengths. However, since the future is unpredictable, it is essential to
avoid over-concentration on existing successful fields and be ready to dynamically
allocate resources to new and promising opportunities as they emerge.

Based on the above research management vision, we designed the following
project organization. As shown in Fig. 3, our AFSA project consists of six research
groups in two categories, A and B. The groups in A (AO1 and A02) investigate the
interface layer to bridge theory and practice, and the groups in B (B0O1, B02, B03, and
B04) investigate specific theories and techniques to support the interface layer. Each
research group consists of six or seven PIs (principal investigators). For the applica-
tion layer, we have a number of external collaborators affiliated with many kinds of
research projects in the specific application domains. Those external researchers and

AFSA Steering Committee (Minato)

Power-Grid, Communication, Biology, Materials, Civil-Eng, Finance etc.

Collaborator
(Application)

Collaborator
(Application)

! I 3

Collaborator
(Application)

Category A: Formulation and Implementation of Innovative Algorithmic Foundations

Theoretical C.S.,
Algorithm Eng.

Collaborator
(Theory)

B01 (Horiyama)

Foundations on
Discrete Structures

A01 (uno)

Problem Formulation
with New Concepts

A02 (Yasuda)

Socially-Oriented
Implementation

‘ B02 (Kawarabayashi)
M Innovative Algorithms
and Optimization

B03 (Yamashita)

Foundations on
Quantum Algorithms

Collaborator
(International)

B04 (Makino)

Foundations on
Theoretical C.S.

Fig. 3 An organization chart of AFSA project
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engineers communicate with AFSA project members through the interface devel-
oped by the research groups AO1 and A02. The detailed contents of the six research
groups are shown below:

e A01: New Problem Formulation on Next-Generation Informatics and
Researches on their Algorithms:

Collaborating with researchers in the application layer, this group discusses and
formulates a set of new problems to be considered in the future society. We also
design efficient algorithms based on a new approach.

e A02: Socially Oriented Algorithm Implementation:

This group implements the algorithms proposed in our project and organizes the
algorithmic foundations for social advancement. It provides an interface between
theoretical researchers and application engineers.

e B01: Algorithmic Foundations Based on Large-Scale Discrete Structures:
Through the collaboration of theoretical researchers and application engineers,
this group tackles how to deal with exponentially large-scale discrete structures
and develops innovative design methodologies of efficient algorithms.

e B02: New Computational Models for Algorithms and Discrete Optimization:
This group investigates foundational research topics in the areas of discrete math-
ematics, combinatorial optimization, machine learning, etc., to develop efficient
algorithms for solving very large-scale problems required in our society.

e B03: Creation of Innovative Foundations to Bridge Theory and Practice of
Quantum Algorithms:

Combining the knowledge of classical computation and new quantum models, this
group constructs useful algorithmic foundations to implement practically efficient
quantum computers connected to conventional systems.

e B04: Exploration and Development of the Basic Theory of Algorithms:

This group investigates important problems in theoretical computer science, such
as performance assurance, preserving fairness and stability, new computation
models, and design methodologies for social requirements.

We also have publicly selected 17 individual research projects based on a call for
proposals to work on additional related research topics. It is strongly recommended
that they collaborate with at least two different research groups in the AFSA project.

To facilitate collaborative research, we opened two meeting offices in central
Tokyo and Kyoto that were dedicated to AFSA project activities. The two offices,
Tokyo-Kanda Lab. (Fig. 4) and Kyoto-Teramachi Lab. (Fig. 5), are both located
near the central stations of the two big cities so that many researchers in different
universities/institutes can easily access one of the offices and frequently meet with
each other to have research discussions. Unfortunately, due to the overlap of the first
year of launching of the AFSA project and the widespread impact of COVID-19, the
project members could not gather closely for discussion. However, we established
the two offices as hub centers aiming for the best mix of online and offline activities.
Even after easing COVID-19 restrictions, it continues to operate effectively as a
hybrid activity hub.
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Fig. 4 Tokyo-Kanda laboratory

, = 4

o aovaon
SM=&Y7 51 hIR
(3025%)
Kyoto Teramachi-Sanjo
AFSA Laboratory (Room 302)

Fig. 5 Kyoto-Teramachi laboratory

5 Concluding Remarks

The AFSA Project is officially scheduled to conclude in March 2025, yet the endeav-
ors of the research community will continue beyond this timeframe. This project
will lead an active research community where theoretical insights and practical
applications meet together. Our objectives extend beyond generating leading con-
ference papers and journal articles; we also aim to address real-life social prob-
lems through collaboration with application research engineers. The algorithmic



12 S. Minato

foundations developed through this project are intended to benefit a broad spec-
trum of scientific and technological fields, ultimately contributing to future social
advancement.

The subsequent chapters of this book will cover the research activities related to
this project. In Part II, we first discuss the research topics aimed at bridging algo-
rithmic foundations and real-world social problems, led by the research groups A0l
and AQ2. Part III then presents selected topics in algorithmic foundations, primarily
conducted by the research groups in category B.

Acknowledgements This work was supported by MEXT KAKENHI Grant Number 20H05961.
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Part 11
Bridging Algorithmic Solutions to Social
Advancement

In this part, the Chapters “Motivating Problems and Algorithmic Solutions”, “ZDDs
and Frontier-Based Search for Solving Combinatorial Problems”, and “Graphillion:
Combinatorial Solver for Graph Problems” first discuss how to effectively package
algorithmic technologies and design an interface for practical applications. The
subsequent Chapters “Interdisciplinary Discussions for Future Computer Science”
through “Reframing Problems: Analyzing the Design of Mixed Reality Tools
Through the Lens of Fictionality” then focus on interdisciplinary discussions
regarding how to formulate real societal issues into a catalog of problems to be
addressed.
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Abstract In this chapter, we discuss the self-avoiding path enumeration problem
featured in the YouTube animated video. This problem has become a well-known
example for illustrating the fascinating power of algorithmic techniques, making it
impressive even to young students and non-experts. We outline the concept of binary
decision trees for efficiently solving this problem and introduce the data structure
known as decision diagrams. Following that, we provide an overview of the Simpath
algorithm proposed by Knuth. We also present examples showing that, even for
problems with exponential computational complexity, algorithmic improvements
can reduce computation times by billions of times. Furthermore, we discuss the
critical role that algorithmic technology plays in societal advancement.

1 The Enumeration Problem in a Featured Animated Video

The readers of this book might have seen the YouTube animated video titled “Time
with Class! Let’s Count!” [3] released in 2012 (Fig. 1). As of September 2024, it
has reached 3.1 million views, an extraordinary hit for science-related content. For
those who have not seen it yet, we recommend taking this opportunity to watch it.
The video was supervised by the author and produced by the National Museum of
Emerging Science and Innovation (Miraikan) in Tokyo, with the aim of present-
ing the significance of combinatorial explosion and the importance of algorithmic
technology in an easy-to-understand way to young students and the general public.

This video features the problem of enumerating “self-avoiding” paths that connect
two diagonal vertices of an n x n grid graph without revisiting any vertex. In the
video, a teacher demonstrates counting the number of paths in front of the children.
However, as n increases, the computation time grows unimaginably rapidly, and the
teacher encounters significant difficulty. Table 1 shows the numbers of solutions for
n x n grid graphs. Foran 11 x 11 grid, even using a supercomputer, it would take 29
billion years—far exceeding the estimated age of the universe. However, the story
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Fig. 1 Screenshots of the YouTube animated video [3]

Table 1 The numbers of paths upton = 11

Number of paths

2

12

184

8,512

1,262,816

575,780,564

789,360,053,252
3,266,598,486,981,642
41,044,208,702,632,496,804
1,568,758,030,464,750,013,214,100
182,413,291,514,248,049,241,470,885,236
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ends with a calm explanation that state-of-the-art algorithmic technology can solve
the same problem in just a few seconds.

The video attracted significant attention, and many people appeared online,
attempting to solve the problem themselves. However, when implemented in a
straightforward manner, it requires an enormous amount of computation time, just
like in the video’s story. This enumeration problem has become a well-known exam-
ple demonstrating the effectiveness of algorithmic techniques. For instance, this
problem is featured in one of the beginner-level algorithm guidebooks in the MIT
Press Essential Knowledge series [11].

The solution to this problem, using a 2x2 grid graph as an example, is shown in
Fig.2. The task of finding self-avoiding paths from the top-left vertex to the bottom-
right vertex can be viewed as a combinatorial problem of selecting which of the 12
edges in the graph to use. If we only enumerate the shortest paths, the path length
would be four, where two steps go to the right and the other two go downward.
Therefore, it becomes a combination problem of choosing two rightward steps out of
four, resulting in six possible paths. In general, for an n x n grid, the total number of
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Fig. 2 All self-avoiding paths from the top left to the bottom right in the 2 x 2 grid graph

shortest paths can be found using the binomial coefficient (2”) which is covered in
high school mathematics. However, in this problem, detours are allowed in addition
to the shortest paths, so the total number of paths is 12. Allowing detours makes the
problem significantly more difficult, and no simple formula or recurrence relation has
been found to express the total number of paths. Therefore, the paths must essentially
be found through brute-force enumeration. As n increases, the number of solutions
grows overwhelmingly, and consequently the time required for enumeration increases
dramatically.

Fairy tales involving enormous numbers have existed for a long time (for example,
a king rewards a soldier by placing one grain of wheat on the first square of a
chessboard, then two grains, four grains, eight grains, and so on). However, these
were all problems that could be calculated by hand as long as the formula was known.
In contrast, the self-avoiding path enumeration problem, despite its simple form that
even children can understand, has no known formula for its solution. Yet, through
algorithmic techniques, the computation time can be dramatically reduced from 29
billion years to just a few seconds. A fairy tale based on a problem without a known
simple formula, like this one, is unprecedented. This story could only have been
created thanks to recent advances in computer science and technology.

2 Binary Decision Trees and Decision Diagrams

Now, let us discuss our approach to solving this problem. We first need to describe the
concept of binary decision trees. As mentioned earlier, the path enumeration problem
can be viewed as a combinatorial problem of selecting which edges to use from all the
edges. As shown in Fig. 3, in the case of n = 2, there are nine vertices, including the
start s and goal ¢, and 12 edges labeled e, to e;,, each with two choices: either use the
edge or not. As illustrated in Fig. 4, if edge e is used, we assign e¢; = 1, and if it is not
used, we assign e; = 0. By splitting cases for each edge, we can see that the number
of possibilities doubles with each additional edge. This process of constructing a
graph by dividing cases is the concept of a binary decision tree. Since there are 12
edges, the total number of combinations is 2! = 4096, each representing a unique
combination of edge selections. Among these, only 12 combinations correspond to
correct paths, as shown in Fig. 2. In this way, the problem becomes searching through
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Fig. 4 A binary decision tree for selecting edges

the large binary decision tree of combinations to find the correct set of edges that
forms a valid path.

Generating all 4096 possible combinations and then determining the correct ones
is clearly inefficient. However, it becomes evident during the decision-making pro-
cess that the current choice of using or not using certain edges will not result in a
valid path. In that case, the process can be interrupted at that point, and the remain-
ing branches can be pruned. In this way, we can repeatedly apply the backtracking
method, where one option is chosen, the search proceeds downward, and if it hits a
dead end, we backtrack to the previous level and try a different option. This proce-
dure ensures that all solutions will eventually be generated. In a typical backtracking
approach, the computation time required is at least proportional to the number of
solutions, and depending on the problem, it might take even longer. One might think
it would be fast enough if all the solutions could be enumerated in time proportional
to the number of solutions. In fact, the animation video assumes that the teacher used



Motivating Problems and Algorithmic Solutions 21

this class of algorithm. However, for the path enumeration problem, the number of
solutions grows exponentially. Even if a supercomputer could find 20 billion valid
paths per second, it would still take 250,000 years to solve a 10 x 10 grid, meaning
the teacher would turn into a robot long before the computation finished.

To solve this problem efficiently, we use the data structure called decision diagram.
A Binary Decision Diagram (BDD) [1, 2] is a graph representation of a Boolean
function, initially developed for VLSI design. As illustrated in Fig. 5a and b, a
BDD is derived by reducing a binary decision tree, which represents a decision-
making process based on input variables. If we fix the order of the input variables
and apply the following two reduction rules: (1) removing redundant nodes (Fig. 6a)
and (2) sharing equivalent nodes as much as possible. This reduction process yields
a canonical form that compactly and uniquely represents a Boolean function. The
compression ratio achieved by using a BDD compared to a decision tree depends on
the properties of the Boolean function being represented. In some practical cases,
the compression ratios of several dozen to several hundred times can be obtained.
(For details, see articles [2, 10].)

A Zero-suppressed Binary Decision Diagram (ZDD) [12] is a variant of the BDD
designed for manipulating sets of combinations. An example is shown in Fig. 5c.
ZDDs follow special reduction rules that differ from those used in BDDs: (1°) Delete
all nodes whose arc labeled with 1 directly points to the O-terminal (Fig. 6b). This
reduction rule is particularly effective for representing sparse sets of combinations.
For instance, if each item appears in only 1% of the combinations on average, ZDDs
can be up to 100 times more compact than ordinary BDDs. Such situations commonly

(a) Binary Decision Tree (b) BDD

Fig. 5 Binary decision tree, BDDs and ZDDs

Fig. 6 Reduction rules in
BDDs and ZDDs

NP Jump 0 | Jump

F F Fo n Fo

(a) BDD reduction rule (b) ZDD reduction rule



22 S. Minato

arise in real-life problems, such as in a supermarket, where the number of items in a
customer’s basket is usually much smaller than the total number of items on display.
ZDD is recognized as one of the most important BDD variants.

3 Knuth’s Simpath Algorithm

In 2009, Knuth published the remarkably fast algorithm Simpath in his renowned
textbook (Vol. 4 Fascicle 1) [10], on page 121 (or page 254 in Vol. 4A), to construct
a ZDD corresponding to all self-avoiding s-¢ paths between two given vertices in a
graph. This work is significant because variations of this algorithm can efficiently
solve many practical problems. Knuth has made his own source code publicly avail-
able on his website, and the program is remarkably fast. For instance, ina 14 x 14 grid
graph (with 420 edges in total), the number of self-avoiding paths between oppo-
site corners is exactly 227449714676812739631826459327989863387613323440
(approximately 2.27 x 10*7). Using the Simpath algorithm, the set of paths can be
compressed into a ZDD with only 144759636 nodes, and the computation time is
only a few minutes.

Figure 7 illustrates the basic mechanism of the Simpath algorithm. First, we assign
a fixed order to all the edges E = {ey, €3, . .., e,} for the given graph G = (V, E).
Then, we construct a binary decision tree from the top down in a breadth-first manner.
In the first step, we consider two decisions, 1 and 0, representing whether or not the
edge e is included in the s-f path. Two leaf nodes are then created, each holding the
current status of the path selection.

In the second step, we visit each leaf node and expand new branches to decide
whether the edge e; is included in the s-# path. Each new leaf now holds the current
status of both e; and e;. This process is repeated sequentially for all leaf nodes at each
level k, appending a decision node at the (k + 1)-th level for each case. However,
branches may be pruned if we detect a contradiction in the current status, such as
forming a disjoint component or an unreachable s- path. In such cases, we assign a
value of O to the leaf node and do not create further branches from it.

By continuing this process until the m-th level, we construct a complete decision
tree that includes all possible s-t paths. We assign a value of 1 to each final leaf
node that represents a valid solution. Once the decision tree is built, we apply ZDD
reduction rules to each node, from the bottom to the top upward, to obtain a reduced
ZDD.

In the above procedure, we can avoid unnecessary expansion by assigning a 0-
terminal to any contradicted node (representing a partial pattern that can never form a
valid s-¢ path). However, this alone is insufficient for achieving highly efficient com-
putation. The Simpath algorithm also introduces an additional reduction technique
that identifies equivalent nodes at the k-th level. These equivalent nodes, which have
identical requirements for the remaining undecided edges to form valid s-¢ paths,
are merged into a single node in the next expansion step. For example, consider the
2 x 2 grid graph shown in Fig. 8. Suppose it has already been decided whether edges
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Fig. 7 Example of the execution steps in the Simpath algorithm

e through e7 are used, and compare two cases: one where (e3, e7) are chosen (left),
and another where (e, e3, e4, es5) are chosen (right). In both cases, we must choose

eg, €9, €10, and e among the remaining edges eg through e, in order to complete an

Fig. 8 Equivalent patterns at
a frontier in the Simpath

algorithm
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s-t path, and no other possible choices exist. Since the requirements for both patterns
are identical, we can merge these two equivalent nodes into a single node.

To check the equivalence of two nodes, we only need to consider the status of
a specific set of vertices marked by the dotted circle in the figure. Each vertex in
this set is connected to at least one decided edge and one undecided edge. Knuth
referred to this set of vertices as the frontier. During computation, the frontier moves
from the start vertex to the goal vertex. By leveraging dynamic programming to
share equivalent states, a compressed ZDD is constructed efficiently. In many cases
of the s-t path problem, numerous equivalent nodes arise, significantly reducing
computation time. (For further details, please refer to the next chapter.)

As a side note, after the release of our YouTube animation, the author had the
opportunity to exchange letters with Prof. Knuth. In his letter, he wrote, “Best wishes
to Shin-ichi for 2013. I enjoyed the YouTube video about big numbers and shared it
with several friends.” Knowing that Prof. Knuth enjoyed our video was incredibly
gratifying for both the research project team and the Miraikan members involved in
its production. It was a piece of news that delighted all of us.

4 The World Record of This Problem

The video presents the computation results up to n = 11, but it is intriguing to
explore the largest n for which this problem remains computable. We have continu-
ously improved the algorithm to solve large-scale problems as efficiently as possible.
Our research group, Iwashita and colleagues [6], improved Knuth’s Simpath algo-
rithm to make it more memory efficient, and using a machine with approximately
500GB of memory, we successfully generated the ZDD for n = 18. For n = 19 and
beyond, memory capacity became insufficient, so they developed a program that does
not generate the whole ZDD but generates only one level of ZDD nodes at a time in
breadth-first order for counting the number of solutions and successfully enumerated
up ton = 21. Our group continued the challenge to push the record beyond it. Up to
n = 21, we used a general-purpose program capable of handling any graph shape.
However, by limiting the graph to an n x n grid graph, we were able to develop spe-
cialized algorithms that reduced both computation time and memory usage, allowing
us to handle larger graphs. (For details, see references [6, 7].) Through various inno-
vations, our computing power gradually improved, and by the fall of 2013, we could
compute up to n = 26.

This result was submitted to and officially registered in The On-Line Encyclopedia
of Integer Sequences (OEIS) [15]. Regardless of its practical use, holding a world
record has a certain appeal. For reference, n = 12 was first computed by Knuth in
1995. Interestingly, when we visited the site, we found that the YouTube animated
video was already linked as a reference. A person from Finland had discovered the
video and suggested the link, which was accepted.

Table 2 presents the latest computation results. For values up ton = 24, our results
match those of a Norwegian research group, confirming the accuracy of the calcu-



25

Motivating Problems and Algorithmic Solutions

96£906801806€S80688ELB0LLTIOTTTE61TLITO06TYEIGYOSEEYTETTIGTTROLOTIN0B6YEGIBITOH8LTILYEIILTEIFTIEOIO60TLEOLEIIFO0Y 88TBBSOTTTLENVO6B6YIETITHOTFSLITE6TLTOLTIBSTEOOIELT 9
80VLYTY09SLEBLO6YOV6I01COY8TLOYSITELTO90STO9STITTINI60LO6EBOLLSBLIOTOISTSITBO8LOYBTOLEOETITYLYTBOYSEESLLEOGTYSO96CLTIO089EYSYLEROLOOTLYECT I88LS8YLOTOYS 4
76016L98€18S70€0099T608TTISTITITO8SBIOILEOESTTOLOSSTOETFISTOL6STSSO91S6T8Y080LTLBLIGESEYOTIN6861F0ELETEBOLSELITIBYLBEEBSLYIOLOTIETTILILETT T
0TLSY6E£€6T8YEIS80YS80090THCT 1LSLBOTOYT698E99SHPSS8YEELOYRO0Y8YOFIBSH9SSTELTEEYIGOLOGLENOIVLOLEY II068Y8TEYI6600LLYLETSSEOTYSEYSS €T
TOLOEYPOVTLTTLTLI6VEILTEEBBRE0LROVETTEIEYLTOLSTOLISOLYOTYTOELITTISYO0YTLOTELEOTESEOTITTTSTEETIOISTIIOEESTELIIIRTOLOSSL (44
898E9YI1€1T09VTTO6ILSSI6EOLSBEOSEOLECEYITEIO661SETINESIETLIOEIEOITIEEOIEISTITTELEIBESOTYOTLTOILEIOSOISLYLETE 1T
86£0V6790CLYYOLIOLSEOYIETIOTOLLEETTLETSTISTLLEIYOELSOLOEEIOTTOSTICEECTLISOH6CTLOTOISLEOETBO61TOH8CI6E 0c
P78SSTO9SLLBTOHS090SSELELIIBOTOILLESSTOTETESSTIST6680696TCO1E0T8TYLOBOE666LBYOLILOTEETST 61
TESTBLTOE99TBSO9YLYTSYTE6SSILILYOLSI0BEBLITSLTSTETSION6YBEE686TISIOTHBOYBTIITLI 81
9€€SS8LBE6IEITIE69087998986EFY6TF00VPTSSOLOTYSLOTOTETLOEIOLETT TP IBTTED Ll
90€6117S8TLSY6608965T6L8SHTBTETO8YTEIEISIEILBSIE66Y16095TSTL]9 91
82061€80¥S88YTEII8YE6860E T LIGELISYLEIYLTLITIB]9SSYLI9TT St
OFPETEETILBEEIBO8OLTEOSTITRIEIOELTIBILIVI LOTYLTT 14!
8879668S€L068YSTOLYLTYIITIETTSTILYIO0S 69 €l
8TT1T8Y8STSBILSECI68T00LTEYE6E08TSTI cl
9€TS8B0LY IVCOVO8YTYISTI6TEIVT8T 11
001¥1TET00SLYOPOE08SL8IST o1
0896¥C£9TOLBOTH Y01 6
TP918698¥86599C¢ 8
TSTES009€68L L
P9S08LSLS 9
918c¢9Cl S
[45%] 14
81 €
cl [
[ 1
syped jo 1equinu dyJ, u

([s1] ut 92 L00V) swojqoid uonerownud yred SuIproAe-j[os oy Jo pI0dal plIom Y], ¢ dqeL



26 S. Minato

lations. However, we are currently the only group that has successfully computed
n = 26, and while this number is registered, it has not yet been independently veri-
fied. As shown in the table, we can observe that the number of digits in decimal grows
approximately at the rate of n2. In other words, the number of paths increases expo-
nentially with the number of edges, n?, in the graph. In contrast, using our Simpath
algorithm, which is specialized for grid graphs, the number of states on the frontier
can be limited to O(3"). The exponent can be reduced from n? to n by utilizing
algorithmic techniques, leading to a dramatic speed improvement compared to the
naive backtracking method used in the animation video. Although there are still lim-
its as n increases, it is evident that the range of computable problems has expanded
significantly. For example, the computation time for » = 11 was reduced from 29
billion years to just a few seconds. If important real-life problems fall within this
expanded range, the impact of algorithmic techniques becomes highly significant.

S Application to Practical Problems for Social
Advancement

The self-avoiding path enumeration problem featured in the YouTube animated video
effectively showcases the fascinating power of algorithmic techniques. However, this
problem is not just of puzzle-like interest; it also has practical applications in real-life
engineering. Knuth noted that by slightly modifying the Simpath algorithm, ZDDs
can be constructed to enumerate not only self-avoiding s-¢ paths but also Hamil-
tonian paths, directed paths, and various types of cycles. Moreover, by adjusting
the mechanism for storing intermediate states, this method can be applied to various
problems, including the enumeration of connected subgraphs, spanning trees/forests,
cut sets, and the k-partition problem in graphs. We refer to this breadth-first, top-
down dynamic programming approach for constructing ZDDs as the frontier-based
method [9] and are exploring its application to various real-life problems. For exam-
ple, path enumeration is crucial in geographic information systems and is also used
for dependency analysis in process flow charts, fault analysis of industrial systems,
and more.

Fig. 9 Example of the
electric power distribution
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Inoue et al. [4] discussed its application in the design of electric power distribution
systems. Figure9 shows a small example of the power distribution network. This
system operates under the following constraints: each district must be connected to
precisely one power substation to prevent outages; different substations must not be
directly connected; if the current is too high, the wires may overheat; and if power
is transmitted over long distances, the voltage will drop. The objective is to find
a combination of switch open/close settings that satisfies all these conditions. The
figure shows a simple example with 14 switches, leading to 2'* = 16384 possible
patterns, but only 210 of these patterns are topologically correct.

These civil engineering systems are often close to planar graphs, making the
frontier-based method highly effective in many cases. They successfully generated
a ZDD to enumerate all possible switching patterns in a realistic benchmark of an
electric power distribution system with 468 switches. The resulting ZDD represents
as many as 10% valid switching patterns, yet the actual size of the ZDD is under 100
MB, and the computation time is around 30 minutes. Once the ZDD is generated, all
valid switching patterns are compactly represented, allowing us to efficiently identify
patterns with maximum, minimum, or average cost. Additional constraints can also
be easily applied to the existing solutions.

In this way, frontier-based methods can be utilized for a wide range of real-life
problems, not only in fields directly associated with grid graphs but also in areas such
as disaster prevention (e.g., evacuation shelter allocation [16] and reliability analysis
of the communication networks [14]), statistical analysis of epidemiological hotspots
[5, 13], and the increasingly discussed issue of electoral districting [8], which sup-
ports democratic societies. Moreover, this approach has the potential to contribute
significantly to advancements in fields like life sciences (e.g., genetic sequence anal-
ysis), material sciences, data mining from big data, and machine learning.

6 Concluding Remarks

In this chapter, we presented self-avoiding path enumeration as the motivating prob-
lem shown on a YouTube video. Various techniques related to discrete structures and
algorithms, such as graph algorithms, combinatorial optimization, data compression,
and constraint satisfaction, are believed to be useful for solving real-life problems
for social advancement. In the following chapters, we will discuss the algorithmic
techniques in more detail.

Acknowledgements This work was partly supported by MEXT KAKENHI Grant Number 20H05961
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ZDDs and Frontier-Based Search for )
Solving Combinatorial Problems oy

Jun Kawahara

Abstract This chapter describes the technical background for solving combinatorial
problems using zero-suppressed binary decision diagrams (ZDDs). A ZDD can store
a vast number of feasible solutions of a combinatorial problem, such as vertex sets
and subgraphs of a given graph. ZDDs enable obtaining many good solutions, random
sampling, filtering, and more, rather than just finding a single optimal solution. In this
chapter, we describe the definition and characteristics of ZDDs, explain two typical
ZDD construction frameworks, and show algorithms that utilize constructed ZDDs.

1 Introduction

A combinatorial problem is a problem of selecting solutions from a finite set of can-
didates subject to certain conditions, while a combinatorial optimization problem
focuses on finding the optimal solution. Many researchers have proposed algorithms
for addressing individual combinatorial problems. In addition, there are general-
purpose methods that can be applied to many combinatorial problems, such as integer
programming and CSP (constraint satisfaction problem) solvers. Recently, a method
for solving combinatorial problems using a zero-suppressed binary decision diagram
(ZDD) [1], a data structure for representing a family of sets in a compact and effi-
cient manner, has been proposed. A major difference from other methods is that
a ZDD can store multiple solutions of a combinatorial problem, allowing not just
one solution but multiple good solutions to be obtained. Moreover, ZDDs can per-
form set operations, enabling the computation of the union of two families of sets,
filtering feasible solutions by specified conditions, and uniform random sampling
of solutions. By combining these techniques, it is possible to solve combinatorial
optimization problems with complex constraints. This chapter describes techniques
for combinatorial (optimization) problems using ZDDs.

The organization of this chapter is as follows: Section 2 provides an explanation
and examples of combinatorial problems. The definition and characteristics of a ZDD
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are given in Sect. 3. Sections 3.2, 4, and 5 present algorithms for constructing ZDDs.
Once a ZDD is constructed, we can perform weight minimization and maximization,
filtering solutions, random sampling, and more. These are explained in Sect. 6. A
software library using ZDDs, experimental evaluation, and which types of problems
ZDDs are most effective for will be described in the next chapter.

2 Combinatorial Problem

Before discussing the formal definition of combinatorial (optimization) problems,
we explain the minimum vertex cover problem, the 0-1 knapsack problem, and the
minimum weight Hamiltonian cycle problem as examples of combinatorial problems.
Many combinatorial problems, including these examples, are known to be NP-hard
problems and are considered hard to solve exactly even if the size of the problem
(e.g., the number of vertices in the input graph) is only a few hundred. Furthermore,
it would be impractical to store a vast number of feasible solutions explicitly and
exploit them.

Since the goals of these problems are to find a single minimum or maximum
solution, it is appropriate to call them combinatorial optimization problems. However,
the ZDD-based methods described in this chapter store and utilize not one solution but
alarge number of solutions. Therefore, we simply call them combinatorial problems.

The minimum vertex cover problem is described as follows. A graph G = (V, E)
is given, where V = {vy, ..., v,} is a vertex set. Each vertex v; is assigned a vertex
weight w;. The goal of a vertex cover in G is to find a subset of vertices V' C V
such that for every edge {u, w} € E, either u € V' or w € V' (or both) is satisfied.
The weight of the vertex cover V' is defined as ) ;. .y w;, the sum of the weights
of all vertices in V'. For example, the set of vertex covers of the graph G in Fig. la
is {{v1, v2, v3}, {v1, v2, v3, va}, {1, V2, a4}, {V1, V3, Va}, {V1, V4, {v2, V3, V4}}, Which
we denote by V;. Figure 1b) shows the vertex cover {v;, v4}. In the minimum vertex
cover problem, when the input is G, the vertex cover with the smallest weight is
selected from V. If the vertex weights are (wq, ws, w3, wq) = (5, 2, 4, 8), the vertex
cover with the smallest weight is {v;, v, v3}, and its weightis 5 +2 +4 = 11.

The 0-1 knapsack problem is the following problem. Therearenitems 1, 2, . . . , n.
Each item i is given a weight and a value, denoted by w; and p;, respectively. Given
one knapsack with a capacity of C, a combination of items whose sum of weights is
at most C can be packed in the knapsack. The 0-1 knapsack problem is the problem
of finding the combination of items that can be packed in the knapsack and that has
the largest sum of values. For example, if the items are 1, 2, 3, and 4, their weights
are (wy, wy, wz, wy) = (3,4, 7, 10), their values are (p;, p2, p3, p4) = (6,4, 8,9),
and the knapsack capacity is C = 12, then the set of item combinations that can be
packed in the knapsack is {(, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {2, 3}} (¥ means that
none of the items can be packed in the knapsack). We denote this family of sets by
KCy. The item combination with the largest sum of values is {1, 3}, and its sum of
values is 6 + 8 = 14.
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Fig. 1 Examples of graphs. vy
a Graph Gi. b Example of a
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The minimum weight Hamiltonian cycle problem is the following problem. A
graph G = (V, E) is given, where E = {ey, ..., e,} is an edge set. An edge ¢; is
given an edge weight w;. A cyclein G is asequence {ug, u1}, {u1, us}, ..., {ue—1, ue},
{ug, uo} (€ >2) ofedgesin £ withu; e V (i =0,1,...,¢) and u; #u; (i #j).
Intuitively, a cycle is a path from a vertex back to its original vertex without passing
through the same vertex more than once. A Hamiltonian cycle in G is a cycle that
includes all vertices in V. For example, the set of (not necessarily Hamiltonian)
cycles of graph G, inFig. 1cis {{e;, 2, e3}, {e1, €2, e4, €5, €6}, {1, €2, €4, €5, €7, eg},
{e3, eq, €5, eg}, {e3, eq, €5, 7, eg}, {es, €7, es}}, and only {ey, ey, e4, es, €7, eg} is the
Hamiltonian cycle (Fig. 1d). In this chapter, we consider that the order of edges in a
cycle is unimportant and we represent a cycle as a set of edges.

As we have seen above, solutions of combinatorial problems are often expressed
as asubset X € U of some set U = {xy, ..., x,}. This chapter deals with combina-
torial problems of this form. From now on, U will be referred to as a universal set
(also commonly referred to as an underlying set). The universal set is V' for the min-
imum vertex cover problem, {1, ..., n} for the 0-1 knapsack problem, and E for the
minimum weight Hamiltonian cycle problem. For a given combinatorial problem, a
possible candidate solution that satisfies all the conditions specified in the problem is
called a feasible solution. For example, the set of all feasible solutions in the vertex
cover example above is Vj, and that in the 0-1 knapsack example above is /C;. The
set of all feasible solutions of combinatorial problems discussed in this chapter is
represented as a family of sets. Hereafter, we refer to it as the family of all feasible
solutions rather than the set of all feasible solutions.
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3 ZDD and Conventional Construction Methods

A ZDD is a data structure that represents a family of sets. It can represent a family
of subsets of a universal set compactly and efficiently. In Sects. 4 and 5, we consider
representing the family of feasible solutions of a combinatorial problem as a ZDD.

3.1 Definition of ZDD

First, let us explain how a ZDD represents a family of sets. Let U = {x, ..., x,} be
a universal set. We take a ZDD representing the family V; of feasible solutions of
the minimum vertex cover problem from the previous section as an example. Here,
we use x; instead of v;. A ZDD representing V), is shown in Fig. 2a.

A ZDD is a directed acyclic graph. To avoid confusion between G = (V, E)
appearing in a combinatorial problem we consider and a ZDD, the elements of V are
called vertices. In contrast, those of a ZDD are called nodes. The elements of E are
called edges, whereas they are called arcs in ZDDs. A ZDD has at most two nodes
with outdegree O, called ferminal nodes. The two terminal nodes are denoted by L
and T. (In the previous chapter and some literature, 0 and 1 are used instead of L and
T, respectively.) A ZDD has one node with indegree 0, called the root node. Each
non-terminal node v is labeled with an element x; of U. Each non-terminal node has

. v. '
(d) (e)

(@ (h)

Fig. 2 Examples of ZDDs. a ZDD representing V. b ZDD representing K. ¢ ZDD represent-
ing the power set 2U. d ZDD representing X,. e ZDD representing X,. f ZDD representing
{{xa;s X4y, .- Xq,}}. gZDD L. hZDD T
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two outgoing arcs, called 0- and [-arcs. If an arc of a non-terminal node with label
x; points at another non-terminal node with label x;, i < j must hold.

A ZDD represents a family of sets in the following sense. Starting from the root
of the ZDD in Fig. 2a and following the 1-arc, O-arc, 1-arc, and 1-arc, we reach T.
On this route (we call a path on a ZDD a route), a 1-arc is selected at nodes with
label x1, x3, x4, and we consider that this route corresponds to the set {x;, x3, x4}. In
general, for aroute P from the root to T, if nodes with label x,,, x4,, . . ., Xa, and the
1-arcs outgoing from them are included in P, we consider that P corresponds to the
set {Xa,, Xays - - - xap}. There is a one-to-one correspondence between a route from
the root of aZDD to T and the corresponding set. The family of sets represented by
aZDD Z is denoted by Sz.

A ZDD representing K, the family of feasible solutions of the 0-1 knapsack
problem in the previous section, is shown in Fig. 2b. Selecting the 1-arc, 0-arc, and
1-arc from the root, we reach T. This route corresponds to the set {1, 3}. Nodes with
label 4 do not appear on the route. In this case, 4 is not included in the set.

We introduce special ZDDs here. Figure 2c shows a ZDD representing a power
set2V (= {X | X € U}). The family of sets obtained by collecting all sets of 2V that
contain an element a € U is denoted by X, (= {X | X C U, a € X}). The family of
sets obtained by collecting all sets of 2 that do not contain a is denoted by X, (=
{X | X CU,a ¢ X}). ZDDs representing &, and X, are shown in Fig. 2d and e,
respectively. A ZDD representing family {{x,, , Xa,, . .., Xg,}} (a1 < a2 < -+ < ap),
i.e., family consisting of one set, is shown in Fig. 2f. The structure consisting only
of L is also a ZDD, which represents the empty set @ (or {}) (Fig. 2g). The structure
consisting only of T is also a ZDD, which represents set {¢}} (or {{}}), which is
distinguished from @ (Fig. 2h).

In this chapter, ZDDs are used to represent the family of all feasible solutions of
a combinatorial problem. As described in Sect. 3, the family of feasible solutions
(e.g., family of vertex covers) is considered as a family of sets (e.g., family of sets
of vertices). The techniques for solving combinatorial problems presented in this
(and next) chapter are not the kind of algorithms that explore the search space to
obtain a solution, but algorithms that construct a ZDD that represents the family of
all feasible solutions without omission and duplication.

3.2 Construction of ZDDs by the Reduction Rule

Methods of constructing ZDDs can be classified into three categories: The first is
based on the reduction rule. The other two are called bottom-up and top-down meth-
ods, which are used depending on the nature of the problem. In this subsection, we
describe a method based on the reduction rule. In this method, a complete binary
tree with height n (n = |U|, the size of the universal set) is first constructed. Since
the number of nodes in a complete binary tree with height n is 2 (2"), this method is
not practical, but the idea of “reduction,” which is introduced here, is important and
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will be explained below. After constructing the complete binary tree, the reduction
rule is applied to obtain a ZDD.

We construct aZDD representing a family F of sets with the universal set U in the
following way. We construct a complete binary tree T with height n (Fig. 3a) with the
following properties: we say that a (non-terminal) node at distancei € {0, ...,n — 1}
from the root node of T is at level i + 1. The nodes at level i + 1 are assigned the
label x; ;. The two directed arcs outgoing from each node are a 0-arc and a 1-arc.
The nodes corresponding to the leaves of the binary tree are terminal nodes, either L
or T.If the set corresponding to the route from the root to a terminal node is included
in the family F, the terminal is T; if not, the terminal is L.

The two reduction rules are as follows:

(1) When two equivalent nodes exist, they are merged into one (also called shared).
Two nodes are equivalent if they have the same label, their O-arcs point at the
same node, and their 1-arcs point at the same node. In the operation merging
two nodes v and v, we change the destinations of all the arcs pointing at v’ into
v, and we remove v’ and the arcs outgoing from v’.

(2) When a 1-arc of a non-terminal node v points at L and a 0-arc of v points at a
node V', we change the destinations of all the arcs pointing at v into v/, and we
remove v and the arcs outgoing from v.

After applying the two reduction rules, the family of sets represented by the ZDD
remains the same. A ZDD is called a reduced ZDD if the reduction rules are applied
as far as possible and no more reduction rules can be applied. A complete binary
tree for V) is shown in Fig. 3a. First, the multiple L and T are merged into one
each. Since nodes v, and v}, in the figure are both labeled x4, and their O-arcs (resp.,
1-arcs) point at the same node L (resp., T), reduction rule (1) can be applied. Since
the 1-arc of node v, in the figure points at L, reduction rule (2) can be applied. After
applying the two rules, we have the graph shown in Fig. 3b. Further application of
the reduction rules as far as possible yields Fig. 2a.

The desired ZDD can be obtained by applying the reduction rules to the complete
binary tree. It is easy to check that the resulting ZDD satisfies the properties of a
7DD and represents F.

4 Bottom-Up Construction of ZDDs

In this section, we describe the framework of bottom-up construction of ZDDs.
Before explaining it, we describe the recursive structure of ZDDs.
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Fig.3 Example of applying the reduction rules of ZDD. a Complete binary tree for ;. Node labels
are omitted. b Graph after applying the two reduction rules once each to the complete binary tree.
For clarity, L and T are depicted without merging

4.1 Recursive Structure of ZDD

Given a ZDD Z, suppose that the label of the root node of Z is x;. For j =0, 1, let
v; be the node pointed at by the j-arc of the root node (Fig. 2a). Considering all the
nodes and arcs reachable from the node v;, we obtain a directed acyclic graph. We
denote that directed acyclic graph by Z; (Fig. 4). Since Z; has the root node v;, has
1 and T, and satisfies all other ZDD conditions, we can regard Z; as a ZDD. Let us
consider what family of sets this ZDD represents. First, consider Z: the route from
the root node vy of Zy to T can be thought of as the route from the root node of Z
through its O-arc and from there to T. They each represent the same set. Thus, Zj is
the family of sets obtained by collecting sets in Sz that do not contain the element
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Fig. 4 Recursive structure 2y
of ZDD. For j =0, 1, the
root node of the ZDD Z; is @

v, which is pointed at by the -
Jj-arc of the root of Z : @

x1. In the same way, Z; is the family of sets obtained by collecting sets in Sz that
contain the element x; and removing x; itself from each of them. The following
relation holds:

Sz =38z U{{x1}JuSz),

where AUB={AUB | A € A, B € B} for the two families of sets .4 and . This
is the recursive structure of ZDD.

Henceforth, a ZDD composed of all nodes and arcs reachable from v is simply
called the “ZDD rooted at v”. In some literature, a node v is sometimes identified
with the ZDD rooted at v, but in this chapter, we distinguish them.

4.2 Bottom-Up Construction of ZDDs

Let us explain the bottom-up construction framework. We take the computation of
the intersection of two ZDDs as an example. That is, given two ZDDs F and G,
we describe how to construct a ZDD that represents the intersection Sz N Sg of the
families that the two ZDDs represent [1, 2]. We denote this ZDD by F N G. For
simplicity, we consider the case where the labels of the root nodes of F and G are
both x;. Based on the recursive structure, F and G can be represented as follows:

Sr=8rU{{x}}uSx)
Sg = Sg, U ({{x1}} 1 Sg)).

Since the families Sz, and Sg, are the sets of Sy and Sg not containing xi,
respectively, all the sets in S, N Sg, are included in the family Sz N Sg. Similarly,
the families {{x;}} U Sz, and {{x;}} U Sg, are the sets of Sx and Sg containing x;.
Therefore, all the sets in {{x;}} U (Sx N Sg,) are contained in the family Sz N Sg.
Hence, the following equation holds:

SrNSg = (Sr NSg) U {{x1}}u(Ss NSg)).
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The right-hand side of the equation means the ZDD such that the label of the root
node of the ZDD is x;, the O-arc of the root points at (the root of) Sz, N Sg,, and the
1-arc of the root points at (the root of) S N Sg,. To compute (construct) S N Sg,
we recursively compute Sz, N Sg,, recursively compute Sr, N Sg,, create a new
root node with label x;, and make the destination of the 0- and 1-arcs of the new root
node (the roots of) the resulting ZDDs.

In performing this computation, it is more efficient to apply the reduction rule
each time: for two ZDDs Zj and Z;, we write getNode(x;, Zy, Z;) as the function
that returns a ZDD whose root node label is x; and whose root 0- and 1-arcs are
Zy and 21, respectively. The operation of getNode is as follows: if Z; is L, then it
returns Zy (reduction rule (2)). We check whether a node, say v, such that the label
is x; and the 0- and 1-arcs of v are root nodes of Z, and Z;, respectively, has already
existed. If it exists, we do not create a new node and return the ZDD rooted as v. If it
does not exist, we create a root node with label x; whose 0- and 1-arcs point at (the
roots of) Zj and Z, respectively, and return the ZDD.

From the above, F NG can be computed by recursively computing Fy N Gy
and F; N Gy, letting the resulting ZDDs be H, and H;, respectively, and calling
getNode (x|, Hy, H1). At the end of the recursion, formulas such as # NG = @,
{3} N {@} = {@}, and so on, are used. That is, if F or G is L, return L. If both F
and G are T, return T. If the label of the root node of F is not x|, we just consider
F = F U ({{x1}} 1) and apply the recursion in the same way.

This method of constructing F N G in a recursive manner is called a bottom-
up construction method. The term “bottom-up” is derived from the operation of
constructing a ZDD in the manner that we recursively call the N operation over and
over again, and create ZDD nodes when returning from the recursive calls, where
the root of the ZDD is drawn at the top and the terminals are drawn at the bottom.
If we always create a node using the getNode function, the ZDD obtained by the
bottom-up construction method has already been reduced because no node to which
the reduction rule can be applied arises.

In addition to the intersection operation N, bottom-up construction methods can
be used for the union set operation U and the difference set operation \. In general, for
a binary operation o on families, we write F o G for the ZDD representing S o Sg.
For a binary operation o € {U, N, \}, the time complexity of computing Sr o Sg is
known to be ® (|F||G|) theoretically, where | F| is the number of nodes in ZDD F [3].
However, it is also known that in many cases appearing in practical applications, it
is bounded by O (|F| + |G| + |F o G|); that is, linear time in the sum of the sizes of
input and output ZDDs.

4.3 Two Examples of the Bottom-Up Construction

In this subsection, we show two examples of ZDDs using bottom-up construction
methods.
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Constructing a ZDD from a family of sets

When each set in a family is explicitly given, e.g., as a list, a ZDD representing the
family is constructed in the following way. For any subset X = {x,,, ..., x4,} of the
universe set, a ZDD representing the family { X'} consisting of one element is shown
in Fig. 2f. We construct a ZDD consisting only of the set for each set in the list.
Computing the union U of those ZDDs one by one yields a ZDD representing the
family. For example, the ZDD representing V) is constructed by first computing U
of the ZDD representing {{x;, x5, x3}} and the ZDD representing {{xi, x5, x3, x4}},
and by computing U of the obtained ZDD and the ZDD representing {{x;, x2, x4}},
and so on.

Constructing a family of sets representing all vertex covers

Given a graph G = (V, E), we describe how to construct a ZDD for the family of
all vertex covers of G by (repetition of) a bottom-up construction method. Recall
that the universe setis V = {vy, ..., v,}. We focus on an edge e = {v;, v;} on the
graph G. Any vertex cover must contain at least one of v; and v;. A subset of 2"
that contains at least one of v; and v; is represented by &; U X; (] is defined in
Sect. 3.1). Thus, the following formula is a family consisting of the sets containing
at least one endpoint of e for every edge e € E:

[ ux).

{vi,v;}eE

This is the family of all vertex covers of G.

The construction of the ZDD representing the above family can be conducted by
the operation of the intersection N and the union U introduced above. Since &; can
be represented as a ZDD, the ZDD for &; U X; can be obtained. The computation
of N {urvJeE Can be conducted by repeating N of the ZDD operation, and the result
obtained is also a ZDD.

In a similar way, the family of independent sets (stable sets) can be computed by

ﬂ (X, UX))

{vi,vj}eE
and the family of dominating sets can be computed by
BIETIRUEALL
veV weN (v)

where N (v) is the set of adjacent vertices of v in G. The definitions of independent
and dominating sets are omitted.
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5 Top-Down Construction of ZDDs

We describe another ZDD construction framework, the top-down construction. The
name comes from the process of constructing a ZDD by creating nodes directly from
the root (top) of the ZDD toward the terminals (bottom).

This section is organized as follows. Section 5.1 presents a general framework for
top-down construction using the 0-1 knapsack problem as an example. In Sects. 5.2—
5.4, we show how to construct a ZDD that represents the family of all cycles on
a given graph using top-down construction. A subgraph included in the ZDD that
the method in Sect. 5.2 constructs may consist of two or more unconnected cycles.
Therefore, in Sect. 5.4, we will describe an improved method for constructing a ZDD
that represents a family of subgraphs each of which consists of a single cycle. Before
explaining this method, we introduce the notion of frontier-based search (frontier-
based method) for efficient top-down construction of ZDDs in Sect. 5.3. Finally, in
Sect. 5.5, we discuss the types of graphs applicable to the frontier-based search.

5.1 Framework of Top-Down Construction

We take the 0-1 knapsack problem as an example to illustrate the top-down con-
struction. First, we create a root node whose label is 1 (corresponding to item 1) and
create 0- and 1-arcs outgoing from the root. As the destinations of the 0- and 1-arcs,
we create nodes whose label is 2 and 0- and 1-arcs outgoing from them. We create
nodes with label i 4 1 and their 0- and 1-arcs as the destination of the 0- and 1-arcs
of nodes with label i (e {1,...,n — 1}).

In the top-down construction, when we create nodes, we merge nodes if possible.
For this purpose, information for the decision is stored into nodes. In the case of the
0-1 knapsack problem, the sum of the weights of the items selected so far is stored
into each node. For a node v, we denote the value by v.w. For the root node v;oo, We
set Vioor.W <— 0. For a node v with label i, we create a node v, as the destination of
the O-arc of v and set vp.w < v.w. Also, we create a node v; as the destination of
the 1-arc of v and set vi.w < v.w + w;.

Two nodes with the same information are merged using the following procedure.
When creating a node with label i 4+ 1 as the destination of an arc a, we check
whether there exists a node with the same value of w labeled i + 1 that has already
been created, and if such a node, say V', exists, we do not create a new node and make
a point at v'. Figure 5 shows the merging of nodes for the 0-1 knapsack problem
in Sect. 2. In Fig. 5a, node v, is not actually created and is merged with node v,
(Fig. 5b) because the value of w is v,.w = 7 and the value of w of v., which is the
destination of the 0-arc of node vy, is also 7.

The top-down construction method also performs an operation called pruning.
When creating a new node v’ as the destination of an arc a of a node v, if the value
of v'.w exceeds the knapsack capacity C, the total sum of items exceeds C without
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Fig.5 Example of the top-down construction. The numbers written near the nodes are the w values

adding items thereafter because the weights of the items are all positive. Therefore,
any route from v’ reaches L. In this case, instead of creating a new node v’, we make
the destination of @ L. This operation is called pruning. Figure Sc shows the pruning
for the example of the 0-1 knapsack problem in Sect. 2. The value of w of node v,
which is the destination of the 1-arc of v, is 14, which exceeds C. Therefore, pruning
is performed and the 1-arc of v, now points at L (Fig. 5d).

The destination of a node with label n is L or T. If the value of w exceeds C,
itis L; if not, it is T. In the general framework of top-down construction methods,
information is stored into nodes, and nodes are created top-down from the root node
to the terminals while performing merging and pruning operations based on the stored
information. The information stored in a node is called the configuration.

5.2 Construction of a ZDD for the Family of All Cycles:
Unconnected Version

For a given graph G = (V, E), we describe how to construct a ZDD representing
the family of all cycles on G by a top-down construction method [4-6], which is
a generalization of Knuth’s Simpath algorithm [5]. (For the sake of illustration, we
will discuss cycles that are not necessarily Hamiltonian ones.) The universal set is
E = {ey, ..., en}. A cycle must be connected (i.e., not more than one cycle), but we
do not consider connectivity first and will impose connectivity condition later. We
consider a cycle C on G. The degree with respect to C of all vertices on G is 0 or 2.
Conversely, a subgraph of G such that the degrees with respect to C of all vertices
on G are 0 or 2 is one or more cycles. If we impose the condition that the subgraph
is connected, it becomes one cycle. In this subsection, we describe how to construct
a ZDD for the family of subgraphs of G for which the degree of every vertex is 0 or
2. (In the method described here, a subgraph whose degree of every vertex is 0, i.e.,
¢, will also be included in the family of sets represented by the constructed ZDD.
We do not describe how to remove it.)
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Let us design a top-down construction method for a ZDD representing the family
of all cycles of G. The configuration of a node is the degree of each vertex with respect
to the edges selected so far (when we say a “degree” below, we mean a degree of the
subgraph consisting of the selected edges, not G). For a node v, the degree of each
vertex is stored into v.deg as an array. The degree of a vertex v is represented by
v.deg[v]. The deg value of the root node is O for all vertices. When creating a node
as the destination of the 1-arc of a node with label ¢; = {u, w}, the degree of u and
w is increased by 1. Therefore, the corresponding deg[u] and deg[w] are increased
by 1 each.

Node merging occurs when the labels of two nodes and deg for all vertices
are equal. However, since deg for all vertices is rarely equal, node merging rarely
occurs in this situation. We will discuss node merging based on a frontier in the next
subsection.

5.3 Improving the Efficiency of the Top-Down Construction:
Frontier-Based Search

The value of deg is used to determine whether the degree in the subgraph of each
vertex is 0, 2, or not. For a vertex v, the value of deg[v] is determined at the moment
when all edges incident with v are decided to be used or not. At this time, we check
whether deg[v] is 0, 2, or not. If deg[v] is neither O nor 2, we conduct pruning. If
degl[v] is 0 or 2, then the value of deg[v] is never referenced thereafter and there
is no need to store deg[v]. Also, for a certain vertex v, if no edge incident with v is
determined, the value of deg[v] is 0. Therefore, there is no need to store this value
explicitly. Based on this idea, the frontier is defined as follows.

Leti € {1,...,m — 1}. Consider a node v with label e; . (Recall that the input
graphis G = (V, E) with E = {ey, ..., e,,}.) We consider that the 0-arc (resp., 1-
arc) of v represents the situation where we have decided that each of e, ..., ¢; is
included in the subgraph, and we are determining that e;; is not included (resp.,
included) in the subgraph. In this situation, we call ey, ..., e; processed edges and
€itl, - - -, ey unprocessed edges. Then, the vertices incident with processed edges are
{uj,w; |ej ={uj,w;}, j=1,...,i}, and the vertices incident with unprocessed
onesare {u;, w; | e; = {u;, w;}, j =i+ 1,...,m}. The set of vertices with which
both edges are incident is

Fi={uj,wjlej={ujwi},j=1....000{ujwjlej ={uj,w;},j=i+1....,m}

We define Fy = F,, = (. In the example of graph G,, we have Fy = (J. After ¢; is
processed, v; and v, enter the frontier and we have F; = {vy, v,} (Fig. 6a). After
e; is processed, v; leaves the frontier because all edges incident with v; have been
processed. We have F, = {v,, v3} because v; enters the frontier (Fig. 6b). Processing
e;3 results in F3 = F, because v, and v; have already been in the frontier (Fig. 6¢).
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Fig. 6 Transition of the frontier. The vertices surrounded by the dotted curve are the ones on the
frontier

After ey is processed, v, leaves the frontier and we have Fy = {vs, v4} (Fig. 6d).
Continuing this process, we obtain F; = {vs, vg}. After eg is processed, vs and vg
leave the frontier and we have Fg = (/.

For a node v with label ¢;,, we store the value v.deg[v] of only vertices v €
F;, and we do not store v.deg[v’] for any v’ ¢ F;. The equivalency of nodes is
decided only by this stored information. That is, for nodes v, v’ with label ¢; 1, v
and v’ are considered equivalent if and only if v.deg[u] = v'.deg[u] holds for all
vertices u € F;. For example, for two nodes v, and v, (labeled es) in Fig. 7a, we have
Fy = {v3, v4} and we store only the values of deg[vs] and deg[v,4]. Figure 7b and
¢ show the states corresponding to v, and v,. Since v,.deg[v;] = vp.deglvs] =1
and v,.deg[vs4] = vp.deglvs] = 1, v is merged into v,,.

The initial values of deg[v] are as follows. Consider the situation where we are
creating a node as the destination of an arc of a node v with label ¢;. A vertex
v € Fi41 \ F;, which does not belong to F; but belongs to F;. i, is the endpoint of

Fig. 7 Example of merging nodes in a top-down construction of a ZDD representing the family
of all cycles. Nodes other than the nodes we focus on are omitted. The numbers written near the
vertices of the graphs in (b) and (c) are the values of deg. Bold edges are ones that have been
processed and decided to be used, dotted edges are ones that have been processed and decided not
to be used, and thin edges are unprocessed ones. We draw processed (resp., unprocessed) edges on
the right (resp., left) side of the frontier
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e;. Just before ¢; is processed, there is no processed edge incident with v, and by
processing e;, the processed edge gets connected to v for the first time. This situation
is called v entering the frontier. Immediately after v enters the frontier, we set the
value of v.deg[v] to 0 and store it into the node. If ¢; is used (the arc is a 1-arc), the
value of v.deg[v] is 1.

The pruning operation is as follows: if the value of deg[v] exceeds 2, pruning
is performed. Consider again the situation where we are creating a node as the
destination of an arc of a node v with label e;. In this case, a vertex v € F; \ F;4
which belongs to F; but does not belong to F;; is the endpoint of e; and is incident
with no other processed edges (because v ¢ F;;). Therefore, the degree of v is
determined after e; is processed. This situation is called v leaving the frontier. When
v leaves the frontier, if the value of v.deg[v] is neither 0 nor 2, the degree of v is
determined to be neither O nor 2. Therefore, pruning is performed. That is, we make
the destination of the arc of v point at L.

A strict mathematical proof that the above method constructs the correct ZDD is
shown in the paper [7]. To construct the family of only all Hamiltonian cycles, rather
than (not necessarily Hamiltonian) cycles, simply change “degree O or 2” to “degree
2” in the above description, and no modification of the algorithm is necessary except
in that part.

5.4 Construction of a ZDD for the Family of All Cycles:
Connected Version

We describe how to guarantee that subgraphs represented by a constructed ZDD
are connected. For simplicity, we assume that the input graph is connected. We store
which connected component vertices belong to into each node. Although it is possible
to use a data structure such as the disjoint-set forest [8] to store connected compo-
nents, for the sake of illustration, we represent connected components as numbers
1, ..., n. Vertices with the same number belong to the same connected component,
and vertices with different numbers belong to different connected components. For a
node v, let v.comp[v] be the number of the connected component that a vertex v on
the frontier belongs to. Figure 8a shows an example of connected components and
their numbers.

Fig. 8 Example of a 3 4.

connected component - -
becoming isolated. The 3 R :'
numbers written near \ ,:’_'_/ ___j‘ \

vertices is the value of comp




46 J. Kawahara

When a vertex v; enters the frontier, we set compl[v;] <—i. For an edge
ej = {u, w}, when complu] = comp[w], the value of comp is not updated
because u and w has already belonged to the same connected component.
When complu] # comp[w], let c¢min = min{comp[u], comp[w]} and cnax =
max{comp[u], comp[w]}. In this case, the connected components whose num-
bers are cmin and cmax are integrated into one connected component, and for all
vertices v such that comp[v] = cpmin, We set comp[v] <— cmax. For example, in
Fig. 8a, when ¢4 is used, the value of comp for vertices vy, v, v4 changes into 5.

The following procedure is used to guarantee that subgraphs represented by a
constructed ZDD are connected: when v leaves the frontier, if there exists a vertex
u (# v) on the frontier F;; such that comp[u] = comp[v] holds, it means that the
connected component with number comp[v] is on the frontier F;,, in which case
no pruning is performed. Otherwise, if there is a vertex with degree at least one on
F; 11, two or more connected components arise because the connected component
with number comp[v] cannot be connected with any other connected component. In
other words, the subgraph is no longer connected. Therefore, in this case, pruning is
performed. After the last edge e, is processed, the frontier F,, becomes empty @. At
this point, if pruning has not occurred, then the subgraph is connected. For example,
in Fig. 8b, after edge e; is processed, vertex v; leaves the frontier, resulting in Fig. 8c.
Assuming that es is not used, any vertex with number 3, which is the component
number of v, is not on the frontier except for vz, and the connected component
with number 3 gets isolated from the others. Thus, the moment when a connected
component gets isolated can be detected.

We store the values of deg and comp (for vertices on the frontier) into nodes
as configuration simultaneously, and we define that two nodes are equivalent if and
only if the stored configurations of the two nodes completely coincide. If we update
the values and conduct pruning arcs as described above, we can construct a ZDD
representing the family of subgraphs that are connected and whose degree is all O or
2,1i.e., cycles. See the paper [4] for pseudocode of the algorithm.

The complexity of the top-down construction is the multiplication of the time for
creating one node and the number of created nodes if we can perform the search
of equivalent nodes by using a hash table within a constant time. In the case of
(Hamiltonian) cycles, the time for creating one node is O (max; |F;|), and thus the
total computation time is O (max; | F;||'H|), where H is the output ZDD.

5.5 Constructing ZDDs for Various Types of Subgraphs
Using the Frontier-Based Search

By storing deg and comp into nodes as configuration, we can construct ZDDs for
various types of subgraphs, not just (Hamiltonian) cycles. Given two vertices of the
input graph, s and ¢, it is also possible to construct a ZDD representing the family of
all s-¢ paths in the input graph. Pruning is performed when it is determined that the
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value of deg[s] or deg[r] is not 1. The degrees of all vertices other than s and ¢ are
Oor?2.

Various types of subgraphs can be constructed as ZDDs by storing various infor-
mation at ZDD nodes other than deg and comp. Specifically, the following condi-
tions can be imposed on subgraphs represented by constructed ZDDs. See also the
cited papers for details.

e Vertex degree.

— Degree of a specified vertex.
— Number of vertices with a specified degree [9].

Connectivity of vertices.

— Condition that two vertices must be included in the same connected component.
— Condition that two vertices must be included in different components.

Number of connected components.

Existence of cycles.

Condition that the sum of edge weights is greater (or less) than a specified weight.
Suppose that the family Z’ of subgraphs is given as a ZDD:

— Condition that each subgraph contains some element of Z’ as a subgraph.

— Condition that each subgraph contains no element of Z’ as a subgraph.

— Condition that each subgraph contains no element of Z’ as an induced
subgraph [10].

— Condition that each subgraph contains no element of Z’ as a topological
minor [11].

The types of subgraphs that can be handled according to the above conditions are
listed below. Individual terms are not explained.

e Path [5]: s-t path, path starting at a specified vertex, path in which both the start
and end vertices are not specified, s-# Hamiltonian path, and Steiner path.

e Cycle [5]: (single) cycle, Hamiltonian cycle, and Steiner cycle.

e Tree [6]: tree, forest, spanning tree, spanning forest, rooted spanning forest, and
Steiner tree.

e Matching: matching, complete matching, and b-matching.

Regular graph: k-regular graph, connected k-regular graph, and regular graph of

any degree.

Clique: k-clique, and clique with any number of vertices.

Degree specified subgraph [9].

Graph partition [12].

Bipartite graph.

Graph characterized by forbidden subgraphs: chordal graph, chordal bipartite

graph, d-claw-free graph, interval graph, and proper interval graph [10].

e Graph characterized by forbidden topological minors: planar graph, outerplanar
graph, series-parallel graph, and cactus [11].
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6 Utilization of ZDDs

A ZDD constructed by the methods described in the previous sections contains all
feasible solutions of a combinatorial problem without omission and duplication,
which means that the ZDD contains much more information than just the optimal
solution. In this section, we describe some techniques using them. The methods
presented here are described in [5]. In this section, for a non-terminal node v of a
ZDD, let vy and v; be the nodes pointed at by the 0- and 1-arcs of v, respectively.

Counting up the solutions

The number of solutions in the family represented by a ZDD can be counted by the
following algorithm: the number of solutions in the family represented by a ZDD
Z is the number of routes from the root node v, of Z to T. This number can
be computed as follows: consider the number of routes from any node v to T and
denote it by c¢(v). The number of solutions included in the family represented by Z
is ¢(Vroot). Since all routes from v to T pass through either vy or vy, the following
holds:
c(v) = c(v) + c(vy).

The number of routes from _L to T is zero, and that of routes from T to T is one.
Therefore, we have c(L) = 0 and ¢(T) = 1. For each node, we compute the values
of ¢ in the order of nodes closer to the terminals (i.e., the index j of x; is larger), and
finally obtain the value of c¢(vyo0r). The time complexity of this algorithm is linear in
the number of nodes of the ZDD.

Uniform random sampling of a solution

We describe a method for uniformly random sampling of a solution from the family
of solutions represented by a ZDD. Using the solution counting method described
above, we compute the value of ¢ for each node. Uniform random sampling can be
thought of as randomly sampling a route from the root node to T. Suppose that we
start from the root node, and we are currently on a node v. We move to the node vy
pointed at by the O-arc of v with probability c(vy)/(c(vg) + c(v1)) and to the node
v pointed at by the 1-arc of v with probability c(v;)/(c(vo) + c(v1)). We repeat this
process. Since c¢(L) = 0 holds, we will never reach L and will certainly reach T.
This process yields one route from the root node to T, and the set corresponding to
the route is the sampled solution. The time complexity of sampling one solution is
O(|U|), where |U| is the number of elements in the universal set.

Solution enumeration

It is also possible to enumerate all the solutions in the family represented by a ZDD.
However, since the number of solutions in a family is generally enormous, it is not
practical to enumerate all of them. To enumerate the solutions in the family, we
search all the paths from the root to T. This is done by the following backtracking
method. We first start from the root node v;oo¢. From the root node, we proceed toward
the 0-arc of the root and reach the node vy pointed at by the 0-arc. From there, it
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searches for a route from vy to T recursively. After that, it returns to v and next
proceeds toward the 1-arc of the root, searching for a route from v; to T recursively.

Consider a recursive function enum(v, S) that performs this operation (outputs
all solutions) (v is anode of a ZDD, and S C U). Let Z be the ZDD rooted at v. The
function enum(v, S) outputs each solution in the family represented by Z plus S. In
other words, it outputs Sz U {S}. The call enum(v,oo;, ¥) returns the desired result.

The behavior of enum(v, §) is as follows: when enum(_L, ) is called, it does
nothing. When enum(T, S) is called, it outputs S. Consider the case where v is
a non-terminal node with label x. The behavior of enum(v, §) in this case is as
follows. First, it calls enum(vyg, S) and outputs all the solutions each of which does
not contain x. Then, it calls enum(v;, S U {x}) and outputs all the solutions each of
which contains x.

Linear weight minimization and maximization

When each element in the universe set is given a weight, we can compute the solu-
tion with the smallest or largest linear weight. A ZDD for a combinatorial problem
maintains the family of all feasible solutions, and the various constraints specified as
the problem setting are taken into account when constructing the ZDD. Therefore,
it is sufficient to select the solution from the family of feasible solutions represented
by the ZDD that has the minimum or maximum weight. It can be done in linear
time in the number of nodes in the ZDD by the method described below. Since both
minimum and maximum can be computed in almost the same way, we discuss the
minimum here. For any node v, let x; be the label of v. Let d(v) be the linear weight
of the solution whose weight is minimum among the solutions represented by the
ZDD rooted at v. The value d(v) can be computed as follows.

d(v) = min{d(vo), d(v1) + w;},

where w; is the weight of x;. By setting d(L) = 400, d(T) = 0, 4-00 is ignored
when taking min. This algorithm can be performed in O (|F|), where F is the input
ZDD.

Extracting only solutions not containing a specified element

Given a ZDD Z, a ZDD representing the family of solutions that are in Sz and
do not contain a specified element x; (€ U) can be constructed by a bottom-up
construction algorithm. Let offset(v, x;) be a recursive function that constructs a
ZDD representing the family of solutions in the family represented by the ZDD
rooted at v not containing the specified element x;. If vis L or T,itreturns L and T,
respectively. If v is a non-terminal node with label x ;, it does the following: if j > i,
it returns the ZDD rooted at v, since the family contains no solutions containing x;.
If j =i, the ZDD rooted at v, represents the family of solutions that do not contain
Xi, itis returned. If j < i, the following is computed recursively. We recursively call
offset(vy, x;) for solutions not containing x ;. Then, we recursively call offset(v;, x;)
for solutions containing x ;. Let Z and Z| be the resulting ZDDs of both, respectively.
We call getNode(x;, Z;, Z}) and return the constructed ZDD.
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A recursive function that constructs a ZDD representing the family of sets that
are in Sz and contain a specified element can be designed in an almost similar way.
Given a ZDD, we can extract solutions whose weight is less than or equal to a
specified value from the family represented by the ZDD, and can construct a ZDD
representing them. In the top-down construction of a ZDD for the knapsack problem
described above, we discussed the construction of a ZDD that represents the family
of solutions whose weight is less than or equal to a specified value. We compute
the intersection N of the ZDD and the input ZDD. The conditions “solutions whose
weight is exactly a specified value” and “solutions whose weight is greater than or
equal to a specified value” can be handled in a similar way. A technique called the
interval memoized technique [13] can be used to construct the ZDD more efficiently.

7 Conclusion

We described how to use ZDDs to represent all feasible solutions of a combinato-
rial problem. We described bottom-up and top-down construction frameworks for
constructing ZDDs, and how to construct the family of all vertex covers and the
family of all (Hamiltonian) cycles of a given graph as ZDDs. For various types of
(sub)graphs, the family of subgraphs can be represented as a ZDD. Furthermore,
operations such as solution counting, uniformly random sampling, and weight min-
imization and maximization can be performed on constructed ZDDs. Graphillion
is a tool that can easily handle these operations. The usage of Graphillion will be
explained in the next section.

ZDDs have been used for many applications of combinatorial problems. For exam-
ple, a method for obtaining a solution of a problem called combinatorial reconfig-
uration has been proposed by constructing ZDDs [14]. Based on the techniques
introduced in this chapter, it is expected that ZDD methods will be further developed
in the future.
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Graphillion: Combinatorial Solver for )
Graph Problems <

Jun Kawahara

Abstract Graphillion is a Python software library that provides functions for solving
combinatorial problems related to undirected graphs. Graphillion is easy to install,
allowing users to immediately take advantage of its capabilities without knowledge
of the data structures used in the library. For a given graph, the library holds all
subgraphs of the graph that satisfy specified constraints such as paths, trees, and
matchings, as well as all vertex sets on the graph such as independent sets and
dominating sets. In addition, it can perform solution enumeration, set operations,
and uniform random sampling of solutions. This chapter demonstrates how to use
Graphillion with examples of Python code and evaluates its performance.

1 Introduction

Graphillion [4] is a software library in the Python language that provides functions for
combinatorial problems related to undirected graphs to be performed without knowl-
edge of zero-suppressed binary decision diagrams (ZDDs) [8], which are described
in the previous chapter. Graphillion is easy to install, and those who have the expe-
rience of other graph libraries can immediately take advantage of its capabilities.
For a given graph, the library holds all subgraphs of the graph and all vertex sets
on the graph that satisfy specified constraints. In addition, it can perform solution
enumeration, set operations, and uniform random sampling of solutions. This chapter
describes the use of Graphillion by showing examples of Python code in Sect. 2 and
evaluates its performance in Sect. 3. We discuss what types of problems are suitable
for Graphillion in Sect. 4. The technical background of Graphillion is provided in the
previous chapter, but the reader can read this chapter without understanding them.
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2 Usage of Graphillion

2.1 Overview and Setup

Graphillion comes with a detailed tutorial that can be read to learn how to use it. In
this section, we describe the simple usage of Graphillion. The code presented below
has been tested on Mac and Linux/Ubuntu with Python 3.10 and Graphillion version
1.8.

Graphillion can be easily installed using the standard Python package management
system, pip.

pip install graphillion

To use Graphillion, we import it as follows. In the code described in this chapter,
we assume that the following import is conducted.

from graphillion import setset, GraphSet, VertexSetSet

2.2 Family of Vertex Sets

In the previous chapter, we have taken the vertex cover problem as an example of a
combinatorial problem and have explained that a vertex cover is represented as a set
of vertices and a family of feasible solutions of the vertex cover problem is consid-
ered as a family of vertex sets. For example, an example of a vertex cover of graph G
in Fig. 1 is represented as set {v;, v4} of vertices, and the family of all feasible solu-
tions is {{vi, v2, v3}, {v1, v2, v3, v4}, {V1, V2, V4}, {V1, V3, va}, {V1, 4}, {V2, V3, V4}).
VertexSetSet is a Python class that represents such a family of vertex sets.

To obtain all vertex covers of a given graph, we conduct the following procedure.
First, we set up an input graph. The representation of graphs handled by Graphillion
follows that of NetworkX [3], a library for graphs and networks. A vertex can be
represented by any hashable object, but usually, an integer or a string is used as a
vertex. An edge is treated as a tuple of two vertices. A graph is represented as a list
of edges. For example, graph G is represented by the following list.

edges = [(1, 2), (1, 3), (1, 4), (2, 4), (3, 4)]

In Graphillion, the universal setis called universe. When we use Ver texSetSet,
we need to call set_universe method for GraphSet and VertexSetSet
classes.

GraphSet.set_universe (edges)
VertexSetSet.set_universe()
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Fig.1 Examples of graphs. a Graph G;. b Example of a vertex cover of G 1. The vertices included
in the vertex cover are circled with dotted circles. ¢ Graph G;. d Hamiltonian cycle of G,. Edges
included in the Hamiltonian cycle are drawn with thick lines, and edges not included are drawn
with dotted lines

The universe of VertexSetSet will be setto [2, 1, 3, 4].
To obtain all vertex covers of a given graph, we execute the following code.

vcs = VertexSetSet.vertex_covers (edges)

All vertex covers of G are stored into vcs (in the form of a ZDD). The variable
vcs is an object of class VertexSetSet.
To find the number of vertex covers, call the 1 en method.

print(len(vcs)) # 6
print(vcs.len()) # 6

The method 1en (vcs) is the standard Python 1en method, but it is not efficient
because it explicitly enumerates all the sets. The vcs.len () method uses the
aforementioned algorithm to efficiently find the number of vertex covers.

To obtain one vertex cover from vcs call the choice method.

s = vcs.choice()
print(s) # [1, 3, 4, 2]
print (type(s)) # 'list’

A vertex cover is an object of the (Python standard) 1ist class.

To obtain multiple vertex covers uniform at random, use the rand_ i ter iterator.
The following code obtains all vertex covers stored into vcs in a random order. Note
that the following code will not stop if the number of elements in vcs is huge.
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for s in vecs.rand_iter () :

print(s)
The enumeration of all the elements (i.e., vertex covers) of vcs is as follows.

Note again that the following code does not stop when the number of elements of
vcs is huge.

for s in vcs:

print(s)

When executed, the following result is obtained.

[2, 1, 3, 4]
[2, 1, 3]
[2, 1, 4]
[2, 3, 4]
[1, 3, 4]
[1, 4]

To perform the linear weight minimization or maximization, it is necessary to
provide vertex weights. Vertex weights are given by dict of Python, where a vertex
is a key and a weight is a value. The following example outputs 5 lightest vertex
covers in a decreasing order of weights.

weights = {1: 5, 2: 2, 3: 4, 4: 8}
count = 5
for s in vcs.min_iter (weights): # if max_iter, output in
# an increasing order of weights.

print(s)

count -= 1

if count <= O0:

break

The method for extracting sets that contain or do not contain a specified element
is as follows:

ves_1i3 = ves.including (3)

# (012, 2, 31, [2, 3, 4], [1, 3, 4], [1, 2, 3, 4]]
vcs_e3 = ves.excluding(3)

# [[1, 41, [1, 2, 4]]

The method for extracting sets whose number of vertices is less than, greater than,
or equal to a specified number of vertices is as follows:

vcs_s3 = vecs.smaller(3) # [[
vcs_13 = ves.larger(3) # [[1, 2, 3, 41]
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vcs_g3 = ves.graph_size(3)
# (01, 2, 31, [1, 2, 41, [2, 3, 41, [1, 3, 411

It is also possible to extract the vertex covers whose weight is less than or equal
to a specified value. In the example below, the weights are represented as weights
and all vertex covers with weights less than 13 are extracted.

vcs_sl3 = ves.cost_le(weights, 13) # [[1, 41, [1, 2, 311

It is also possible to conduct the union and intersection operations. The following
example shows how to obtain vertex covers containing vertex 2 or containing vertex
3. The union can be obtained by the | operation.

ves_123 = ves.including(2) | ves.including (3)
# (01, 2, 31, [1, 2, 41, [2, 3, 41, [1, 3, 41, [1, 2, 3, 4]1]

The following example obtains all the independent and dominating sets of a graph.
The & operation can be used to obtain the intersection of two families of sets.

iss = VertexSetSet.independent_sets (edges)
dss = VertexSetSet.dominating_sets (edges)
idss = iss & dss # [[1]1, [4]1, [2, 311

Only minimal vertex covers can also be obtained.

vcs_minimal = ves.minimal() # [[1, 41, [1, 2, 31, [2, 3, 41]

2.3 Family of Subgraphs

In the previous chapter, we have considered the (Hamiltonian) cycle problem, whose
solution sets are (Hamiltonian) cycles. For example, an example of a cycle of graph
G, in Fig. lc is {ey, ey, €4, es, €7, eg}, which is shown in Fig. 1d, and the fam-
ily of all (not necessarily Hamiltonian) cycles is {{e, ez, €3}, {e1, €2, e4, €5, es},
{6],62,64,65,67,63},{63,84,65,66},{63,64,65,87,63},{66,67,68}} Recall that a
subgraph of a graph in this (and previous) chapter is represented by a set of edges.
GraphsSet is a Python class that represents a set of subgraphs.

To obtain the set of all Hamiltonian cycles of a given graph, the following
procedure is used. In the example, we use graph G».

GraphSet.set_universe([ (1, 2), (1, 3), (2, 3), (2, 4),
(3, 5), (4, 5), (4, 6), (5, 6)1])

hcs = GraphSet.cycles(is_hamilton = True)

# [0(1, 2), (1, 3), (2, 4), (3, 5), (4, 6), (5, 6)]11
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The variable hcs is an object of the Graphset class, which represents a set of
subgraphs as edge sets. The methods of the Graphset class are almost the same as
those of the vertexsetset class. In the following example, we randomly sample a
Hamiltonian cycle from hcs (although hes has only one cycle in this example).

h_cycle = hcs.choice()
print (h_cycle) # [(1, 2), (1, 3), (2, 4), (3, 5), (4, 6), (5, 6)]

The variable h_cycle is a graph, i.e., a list of tuples representing edges. All other
methods for vertexsetset introduced above can be used.

hces.len()
for hc in hcs.rand_iter():
print (hc)
weights = {(1, 2): 25, (1, 3): 32,...}
for hc in hcs.max_iter (weights):
print (hc)

hcs2 = hes.cost_le(weights, 20)

Graphillion can handle various types of subgraphs of an input graph. The following
are examples of them.

connected_components ()
cliques()

trees ()

forests ()

cycles()

paths ()

matchings ()
perfect_matchings ()
induced_graphs ()
bipartite_graphs ()

As an example of usage, consider the following situation. Given a graph, we want
to find a path between two specified vertices s and t. However, paths must go through
a vertex u, and must not go through vertices v and w. The distance of paths must be
at most 25. Among such paths, we select 10 paths uniformly at random and output
them. Example code is shown below.

# specify the input graph as ‘‘edges’’
GraphSet.set_universe (edges)
weights = {...} # omitted
paths = GraphSet.paths(s, t)
s_paths = paths.including(u) .excluding(v) .
excluding (w) .cost_le(weights, 25)
count = 10
for p in s_paths:
print (p)



Graphillion: Combinatorial Solver for Graph Problems 59

Table 1 Experimental results for vertex covers. “TZ X means network (graph) X in the Internet
Topology Zoo [6]. “M/O” means out of memory (exceeding 64GB). Since grid graphs with odd
length have less vertex covers than those with even length, we show the results only for grid graphs
with even length

Graph # Vertices # Edges Time Memory # Solutions
12 x 12grid | 144 264 435 6280.3 MB 1.6 x 10%6
14 x 14 grid | 196 364 743.2 47792.7MB | 3.4 x 10%
16 x 16 grid | 256 480 - M/O -
TZ Colt 153 191 0.1 24.6 MB 4.0 x 1034
TZ UsCarrier | 158 189 0.2 46.1 MB 2.5 x 1032
TZ Cogentco | 197 245 0.5 98.5 MB 3.4 x 10%
TZ Kdl 754 899 - M/O -

count -= 1

if count <= 0:

break

3 Performance Evaluation

As mentioned in the previous chapter, NP-hard combinatorial problems are not
always solvable even when the problem size is only a few hundred. Graphillion
allows us not only to obtain exact optimal solutions of combinatorial problems such
as the vertex cover problem and Hamiltonian cycle problem, but also to perform
operations described in the previous section, such as extracting multiple solutions in
order of decreasing weight.

We present the performance of Graphillion for some graphs. The environment for
the computer experiment presented in this section is Intel Core i7-10710U CPU, 64
GB memory, Linux Ubuntu 24.04, and Python 3.10. The version of Graphillion is
1.8. The graphs used in this experiment include complete graphs, grid graphs, and
network benchmark graphs provided by the Internet Topology Zoo [6]. We present
the results of graphs where we successfully computed the sets of solutions. We
assign uniformly random integers ranging from 10 to 100 as weights to each vertex.
Although we do not describe the variable order of ZDDs in the previous and this
chapter, it is important because it affects the performance of the computation. We
adopt the order determined by the method based on graph cuts [1].

We show the results for vertex covers. Given a graph, the code that obtains the set
of all the vertex covers of the graph is as follows:

vcs = VertexSetSet.vertex_ covers (edges)

The results of this method are presented in Table 1. The table columns include
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the input graph name, the number of vertices, the number of edges, the method’s
execution time (in seconds), the amount of memory used, and the number of solutions.
The method’s execution time primarily consists of the construction time of the ZDD.
For the Internet Topology Zoo data, the method successfully obtained the sets in under
1 s for graphs with fewer than 200 vertices. For the 14 x 14 grid graph, the method
successfully constructed 338752110195939290445247645371206783 solutions in
743.2 s. However, for the 16 x 16 grid graph, which has 256 vertices and 480 edges,
we were unable to obtain the set of solutions due to insufficient memory. Although
the sets of solutions obtained are compressed, a significant amount of memory is still
required to compute them for larger graphs.

Next, we present the computation times for several methods introduced in the
previous section. For the 14 x 14 grid graph, the vcs.len() method, which finds
the number of solutions, took 2.24 s. The vcs.choice() method, which obtains
one solution, and the ves . including (v) method, which extracts only solutions that
include a specified element v, both finished within 0.01 s. Obtaining 10 solutions
with the minimum weight using the vcs.min_iter () method also took less than
0.01 s. The execution time of these methods is negligibly small compared to the time
required to construct the set of solutions.

4 Discussion

We discuss the types of problems for which Graphillion is better suited compared to
other methods. Graphillion maintains an exact set of feasible solutions for problems
with graph sizes ranging from a few hundred to a few thousand vertices. There-
fore, Graphillion is useful when exact solutions, rather than approximate ones, are
required. Graphillion is also useful when it is necessary to output multiple high-
quality solutions for comparison or to generate a large number of solutions through
random sampling. For very large graphs, such as those with millions of vertices, it
is impractical for Graphillion to function effectively.

In addition, Graphillion can be used for problems that involve enumerating sub-
graphs of a given graph, or when the nature of the problem requires implicit graph enu-
meration. Graphillion has been applied to the construction of high-strength test suites
for combinatorial interaction testing [9], the development of structured Naive Bayes
classifiers for detecting anomalous paths in graphs [2], the evaluation of low-latency
network topologies [7], and other similar tasks.
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Graphillion has the potential to be applied to graph problems where the solution
space cannot be expressed using linear inequalities and where complex constraints
must be considered. One example of such a problem is the representation of the set
of rooted spanning forests in the optimization of switch configurations in a power
distribution network [5].

5 Conclusion

In this chapter, we introduced Graphillion, a Python library designed to solve combi-
natorial problems on graphs. Graphillion can be used to solve combinatorial problems
such as the minimum vertex cover problem, where a solution is a set of vertices for
a given graph. It can also solve problems like the Hamiltonian cycle problem, where
the solution is a subgraph of a given graph. Graphillion is still under development and
is expected to evolve as a powerful tool for solving a wide range of graph problems.
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Interdisciplinary Discussions for Future )
Computer Science Gastin

Takeaki Uno

Abstract This paper explains the activities of the Kanda Lab in the AFSA project,
the reasons for its establishment, its value, and its motivation. We analyze the current
state of interdisciplinary integration obtained from the activities of the Kanda Lab.
The AFSA project’s activities in the art layer are presented as a new perspective on
the power to create connections with other fields and to create new ideas from the
discussions which are widely connected to academia and society that the field of
computer science would implicitly share. This is then developed into the construc-
tion of a methodology for discussing and researching interdisciplinary integration,
and for its efficient implementation. For this purpose, the Kanda Lab was designed
and established as a place where researchers from different fields can easily discuss.
We employed young researchers as full-time researchers who are interested in inter-
disciplinary integration from many fields including natural science, mathematics,
and humanities. These researchers are required to be willing to construct one’s own
worldview. In the latter half of the paper, we will introduce the new perspective
on the current state of interdisciplinary integration found in the discussions at the
Kanda Lab, the new value of interdisciplinary integration that results from this, and
an overview of the entire academic field.

1 Introduction

Many problems in computer science are linked to the analysis of real world, natural
and social phenomena and support and contribute to human activities there, and
solving these problems leads to value. The ART layer in the AFSA project is a
conceptual or actual place where computer science theory and application intersect,
created to focus on improving the quality of research results. This concept has been
continuously upheld since the predecessor project of the AFSA project, and activities
have been carried out based on this concept. As a result, theory and application are
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organically connected, resulting in many high-quality research results, and accom-
panying this, many researchers are able to connect with others and discuss beyond
their own research fields. If we think a little more broadly, this can also be seen as
an example of interdisciplinary fusion actually producing results. Here, interdisci-
plinary fusion refers to the fusion of informatics or computer science with some other
field including industry. Researchers and practitioners from different fields interact
and discuss, which leads to new research and the next challenge. This cycle is going
smoothly.

However, the activities carried out in the ART layer have not been always efficient.
Many researchers have met new people, exchanged knowledge through many discus-
sions, generated new ideas, formulated research questions, and actually conducted
research. On the other hand, many researchers who visited the ART layer did not have
good discussions, and did not produce any good ideas and research. Even if there
are many encounters, only a few lead to new research or related discussions. Also,
even if there are discussions, there are many cases where good ideas do not come
out. Even if good ideas come out, they do not necessarily lead to further research.
There are many cases where new knowledge is obtained and good ideas come out,
but the ideas are left unexplored and forgotten because they are not in a position to
research them. In other words, it is not always efficient, and the things produced have
not always been put to good use.

Even though there are certainly people who are good at working in the ART
layer. They smoothly build relationships by mutual understanding and exchanging
interests from new encounters. In discussions, they come up with rational or inno-
vative ideas from many perspectives and formulate research questions. Because
research resources are limited, not all newly generated research questions are actually
researched, but the quality of the questions themselves gives many researchers new
perspectives, knowledge, and stimulation. This ability does not seem to be innate,
and there are many cases where researchers who were not very good at it at first
became better over time. In other words, this is a skill that can be acquired to some
extent. Considering that good discussions and good research questions give good
knowledge and stimulation to many researchers, it would be of great value if many
researchers could possess this ability. The challenge is how to improve this ability,
or how to create an environment in which such ability can be easily demonstrated
and acquired.

When we consider the above issues, the question naturally arises as to why it
is necessary to create new research questions in the art layer. If we only consider
creating research questions, it seems much more efficient for each researcher to think
of problems in their own field of expertise, where they have the most knowledge and
experience of thinking. This is certainly true. However, if we think about it, we can
also say that there are already plenty of research questions in the world that such
experts think of and create in their own fields of expertise. Such questions would not
provide researchers with new knowledge, ways of thinking, or inspiration. Research
that suggests new ways of thinking and values to researchers would always be created
by incorporating new ways of thinking and concerns outside of their field of expertise.
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The need for people from various fields to discuss this issue can also be thought
of as follows. Let us see a story as an example or metaphor that is originally given by
a member of AFSA project, Prof. Kumiyo Nakakoji of Future University Hakodate.
Imagine that there is a person who runs a business transporting good using horse-
drawn carriages. This person considers using mechanical technology to make his
business more efficient. However, if he does not clearly recognize the problems in his
own business and reconstruct his current operations from multiple perspectives, there
is a possibility that he will end up mechanizing things in a strange way. For example,
mechanizing the horse and driver as a robot. Ideally, he should have developed a
truck, but it would be difficult for a person who only has the concept of a horse-drawn
carriage to come up with the idea of a new type of tool like a truck.

It is difficult for someone who is an expert on a particular problem or task to
observe and analyze the problem they are facing, in the above case their work on the
business, from multiple perspectives and describe only its essence in abstract terms.
When it comes to applying technology, if only technicians and engineers think about
it, they tend to fall into short-sighted solutions like mechanizing horses. This can
also be inferred from the fact that many theoretical research results are not easily
applied to society in a sufficiently reasonable and good way. This is inevitable that
the quality of research and research questions that are created is higher when they are
discussed from various perspectives. Discussions held in places where researchers
and practitioners from many fields gather, such as the art layer, inevitably lead to
efficient activities that produce high-quality research questions or research activities.

So why do these artistic activities need to be led by computer science researchers?
People in academic and industrial fields, where technology is applied, are more likely
to gain direct and significant benefits from such activities, and one might think that
people in those fields are better suited and much motivated to running the artistic
activities. However, on closer consideration, as we will explain below, it becomes
clear that the activities of the art layer are closely connected to the essence of computer
science.

In the field of computer science, especially in the research fields of algorithms and
information mathematics to which the AFSA project belongs, there is a tendency to
place a great deal of emphasis on the theoretical aspects, such as mathematics and
computational complexity. However, theoretical research not connecting to the real
world, or theoretical research connected to theoretical research itself, will not often
receive high recognition in the field of computer science. Much of the research that
computer science undertakes has its origins in the real world problems, and it often
implicitly assumes that calculations and operations will actually be performed. In
other words, research that asks questions that are linked to society, industry, science
and technology, and has the potential and validity to be used in these areas is highly
evaluated. This is a significant and major difference between computer science and
mathematics. In addition, considering society and humans as sources of problems
and addressing the methodology of giving value to them rather than just analyzing
is a major difference from fields such as physics and other natural sciences. Even
if the research is technically deep or mathematically sophisticated, it is often not
of interest if it has no application or is not related to other technologies or natural
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sciences. Such research may not be accepted by academic journals. The application
of theories and technologies in computer science is also of great value to the fields
to which the theories and technologies are applied. Conversely, if it does not have
much value, then the application of the technology, or even the technology itself,
will be devalued in the context of computer science values.

There are few other academic disciplines that apply such diverse technologies
and knowledge to such diverse fields. This is a major feature of computer science.
Throughout its history, computer science has discussed with researchers in many
fields, verbalized problems in those fields, and developed technologies to solve them.
This means that the acquisition or creation of new concepts through discussion with
other fields is essentially a characteristic of computer science that is not an essential
characteristic in other fields. In other words, the activities carried out by the art layer
can be said to be the explicit strengthening of the activities that computer science
has been carrying out implicitly in its long history. Also, since one of the great
values of computer science is the development of technologies to solve problems in
other fields, this can be said to be one of the essences of computer science, and also
connected to the activities in the art layer.

Since computer science has long developed problem-solving methods for other
fields, it is thought that computer science has a lot of knowledge and implicit tech-
niques for formulating or modeling problems in other fields. Various concepts exist
and are dealt with in various fields, and each field has its own specialized knowl-
edge. However, when it comes to mixing these concepts and techniques and creating
possibilities that people can solve, problems with direction, or approaches to research
questions, computer science is probably the field with the most knowledge to do this
well. It seems that the activities of the art layer in the AFSA project are so effective
because computer science is adjacent to them.

As part of the AFSA project, we planned to expand and develop the activities of
the art layer, and create a place where researchers from various fields can gather.
First, the participants in the discussions were changed from those involved in the
theory and application of computer science to researchers from many research fields
and practitioners in various industries. At the same time, we planned to go beyond
the framework of simply applying theoretical research and to deal with a wide range
of important issues related to computer science. This was designed to essentially
utilize the strengths of the art layer, which is the discussions between researchers
across fields and the resulting creation of high-quality research questions and ideas
for research methods. By holding discussions that did not require actual research
activities, we greatly expanded the reach of the researchers’ thoughts without limiting
them to what they themselves can implement.

In addition, we established a base called the Kanda Lab in Tokyo, Japan, where
we placed several full-time young researchers with expertise in fields other than
computer science, and created a system where discussions could be held at all
times. To make it easy for active researchers at the forefront to visit the place, we
selected a place that has good accessibility from all over Japan, including the Tokyo
metropolitan area, so that they could stop by on business trips or while commuting,
so that many new encounters of researchers and discussion would happen smoothly
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on a daily basis without holding large-scale events. We also held many discussion
meetings and gatherings to increase interaction with AFSA project members and
surrounding researchers, with aiming to make it become a physical symbol of the
AFSA project and a central base of activity, connecting the project as a whole. In addi-
tion, we did not have fixed seats for each member inside the Kanda Lab, but instead
used a free address system, allowing us to hold events of various sizes and reducing
the psychological barrier of stepping into someone else’s territory. The Kanda Lab’s
furniture was diverse, not too stylish or dirty, neat but slightly messy, and we also
provided a kitchen and cooking utensils, making it as easy as possible for researchers
to accept and be accepted their own values and lifestyles in the Kanda Lab, and to
accept as many diverse people as possible in a relaxed state, including their daily lives
and activities outside of research. The researchers assigned to the Kanda Lab are not
people who have established a worldview in their own research area and are inten-
sively devoting themselves to research in that area, but rather researchers who are
trying to build their own worldview and who are also interested in interdisciplinary
fusion. This is because the activities carried out at the Kanda Lab are also activities
to create a worldview related to interdisciplinary fusion, and we select people who
can think about, discuss, and create these activities as if they are their own, rather
than engaging in these activities outside of themselves.

The objectives of the Kanda Lab are (1) to create research methods, research
questions, and concepts for them that have been conducted in the art world through
interdisciplinary discussions, and to compile and publish them as a problem catalog,
(2) to construct a methodology that will enable such interdisciplinary discussions to
be conducted efficiently, obtain high-quality results, and make the discussions more
accessible and attractive to many researchers, and to describe it as a technology, and
(3) to conceptualize abstract matters such as the current state of interdisciplinary
fusion, the meaning and results of researchers interacting across fields, the structure
of academic fields, and how to understand their differences from the perspective
of interdisciplinary fusion through these activities. To this end, many researchers
from various fields will be invited to hold discussions, and the perspectives and
concepts gained from these discussions will be re-discussed by lab members to
deepen and clarify them. Members of the Kanda Lab will put into practice some of
the specific research plans that have emerged from these activities. Commonalities
will be extracted from the activities, behavior, and thinking of diverse researchers in
the discussions and exchanges held in the Kanda Lab, and their forms will be clarified
by re-discussing them among members of the Kanda Lab. We also implemented
some of these interdisciplinary technologies into practice outside the Kanda Lab,
and observe and verify their effectiveness. As well as the problem catalog, we also
document the findings and activities themselves, and make them widely available in
some form of media.

This chapter, as well as Chaps. 5-12, were born out of the four-year activities of
the Kanda Lab, which began in 2021. Below, we discuss the motivation, validity, and
usefulness of the Kanda Lab’s activities and goals.

We think that expanding the activities that have been carried out in the art layer
and having discussions that involve people from fields other than computer science
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and its applications, especially humanities and social sciences, is not only about
the project itself but also about the future of computer science itself. Of course,
good results are produced by the activities of people in computer science and its
applications. However, these results are limited to the overlap of computer science
and its applications, and ideas rarely go beyond that. On the other hand, in activities
in the art layer, even if people with seemingly unrelated expertise join the discussion,
insights that were not thought of at the beginning of the discussion can be obtained,
and new directions that are convincing and valuable can be obtained. In particular,
many of these insights and values are related to humanities and social sciences. We
think that this is natural, considering that the discussions that have been held in the art
layer were not originally seeking value in a purely mathematical or business sense,
but applications that have value and are useful to society and people. Also, from
the perspective of considering issues related to humans and society, discussions held
only by people with no expertise in humans or society can sometimes lead to a large
deviation in direction. The reasons for this are explained below.

As an example, let us consider the toilet paper hoarding incident that occurred in
Japan in February 2020, the beginning of COVID-19 era. This incident started when
a person posted a fake rumor (maybe a joke, originally) on social media that there
would be a shortage of toilet paper due to the COVID-19 pandemic. As a result,
many people bought up toilet paper, making it difficult to obtain at supermarket. It
is commonly believed that this was caused by many people feeling anxious about
what to do if toilet paper became difficult to obtain, and so they bought more toilet
paper than usual. However, some research and analysis suggest that this anxiety was
not caused by the rumor, but rather by posts and media news warning people that the
post was a fake rumor. It is also known that the number of people who actually came
into contact with the fake rumor itself was overwhelmingly smaller than those who
heard warnings about the fake rumor. In other words, it is highly likely that people
bought more toilet paper as a result of receiving a lot of information that said it was
a fake rumor and that there was no need to buy more.

This has a very big implication. In computer science, it is said that it is very
important to develop technology to confirm that information is a fake, and technology
to accurately inform people that fake information is a fake so that the spread of fake
information does not cause chaos in society. However, in this case, both of these
were achieved perfectly, and as a result, people hoarded toilet paper. In other words,
it can be considered that this happened as a result of computer science perfectly
achieving its goal. This means that there is no choice but to think that there was
some fundamental discrepancy in the goal setting of computer science, which aims
to contribute to society. In addition, this kind of phenomenon is called panic in social
psychology. In this case, panic does not refer to an individual falling into a state of
extreme confusion as is usually imagined, but rather to a state in which many people
believe that “I am calm, but the people around me are surely unable to make calm
decisions.” From this perspective, the goal of computer science is not to accurately
detect fake information and spread the results of that detection, but to create research
questions, model them, and develop the methodologies to solve them to prevent
people from falling into this state of panic, model them, and develop solutions.
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Looking back, it seems that the problems that computer science deals with have
not undergone any major updates since its inception. For example, the shortest
path problem used in navigation systems was formulated more than 50 years ago
as a problem of finding the path with the least cost, and its framework has not
changed much to the present day. In the meantime, society and people’s values have
changed significantly, and there have been continuous and major changes in values
and methodologies regarding what should be prioritized in various problems and how
they should be solved. As a result, there are probably cases such as the toilet paper
incident mentioned above, where the goals that computer science initially set are
greatly distant from the values and systems of society. In order to bridge this gap and
continue to accurately recognize the issues that computer science should tackle in the
future, it is essential to continue to discuss issues from many perspectives, especially
in places where specialized knowledge related to people and society gather, that are
humanities and social science.

In many cases, diverse and rich ideas are presented in discussions at the art layer.
The validity and feasibility of these ideas are then verified and improved. However, if
none of the participants in the discussion can carry out research to which these ideas
can be connected, the ideas are often left undeveloped and forgotten without being
deepened or polished. This is somewhat reasonable, since the goal of discussions at
the art layer was to conduct collaborative research or to achieve the unique goals of
each participant. However, opportunities for researchers of theory and application to
gather and discuss, such as those in the art layer, are valuable for many researchers,
including those participating in the art layer themselves. Furthermore, the ideas that
emerge from these discussions include not only concrete final deliverables such as
research questions and plans, but also new perspectives, concepts, and approaches,
which may not directly become results but may become the seeds of other research
questions and plans. These perspectives, concepts, and approaches are very difficult
for people who need them to research and obtain through seeking existing literature or
having interviews, and in that sense, they are of great value. Considering these things,
it would be a waste to leave the ideas that come out of discussions and the results
of verification as they are. However, these ideas themselves are often elementary or
ad-hoc, and if one were to record the ideas as they are, one would just end up with a
messy pile of notes. In order for ideas to be revisited by others and for the knowledge
to be utilized, the validity and feasibility of the ideas must be properly verified and
improved, and their meaning, value, and effectiveness must be explained from many
perspectives.

As mentioned above, the ideas that came up in the discussions, and the associ-
ated perspectives, values, and seeds of technology will be of great value if they are
described and disclosed. Considering the general usefulness of such descriptions,
they should be in a form that is easy to search and browse, specifically in the form
of a database or catalog. In addition, such easy browsing will be of great value not
only to people who simply need these concepts, but also to people who are simply
looking for new ways of thinking, not based on one’s own research needs, but simply
by serendipitous encounters. In general, it is very difficult to consider whether one’s
current activities or current thoughts require consideration or verification from a
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certain perspective that one has not considered before. Even if one senses the possi-
bility and necessity, it is also difficult to clarify which specific perspective is needed,
or what the general perspective is applicable. In order to expand one’s own thoughts,
it is difficult to determine the direction in which to expand them, and one can only
look for serendipitous opportunities in a somewhat comprehensive manner. To that
end, the existence of a place where a wealth of high-quality perspectives, ways of
thinking, and ideas are available and can be viewed all at once should be of great
value. Even if you have a vague goal of exploring new research or adding a new
direction to your own research, a place like this that is highly accessible and has a
collection of good concepts will be of great value. It can provide hints for gener-
ating new research ideas and directions, as well as materials for thought, and support
creativity.

When such new perspectives, thoughts and research questions given by art layer
discussions are described in a problem catalog, it would be of great value to people
who are not currently conducting computer science research or using computer
science technology. Currently, many of the documents introducing computer science
technology are about the results of research conducted to date, and they allow people
to learn about the research conducted and what has been achieved until now. On
the other hand, our problem catalog, which describes questions, ideas, and values
that may be researched in the near future from many perspectives, allows people to
get an overview of the scope and direction of computer science research results in
the near future. Being able to imagine not only the current state of development but
also future developments should be a great help in evaluating the value of computer
science based on each person’s situation and values. This applies equally to research,
business, and ideas and activities in social activities.

Currently, there is not much of a culture that values or evaluates the act of writing
and publishing such thoughts, perspectives, and ideas. Although there is certainly
value in the act itself, the lack of putting value and motivation for doing so may hinder
in-depth discussion of topics that one does not necessarily research. If researchers
were given a certain amount of recognition and respect for simply asking research
questions, creating perspectives, and developing concepts, they would do so more,
and this would become an activity that benefits others and society.

There are certainly people in the art layer who are good at holding discussions and
collaborative research, or at initiating these discussions and building relationships
with people for this purpose. To generalize, there are certainly many researchers
who are good at such advanced thinking activities as formulating research questions,
thinking and coming up with ideas for them, debating, communicating their own
ideas to others, and understanding the ideas of others. Furthermore, these people
were by no means good at these things from the beginning, and people who were not
good at them at first often become good at them later. This means that these abilities
can be acquired. However, these are craftsman-like abilities that depend heavily on
individual talent, and the means taken to acquire them are limited to merely taking
inspiration by seeing and referring to the actions and ideas of others.

Itis commonly recognized in many fields that the task of discussing, thinking, and
formulating high-quality research questions is a very important part of conducting
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high-quality research. However, the situation is not such that many people can acquire
the ability and methods to do so. It exists only as tacit knowledge of individuals, or
as unverbalized shared knowledge of research fields, communities, or laboratories.
In such a situation, only those with a favorable environment can master this ability,
which is detrimental to the academic field. In addition, in such a situation, the task of
creating concepts and formulating questions through discussion and thinking itself
becomes ad hoc, and the same failures are repeated many times, and even when they
do work, the reason for their success is not known. People would believe that such
ability is really personal experiential knowledge. In addition, vague and unspecific
advice is given to those who want to improve their research skills, such as “you have
to meet many people and talk as much as possible, even they are selected randomly.”
In order to find new research questions and directions, fruitless discussions may be
repeated, resulting in unnecessary costs.

When observing the activities of the art layer and hearing about know-how from
those who are skilled in them, at least elementary commonalities can be found. If we
assume that this is somewhat universal, then it is likely that there is a methodology
that can be verbalized and practiced by many people. In other words, this kind of
skilled way of working seems to be systematizable to some extent as a technique. It
probably starts from something quite simple and elementary. Despite this, it seems
that there are almost no descriptions of this methodology. If these skilled ways of
working at the art layer were to be technicalized and described, it would become
relatively easy for people to play an active role in interdisciplinary discussions. This
would have a major impact on research and industry.

From this chapter onwards (Chaps. 5-12), we will describe the current state of
interdisciplinary discussion and collaboration that the art layer wants to be, technolo-
gies for good and smooth interdisciplinary discussion and collaboration obtained
from the activities of the Kanda Lab, and research questions and problems obtained
from interdisciplinary discussions at the Kanda Lab. These are described from the
perspective of the Kanda Lab, which is an interdisciplinary fusion lab that combines
computer science, mathematics, natural science and humanities. It is very difficult to
describe these matters from a universal and general standpoint, and it is unlikely that
any reasonable and valid system for such description methodology can be created.
Therefore, this time we will describe the perspectives and ideas gained from four
years of activities at the Kanda Lab as our standpoint. Since the perspectives are
constructed by selecting those that are highly common from the knowledge of many
researchers, we believe that a certain degree of generality is guaranteed, and that
they will be of good value at least to researchers and industrial people involved
in interdisciplinary fusion. For the methodology of the following description, we
will use a general method of logic and explanation developed and used in computer
science to discuss the value and significance of new problems, the feasibility and
validity of modeling, etc., which often appear at introduction and discussion of the
articles in computer science. Specifically, it involves deriving hypotheses or seeing-
as from observation and trials, and verifying and asserting their rationality, validity,
generality and usefulness, etc. in a logical or conceptual sense.
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In the following of this chapter, we will explain the current state and nature of inter-
disciplinary research from the perspective of the practice in the Kanda Lab. In Sect. 2,
“Classifying Interdisciplinary Collaboration Research,” we will observe at and clas-
sify interdisciplinary fusion research from the perspective of the researchers who
are actually engaging interdisciplinary fusion research, and in Sect. 3, “Analyzing
Difficulties on Interdisciplinary Discussions and Collaborations,” we will explain the
difficulties of interdisciplinary research from the perspective and standpoint of the
practitioners who have actually attempted it. In Sect. 4, “Studying Interdisciplinarity
by Interdisciplinary Discussions,” we will explain the methodology of using interdis-
ciplinary discussion to analyze the methodology of interdisciplinary fusion research
itself. In Sect. 5, “New Overviews for Decomposing Research Areas,” we will build a
perspective from the concepts obtained from these interdisciplinary discussions, and
describe a new way of characteristics of academic areas and classification method. In
Sect. 6, “Independence of Concept Forming and Research Questioning Separating
from Research Activity,” we propose to make it independent that the parts of research
questioning and creation of ideas from the research activities. We consider the value
and feasibility of distributing many research questions as shared knowledge in the
academic world. In Sect. 7, “Types for Various Understandings”, we explain the
categorization of individual ways of thinking that have emerged from these interdis-
ciplinary activities, which might be heavily influenced by their field, in particular the
ways in which people understand other people’s concepts and concerns.

2 Classifying Interdisciplinary Collaboration Research

Currently, interdisciplinary collaborative research is strongly recommended by
academic societies and also by governments. It can be considered that knowledge and
thoughts from multiple disciplines, not just one, could contribute to breaking down
the barriers of research, creating new values, and developing new fields of research.
Even if not necessary, the gathering of individuals from various fields to collabo-
ratively formulate research questions and engage in research activities is likely to
uncover new values more readily.

However, when interdisciplinary collaborative research is encouraged, there
seems to be little indication or evaluation of the content and methods of how the
collaboration was done. When High-quality research results were obtained, then the
works would receive high praise, but evaluations of the methods of collaborative
research are seldom seen. If one wants to conduct effective interdisciplinary collab-
orative research, we have to look at, analyze, and evaluate interdisciplinary collab-
orative research. Further, it is necessary to analyze how individual researchers are
engaging in collaborative research, to understand how the actual interdisciplinary
collaborative research has been done widely. Here, based on the interdisciplinary
interactions at the Kanda Laboratory, we would like to grasp the current situation of
interdisciplinary collaborative research, by classifying the current forms of interdis-
ciplinary collaborative research. Normally, such classifications would be based on
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the content of research or the fields being integrated, but here we will discuss the
types of collaborative research based on activities of the researchers.

The first type involves using, say importing, technologies from other fields as
tools in one’s own field of research. For example, the use of Al technology in XX
informatics, which has been prevalent recently, fits this category. Researchers in
Field A adapt Al technology, data analysis techniques, and simulation technologies
developed in informatics to suit the problems of Field A, using them to enhance
the efficiency and quality of their research. In this case, the formulation of research
questions and the values of the expected results are often based on the values and
disciplines of Field A, and advances in informatics as an academic field often do not
occur. This type also includes gaining efficiency and then new insights in physics
or chemistry by introducing robotic or other experimental equipment improvement
technologies from engineering. Changing the direction of research in engineering by
using results from psychology is also included in this type.

The second type involves using and simultaneously developing technologies from
other areas and making it a part of research activity of one’s own research area. For
example, creating databases in the humanities, developing experimental equipment
in the natural sciences, and improving machine learning algorithms to get adapted
in the domain data of the above-mentioned Field A, are cases in this type. Although
constructing databases is a study in informatics, developing experimental equipment
is a study in engineering, and improving the accuracy of machine learning algorithms
is a study in informatics, these activities are carried out in the discipline of one’s own
research area in order to advance one’s research area. In this scenario, the research
questions and valuation are often based on the values and disciplines of the area
adopting the technology, and the primary aim is seldom to develop the technology
itself, such as theoretical understanding, constructing new methods, and seeking
potential applications of technologies, which are important in the technology areas
such as databases, engineering of experimental equipment, or machine learning.

The third type is the acquisition of topics from other areas. For instance, the areas
of philosophy or law might take the topic of autonomous vehicles from engineering
areas to consider its ethical implications and legal framework, or a researcher in
informatics might take topics of building structures from architecture to consider
issues of optimization. In informatics, this type of research is prevalent, and it is
not an exaggeration to say that many new research questions are introduced in this
manner. Also in this case, the research is conducted according to the values and
disciplines of the area that adopts the topic, and the focus is rarely placed on the
intrinsic usefulness or value of the topic itself.

When these types are considered, it appears that many interdisciplinary research
efforts seen around the world fit into one of these categories. Moreover, these three
types all involve importing technology, research activities, or topics from other areas.
From the perspective of disciplines and values, this means that technologies, research
activities, and topics belonging to one discipline or set of values are newly utilized
or researched under other disciplines. On the other hand, interdisciplinary research
often anticipates the creation of new fields and innovations, implying that updates of
disciplines or establishments of new research disciplines is implicitly expected.
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Observing the interdisciplinary discussion for creating new research questions
at the Kanda Lab, many research ideas do not fit into the previously mentioned
three categories. These ideas often involve introducing or creating new values and
perspectives within one’s own field. For instance, in literary studies, researchers
may conduct a detailed analysis of a single article or articles of an author, with and
for uncovering the historical context in which it was written, the psychology and
characteristics of the author.

Due to the depth of analysis required, the texts often studied are lengthy and intri-
cately constructed, and do not typically include contemporary, concise and short texts
like those found on social media, which are demanded to be analyzed in recent era.
Texts from social media, which often directly reflect the thoughts of the writers, could
theoretically be easier for literary researchers to analyze the thoughts of the writers,
but the brevity of SNS texts usually does not provide enough information to support
thorough analysis. However, actually, the goal of analyzing social media is not to
pinpoint the psychology of individual writers but rather to identify commonalities
across many posts about a certain topic. From this kind of analysis, it is possible to
derive thoughts and psychology that are common to many people regarding a certain
social issue or incident, along with the basis that they appear in a large number of
posts. This approach of identifying commonalities across many writers and texts
does not traditionally exist in literature but is a fundamental concept in data science
and informatics, where looking for primitive commonalities across many data points
can lead to meaningful interpretations. If we are to incorporate data science’s global
view of data as a method of literary research and create a new way of reading texts
for that purpose, we can say that this is a fusion of the discipline of literature and the
discipline of informatics.

Here, we would like to introduce a fourth type of interdisciplinary integration
that creates new research disciplines through the merging of disciplines. Bioinfor-
matics might be an example of this type, where biology traditionally classified organ-
isms based on observable characteristics. However, with genomic analysis, it is now
possible to statistically determine genetic distances between species and then they
reconstruct the way of classification of organisms based on distance of genomes.
We can say that this represents a new discipline that emerged from the fusion of
disciplines of biology and informatics.

While the first three types of interdisciplinary collaborative research might be
more suitable for immediate research outcomes, the fourth type emerging at the
Kanda Lab might be not so, but particularly intriguing and engaging. For instance,
within the AFSA project, presentations of the fourth type of research attract signif-
icantly larger audiences and more heated discussions than other research presenta-
tions. It appears to spark curiosity and a desire among many researchers to learn about
and engage with these studies. However, this new type of research discipline also
entails significant challenges. Since the research methodologies of these researchers
are usually not yet established, researchers often have to proceed by much trial and
error. Additionally, finding appropriate venues to present such findings can be not
easy, as many academic journals usually accept papers in the scope of their estab-
lished disciplines, but tend to reject those not in the scope. Thus, creating a new
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discipline might mean that there are no direct academic journals available to accept
the research.

3 Analyzing Difficulties on Interdisciplinary Discussions
and Collaborations

Interdisciplinary collaborative research is frequently said to be challenging. We also
faced various difficulties at the Kanda Lab in interdisciplinary collaboration. The
essence of these difficulties at the Kanda Lab seems significantly different from
what is commonly perceived. The commonly discussed challenges of interdisci-
plinary collaborative research would include lack of time for research and discussion,
absence of opportunities to engage with researchers from other fields, and insuffi-
cient resources such as budget and staff. At the Kanda Lab, we started with sufficient
time, opportunities, and resources. Nevertheless, despite these conditions being met,
significant challenges in interdisciplinary collaboration were realized and unveiled.
As we got understood what these difficulties were, the issues of time and budget
seemed less fundamental. We discuss these challenges below.

Interdisciplinary collaborative research inherently involves transcending or even
discarding existing disciplinary boundaries to create new disciplines, on which
research is then conducted. Not all research does this, but the more innovative the
research, the more likely it is to involve the creation of new disciplines. It is very
much challenging all of these, to fuse several disciplines, to overcome one discipline
and think in terms of other disciplines for which one has only beginner’s knowl-
edge, to find values in them, and to throw away even temporarily the disciplines of
one’s own field that might be one’s identity. From the viewpoint of research of just
exchanging technologies, aiming itself for the fusion of such difficult disciplines is
even difficult. We have discussed this many times in other sections, so omit it here
and explain other difficulties surrounding this difficulty.

Although this is not the case with all interdisciplinary research, the more innova-
tive the research, the more likely it will involve the construction of a new discipline.
On the other hand, if it is a new discipline, this means that it is difficult to pass
peer review by academic journals that use existing disciplines as the standard for
their values. Peer review typically makes validity and value judgments based on
the journal’s discipline. A new discipline often deviates from the existing journal’s
discipline, and its validity and value will not be recognized, especially if the method-
ology or values are updated. The more innovative interdisciplinary fusion is, the more
difficult it is likely to find a place to submit the paper.

The claim above leads to the second difficulty, which one has to value the research
fundamentally and independently. Creating value from scratch is difficult very much.
It is not enough for the value to be recognized,; it needs to be well-regarded by many.
If one is working within an existing discipline, it is clear how to enhance the value
under the discipline. In a new discipline, it is unclear what should be considered
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valuable, how to shape this value, and how it will be evaluated. It is challenging to
construct good value under these circumstances.

The third challenge pertains to the practitioners of the research. Even after
some value has been preliminarily established, subsequent steps involve conducting
actual research activities, such as investigations, experiments, implementations, anal-
yses, and system developments. However, interdisciplinary research often requires
adopting novel methodologies, meaning researchers cannot use, or rely on, their
familiar, specialized techniques. If all participants find research activities inefficient,
they can hardly find the meaning of conducting the research. This inefficiency can
compromise the quality of research outcomes, representing a substantial challenge.

We can show other challenges such as ensuring equal effort among researchers,
and disparities in benefits derived from research outcomes across different fields.
Some researchers may gain significantly while others benefit less, resulting in issues
of fairness. These challenges stem from the heterogeneity of fields and researchers
but are addressable through strategies such as negotiations and repeated collaborative
efforts aimed at normalization. Although resolving these issues may incur higher
costs, they are manageable problems. The abovementioned challenges are unique to
interdisciplinary collaborative research, and clearly articulating and clarifying these
difficulties can significantly enhance the efficiency of the methods used to facilitate
interdisciplinary collaborative research.

4 Studying Interdisciplinarity by Interdisciplinary
Discussions

Interdisciplinary discussions and research are generally considered to have many
difficulties. Given their importance and difficulty, one might expect the existence of
methodological studies or shared best practices. However, neither the members of
the Kanda Laboratory nor the dozens of researchers who have visited have ever heard
of such methodologies or know-how, even as rumors. It means that we should study
and develop these methodologies ourselves. This exploration of methodologies is
one of the missions of the Kanda Lab.

When we think about beginning actual research or investigation about these
methodologies, the first consideration is which field this research belongs to.
Focusing on the research subject, it may seem to fall within the humanities. While
various research areas such as conversation analysis, discourse analysis, linguis-
tics, and communication studies appear relevant, these disciplines primarily aim
to analyze and understand real world phenomena rather than studying methods to
achieve specific outcomes. For instance, literature studies examine literary works
to identify distinctive features and merits but do not research techniques for
creating excellent literature. Similar patterns exist in other research areas. Practical
approaches for discussion, negotiation, or joint works that are parts of interdisci-
plinary discussions are more commonly found in general books sold in bookstores.
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However, these tend to be how-to guides focusing on specific case solutions, often
without attempting to grasp or convey underlying concepts. Moreover, for emerging
practices like interdisciplinary discussions, even such books are scarce. When consid-
ering methodologies for interdisciplinary discussions, we must first determine which
fields’ insights to draw upon.

Another area that should be focused on is engineering. The engineering area
partly studies mean to accomplish objectives, regardless of the domain to which
these objectives belong. This approach seems suitable for studying methodologies
as in our case. However, engineering typically relies on science and mathematics,
constructing methods based on hypotheses that have been theoretically or experimen-
tally proven with a degree of universality, and substantiating their effectiveness. Yet,
itis unlikely to find scientific insights directly applicable to effective interdisciplinary
fusion methods. Mathematics and statistics generally study only phenomena that can
be reduced to numbers or treated symbolically. Sciences typically focus on subjects
whose fundamental principles can be simply explained, rather than complex systems
themselves. It seems improbable that these research areas could provide practically
friendly insights into discussion methodologies, which likely involve intricately inter-
twined factors. Considering this, we might turn to the fields of design or art. While
these areas might be able to address this issue, their outcomes may lack generaliz-
ability even if successful. To obtain observations, techniques, and insights with some
degree of universality, it appears necessary to construct a new discipline.

We here do not want to aim to construct and propose a new discipline. Rather,
we seek to explore potential components of such a discipline, drawing from various
fields’ approaches, research methodologies, and techniques, in other words, aspects
of existing disciplines. Let us examine these components in the following. First,
we consider the observational skills and perspective-taking abilities common in the
humanities. In discussions at the Kanda Lab, humanities researchers frequently iden-
tified and articulated not only surface-level phenomena but also underlying factors
and contextual elements within the overall flow of discussions. These are brought
from any humanities researcher, not only from a certain person, thus we deduce that
these skills are shared among humanities researchers. Other notable skills include
effectively verbalizing concepts, discovering overlooked perspectives, metaphori-
cally framing problems or concepts, and identifying discussion points or angles,
which can be seen as techniques related to discovering and refining viewpoints and
focal points. Such humanities-based methodologies and disciplines could be valuable
for identifying and enhancing discussion points and perspectives.

Engineering or informatics research methods may be valuable in formulating
problems based on these perspectives and observations, which might be solvable
efficiently. In engineering and informatics, problems are generally formulated so
that they could be solved efficiently. Thus, researchers in these areas decompose, or
break down the original problem to extract some aspects that could be solvable. This
approach differs significantly from the humanities, where researchers think more
universal problems should be more important. Humanities often synthesize multiple
issues to create more general, universal problem statements. As the main focus of the
researchers is observing and analyzing these problems rather than devising solutions,
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less attention is paid to the difficulty or practicality of addressing the synthesized
problems. Consequently, this thinking tends to move in the opposite direction of
formulating actually solvable problems. Additionally, the concepts of structuring
and modeling, common in engineering and informatics, could be valuable. These
approaches of modeling and structuring involve not just describing problems as they
appear but also transforming by projecting on other concepts, for seeking ways to
solve the problems through observing isomorphisms or commonalities with other
structures. Such modeling and structuring approaches could be highly beneficial in
developing some methodologies for solving the actual problems.

The approach of deriving mechanisms and laws by building logical arguments
from axioms and fundamental principles, as seen in mathematics and natural sciences,
could be useful for verifying and constructing the validity and effectiveness of
methods. Similarly, the inductive method of deriving hypotheses from data and real
world observations, as used in statistics and data science, could be valuable for gener-
ating hypotheses from observed discussions and understanding the characteristics of
constructed methods in real world scenarios. In general, the fusion of research fields
and disciplines often refers to new research by combining research subjects and tech-
nologies, and there is a tacit expectation that some kind of research results will be
produced. On contrary, the issue aforementioned is a collection and combination of
research methodologies from various fields that are necessary and effective when
someone wants to investigate, think about, or create something. Compared to the
case just research results are interdisciplinary, our approach is assembling the most
appropriate research methods from many research areas to tackle the problems, thus
we think it has a good quality.

In this sense, it is very different from what is said interdisciplinary research
recently. When one wants to create a method to do something well, the method one
obtains does not necessarily produce any kind of research results. In other words, it
does not necessarily take the form of research. On the other hand, the parts of the
work to create the methods explained above are close to what researchers do as the
core of their research activities, thus we think that it is effective to perform them in
the same way as research activities. Research methodologies are highly effective not
only in research, but also in industrial and administrative activities. We should look
at research methodologies from the perspective of using them purely for their high
effectiveness, rather than as a means to produce some kind of research results. This
way, we could construct much more highly practical and effective methodologies for
matters other than research.

We saw many discussions by researchers from the humanities and informatics
fields at the Kanda Lab. From the discussions, we could recognize importance of
the problems that the humanities research focuses on, and for the problems derived
from a humanities perspective, there would be paid less attention from an engi-
neering perspective or from a data science perspective, such as observing and induc-
tively leading something by using big data. Even in the field of digital humanities,
research that fully incorporates these approaches still seems scarce. Informatics are
usually used as a tool for acquiring good research results efficiently. Combining these
research methods and disciplines could potentially open up significant new research
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horizons in this important field. This endeavor at the Kanda Lab appears to be a kind
of prototype for interdisciplinary fusion research in terms of synthesizing disciplines.

However, it would be considered that this interdisciplinary methodological
research conducted at the Kanda Lab is unlikely to be highly evaluated in academic
journals. While various insights are being gained, because it involves creating a new
discipline, it is difficult to receive adequate evaluation under existing disciplinary
frameworks. To achieve a high evaluation in existing research areas, the goal and
methodology, and even discipline itself might need to be modified, changing the focus
and the main argumentative approach of the research. Such modifications, however,
may transform the outcome into something meaningless from the original purpose
and perspectives. This situation seems to embody the dilemma of interdisciplinary
research.

Fundamentally, gaining insights should be the primary goal, and having these
insights evaluated by a specific community should be of secondary importance. At
the Kanda Lab, researchers actively participate in interdisciplinary discussions and
research, gaining experience and numerous insights. There is undoubtedly value in
this process for the researchers. A part of these insights, after undergoing a form
of generalization, are presented in writings like this, which are also made publicly
available. While we believe this meets the minimum standards for research, how to
add further value to this work remains a challenge for the future.

5 New Overviews for Decomposing Research Areas

When discussing the challenges of interdisciplinary discussion or collaboration, the
difference in language is almost invariably mentioned. Although differences in values
and research styles are also noted, it seems that most issues converge on the matter of
language. However, observing interdisciplinary discussions at the Kanda Laboratory,
it becomes clear that language difficulty is not such an obstacle. The meanings
of words can be communicated well if just explained. In most discussions, unless
delving deeply into someone’s specialization, language differences do not pose a
significant problem. When we mention this point to those who perceive language
as a barrier, they often counter that “it’s not just the words, but meanings, concepts,
and thought processes that differ”; however, even these can be explained within a
reasonable time. Indeed, observing discussions at the Kanda Lab, it is evident that not
only language differences, but also conceptual differences are explained, understood,
and discussions progress.

When asking members of the Kanda Lab about the difficulties of discussion, they
often express the challenges of mutual understanding, such as not knowing why the
other thinks in a certain way or why their values are shaped as they are. It seems
that individuals recognize these deeper aspects of thinking and values as barriers.
In general, each individual has one’s own thoughts and values, so it is natural that
thoughts and values differ a lot. It suggests that in this case, these aspects significantly
vary from those they usually discuss with. From this point, we can deduce that there
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would be some typical, deeper attributes of thinking and values in each research area,
and they are unique, and differ from that of other research areas.

Generally, differences between academic fields are often explained by their
subjects of research or disciplinary distinctions. These differences are precisely
what make interdisciplinary discussions meaningful. Looking at the discussions
at the Kanda Lab, it appears that this difference can be easily resolved to some
extent by explaining the difference, and it does not seem to be a barrier. In this
case, when thinking about the difficulty of interdisciplinary collaborative research,
it would not be good to think about the differences between research areas based
on research subjects or disciplines. After all, interdisciplinary discussions are funda-
mentally about the interactions between individuals, and their inherent differences
make these discussions challenging. Therefore, focusing on the individuals and the
differences among individual researchers within those areas might reveal more about
the essence of these challenges. We consider this point to provide deeper insights
from the observations at discussions in the Kanda Lab from this essential perspective.

At the Kanda Lab, one often noted aspect of differences of individual researchers
is what drives researchers to conduct their studies. For instance, researchers in math-
ematics or information mathematics often have a specific goal: by proving theorems,
they aim to establish themselves as formidable scholars capable of such proofs. While
some individuals are highly motivated by this objective, others are not. However,
it is widely recognized in these areas that many researchers in these areas harbor
these aspirations. From this perspective, even if a theorem is socially irrelevant and
contributes nothing new to mathematics, the act of proving it—especially if it involves
skillful techniques and innovative ideas—can be a source of joy and is often esteemed
by peers. However, this benefit of increasing the skill or observing the power of proof
is not shared by researchers in other fields such as chemistry or literature, thus one
may find it baffling why someone would want to solve such seemingly pointless
problems.

Natural scientists often harbor a desire to make significant discoveries that are
connected to truth of the world. The ways and methods to achieve these discoveries
are immaterial—whether it involves substantial funding or is found serendipitously,
the intellectual satisfaction remains the same. Even if the discovery is made by
someone else, the joy of learning about it is substantial. However, those with a
mindset akin to mathematicians or information mathematicians may quickly lose
interest in discoveries that do not require sophisticated techniques. This occurs even
when collaborating with researchers from other academic disciplines or industries.
For these collaborators, solving a problem efficiently, regardless of the method, is the
primary concern. If a problem can be solved using simple, widely available methods,
which is a very good solution. Conversely, researchers focused on optimization or
algorithms find no interest in solutions that do not involve some degree of novelty or
complexity, often leading to misunderstandings about why others do not share their
enthusiasm.

In humanities research, there is a so called typically common motivation among
researchers to resolve or confront significant internal conflicts or questions existing
in one’s heart. This sentiment is less prevalent among mathematicians or computer
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scientists, who might engage in problems that are completely external to one’s own
mind and being objectified. As a way to address this point, one might choose a topic,
a certain literary work or its author in the case of literature, which no one else may
pay attention to. However, in fields like computer science, where a high level of
generality in research subjects is valued, such personal motivations can be difficult
to comprehend. There is a tendency in these areas to focus on the technical aspects
or the non-trivial nature of problems rather than personal engagement.

At the Kanda Lab, members frequently exchange ideas about each other’s disci-
plinary traits, ways of thinking, or ideologies. While understanding these aspects does
not fully reveal an individual’s personality or the entirety of a discipline. However,
repeating these exchanges many times enables members to predict and imagine each
other’s thoughts and ideas. They might do something to be like this like machine
learning to anticipate, understanding the mechanisms of thinking within someone,
or approximating through someone they know who shares similar thoughts.

Interestingly, when discussing researchers’ traits, the focus is often not on the
technical aspects of research or issues related to the content of discussions, but
rather on more personal and character-driven aspects. For instance, questions such
as whether researcher of philosophy have some researchers they aspire to be like,
whether mathematicians are pleased if someone else solves a problem they are inter-
ested in, or whether chemists have problems they all wish to solve, dominate the
discourse. While it might seem more direct to ask about research or discussion-
related topics, these might not be helpful when the topic changes. Understanding
someone’s thought process on a topic unfamiliar to oneself can be hard. When we
focus on understanding how people think, it might be seen as consuming time a lot,
but actually it is efficient to ask about the issues common to many people, by this
imaging similar persons from among your acquaintances, or how the other person
think become easier. Once one understands the way of thinking about general and
common issues, it will be relatively easy to infer the way of thinking about each
discussion topic from there. The members of the Kanda Lab are not consciously
adopting this method. No one was saying they were doing it in this way, and no one
was able to verbalize it. It seems that they have found a method that has worked well
from experience and are unconsciously using it.

Considering this perspective, when thinking about interdisciplinary collabora-
tive research, there appears to be significant value in focusing on the nature, thought
processes, and values of researchers from different areas rather than solely on research
topics. Traditionally, when comparing two disciplines or contemplating their integra-
tion, the natural approach has been to compare the research subjects they deal with.
However, merely comparing research subjects limits the understanding of interdis-
ciplinary integration to changes in research topics alone. This way could not reach
the potential for fundamental innovations such as generating new perspectives and
ways of thinking by abandoning some aspects of existing disciplines.

We then consider which characteristics to focus on, in comparing researchers
across research areas. If one wants to understand the researcher discussing with the
person, and for the sake one is willing to compare oneself and the researcher, or
researcher and some persons one and the researcher know, one should focus on the
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characteristics of the people that easily reflect a person’s way of thinking and that
make it easy to find differences from other people. In other words, it is better to focus
on characteristics that vary greatly from person to person. However, if one seeks a
more general comparison, such as comparing researchers in some research areas and
those in the other areas, it would be prudent to focus on characteristics that are likely
universally present in the areas, based on some solid reasoning. In this sense, asking
whether a researcher admires certain other researchers may be inappropriate in this
situation. Conversely, in computer science, the characteristic that researchers often
have interests to the methodology of solving problems more than solving the prob-
lems themselves, is reasonable to be considered as somewhat valid, since computer
science often includes the study of methods for solving problems taken from other
disciplines. Researchers in literature might be more interested in deeply analyzing
individual works or authors rather than adopting a big data approach that looks at
average behaviors from large datasets, since researchers usually thoroughly analyze
one article or an author, in literature. If these characteristics or hypotheses were
purely derived from thought processes about disciplinary features and not grounded
in reality, their validity remains questionable. The members of the Kanda Lab found
out such traits of research areas through mutual observations during discussions, and
each researcher recalled other researchers in one’s own field that they knew, and
came up with a certain degree of understanding, thus many members feel some level
of validity in the traits. The examples of computer science and literature mentioned
above are also some of the traits that emerged in this way at the Kanda Lab.

Generally speaking, it would be difficult to compare things using such highly
abstract concepts or to discuss them in an unwavering and universal manner. It might
be some issues that each researcher and each research community implicitly share.
However, the method of thinking about this can be explicitly proposed. As with the
varying definitions of Al, which exists as a solid concept despite differences, the vari-
ation in the nature of researchers across fields could become a universally considered
and solid concept within academia, serving as a powerful force in advancing interdis-
ciplinary integration. An instance is the above method of comparing academic fields
from the above perspective and way of thinking, and it can be carried out generally.

When considering interdisciplinary research, it becomes apparent that focusing
not only on research topics but also on the characteristics, thought processes, and
values of researchers from various fields has considerable merit. Traditionally, the
comparison between two disciplines, or their integration, has been focused on
their respective research subjects. However, simply comparing research subjects
constrains the perspective to mere changes in topics, overlooking the potential
for significant innovations, such as breaking away from traditional disciplinary
constraints or fostering new ways of thinking.

When assessing researchers across different fields, it is crucial to determine which
characteristics should be emphasized. If the goal is to understand the researcher
present, it may be more effective to focus on traits that reveal their thought processes
and distinguish them from others, which are highly individualized. On the other
hand, if a broader comparison is sought, it is advisable to concentrate on attributes
that are widely regarded as inherent to the discipline. For instance, the inquiry into
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whether a researcher admires certain others may not be appropriate. Conversely,
in computer science, where interest may lie more in the methods of solving prob-
lems than in the solutions themselves, this trait can be considered somewhat valid.
Literature researchers might find themselves more engaged in in-depth analysis of
specific works or authors, rather than a big data approach that seeks patterns in large
datasets. While these characteristics or hypotheses might seem to stem merely from
disciplinary features, their validity is questionable unless they are rooted in empir-
ical observations. These traits have been identified through discussions among the
Kanda Lab members, reflecting a reasonable consensus among peers within the same
discipline.

Comparing such abstract concepts poses a challenge in achieving discussions with
steadfast generality. These concepts are likely shared implicitly among researchers or
within research communities. However, it is possible to explicitly propose methods of
thinking about this. For example, similar to that the word Al exists as a solid concept
despite its definition varies a lot according to the cases and persons, if the differ-
ences in researchers’ traits across disciplines, while fluctuating among individuals
and communities, become being recognized as a universally accepted and stable
concept within academia, it becomes a significant driver for efficiently advancing
interdisciplinary collaborations.

6 Independence of Concept Formaining and Questioning
Separating from Research Results

Most researchers spend overwhelmingly more time on the research itself than on
formulating questions. Moreover, the focus of their questioning tends to be limited
to one’s own research area or research topic. If one aims to achieve research outcomes
within a limited time, naturally, the questions formulated are confined to one’s
own research area. The capacity to generate new perspectives, values, and ideas
is, unfortunately, used only within a very limited scope.

Many researchers must possess strong capabilities in formulating questions.
Creating new perspectives and questions is not an easy task, and requires high
competence. Expertise and knowledge alone are not sufficient to generate new view-
points and ideas, thus the ability to formulate questions and expertise are considered
somewhat independent of each other. Formulating questions involves using one’s
knowledge, concepts, and values just to think. To nurture a good research question,
it is necessary to validate and explore hypotheses through surveys or preliminary
experiments, but initially, it only requires thinking, without the need for costly oper-
ations such as large experimental equipment. For example, in collaborative research
between corporations and universities, university researchers often provide good
perspectives and ideas for the problems faced by the corporations, while practical
considerations may be lacking. Also in discussions at the Kanda Laboratory, partic-
ipants of the discussions frequently present valuable opinions based on perspectives
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that the speaker never thought about. Structuring things, modeling, discovering over-
looked points of interest, and forming perceptions are essential thinking activities
common across many fields of research and can be considered a researcher’s forte.

Formulating a good research question is often crucial for conducting successful
research. No matter how diligently one engages in research activities, it is difficult
to achieve good results without good research questions. The evaluation of research
is primarily based on its outcomes. The formulation of the question itself is seldom
the main focus of evaluation, except perhaps when grant applications are assessed.
We might see a certain inefficiency in the fact that although formulating questions
holds a vital role in research, it is rarely evaluated only as an item of good research
outcome.

We could observe that research communities might have a lack of research ques-
tions. Recently, there is frequent mention of a scarcity of research resources, budgets,
staff, and time, which is said to be contributing to the decline of Japan’s research
capabilities. However, there is little discussion on whether an adequate supply of
research resources would lead to a dramatic improvement in research outcomes. To
test this, we hypothetically asked several researchers if doubling all their resources,
including budget, staff, time, and also your energy and passion, would double your
research outcomes. Theoretically, an increase in resources should reduce opportu-
nity losses and potentially double the research outcomes. Yet, while some said their
outcomes would more than double, many estimated only a small increase, like a 1.3-
fold increase. After further questioning about what is the reason not to be double,
several researchers cited many kinds of practical constraints. After removing all such
barriers to get the essential reason, finally, they often say that there is a lack of ideas,
and research plans; they have less thought on what to do. If researchers had many
research questions and research plans in mind, it would not take this long. Therefore,
just as there is a shortage of resources, there seems to be a deficiency in research
questions as well.

We think that this scarcity can be addressed by facilitating the circulation of
research questions. In general, research questions are considered to be the property of
the individual researcher. In other words, a research question belongs to the researcher
who made the question, and if the question is much conceptual, the researcher oneself
will be recognized as someone deeply concerning to the issues of the question. We
propose to treat questions such that they exist independent from who made them or
who study them that is not similar to general view of research questions as belonging
to someone. In other words, the idea is that the person who studies a question does
not have to be the same person who made the question, and the question does not
belong to the person who made it. This kind of thinking is relatively common in
mathematics, we want to accelerate this. Activate research activities that involve
simply creating research questions, as well as research activities that involve studying
research questions received from others. We want the research question itself to be
distributed like a commodity, from the creator to the user.

Discussions at the Kanda Lab have generated a variety of interesting research
questions, perspectives, and ideas, encompassing a unique worldview. These have
not only stimulated the members of the Kanda Lab but also many researchers visited
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at the Kanda Lab. By collecting, publishing, and distributing these research questions
and related concepts, many researchers could be inspired and acquire new challenges
to tackle, and also significantly upgrading their own research concepts. The initiative
to create a problem catalog in the AFSA project originated from such motivations.

This approach can be seen as a separation of questioning and research. Tradition-
ally, research has been seen as starting with the formulation of research questions and
proceeding by researching along these questions. The idea discussed here suggests a
division of works between formulating questions and conducting the actual research.
As researchers vary in their strengths, both in research and in formulating questions,
it is beneficial for individuals to focus on what they excel at, enhancing the overall
quality. Moreover, if questions are widely circulated, it will facilitate better matching
between questions and researchers, potentially leading to more high-quality and
efficient research.

Gathering such questions and publishing are likely to be cost-effective as it
primarily involves researchers from various fields coming together to discuss and
articulate their queries. Research questions are then formulated and then documented.
The main resource required is the researchers’ time, and efficient methods for inter-
disciplinary discussions have already been developed within this project. However,
there are several difficulties. Many researchers formulate questions primarily for
their own studies and may feel a strong sense of ownership over the questions they
develop, even if they do not intend to research them themselves. This could lead to
strong resistance to permit the others to research or modify their questions. There is
also the issue of credit and authorship.

For instance, if a published question leads to significant research findings, should
the originator of the question be credited in the resulting paper? Should they
be mentioned only in references or acknowledged in the acknowledgements? In
collaborative research, such issues would be already negotiated before the research
commences, but if only the question is published beforehand, there might be no
existing relationship between the researcher and the questioner, complicating nego-
tiations. If the question has only been referenced, it could be cited in the bibliography,
butitis unclear how similar a study must be to warrant authorship. Additionally, there
is the potential for “question terrorism,” where numerous questions are generated
mechanically and preemptively claimed, blocking other research avenues. Currently,
since questions are not typically subject to valuation or rights, such terrorism does
not occur; however, if questions were to become a source of profit or rights, this
could change.

Despite the challenges, the potential benefits of circulating research questions are
significant. Similar to how software and web content are made available without
predefined usage, effective rules have been established in these areas. For instance,
free software often comes with predefined rights, which could be a model for public
question sites. Such sites could define rules for referencing questions, and only
those agreeing with these rules would publish their questions there. Another way
is to prepare several templates of rules, allowing questioners to select the rules so
that how their questions may be used. There is also a need of giving no rights to
research questions to prevented rampant rights claims of submitted questions. The
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exact form of these regulations remains to be determined, but question circulation
could potentially exist in some form.

In several research fields, the circulation of questions is already partially practiced.
For example, in mathematics and computational sciences, open problem workshops
are frequently held where at the beginning of the workshop, researchers present inter-
esting questions that could potentially be solved with relatively short time, and the
rest of the time is spent collaboratively addressing these questions. Various ideas and
approaches are exchanged, and it is not uncommon for several questions to be solved
during the workshop. Discussions and listings of unsolved problems or future chal-
lenges are also common in conferences and publications. However, these problems
do not usually offer immediate solutions and may take decades to resolve or serve
to direct the research area, thus not providing fascinating references for researchers
starting their studies. Nonetheless, the value of spreading engaging questions to aid
research is already recognized, and the circulation of questions might fit the desires
of academic communities.

7 Types for Various Understandings

In this section, we would like to consider the types of understanding ways of
researchers possibly due to the cultures of the research area, based on the observa-
tions of the members of the Kanda Lab. In discussions at the Kanda Laboratory, we
sometimes observe that some participants struggle to grasp the topic being discussed.
It would be sometimes solved by a simple one question, but sometimes even many
questions could not lead to a satisfactory understanding, on the other hand. Discus-
sions often progress before one has understood, resulting in difficulty catching up.
Although one might eventually comprehend the point after several minutes, by then
the discussion has moved significantly forward. However, these issues do not stem
from an inability to understand someone’s explanation or opinion per se. Under-
standing the context or meaning of the explanations or discussions is not sufficient
to adequately follow the discussion.

What then is missing? When asked, participants offer various responses, such as
“I can’t grasp the feelings,” “I don’t understand why it is necessary,” or “I can’t think
the topic from the other person’s perspective.” These could be rephrased as I did
not become capable of “thinking” about the explanations and opinions presented.
This phrasing seems to align with the sensations described by the participants who
answered. Being able to think about a topic means that, for example, being able
to construct an argument from the same facts, explain the matter from different
perspectives, adding new values to it, or making decisions according to the values.
It involves not merely acquiring knowledge, but also understanding the surrounding
values, purposes, and connections to other concepts. To distinguish these two levels
of understanding, the first is termed ‘understanding of meaning,” and the second
‘understanding for thinking.” Moreover, being in a state where one can think is
referred to as “being able to think.”
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Participants in the discussion seem to implicitly recognize that there are two phases
of understanding. They pose questions to facilitate their own thinking, and respon-
dents offer answers to aid the questioner’s cognitive process. Despite these efforts,
it often takes time to reach getting sufficiently understood. It would be because the
state of understanding the questioner is unconsciously aiming for is often signifi-
cantly different from what the respondent assumes. Inquiring among the laboratory
members about what it means to be in a state of understanding, or “being able to
think” state, revealed that there are several patterns.

The first pattern is to look at and understand directly the issues and facts that
are given by the speaker in the discussion, and think the issues by applying the
background knowledge that the persons already knew, and the rules that are obtained
by abduction with the speaker’s words. This would be similar to thinking logically.
They accept the facts and issues presented as they are, without getting why and how.
The facts and issues are accepted as axioms or theorems, and the persons apply
other laws to them for reasoning. The persons define that the issue is a problem in
one’s mind if the speaker says so, even though the person cannot understand why the
issue is a problem, or how much the issue is important. For example, when university
researchers and corporate personnel had a meeting to discuss a joint research project,
researchers, who are unfamiliar with the corporate intricate disciplines, first accept
the current corporate efforts as factual. The researchers then apply their knowledge
of business activities, economics, and the marketing to speculate on how things
might work in the corporate setting. Understanding with acquiring the rules from
the speaker’s words but without underlying speaker’s thought is somewhat akin to
machine learning or transfer learning, hence we refer to this pattern as the “Machine
Learning Type.”

The second method involves finding something in one’s knowledge, which is
often a typical example, and is similar to the issues given by the speaker. Then, they
think the issues by approximating the something. For example, in a joint research
project with university researchers and a company, if the company wants to analyze
customer data, one might recall another company B that might have similar inter-
ests in data analysis, and so that one can think the issues surrounding of what are
explained now, by referring and imagining the mindset and values in the company B.
There might be inevitably differences, since it is only an approximation. One often
identifies these potential differences by refining the approximation by additional
information given by the speaker and also asking questions. We call this method
“Example Approximation Type.”

The third method involves recalling a different concept with the same struc-
ture in response to what is being explained. For instance, activity and evaluation
of employees aim to increase the company’s profits can be considered to partially
isomorphic to university researcher’s activity and evaluation by journal papers. They
differ on persons, roles and objectives, but there is a partial structural isomorphism.
This partial structural isomorphism is used to infer and understand the context of
the current explanation given by the speaker. This method is called “Isomorphic
Transcription Type.” Similar to the Example Approximation, it involves asking
about the differences, but since the structure is the same while the specifics greatly
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differ, one tends to use parables and rephrasing from different perspectives to convey
isomorphism, leading to relatively advanced questions.

The fourth method digs down to the fundamental mechanisms underlying what the
speaker explained, to reach a level of understanding necessary to form the speaker’s
thoughts. In any issues, values, interests, and decisions are given by humans. Thus
we consider that the reasons, importance and other issues behind the explanation
are common, at the deep level, whenever the topic comes from companies, govern-
ments, or academics. Since we are the same Homo sapiens, we should have the same
or similar mechanisms of thoughts and emotions in the mind. Thus the reasons,
importance and other issues should come from somewhat consistent in deep levels
in the mind, and thus reasoning based on this mechanism can be useful. To under-
stand the mechanism, they frequently ask the questions that are needed to be deeply
explored, such as why you evaluate in that way, why they are conscious of particular
issues or objectives, and other fundamental aspects. We call this method “Mechanism
Construction Type.”

When participants’ understanding does not progress smoothly in the Kanda Lab,
it often seems that the type of understanding of participants and that the speaker
assumed for the participants is different. For example, if the questioner is trying
to understand through Mechanism Construction Type, while the speaker assumes
a Machine Learning Type, the speaker would be confused because it is difficult
to understand why such questions are needed to be asked. This can lead to irrel-
evant and lengthy explanations or even completely off-target responses. Similarly,
if the questioner is aiming for Example Approximation Type, but the speaker is
assuming Mechanism Construction Type, the speaker might end up explaining the
entire background at length.

Another aspect of these misunderstandings involves the starting point for thought
processes. For someone in computer science, unraveling the structure of data holds
significance and can easily become a starting point for thinking. However, for those
from other disciplines, the significance of this might be hard to imagine. This is due
to differences in expertise, but observing discussions at the Kanda Lab leads us to
consider that such differences also exist in people’s ways of thinking.

For example, while some people can easily accept the purpose and value of
another’s perspective, others find it difficult to engage unless they clarify the funda-
mental thoughts and emotions driving these issues. When faced with ambiguous
terms or concepts, some are able to accept these without clarifying the meanings,
and think along the explanations while listening, whereas some others must interpret
them thoroughly to understand, which might lead to failing to catch up the discus-
sion. For example, when a person proposes to think this issue from another viewpoint
since the current discussion is ill-focused, someone may need to understand “what
means ill-focused, why it is ill-focused”, and thus the person cannot get how to think
about the issues from new viewpoints.

Members of the Kanda Lab engage sometimes in Machine Learning Type,
and sometimes in mechanism Construction Type, demonstrating flexibility in their
approach to understanding and get enabled to think. They seem to adeptly combine
and integrate these types to understand the explanations. On the other hand, there
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are noticeable individual differences in the starting points of their thoughts. Some
persons consistently encounter difficulties with understanding objectives and values,
while some others struggle with the ambiguity of words and terminologies. Addi-
tionally, there are those who cannot conceptualize without meticulously dissecting
organizational or community structures, and some others who require an in-depth
understanding of seemingly unconscious human behaviors. We could observe that
Kanda Lab members select type of understanding such as Machine Learning Type and
Example Approximation Type, according to their traits explained above, to engage
in discussions.

In interdisciplinary discussions, the commonality of one’s knowledge with
another’s are often large when it concerns with principal thoughts like motivations,
objectives and importance. We have significant differences in expertise in interdis-
ciplinary discussions, which may seem self-evident. Therefore, engaging in discus-
sions on these aspects is the most direct way to be able to think the issues. Indeed,
discussions at the Kanda Lab frequently start from this perspective, and even if they
eventually delve into more technical and specialized topics, the initial focus often
revolves around issues such as objectives, values, and thought processes.

For members of the Kanda Lab, to be able to think itself is a source of joy,
and engaging in discussions about the explanations and opinions of others under
the state of being able to think is an enjoyable activity, this is expressed by many
members. Conversely, when one is not to be able to think, the joy and enthusiasm for
participating in discussions diminish, making it difficult to foster a genuine interest
in the discussion. When most participants find the discussion enjoyable, it of course
tends to be more creative and progress as well.

On the other hand, even when one is able to think, whether good ideas emerge or
one can engage with enthusiasm and enjoyment may depend on different factors, such
as the ability to empathize with others or finding interest in the topic. In these four
types of understanding, even with getting Machine Learning Type understanding,
it can be hard to connect the current context of the explanations with one’s own
knowledge in a meaningful and valuable way, if the reasons for and the value of what is
explained is not clear. This difficulty is similar in the case of Example Approximation
Type. However, for Mechanism Construction Type understanding, it becomes easier
to identify and assess new and interesting topics from the perspectives of value
and interest, because the mechanisms of evaluation and interest are clear. Once
understood in this type, we can robustly drive the discussion forward, generating
many interesting ideas and opinions from important perspectives.

Observations and analyses of those discussed at the Kanda Lab underscore the
importance of participants being in a state of being able to think about the current
topics during discussions. If one seeks to replicate the dynamics of the Kanda Lab’s
discussions elsewhere, the presenters should design their presentations in a way
that quickly brings participants to that state. Generally, when presenting research or
similar topics, efforts are made to ensure the content is fully comprehended, aiming
to clarify the most difficult and complicated parts, so that it maximizes understanding
across all aspects of the discussion. However, when we aim to make them understand
deeply to be able to think, optimal strategy should be maximizing each participant’s
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deepest understanding or empathy, even though some parts are not clear. Moreover,
the parts of the presentations that might be understood deeply by the participants
should appear as early as possible in the presentation.

For many persons, comprehensible issues given by explanations are often those
having similarities or resonating with the person’s prior knowledge, making it
easier to relate to. Since there are large differences in expertise in interdisciplinary
discussions or public lectures to citizens, this similarity may involve sharing what
researchers think about intriguing, interests, and challenges on the research. There-
fore, ideally, presentations should first highlight these engaging aspects, or at least
provide a minimal preamble before doing so. This strategy is totally different from
traditional structured and storied presentation designs, and aligns naturally with the
observations and hypotheses mentioned above. Indeed, when engaging in casual
conversations, it is not uncommon to talk about what was enjoyable or surprising
before delving into surrounding details, often making the conversation more engaging
than a flawless but sequential explanation. Thus, this conversational style might make
audiences of the presentations relaxed and enjoyable.

The observations and hypotheses discussed above guide a strategy of how partic-
ipants should listen to presentations to understand well. If participants can quickly
become able to think, they will find the presentation more engaging and their under-
standing of the remainder of the presentation will be enhanced. To achieve this, one
should try to connect the presentation content with personal interests early on, or
to understand and empathize with the presenter’s perspective, to find intrigue and
wonder in their thoughts, and so on. A simple way to do this is by asking questions
during the presentation. Choosing topics of personal interest that seem relevant, and
asking questions about connections, commonalities, the presenter’s feelings, and
what they find challenging or interesting can be effective.

This approach to questioning is aimed at connecting with one’s interests rather
than merely seeking clarification on unclear parts of the explanation. This means
that even if some parts of the presenter’s talk are semantically unclear, linking them
to personal interests takes precedence over immediate semantic understandings. In
interdisciplinary discussions, the content of explanations is often not fully compre-
hensible due to differences in expertise. Actually, in the Kanda Lab discussions, the
initial focus is often on listening to the presenter’s insights and connecting them to
personal interests, rather than deepening logical or semantic understanding. Further-
more, even skipping a detailed understanding of meaning and logic can still lead to
lively discussions and the emergence of new insights or concepts.

In presentations, understanding the meaning and logic to grasp the research
content communicated by the presenter is traditionally prioritized. Questions are
asked to aid this understanding, with queries about related or expanded content
and connections to one’s own research typically following. However, this common
approach does not necessarily lead to fruitful discussions, at least not in the context
of interdisciplinary practices like those at the Kanda Lab. Changing perspectives
on how presentations are approached is crucial in developing effective discussion
technique.
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Methodologies for Fruitful )
Interdisciplinary Discussions Sheshee

Takeaki Uno

Abstract This chapter describes the methodology for conducting high-quality and
effective interdisciplinary integration. It also describes the methodology for making
interdisciplinary discussion forums and events attractive to researchers and prac-
titioners with low barriers to participation. These techniques were developed by
observing the actions and behaviors of AFSA project members and those around
the project, when discussing and interacting in interdisciplinary settings, finding
commonalities from them, and verbalizing them. These methods range from how to
make good communication and ask questions, to how to understand the research of
the other field, how to introduce yourself, and how to design and manage a discussion
meeting. The reason why interdisciplinary integration is said to be difficult is prob-
ably because of the wide variety of techniques and know-how required to solve it. In
addition, these techniques essentially overlap with the methodology of the research
itself in each researcher’s field of expertise, so developing interdisciplinary integra-
tion techniques will also lead to strengthening research capabilities in one’s own
research field.

1 Introduction

This chapter describes the technological methodology of human ways of thinking and
behaving, based on observations of the activities of members at the Kanda Lab, with
the aim of promoting interdisciplinary integration, mutual understanding between
different fields, and high-quality active and smooth discussions.

It is generally said that conducting interdisciplinary research and formulating
research questions are difficult. Many factors have been identified as the reasons for
this, including differences in values and ways of thinking, and the lack of opportuni-
ties to meet researchers from different research areas. On the other hand, the research
questions that arise from interdisciplinary fusion, or the disciplines of new research
areas, are often not so complex or difficult to understand. It is difficult to create the
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research questions themselves, and it is also difficult to realize them and to pursue
research based on their value in the current situation, but the explanation itself is not
so difficult. It is often relatively easy to understand what is behind the questions, such
as where the ideas for the fusion come from, where the source of this fusion is, and
how it came about. This often leads to the feeling that fusion research does not provide
much value. However, in reality, if the research question is to pioneer a new field, the
research questions that are first born or tackled should always be simple and elemen-
tary, since the field has never been studied before. They should not be technical or
extend existing accumulated research results. In other words, perhaps the simplicity
of the questions is the essence of interdisciplinary research in the first place, and
the difficulty of interdisciplinary research does not come from the complexity of the
research questions or the high level of skill. Difficulties in interdisciplinary research
include environmental issues such as a lack of opportunities, but even in a situa-
tion where there are no major environmental problems, interdisciplinary research,
discussion, and questioning remain difficult. Just as research activities that require a
lot of thought and trial and error are difficult, conducting interdisciplinary research
itself is difficult. Moreover, unlike research activities, we have more difficulty on
interdisciplinary fusion research that we usually have no researchers engaging inter-
disciplinary fusion research, or the person’s research activities that can be referred
as good cases. This point is different from the difficulty of usual research activities.

We, the members of the Kanda Lab, also tried to raise research questions by inter-
disciplinary discussions, but at first it did not go so well. Even after long discussions,
we often ended up in vain, and we felt a great sense of futility. However, as time
passed, six months to a year, new things, values, and perspectives were increasingly
found in the discussions. The researchers who visit the Kanda Lab are diverse, and
thus it is probably not because they have gained knowledge of a specific field. It is
true that they have become accustomed to discussing with researchers from different
fields, but this accustomedness used here gives no detailed explanation. It is probably
not just a matter of feelings. When observing the discussions at the Kanda Lab, one
notices that the behavior, way of thinking in discussions, and the way they commu-
nicate and understand things of the members of the Kanda Lab have changed. In
other words, it is thought that the members have realized and acquired that “it should
be good to think in this way,” and “I should behave in this way.” In other words, it
is thought that at least, one can become better at how to discuss in interdisciplinary
fusion research, how to think about and communicate things, how to understand, and
how to manage discussions.

The next issue would be how we can become good at it. There are many articles
of such interdisciplinary discussions and exchange meetings, but they are mainly
records such as the activities done by participants and organizers of interdisciplinary
fusion research, and a strategy to make the interdisciplinary discussion and the obser-
vations. There are also descriptions of what purpose they had or what effect they
were aiming for, but most of them are abstract and vague, such as “to create deep
exchanges.” There are few records that aim to have some effect on more specific and
detailed problems that are faced when actually having interdisciplinary discussions.
When planning and managing something based on some kind of problem awareness,
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there are a wide variety of barriers to make it successful. Also, when some kind of
mechanism, or even just trick, is implemented for the plan, there are many factors
that can be considered for the effect and cause of that mechanism. The more detailed
the description of the plan, the more difficult it becomes for the reader to understand
which specific barriers were solved by which parts of the mechanism, and how to deal
with them. This is perhaps only natural, given that the more detailed the description
of an individual, the less general it becomes.

In other words, each project is well thought out and run with a kind of art to make
it a success. Similar problems seem to be solved in unique or sometimes ad-hoc
ways based on the talents and the ways of thinking of the individuals who tackle
them. Because it depends on the talents of the individuals, it is difficult to understand
what the essential difficulties of the problem are, and what solutions have been given
to them. The problem awareness and the solution are described in a complex and
comprehensive manner. It is not clear which activities are effective for which part of
the problem and why. People who read the description of the case can get inspiration,
but it is difficult to understand what can be done to specifically improve which part
of the problem they are facing. A more detailed explanation is needed, using simple
and universal words and concepts, about what can be done to improve the results for
each individual barrier. Even if only a part of the individual’s problem awareness can
be solved, it is important to extract from the problem awareness a part that is likely
to be common to many people’s problem awareness, create a concrete prescription
for it, and approach it in such a way as to create a technology that can be done by
many people.

Thinking about it, it seems that computer science has been continuously trying
to understand other research fields and industry, and to make interdisciplinary
fusion research. What makes computer science, especially information mathematics,
different from mathematics is that it does not just deal with mathematics, but math-
ematics related to the world or society. For this reason, computer scientists have
engaged in research activities by discussing with researchers and practitioners from
many areas of academy and society, structuring and modeling their knowledge and
concerns, incorporating them into the mathematical problems they are studying,
developing techniques to handle them computationally, and deploying them to the
world and society. To do this, it would have been necessary to understand the values
and concepts of others and other areas, and to integrate them with the concepts of
computer science. However, without a guidebook for such understanding and inte-
gration, and without an opportunity to learn it, individual researchers have no choice
but to hone their techniques and know-how through trial and error. We believe that
every time they confront people from the other fields, they have repeated similar trial
and error to gain know-how, but the know-how they have gained has not been clearly
passed on to their successors, and has been shared as a vague tacit knowledge that
exists within the research area or research laboratory. However, if many people are
performing similar actions in the same way, then we could build technology from
the commonalities of actions by clarifying and verbalizing those commonalities so
that many people can use them. Constructing technology allows people to acquire
the same abilities without the trouble and time spent by their predecessors. Avoiding
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the same faults by verbalizing the past fails is one of the goals that academics aim
for.

Articles about the skills related to linguistic and cognitive actions done in inter-
disciplinary discussions such as conversation, thinking, and building human rela-
tionships, are often written by a person with high these skills based on the person’s
experiences and thoughts, or by some writers who gave interviews to the persons
having high skills. In other words, as with the above, it is likely that this is often
personal. There are many technical guides and introductory books in this format,
such as how to have a good conversation or know-how about running a company
well. On the other hand, considering that such introductory books are not treated
as a standard for improving skills, it can be seen that they are not a decisive factor
in improving skills. Inefficiency of such books would come from the difficulty of
verbalizing one’s own actions and thoughts, and the difficulty of recognizing the
difference in one’s perspective and points of focus between oneself and others. It is
easy to abstract one’s own behavior and own thoughts because they are one’s own
actions, but on the other hand, because one can understand them in detail, there are
many directions in which one can generalize and abstract them. What commonalities
and hidden meanings one finds in each of one’s own actions are therefore determined
by one’s subjectivity, or in other words, arbitrariness.

The meaning of what, why, how, and what to pay attention to when performing
an action for a specific purpose changes greatly depending on how the action is
perceived and valued, such as which part of the action is important and which part
affects where. Since the way of perceiving and valuing differs greatly from person to
person, the description of the same action will be very different from one individual
to another, and even if one acts according to someone else’s description, one will not
necessarily get the same effect, and in fact, one will often lose it. Even with the same
method, the practical aspects of the technique, such as what is ingenious, what to pay
attention to, and when to use it, often differ greatly from one individual to another. It
is often said that it is difficult to pass on tacit knowledge in the workplace or factory,
but this is not only because tacit knowledge is difficult to put into words, but also
because it relies heavily on the subjectivity of the individual, making it difficult to
share the effects with others. This would also be true when one interviews a specific
person to find out their skills and know-how. The same thing happens when one asks
afactory worker or a manager about their tacit knowledge about their work. What one
finds out is not necessarily useful to others. Unless it is very specific knowledge about
a work process, what one thinks is important or amazing is unlikely to immediately
become directly useful knowledge to others.

The techniques of the Kanda Lab described in this chapter were formed by
observing the behavior of multiple Kanda Lab members and finding commonali-
ties. The members of the Kanda Lab had trial and error using various methods for
various matters related to thinking and language activities, such as conversation,
thinking, interaction, understanding, and communication, with researchers and prac-
titioners from different fields. Many of them are ineffective and fail, but they use the
successful ones as a clue to create new methods that they consider to be effective
and make them their own methodology. Then, after several months or even tens of
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months, each individual acquires a certain kind of technique. Perhaps because they
communicate with each other in the same place, there are many commonalities and
seem to be similar in such techniques. On the other hand, the techniques that each
individual possesses are very unique.

Among the activities that are arrived at after a lot of trial and error, among those that
are thought to be effective, we find actions and methods with high commonality, and
verify them through discussion among members to clarify their form. The discussion
techniques described in this chapter were obtained in this way. Therefore, there is no
guarantee that they will be always effective when practiced in any places other than
the Kanda Lab. By looking for commonalities among many cases, we have tried to
make them as general as possible, but they are not completely universal, and we do
not claim to be. Although it is merely a generalization of individual specific cases,
we believe that the number of cases makes it possible to have concreteness that can
be applied in situations other than the Kanda Lab.

The following sections explain these technical methodologies. In Sect. 2, “Open
Discussion for Broad and Deep Thinking,” we present the ideal of a discussion
format that naturally encourages free and high-quality ideas without barriers for
participants, and in Sect. 3, “Discussion with Bridging Partial Curiosity,” we propose
a method to allow participants to participate in a way that matches their level of
motivation and to hold a high-quality discussion overall. In Sect. 4, “Curiosity Driven
Designs for Interdisciplinary Discussion,” we present the basic ideal that makes such
discussions and seminars attractive and satisfying for a variety of researchers. In
Sect. 5, “Setting Topics and Questions for Active Discussion,” we explain how to
create a topic when setting up a specific discussion meeting based on that ideal so
that the participants could discuss smoothly, lively and deeply, and in Sect. 6, “Inner
Side Self-introduction for Curiosity Connection,” we introduce a methodology for
self-introduction that allows participants to smoothly understand the each other’s
thought and values and become having interests in each other. In Sect. 7, “High-
level Linguistic Activity; Paraphrasing, Metaphor and Seeing-as,” we analyze the
linguistic activities used for understanding and explaining used in discussions, and
in Sect. 8, “Questioning for Deep Understanding Background,” we explain how to
ask questions to gain a deeper understanding of things in fields in which one is
not familiar. In Sect. 9, “Salmon Interviewing for Deep Understanding,” we explain
a method of interviewing to understand the structure of the one’s thoughts about
research ideas. In Sect. 10, “Constructing and Reconstructing Research Concepts by
Interviewing,” we explain how to apply the interview method to clarify and verbalize
one’s own or someone else’s research concept. Finally, in Sect. 11, “Description
and Logic for New Discipline,” we propose a method for describing the techniques
extracted from such practice and also practice itself.
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2 Open Discussion for Broad and Deep Thinking

When discussing topics interdisciplinary, it is often said that having an open discus-
sion is crucial. What is the definition and meaning of an “open discussion” in precise
terms may not be clear, but generally, it would imply that everyone feels that one can
participate and express various opinions in the discussion. In workshops designed to
facilitate such discussions with persons of diverse backgrounds, we often take care to
ensure that no one’s opinions are dismissed, everyone speaks equally, and as many
views as possible are included in the summary of the discussion. In other words,
this implies a level of safety where neither individuals nor their views are attacked,
fairness in participation and engagement, and attention to ensuring that all opinions
are considered without being ignored.

The Kanda Laboratory also has many discussions that could be considered being
open. We could see discussions in other places that might be considered being open.
However, it does not appear that norms or rules are consciously upheld as described
above; instead, open discussions seem to be shaped by other reasons or mecha-
nisms. For instance, the latter three aspects, refraining from negating others, everyone
speaking, and including everyone’s opinions in summaries, might not be practiced
or emphasized at these discussions. Rather, these three requirements seem to be
set to enhance the quality of the individual’s experience during participation, since
organizers may highly consider the experiences of the participants in the discussion.
Meanwhile, the quality and experience of discussions at the Kanda Lab are perceived
as high, with frequent feedback from participants stating that the discussions were
fruitful, engaging, and beneficial. The quality of discussions at the Kanda Lab seems
to be crafted through different reasons and mechanisms than those typically found
in general workshops. We therefore, based on observations of discussions at the
Kanda Lab, consider what may be leading to the quality of discussions, which may
correspond to what people say about open discussion.

Observing discussions at the Kanda Lab, we often see negative comments on
someone’s ideas. However, those who receive such comments do not feel attacked.
Considering that most participants are experts in their fields and have confidence
in their thoughts, it might be concluded that they have much confidence in their
thoughts, and so negative opinions are acceptable. However, this does not explain
why they are not perceived as attacks. A closer observation of the content and motives
of negative opinions reveals that these are often questions arising from a desire to
understand the speaker’s thoughts or opinions intended to refine the speaker’s views,
based on an understanding of their intentions and values.

Consider a discussion about finding ways to improve operations in a company.
When a participant proposes an idea, a question like “I don’t think that’s good; why
do you think so?” is not rejecting the idea but asking for its reason and rationale.
More precisely, the questioner wants to understand the reasoning and potentially
come to think about the merit in the opinion, and might want to be able to think
in the same way. If another opinion states, “I think your idea is based on this focal
point, but considering that point, I believe it won’t work for this reason,” it may be
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critical of the feasibility and interpretability of the idea itself, but it acknowledges and
considers the proposer’s perspective or values. Common to both is that the speaker’s
focal points and values are respected and not negated. In contrast, outright rejections
like ““Your opinion is trivial/There’s no point in considering such things” can be seen
as negating both the opinion itself and the speaker’s presented perspective or values.
In discussions at the Kanda Lab, respect and interests are paid to opinions that seem
to diverge from the central point or those that one does not understand or that differ
from one’s own values. For incomprehensible points, various questions are asked
to grasp the values, motivations, problem awareness, and aims in an understandable
form. When values are understood, the validity and feasibility of the opinion are
examined and commented upon. In both cases, attention is paid to the person’s ideas
and values who expressed the opinion, showing interest and consideration.

Another perspective on open discussions is whether the purpose or topic of the
discussion is clearly defined or whether a conclusion is required. When the goal is
clearly defined and there is a relatively strong demand to achieve it, the discussion
naturally becomes directed, and opinions that do not align with this direction tend
to receive less attention. Some participants may feel barriers for saying something,
except for who are most likely to contribute to achieving the objective in the discus-
sion. On the other hand, in brainstorming sessions aimed at generating ideas, the goal
is to produce as many ideas as possible and create a list of ideas. In this case, one
could say there is no specific direction and format at all. As a middle ground, there
are discussion format where the first half of the discussion focuses on generating
ideas and expanding the discussion, while the latter half moves towards convergence
and summarization. The discussions observed at the Kanda Lab seem different from
all of these. When an opinion is expressed, questions are asked to discuss and share
the problem awareness and the values with all participants, with translating them
into more general, essential explanations. Simultaneously, the value, feasibility, and
validity of the opinion are discussed. Once sufficient discussion has taken place,
they move on to the next idea. The depth to which each idea or opinion is explored
depends on how much inspiration each participant receives from it and whether they
feel there might be significant discoveries in related areas. They seem to move on
to the next idea or opinion when everyone feels that further discussion is unlikely to
yield much more.

If discussions with a concrete purpose and summary are seen as creating one large
entity together, brainstorming can be viewed as arranging small, granular ideas side
by side. When creating one thing together, it is difficult to deepen individual values
due to efficiency concerns. On the other hand, brainstorming does not provide depth.
In contrast, discussions at the Kanda Lab are like creating clusters of various sizes
together, similar to the results of a cluster analysis in data science. While sufficient
depth is achieved for each idea, it often takes a long time. This cluster-like structure
of the Kanda Lab’s discussions, where each topic born from the discussion achieves
sufficient depth, is considered one factor that makes discussion feel open.
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3 Discussion with Bridging Partial Curiosity

In the Kanda Laboratory, discussions often arise from casual conversations, seem-
ingly without any pressure. This may be due to everyone being familiar with each
other and often staying in the same room, which seems to lower psychological
barriers. Indeed, it appears that more discussions occur when just colleagues who
are already friends are simply in the same room together, indicating that they are fun
to engage in such dialogues.

There is a belief that discussions initiated through casual conversations are highly
beneficial, as seen in interactions during tea breaks at conferences or during social
gatherings at banquets of conferences. Such casual interactions at poster sessions
often yield deeper conversations than formal presentations. People gathering and
engaging naturally in discussions tend to be more productive, and it is not uncommon
for such interactions to lead to collaborative research projects.

On the other hand, it is extremely difficult to give researchers plenty of time to
have conversations in the hope that this kind of fruitful discussions will occur. Since
this kind of gain is obtained by chance, expecting luck is too much, which is a big
problem in terms of efficiency. Researchers who participate in conversations will
also have less motivation to participate if there is little chance of gaining fruit. They
prefer to get results more reliably, and would rather pursue their own research than
engage in such conversations.

Even if we gather people and hold a workshop just for this purpose, not so many
people would join the workshop. Compared to general presentations such as keynote
speeches, attending discussions seem to have a higher barrier to participation. Many
people are hesitant, feeling obligated to contribute or behave as active participants,
which can be pressuring or simply bothersome.

Observing how these discussions start, it typically begins with someone
addressing a question or raising an issue to another person. The topic is then laid
out for discussion and talked about among two or three individuals initially. As the
conversation progresses, more people join in, while others listen in while continuing
with their own work. This scenario differs from other workshops in general, in that
the topics are smaller and more accessible, participants can join and leave as they
like, and there are some participating and some do not.

Upon reflection, participants in general workshops seem to feel that they are
always required to be on equal footing, constantly catching up with the discussion in
real-time. They are also expected to position themselves as active contributors to the
current topic and to have their own opinions ready. This can be a significant burden,
and as the discussion progresses in directions that may not align with one’s interests,
it might become overwhelming and hard to keep up. When one is forced to behave
dictated by the flow of the discussion, the person must feel being in uncomfortable
place. This great burden is absent in the discussions at the Kanda Lab. We could
not observe any other significant differences contributing to the ease of discussion.
Hence, we would like to state a hypothesis that easy entry and no constant catch-up
pressure would be keys to facilitating relaxed discussions.
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Regarding easy entry, one aspect is the way to settle down the topics of discussion.
This is described in another section, thus we omit the explanation here. Another aspect
is that the discussion is typically advanced by someone who is knowledgeable about
the question, answering or responding to it. In the discussions at the Kanda Lab,
these persons are corresponding to the persons asking questions, the persons who
can answer the questions, or simply the persons being asked the questions. As the
conversation progresses between these people, issues are explained one by one, and
the people listening around to them begin to understand what is being mentioned
and what are the problems. Necessary explanations are provided sequentially, at the
necessary time, allowing those listening persons to gradually understand the topic.
The respondent becomes gradually able to understand or think about the content of
the discussion and the issues in detail, from the respondent’s perspective, and as the
respondent explains one’s understanding, the people around them also become able
to think about it in detail. Concurrently, the focal points of the discussion shift to a
place or a level of abstractness that everyone can engage with.

Another key point, “no constant catch-up pressure,” is that such behaviors are
allowed, such as just listening without participating in the discussion, doing one’s
own work, and dropping in and out of the discussion several times. In other words, one
can freely decide one’s own attitude toward participation in the discussion, and this
is clearly stated to be allowed. One can participate in whatever part of the discussion
one likes, as much as one likes, and from whatever distance one likes.

One does not have to concentrate all the time, and one is not forced to do anything.
Without an atmosphere in which it is explicitly stated that they are allowed to vary
their level of participation, people end up feeling like they are implicitly expected
to always participate in the discussion with high concentration. The speakers who
express their opinions often feel uncomfortable if there are people who are seeming
not to listen to the persons speaking. However, if people are allowed to partially listen
to and understand the context of the talk, then the speakers feel naturally drawn to
talking to people who are currently actively participating in the discussion.

Furthermore, in general discussions, it is respected not to deny other people’s
opinions unnecessarily, and not to talk too long when expressing an opinion. In
many cases at the Kanda Lab, opinions are not simply affirmed, but their value,
motivations, and way of thinking are acknowledged. Comments have been made
saying, like “This method may not be effective in terms of its value.” In other words,
opinions are not being rejected, but comments are given to rather improve the opinion
or clarify some ambiguities. Taking a long time for one opinion or explanation is
considered to be acceptable as long as they serve this purpose, and are not regarded
as bad behaviors.

Furthermore, in general discussions, it is considered not good to have knowledge
bias, i.e., some people have much knowledge about the topic of discussion and some
quite less. However, in the Kanda Lab, this is rather the norm, and the discussions
seem to be more exciting. In lively discussions like the above at the Kanda Lab, other
than the time spent discussing highly specialized matters, there is often time spent for
explaining someone’s own opinion and responding to others. This is done for those
who lack sufficient knowledge to acquire the knowledge by asking questions, which
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are needed for participating in the discussion efficiently. This exchange usually does
not take much time and is a small part of the overall discussion. In that sense, it seems
that dispersion in knowledge is not so much of a problem.

Furthermore, a lot of attention is paid to the fairness of the participants in general
discussions. For example, choose a topic that is equally distant from all participants’
professions. On the other hand, such topics are quite often far from everyone’s exper-
tise, and no one can provide detailed explanations or deep considerations. The seating
arrangement is also fair, with everyone sitting at a similar distance from the center of
the table and in the same position and posture. The facilitator often encourages people
to speak their opinions, which is to control the discussions so that the opportunities,
number of times, and time for speaking are equal.

In such a situation, everyone will feel or misunderstand that they are expected to
participate and contribute equally to the discussion, even if they do not have such a
purpose or awareness. Also, the person explaining their opinion may expect to be
heard equally from everyone, and feel uncomfortable if someone is not listening.
They may feel offended if their comments are ignored. In discussions at the Kanda
Lab, this kind of fairness does not exist.

Instead of having people who do not seem to be listening to the discussion, there
are always one or more people to whom each opinion is addressed. Opinions are
being voiced to these people, so as long as these people are listening, understanding,
and thinking, it does not matter what other participants are doing. Additionally,
participants who are not the recipients of the message do not feel pressured to listen
and understand the message since the voices are not directed at them. This is probably
one of the reasons why discussions at the Kanda Lab are so lively even when they
are not fair.

In fact, not all individual participants have the same level of enthusiasm and
interest in the discussion, and each topic has different levels of need and interest.
When an argument has a set purpose and achieving that goal is the most important
thing, the argument itself becomes the most central entity, so to speak. In that case,
participants are implicitly or explicitly expected to contribute to the discussion or
purpose of the discussion. However, it is unlikely that participants in a discussion
will share the same level of purpose and interest. There may be topics that one is not
interested in or finds difficult to understand, and one may not have a strong desire to
participate in the discussion in the first place.

In general, especially when participants from different fields gather, or when the
relationships between participants are weak, such as when they meet each other for
the first time, there is likely to be a great deal of diversity in their awareness of issues
and interests. If we try to design discussions in a way that meets the different levels
of individual motivations and interests of participants, the ways of participating in
discussions will inevitably vary.

Based on observations of the discussions at the Kanda Lab, we would like
to develop and propose a systematic method that embraces diverse participation
consciousness. This method includes several issues such as the selection of the
speaker who gives the topic at the discussion, and design of discussion environments.
The details are as follows.
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Decide who will present the topic for discussion. A speaker should be a person
who has an interest in a certain issue, is aware of a problem, or has some purpose,
wants other participants to discuss, and to gain something from the discussion.
The speaker can be considered as the originator of the discussion.

The speaker sets the main topic of the discussion. Based on one’s own awareness
of issues and goals, choosing something that has room for discussion, which
is, the topic seems to have much space for research and consideration, and is
connected to adjacent issues and related matters, making it easy to think about.
The speaker appoints at least two or more core participants.

Core participants are chosen as persons who have a certain degree of under-
standing of the speaker’s awareness of the issue, purpose, and expertise, and
who can be deeply involved in the discussion.

Core participants and the speaker serve as persons to be addressed, to which
other participants can talk their opinions. Therefore, speakers and core partic-
ipants should take part in the discussion from the beginning to the end, and
try to always understand the content and situation of the discussion. When this
becomes mandatory, this gives a big pressure to core participants, thus we ask
multiple core participants so that there will be no problem even if there are times
when some of them do not understand something or are not at the center of the
discussion.

The venue for the discussion consists of a central table, surrounded by desks
or chairs. The participants lively participating in the discussion (in most cases
the speaker and core participants) should be placed at the center table, and
the remaining participants should sit around the periphery. Additionally, online
remote participation may also be added, and this will be considered as the same
position as the surrounding desks and chairs.

Participants are free to choose styles of participation that suit their enthusiasm,
interests, and time availability. Sit on the periphery and listen, move to focus
only on what is interesting, or speak. While a topic you are not interested in is
being discussed, you can spread out your laptop and do your own work, or you
can quit or skip some parts of the discussion.

The speaker or core participants make a break in the discussion once the topic
changes or after a certain amount of time has passed, and briefly review and
summarize the content of the discussion since the last break. The summary is not
to accurately trace the discussion, but to summarize from a meta perspective,
such as what was important, what new things were noticed, etc., the state-
ments that moved the discussion to some extent, the trends in the participants’
statements, and the flow of the discussion.

The aim of (1) to (3) of the above method is to ensure that there is always more than

one person at the center of the discussion, and that the persons to whom participants
are speaking are always existing in the discussion. (4) to (6) are to enable participants
to smoothly change their level of participation depending on their level of enthusiasm
and interest, and to not feel psychological resistance even if they behave this way.
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We would like to introduce two examples of application of this discussion method.
One is the ASFA colloquium, which was organized by the AFSA project for intra-
project exchange. The speaker will give a one-hour presentation starting at 3:00 pm
on the day of the event, and there will be time for participants to chat before and
after. The speakers of the colloquium are asked not to present their research results
deeply, but introduce more practical or basic issues related to one’s research, so
that many participants will be attracted and attend the colloquium without making
it compulsory. However, the number of participants gradually decreased, and after a
year of continuing to hold the meetings once a month, sometimes participants were
the speaker, organizers, and members of the lab. Thinking that some kind of leverage
was needed, we adjourned the meeting and resumed with a new format that applied
the above method, except for (6). As a result, the number of participants almost
doubled, and the events became very lively, often lasting more than an hour after the
presentation. Observing the discussions, both online and on-site, some participants
are enthusiastically expressing their opinions, while others are just listening or doing
their own work. Persons giving opinions often change from time to time. Participants
were able to behave freely as the organizers intended, and as a result, they were able
to relax and participate in a way that satisfied their own interests.

Another example of an application is a discussion group for creating a problem
catalog. Based on the presentations of the guests who visited the Kanda Lab, we held
a meeting to discuss concretely structuring the problems to be solved in the future,
starting from a somewhat abstract understanding of the problem. This applied all of
the factors (1) to (6) above. As a result, many participants are able to participate,
especially online, where participants come and go repeatedly, and when it comes
to topics that are related to or of interest to their own specialty, they are able to
contribute their own knowledge and ideas to the discussion. We believe that the
benefits of allowing many participants to participate at their own pace have been
demonstrated, as the quality of the discussion has been improved. At the center of
the discussion, while the core participants are actively discussing various issues,
from time to time, less active participants from the periphery or online participants
often present high-quality viewpoints and knowledge based on their own expertise or
ideas, and these opinions often cause discussions that have been somewhat blocked
or off-topic to suddenly shift to the essentials.

It is very difficult to evaluate the quality of the discussions held. If we were to
evaluate the quality based on the conclusions obtained from the discussions or the
quality of the participants’ experiences, we would not be able to think of the method
described above. As a result, the kind of lively discussion that has been exemplified
will not be possible. We consider that this method could have been developed by
focusing on the inner fulfillment and motivations of the participants, rather than
evaluating the discussion.
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4 Curiosity Driven Designs for Interdisciplinary Discussion

One consistent challenge faced when organizing interdisciplinary discussions or
workshops is attracting participants to attend the workshop. While having more
attendees generally helps achieve the objectives of the meetings, it is important to
consider the benefits to the participants themselves. Attendance should be voluntary,
with individuals deciding to participate if they find it beneficial based on their personal
circumstances. However, this approach often results in only a few participants. This is
a big problem particularly in interdisciplinary settings like the AFSA Project, where
researchers from various university departments gather. This is a significant issue in
communities where individuals’ circumstances widely differ. On the other hand, even
those with limited initial interest in such workshops report high satisfaction levels,
at least as observed in interdisciplinary sessions hosted by the Kanda Laboratory
and the AFSA Project. This suggests that many who benefit from participating are
not attending. On the other hand, researchers frequently express the importance of
interdisciplinary fusion but lament the lack of opportunities to engage.

Despite available opportunities, the prevalent sentiment that these do not seem
beneficial suggests a significant disconnect between pre-attendance perceptions and
actual experiences. This could be due to the difficulty in envisioning the potential
benefits given by participating in the workshops. To address this issue, it is crucial
to analyze what actual participants deem as benefits and devise effective methods to
communicate these advantages.

Observing the members of the Kanda Lab, it is evident that they enjoy partic-
ipating in research meetings and discussions, regardless of the relevance to their
specific research topics, and they gain some benefits from these engagements. Similar
observations can be made about the members of the AFSA Project. Common among
these enthusiastic participants is a preference for sessions where they can express
their opinions and engage in discussions, rather than just listening passively. When
asked about the benefits they derive, responses include gaining new perspectives,
meeting new people, having the opportunity to think deeply, and could formulate
new ideas through discussion. These benefits revolve around the ability to think,
learn, and connect with others, but upon closer inspection, acquiring new knowledge
involves more than just adding information to one’s memory database. If acquiring
knowledge were merely about gaining information, one could simply read docu-
ments as a substitute. The “knowing” mentioned here suggests that the participants
enjoy and find value in thinking and expressing opinions, indicating that they are
integrating new information into their existing knowledge frameworks, combining it
with past insights to foster new thoughts. This is inferred from the observation that
many people consider thinking and expressing opinions to be a gain and enjoyment.

This process of thinking and creating within oneself seems to be both enjoy-
able and perceived as beneficial, particularly in terms of enhancing one’s cognitive
abilities as a researcher. Meeting new people entails more than just forming casual
acquaintances; it involves being influenced by their research methodologies, world-
views, and philosophies, thereby generating new ideas, sensations, and perspectives
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within oneself, which is significantly different from merely liking someone or appre-
ciating their personality. In summary, the gains from such interactions often include
new perspectives, ideas, or worldviews either formed or renewed within oneself, and
the joy and benefits are derived from this process of intellectual engagement.

Hypothesizing that the joy comes from being able to create this way of thinking
and perspective within oneself, we think good ways to organize and announce work-
shops. First, it is crucial that the participants are to be able to think, and to think with
exchanging opinions among participants. To achieve this, creating an environment
that is conducive to easy participation and open expression, as well as allotting ample
time for discussion mentioned in another section, is vital. To aid in thoughtful engage-
ment to topics discussing, it is important to encourage questions, especially allowing
questions during the presentations, and also encourage participants to explain their
values and thought processes to others, to achieve situations in that all participants
understand those values and thought process well so that they can imagine and antic-
ipate reactions and evaluations of the others when one proposes some topics or
opinions. When promoting these meetings and inviting participants, it is important
to communicate with these thoughts as the main focus. In other words, the announce-
ments should be on what do participants expect to think or create in themselves, what
do presenters and organizers expect to think and create in themselves. This approach
helps potential attendees recall what gains others have enjoyed from the workshops
and how they might similarly benefit.

We present some examples of this workshop designed in the manner discussed.
The first one is a workshop gathered with researchers who are aided a Japanese
young researcher fund PRESTO. PRESTO is a highly competitive research funding
program in Japan, admitting only a few dozen applicants each year. Despite its focus
on early-career researchers, the substantial funding amount has garnered high recog-
nition and attracted many applicants, serving as a gateway for young academics. One
distinctive feature of this funding is the mandatory for attending to biannual research
meetings, which facilitate exchanges among those promising PRESTO researchers.
Some applicants are drawn to the fund specifically for the opportunity to partic-
ipate in these meetings, even more than the funding itself. However, since 2020,
the COVID-19 pandemic has prohibited face-to-face gatherings, hindering active
exchanges. When in-person meetings resumed in 2022, in order to recover the lost
time, we made efforts to organize workshops using the method described above.

Specifically, we assumed to have workshops several times, the first session focuses
on individuals giving self-introductions that delve into their inner thoughts, fostering
an understanding of each other’s perspectives and values. The subsequent sessions
progress into discussions about the values and philosophies inherent in their fields
of research, moving towards research topics. Given the diversity of the participants’
fields, research presentations are structured not around technical details but rather
on the challenges, objectives, and significance of the research, making it easier for
participants to engage thoughtfully. Rather than technical explanations, presentations
elucidate why certain methods were chosen, encouraging questions even during
the presentations. Allow questioning during the presentation. Researchers partici-
pated are explained about the objectives and the format of the workshop carefully in
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advance, such that we pay much attention to carefully engagement with and under-
standing each other’s thinking and values, rather than just knowledge of research
content. The approach was highly praised by participants, marking a rare instance
of such an event being continued successfully. Unlike typical voluntary gatherings,
this meeting achieved an exceptionally high participation rate.

Another example is a research symposium exploring new computer architecture.
The objective of this symposium is to construct computer architectures under newly
developing devices by providing suitable algorithms enhancing the efficiency and
hiding disadvantages. The attendances span many fields including devices, architec-
ture, and algorithms. Although symposiums concerning with a kind of such dreams
are much attractive, they seem to have little practical gain, making it difficult to ask for
active participation. Therefore, this symposium was held with the same design as the
above-mentioned funding research workshop. Rather than gathering participants via
email or homepage, we used our personal connections to provide a somewhat detailed
explanation to encourage their participation, using the same method of communica-
tion as above. This was also very well received by the participants, and although it is
generally difficult to set the agenda and hold discussions without misunderstandings,
the discussions were carried out very smoothly and lively.

The above examples are just two instances. They may not necessarily apply
successfully elsewhere, and there might exist better methods. What we can get from
these two examples is that, carefully analyzing what the participants have acquired
and what brings them joy, describing the analysis for those who have never expe-
rienced such acquisitions can understand them, and design the connection to the
benefits and values of participants, have potential to be very effective in improving
the quality of research meetings, especially for interdisciplinary research meetings
where direct benefits to researchers are not immediately apparent.

5 Setting Topics and Questions for Active Discussion

How to choose and set good topics is one of the difficulties of organizing a work-
shop for discussion, which always needs much time and thought. The subjects we
wish to discuss are usually abstract, possibly leaving participants unclear on how to
understand and engage in the topic. While a concrete topic can make the discussion
easier to grasp and more approachable, it can also limit the depth and breadth of the
conversation, and participants unfamiliar with specific examples may find it harder
to contribute.

For instance, let us consider the topic of “reliability of AL If we use this broad
topic directly, participants may be unsure what they can think and say. Conversely, if
a presenter suggests a more tangible prompt, such as “I want to create a chatbot that
helps with tax procedures, and I need it to be trusted by users; what should I do?”
participants can more easily understand what to consider and discuss. This clarity
also facilitates more direct and relevant questions.
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However, this discussion approach has its complexities. When actually engaging
in the topic, participants need to consider aspects like tax regulations, internet
services, and user psychology, areas they might not be familiar with. Without rele-
vant expertise or experience, generating ideas can be difficult. Even when participants
come up with various ideas based on general knowledge, they may not be able to
judge feasibility, validity and quality of the idea, which needs frequent questions and
explanations from the presenter. When there are many participants and discussion
tables must be separated, tables without a presenter can struggle to maintain effi-
ciency in their discussions. Thus, finding a good and appropriate level of abstraction,
granularity, or generality in a topic is crucial for topics of fruitful discussions.

This difficulty in generating ideas has often been attributed to a lack of expertise,
but it can also be seen differently. Even when discussions are based on familiar
and common issues, barriers of expertise often seem to emerge, making thoughtful
engagement challenging. More specifically, participants can think about the topic but
may struggle to identify good ideas or understand what makes an idea valuable. When
the objectives are clear, no matter how diligently considered, ideas that do not align
with these objectives would be deemed worthless, at least we would feel so. This
makes thinking and creating ideas difficult. When values or criteria are implicitly
given and fixed, the participants’ thinking is limited much, so that participants could
not find some clues for getting new ideas.

Discussions that feel inaccessible or where it is difficult to share thoughts and
opinions are not always inherently so, but discussions with fixed values can make
it challenging to generate ideas and deepen the discussion. However, discussions
without defined value axes are also problematic, as they can leave participants unclear
about the objectives, making it difficult to think and speak effectively. Setting a topic
involves choosing one that allows most participants to engage thoughtfully, which
requires an appropriate level of granularity and abstraction, and also respecting and
deepening new values that emerge during the discussion are essential.

Consider the previously mentioned example of “reliability of AL.” When this title
is said to be the topic of the discussion as it is, we feel that it is overly abstract
and unclear in its objectives. Introducing a specific issue like the reliability of a tax-
related chatbot could be too narrow and specific for some, so that many participants
would not be able to think about it. We then broaden this to “a chatbot that teaches
some based on expert knowledge”, then it becomes easier for everyone to relate
and project their experiences and expertise onto the problem. Moreover, we can
additionally set different discussion goals that avoid fixed values. Those goals can be
to get an overview or to be able to think about it. For these goals, we can give some
questions to the participants such as “when people feel a chatbot is trustworthy,” “in
what cases a chatbot has to get trustworthy, and why there are not required to be
trustworthy in some cases” and “what are done to get trustworthy in the community
and society”.

These questions surrounding the topic lead opinions from many perspectives
given by participants, and synthesizing and verbalizing the opinions could give some
insights and concepts. Another goal could be to consider ways in which chatbots can
be trusted in different topics or scenarios. Since how trustworthiness is understood
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and discussed differs in the cases, we can examine many kinds of combinations of
cases and concepts, this way we can drastically increase the variability of issues
that we can think a lot about. This can lead to discussions about more fundamental
issues, such as why we might not trust highly accurate chatbots or why we reject
things even though they need not to be trusted but simply because they are untrust-
worthy. This way also gives a new topic “why resolving these issues is necessary”
that could be thought smoothly. Such discussions require deep thinking but also often
connect universally to many people’s inherent values and ways of thinking, allowing
everyone to introspect and find clues or insights, by looking and observing at one’s
mind carefully.

In addition to the event-design-type topic setting, at the Kanda Laboratory, we can
observe another way where the initial topic is tailored to a specific individual, and
then broad to other participants with abstracted. We refer to this as “addressed topic
setting.” In this way, we do not directly ask participants for their opinions on the
abstract topic we originally have. Rather than that, we first ask specific participants
for their opinions about the topic in relation to their expertise.

From the responses, we pick out several issues, then abstract the issues to topics
that other participants can also participate in. It is difficult to think about and discuss
abstract topics unless we have concrete points to discuss. This initial dialogue has
the function of extracting viewpoints and points of contention, and showing concrete
examples of abstract topics to all participants. Abstract topics are difficult to discuss
as they are, but through this process, the topics are transformed into those with
concepts and concrete topics that are common to the participants. This initial dialogue
has the function of illustrating to all participants the viewpoints, issues, and concrete
examples related abstract topics, as well as how the discussion would proceed if they
were actually considered. In the context of the chatbot for tax-related matters of the
aforementioned example, if there is a participant with legal expertise, one might ask,
“I’m considering the reliability of tax-related chatbots. From a legal perspective, how
do you think chatbots can gain trust?” Alternatively, one could ask someone who
has previously sought advice on tax matters, “When you consult others about tax
issues, how did you establish trust in the person or the information they provide?” If
there are multiple participants to engage with, the same question can be posed across
different fields, tailored to each person’s area of expertise. If several participants
have experience searching for information that requires reliability, their individual
experiences can be explored. Through these processes, the discussion topic naturally
becomes shared deeply among the participants in the forms that each participant can
think and discuss easier.

This first question is created from the abstract theme behind it, so that the form
and focus of the question are arranged and created according to the expertise and
situation of the person to whom the question is asked. The person who planned the
discussion, in this case the person asking the first question, changes what the person
wants to discuss, the original topic, to suit the interests, expertise, and experience
of the person he or she is speaking to, so that the other person is interested. This
approach allows participants to naturally begin thinking about the topic, as questions
are directed specifically at them, enabling them to contribute their opinions to the
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discussion. The second question is generated in a similar way. By asking questions
to a person who has the experience that required them to gain specific tax-related
knowledge about the feeling, points to be discussed, perspectives, the person asked
question could become enable to think about the problem from the aspect that the
person has much knowledge. As questions are posed to various participants, the
topic and purpose of the discussion organically shift towards a common theme that
all participants can engage with intellectually. When there is a specific objective for
discussion, one can move the current discussion to that of the objective, by adding
perspectives, introducing problem awareness, or revealing the underlying purpose.
This method allows participants to transition to the intended topic while maintaining
their individual thoughts and viewpoints, fostering an environment conducive to
continued thinking and discussion.

At the Kanda Lab, discussions frequently begin with someone addressing another
person in this manner. When guests visit the Kanda Lab for discussions, they often
come with specific concerns and may present these through a presentation. In such
cases, the curiosity and challenge for other participants lies in understanding and
contemplating these concerns. Understanding becomes the primary task, leading to
various questions being directed at the presenter from different angles. However, in
discussions on topics like Al reliability among interested individuals, there may not
be a highly specialized expert available to answer questions. In these situations, we
usually prepare carefully designing the topics and issues in the discussion, while
casual conversations often reveal an awareness of issues we think from the past, and
lead to lively discussions, which actually follows the way of addressed topic setting.
This approach is particularly common for small topics, such as asking others about
fleeting doubts or everyday thoughts. Even when beginning with a minor topic, the
discussion sometimes evolves to provide significant insights. It is speculated that
the existence of small awareness often indicates the presence of larger, underlying
concepts worthy of consideration and conceptualization.

6 Inner Side Self-Introduction for Curiosity Connection

Suppose that some researchers from different research areas gather to discuss and
collaborate. If they have an interest in each other’s fields or research, they may
find it easier to create ideas and proceed with issues more smoothly and efficiently.
Conversely, if they lack interest, their creativity may be somewhat limited. If the tasks
in collaborative research are clearly defined and require no creative input, the work
can be done in some sense mechanically. However, when formulating new research
questions or developing research plans, creativity is often necessary, and the quality
of the discussions and research can vary significantly depending on whether rich
ideas can be generated. In general, it is very difficult for people to consciously foster
interest in topics that they have no interest in. For instance, for someone who is
not interested in mathematics, the prospect of engaging with research to prove a
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mathematical theorem can be daunting and difficult to become genuinely interested
in.

Initially, the members of the Kanda Lab started with less interest in each other’s
research and research field. Philosophers did not have a deep interest in informatics.
Mathematicians are not actively curious in literature to the extent that they want to
have joint research. Even researchers who are interested in informatics tend to limit
themselves to the general context of informatics, such as informatics is currently
attracting a lot of attention in society, and that Al is changing the world. Nevertheless,
once they gathered in the same place and joined the same project, they needed to learn
about each other and their research to build relationships. Despite their initial lack
of knowledge in each other’s fields, the members of the Kanda Lab went through a
lot of trial and error to know each other, and managed to establish good relationships
relatively quickly. Observing at the process of trial and error, it seems that the key
lies in the introduction of research and oneself, the approach of which is different
from the styles of self-introductions and research introductions that are commonly
carried out in interdisciplinary exchanges.

Self-Introductions at the Kanda Lab usually do not begin with conventional self-
presentations but rather with specific questions. For example, conversations might
start with questions like “How would a researcher of philosophy approach this issue?”’
or “Could computer science technology enable this?” These inquiries directly relate
to the interlocutor’s field, then it leads to introductions of their respective research
domains, and then continues to personal backgrounds. This method likely serves to
tie something currently being discussed, of mutual interest, to the one’s research area,
thereby facilitating an understanding tailored to personal engagement or providing
cues for further comprehension. Moreover, the nature of responses to these ques-
tions often strays from typical explanations. For example, even for simply asked
questions about technology in the research area, respondents avoid typical technical
descriptions, such as “Contemporary Al is underpinned by deep learning, which
fundamentally....” Instead of that, they focus on broader implications such as the
significance of Al in informatics, its prominence, potential for future development,
and how researchers engage with Al Essentially, the dialogue shifts from mere tech-
nical details to an exploration of the technology’s role and significance within the
field, including how experts perceive and value it. Thus, questions tend not to probe
the research directly but rather the researcher’s perspective and the current state of the
field, and the respondent answers under the same perspectives. This approach enables
an empathetic connection, even if one does not initially have a personal interest in
the specific research area, since we are the same “researcher” doing research that
can be considered as same kind. By shifting the focus from the research topics of
the researcher, they overcome barriers of disinterest. Additionally, by learning how
another creates and organizes curiosities for research topics, they seem to indirectly
fosters a personal interest in the same topic. By understanding the other person’s
interests and way of thinking, one will be able to think, ‘“This kind of research might
be interesting to the other person,” or “This might be of some value to the other
person.” It means that one can think and come up with ideas on research topics of
other researchers, and also can verify their values.
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Following the initial responses and explanations, further inquiries and comments
often continue at the Kanda Lab. Observations indicate that these subsequent discus-
sions frequently involve comparisons, either between individuals themselves or
their respective research areas. Such comparative analysis likely aims to identify
commonalities, similarities, or distinctions to enhance understanding. By discov-
ering what one shares with another, it deepens appreciation of their viewpoints,
fostering empathy and interest. Once commonalities are established, differences are
then explored. While it might be difficult to derive meaning from wholly disparate
issues, by anchoring in shared aspects, meaningful distinctions can be articulated
and appreciated.

Based on observations at the Kanda Lab, we would like to construct and propose
a method for self-introduction aimed at rapidly enhancing mutual understanding and
smoothly building good relationships when meeting new people or encountering new
fields. We call this method the “Inner Side Self-introduction.” It takes a relatively
long time, and is designed to be generalized so that many people can use the method,
regardless of profession or personal background. (1) Initially, the person making the
self-introduction (speaker) briefly describes something about themselves, whether
it be their job, hobby, or academic pursuits. For example, if there is a 30-min slot,
they should spend about three minutes on this. If the introduction is longer, over
10 min, preparing presentation slides may be appropriate. (2) Instead of delving into
detailed explanations of their work or research, the person should talk about how
they view their work or study: what aspects are enjoyable, important, interesting, or
challenging.

(3) The self-introduction should focus primarily on questions from the audience
rather than the speaker’s own narrative. Participants should ask questions that probe
the reasons behind the speaker’s thoughts, such as what prompted these thoughts,
whether there are similar concepts in other fields, and so on. Questions for consid-
ering connections to the questioner’s background knowledge and isomorphism to the
questioner’s expertise are also encouraged. The speaker should use metaphors and
paraphrasing (in exact, describing in a different way) to explain isomorphisms and
differences, making it easier for people from different fields to understand.

The aim of this method is to enable participants to understand the speaker’s view-
points and values regarding their work or research through (1) and (2), and to enable
participants to recognize isomorphisms and differences between the speaker’s and the
participants’ work or research through (3). Understanding these isomorphisms and
differences not only provides new perspectives on the presenter and the questioner
but also deepens the understanding among all participants. When more questions
are asked and the discussion deepens, mutual understanding quickly develops, and
mutual interest and respect are fostered among all participants. Furthermore, this
self-introduction technique can be applied not only to self-introductions of persons,
but also to presenting research fields, business sectors, schools, and tutoring services.
Additionally, metaphors and paraphrasing to identify isomorphisms are frequently
used in questions and comparisons. Isomorphism refers to the similarity in structure
between different entities, such as having similar functions or roles, or in the rela-
tionships between organizations and individuals. For example, publishing a book
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in field A may be analogous to writing a paper in field B, or translating a book
in field A may be equated with the same esteem as writing a textbook in field B.
While the value and recognition of translations and textbooks can differ between
fields A and B, often corresponding elements exist when considering functions or
roles. More complex isomorphisms, such as those found in community structures,
can also be often identified in the same way. Without recognizing these similarities
and isomorphisms, others might be seen only as researchers just different from me.
However, when isomorphism in research activities is identified, one can recognize
that they are conducting research activities similar to one’s activities in different
forms. This realization allows for a deeper understanding of the other’s research
value and interest by projecting them onto the structure of one’s own field. It also
facilitates the development of ideas and thoughts in alignment with the other’s values
and interests.

Only after such recognitions of commonalities and isomorphisms are constructed
can one perceive the essential differences between fields, such as finding aspects in
one field that have no counterpart in another. For example, humanities research often
involves the process of introspection by asking issues in the researcher’s mind who
is engaging in the research. This process of introspection might have no equivalent
in the research activities in mathematics or natural sciences. Engineering may have
an intrinsic desire to create and contribute to society, which may not have a rigid
counterpart in literature. Only in such circumstances can one see and develop a
deep interest in thoughts and concepts absent in one’s own field, and wonder why
such research activities, although similar in form, differ so much. Then, naturally,
questions arise in one’s mind, such as why the research activities are so different,
even though they can be considered to be very similar? What are the origins of these
differences? How do they affect and influence the philosophy and worldview in the
research disciplines? How do they appear in which parts of research outcomes? One
can not only recognize the differences but also cultivate interest and respect for the
issues different from one’s field.

As a result, building good relationships and friendships among members at the
Kanda Lab was exceptionally rapid. Despite the limited face-to-face interaction due
to the COVID-19 pandemic, within two to three months, members were as relaxed
as old research colleagues, discussing with anticipating each other’s thoughts. They
even socialized as if they were friends from the past. Recognizing essential isomor-
phisms and differences, and holding interest and respect for them, likely contributed
significantly to the development of good relationships.

Here we would like to show examples of applying this method of self-introduction.
We first describe a practical example in a community of young researchers who are
funded by “PRESTO” aided by Japanese funding agency JST. This fund is well-
known for fostering active exchanges among funded researchers, often motivating
their applications for funding. However, a group started in 2020 was unable to engage
in any face-to-face exchanges due to the COVID-19 pandemic.

In 2022, when in-person meetings were permitted again, we were in need of
catching up and rapidly deepening interactions to recover the lost quality of research
activities and environments, thus we decided to use the Inner Side Self-introduction
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method. The meetings were held in two locations, Tokyo and Kyoto, with 20 young
researchers gathering in Tokyo and 10 in Kyoto, each taking about 30 min to self-
introduce themselves in the manner of Inner Side Self-introduction. The participation
ratio was relatively higher than similar research meetings, partly because everyone
was looking for interaction. In addition, there arose many questions that made it
hard to believe that we were meeting for the first time, and a lively discussion that
delved deeply into one’s ideas took place. These meetings received very good repu-
tations, and many people came to be seen as old friends after just two meetings. At
later research meetings, those people lively discussed during breaks with only a few
seconds without talking. Mutual understanding and good relationships were built
efficiently.

Another application was done in a series of workshops initiated as part of the
AFSA project. This workshop brought together researchers from diverse fields
such as device engineering, computer architecture, quantum mechanics, quantum
information, algorithms, and programming language. By sharing their insights,
knowledge, and thoughts, the group aimed to design new computer architectures
by accentuating strengths and concealing weaknesses of some architectures using
new devices. Given the diversity of unrelated fields, the participants initially did
not even know each other’s names or faces. However, employing the Inner Side
Self-introduction to share their research perspectives and field affiliations deepened
their interactions. After two meetings, this led to profound discussions on individual
research topics, enhancing mutual understanding and relationship building. Partici-
pants started feeling a sense of anticipation and interest in presenting their ideas at
the workshop, finding meaning and value in making presentations. The expectation
of being understood and generating interest serves as a strong motivation to present.

When we applied the method at the first meeting of newcomer students of a
laboratory. By introducing themselves to each other and asking about their reasons
and motivations for research, fun, and life in the manner of the method, the meeting
became so exciting with many conversations. According to the researcher organizing
the laboratory, it was the most active meeting in the past 10 years.

We would like to present another very different application of this method, used
in a marriage-seminar in a certain region of Japan, where it was introduced as a way
for men and women to enhance communication and foster connections. Unlike the
original version designed for researcher interaction, this adapted version focused on
sharing views about jobs, activities, and family perspectives, specifically tailored
for understanding matrimonial purposes. Participants practiced Inner Side Self-
introduction as explained, with each other in pairs. The feedback from participants
was overwhelmingly positive. Surprisingly, one participant, who had been unsuc-
cessful in finding a partner despite two years of attending matchmaking events,
successfully formed a couple by using this method at another event the day after
the seminar. The fact that a technique originally designed for academic networking
could, with slight modifications, significantly contribute to building strong personal
relationships in the broader society was a pure delight.

Reflecting on my own experiences attending conferences, I often find that meeting
other researchers, rather than listening to research presentations, is my primary
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motive. Research information is readily accessible through papers and reviews, and
unless it is a topic of deep personal interest, my motivation to attend diminishes. In
general, the workshops and interdisciplinary meetings were usually predominantly
focused on individual research presentations. We believe that centering around people
and interests, and using techniques like Inner Side Self-introduction, could more
effectively attract participants and create more satisfying events.

Traditionally, the exchange of ideas and values has been considered and exam-
ined as an informal, individual activity, often occurring during banquets and casual
conversations at some academic conferences. If Inner Side Self-introduction were
systematically applied, this exchange could be carried out on a larger scale and more
systematically, potentially adding significant value to conferences and workshops by
creating places with new dynamics.

7 High-Level Linguistic Activity; Paraphrasing, Metaphor
and Seeing-as

Observing the discussions in the Kanda Laboratory, we quite frequently see sophis-
ticated linguistic activities such as paraphrasing (explanations in the other words, in
precise), metaphor, and “seeing-as” (here it means to construct a story, concept, or
structure from some concepts by different perspectives, so that it would give clear
understanding, new value, or similarity to some other concepts). While discussions
are typically considered to involve arguing, persuading, and explaining one’s theo-
ries, the dynamics at the Kanda Lab are quite different. The usage and purposes of
paraphrasing, metaphor, and “seeing-as” also diverge significantly from what they
are usually considered to be.

Generally, metaphors are recognized as seeking to enhance the quality of narra-
tive or description, such as saying something is “white as snow.” Paraphrasing is
perceived to simplify matters or lead to conclusions, potentially summarizing state-
ments like, “So, you agree with this opinion?” or “It means there is a low chance
of a new discovery.” Perspective-taking might be used to speculate about the under-
lying aspects of situations, as in considering motives and relationships in a case.
For example, when thinking about the motives of the culprit in a certain case or
the relationships between people behind. A parable can also mean an illustration.
When presenting or explaining a certain thing or concept, exemplification is the act
of specifically presenting what the thing or concept includes in its meaning, what
it includes, its basis, what it is related to, etc. Analogies in the sense of illustration
are also used in the discussion of the Kanda Lab, but since this is done almost in the
same way as those observed commonly and generally, we will not consider them.

The paraphrasing used in the Kanda Lab involves describing the same matter from
different viewpoints or meanings. Here, paraphrasing should mean “describing in a
different way”, or different description to pose new concepts, structures, questions
or values. For instance, asking “Does conducting surveys with many people equate
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to collecting data and forming hypotheses?” generalizes specific research activities
into more abstract terms. “Providing a theorem proof for a developed method means,
in other words, assuring some quality to the users,” describes research outputs from
the perspective of the users. In this way, paraphrasing is employed to introduce new
perspectives and meanings into discussions, deepen one’s understanding, and achieve
a more comprehensive understanding. This type of paraphrasing, distinct from the
more general use, is referred to as “perspective paraphrasing.”

Next, we explain the usage of metaphors. At the Kanda Lab, metaphors are often
primarily used when conveying unfamiliar concepts to others or when attempting to
understand concepts that are unclear to oneself. Unfamiliarity here does not pertain
to a lack of logical comprehension, but rather to a grasp of concepts. For example,
asking “Is publishing a book in humanities equivalent to having a journal paper
accepted in our field?” reflects an attempt to understand the significance, purpose,
and value of publishing in humanities by approximating it with a similar concept
from one’s own domain. In such cases, the response might simply be “Exactly,” or
it might mention details on the similarities and differences, such as “It is similar
in terms of being an achievement, but publishing tends to involve more personal
expression.” Since there are many facets to any issue, by describing the similarities
or differences, the respondent essentially selects certain aspects to focus on or ignore
in future discussions. These aspects represent points of interest or potential focus for
the respondent. If the questioner finds these aspects intriguing, they may comment
further; if interested in other aspects, they might pose additional questions.

At this moment, the questioner, in trying to understand a concept that is unfa-
miliar, transcribes the meaning and structure articulated by the other into their own
set of concepts, searching for issues having structural and semantic similarities that
could present back to the respondent as candidates that could be similar to what the
respondent wanted to say. The concepts and structures that the questioner shows to
the respondent are chosen so that it might be familiar to the respondent. However,
in the case of this particular question, there is a chance that the respondent may not
fully grasp the significance of paper acceptance in their field. Often, the questioner
will then explain the meaning of paper acceptance in their own field, focusing on
aspects they consider important, such as “In our field, paper acceptance is seen both
as an achievement and a kind of obligation, which can be both gratifying and pres-
suring.” In summary, metaphors are used with the aim of understanding unfamiliar
concepts or discourses on some unfamiliar concepts by considering their similarity
to or commonality with one’s own familiar concepts. This function is employed simi-
larly when attempting to explain the concepts that are unfamiliar to the others. This
metaphor usually transcribes on another concept, while paraphrasing (describing
in a different way) usually just changes the viewpoints on the same concept. To
distinguish this specific use of metaphor, we call metaphors of this usage “structure
transcribing metaphors.”

Next, we will explain the concept of “seeing-as”. “Seeing-as™ often occurs in
discussions when a certain topic has been explored to a considerable depth. The
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seeing-as discussed here is similar to modeling in computer science and engi-
neering, but it is not specialized in dealing with things symbolically like mathemat-
ical modeling. Instead, it seems to handle semantic and vague concepts as they are.
Precisely, when one makes a “seeing-as” for a topic currently discussed, the person
extracts certain aspects or points of focus from the topic, selects the parts of interest
from them, and constructs a certain structure including the issues selected, based on
their relationships, connections, forms, or qualities, so that it does not lose the orig-
inal meaning and the structure to that the person is focusing on. This structure is then
directly described, or compared with other concepts or structures in some concepts to
discuss similarities, equivalences, or differences. In other words, making “seeing-as”
is to extract specific aspects and parts from the current discussion and construct a
new concept from them with keeping the isomorphism to the original discussion. For
example, there is a seeing-as that “the field of mathematics is like a battle between all
mathematicians against a giant monster called mathematics. Therefore, mathemati-
cians cooperate with each other, and no one gets in the way of others.” This explains
the structure of researchers working on mathematics with their feelings, and their
human relationships, using the structure of people fighting together to confront a
giant monster. The distinctive feature of this seeing-as is that it transcribes it into a
structure that includes feelings and relationships, while metaphors usually explain
only correspondences between an object and another object, or an issue and another
issue. In order to distinguish this seeing-as from the general meaning, we would like
to call it “concept construction seeing-as.”

The purpose of using “concept construction seeing-as” seems to be for organizing
and summarizing a topic in discussions, proposing directions, and thinking about
or influencing the ongoing discussion itself. For example, it is used to simplify
when the discussion content becomes complex and difficult to grasp, to create a
kind of landmark or lighthouse that everyone can see and understand by using only
characteristic parts when there are many unclear aspects in the discussion content
and it is difficult to establish a solid common understanding among participants. It is
also used to structure (model) only the parts of interest within a specific concept to
move from what has been discussed so far to formulating a new concrete problem.
While it is a linguistic activity with a significantly important role in discussions, it
often does not remain in the record or memo of the discussion since it is usually done
to refine communications.

In summary, thinking and linguistic activities such as perspective rephrasing,
structural transcribing metaphor, and “concept construction seeing-as” are consid-
ered to be tools used to enhance the quality of discussions when explaining to others,
understanding others and their words, and organizing and controlling the discussion.
In the Kanda Lab, where interdisciplinary discussions are conducted quite often,
explaining issues unfamiliar to others, understanding others’ explanations deeply,
and organizing and controlling discussions are very important and frequently carried
out. Therefore, these thinking and linguistic activities are observed very frequently.
This allows discussions to proceed relatively smoothly; conversely, without them,
discussions would not progress much.



118 T. Uno

Considering the opposite of the above, if discussion participants can skillfully
perform these thinking and linguistic activities, discussions would proceed smoothly,
and high-quality insights would likely be obtained. At present, there are not so many
ways to become proficient in these skills; it would be done through try and error,
and accumulating experience. Interdisciplinary discussions serve as an ideal practice
ground in the sense that these thinking and linguistic activities frequently emerge.
Young researchers who have graduated from the Kanda Lab seem to be relatively
successful in subsequent discussions and communication with their surroundings
in the new environments. Although it might be a small factor, this may serve as
supporting evidence for the effectiveness of the Kanda Lab as a practice ground.

8 Questioning for Deep Understanding Background

In discussions at the Kanda Laboratory, there is an abundance of questions. Even
during presentations, questions are frequently interjected. This mode of questioning
is actually permitted, primarily because it seems to enhance participants’ compre-
hension and the creativity of subsequent discussions. From the observations we see
that being able to question during a presentation significantly correlates with more
vibrant discussions and a higher quality of discussions in the Kanda Lab. We here
aim to analyze and consider how, why and for what purpose these questions posed.

Generally, questions serve to clarify confusion. Three main types of confusion can
be identified: misunderstanding the meaning of what is being said, failing to follow
the logic or wanting to verify it, and questions regarding the nature, value, or potential
of the topic discussed. Examples are the practicalities of the research to the utility of
methods and the availability of data. These are simple clarification questions so the
answer could be straightforward. Moreover, they rarely lead to further discussion.
Such questions are quite common in academic and research conferences.

However, at the Kanda Lab, questions frequently transcend these categories. They
are too diverse to classify but include inquiries about motivations or reasons, world-
views, trends within the research community, and changes in research methodologies
or subjects. These questions probe the internal motivations of individuals, such as
where their curiosity lies and what aspects of a subject, they find engaging. They
differ a lot from usual questions in academic conferences.

Similar vigorous questioning occurs in our AFSA project seminars and other
communities, especially those using our project’s technology to foster interaction.
By asking about the intent of questions, it can be considered that participants not only
seek to understand the explanations and logic presented but also want to be able to
think about the issues in the explanations. Being able to think entails reconstructing
the story of the explanation from several material or sources, explaining its value or
meaning from different perspectives, simulating potential scenarios under different
conditions, and finding structural isomorphisms or similarities with other issues so
that one can make a view according to these isomorphisms and similarities. While
these questions vary widely in content, they all aim to achieve a deeper understanding
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or to grasp a kind of mechanism behind why things are studied or why they occur
in certain ways, often through repeated questioning until satisfaction is reached.
This process seems essential to the questioners, as evident from their enthusiastic
engagement.

According to members of the Kanda Lab and their colleagues, when there are
few questions during a discussion, participants often find it difficult to formulate
questions. In academic conferences, we can often see that the chairperson encourages
questions to participants, then participants had significant thought before asking. It
suggests that the participants are not being able to think and generate questions as they
would during lively discussing. Even if the presentation is understood, formulating
questions remains a difficulty, indicating that understanding the content is a different
issue from generating questions and facilitating discussion.

It would be sure that when participants are able to think about the presenta-
tion content, discussions become more vibrant. If the above questions are crucial to
enabling this state, it might be better to continue one’s questions until the person got
understood even partially the content on their own, rather than receiving a variety
of questions. If we have much time, extending the time for questions is beneficial;
however, if time is limited, shortening the presentation and omitting details, encour-
aging participants to help clarify the context of the questions, and focusing deeply
on a few questions rather than encouraging questions from everyone can be crucial.
This necessitates a shift in values from organizers or discussion facilitators, from a
belief in equal opportunity for all to ask questions to a focus on deeply exploring a
few selected topics for greater participant benefit.

While it is possible to reflect on the content of a presentation after it has concluded,
thoughts and queries that arise during the presentation often dissipate without being
precisely articulated and are difficult to recall later. Therefore, questions concerning
with these should be asked as they arise. Matters that are easily articulated or likely to
be explained later should be verbalized and noted, and asked later or after conclusion.
However, questions regarding vague and unclear issues should be prioritized, which
is counterintuitive and the exact opposite of the typical prioritization of questions,
but such an approach appears beneficial under the aforementioned hypothesis.

Questions are asked to understand, to gather information, or to seek opinions on
assessments and judgments. By carefully considering the purpose behind each ques-
tion, the nature of questioning can be redesigned to differ from traditional discussions.
Furthermore, questions often provide benefits not only to the questioner but also to
others, and simply pursuing equality and diversity in participant’s questions seem
less meaningful. These insights are derived from observations at the Kanda Lab,
though different hypotheses and methods might emerge from further observations at
other places.
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9 Salmon Interviewing for Deep Understanding

In the Kanda Laboratory, whenever someone presents their research or introduces
themselves, numerous questions arise. As mentioned in other sections, this ques-
tioning appears to be aimed at understanding until one can think deeply and creatively
about the topic, and many members find great joy in achieving such comprehension.
When they grasp this understanding, it feels like the final piece of a puzzle fitting
perfectly into place, a sentiment expressed by many. Consequently, members ask a
wealth of questions.

It is interesting that through repeatedly asking these questions, both the person
explaining, and the person being questioned often realize things they were previously
unaware of. Repeated questioning can reveal discrepancies between one’s articulated
understanding and their actual knowledge, highlighting that their understanding was
superficial. This phenomenon, which is not rare but rather frequent. Such realizations
often arise from one’s own motivations and interests, but they also frequently arise
from things outside of oneself, such as the way people in one’s research area think, or
the position of one’s own research or technology in one’s field. Both the questioner
and the respondent make new discoveries and their understanding progresses. It
seems like co-evolution, which is very interesting.

Questions like this are usually processes of trial and error, with both the person
asking the question and the person being asked repeating it as hard as they can
until they reach a breakthrough. Observing this over a long period reveals several
commonalities. When a key question that leads to a breakthrough emerges amidst
these repeated inquiries, addressing it can significantly accelerate understanding.
This suggests that a kind of generalization or systematization is possible.

One major commonality is the direction of the questions. Questions about research
can be broadly divided into two types: downstream questions about what the research
leads to, its utility, and how it advances the goals of the field, and upstream questions
about why the research is conducted, what its underlying interests and values are,
and what assumptions it is based on. In trial and error of questioning, the latter type
predominates. While downstream questions are also asked that are generally and
frequently observed in academic conferences, it is mostly the upstream questions
that activate vigorous discussion and exchange of knowledge. Interestingly, having
many upstream questions often leads researchers to realize new aspects of their work
and understand the structure of their research better.

Such backward-reaching questions seem to be commonly asked in many research
areas, when a student joins a lab and presents something for the first time. When
students join the lab, they are asked to read a paper, and then present it in front of the
lab members. The paper may contain research questions or theorems to be proven, and
after a student has explained these, questions such as “Why is it necessary to pose this
question?” and “Why did they want to prove this theorem?” begin to emerge, moving
backward in focus. When students struggle to answer, various related questions are
posed, and sometimes the seminar concludes with just this type of inquiry. In this
manner, students gradually acquire the essence of the research and their disciplines.
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It was surprising that despite the commonality of this educational approach across
disciplines, none of the members of the Kanda Lab and the project had recognized
that it was being widely used or acknowledged the method and its effectiveness,
despite not being explicitly articulated.

Furthermore, the questions posed in these seminars often come from instructors
who know the answers and are designed to guide the students skillfully towards those
answers. This type of backward-reaching questioning is also common in interviews
with researchers conducted by science writers. Articles about researchers often follow
this format. However, the questions asked there differ significantly from those in the
Kanda Lab. Although the direction of the questioning is the same, the content varies
greatly.

In the Kanda Lab, when a backward-reaching question is posed, it leads to a
verification process of the answer. For example, if the reason given for studying A
is to resolve B, the verification involves determining whether researching on A is a
valid approach to solving B, checking the logic behind the connection. The questions
involved first directly inquire whether researching A resolves B. Even if it does not
resolve B entirely, the questions probe how the research on A relates to solving B.
Indirectly, other potential research avenues like C are presented, asking why C was
not chosen instead. This leads to discussions about the advantages of choosing A,
such as lower costs, better quality, or greater generalizability, and also verifying the
validity of these responses.

Additionally, questions that center ‘A’ to understand ‘B’ may explore whether
‘B’ is essential to ‘A’. Specifically, whether resolving ‘B’ constitutes a valid reason
for researching on ‘A’, and if the solution to ‘B’ is important enough to necessitate
its resolution. These inquiries sometimes indirectly question whether addressing
‘C’ might be more valid. The responses usually explain the quality and value of
resolving ‘B’ with ‘A’, clarifying why resolving ‘B’ is crucial and how it connects
meaningfully with research on ‘A’. In this way, the validity, value, and essence of the
reasons are scrutinized, not just asked about. Consequently, the connection between
the resolution of ‘B’ and the research on ‘A’ becomes clear and rigid. Such verification
compels respondents to think deeply about issues they might typically dismiss in a few
words, often leading them to discover weak points in their explanations or essential
reasons and motives they had not realized or articulated before.

Once the connection between resolving ‘B’ and researching ‘A’ is well-
established, questions then probe why ‘B’ is being resolved, exploring the motives,
reasons, and appeal of this action. Similarly, the appeal and motives behind
researching on ‘A’ are examined and verified. By continuing such inquiries, starting
from the research of ‘A’, the exploration branches out like a river, unfolding various
reasons, motives, interests, and appeals. These elements of interest sometimes
converge and intertwine, forming a complex network of motives, interests, and
reasons. This network construction becomes an effective method to fully under-
stand the explanations of the research by listening and asking until one can deeply
think about the research.

This questioning style has become a form of interviewing technique, which is
technically derived from the questioning format used in the Kanda Lab. By repeating
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questions and tracing back the interviewee’s explanations and thought processes like
a branching river, this method is named the ‘Salmon Interview’. Like salmon reli-
ably navigating upstream, sometimes failing but eventually reaching their spawning
grounds, this metaphor aptly describes the interview process.

When the author was invited by a researcher of optimization algorithms, the
author conducted this interview with students in their optimization research lab.
When asked why they chose to study optimization, motivations such as wanting to
benefit society, the potential for earning money, and eliminating inefficiencies were
mentioned. However, as we delved deeper with our questions, one student revealed
that they had been affected by the disaster in Fukushima during his childhood. He felt
unable to help people through their favorite sport, baseball, and wanted to contribute
to local recovery. Another student recalled helping a friend for his study who could
not attend high school, realizing that if he had taught more efficiently, without unnec-
essary long complicated explanations, it might have changed his friend’s life. He so
wanted to extinguish inefficiencies from the society not to lose one’s happiness.
Another expressed a desire to quickly become proficient to perform acts of filial
piety and thus wanted to find employment as soon as possible. All these students
were previously unaware that these motivations were driving their passions for opti-
mization research. As you know, such very important unaware motivations, based on
issues of one’s life, would never be unveiled by just asking questions for research.
This example strongly establishes the basis of the power of the Salmon Interview.
At the same time, the author felt great joy in being able to witness the moment when
these students discovered the depth of their own minds.

In the AFSA project as well, we broadcast these interviews in a manner similar
to a radio show, creating events that introduce researchers’ personalities. The goal
was to enhance mutual understanding among project members, which had dimin-
ished during the COVID-19 pandemic, and to help individuals feel the presence of
supportive colleagues. The response was overwhelmingly positive when the inter-
views were aired. While typical research seminars might attract fewer than ten partic-
ipants, including administrative staff and secretaries, these events attracted about
thirty persons. It seems that even if research topics are complicated and difficult,
people naturally find interest in others as persons. The reasons behind research, its
origins, and its appeal are understandable and relatable even without expertise or
long explanations to resolve the difficulty. The casual setting, allowing attendees to
listen while eating, working, or housekeeping, and able to easily catch up even if
they missed something, also seemed to contribute to the favorable reception.

Salmon Interviewing has become a simple, concrete, and user-friendly technique
developed at the Kanda Lab. As we describe in other sections, it has been applied
to methods such as Inner Side Self-introduction that is easy to use and effective
even for the general use. The development of the Salmon Interview has significantly
reinforced our belief that the thinking and discussions researchers engage in daily
have many commonalities and are amenable to form them as methodology.
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10 Constructing and Reconstructing Research Concepts
by Interviewing

Research questions or ideas often arise from discussions and typically represent
only a small, or perhaps initial, part of a larger or clearer research plan. For instance,
in discussions at the Kanda Lab, the original questions or ideas are merely a part
of the broader research concept, serving only as clues or starting points. Most of
the remaining parts of the research concept are developed through the thoughtful
consideration of the researcher, based on the questions posed. Consequently, it is
not uncommon for the research question and research plan finally obtained from the
discussion to significantly deviate from the idea posed initially. It can be said that
research questions and ideas merely serve as hints for the actual research plan.

On the other hand, looking at research in the Kanda Lab, the person who conducts
the research obtained by the discussion is often the same one who originally posed
the question or idea in the discussion. This may be due to a sense of responsibility
or attachment to their own statements and ideas. However, the person who proposes
an idea is often best positioned to think through the research plan derived from that
idea. While questions and ideas may just be hints, they often contain at least some
form of a research plan in the minds of those who proposed them. This is supported
by that the originator of a question can often provide many insights, perspectives,
and analyses as the discussion deepens. Deepening the questions can be seen as
a process of using fragments of the initial research concept as clues to clarify the
overall structure and simultaneously reconstruct it into a better form.

We want to uncover the underlying research concepts and plans from just simple
questions and ideas not only when we discuss research topics and questions. For
instance, when one wishes to start new research, the situations in which they want to
define its direction, value, and connections or comparisons with other research are
precisely these circumstances. In the researcher’s mind, there might be some ideas
or objectives for the new research, but many specifics are unclear or not thought.
This is a common situation for researchers. These issues gradually become clearer
as the research progresses, allowing the concept to be refined according to the results
obtained. However, it is often necessary to initially clarify the value and plan of
the research at the beginning. This is especially true when submitting project plans
or applying for funding, where the research must be clearly structured with a high
valuation before any real sense of the research can be gained.

Research questions or ideas often originate from discussions and usually form
only a small part of a broader, more defined research plan. For instance, at the Kanda
Lab, the initial questions or ideas are simply components of an overarching research
concept, serving primarily as clues or starting points. The majority of the research
concept is subsequently constructed by the researcher, who builds upon these initial
questions through deliberate and reflective thought. As a result, it is common for the
final research topic to diverge significantly from the original ideas, indicating that
research questions and ideas are essentially just hints for framing the actual research
plan.
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Moreover, in the case of the Kanda Lab, the individual conducting the research
often also originated the question or idea. This likely stems from a sense of responsi-
bility or personal investment in their proposals. Although questions and ideas might
only serve as preliminary hints, there often exists a more concrete research plan
within the minds of those who proposed them. This capability is supported by the
fact that as discussions deepen, the originator of a question can provide extensive
insights, perspectives, and analyses. Enriching these questions involves using frag-
ments from the initial research concept as clues to clarify and simultaneously refine
the overall structure into a more effective form.

The need to clarify the underlying research plans from surfaced questions is not
confined to discussions alone. For example, when initiating a new study, situations
where one seeks to establish its direction, value, and relation to other studies align
with these needs. Although the researcher might have preliminary ideas or objectives,
many specifics may remain vague or unexplored. This scenario is frequently encoun-
tered by researchers. As the study progresses, these elements gradually become
clearer, allowing for the reshaping of the research concept in response to emerging
results. However, there are times when the value and planning of the research need
to be somewhat clarified initially, particularly when submitting project proposals or
applying for funding. In such cases, the research must be structured with a clear value
proposition even before substantial insights into the study are gained.

The Salmon Interview technique is well-suited for such reconstruction of research
ideas. By conducting interviews about a research concept, the interviewer clarifies
and articulates the thoughts of the person holding that concept. By posing ques-
tions that trace back to the origin, the interviewer reaches the underlying values and
motivations that form the basis of the research. At the same time, the path to reach
the values and motivations are critically examined and formed so that it is logically
connected. The network of insights gained through the Salmon Interview thus serves
to clarify the research concept. Refer to the specifics of using the Salmon Interview
for this purpose described in another section.

The objective of this method is to clarify or help construct the interviewee’s
research concept. (1) First, the interviewer listens to the research that the interviewee
wants to conduct or the questions they have raised. (2) Next, the interviewer asks
backward-reaching questions: Why is this research meaningful? What is intriguing,
puzzling, and valuable about it? What inspired it, and what related research exists?
(3) In response to the answers obtained, the interviewer, from various perspec-
tives (primarily their own expertise or a general societal viewpoint), paraphrases
(in exact, description in a different way) these answers, asking, “Is this what you
mean?” or “Generally, this would be considered as such, but why do you find it
interesting?” Researchers often consider certain aspects of their research as trivial
when the research concept is not clear, not fully contemplating why it is necessary
or valuable. Even if they have considered these aspects, they may not have articu-
lated them in a way understandable to others. The purpose of this paraphrasing is to
articulate and clarify these aspects. (4) After discussing the motivations and values,
the interviewer explores alternative options that could arise from these motivations,
asking questions like, “If that’s your goal, might there be a reasonable approach
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to this research?” or “In that case, might this other approach be more valuable or
feasible?” For example, if the reason is to contribute to society, the interviewer would
ask why this particular method was chosen when there are many ways to contribute to
society. This process continues until no other options seem viable, narrowing down
the choices.

People are quite often unable to express their thoughts and themselves verbally.
Since there is no inherent need to understand oneself in detail, individuals tend
not to verbalize their inner experiences extensively. Consequently, they tend to
use borrowed phrases or common expressions to superficially explain their deeper
thoughts. This can lead to inaccuracies or misrepresentations. The process of
explaining oneself thoroughly to others is, in essence, equivalent to confronting
and verbalizing one’s inner depths. During interviews at the Kanda Lab, we often
observe that interviewees revise their initial statements, saying things like, “What I
just said was not quite accurate; it’s actually more like this,” or “I didn’t realize
it before, but this is the correct reason.” This process allows the interviewer to
update their understanding of the interviewee’s motivations and values. (5) Once
the responses to a certain level of inquiry are clarified, the interviewer can probe
further, asking questions such as, “Why are you motivated to conduct this research?”
If there are multiple reasons or values, each can be explored and deepened separately.
Sometimes, the elicited reasons or values converge at a deeper level. (6) Finally, the
research concept is visualized as a network composed of the logical passes obtained
from the consecutive questions. This is the goal of research concept clarification by
interviewing. Using a similar method, members of the Kanda Lab have formed ten
or more their research plans, which are accepted by the funding agencies in Japan,
an acceptance rate far exceeding 70%, while the rate is around usually 30%. This
suggests the effectiveness of research concept clarification through interdisciplinary
collaboration.

This technique can also be effectively implemented as an event organized by
university executives or University Research Administrators (URAs) to develop
or practice research concepts. Participants may include early-career researchers,
students, mid-career researchers with limited experience in fund applications, and
any researchers aiming to enhance their research skills. The seminar typically begins
with an explanation of the event’s purpose and content, followed by an introduction
to the salmon interview technique and practical exercises.

In the exercise, participants work in pairs (designated as A and B). Initially, A
explains their research for 2-3 min, followed by B interviewing A about it. Rather than
focusing on applications or developments, B inquires about the value, significance,
reasons for conducting the research, and the process that led to the idea. B continues
to probe deeper into the responses, asking for further reasons and meanings. For each
motivation or reason, they clarify why other options were not chosen, elucidating the
reasons behind unspoken or unchosen alternatives. Furthermore, they are asked to
strive to rephrase the interviewee’s words from different perspectives, use analogies
with familiar concepts to explain complex ideas, and articulate thoughts as clearly
and multi-dimensionally as possible. This process continues for 7-8 min, and then
they switch the roles and do the same again.
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This event format has already been implemented as a fund seminar organized
by University Research Administrators (URAs) at Hiroshima University and Tokyo
University of Science. Participating researchers had provided feedback such as, “It
was an unprecedentedly fundamental experience” and “It provided a good opportu-
nity to explain my research while also revealing aspects of my work I was unaware
of.” URA staff organizing the event had also commented that “it would be a work-
shop that URAs themselves should undergo,” indicating both the high effectiveness
of this method and how little known about such approaches for research concept
construction.

Researchers’ ability to conceptualize research and their conceptual skills is
presumably somewhat developed, with considering that they could be professional
researchers. However, these abilities seem to be perceived as innate talents possessed
by individuals, but it can be actually trained. While research proposals and conceptual
skills are evaluated, little attention is paid to the methods used to improve conceptu-
alization or their outcomes. If more people were to focus on these aspects, it could
lead to a society rich in innovative concepts and action plans, not only in research
but also in industry and government sectors.

11 Description and Logic for New Discipline

The mission of the Kanda Laboratory is to construct a problem catalog through
interdisciplinary discussions and to develop methodologies for effectively conducting
such discussions. We undertook numerous activities and gained various insights to
achieve this, and the achievements are described in the other chapters, and the other
sections. It is not only challenging to establish these as methodologies but also
difficult to find out how to describe these insights and methodologies, even more
to construct arguments about them. For instance, it might be simple to describe a
methodology, say A. It can be described only with what and how things should be
done in certain situations. However, explaining what this technology is, and also how
to explain it are difficult. Explaining something that is only applicable to the Kanda
Lab might serve as a good case study, but it is hard to use as a reference in other
contexts. To propose something as universally applicable, some evidence is required,
but what to use as evidence remains unclear. At least, we surely did, observed, and
thought something meaningful and got some insights, but how to argue about this
and the content and manner of these arguments already pose significant difficulties.

As for addressing this difficulty, we first consider the scientific method of argu-
mentation and description. Scientific claims and arguments must be unambiguous
and interpreted the same way by any person. Furthermore, these claims require
substantiation through experiments, observations, or mathematical analysis, and this
substantiation must also be interpreted in a uniquely definitive way. The method-
ology we wish to propose lacks this objectivity and uniqueness, and its substantiation
through scientific methods is challenging. If we attempt to use scientific means as
in psychology, the claims inevitably pertain to micro-level phenomena, such as the
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frequency of utterances, direction of gazes, or the types and numbers of words used
in statements. It would be difficult to argue the quality of discussions based on such
facts.

Observing the nature of discussions, annotating them, and making data-driven
claims could be considered. This method has the advantage of being able to symbolize
qualitative aspects through annotations, but if it is to be analyzed in a data science
manner, a certain amount of homogenous data is necessary. However, the discus-
sions at the Kanda Lab can vary greatly depending on the participants and the topics.
To achieve data homogeneity, it would be necessary to conduct similar discussions
multiple times with members who have similar characteristics. To maintain partici-
pant homogeneity, we must focus only on traits that many people have in common,
which do not suit interdisciplinary discussions involving highly specialized and
diverse individuals. Moreover, on the annotation, attributes that can be universally
judged must be given, which tends to lead to opposition, the emergence of new terms,
and make it difficult to delve into deeper thoughts.

Furthermore, it is considered that participants in the discussions may feel resistant
to record and analyze the comments in discussions. Each individual’s opinion in a
discussion is somewhat connected to their identity and capabilities, which are highly
private matters. There would likely be significant resistance to annotating such data
and making it public. Even merely recording audio and video could make participants
wary, knowing that someone unfamiliar might observe them later, possibly causing
them to hold back their opinions. This defensive stance could undermine the perfor-
mance of the discussion itself. Considering methods to enhance the performance of
fruitful discussions, this presents a significant obstacle.

Upon reflecting on these thoughts, we realize that our goal at the Kanda Lab is not
to generalize and universalize the phenomena observed. What we seek is abstraction,
and we desire the abstracted methods to manifest differently when applied in other
contexts. This realization makes us question the value of thinking matters directly
happened and observed in the discussions. An abstraction must first be handled by
someone.

Such a descriptive approach might be referred by the humanities, where fields
like anthropology, literature, and philosophy often engage in abstraction from obser-
vations. Thus, their methodologies could be highly instructive for considering how
to abstract issues. However, there would be certain tendencies in how arguments are
structured in the humanities. From discussions with humanities researchers at the
Kanda Lab, several differences have been noted: First, humanities often argue for
broad, universal themes that connect to the essence of people or societies, leading
to a directed line of thought that can sometimes be persuasive. Second, there is a
focus on detailed observation and description of individuals, treating them not as
vague, indistinct parts of a group but as distinct entities. For instance, literary studies
might involve detailed observation of specific aspects of an author’s works, while
anthropology might describe a community by closely observing and comparing indi-
vidual actions and statements to articulate the community’s unique characteristics.
In other words, uniqueness and individual characteristics often play a major role in
the description, which we want to avoid in our description. Third, descriptions in the
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humanities tend to follow a causal format, whereas fields like informatics often focus
on correlations, not requiring clear distinctions between cause and effect. Fourth, each
field in the humanities adheres to norms about what constitutes evidence and conclu-
sions; for example, literary studies might derive psychological insights from detailed
textual analysis, while philosophy starts with abstract concepts and concludes with
them. None of these four styles align well with the Kanda Lab’s approach, where we
prefer not to detail individual discussions, and conclusions focus only on beneficial
aspects of interdisciplinary discussions.

Furthermore, there appears to be differences in the methods of constructing argu-
ments between the humanities and what is practiced at the Kanda Lab. According
to interviews with humanities researchers at the Kanda Lab, when constructing
a hypothesis and constructing an argument in the humanities, the scope of the
hypothesis is determined to some extent in advance, or there are vague and unclear
hypotheses. Then, from the observations and analyzes obtained, they often directly
derive a hypothesis that synthesizes all them. In contrast, abstracting the nature
of discussions at the Kanda Lab usually has no strong hypotheses, and involve
gradually abstracting observations step-by-step and constructing interpretations. For
example, after observing numerous statements in lab discussions, slightly more
abstract concepts such as “using many parables” or “connecting to personal interests”
are identified. These concepts are repeatedly refined, eventually forming hypotheses.
The process of abstraction and hypothesis formation at the Kanda Lab often proceeds
without knowing what will emerge from the observations and analysis, making it
unsuitable for goals like achieving results significant to a specific discipline. However,
since the direction of hypotheses and abstraction is not predetermined, we consider
that each step of abstraction tends to be more valid.

Constructing arguments in such a way would not be easy to be described with
following the traditional ways of descriptions of the humanities. For instance, the
humanities often demand detailed descriptions of individuals and seek universality
and generality through the claims. At the Kanda Lab, we prefer not to disclose
individual statements explicitly, and generality is not in the claims. Thus, we need
some new devised methods of making claims and descriptions. So, here we consider
the following strategies:

1. Interpret and abstract the observed and heard details, identifying partial common-
alities and isomorphisms with other concepts.

2. From obtained abstracted concepts, develop further abstraction or modeling the
structures.

3. The concepts and hypotheses constructed are discussed among members to gain
some agreement or assurance.

4. In descriptions, individual events are not detailed explicitly; instead, examples
that embody the essence of the claims are mentioned, which need not be tied
to specific facts and may well be hypothetical analogies similar to what was
observed.

5. Do not claim that hypotheses and concepts are general and universal; they are
those just derived from observations.
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6. Consider deeply about validity of each abstraction and conceptualization, such
as whether they could be more validly explained by other concepts, or whether
the observations at the Kanda Lab could be a good and valid concrete example
induced by the concepts.

7. When necessary to describe the flows and situations of discussions, construct
a fictional narrative told with fictional persons, without disrupting the observed
structure of the discussions. This is akin to not providing specific examples
mentioned at item 4.

The practice of transforming observations into methodology or insights invariably
faces barriers of requiring detailed descriptions and demands for generality. Essen-
tially, publicizing the practice of observation is difficult, and such publicity itself
can hinder the practice, and the hypotheses and concepts derived are only applicable
within specific contexts. On the other hand, these hypotheses and concepts potentially
hold significant meaning, necessitating effective and efficient methods of descrip-
tion and argumentation. The aforementioned methods are based on the presumption
of honesty of the persons and lack measures to exclude fake observations and fake
claims. Therefore, methods to verify the legitimacy of observations and the validity
of hypothesis construction from other perspectives are necessary.
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Catalog of Problems for Future )
Computer Science Gastin
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Abstract This chapter introduces the problem catalog described in Chaps. 8 to 12.
This problem catalog is a compilation of research questions and concepts that arise
from discussions among researchers in different fields, a distinctive strength of the
activity of the art layer in the AFSA project. The problems are shown in a form
that does not necessarily involve research results. From among the many research
questions that have arisen, we have selected those that have relatively significant inno-
vations in existing research and much conceptual meaning, in order to avoid research
questions that can be solved quickly and have a long-term and wide-ranging impact
on people. In this chapter, we discuss the value and feasibility of creating research
questions without research results, making those questions public, and sharing them
widely as knowledge in the whole academic area. We also propose a free-format
description method that allows for diversity of granularity, abstractness, and rigidity
in describing such problems.

In the following chapters, we will present a catalog of problems that should be tackled
in the future of computer science and have new concepts and value axes that might
not be induced by extending the existing ones.

Generally, when considering future issues in a certain field in this way, one would
take the approach of raising major topics and concerns that are likely to be relevant
to the field in the future, and then composing a more specific set of problems by
analyzing and discussing these topics in more detail. However, with this method,
problems are considered based on the concepts and values currently shared by people
in the field. Thus, problems will be constructed with a focus on solving current
technological issues or developing them. This would be similar to the way many
questions have been posed in computer science studies up in the past. In this problem
catalog, we are attempting to compose a new set of problems by incorporating values
and ways of thinking from a different viewpoint, and in that sense, we believe that
the above method is inappropriate to our problem catalog.
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The problems presented in the following chapters are a compilation and recon-
struction of the perspectives, concepts, and values that emerged during discussions
between researchers who visited the Kanda Lab and members of the Kanda Lab. As
such, they are highly contingent and do not have the kind of inevitability or compre-
hensiveness that is necessary in light of the current technological trends described
above. Instead, they contain new values and concepts that cannot be obtained by
extending such technological trends. The perspectives and values that emerged in
each discussion were later discussed and reconstructed by members of the Kanda
Lab, sometimes changing their form, and were settled down to areas that were consid-
ered to be more general and abstract, conceptually independent and stable, and highly
novel, reliable, and persuasive.

When discussing at the Kanda Lab, we try not to define the scope of the discussion,
but rather let the discussion proceed freely in a direction that is likely to lead to new
discoveries. Therefore, what is gained from the discussion has a great deal of diversity
in terms of granularity, abstraction, direction, feasibility, and generality. Sometimes
we obtain something close to a concrete research plan, sometimes we obtain some
novel concept or value axis, and sometimes we simply obtain only realizations,
possibilities, and perspectives. Therefore, there is no uniformity in meaning, value,
abstraction, etc. for the knowledge and conditions assumed in each problem, and
the topic itself. On the other hand, what is produced from the discussion is selected
and deepened from the many possibilities explored in the discussion, so we believe
that it is essential with high value and importance related to the topic. Also, in
many discussions, the person who has a strong awareness of the central problem
consciousness of the discussion, who wants to solve or tackle this problem, is often
the one who provides the topic of the discussion or is the central figure, and one of the
goals of the discussion is often to formulate research questions that will contribute to
that person’s research activities. Therefore, stated research questions are often within
the scope of the central person’s interests and concerns. This can be seen as a failure
to make rational choices in the discussion that are in line with general or majority
values or goals, but it can also be seen as a way of giving form to the deep, essential
interests and concerns that the central figures likely have inside them, without being
swayed by popular, superficial rationality.

Because the problems presented are diverse, the description of the problems in
this chapter is not in a unified format. The format of each chapter is explored by
the authors for the appropriate description method. Although the overall results may
seem disjointed, we thought that exploring a description method that is appropriate for
each problem would allow us to describe problems with diverse levels of abstraction
and topics in an easy-to-understand manner. Creating a unified description method is
so difficult if we want to describe the essence of each topic efficiently and concisely
in a way that is easy to understand,

In each of the following Chaps. 8—12, the following problems will be presented.

Chapter 8, “Continuous Interval Hamming Distance-based Measures” by Giulia
Punzi, is a problem constructed through discussions with bioinformatics researchers.
It proposes a new distance having new type of efficiency that approaches the
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distance between genomes used in conventional bioinformatics from the perspective
of computational efficiency.

Chapter 9, “Optimization Problem Formulations for Overcoming Difficulties in
Real-world Projects” by Susumu Hashimoto, is a new concept and also new problems
for optimization. We consider the surrounding circumstances of the given optimiza-
tion problems when using the optimization function, and the factors of the people
and organizations involved in the operation of the solution and decision-making, and
consider how to model them, while the goal is to optimize a given objective function
in conventional optimization.

Chapter 10, “Analysis of 20th French Philosophers Network” by Towa Suda, uses
graph analysis techniques to analyze the relationships between eighteenth century
French thinkers, discovering and interpreting new characteristics that differ from
existing literary knowledge.

Chapter 11, “Social Media Analysis based on Humanities Reading Technique:
Developing a Method for Measuring Slanderous Narratives Online” by Yuka Take-
domi, is a study of abuse and slander on social media. We analyze the posts of abuse
and slander by the research techniques of literature not only from the viewpoints
of direct semantic abuses and slanders, but also those that indirectly pressure and
attack the target persons involved by negatively touching on peripheral matters. We
took a computer science approach to comprehensively analyze big data of abuse and
slander, with detailed manual work by literary researchers, and obtained analytical
results that support philosophical theorems in past research.

Chapter 12, “Reframing Problems: Analyzing the Design of Mixed Reality Tools
Through the Lens of Fictionality” by Toshiro Kashiwagi, Yasuhiro Yamamoto, and
Kumiyo Nakakoji, propose the concept of fictionality in mixed reality. Our new
concept of fictionality is the fusion of concepts that are of fictionality that is given
by the design of mixed reality system and is recognized and felt by the user of the
system, and concept of fictionality that is addressed in literature in its long history.
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Abstract The Continuous Interval Hamming distance (CIH) was introduced in 2010
in the context of detecting similarity for huge string data, such as genome sequences.
Given two input strings, this metric provides a guarantee on the number of errors
between each pair of aligned substrings of a given length k (called k-mers), while
retaining a good definition of maximality. Indeed, the set of CIH-maximal substrings
of two strings can be used to define maximal areas of similarity within a limited error
ratio, which is hard to do with other widespread measures. Still, CIH has a major
drawback: it has a low tolerance for insertion and deletion errors, which arise quite
commonly in practical applications. With the aim of overcoming this issue, in this
chapter we go a step beyond, introducing several novel similarity measures based on
CIH-maximal substrings.

1 Introduction

The majority of data that we modernly have at our disposal comes into textual form,
and one of the most basic but essential operations in these contexts is determining the
similarity of two bodies of text. Similarity notions are a central tool in a wide array of
application areas, like plagiarism detection, detecting similarity between images, or
finding similar structures from sequential data. One of the most notable application
areas is bioinformatics, where comparing sequences that have undergone independent
mutations [9] or structural variations [8] is crucial for producing genome sequence
alignments [2], phylogenetic trees [19], and understanding genetic evolution [3].
Because of this variety of application areas, there are many models in the literature
trying to formalize useful notions of string similarities (or analogously, distances),
each with its pros and cons.
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The most basic type of distance expresses the number of local changes necessary
to transform one string into the other. The oldest and most immediate one is the
Hamming distance, counting the number of positions at which the two strings differ.
For example, the Hamming distance of AATCAG and ACTCAT is two (mismatches
underlined). While this measure is the fastest, running in linear time in the length of
the strings, it is also the least expressive. Indeed, any character insertion or deletion
causes this measure to explode, providing little information about this often frequent
type of change: AATCAG and ACATCA have Hamming distance 5. The most notable
distance based on local changes is the edit distance (or Levenshtein distance), which
counts the number of insertions, deletions, and substitutions of letters necessary to
transform a string into another. For instance, AATCAG and ACATCA from before have
an edit distance of two. Unfortunately, there is a conditional lower bound showing that
several variants of this measure cannot be computed in strongly sub-quadratic time
(in the length of the strings) unless the popular Strong Exponential Time Hypothesis
fails [4]. Similar conditional quadratic lower bounds hold for other related measures,
like the famous Longest Common Subsequence [1]. Despite this, they are still the
most widely employed type of measure for general purposes, since they have a
reasonable tradeoff between efficiency and simplicity.

Still, measures based on local information cannot often capture global transfor-
mations, and as such they are not fit to express more complex models. This is why
there is a class of statistics-based similarity notions: they estimate global similarity
based on the number of occurrences of certain common patterns. An example of
such a measure is the Jaccard index of the k-mers. The k-mers of a string are its
substrings of a given length k. For two strings X and Y, consider the sets X; and Y
of their k-mers; the Jaccard index is then given by :))28?; : [15]. In other words, it is an
estimate of the number of k-mers that the two strings have in common. Computing
this index exactly still requires quadratic time, and thus approximations or estimates
are sometimes employed [12]. The main downside of the measures of this type is
their non-positionality: when changing the order of the patterns the measure often
doesn’t change. For instance, AATACCGAC and GACCCAATA would be considered
very similar for k = 2. Because of this, such measures are not fit for our purposes.

Not only is real data voluminous, but it is also prone to errors, which are often
introduced during data collection. A notable example of this is the problem of genome
sequencing [6], where we want to align sequenced data to a reference genome, with
the challenge being that the data may contain some sequencing errors. Still, in many
cases, the error ratio is limited: for instance, when employing some sequencing
technologies the rate of sequencing errors is known to be typically below 5% [16].
Thus, similarity measures allowing for a bounded error ratio between sequences are
an important tool in this field and in similar error-prone applications. A measure that
takes error ratios into account is the Continuous Interval Hamming distance (CIH),
introduced by Uno [17]. Given an input parameter k, if the CIH equals a specific value
d, then we cannot have more than d errors being less than k positions apart. Still,
it retains a good definition of maximality, which is uncommon for other measures
when taking into account the error ratio. We wish to exploit the distributed-error
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property of the CIH distance, extending it to define several new measures aimed at
approximating the similarity of two input strings X and Y.

Preliminaries and Notation

A string S is a sequence of characters from an alphabet X of size o. In the examples of
this section, we employ the DNA alphabet ¥ = {A, C, G, T}, since bioinformatics is

the most notable application area. Let S = cy, ..., ¢, be a string of length n (denoted
|S| = n); we denote with S[i] = ¢; the character occurring at the i-th position of S.
A substring T = S[i, jl1 =c¢;, ..., c; is a sequence of contiguous characters of S,

denoted T C S. A k-mer of S is a substring of length k. The k-mer starting at the
i-th position of § is called the i-th k-mer, and we denote it by Si(i). There are three
main operations on strings, called edit operations. An insertion of character c € X
in string X is the operation X = a8 — acf. A deletion is the opposite operation:
X = acf — ap.Lastly, asubstitution of character c € X withd € ¥ is the operation
X = acf — adp. For instance, given X = ACGTGGAC, an insertion of C after the
second position yields ACCGTGGAC, a deletion of the first G yields string ACTGGAC,
and the substitution of the last C with a T yields ACGTGGAT.

The two most common distances between strings are the Hamming distance and
the edit (or Levenshtein) distance. Given X = x;...x,and Y = y; ...y, of the same
length, their Hamming distance, denoted by dy (X, Y), is the number of positions
at which they differ, called mismatches: |{1 <i <n | x; # y;}|. It is equivalent
to the minimum number of substitutions required to transform X into Y. The more
general edit distance, denoted by d, (X, Y), is the minimum number of edit operations
(insertions, deletions, substitutions) necessary to transform string X into string Y.

2 The Continuous Interval Hamming Distance

The definition of Continuous Interval Hamming distance (CIH) was first given
in [17]. Its aim was to speed up an algorithm for computing all pairs of k-mers
from a given set that are at a small distance with respect to each other. Given two
strings of the same length, CIH is the maximum Hamming distance of pairs of k-mers
starting at the same positions:

Definition 1 Let X and Y of length n; we define CIH(X,Y, k) =
lggggde(XkU),YkG))

As an example, consider strings X = GACAGTCAT and Y = GCCATTCAG. Then,
CIH(X,Y,3)=1and CIH(X,Y,4) = 2. Indeed, we can see that all aligned 3-
mers have Hamming distance 1, while we have the shaded pairs of 4-mers achieving
distance 2 (mismatches are underlined):

X=GACAGTCAT
Y=GCCATTCAG
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Remark 1 Given a fixed k, CI H is a distance:

e CIH(X, X, k) =0, and if X differs from Y at position i, then dyy (X (i), Y (i)) >
0, and thus also CIH (X, Y, k) > 0;

e Symmetry follows from the symmetry of Hamming distance;

e Let X, Y, Z be three strings of the same length. Since the Hamming distance
is a distance, for every i it holds that dy (X (i), Zy(i)) < dy (X (@), Yi(i)) +
dy (Y (i), Z(i)). In particular, it holds for the i realizing the maximum:

CIH(X, Z, k) = du(Xx (), Zt (D)) < du(Xx (D), Yo (D)) + du (Yi(D), Zi ()
<CIHX,Y,k)+CIH(Y, Z,k).

Remark 2 A similar definition of Continuous Interval Edit distance can be given
by considering d, instead of dy between k-mers. Here we start with the Hamming
distance as it is the most fundamental, leaving edit distance for future work.

Computation. Let X and Y be two strings of length n. Given one value of k,
the distance CI H (X, Y, k) can be computed in O (k + (n — k)) = O(n), thanks to
the following observation: if we have dp (X (i), Y (7)), we can compute dy (X (i +
1), Yi(i 4+ 1)) in constant time. Indeed, it is sufficient to subtract one if X (i)[1] #
Yx(i)[1] and add one if X;(i + 1)[k] # Yi( + 1)[k]. We thus only need to fully
compute dy (X (1), Yx(1)) in O(k) time, and then we can update it in O(1) for
every one of the other n — k pairs of k-mers, while retaining the maximum.

The natural next step is to build a data structure that can compute CIH(X, Y, k)
for any queried k. Given d* = dy (X, Y), we here show how to build such a data
structure in O (n + (d*)?) time, which can answer each query in O (log(d*)) time.
First, let M; € {1, ..., n} for i € {1, d*} be the indices of the mismatches between
X and Y; computing this set requires O (n) time. For any d € {1, ..., d*}, we define
the “jumping point” of the continuous Hamming distance as the minimum k which
achieves this value: k;, = min{k € {1, ...,n} | CIH(X, Y, k) = d}. Itis clear that, if
X # Y, we have k; = 1; for the other Values of d we use the following:

Lemma 1 Ford > 2, we have k; = mm (M —M; +1).
j—i=d—

Proof By definition of CI/H and k;, we have that CIH(X,Y, k;) =d but
CIH(X,Y, ks —1) <d if and only if (i) we have at most d mismatches sepa-
rated by k,; positions, where d is reached by at least one pair of positions, but
(ii)) we never have d mismatches being less than k; positions apart. The first
condition is equivalent to having M q—1 — M; + 1 < kg for all i, together with
the existence of i such that M = M; +1=ky, where j = i +d — 1 (note that

] —i=d—1). Instead, (i) happens if and only if for any choice of 7, j such that
j—i=d—1,wehave M; — M; + 1 > k; — 1. That is, it ensures the minimality
of k; for reaching d as distance. As such, (i) and (ii) together are equivalent to
kd = minj,izd,l(Mj - M,' + l) O
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By using Lemma 1, computing k; requires O (d*) time; as such, all values of k;
can be computed in O(d*z) time. Once we have all such values stored in a sorted
data structure D, we can find the greatest value of d such that k; < k for any queried
k € {1, ...,n}. This directly gives CIH (X, Y, k) = d, by binary search on D, in
O (log(d")).

CIH-maximal substrings

The strength of CIH, with respect to Hamming or edit distances, is that it has a good
definition of maximality within an error ratio . Maximality is a useful property, as it
allows us to choose a single representative for a class of items. Given two strings X,
Y and a distance D, we say that a pair of substrings §; € X, S C Y having the same
length (|S1| = |S2]) satisfies error ratio r if 28:%2) < r. Furthermore, S and S, are
maximal within error ratio r if they cannot be extended: there areno S; € X, S, C Y
that satisfy error ratio r such that §; C Sj, S, C S}. Measures like the Hamming or
edit distance are not practical for this purpose for two main reasons:

1. Error ratio is not monotone when extending strings by one character. We may
have a pair of substrings that satisfy the error ratio », and when extending them
just by one symbol at the end or beginning we do not satisfy » anymore. Still,
this pair could be non-maximal, as if we add enough symbols we can decrease
the error ratio, and satisfy r again. This happens for instance when we have
a certain number of mismatches, which increase the error ratio, followed by a
longer streak of matching parts, which overall lowers the error ratio enough.
This is an undesirable property in the maximality context, as it makes it hard
to maximalize a given pair of substrings. For example, let X = CACGTACC
and Y = ACTTAGA, forr = % under either Hamming or edit distance: both the
underlined and overlined pairs satisfy error ratio r, but the intermediate strings
GTAC and TTAG do not.

2. There may be many maximal pairs, all representing the same similar substring.
Let r = 1 for X = AAACGTTT and Y = TTTCGAAA: pairs (AACG, TTCG),
(ACGT, TCGA), and (CGTT, CGAA) would be considered maximal under Ham-
ming or edit distance, even if they are redundant: they all represent similarity for
the same common substring CG, to which we are adding the maximum amount
of errors on either side which still allows us to satisfy r.

The Continuous Interval Hamming distance provides a maximality notion which
overcomes these issues: given two strings X and Y of any length, a parameter &,
and a threshold parameter 7, we say that a pair of substrings X' = X[i, i + £] and
Y =Y[j,j+£]is CIH-maximal if CIH(X',Y’, k) < 7, and X’ and Y’ cannot be
further extended, neither to the left nor to the right, while retaining CIH bounded by 7:
CIHX[i —1,i+/£,Y[j—1,j+4].k) >tand CIH(X[i,i + ¢+ 1], Y[j,j+
£ + 1], k) > t. The author of [17] provided an algorithm to find all CIH-maximal
substrings of two given input strings. The algorithm runs in O (o + 2%(|X| + |Y| +
TN)) time and O(|X| + |Y| + o) space, where N = O(|X]|Y]) is the number of
pairs of k-mers of X and Y at distance smaller than t.
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Advantages. When adopting CIH, we have a good definition of maximality within
error ratio r, by choosing 7, k such that r ~ ¢ appropriately,’ in the sense that the
two issues described before do not apply:

1. (ACGTAC, ACTTAG) would be CIH-maximal for k = 3 and t = 1, having r =
1
5.

2. The CIH-maximal pair would be unique, depending on k and 7. For instance,
when k = 2 and t = 1 the only CIH-maximal pair would be (ACGT, TCGA).

We note that CIH-maximal substrings are more restrictive than the given error
ratio. In fact, they enforce a certain distribution of the errors as well: since all k-
mers have distance smaller than t, we are guaranteed to have no more than t errors
every k positions. For example, X = ACGATCGAT and Y = ACCTCCGAT would
be considered distant for k = 3 and v = 1, since there is a pair of k-mers at dis-
tance 3 (mismatches are underlined). On the other hand, X = ACGATCGAT and
Y = ACCATAGAG, which have the same Hamming distance, would be considered
similar: here the errors are distributed every k = 3 positions.

Drawbacks. If we introduce even one insertion/deletion, we can see how this
measure is not so robust: let X = ACGATCGAT and Y = ACGACTCGA; here an
insertion for the underlined C occurred, together with a deletion of the last T. The
CIH for k = 3 now reaches the maximum value of 3: indeed, the k-mers starting
at position 5 are TCG and CTC, respectively. This is because the alignment of the
synchronously sliding k-mers is disrupted by insertions or deletions. To address
this problem, we will introduce our first measures in Sect. 3, where k-mers can slide
asynchronously, and, as such, we have more tolerance for sparse insertions/deletions.

3 Sliding CIH-Based Measures

We now introduce several new measures, which can be seen as generalizations of
CIH, aimed at circumventing some of its drawbacks. These measures can be easily
defined through paths on a special matrix: the k-mer distance matrix M. Given two
givenstrings X and Y of lengths | X|, |Y|,wedefinean (| X| —k+ 1) x (Y| —k+ 1)
matrix where each entry contains the corresponding distance between k-mers (see
Fig. 1):

My, ) = du(Xe (), Ye()))-

We note how M is a 0/1 matrix, having M; = 1 if and only if X[i] # Y[j]:
this is similar to dot plots, a representation used since the 1970s to visualize string

! To be more precise, by choosing 7, k s.t. r = . the output CIH-maximal substrings might be
slightly over error ratio r according to CIH. Indeed, the worst case is realized when the CIH-
maximal strings both start and end with t mismatches: e.g. X = AAT and ¥ = GAC for r = %
when we choose k = 2, ¢ = 1. In this case, choosing k,  such that r = % takes care of this
worst case.
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A|C|G|A|C|T|C|GAT A|[C|G|A|C|CIC|T|C|GAT
A|O(4]|4|2(4]|1|4 Al0|4|4(2(3|3|4|1]|4
C|4]|1|3(4|3|4|0 Cl4[1]|4]4|2(3]|3(4|0
G[4|4|2(2|4|4|4 G[4|4|1(3[4|2|4|4]|4
A|3(4|3|3(1]|4|4 A(314|3(2(3|4|1|4|4
T(1|4|4(3|4|0(4 T(1|4|4({3(3|3]|4|0|4
C|4]|1|3(4|3|4|0 Cl4|1|4(4(2|3|3[4|0

G G

A A

T T

Fig.1 Left: matrix M4 for X = ACGATCGAT and Y = ACGACTCGAT, with one insertion. Shaded
in gray is the valid path achieving optimal S7 H (X, Y, 4). Right: barrier of k-mers at a high distance
when Y = ACGACCCTCGA has multiple insertions

similarity [7]. Furthermore, a similar matrix is used to compute several variations of
the edit distance via usual dynamic programming (edit distance, Hamming distance,
LCS length, to name a few) [10, 11, 13, 14, 18].

We can fill My in O((|X| + |Y|)k + | X||Y]) time. Indeed, given (i, j), we can
derive the content of (i + 1, j 4+ 1) in O (1) time, as described before for CIH com-
putation. Thus, we compute the O (| X| + |Y|) entries of the first row and column,
each requiring O (k) time, and then fill other entries diagonal-wise in O (1) time per
entry.

On this matrix, we define a valid path P as a sequence of cells (i1, ji1), ..., (ip, jp)
that starts at the upper left corner (i1, j;) = (1, 1), ends at the lower right corner
(ip, jp) = (X|—k+1,|Y| — k+ 1) and such that either i1 =i + 1 0r jpy =
Jn + 1, or both. We use the notation (i, j) € P for the cells that P traverses. An
example of valid path is shown shaded in the left of Fig. 1. We denote the set of all
valid paths as P(My).

3.1 Sliding Interval Hamming Dissimilarity Measure

We are now ready to introduce our first novel measure, the Sliding Interval Hamming
measure SIH(X,Y, k). The core idea is as follows: consider CIH where instead
of comparing X, (i) only with Y (i), we wish to compare it also with Y (j) for
J # i. More specifically, we want to find the minimum value of Hamming distance
achievable when the k-mers that we compare can slide asynchronously, but still move
forward in the strings. We can formally define the measure using valid paths in the
k-mer matrix M;:

Definition 2 Let M, be the k-mer matrix for strings X, Y. Then,

SIH(X,Y, k) = min max M, j
( ) PePng)(i,j)eXP k(l ])
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In other words, ST H (X, Y, k) < d if and only if there exists P valid path such that
each cell traversed (i, j) € P contains a value M, (i, j) < d. Hence, we want to
minimize the maximum distance between any pair of k-mers chosen along the path.

Remark 3 Notethat ST H (X, Y, k) isnot adistance. Indeed, ST H (A7, AAAAA, 2) =
0, even if the two strings are different.

Computation. We can find such an optimal path through dynamic programming,
by computing for each (i, j) the minimum d such that there is a path from (1, 1) to
(@, j), with all entries bounded by d. Given the values for (i — 1, j), (i, j — 1), and
(i—1,j—1), we can compute the value for (i, j) as the minimum of these three
and of the entry M (i, j). Thus, STH (X, Y, k) can be computed in O (|X||Y]) time
and space. We can reduce the space to O (min(| X/, |Y|)) by computing both M, and
the dynamic programming values on the fly, proceeding antidiagonal-wise, i.e., for
each!/ =1, ..., min(|X|, |Y|) considering cells such that i + j = [ for increasing i.
Indeed, after computing the first row and column of My, given (i, j) withi + j =1,
its value in M as well as its dynamic programming value can both be computed
in O(1), solely based on (i — 1, j), (i, j — 1), and (i — 1, j — 1), which belong to
antidiagonals / — 1 and [ — 2. Thus, we only need to keep information about the
dynamic programming values and about the M entries for at most three antidiago-
nals at a time, each requiring O (min(|X|, |Y|)) space. Thus, we can perform on-the-
fly computation in O (k(|X| 4 |Y|) + | X||Y]) total time, but only O (min(|X]|, |Y|))
space.

Advantages. This measure can tolerate some insertions and deletions, as long as
they are distributed. Let X = ACGATCGAT and Y = ACGACTCGA, where the under-
lined insertion took place. We have seen in the previous sectionthat CI H(X, Y, 3) =
3. Instead, we have STH(X, Y, 3) =2 < 3. If we increase k, we see this even more
dramatically: the CIH still achieves the maximum value C1 H (X, Y, 4) = 4, realized
by 4-mers TCGA and CTCG, while we still have ST H (X, Y, 4) = 2, realized by the
shaded path in the left of Fig. 1. Note that there is a horizontal step in the path, at the
insertion position. This is in line with edit paths, used to compute edit distance on a
similar matrix, where horizontal steps correspond to insertions and vertical ones to
deletions (with respect to X) [11, 18].

Drawbacks. The main drawback of this measure is that it reaches the maxi-
mum value of k as soon as the two strings have a single k-mer where they do
not match well, even if they are identical in the rest. Thus, it is not suitable for
poorly-distributed errors. For instance, consider the following modification of the
previous strings, where three insertions occurred instead of one: X = ACGATCGAT,
Y = ACGACCCTCGAT. We can see that, due to the high number of consecutive inser-
tions, there is a barrier of 4s in the matrix in the right of Fig. 1 (shaded in red), which
needs to be crossed by any valid path. Thus, the sliding Hamming distance reaches
the maximum value of four. This is deeply unfair, as we have ST H (X, Y, 4) = 4, the
same as ST H (AAAAAAAA, TTTTTTTT, 4) = 4, which are way less similar than the
previous pair.
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Thus, this measure is better than CIH, but still not very good at discerning different
strings. This issue will be addressed and improved through the next step.

3.2 Sum-Sliding Hamming Dissimilarity Measure

The next measure we introduce, called the Sum-Sliding Hamming measure
SSIH(X,Y, k), tries to give a global picture of the k-mer distances, instead of a
local one like the sliding Hamming measure, by considering valid paths in the k-mer
matrix with normalized minimum sum:

Definition 3 Let M, be the k-mer matrix for strings X, Y. Then,

1
ITH(X,Y, k)= i — i
SSIH(X,Y,k) Pvalidlgt{qlian|P| ) E‘)EPMk(la]),
i

where | P| denotes the length of the path. Note that the values of which we take
the minimum (the sum along the path divided by its length) represent the minimum
average distance between k-mers on the given path.

Remark 4 Again, the SSIH measure is not a distance: SSIH (AA, AAAAA,2) = 0.

Computation. The computation of SSTH (X, Y, k) can be performed similarly
to the computation of STH (X, Y, k), where we consider as dynamic programming
value the normalized sum of the path up to (i, j) instead of the maximum along
the path. Thus, we have two possibilities: if we are given M;, we can compute
SSIH(X,Y, k) in further O(|X||Y|) time; otherwise we can compute the measure
on the fly in O(k(|X| + |Y|) 4+ |X||Y|) time and O (min(|X|, |Y])) space.

Advantages. Contrarily to SIH, the SSTH measure can remain small if the strings
are very similar almost everywhere, with just one k-mer where they do not match

A|C|G|A|CICIC|T|CIGAT A|C|GIA|C|C|C|T|C|GAT
A[0|4(4]2]|3|3|4[1|4 A0 |ocofco|oo|oo|oo|oo| 1 |oo
Cl4(1(4]4(2|3|3]|4|0 Cloo| 1 [oofoo|oo|oofoo|co| O
G|4(4|1(3|4(2|4|4|4 G|oo|oo| 1 |oo|oo|oo|oo|o|oo
A|3(4|3]|12(3|4|1|4|4 Aloo|oco|co|oo|oo|oo| 1 [oofoco
T(1(4[4[3[{3|3|4|0|4 T| 1 |oco|co|oo|oo|oo|co| O [co
C|4(1|4(4]2(3|3|4|0 Cloo| 1 [oco|eo|oo|eo]|oo|eo| O
G G
A A
T T

Fig. 2 Left: Matrix My for X = ACGATCGAT and Y = ACGACCCTCGAT; the shaded path is
optimal for SSITH (X, Y, 4). Right: Matrix My (1) for the same strings. There are four diagonals
in this matrix, starting at position (1, 1), (1, 8), (5, 1), and (4, 7). The two compatible diagonals
contributing to LCMS are shaded, with coverage of 12/15
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well. Indeed, consider the example from the previous section: let X = ACGATCGAT
and Y = ACGACCCTCGAT, with STH (X, Y, 4) = 4. For the Sum-Sliding measure,
we obtain the optimal shaded path P from the left of Fig. 2, with sum 12.

Thus, when normalizing by |P| =9, we obtain SIH (X, Y,4) = 12/9 ~ 1.33.
Furthermore, SSIH can correctly distinguish completely dissimilar strings from
strings with just one set of modifications. Indeed, the distance between X' =
AAAAAAAA and Y’ = TTTTTTTT is the maximum value of 4, correctly express-
ing the difference between the two pairs X, Y and X', Y’ that was not captured by
SIH.

Drawbacks. While this measure allows for understanding the minimum possible
average amount of errors, it is not quite fit for identifying sections of the strings
having a given error distribution, since the path must cover all the strings’ positions.
The next and final measure we provide will overcome this issue.

4 LCMS Similarity Measure

We have seen a couple of measures based on the number of errors one might find
through a “continuous” path from (1, 1) to (|X| —k + 1, |Y| — k + 1) in the k-mer
matrix. We wish to overcome the final disadvantage, given by the necessity of cover-
ing all k-mers of the strings. To this end, we perform the dual operation with respect
to previous measures: instead of using k-mer distances while covering all positions
of the strings, we wish to maximize the number of string positions we can cover
while remaining under a certain fixed k-mer distance threshold . More formally:

Definition 4 Let 7 be a threshold and let the t-bounded k-mer matrix My () be

My (1) = M (i, j) ikaFi, DELE
otherwise.

A diagonal of length h starting at (i, j), denoted d (i, j, h), is a sequence (i, j), (i +
1,j+1),....,(G+h—1,j+ h—1)offiniteentries of My (7). We say thatd (i, j, h)
covers k-mers X (i), ..., Xi (i + h — 1) and Y (j), ..., Yx(j + h — 1). Two diagonals
d(, j, h), d(@, j',h') are compatible if they do not cover any common k-mers:
i+h—1<i"and j+h —1 < j (or vice-versa). See the right of Fig. 2.

The Longest CIH-Maximal Substrings Sequence (LCMS) is the maximum amount
of k-mers of X and Y that can be covered by non-overlapping diagonals, normalized
by the total number of k-mers | X| —k+ 14+ Y| —k+ 1.

The LCMS is a special case of the LCS from fragments problem [5]. In this
problem, we are given a set of fragments, which are common substrings of the two
strings that are considered to be “matching” according to some definition (in our
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case the diagonals), and we are asked for the longest possible arrangement of non-
overlapping fragments. The authors solve this problem as a min-cost path in a specific
grid graph, by using sparse dynamic programming.

Computation. To compute LCMS, we need to first compute the t-bounded k-
mer matrix M (). To this end, we define a diagonal to be maximal if it cannot
be extended in either direction with finite entries. We note that maximal diag-
onals correspond to CIH-maximal substrings. As such, we could directly com-
pute the matrix using the O (o + 2X(X| + Y|+ tN)) time and O(|X]| + |Y| + o)
space algorithm to compute CIH-maximal substrings from [17], where N is the
number of finite entries of M (7). If this exceeds the O((|X|+ |Y )k + | X||Y])
time required to compute the whole M;, we can instead fill the latter and then
discard entries bigger than 7. Once we have the matrix, we can then use Baker
and Giancarlo’s algorithm for LCS from fragments [5], which requires further
O (M loglog(min(M, | X||Y|/M))) time, where M is the number of fragments, that
is, the number of maximal diagonals. Since we have N = O(M 2) in the worst case,
we have atotal time of O (min(o + 2K(|X| + Y| + tM?), (| X| + |Y Dk + | X||Y]) +
M loglog(min(M, | X||Y|/M))) for computing LCMS similarity.

Advantages. This measure can tolerate any number of insertions or deletions.
Indeed, it identifies the parts of the strings that have few distributed errors and con-
siders them to be "matching" the ones that have few distributed errors, like in the
sliding Hamming distance. For the previous example, with k =4 and v = 1, we
have LCMS given by two diagonals (shaded in the right of Fig. 2) with a similarity
score of 12/15 = 0.8. Each matching pair of substrings identified by the diagonals,
(ACGATC, ACGACC) and (ATCGAT,CTCGAT), has CIH bounded by 7 = 1.

Drawbacks and future work. The main drawback of this measure, which is
also common to all the previous ones, is its computational requirement. Indeed,
for large-scale applications like bioinformatics, quadratic time is often too slow for
practical purposes. Therefore, the next step is to develop provably efficient heuristics
to approximate and test our measures in real-world scenarios.
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Optimization Problem Formulations for )
Overcoming Difficulties in Real-World Grest o
Projects

Susumu Hashimoto

Abstract This chapter explores the challenges in applying optimization techniques
to real-world decision-making projects. While many such challenges can be modeled
as mathematical problems, practical implementation often faces obstacles due to the
complexity of real-world scenarios. We propose three novel optimization problems
that address practical issues: high-performance but opaque algorithms, practitioner’s
tacit knowledge, and consensus among practitioners. These aim to bridge the gap
between theoretical research and real-world applications. For each proposed problem,
we discuss potential algorithmic strategies.

1 Introduction

Many real-world decision-making challenges can be formulated as optimization
problems, and research has been conducted on modeling these and developing algo-
rithms to solve them for various cases. However, real-world issues may not be solved
using the same procedures as in research. For instance, even if a real-world problem
can be carefully modeled through discussions with practitioners, it is generally dif-
ficult to construct a formulation that truly captures reality. Moreover, it is necessary
to persuade each practitioner to adopt mathematical models or algorithms. In this
way, simply formulating an idealized situation and solving it may not be sufficient
for practical applications.

This chapter introduces new optimization (related) problems that address various
practical situations, bridging the gap between research and real-world issues. In the
rest of the chapter, we assume that the problems are solved in collaboration with
practitioners to address real-world decision-making issues. First, let us define an
optimization model (P) as follows:

(P) minimize  f(x)

subjectto  x = (x,...,x,) € D C V",
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where x is an n-dimensional decision variable vector, D is the feasible region, and
V is the set of values that each decision variable can be assigned, such as {0, 1} or
R. We consider (P) to be the optimization problem that truly represents a real-world
projects, and we propose three new problems that consider practical situations.

2 Enumerating Insights for Optimization Problems

Discrete optimization has a high degree of expressive power, enabling them to formu-
late various real-world scenarios. However, even for fundamental models such as the
traveling salesman problem and set covering problem, many problems belong to the
NP-hard class. Consequently, numerous heuristics have been explored to tackle these
problems. For particularly complex instances, employing high-performance meta-
heuristics, such as genetic algorithms, is common practice to obtain approximate
solutions swiftly. For a comprehensive treatment of genetic algorithms, see Eiben
and Smith [2]. On the other hand, a significant drawback of these high-performance
metaheuristics is that their procedures become black-box operations, obscuring their
internal mechanisms. As a result, minor alterations to the input data or inaccuracies
of the model may render the obtained solution unusable, necessitating a complete
recalculation from scratch. One intuitive strategy to mitigate this issue is to prepare
diverse solutions. Relevant existing research in this field includes employing evo-
lutionary algorithms to enumerate optimal solutions [3] and solving the problem of
maximizing the entropy of a set of approximate solutions [4]. Nevertheless, this strat-
egy merely provides multiple high-quality solutions, making it challenging to derive
their inherent properties. If such properties could be obtained, it would enable ana-
lyzing the reasons behind generating undesirable solutions or distinguishing crucial
decision variables and assignments. Consequently, even if this strategy is adopted,
it may impede meta-level process improvements, as it does not contribute to dis-
covering constraints necessary to bring the mathematical model closer to reality or
efficiently investing efforts to refine the model inputs for obtaining better solutions.

For optimization problems encountered in engineering applications, it is known
that a law called the proximate optimality principle (POP) holds empirically. POP
asserts that good solutions tend to share similar structures, where a structure refers
to the partial assignment of values to decision variables. Conversely, under POP,
there exist specific structures that good solutions are likely to have, and identifying
these structures can provide insights for obtaining good solutions. Therefore, in this
part, we propose the problem of mining insights, such as what structures can lead
solutions to be high-quality for discrete optimization problem (P) where POP holds.
First, we define the good structures as follows:

Definition 1 Let s : {1,...,n} — V be a partial function and x = (xy, ..., x,) €
V" be an n-dimensional vector. Define a function 4 : {1, ...,n} — V such that
h(i) = x; fori € {1,...,n}. Then, we say that x has a structure s if and only if

s is a restriction of 4. We denote this by x > s or s < x.
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Definition 2 Let« > 1 be a constant, x € D be a solution of (P), s <1 x be a struc-
ture, and G(D) € D be a given set of good solutions. s is said to be an o —good
structure of (P) if the following conditions (a), (b) and (c) hold:

(@ |[{x' € G(D)|x'>s}| >0,

G(D x' e GD) | x' >
b «/CDI _ [ GD) |+ > s)]
|D| {x" € D | x' > s}|
(c) s is maximal among the structures satisfying (a) and (b) for inclusion of partial
maps, i.e., any structure s’ <1 x with s’ # s and s'(i) = s(i) for all i € dom(s)
does not satisfy (a) and/or (b).

Note that a partial function f : X — Y isafunction from a subset of X to Y, where
f may not be defined for all elements of X. The set G (D) refers to a specific set of
solutions that are deemed to be of good quality. In this context, we are considering
the use of the set of approximate solutions or local optima. Additionally, & denotes
the degree to which a good structure is likely to appear in a good solution. Using the
definition of good structures, we provide the following problem:

Problem 1 Given an optimization problem model (P), a good solution set G(D) C
D, and a constant @ > 1, enumerate all «—good structures of (P).

By solving Problem 1 and enumerating good structures, the practitioners can obtain
insights that the structure leads solutions to be good. However, since the number of
solutions in (P) is generally exponential, determining whether a structure satisfies
Definition?2 is difficult in practice. Hence, directly solving Problem 1 is computa-
tionally intractable. Therefore, it may be necessary to relax the problem, such as
approximating D and G (D) through random sampling, or instead of Definition 2,
employing techniques such as clustering to gather similar good solutions, and regard-
ing the structures extracted from them as good structures.

3 Optimization Problems Reflecting Practitioners’ Tacit
Knowledge

Explaining tacit knowledge, such as practitioners’ preferences and rules of thumb,
presents a challenge in constructing models that accurately reflect reality. For
instance, when commuting by bicycle from home to the workplace, the decision-
making process regarding the route may involve various factors beyond the common-
sense criterion of favoring shorter routes. While one can formulate and solve the prob-
lem as a shortest-path problem, in the real world, considerations such as the presence
of a supermarket along the route being preferable or hills being less desirable may
influence the choice. Thus, enumerating all such factors in advance is necessary to
formulate a truly accurate optimization problem, but it is virtually impossible.

To tackle optimization problems where the true objective function is unknown,
there is a field of study known as black-box optimization (BBO). BBO is a framework
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for finding optimal solutions using an oracle instead of the objective function itself,
thereby eliminating the need for an explicit functional representation of the objective.
For more detail, see Audet and Hare [1]. However, applying BBO to the optimiza-
tion problems described above is challenging due to the difficulty of quantifying
implicit preferences. In this part, we present an optimization problem that reflects
practitioners’ tacit knowledge by extending BBO under the following assumption:

Assumption 1 The true optimization problem (P) is unknown.

Assumption 2 The following optimization problem (P’) is given:

(P’) minimize g(x)
subjectto  x = (x,...,x,) € D C V",

Assumption 3 There exists a positive correlation between the function values of f
and g.

Assumption 4 There exists an oracle that can determine whether f(x) < f(y),
f(x) > f(y)or f(x) = f(y) for any two solutions x, y € D.

These assumptions are based on the premise that we solve problems with practition-
ers. Assumption | represents a scenario where the true objective function involves
tacit knowledge, making it difficult to explicitly describe the functional form and
obtain accurate objective values for solutions. Assumption2 assumes a situation
where an optimization problem has been modeled through discussions with the prac-
titioners. This assumption includes the premise that the feasible regions of the two
optimization problems (P) and (P’) are identical. This premise does not lose gen-
erality because even if a solution, denoted by x, is deemed unacceptable by the
practitioners, this can be expressed by assigning a sufficiently large value to f(x).
Assumption 3 postulates that the model (P’) partially represents the real-world prob-
lem and that the goodness defined by the model cannot be ignored. Assumption4
assumes that practitioners can be regarded as an oracle capable of evaluating the
quality of solutions. This assumption is reasonably realistic since practitioners select
solutions to carry out their work in reality.
Using the assumptions above, this part proposes the following problem:

Problem 2 Under Assumptions 1-4, solve (P).

In contrast to the BBO, while the objective values of solutions cannot be obtained in
this problem, unguaranteed approximate values can be obtained through the given
function g. Therefore, the basic strategy for solving Problem 2 is to enumerate good
solutions for (P’) as candidates and then explore desirable solutions for (P) among
the candidates by comparing solutions through the oracle (i.e., the practitioners).
This strategy is analogous to the practical workflow: solving the formulated model,
having the practitioners evaluate the solutions, and providing feedback.

In order to find the optimal solution of Problem 2, it is necessary to enumerate
all the elements of D. Therefore, no exact polynomial-time algorithm exists since
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optimization problems typically have an exponential or infinite number of feasible
solutions. Consequently, developing heuristics is essential for solving this problem.
As a promising direction for heuristics, if we consider discrete optimization and
assume POP, the following methods may be applied to the problem, utilizing the
techniques introduced in Sect. 2:

1. Enumerating relaxed good structures for (P’) and solution(s) containing each
structure.

2. Identify the best structures by comparing the best solutions or the average ranks

of the solutions for each structure using Assumption4.

Fix the best structure in (P').

Repeat 1-3 until no relaxed good structure is found in (P’).

5. Fix the remaining variables by applying a normal heuristic or an exact algorithm
to (P').

B

This technique allows us to establish an algorithm to construct a solution by repeating
the process of finding and fixing a good structure.

4 Optimization Problems to Reach Consensus Among
Multiple Practitioners on the Objective Function

Widely important objectives in practice, such as cost or efficiency, are often difficult
to compute exactly. Furthermore, the computational time of optimization solvers
or heuristics depends on the computational time of the objective function. There-
fore, simpler and more tractable proxy indicators are often employed instead of the
exact objective function. Practitioners from various backgrounds may be involved
in the actual decision-making process, and they may hold different beliefs regarding
the objectives. Consequently, when the exact objective function is computationally
intractable, a consensus must be reached among them on what proxy indicators
should be employed.

Some research exists on methods for reaching consensus based on individual
preferences and studies on mathematical modeling of group decision-making. Zha
et al. [5] provide a detailed review of this subject. These studies can be applied to
our scenario if each practitioner can evaluate the objective functions. In order to
achieve this, it is necessary to investigate the characteristics of the solutions obtained
by using each objective function. One of the most straightforward approaches is to
solve test cases for each objective function and compare the obtained (sub)optimal
solutions. However, since the optimal solutions conform to their respective objective
functions, even slight improvements may cause various decision variables to change.
Consequently, it is difficult to discern the characteristics of the objective functions
by merely comparing the optimal solutions.

In this part, we present a problem that facilitates the comparison of different
objective functions in order to reach a consensus among multiple practitioners who
hold differing beliefs as follows:
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Problem 3 Let D C V" be a set, x{,x},...,x, € D be elements of the set,
81,82, ---,8m : D — R be functions, and 8 > 1 be a constant. Suppose that
x{,x5,...,x; are (sub)optimal solutions of optimization problems whose feasi-
ble regions are D and objectives are minimizing g1, g2, - - . , &, respectively. Then,
solve the following optimization problem (P,):

(P minimize Y [lx; — x|
i=1
subjectto  g;(x;) < Bgi(x) forall 1<i<m
x; €D forall 1<i<m
x eV,

where || - ||; represents the L1 norm or the sum of the absolute values of the vector’s
components.

The optimization problem (P,) aims to minimize the deviation of each objective
function’s solution from a reference solution denoted by x’. The first constraint allows
for acompromise of up to a factor of 8 in the search relative to each given (sub)optimal
solution. Intuitively, the solutions xy, . . ., x,, obtained from this problem are expected
to be more comparable, with many variables being fixed and only the crucial ones
differing at the expense of optimality. Note that this problem involves m optimization
problems, and thus, finding the optimal solution in (P,) is a computationally hard
task. On the other hand, if x, . . ., x,, are fixed, the optimal x’ can be easily calculated.
Exploiting this, we provide an effective algorithmic framework as following steps:

Set a terminate condition.

Find an initial solution.

Select an integer i € {1, ..., m}.

Fix all variables except x; and solve (P»).

Update the solution and recompute the optimal x’.
Repeat steps 3—5 until the terminate condition is satisfied.

A
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Analysis of the 20th-Century French )
Philosophers’ Network e

Towa Suda

Abstract This study, conducted as part of Group AO1 of the KAKENHI Transforma-
tive Research Areas, applies network analysis to 20th-century French philosophers
by drawing on Wikipedia’s “Influences/Influenced by” data. By calculating metrics
such as degree, betweenness, closeness, and eigenvector centrality, it illuminates the
relationships and influences among these philosophers, thereby complementing the
traditional intellectual history approach, which has largely centered on textual inter-
pretation. In doing so, the study highlights the potential of interdisciplinary research
between informatics and the humanities, demonstrating how large-scale data and
mathematical methods can provide new insights.

1 Introduction

This section provides an overview of the network analysis of 20th century French
philosophers conducted by the author [1] through research within Group A01 of
the KAKENHI Transformative Research Areas (A) “Creation and Organization of
Innovative Algorithmic Foundations for Social Advancement”. Group AOI fosters
interdisciplinary collaboration, offering a platform for researchers from diverse fields
to identify new challenges and develop innovative solutions.

The present study aims to comprehensively capture the relationships and influ-
ences among philosophers, contrasting with traditional intellectual history, which
has primarily focused on individual philosophers and their texts. By mathemati-
cally analyzing networks derived from Wikipedia’s “Influences/Influenced by” data,
this study seeks to elucidate the overall structure and characteristics of 20th-century
French intellectual circles. This approach exemplifies the interdisciplinary research
pursued by Group AO1, demonstrating how informatics methods can unlock new
possibilities for the humanities.
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2 From “Humanistic Reading” to ‘“Mathematical Reading”
in Intellectual History

Traditional research in intellectual history has primarily adopted a “humanistic read-
ing” approach. This method involves closely interpreting individual philosophers’
works and analyzing their content and influence on other thinkers. For example,
it might include a detailed reading of Pierre Klossowski’s Sade, My Neighbor and
examining the influence of theology and Georges Bataille within it. This approach
is essential for focusing on textual details and deepening qualitative understanding
of ideas.

However, “humanistic reading” has its limitations. First, because it focuses on
specific texts or philosophers based on researchers’ interests and expertise, it can
be difficult to grasp the broader structure of the intellectual landscape. Additionally,
there is a risk that researchers’ subjectivity and preconceptions may affect their
interpretations.

In contrast, the analysis of philosophers’ networks adopts a “mathematical read-
ing” approach. This method seeks to obtain objective insights by converting rela-
tionships between philosophers into data and analyzing it using network anal-
ysis, a mathematical technique. For instance, the influential relationship between
Michel Foucault and Martin Heidegger can be represented as part of a network and
quantitatively analyzed based on its structure.

It is important to note that “humanistic reading” and “mathematical reading” are
not opposing methods; rather, they are complementary. Insights gained from “math-
ematical reading” can be interpreted and validated through “humanistic reading,”
while findings from “humanistic reading” can be substantiated by “mathematical
reading.”

3 Network Analysis in the Humanities

Network analysis has been increasingly applied in the humanities, particularly in
historical studies. Recently, a dedicated journal focused on network analysis in histor-
ical research [2] was launched and continues to be published. In contrast, the use of
network analysis in philosophy and literature remains relatively limited. While there
have been studies such as the analysis and visualization of Socrates’ social network
[3] and the examination of relationships between characters in novels and plays [4],
this field still holds significant potential for further development.

Similar to this study, there have been attempts to create and visualize networks
from Wikipedia’s influence data [5]. However, these efforts primarily aimed to
create graphical user interfaces (GUIs) and did not engage in in-depth analysis or
interpretation of the networks.

Franco Moretti and his colleagues, pioneers in applying informatics methods
to literary studies, introduced the concept of “distant reading” [6] to offer a broader
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perspective on literary research, which has traditionally focused on individual works.
While Moretti’s team uses big data to map “World Literature” across regions and time
periods, this study focuses on creating networks, performing mathematical calcula-
tions, and examining the results in the context of existing research in philosophy and
literature. Additionally, this study is unique in its goal to develop new mathematical
methods for analyzing these networks.

4 Methods and Results of the Analysis of the 20th-Century
French Philosophers’ Network

To implement this “mathematical reading,” a network of 20th-century French
philosophers was first constructed based on their influence relationships. The study
began by selecting 131 prominent 20th-century French philosophers and writers
listed in a dictionary of French philosophy and thought [7]. Information on their influ-
ences and those they influenced was then scraped from the “Influences/Influenced”
sections of the Wikipedia entries (English, French, and Japanese versions) for these
131 philosophers. Based on this data, 651 additional names that appeared in the
influence relationships were added to the original 131, creating a directed graph of
782 individuals using Python’s NetworkX library [8].

Four centrality measures were applied to this network: degree, betweenness, close-
ness, and eigenvector centrality. The definitions and interpretations of each measure
are as follows:

Degree Centrality: Indicates the number of connections a node has. Philosophers
with high degree centrality have influenced or been influenced by many others.
Maurice Merleau-Ponty had the highest degree centrality, reflecting his broad impact
on diverse philosophical movements. Of the 47 individuals he influenced, 23 were
Anglophone researchers (from the US, Canada, UK, and Australia), and their areas
of expertise extended beyond phenomenology to include experimental psychology,
philosophy of mind, cognitive philosophy, and feminism. This high degree centrality
not only reflects the richness of information in his English Wikipedia entry but
also suggests that Merleau-Ponty’s writings, such as his engagement with Gestalt
psychology in Phenomenology of Perception, offered insights with broad appeal and
influence across various fields.

Degree Centrality (for individuals not in the initial 131): German-
language thinkers such as Karl Marx, Friedrich Nietzsche, Immanuel Kant, Sigmund
Freud, and G.W.F. Hegel showed high degree centrality. This finding provides quan-
titative support for the widely accepted view that 20th-century French thought was
profoundly influenced by German philosophy.

Betweenness Centrality: Measures how often a node appears on the shortest paths
between other nodes. Philosophers with high betweenness centrality can be seen as
“mediators” connecting different groups. Seven of the top 10 individuals with high
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betweenness centrality (Maurice Merleau-Ponty, Jean-Paul Sartre, Gilles Deleuze,
Jacques Lacan, Jacques Derrida, Michel Foucault, and Simone Weil) are also among
the top 10 in degree centrality, suggesting a strong correlation between high degree
and betweenness centrality. Interestingly, Roland Barthes (29th in degree centrality),
Henri Lefebvre, and Jean-Frangois Lyotard (both 32nd in degree centrality) rank high
in betweenness centrality.

Closeness Centrality: Represents the average shortest path length from a node to all
other nodes. Nodes with high closeness centrality are efficiently positioned to reach
any other node in the network. However, this concept is difficult to fully apply in the
context of human interactions within intellectual history, and further examination is
needed to assess its relevance in this area of research.

Eigenvector Centrality: Measures the influence of a node based on the centrality of
its connections. Philosophers with high eigenvector centrality are strongly connected
to other influential philosophers. Interestingly, Maurice Merleau-Ponty, who ranked
first in degree centrality, does not appear in the top 10 for eigenvector centrality.
This suggests that many of the nodes connected to Merleau-Ponty have low degree
centrality themselves, indicating connections with relatively isolated individuals in
the network. In contrast, Jacques Derrida, Gilles Deleuze, and Michel Foucault, who
are all in the top 10 for degree centrality, also rank highly in eigenvector centrality.

5 Future Directions and Challenges

This study has demonstrated the potential of network analysis to offer new insights
into intellectual history. However, addressing potential biases in Wikipedia data
remains a significant challenge. Future research should incorporate alternative
methods, such as citation network analysis using scholarly literature databases,
to provide a more robust and academically grounded perspective on philosophical
influences.

One promising direction for future research is the application of community
mining techniques to the network. By comparing computationally identified commu-
nities with established groupings from existing research (e.g., journals, schools of
thought), this approach can shed light on the underlying relationships within intellec-
tual communities. This analysis facilitates a deeper understanding of how accurately
established communities reflect actual relationships, and provides an opportunity to
interpret computationally discovered communities through the lens of philosophical
and literary research.

Further research will also expand the analysis to include networks based on cita-
tion relationships, alumni connections, and data extracted from dictionaries and
philosophy texts. Overlaying these networks with the existing Wikipedia-based
network will enable comparisons and enhance the interpretive process. This future
research will not be limited to individuals; it will also include concepts, locations, and
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other relevant entities as nodes, allowing for a broader exploration of 20th-century
French intellectual history.

6 By Way of Conclusion: The Necessity of Interdisciplinary
Research

Informatics is a discipline of “methods,” and its progress relies on collaboration
with other fields [9]. For example, natural language processing technology cannot
advance without insights from linguistics and psychology. Similarly, big data analysis
can only address real-world problems through cooperation with disciplines such as
sociology and economics. The challenges that informatics addresses span various
areas of society, and solving them requires specialized knowledge and techniques
from each relevant field.

Building on these characteristics of informatics, Group AOl aims to explore
new possibilities by fostering collaboration among researchers from diverse disci-
plines, drawing on their collective expertise. The research on philosophers’ networks
exemplifies this need for interdisciplinary collaboration. By applying mathematical
methods such as network analysis to large-scale data from Wikipedia, it becomes
possible to reveal relationships and structures among philosophers that traditional
intellectual history may overlook. This achievement underscores the potential of
combining informatics with the humanities, opening new avenues for research and
understanding.
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Social Media Analysis Based on Literary )
Reading Techniques: Developing e
a Method for Measuring Derogatory

Narratives Online

Yuka Takedomi

Abstract This chapter combines literary theory with informatics in order to explore
derogatory narratives on social media. It begins with a study aimed at under-
standing online slander and derogatory narratives quantitatively and qualitatively.
Two approaches are introduced: the analysis of derogatory narratives related to
sexual violence and the examination of broader derogatory comments across various
social media topics. A typology is developed to categorize these comments, revealing
recurring patterns and common logical distortions. Despite their diverse expressions,
many of these narratives rely on clichés and stereotypes. The chapter also reflects on
insights gained from this interdisciplinary collaboration, noting the challenges that
arise when integrating distinct fields. While traditional humanities research often
integrates informatics technologies to support humanities values, this study takes
the reverse approach by applying literary reading techniques to the analysis of data
typically handled within informatics. The tacit knowledge of the humanities and the
reading techniques used in literary studies, made explicit through exposure to other
disciplines, are examined. Finally, the discussion notes the results of this author’s
own reflections on shifts in values and mindset when it comes to interdisciplinary
endeavors. By outlining the research process and the insights gained, this chapter
provides a new perspective of the challenges posed by interdisciplinary collaboration.

1 Introduction

This chapter presents research conducted by the author, an expert in literary theory
with limited expertise in informatics, in collaboration with informatics researchers.
It begins by outlining a quantitative and qualitative feasibility study aimed at under-
standing derogatory narratives on social media, a subject long studied in the human-
ities. This research aims to conduct an in-depth qualitative analysis of social media
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data using literary reading techniques, ultimately seeking to facilitate the semi-
automated processing of such deep analysis using large language models. While
many studies at the intersection of the humanities and informatics—such as those in
Digital Humanities—focus on integrating informatics technologies into the frame-
works of humanities’ values, this research takes the reverse approach. Instead of
applying informatics techniques to existing frameworks in the humanities, it exports
and applies literary reading techniques to the analysis of text data, traditionally
handled within informatics.

In the subsequent section, the author reflects on insights gained from this inter-
disciplinary collaboration, which is often singled-out for the various challenges it
entails. The chapter goes on to examine the tacit knowledge of the humanities, and the
reading techniques of literary studies—as made explicit through contact with other
disciplines. Finally, the discussion explores the results of the author’s own reflec-
tion, including personal experiences, on shifts in values and mindset. By outlining
the research process, the direct and indirect insights gained, and the author’s own
personal transformation through practical experience, this chapter aims to provide a
new perspective of the challenges created through interdisciplinary collaboration.

2 The Challenge of ‘“Measuring’ Derogatory Narratives
Online

In this section, we explore the complexities involved in quantitatively and quali-
tatively analyzing derogatory narratives on social media. After reviewing the back-
ground and objectives of the problem and outlining the procedure for establishing the
research question itself, two practical studies will be introduced. The first, analyzes
derogatory narratives related to sexual violence, and the second, addresses derogatory
narratives across broader topics.

2.1 The Rise of Slander and Derogatory Remarks on Social
Media

Every day, we encounter countless words on social media. These words, as narratives
with nuances and contexts, affect our emotions [1]. With the ubiquitous nature of
social media, we are in an unprecedented era where countless personal narratives
are written, shared and read by strangers. Over the past decade, the rise of social
media has empowered diverse individual voices, which differ significantly from the
“objective” and “impartial” discourses of traditional mass media that were previously
inaccessible to us [2]. Individual posts can create unexpected waves, spreading widely
and rapidly, significantly impacting individuals and society. One of the darkest issues
within this play of light and shadow is the problem of slander and derogatory remarks.



Social Media Analysis Based on Literary Reading Techniques ... 163

Although derogatory remarks, in a sense, are part of human nature and have
existed unchanged since ancient times, several modern issues are at play here. Words,
now visible as text, are accessible to anyone at any time online, and once targeted,
individuals can feel as though an overwhelming barrage of words is directed solely
at them. Moreover, others in that same online space, are forced to witness what
seems like an act of bullying. Even without being a direct target, the outcome for
these onlookers may be hurt or a retreat from the online space fearing they could be
next. While the gravity of this issue, which has driven people to suicide, has become
widely recognized, there is still ambiguity surrounding what kind of comments, in
what situations, could lead to such levels of despair. Approaches to solving this issue
include establishing laws and regulations, as well as implementing technological
controls, but all of these measures are currently insufficient, as they fail to fully
address the complexity and pervasiveness of online slander and derogatory remarks.
Using a linguistic analysis approach, “offensive language” or “abusive words” can
be detected to some extent through natural language processing technology. After a
dataset on English hate speech was released in 2016 [3], Google’s Jigsaw launched
Perspective API in 2017 and organized the Comment Classification Challenge to
help flag and classify toxic speech. However, it is essential to note that not only overt
slander hurts people. Harmful expressions can take many forms, such as sarcasm,
irony, accusatory phrases, or logical arguments designed to evoke guilt in the target.
Even seemingly innocuous expressions, such as confirming facts about an incident,
pointing out alternative possibilities, or expressing personal opinions, can be hurtful.
Determining whether a narrative is hurtful depends on various factors, including
context, topics, nuance, style, and the perspective of the reader. It is imperative,
therefore, to consider how the meaning of a narrative, encompassing not only the
literal meaning of words but also the context, influences the reader.

In Japanese, words or actions that harm a person are referred to as . #/77 (%} (Hibo-
chusho). In English, terms like defamation or slander refer to acts that damage a
person’s reputation and, in some cases, may be considered legal offenses. Hibo-
chusho encompasses the meanings of defamation and slander but is broader and
less clearly defined. It also includes words or actions that have the potential to hurt
someone. It reflects that we are not only harmed by baseless lies or explicit insults but
also by the malice we perceive in others’ words and the subtle nuances in their expres-
sions. Given this, grasping the full scope of what Hibo-chusho signifies becomes
crucial. However, because the definition of the term itself is unclear, it is difficult to
understand precisely what it refers to or to grasp its underlying mechanisms. This
lack of clarity hinders people’s ability to think and understand the phenomenon accu-
rately. To illuminate the term’s exact meaning we decided to articulate the full scope
of Hibo-chusho (in following sections referred to as “derogatory narrative”) through
a thorough analysis of Japanese social media data.



164 Y. Takedomi

2.2 The Overall Landscape of Derogatory Narratives

In order to gain access to the nuance of this problem, we first manually read and
observed numerous derogatory narratives posted on various social media platforms.
At first glance, the language used to harm others appears to be expressed in many
ways, with few phrases exactly matching, making them seem diverse. However, upon
closer examination, it became clear that these expressions often rely on clichés and
stereotypical patterns, displaying similar leaps in logic and the use of diversionary
tactics. Even where the expressions used differed, by extracting the meta-structure
of those narratives—that is, by considering the intent and function of the narratives
rather than their surface-level meanings—certain common patterns could be uncov-
ered. For example, narratives that begin with the phrase “I don’t mean to discrim-
inate, but...” and then proceed with discriminatory remarks, or narratives that cast
doubt on the validity of someone’s behavior or statements by saying, “Normally, this
would never happen”. Thus, we set out to extract the patterns rather than the exact
wording from derogatory narratives. By identifying and interpreting these patterns
to create a typology, we could label individual narratives at a deeper level, beyond
the surface meaning of the words or the meanings of individual terms. This allowed
us to conduct a quantitative analysis, analyzing the types of narratives which exist
and in what proportions. Therefore, by conducting an in-depth qualitative analysis
in a data-driven manner to create a typology, and then by annotating the data based
on these typologies, a clearer picture of the vast and ambiguous world of derogatory
narratives in social media posts becomes accessible.

2.3 Typology and Analysis of Comments on Sexual
Violence—Test Case on Yahoo! Japan News

As atest case, we focused on analyzing a corpus of social media comments related to
news about sexual violence posted on Yahoo! Japan News and developed a typology
for classification. These comments related to various sexual violence cases, including
those committed by celebrities, in the film industry, and against children. A key
advantage of drawing on Yahoo! Japan News comments is their placement directly
below the articles, which clarifies the context and topic users are responding to.
Additionally, these comments tend to be longer than those on platforms like Twitter,
enabling examination of their logical structure and argumentative flow in greater
detail. To create the typology, we manually analyzed around 8,500 comments, iden-
tifying recurring phrases, common logical patterns, and similar leaps in reasoning.
We also compiled a list of frequently observed narrative structures. Based on these
observations, we grouped the comments by narrative style and any reasoning used to
deny the victims’ claims. This categorization process is central to our research and
requires significant reliance on judgement. It reflects the chosen analytical approach
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and ensures the data is organized in a way that allows for meaningful, practical
analysis based on the narratives in the dataset.

The typology was constructed by grouping narratives based on their format and
the reasoning behind their denial. Examples include “acknowledging the occur-
rence of sexual violence but criticizing the victim for benefiting from it” and “ques-
tioning whether the sexual violence occurred, while undermining the credibility of
the victim’s statements.” By listing these narrative features and categorizing them
according to their structure and the rationale for denial, we ultimately organized
the negative narratives into five categories with 14 subcategories. For example, in
the category “acknowledging the occurrence of sexual violence but questioning the
victim’s responsibility” (N 1), we created the subcategory “acknowledging the occur-
rence of sexual violence but criticizing the victim for benefiting from it” (Nla).
Similarly, in the category “questioning whether sexual violence occurred” (N2),
we included the subcategory “questioning whether sexual violence occurred while
undermining the credibility of the victim’s statements” (N2a). Supportive narratives
and other types of responses were also categorized based on their narrative character-
istics. Using this typology, we annotated the comments accordingly. As a result, we
found that, consistent with previous sociological studies, adult female victims were
blamed more often than child victims [4]. We also identified narratives corresponding
to philosophical theories distinguishing sexism (discrimination based on attributes)
from misogyny (moral blaming for not fulfilling gender roles) [5]. Moreover, the
data revealed that explicitly sexist comments were relatively few, while misogynistic
comments involving moral blaming were much more common. Other hypotheses
drawn from the data include that minors with a profession were slandered similarly
to adult women, and that celebrities were often targeted with slander related to their
appearance or nationality. To ensure the typology’s validity, we randomly sampled
comments and asked two co-authors, researchers in philosophy and literature, to
annotate them. Annotations matched between two of the three annotators in 88% of
cases, showing a higher-than-expected agreement on the categorization. [6, 7].

2.4 Typology and Clustering of Cross-Topic Derogatory
Narratives

A comprehensive observation of social media narratives revealed that comments
fitting our typology appeared across various topics, such as celebrity scandals, polit-
ical mockery, royal family news, and crime reports. To address this, we developed
an original typology applicable to a broader range of subjects using a data-driven
approach, listing narrative features while considering contextual word usage and
nuances. To handle cross-topic narratives, the typology needed to be more compre-
hensive than the one used for comments on sexual violence. This is because it required
the flexibility to be applicable across various topics, rather than being specialized for
a single one, and the universality to be consistently applied across various contexts
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and backgrounds. To develop this typology, we manually read tens of thousands
of comments to identify the ideal level of granularity (e.g., “criticizing for failing
to prove the unprovable, thereby questioning the testimony’s credibility,” or “crit-
icizing for not taking unnecessary responsibility”’). We then selected news topics
with around 10,000 comments and applied micro-clustering to group comments
with similar vocabulary into clusters.

The advantage of clustering is not only that it makes large volumes of comments
easier to navigate, but it also provides an alternative perspective on biases in manual
reading. Additionally, clustering can uncover similarities that might be missed by
human analysis. The micro-clustering method used allows us to obtain clusters of
similar comments by intuitively defining their similarity, without needing to predefine
the number of clusters [8]. Moreover, since no random numbers are used, the results
are reproducible. In data preprocessing, we experimented with adding particles typi-
cally omitted in clustering and extracting comments containing only high-frequency
nouns to achieve results that were easy for humans to interpret. As a result, we iden-
tified several clusters corresponding to the manually created typology and were able
to assign meanings to these clusters.

While this research is a feasibility study, our ultimate goal is to develop a semi-
automated method for classifying comments using large language models, with
clustering assisting in the labeling process.

3 Tacit Knowledge in the Humanities

This research aims to combine the core values of the humanities (qualitative, detailed
reading) and informatics (quantitative understanding and mechanization). It sought to
quantify elements like language nuances and context, traditionally seen as qualitative
and unquantifiable, by classifying them in a way that is highly interpretable and
convincing. This approach makes it possible to analyze subjects both qualitatively
and quantitatively. Once conceived, this idea may seem obvious and logical, but in
reality, it emerged from sustained, boundary-crossing collaboration of humanities
and informatics researchers, successfully integrating their disciplinary values. This
section will reflect on the implicit values of the humanities that emerged through
interdisciplinary research, using our analytical approach as an example.
Humanities disciplinary techniques require the comprehensive observation of
subject matter to identify broad questions and hypotheses. Data aligned with research
objectives is then collected, hypotheses developed (based on the researcher’s knowl-
edge and goals), and data analyzed accordingly. Using textual analysis in litera-
ture as an example, the process typically involves the deep reading of primary
sources and comprehensive reading of secondary sources and related materials. After
constructing hypotheses about the text or author, their validity is verified by quoting
and analyzing relevant parts of the text and supporting them with related works. This
sequence of steps can be compared to the hypothetico-deductive model. Here, it is
also implicitly assumed that the quotes or descriptions used to support claims must fit
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like puzzle pieces—precise and in relation to the research purpose. Additionally, in
the humanities, there is a strong emphasis on preserving subtle nuances by handling
complex concepts or expressions in as close to their original form as possible. As
a result, operations commonly used in informatics—such as abstracting part of a
concept or breaking it down into simpler elements to solve incrementally—are often
avoided in the humanities, as the complexity and subtle nuances of the original mate-
rial are prioritized first and foremost. This reflects a value system different from that
of informatics. In this study, awareness of this tacit value system arose during the
annotation of comments on sexual violence. While attempting to assign a single label
to each comment, a collaborator from informatics asked, “Why not assign multiple
labels?”” However, for the humanities researchers of the team, accustomed to applying
one detailed and accurate description to each item, the suggestion was difficult to
understand at the time. Through continued collaboration, it became clear why this
point was one of divergence—that is, assigning to a single category is a characteristic
of the humanities. In the humanities, if the correct, singular label cannot be assigned,
it is often seen as a sign that the classification itself may be flawed.

To elaborate further on literary studies analytical approaches, researchers start
with the premise that the work being analyzed holds inherent value. The focus is
on situating the individuality of the author within a historical context through the
aesthetic aspects of the work or on identifying excellence and attributing value to
the piece. Many scholars in this field develop a strong attachment to the works
and authors they study, with little inclination to generalize the unique qualities of
individual authors through theoretical frameworks. Literary theory is employed to
enhance the understanding of specific authors and works, aiming for greater precision
in their representation. Consequently, quantitative analysis and objective verification
are of lesser importance, and the number of subjects analyzed does not inherently
increase the study’s value. In literary research, there is less motivation to construct
theories that derive generalizations across a wide range of subjects because such
generalizations detract from the unique nature of the subject at hand.

The value systems of different fields differ significantly. Even when there are
seemingly shared words and concepts, their meanings and associations often vary
across disciplines. Although communication in collaborative research may appear
straightforward, there are times when the meaning or intent behind a comment from a
researcher in another field becomes unclear, or disagreements arise over the research
direction. The use of the same words or concepts with different meanings or nuances
is likely one of the fundamental reasons interdisciplinary research projects often
encounter challenges [9].

4 What Are Literary Reading Techniques?

In literary studies, especially in author-focused research that aims to deepen under-
standing of a specific author in relation to their works, a broad range of texts can
serve as the research corpus. These include not only the author’s complete works, but
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also their diaries, letters, chronologies, personal relationships, studies of the histor-
ical context of the texts, and classical works of literary criticism. Researchers must
continuously decide which aspects to focus on, which theory to apply, and which
methods to follow in analyzing the work, making the process of literary research
difficult to generalize. These reading techniques are neither explicitly verbalized nor
systematically taught within a methodological framework. Instead, they are regarded
as a form of craftsmanship, learned through experience and intuition, often referred
to as sense. However, collaborative research with informatics has made it necessary
to explicitly explain the processes literary scholars use for interpretation.

As previously mentioned, literary research constructs hypotheses through compre-
hensive textual analysis, testing these with further verification to add layers of persua-
siveness to the argument. Two key literary reading techniques are central in this
complex process of interpretation and validation. The first is the ability to extract
deeper meanings from a text beyond its surface level, and to persuasively demon-
strate why these interpretations are valid. The second involves gathering these deeper
meanings from multiple texts, reinterpreting them at a meta-level, and synthesizing
them into broader concepts.

In the study mentioned above, the texts were first comprehensively read manually,
following the same method used in literary research. Deeper meanings, including the
writer’s hidden intentions and emotions behind various expressions, were interpreted
and documented. Next, narratives with similar deep meanings were reexamined to
understand the reasons for their resemblance, focusing on the meta-level meanings
underlying narratives. A typology was then constructed based on the structure of the
statements and the reasoning behind their denial. In other words, scattered expres-
sions were reorganized based on shared deeper meanings and reinterpreted within a
new conceptual framework. In this way, literary reading techniques were applied to
social media analysis.

In interpreting literary texts, scholars closely examine various aspects of the text
and its author. For example, they analyze the order in which the story is presented, the
focalization of the narrative, the significance of recurring (or absence of) images or
words, and the connection between specific words and the author’s emotions. Such
advanced techniques could be widely applied beyond the field, yet scholars use them
exclusively for literary analysis. This study was based on the idea that, since these
methods clearly have technical aspects, they could also be applied in an engineering
context to analyze non-literary texts. Before collaborating with researchers in infor-
matics, considering these methods as technical skills which could be applied beyond
literary studies had not occurred to the literary scholars on the team. To informatics
researchers, who constantly seek new applications for their techniques, it must have
seemed odd that these skills weren’t being applied more broadly. For literary scholars,
interpreting social media texts is relatively straightforward compared to literary ones.
However, assigning meaning to large datasets required a different approach to the
close reading of a specific author or work. For example, the appropriate level of gran-
ularity had to be considered, and interpretations had to be made at that level. Thus,
analyzing social media required capturing a coarser level of meaning compared to
reading literature.
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5 Personal Motivations and Shifts in Perspective Through
This Research

This research stemmed from personal motivation. In 2017, when survivors of sexual
violence began sharing their experiences after long periods of silence, relentless
slander spread across social media. Witnessing this provoked a deep sense of anger
and sadness that was hard to express. Along with the desire to understand why such
cruelty occurs, I felt a growing need to find a way to describe and confront this
unjust and inexplicable phenomenon outside the realm of the humanities. I realized
that the writing style of the humanities can be difficult for those unfamiliar with
its discipline. At the same time, I began to feel that methods relying primarily on
appealing to individual experiences, emotions, or ethics would only resonate with
those who were already concerned about the issue.

Conducting this research brought about a significant shift in perspective. Previ-
ously, social media seemed to be filled with malice, buried like landmines, and
every instance of slander caused emotional harm. However, after reading numerous
comments for analysis, it became clear that what once seemed like an endless stream
of unknowable slander was largely a collection of clichés and flawed reasoning. There
appeared to be little variation in the emotions behind the harmful words or the moti-
vations for using them. If words can act as weapons that hurt others, understanding
their nature allows for more effective countermeasures. The process of breaking
down, analyzing, and quantifying what once appeared to be an unfathomable threat
had a clearly positive impact on mental well-being. Another interesting aspect of
this research was that comprehensive reading not only deepened understanding of
the subject but also altered the shape of the problem. While we tend to believe we
understand slander conceptually, the data reveals concrete ways in which our assump-
tions are mistaken. Many borderline narratives exist that cannot be easily labeled as
slander or derogatory remarks. When we feel wounded by narratives that simply
state facts or use a forceful tone, is it truly because they are “slander”? Perhaps the
focus should be on how words act performatively, rather than the words themselves.
As more data is examined, more questions like these emerge. This shift in focus
led to a broader interest in understanding the mechanisms of human narratives and
relationships, beyond these limited topics.

6 Conclusion

This chapter has discussed research on social media narratives while reflecting on
interdisciplinary experiences that were part of conducting that research and are often
obscured in academic papers. Interdisciplinary research offers many advantages, such
as revealing insights overlooked by conventional approaches and creating connec-
tions with new fields. While the humanities often focus on deep, individualized
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analysis, they lack a shared foundation for cross-disciplinary study. However, quan-
tifying qualitative data can help establish a common ground for interdisciplinary
research, enabling researchers from different fields to engage without shared disci-
plinary knowledge. Yet, as disciplines are integrated, dilemmas arise—what seems
new in one field may not be as novel in another, and certain subjects may not be
easily assessed by those outside the field.

This collaborative research has explored how the humanities can contribute to both
its own discipline and informatics. By challenging the notion that literary research
must focus solely on literary works and applying nuanced literary techniques—such
as attention to language and context—to social media, this approach can broaden the
humanities’ scope and enrich informatics. These literary reading techniques have
already been applied to research on identifying major shifts in public opinion from
large-scale social media data and are beginning to yield promising results [10].
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Reframing Problems: Analyzing the )
Design of Mixed Reality Tools Through o
the Lens of Fictionality

Toshiro Kashiwagi, Yasuhiro Yamamoto, and Kumiyo Nakakoji

Abstract Designing computational technologies for people and society is often
viewed as an ill-defined problem-solving task, where the identification of problems
and the development of solutions evolve simultaneously. This chapter presents a case
study on designing two novel interactive MR (Mixed-Reality) tools, examining how
people accept physically and digitally blended phenomena in ways similar to how
they engage with fiction in novels and films. We demonstrate how the concept of
fictionality, drawn from the humanities, helps us analyze the design of these MR
tools by understanding the intertwined relationship between users and technologies.

1 Introduction

Human-Computer Interaction (HCI) research studies argue that people change by
reacting to or adapting to tools and environments [13]. While computational tech-
nologies address a variety of societal and cognitive problems, they sometimes serve
as opportunities to identify unprecedented behaviors or phenomena about people and
society.

The human-centered system design approach is, in its essence, not about designing
computational technologies for the status quo of people and society. It is about envi-
sioning a desirable situation in the future [11], composed of computational solutions
and people and society co-existing with such unseen solutions. It is a design task,
fundamentally demonstrating an ill-structured problem-solving task [10]. Finding a
problem and constructing a solution depend on each other [9], forming a hermeneutic
circle [2], making the conventional divide-and-conquer problem-solving approach
unfeasible.
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In addition to developing new computational algorithms and tools, we must
strive to better understand how people and society would adapt and change when
co-existing with emerging technologies. This chapter presents our MR (Mixed
Reality)-based DITTO (Digital Instruments and Tangibles Theater Orchestrated)
project as a case study to illustrate how we should approach designing an innovative
computational artifact by simultaneously taking human traits and cognitions into
account.

The particular type of MR environments we present here uses an optical see-
through head-mounted display (HoloLens2), where a user can directly see the physi-
cal environment through the transparent glass, together with digital objects displayed
on the glass, thereby seemingly overlaid on existing objects in the physical surround-
ings. We also implement some physical computing mechanisms so that the user’s
manipulation of a digital object in the MR environment would change the physical
surroundings. While most VR and MR studies have aimed at making digital rep-
resentations as realistic as possible to make the user experience more natural and
immersed, we have found through our preliminary user studies that the distinction
between physical (real) and digital (virtual) may not as quintessential as it initially
seems for people to interact with the MR environment naturally.

This chapter presents DITTO-Mirror and DITTO-Spotlight to illustrate how a user
interacts with digital and physical objects and perceives emerging phenomena in such
MR environments. We analyzed the design and implementations of these tools by
instantiating actual user experience by taking the perspective of how we produced
the fictionality of the MR engagement. The goal of this chapter is to illustrate how
taking such a concept from the humanities helps us understand the intertwined rela-
tionship between people and technologies; it is not about arguing that fictionality is
the optimum concept for this matter.

In what follows, we first describe how we reframe conventional problems in MR
research and argue for the approach that focuses on fictionality. We then explain
DITTO-Mirror and DITTO-Spotlight as concrete instantiations, discuss the design
and implementations of two DITTO tools from the perspective of fictionality, and
conclude the chapter.

2 Problem Reframing: Reality as Fiction in Mixed Reality
Environments

Mixed Reality (MR) is a technical concept with over thirty years of history. In 1994,
Milgram and Kishino [8] illustrated MR as the gradational combination of (physical)
reality and (digital) virtuality. A user wearing HoloLens2, for instance, perceives the
surrounding environment by viewing the rendered images displayed on its head-
mounted see-through display; thereby, the user sees the digital objects as if they
exist in the physical world.
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The primary technological problems that VR or MR research has been dealing
with include how to faithfully reproduce digital objects as if they exist in the real
world. Examples include shading processing, making virtual objects appear exposed
to natural lighting, and occlusion processing, such as hiding virtual objects behind
the user’s hands [3, 5-7].

Some other systems use MR technology to produce situations in which people
can experience interactions between physical and digital objects. These systems have
primarily been presented as artworks and installations. Kobito -Virtual Brownies-
[1], for instance, was an MR installation that allowed a user to interact with a virtual
character of Kobito (i.e., dwarf) and a physical tea can placed on a table. Meta Flowers
[12] is a more recent MR installation in which the shadows of an actual vase, flowers,
and virtual flowers appear compositely on the table.

In these works, the viewer perceives physical and digital objects as naturally
integrated, as if they coexist and interact. Is this the result of successfully making
digital objects look as realistic (physical) as possible? The answer is probably no.

Our previous work [4] on analyzing users’ behavior in using one of our MR tools
has found that users are likely to naturally engage in a mixed reality world composed
of physical and digital objects even if the digital objects are distinctively “not real.”
We have also found that, unlike our initial hypothesis in which physical laws override
digitally generated principles, once people get used to interactions among blended
(i.e., physical and digital) objects, they may find physical laws slightly unnatural.

These findings indicate that people naturally accept and interpret such blended
reality in the same way as they accept fiction in books and movies. Whether they know
whether the story or narrative is true or false, as long as there is a consistent world
that a user can experience, they can accept it as fiction. A new research question for
MR technologies, then, is how to design good fiction for an interactive mixed-reality
environment.

3 Illustrative Technology: DITTO Tools

Our DITTO (Digital Instruments and Tangibles Theater Orchestrated) research
project has been building an exploratorium with dozens of prototyped MR tools. Each
of these produces an MR experience in which physical and digital objects coexist and
interact in the user’s perceived world. Manipulating a physical object dynamically
changes the appearance of digital objects, and manipulating digital objects affects
physical ones. This section briefly explains two DITTO tools, DITTO-Mirror and
DITTO-Spotlight, to illustrate the particular type of fictionality of the MR experience.
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3.1 DITTO-Mirror

DITTO-Mirror creates an MR experience where a digital (virtual) object appears
reflected in a real (physical) mirror.

3.1.1 A User’s Interaction

A user wearing HoloLens2, seated at a table with a mirror, sees a small virtual object
(amonkey face, referred to as virtual object A) floating in the physical world. The user
may freely move virtual object A around through a pinching gesture while its mirror
image, another virtual object (referred to as virtual object A’), appears reflected in the
physical mirror on the table. Figure 1 shows a user wearing HoloLens2 manipulating
virtual object A in front of the mirror. When the user attempts to grasp virtual object
A, the user’s reflected image in the mirror also appears to be trying to grasp virtual
object A. When the user manipulates virtual object A, virtual object A’ follows the
hand’s reflection in the mirror. When virtual object A is brought closer to the edge
of the mirror, virtual object A’ gradually disappears in the same way that the user’s
hand ceases to be reflected in the mirror.

3.1.2 Implementation

DITTO-Mirror produces the reflection of the virtual object (virtual object A) to
manipulate by providing another virtual object (virtual object A’) that moves sym-
metrically with virtual object A relative to the mirror. A marker is attached to the
physical mirror, allowing HoloLens2 to recognize its position, orientation, and sur-
face. HoloLens?2 also recognizes the user’s hand gesture to display virtual object A as
if the user is holding the virtual object. The tool then dynamically determines where

Fig. 1 The first-person view Physical mirror MVO
of the user wearing : 3
HoloLens2 playing with
DITTO-Mirror

ovo
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to display virtual object A’ to mirror the manipulation of virtual object A from the
user’s viewpoint (Fig. 2).

3.2 DITTO-Spotlight

DITTO-Spotlight creates an MR experience in which the actual cube and table seem
to be illuminated by a virtual spotlight object that the user manipulates.

3.2.1 A User’s Interaction

A user wearing HoloLens2 and standing in front of the table with a wooden cube
sees a small virtual object (a red cylinder, referred to as a virtual spotlight) floating
in the physical world. The virtual spotlight has a bright, lamp-like sphere at one end
of a cylinder, showing the light’s direction. The user can move it around by pointing
it from some distance (i.e., with a pinching gesture while aiming a ray from the
fingertips). The cube and table are shaded as if illuminated by the virtual spotlight.
Figure 3 shows a user with HoloLens2 manipulating the virtual spotlight above the
cube. When the user directs the virtual spotlight toward the cube, it appears as if the
cube’s shadow is cast onto the table by the lighting effect. When the virtual spotlight
is moved, it seems as if the shadow enlarges, elongates, or disappears. Shadings also
appear on the surface of the cube.

3.2.2 Implementation

DITTO-Spotlight produces the shading created by the virtual spotlight by projecting a
generated image onto the surface of the physical cube and table using two projectors.
The two projectors are installed diagonally opposite each other above the desk and

Fig. 2 A spectator’s view of HoloLens2 Physical mirror
the user wearing HoloLens2 =
playing with DITTO-Mirror
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Fig. 3 The first-person view Virtual spotlight Physical cube
of the user wearing
HoloLens2 playing with
DITTO-Spotlight

are connected to a program that communicates with HoloLens2 via TCP (Fig.4). The
cube, table, two projectors, and the virtual spotlight are pre-aligned. The program
generates two images (for each of the two projectors) to draw the cube’s shadow
based on the virtual spotlight’s position and direction.

4 An Anatomy of the DITTO Tools’ Design

The DITTO-Mirror and DITTO-Spotlight allow users to imagine fictitious phenom-
ena using both physical and digital objects as components. The actual part the user
sees through the see-through display is the world as it physically exists, and every
object in the real world has substance and obeys the laws of physics. In contrast, the
virtual part of the world is generated by a computer, and digitally computed objects
displayed in the virtual world are controlled by programs developed a priori. DITTO-
Mirror produces the virtual phenomenon corresponding to the function of reality

Fig. 4 A spectator’s view of Projector
the user wearing HoloLens2 HoloLens2
and playing DITTO-Mirror
(note: figure captions are
added after capturing the

image) /‘

Physical cube
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Table 1 Perceived phenomena in DITTO tools

(1) Physically (2) Virtually (3) Blended interactivity
observable represented objects
phenomena

<

DITTO-Mirror

DITTO-Spotlight ﬂ (&

(i.e., reflection by a mirror). DITTO-Spotlight produces the physical phenomenon
corresponding to the function of virtuality (i.e., illumination by a spotlight).

4.1 Perceived Phenomena in DITTO Tools

Table 1 organizes the phenomena for each DITTO tool along three axes: (1) Physically
observable, (2) Virtual presented, and (3) Blending the real and the virtual.

(1) Physically observable. This is what is actually happening in the physical world
and is directly perceivable by a user. In DITTO-Mirror, the user’s hands, body, and
surrounding objects are reflected in the physical mirror. In DITTO-Spotlight, varying
gradients of light appear across the surfaces of the cube and table, which are generated
by two projectors located above the table.

(2) Virtually presented. This is what is digitally visualized and is observable by the
user only through the HoloLens?2 see-through display. In DITTO-Mirror, one virtual
object moves symmetrically across the mirror to the other virtual object manipulated
by the user’s hand. In DITTO-Spotlight, a red cylinder with a bright sphere placed
on one of its bases is the virtual object to be manipulated by the user.

(3) Blending the real and the virtual. This is an MR experience that blends what
is happening in the real (physical) world with the virtual (digital) world. Manipu-
lating a virtual object results in changes in the physical environment, which users
naturally accept as part of the fiction. In DITTO-Mirror, two symmetrically moving
virtual objects lead the user to assume the fictitious phenomenon: the virtual object is
reflected in the real mirror. In DITTO-Spotlight, varying the gradation of light on the
surfaces of the cube and table in response to moving and orienting the virtual object
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leads the user to assume a fictitious phenomenon: the virtual object is illuminating
the physical world.

DITTO tools seem to lead users to believe in or accept fictitious phenomena,
thereby allowing them to interact naturally with the MR environments. When trying
to understand a new phenomenon, people often unconsciously draw parallels and
analogies with phenomena they are already familiar with. We produce a mental model
and adjust it in our minds so that we can consistently accept the new phenomenon.

Unlike VR (virtual reality), which reproduces or reconstructs the real world, MR
(mixed reality) mixes virtual objects with the physical world as the user sees them
simultaneously. VR generally aims to mimic real-world situations and environments;
3D models and gravity simulations represent natural objects and physical phenomena.
Users accept the representations (virtual objects and events) as actual happening
based on the mental model and are wholly immersed in the virtual world. In contrast,
MR users are not wholly immersed in the virtual world. Instead, they are situated in
the physical world alongside digital objects, creating a blended reality.

With DITTO-Mirror, the behavior of two virtual objects represents the effect of
the physical mirror’s reflection. The user sees that both the user’s physical hand and
a virtual object are reflected in the physical mirror, which seems to strengthen the
fictionality that the virtual object is reflected in the physical mirror. With DITTO-
Spotlight, the user perceives that the gradation of light on the cube and the table
surfaces is the effect of lighting by the virtual spotlight object. The physical lighting
and shading effects dynamically change as the user moves and turns the spotlight
virtual object. Although it is the result of projected images by the two projectors
above the table, this experience seems to strengthen the fictionality that the virtual
spotlight is illuminating the actual cube and table.

4.2 Producing MR Fictionality

The problem then becomes how to design and produce such fictionality for an
interactive MR environment.

DITTO Tools are implemented by replicating and mimicking certain physical
phenomena. By replicating, we mean modeling or simulating a phenomenon. By
mimicking, we mean pretending a phenomenon happens. We argue that incorporating
the concept of fictionality helps us better understand how to design innovative MR
experiences, such as those offered by the DITTO tools. The replication can be seen
as the plot in fiction, while the mimicry can be viewed as the mechanism that depicts
this plot.

In Table 2, we organized the design and implementation along three axes for each
ditto tool: (a) Plot in Fiction, (b) Plot Mechanism, and (c) Worldbuilding.

(a) Plot in Fiction: Physical phenomena that are replicated in DITTO tools and are
perceived by the user can be extracted as plots in fiction. A plot represents what the
fiction is about. In DITTO-Mirror, the user accepts a mirror image of a virtual object
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Table 2 Design and implementation toward producing fictitious MR experience

(a) Plot in (b) Plot mechanism (c) World-building
fiction
” v i \4 ’ v

DITTO- “ L B AR
Mirror

(& sporisht <~/}k0\- -/oi‘ﬁ , /};:o\- Sportisht
DITTO- N AN E/ ~ M
Spotlight

as reflected by a physical mirror. In DITTO-Spotlight, the user accepts physical
shadow and illumination as cast by a virtual spotlight.

(b) Plot Mechanism: A plot mechanism is something that actually makes it possible
for a user to experience the plot naturally and is often hidden from the user (i.e.,
users are not expected to pay attention to this mechanism). The mechanism should
not be entirely mechanically driven but should be implemented so that the naturally
occurring effects and the effects generated by the mechanism influence each other.
In the case of DITTO-Mirror, a symmetric copy of the virtual object is used as a
plot mechanism, which produces the seeming mirror image by moving in sync. In
DITTO-Spotlight, two projectors are used as plot mechanisms. They produce the
lighting effect seemingly by the virtual spotlight by mapping computed cast images
on the cube and table.

(c) Worldbuilding: The fictional experience is created when the user interacts with
the MR environment. In DITTO-Mirror, when the user manipulates a virtual object,
the set of the user’s hand and the virtual object, and the set of the reflected image of
the user’s hand and the copy of the virtual object, move symmetrically almost in a
real-time manner. In the case of DITTO-Spotlight, the casted image, superimposed
as ambient light on the surfaces of the physical cube and table through the two
projectors, dynamically changes by following the position of the virtual spotlight
manipulated by the user.

5 Discussions

This chapter introduced a case story about reframing the VR (virtual reality) research
problems, which essentially aim to increase the reality of virtual objects, into novel
interactive MR problems, which study how people accept physically and digitally
blended phenomena in a way similar to how people accept fiction in novels and
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films. We presented DITTO-Mirror and DITTO-Spotlight, two interactive MR tools
we implemented in the DITTO project, to illustrate how users interact with digital
and physical objects and perceive emerging phenomena in such MR environments.
By examining actual user experiences, we analyzed the design and implementation
of the tools from the perspective of how we produced the fictionality of the MR
engagement.

The approach presented here demonstrated a design process in contrast to a con-
ventional engineering problem-solving approach. We first built computational tools,
and then we analyzed how users interact with and perceive the tools while also mod-
eling and developing a theoretical framework to understand the emerging phenomena
and the relationship between people and technologies. We have brought in the notion
of fictionality, which has long been cultivated in the study of creative literature and
films, as a way for us to understand the problem better. Note that our goal here is not
to argue that fictionality is the best concept for understanding this issue. Rather, it
is one of many possible ways to address the problem, and there could be numerous
concepts to help us understand emerging technologies and phenomena.

We illustrated how adopting a core concept from the humanities may help us
understand the intertwined relationship between people and technologies. Ultimately,
this approach could pave the way for more human-centered design methods that
integrate creative insights into the development of emerging technologies, fostering
a deeper connection between technology and its societal implications.
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Part 111
Selected Topics on Algorithmic
Foundations

The last part, spanning the Chapters “Solving Rep-tile by Computers: Performance
of Solvers and Analyses of Solutions” to “Perpetual Scheduling under Frequency
Constraints”, highlights selected topics on the innovative algorithmic foundations
developed through the project, focusing on intriguing subjects and the latest ongoing
research.
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Solving Rep-Tile by Computers: )
Performance of Solvers and Analyses of e
Solutions

Mutsunori Banbara ®, Kenji Hashimoto, Takashi Horiyama ©®),
Kosuke Oguri, Shin-ichi Minato (©, Masaaki Nishino (), Masahiko Sakai®),
Ryuhei Uehara @, Yushi Uno, and Norihito Yasuda

Abstract A rep-tile is a polygon that can be dissected into smaller copies (of the
same size) of the original polygon. A polyomino is a polygon that is formed by joining
one or more unit squares edge to edge. These two notions were first introduced
and investigated by Solomon W. Golomb in the 1950s and popularized by Martin
Gardner in the 1960s. Since then, dozens of studies have been made in communities
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of recreational mathematics and puzzles. We first focus on the specific rep-tiles
that have been investigated in these communities. Since the notion of rep-tiles is
so simple that can be formulated mathematically in a natural way, we can apply a
representative puzzle solver, a MIP solver, and SAT-based solvers for solving the
rep-tile problem in common. In comparing their performance, we can conclude that
the SAT-based solvers are the strongest in the context of simple puzzle solving. We
then turn to analyses of the specific rep-tiles. Using some properties of the rep-tile
patterns found by solvers, we can complete analyses of specific rep-tiles up to certain
sizes, and find new series of solutions for the rep-tiles which have never been found.

1 Introduction

In some games like Tetris, polygons obtained by joining unit squares edge to edge
are used as their pieces. These polygons are called polyominoes, and they have been
used in popular puzzles since at least 1907. Solomon W. Golomb introduced the
name polyomino in 1953 and was widely investigated [3]. It was popularized in the
1960s by the famous column in Scientific American written by Martin Gardner [4].

Golomb is also known as an inventor of the notion of rep-tile. A polygon P is
called rep-tile if it can be dissected into smaller copies of P. Especially, if P can be
dissected into n copies, it is said to be rep-n. An example of a rep-tile of rep-4 is
given in Fig. 1. We can observe that each of 4 copies can be dissected into 4 smaller
copies, which give us rep-16. That is, a rep-tile of rep-7 is also rep-n' for any positive
integer i = 1, 2, . ... We also extend the rep-tile of rep-n by tiling n copies to make
a larger pattern. That is, we can tile the plane by repeating this process. It is known
that some rep-tile can be used to generate acyclic tiling (i.e., the tiling pattern cannot
be identical by shifting and rotation). Both cyclic and acyclic tilings have been well
investigated since they have applications to chemistry, especially, crystallography
[5]. From the viewpoints of mathematics and art, the notion of rep-tile is popular as
we can obtain tiling of the plane with the same shapes of different sizes by replacing
a part of the rep-tiles by their copies recursively.

Gardner introduced the polyomino rep-tiles in [5]. Precisely, he introduced three
6-ominoes (polyominoes formed by 6 unit squares) in Fig. 2 as rep-tiles of rep-144.
When the article [5] was written, the minimum number of dissections for these three
rep-tiles was conjectured as 144. Namely, they are the rep-tiles of rep-144, and not
rep-k for any 1 < k < 144. However, they have been found out that the left stair-

Fig.1 An example of a
rep-tile of rep-4
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Fig. 2 The 6-ominoes of
stair-shape, J-shape, and
F-shape

shape is a rep-tile of rep-121, the central J-shape is a rep-tile of rep-36, and the right
F-shape is a rep-tile of rep-64 [2, 5].

Polyomino rep-tiles have a long history mainly in the contexts of puzzles and
recreational mathematics. They have been investigated since the 1950s, however,
they have relied on discoveries by hand. In fact, there are many constructive solutions
for these puzzles on the web page [2] However, these puzzles have not yet “solved”
in the strict sense since any nonexistent results for these cases have not yet be given.

In this research, we first experiment on these three polyominoes in Fig. 2 and check
if they are rep-n for each n by the representative approaches by a computer. Since the
notion of a rep-tile is a quite simple puzzle, we can represent the conditions of a rep-
tile in several different natural ways in the terms of representative problem solvers.
Therefore, we can compare the performance of the different problem solvers using
such a simple puzzle as a common problem. We use the following three different
approaches to solving the rep-tiles by a computer.

Puzzle solver and implementation based on dancing links: Nowadays, most puz-
zle designers use a free puzzle solver. It is based on a data structure called danc-
ing links proposed by Knuth. It is said that dancing links is the data structure
that allows us to perform backtracking efficiently, and hence it is suitable to ana-
lyze puzzles. Although we do not know the details of the implementation of the
free puzzle solver, we also independently implemented two algorithms; one uses
dancing links, and the other uses dancing links with ZDD to make it faster.

MIP solver: When we formalize the solutions of a rep-tile by constraint integer
programming, we can solve it by mixed integer programming (MIP) solvers. The
conditions of a rep-tile can be formalized in a relatively simple integer program-
ming (IP), and we can decide if the rep-tile has a solution if and only if the
corresponding instance in the form of the IP is feasible. Since each feasible solu-
tion corresponds to a solution, the number of feasible solutions also gives the
number of solutions of the rep-tile. In this formulation, the feasibility is the issue
and hence the optimization term in the MIP solver is redundant.

SAT-based solver: Most instances of the integer programming can be solved by
SAT-based solvers with some modifications of constraints. It is the case for the
conditions of a rep-tile, and hence the IP formulation can be translated to the
constraints of the SAT-based solvers.

In summary, the puzzle solver and programs based on dancing links, even if we
use ZDD, cannot solve rep-tiles of rep-n for large n. However, this fact does not
mean the limit of using a computer. The MIP solver can solve rep-tiles of rep-n for
larger n than the puzzle solvers. Moreover, we found out that the SAT-based solvers



190 M. Banbara et al.

Table 1 The number of distinct dissections of k2-omino rep-tiles, where each number indicates
the number of solutions, where 0 means no solution, > 0 means at least one solution, and ? means
unknown

1| 2| 3| 4| 5 6 7 8 9| 10 11

1/ 0/ 0| 0] O 0| 0 0 0| 0] 32858262881295138816

1| 0] 0| 0/ O] 262144| 0 0 o 0 0

‘ ‘ 1‘ 0‘ 0‘ 0‘ 0‘ 0‘ 0‘ 1358954496‘ 51539607552‘ 0‘ 0
12 13| 14| 15| 16

7513742553498633531870412820| 421105971327597731222250323968| 0 0 0

545409716939029673955819520 o 0 0 0
‘ ‘ 693242756013012824879005696 3658830332096120778961977344‘ 0‘ >0‘ >O‘
17 18
0 0
0| 7709490966015878526472462419226189795822186490162467416571904
5l :

191 20 21| 22| 23| 24| 25

? ? 0?0 >0/ >0/ >0

0 0 0 0 0| >0 0

sEEA- BEFE- BEEE- | BE -

‘ >0‘ >O‘ >0‘ ? >0‘ >O‘ >O‘

can solve much larger sizes than the MIP solver. These results were contrary to our
expectations.

By using a model counting method with a SAT-based solver, we succeeded to
count the number of solutions of rep-tiles of certain sizes, which are bigger than
the previously known results. Our results are summarized in Table 1. (As we will
describe later, there exist n-omino rep-tiles only when n = k2 for some positive
integer k. Therefore, we will consider k2-omino rep-tiles fork = 1,2, ....)

By examining in detail the number of solutions and the specific individual solu-
tions, we obtain two major new results regarding rep-tiles.
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Each 0 in Table 1 indicates that there is no rep-tile of rep-k? for the corresponding
6-omino. Since the previously known results of rep-tiles only indicate the existence
of a solution constructively, it remains open whether there is a solution for other
sizes. In this paper, we show for the first time that there is no solution up to a certain
size. It was conjectured that these three rep-tiles of rep-144 were the minimum size
in [5], and then gradually, smaller solutions were shown constructively. However,
it has never been proved that they are the minimum number. Our results in Table 1
reveal for the first time that they are all the minimum rep-tiles. They put an end to
the history of exploration of these rep-tiles for more than 50 years.

As for the size in which solutions exist, we succeed in completely character-
izing some of the solutions by analyzing the number of solutions and patterns of
these solutions. They contain whole new types of solutions that are not included in
previously known constructive solutions. We also succeed in constructing solutions
with completely different characteristics from the known solutions by combining a
constructive method and a search using these new types of solutions as clues. By
developing these new types of solutions, it may be possible to find completely new
solutions even for sizes that are previously expected to have no solution.

2 Preliminaries

A polyomino is a simple polygon that can be obtained by joining unit squares edge
by edge. All polygons in this paper are polyominoes. For an integer s, a polyomino
of area s is called an s-omino. A simple polygon P is a rep-tile of rep-n if P can be
dissected into n congruent polygons similar to P.

In this paper, we focus on polyomino rep-tiles. Then the following theorem is
important.

Theorem 1 When a polyomino P is a rep-tile of rep-n, n is a square number. That
is, there exists a natural number k such that n = k.

Proof Let P be a t-omino. That is, P consists of ¢ unit squares. By assumption, P
can be dissected to n copies of P’, where P’ is similar to P. Then, since a unit square
has an edge of length 1, the corresponding square of P’ has an edge of length 1/./n.
Let £ be the length of a shortest edge e of the polyomino P. Then, £ is an integer and
¢ should be a multiple of 1/4/n since this edge e is formed by tiling P’. Therefore,
/1 should be an integer, and hence 7 is a square number. (I

By Theorem 1, a polyomino P cannot be a rep-tile of rep-n when r is not a square
number. Therefore, we assume that n = k> for some positive integer k without loss
of generality. In order to compare to the previous results, we focus on the three 6-
ominoes shown in Fig. 2 in this paper. We call each of them stair-shape, J-shape,
and F-shape, respectively.

Among these three 6-ominoes, the J-shape and the F-shape are concave, and hence
the concave part should be filled by the other piece to construct a rep-tile. Precisely, a
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polyomino P is concave if there exists a unit square not belonging to P but it shares
three edges with P. We call this square concave square of P.

In this research, we solve the polyomino rep-tile problem for the three 6-ominoes
by some problem solvers. When we use MIP solver or SAT-based solvers, we have
to describe the constraints of the rep-tile problem. Here we give the common way
for the representation.

As a simple example, we consider a domino (or 2-omino) P of rep-4. In this
case, since 4 = 22 is the square number of k = 2, we consider P as an 8-omino of
size 4 x 2 by scaling 2 and fill P by 4 dominoes of size 2 x 1. We first assign a
0[1{2]3
4|5(6|7
tile 4 dominoes on the 8-omino P, a binary variable A(i, j) using the numbers of
unit squares indicates a way of each domino. To make the representation unique, we
assume that i < j. For example, when A(0, 1) = 1, it means that a domino covers
the unit squares 0 and 1. For this P, we use 10 binary variables (A(0, 1), A(1, 2),
A(2,3),A4,5), A(5,6), A6,7), A(0,4), A(1,5), A(2,6), A(3, 7)) to represent if
a domino covers the corresponding unit squares.

Next, we introduce constraints for each unit square. Precisely, since each unit
square i should be covered by just one domino, we have the following constraints.

unique number to each unit square of P. We let for example. When we

Constraint for the square O : A, 1)+ A(0,4) =1
Constraint for the square 1 : A(0, 1) + A(1,2) + A(1,5) =1
Constraint for the square 2 : A(1,2) + A(2,3) + A(2,6) =1
Constraint for the square 3 : AR,3)+ A3, ) =1
Constraint for the square 4 : A4,5 + A0,4) =1
Constraint for the square 5 : A(4,5) + A(5,6) + A(1,5) =1
Constraint for the square 6 : A(5,6) + A(6,7) + A(2,6) =1
Constraint for the square 7 : A6, 7)+AB, =1

It is clear that P is a rep-tile of rep-4 if and only if there is a solution that satisfies
these eight constraints.

In this paper, we wrote programs that generate the declarations of the binary
variables and the corresponding constraints for each combination of 6-ominoes stair-
shape, J-shape, or F-shape, and a square number n = k?.

3 Comparisons of Solvers

As representative problem solvers, we chose BurrTools as a puzzle solver, SCIP as
a MIP solver, and clingo and NaPS as SAT-based solvers. For each of the three rep-
tiles, we list their running time for solving the rep-tile. The details and resources of
the solvers follow them. Tables 2, 3, 4 summarize the running times of solvers for
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Table 2 Time (sec.) for deciding if IEI is a rep-tile of rep-k> (NaP$ finishes its computation after
the time limit when k = 16)

k (Solution?) 6(x) 7(x) 8(x)| 9(x)| 10(x)| 11L(V)| 12(v)| 13(vV)| 14(x)| 15(x)
BurrTools 0.6.3 <1 2| 5760 ? ? ? ? ? ? ?
DLX(1st solution) <1 15 ? ? ? ? <1 ? ? ?
DLX(all solutions) ? ? ? ? ? ? ? ? ? ?
DLZ(1st solution) <1 <1 <1 391 OF OF <1 OF OF OF
DLZ(all solutions) ? ? ? ? ? ? OF OF ? ?
SCIP7.0.2 1 1 1 1 56 42 7 120 ? ?
clingo 5.4.0 <1 <1 <1 <1 <1 1 2 2 8 ?
NaPS 1.02b2 <1 <1 <1 <1 <1 <1 <1 1 17 6388

k (Solution?) 16(x) | 17(x)| 18(x)| 19(M| 20(?) 21(7) 22(0)| 23(v)| 24(v)| 25(V)
clingo 5.4.0 7| 2946 ? ? ? ? ? 8911| 26973 ?
NaPS 1.02b2 (421700) 1163| 12530 ? ? ? ? 529 1415 1744

Table 3 Time (sec.) for deciding if ﬂi‘ is a rep-tile of rep-k>

k (Solution?) 6(v)|  7(x) 8(x)|  9(x) 10(x)| 11(x)| 12(v)| 13(x)| 14(x)| 15(x)
BurrTools 0.6.3 6 <1 <1 ? ? ? ? ? ? ?
DLX(1st solution) <1 <1 ? ? ? ? <1 ? ? ?
DLX(all solutions) <1 ? ? ? ? ? ? ? ? ?
DLZ(1st solution) <1 <1 <1 <1 <1 241 <1 146 OF OF
DLZ(all solutions) <1 ? ? ? ? ? 6 ? ? ?
SCIP 7.0.2 1 1 1 5 9 14 69 4 6| 19800
clingo 5.4.0 <1 <1 <1 1 2 5 4 2 4 5
NaPS 1.02b2 <1 <1 <1 <1 1 2 2 7 52 116

k (Solution?) 16(x)| 17(x)| 18(v)| 19(x)| 20(x)| 21(x)| 22(x)| 23(x)| 24(v)| 25(x)
clingo 5.4.0 6 11 9| 5336| 41489 ? ? ? 1454 ?
NaPS 1.02b2 208 282 113 1531| 116400 ? ? ? 1675 ?

each rep-tile. In the tables, DLX indicates the algorithm based on dancing links, DLZ
indicates the algorithm based on dancing links with ZDD, which are implemented
by ourselves to compare with BurrTools. We omit the cases k < 6 since they are too
short, and each number represents seconds. The symbol ? means timeout in this case.
We set the time limit for each solver as 10 minutes (600 seconds) in DLX/DLZ, 12
hours (43200 seconds) in clingo, and 2 days (172800 seconds) in NaPS. The entry
OF in DLZ means “overflow of cache”. After each k, we put v/, x, and ? which mean
“there exists a solution”, “there exists no solution”, and “we do not know if there is
a solution or not,” respectively.

Comparing to the DLX based on just dancing links, BurrTools implements some
more tricks. The DLZ, which uses not only dancing links but also ZDD, performs
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Table 4 Time (sec.) for deciding if IE] is a rep-tile of rep-k>

k (Solution?) 6(x) 7(x) 8(v) 9(v)| 10(x) 11(x)| 12(v)| 13(v) 14(x) 15(v")
BurrTools 0.6.3 <1 960| 172800 ? ? ? ? ? ? ?
DLX(1st solution) <1 <1 <1 <1 ? ? <1 ? ? ?
DLX(all solutions) ? ? ? ? ? ? ? ? ? ?
DLZ(1st solution) <1 <1 <1 <1 <1 102 <1 20 ? ?
DLZ(all solutions) ? ? <1 <1 ? ? OF OF ? ?
SCIP 7.0.2 1 2 43 13 11| 259200 ? ? ? ?
clingo 5.4.0 <1 <1 <1 1 3 4 11 37 97 372
NaPS 1.02b2 <1 <1 <1 <1 2 3 10 14 671 688

k (Solution?) 16(v)| 17(v) 18(7)| 19(v)| 20(v)| 21(V) 22(7)| 23(v)| 24(v)| 25(V)
clingo 5.4.0 244 134 7| 18022 6498 ? ? ? ? ?
NaPS 1.02b2 316 505 ? 7455 6249 8485 ?|  47550| 131900| 146200

more efficiently than DLX, however, it causes memory overflow when the search
space becomes larger. Comparing to the algorithms based on dancing links, the MIP
solver SCIP can deal with a larger scale. We note that we do not need the optimization
function of the MIP solver in rep-tile. When we use SAT-based solvers clingo and
NaPS, the range that can handle is much wider than the other problem solvers.

The details of each experiment are described below, however, there are differences
in resources depending on problem solvers. This is because the authors split up
to perform experiments that was good at each tool. The difference in computation
results due to the difference in resources is considered to be tens to hundreds of times,
however, considering the scale of the problem that increases exponentially and the
actual computation results in Tables 2, 3, and 4, it can be seen that the differences of
these constant factors do not affect our conclusion. The following are the details for
each experimental environment.

3.1 Puzzle Solvers

BurrTools 0.6.3' is widely recognized as the standard puzzle solver in the puzzle
society. It supports a variety of grids and also supports 2D and 3D for puzzles that
ask to pack a given set of pieces into a given frame (without overlapping or gaps).
According to the web page of BurrTools, it is based on the data structure dancing
links proposed by Knuth, who wrote a 270-page textbook [6]. Dancing links is a data
structure for efficiently performing backtracking in a tree search by depth-first search.
In the literature [6], many examples are taken from famous puzzles as applications
of backtracking in search trees. In fact, the polyomino packing puzzle, which is
essentially the same as the rep-tile, is also taken up in detail as an example. In our

! http://burrtools.sourceforge.net/.
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experiments, the machine used has an Intel Core i5-7300U (2.60 GHz) CPU and 8
GB of RAM. It is the limit of analysis for k = 8, namely, the rep-tile of rep-64 in
each pattern.

BurrTools does various tunings internally, however, the details are not public. For
comparison, we first implemented using dancing links as they are. The machine used
has a CPU of Ryzen 7 5800X (3.8 GHz) and 64 GB of RAM. The C program for
the experiment used DLX1? developed by Knuth. When using DLX1, it turns out
that k = 12 is the limit in terms of finding a solution, and & = 6 is difficult in terms
of finding all solutions. Next, we tried to speed up the search by combining dancing
links with ZDD. The C program for the experiment used DLX6? developed by Knuth.
The word ZDD is an abbreviation for Zero-suppressed Binary Decision Diagram,
and it is a data structure that shares subtree structures that appear in common in
the binary decision tree. In particular, the memory efficiency is further improved
compared to the normal BDD by not maintaining the path when the result becomes
0 (see [8] for details). If ZDD is used in a tree search like our problem, since it is not
necessary to repeatedly search the already searched subtree, a significant speedup
can be expected. On the other hand, it is necessary to store all the subtrees once
searched in the cache, and hence the memory efficiency is worse than the depth-first
search tree. By speeding up using ZDD, it is possible to achieve up to k = 13 in the
sense of finding a solution, and k = 9 for the F-shape and k = 12 for the J-shape in
the sense of finding all the solutions. However, when the scale was larger than that,
the search could not be completed due to lack of memory.

3.2 MIP Solver

As the MIP solver, SCIP 7.0.2* was used in this research. The way of modeling is as
introduced in Sect. 2. SCIP requires a term for optimization, however, it is redundant
in our model. Hence, we minimize the sum of binary variables as adummy. Whenever
it is feasible, the result comes to n = k2, so it acts as a double check for the feasible
solution.

The machine used in the experiment has an Intel Core i15-7300U (2.60GHz) CPU
and 8GB of RAM. Although the results a bit vary, it can be seen that the solvable
range is wider than when BurrTools is used.

2See https://www-cs-faculty.stanford.edu/~knuth/programs.html and https://www-cs-faculty.
stanford.edu/~knuth/programs/dlx1.w for the details.

3 https://www-cs-faculty.stanford.edu/~knuth/programs/dIx6.w.
4 https://www.scipopt.org/.
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3.3 SAT-Based Solvers

Some SAT-based solvers support Pseudo Boolean Constraints (PBs) (see [7] for
details). All the constraints used in the above MIP solver are within the range of PB
except for the optimization term. Here, the optimization term in the MIP solver was
redundant information when finding solutions of the rep tile. Therefore, when the
optimization term is deleted from the constraint descriptions used in the above MIP
solver, it can be solved by the SAT-based solvers that can handle PBs as they are.

In this research, we used two typical SAT-based solvers for deciding satisfiability;
clingo 5.4.0° and NaPS 1.02b2.% The machine used to run clingo has an Intel Core
17 (3.2GHz) CPU and 64GB of memory, and the machine used to run NaPS has a
Core i3 (3.8GHz) CPU and 64GB of memory. Each computation time corresponds
to the time for finding the first solution in the other solvers. Even considering the
differences among the execution environments, it can be concluded that the range
that can be solved by the SAT-based solvers is dramatically expanded compared to
the puzzle solver and the MIP solver.

3.4 How to Count the Number of Solutions

From the experiments, it was found that the best method for determining the existence
of the solution is to use the SAT-based solvers. The SAT-based solvers used in Sect. 3.3
have the function of finding all solutions in addition to determining whether or not
it is satisfiable. However, it is not practical since it will take time due to the large
number of solutions. On the other hand, the projected model counting solver GPMC’
cannot find a solution for given constraints in CNF, however, the number of solutions
can be found at high speed.

Therefore, in order to compute the number of solutions, we first determine the
satisfiability using NaPS, next convert the constraints described in PB to the CNF
using the conversion function of NaPS if it is satisfiable. Then the number of models
was counted by GPMC. (To be more precise, when PBs are converted to CNF,
variables other than the binary variable of interest are also generated. Therefore,
the GPMC projection model counting function is used to count only the number
of satisfiable assignments to the variable of interest. We can count the number of
satisfiable solutions by this way.)

Table 1 summarizes the number of solutions obtained by combining NaPS and
GPMC in this way. The entry written as > 0 in the table is the entry confirmed that
the solution exists using NaPS, and the entry that specifically describes the number of
solutions is the entry that was successfully counted by GPMC. The ? mark indicates

3 https://potassco.org/clingo/.
6 https://www.trs.cm.is.nagoya-u.ac.jp/projects/NaPS/.
7 https://www.trs.cm.is.nagoya-u.ac.jp/projects/PMC/.
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that any solution could not be found after running NaPS for 2 days. Here, for the
k = 16 in stair-shape, a solution was found when the time limit was exceeded.

4 Analysis and New Solutions

As shown in Sect. 3, through this research, we were able to compute the number
of solutions of rep-tile solutions up to a previously unknown size. Specifically, in
each case, the existence of solutions was determined by NaPS, and the number of
solutions was counted by GPMC. However, although the total number of solutions
can be found with this method, the details of the solutions are not clear. In this section,
we observe the solutions by NaPS and the number of solutions by GPMC, referring
to the known results, and clarify the details of solutions for some k. As a result, we
find new solutions that were not included in the known results at all. We will look at
this in detail for each 6-omino.

4.1 J-Shape 6-Omino

The following property is useful for analysis of J-shape 6-omino (hereafter, we
assume k > 1 to simplify):

Lemma 1 Let k be an integer such that J-shape 6-omino is a rep-tile of rep-k*. Then
k?* is an even number and any tiling by k* copies of J-shape can be dissected into

k% /2 12-ominoes such that they consist of E] and IE (or their mirror images).

Proof A J-shape piece P is concave. That is, it has a unit square not belonging to P
but sharing three edges of P. To cover this unit square by the other J-shape, we have
only two ways shown above. This implies the lemma. O

‘We obtain a corollary by Lemma 1.

Corrollary 1 For any odd number n > 1, a J-shape 6-omino is not a rep-tile of
rep-n. Therefore, for any odd number k > 1, a J-shape 6-omino is not a rep-tile of
rep-k>.

By Theorem 1 and Corollary 1, it is sufficient to check whether a J-shape 6-omino is a
rep-tile of rep-k? only for even k. Moreover, by Lemma 1, we can decide if a J-shape

6-omino is a rep-tile by checking of tiling using only two 12-omino pieces E]
and {% Using this method, we can complete the computation for k larger than the

experiments in Sect.3. By combining the arguments with the results in Sect.3, we
obtain the following theorem for the J-shape 6-omino:
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Theorem 2 For a rep-tile of the J-shape 6-omino of rep-k?, we have the following:
(0) There exists no rep-tile of rep-k* for an odd number k (except k = 1). There exists
no rep-tile ofrep-szork =2,4,8,10, 14, 16, 20, 22.

(1) Case k = 6: All solutions can be obtained by the following way: We first dissect
the 216-omino P into 18 rectangles of size 3 x 4 as shown in Fig. 3 and then replace

each rectangle by |E| or its mirror image.
(2) Case k = 12: All solutions can be obtained by the following way: We first dissect
the 864-omino P into 72 rectangles of size 3 x 4 and then replace each rectangle by

I_lil__l or its mirror image.

(3) Case k = 18: All solutions can be obtained by using a method known as weighted

projected model counting. There are some solutions that contain both E} and

=]

(4) Case k = 24: There are some solutions that contain both @ and l%

Proof (0) We can obtain the results for odd k by Corollary 1. The search results
by SAT-based solvers in Table3 give us the results for k < 20. By Lemma 1, we
perform the search of tiling by copies of two 12-ominoes for larger k. Using NaPS,
we confirmed that there is no rep-tile of rep-k? for k = 22.

(1) Case k = 6: The known solutions for the J-shape 6-omino on the web page [2]

are based on the arrangement of the rectangle IE In fact, when k = 6, the pattern
in which 18 rectangles are arranged (Fig. 3) is shown on the web page. There are
two ways to dissect each rectangle to a pair of two copies of the J-shape 6-omino;

@ or its mirror image. When k = 6, the number 262144 of solutions matches
218 — 262144. That is, in the case of k = 6, there are at least 23 solutions based on
the dissection into the rectangles in Fig. 3, which is equal to the number of solutions
actually counted by GPMC. Since they match, we can guarantee that no other solution
exists.

(2) When k = 12, the number of solutions is 545409716939029673955819520. This
number is much larger than 272, which is obtained by the same dissection of the

Fig. 3 Construction of tiling
based on rectangles of size
3x4fork=6
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Fig. 4 Part of construction I I
of tiling based on rectangles
of size 3 x 4 fork = 12

case k = 6. The reason can be expressed as follows. We first consider a square
corresponding to the unit square of the J-shape polyomino P. In the rep-tile for
k = 12, the square is of size 12 x 12. Then we can tile this square by tiling 12
rectangles of size 3 x 4 in vertical or horizontal. (We note that we have no such a
choice in Fig. 3, and the dissection is uniquely determined.) Therefore, we have to
consider the number of ways of tiling of rectangles in vertical or horizontal. Moreover,
when we consider a large rectangle obtained by joining these squares of size 12 x 12,
there are variants of tiling of rectangles of size 3 x 4. A concrete example is shown in
Fig. 4. In this example, the rectangle of size 12 x 24 in P is dissected into rectangles
of size 12 x 3, 12 x 12, and 12 x 9. It is not easy to count the number of distinct
dissections of P into rectangles of size 3 x 4. Therefore, we first count the number
of dissections of P for k = 12 into rectangles of size 3 x 4 (and 4 x 3) by GPMC,
which finishes soon. As a result, the number of ways of dissections is 115495. Here,
we can confirm that 545409716939029673955819520 = 115495 x 272. Therefore,
every rep-tile for k = 12 can be obtained by two steps; first, dissect P into rectangles

of size 3 x 4 and 4 x 3, and then replace each of them by @ or its mirror image.
(4) We here consider the case k = 24 before the case k = 18. By Lemma 1, we can

decide if there is a solution that uses @ in a tiling by J-shape 6-omino by searching
using two types of 12-ominoes. Moreover, when we specify the range of the number
of copies of each of two 12-ominoes, we can decide if there is a solution that contains

both IE and {% As aresult, we found that there were such solutions for (k = 18
and) k = 24; see Figs. 5 and 6.
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Fig. 5 A rep-tile of rep-182
of J-shape 6-omino that

contains % |
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Fig. 6 A rep-tile of rep-242
of J-shape 6-omino that
contains {%
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(3) We here note that this chapter is based on the results obtained in 2021 [1] except
the case k = 18 for this J-shape 6-omino, which is obtained in 2023 by Kosuke
Oguri, Kenji Hashimoto, and Masahiko Sakai. In this case, the number of solution
is 7709490966015878526472462419226189795822186490162467416571904. We
here briefly give the method, which is known as weighted projected model counting:
We used an extended GPMC so that each variable can have its weight. In the tiling

of a big IE by small copies of it, we can observe that we have to fill it by using

copies of one of IE and }% However, each |E| has two ways of filling (by

its mirror), while @ has one way. Therefore, we gave weight 2 to |E|, and 1 to
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% and count up the ways of filling by them with the weights. That is, we count

the ways of packing by copies of |E| of weight 2 and % of weight 1, which
gives us the number of solutions by copies of the J-shape 6-omino. We note that, in

the same way of the case k = 24, we found solutions that contain both E] and

% in the case k = 18, which is the smallest size by the results in the cases (1) and
2). O

‘We note that the solutions that contain % are new solutions not included in
previously known results. So far, in the case k = 18, there are solutions that contain

x copies of % for every even number x from 2 to 46. There is no such solution
when x > 47. That is, all solutions containing % we found have even number

of pairs of this form. We conjecture that there are solutions that contain {E for
k > 24.

4.2 F-Shape 6-Omino

The known rep-tiles of the F-shape 6-omino are a bit complicated, however, the
solutions posted on the web page [2] are explained as follows: We first combine

two copies of the F-shape 6-omino to form lE'] , LE, and LL&, then next

arrange them appropriately, and finally place one copy of the F-shape 6-omino if

necessary. In this placement, @ is a rectangle, hence replacing it with its mirror
image gives us many distinct solutions.

We summarize our results in the following theorem. Among them, we found new
types of solutions that cannot be explained in the way of previously known results
fork =8, 15,16, 17.

Theorem 3 For a rep-tile of the F-shape 6-omino of rep-k*, we have the following:
(0) There exists no rep-tile ofrep-k2 fork=2,3,4,5,6,7,10, 11, 14.

(1) Case k = 8: All solutions can be obtained by the following way: We first dissect
the 384-omino P in one of the ways shown in Fig. 7, and then replace each rectangle

by @ or its mirror image.
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LT ﬂ%‘HW f@ﬁ'%

Fig. 7 All solutions of rep-tiles of rep-8? for the F-shape 6-omino (we can obtain many variants

when we fill each rectangle @ or its mirror image)

(2) Case k = 9: All solutions can be obtained by the following way: We first dissect
the 486-omino P in one of the ways shown in Figs. 8 and 9 and then replace each

rectangle by @ or its mirror image.

(3) Case k = 12,13, 19, 20, 21, 23, 24, 25: There exist rep-tiles of rep-k>. The num-
ber of solutions in the case k = 12, 13 can be found in Table 1.

(4) Case k = 15, 16, 17: There exist rep-tiles of rep-k* that include the pattern given
in Fig. 10.

Proof (0), (3) We can determine the (non)existence of rep-tiles up to k = 25 by
SAT-based solvers. By using GPMC, we can count the number of solutions (in the
existence case) for each k up to 13.

(1), (2) By using NaPS and GPMC, we obtain that the numbers of solutions for k = 8
and k = 9 are 1358954496 and 51539607552, respectively. We then enumerate all
non-concave polyominoes that can be obtained by combining two or three copies
of the F-shape 6-omino, and find all tilings using them. After that, we count the
number of ways of tilings that can be obtained by filling each rectangle of size 3 x 4

by @ or its mirror image. The numbers of tilings should be at most 1358954496
and 51539607552 for k = 8 and k = 9, respectively. In fact, we found that we have
already listed all tilings since they are equal in both cases. The patterns of solutions
are listed in Figs. 7, 8, and 9. We use the all non-concave 18-polyominoes obtained

by combining three copies of the F-shape 6-omino, however, in fact, only E

and are required to enumerate all solutions for k = 8 and k = 9.
Precisely, when k = 8, there exist six essentially different dissections. When we

consider replacing each rectangle by @ or its mirror image, we obtain the number
of solutions given by Fig. 7 is equal to 22* + 2 x 226 4227 42 x 2% = 1358954496
that coincident with the number of solutions obtained by running NaPS and GPMC.
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Fig. 8 All solutions of rep-tiles of rep-92 for the F-shape 6-omino (1/2)
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When k = 9, we have fourteen essentially different dissections. By considering the
numbers of rectangles in these dissections, the total number of solutions given by
Figs. 8 and 9 is 8 x 23 42 x 232 4 4 x 23 = 51539607552 that contains all solu-
tions obtained by NaPS and GPMC.

Checking all of these solutions, we can confirm that we can construct any rep-tile

fork = 9by combiningl I ], and ] and add one copy of the F-shape

6-omino if necessary. Moreover, the last one copy is added to form or

E . Concretely, E is used in the eight patterns in Fig. 8, and E is

used in the six patterns in Fig. 9. That is, when k£ = 9, we can construct any solution

by tiling some copies of ], and I ] with one copy of E or
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E . In other words, these solutions can be represented in the same way of the
previously known results.

However, when k = 8, we cannot construct all solutions in the way of the pre-
viously known results. More precisely, the first two patterns among six patterns in
Fig. 7 can be represented in this way, however, the next three patterns require to add
two copies of the F-shape 6-omino. Moreover, the last pattern requires to add four
copies of the F-shape 6-omino. That is, among six patterns in Fig. 7, there are only
two patterns that can be represented in the way of the previously known results and
the other four patterns give us new solutions. Especially, in the last two patterns in

Fig. 7, we have to place both copies of E and E after placements of

copies of IEI, LrL_I_LI, and LL{_EI

(4) In the case of k = 8 or k = 9, we can construct all rep-tiles by tiling non-concave
polyominoes obtained by combining two or three copies of the F-shape 6-omino.
Then, is this common in all the rep-tiles by the F-shape 6-omino? It is not the case.
We first note that there exist patterns that require four or more copies of the F-shape
6-omino. A concrete example is given in Fig. 10. (There are no rep-tile containing
such a pattern in the previously known results.) We searched rep-tiles that require
copies of the pattern in Fig. 10 with non-concave polyominoes obtained by combining
two or three copies of the F-shape 6-omino. Then there are some solutions (Fig. 11)
containing the pattern in Fig. 10 for k = 15, 16, 17. They are completely different
rep-tiles from the previously known solutions.

]

4.3 Stair-Shape 6-Omino

Since the stair-shape 6-omino is not concave (in our definition) contrast with the J-
shape and F-shape 6-ominoes, itis difficult to search its rep-tile pattern systematically.
However, by generating the unit patterns obtained by combining a few copies of the
stair-shape to cancel the zig-zag part of it and tiling the copies of these unit patterns,

Fig. 10 A non-concave 24-omino that requires four copies of the F-shape 6-omino (any removal
of one or two copies makes concave)



Solving Rep-Tile by Computers 205

Fig. 11 Examples of nnnnnn
rep-tiles that contain the o
pattern in Fig. 10 for 2=
k=15,16,17 nninn
oy
L Splgiplgigly)
Luruyuy
Huungnun
Loy oy
hlnnfndndndnrfn]ndnd

(]
HEHEE

U
My

we succeeded to generate all patterns of solutions for k = 11. The results can be
summarized as follows:

Theorem 4 For a rep-tile of the stair-shape 6-omino of rep-k*, we have the follow-

ing:

(0) There exists no rep-tile ofrep-szork =2,3,4,5,6,7,8,9,10, 14, 15,16, 17, 18.
(1) Case k = 11: All solutions can be obtained by the following way: We first dissect

the 726-omino P into one of three patterns in Fig. 12. Then replace each polygon

by E, E , or E (or their mirror images). We note that the previously

known results are included in Fig. 12a, and the patterns in Fig. 12b and c are new
solutions that we found in this research.

(2) Case k = 12, 13,23, 24, 25: There exist rep-tiles of rep-k*. The number of solu-
tions in the case k = 12, 13 can be found in Table I.

Proof We omit all the cases except k = 11 since they were obtained by NaPS and
GPMC. (Here we note that k = 16 is an exception: the solution in this case could not
be obtained by the time limit, however, we could obtain it when we extend the time
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(@) (b) ©

Fig. 12 Three solutions of the stair-shape 6-omino for k = 11

limit.) When k = 11, we perform the search by using three 12-ominoes obtained by

E, \’il, and E . We have three groups by the search.

The first pattern is given in Fig. 12a: It uses 59 copies of E and one copy of

LILF. There are three ways of tiling the left upper green rectangle by 11 rectangles
of size 3 x 4, and six ways of tiling the blue polygon by 23 rectangles of size 3 x 4.
(For the latter blue polygon, there are three ways of tiling of the left upper blue
rectangle of size 11 x 12, four ways of tiling of the right lower blue rectangle of size
12 x 13, and one in common, which implies six ways in total.) Since we can make
a mirror image with respect to the line of 45°, the total number of solutions in the
pattern in Fig. 12ais 2 x 18 x 2% = 20752587082923245568.

The next pattern is given in Fig. 12b, which uses 58 copies of E, one copy of

E , and one copy of E . In this case, there are three ways to tile the left

upper green rectangle, two ways to tile the central brown rectangle, and three ways
to tile the lower blue rectangle. The last pattern in Fig. 12c also uses 58 copies of

Ei, one copy of U’1‘J_], and one copy of E . It has three ways to tile the

green rectangle. In total, the number of solutions in patterns in Fig. 12b and c is
2 x (18 +3) x 2°8 = 12105675798371893248.

Therefore, when we add all solutions in the patterns in Fig. 12a, b and c, it makes
42 x 298 4+ 36 x 259 = 32858262881295138816, which is equal to the number of
solutions in Table 1. Therefore, we cover all rep-tiles for k = 11. O
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Parallel Redundancy Removal in [rslib )
with Application to Projections <

David Avis and Charles Jordan

Abstract We describe a parallel implementation in Irslib for removing redun-
dant halfspaces and finding a minimum representation for an H-representation of
a convex polyhedron. By a standard transformation, the same code works for V-
representations. We use this approach to speed up the redundancy removal step in
Fourier-Motzkin elimination. Computational results are given including a compari-
son with Clarkson’s algorithm, which is particularly fast on highly redundant inputs.

Keywords Redundancy removal - Convex hulls + Minimum representations -
Fourier-Motzkin elimination - Parallel processing

1 Introduction

In this section we give a general overview of the topics to be discussed, leaving
formal definitions for the next section. In this paper we deal with convex polyhedra
which we assume, to avoid trivialities, are non-empty. The computational problems of
(1) removing redundancy, (2) finding a minimum representation and (3) projecting
a system of m linear inequalities in R" (an H-representation) are fundamental in
many areas of mathematics and science. The first two problems are usually solved
using linear programming (LP), and the third via Fourier-Motzkin (F-M) elimination.
Linear programming is solvable in polynomial time and so are the first two problems.
Projection is more difficult and was shown to be N P-hard by Tiwary [7]. Similar
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problems arise when the input is given by a set of vertices and extreme rays (a V-
representation). In this case, the first two problems are computationally equivalent
to the inequality setting whereas the projection problem is easier and can be solved
in polynomial time.

For the redundancy problem, the classic method is to consider each inequality
in turn. Checking redundancy of a given inequality (ie, whether it can be removed
without changing the solution set) can be done by solving one LP and each redun-
dant inequality is deleted once it is found. This simple approach requires m LPs to
be solved, with the number of constraints equal to m minus the number of redundan-
cies already encountered. Clarkson [3] introduced an output-sensitive improvement.
Again m LPs are solved but the number of constraints is bounded by the number of
non-redundant inequalities, see Sect. 3 for details. Fukuda et al. [6] also presented
an output-sensitive approach to redundancy removal based on the sign structure of
all associated LP dictionaries. The complexity contains an exponential term in the
dimension and it does not appear to have been implemented.

In general, certain inequalities may be satisfied as equations by the solution set for
the entire system and these are known as linearities. In the minimum representation
problem, all linearities must be identified and all redundancy removed. Redundant
inequalities cannot be linearities. For a given non-redundant inequality, a second LP
can be used to determine if it is a linearity. Alternatively this can be done by solving a
single large LP as shown by Freund et al. [4], although the practicality of that method
is unclear.

The projection problem is to project the polyhedron into a subspace. For the easier
problem (projecting a V -representation), we simply select the the coordinates of the
input vectors that remain after the projection and then find a minimum representation.
The output polyhedron has fewer dimensions and at most as many vertices and rays,
so is smaller than the input. For projecting an H -representation, the F-M method
eliminates one variable at a time but the number of inequalities can increase by
a quadratic factor at each step. Many of these may be redundant, so an efficient
implementation includes repeated redundancy removal.

The methods outlined above for redundancy removal are sequential, however they
seem good candidates for parallelization. The classic method is particularly simple
and is what we chose to implement. The subtleties involved are a main topic of
this paper. The paper is organized as follows. The next section contains formal def-
initions. Section 3 explains how we parallelize redundancy removal and minimum
representation algorithms, and also contains a brief description of Clarkson’s algo-
rithm. Section 4 shows how parallelization is used to speed up F-M elimination and
computational results are given in Sect. 5. Finally we give some conclusions and
directions for future research.
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2 Basic Definitions

We begin by giving some basic definitions related to polyhedra and linear program-
ming. For more information, see the books by Chvatal [2], Fukuda [S5] and Ziegler [8].
Given an m x n matrix A = (a;;), an m dimensional vector b and a possibly empty
subset J C {1, ..., m} welet Ay and b; denote the submatrix of A and subvector of
b with rows indexed by J. We denote by A_; and b_; the submatrix and subvector
where the rows corresponding to the indices J have been deleted. In the case where
J = {i} is a singleton we write A;, b;, A_;, b_; respectively.

Let L and I be a partition of {1, ..., m}. A convex polyhedron, or simply polyhe-
dron, P is defined as:

P={xeR":by+A;x=0, by + A;x > 0}. (1)

This description of a polyhedron is known as an H-representation and the rows
indexed by L are called linearities. To avoid trivialities we will assume that all
polyhedra discussed in this paper are non-empty; this can be tested by a linear program
(LP). We may also assume that the system of equations defined by L is linearly
independent, using Gaussian elimination if necessary to delete dependencies.

Another way to describe P is by a V-representation. In this case we have finite sets
of vectors V, R, SinR”" of vertices, rays and linearities. The fundamental Minkowski-
Weyl theorem states that for every P defined by (1)

P = conv(V) + conic(R) + lin(S). 2)

In words, every x € P can be expressed as the sum of a convex combination of
vertices, a nonnegative combination of rays and a linear combination of linearities.
The most fundamental problem in polyhedral computation is the conversion of an
H -representation to a V -representation and vice versa. The former problem is often
called the vertex enumeration problem and the latter problem the facet enumeration
problem. This computation forms the core of [rslib, see [1] for a discussion of how
it is solved in parallel.

For i € I, we let P_; denote the polyhedron defined by A_; and b_;. If P =
P_; we say that row i is redundant. This is equivalent to saying that each x € P_;
satisfies b; + A;x > 0. If each such x actually satisfies b; + A;x > 0 we say row i
is strongly redundant otherwise it is weakly redundant. Finally if for each x € P we
have b; + A;x = 0, we say that row i is a hidden linearity and index i can be moved
to the set L if the rows indexed by L remain linearly independent. Otherwise row i
is deleted.

The H-representation (1) of P is non-redundant if there are no redundant
indices i. It is a minimum representation if it is non-redundant and contains no hid-
den linearities. In this case the dimension of P is n — |L| and P is full dimensional
if L is empty. The first part of this paper describes a parallel method for removing
redundancies and computing a minimum description of a polyhedron based on linear



212 D. Avis and C. Jordan

programming. We also describe Clarkson’s algorithm [3] which gives a much more
efficient LP approach when the input polyhedron is highly redundant. However, this
method seems more challenging to parallelize.

Section 4 concerns projections of polyhedra. Let A and B partition the column
indices {1, ..., n}. For x € P we write x = (x4, xp) to represent the corresponding
decomposition of x into subspaces R4 and R? that partition R". The projection of
P onto the subspace R* is given by

Py = {xs € R*:3x = (x4, xp) € P}. 3)

We will show how the parallel redundancy method described in Sect. 3 can be used
to speed up the operation of the F-M method of computing projections.

3 Parallel Redundancy Removal and Finding a Minimum
Representation

Assume we are given an H-representation (1) of a non-empty polyhedron P where
L defines a linearly independent set of equations. Choose i € I and consider the two
LPs:

Zmin = minb; + A;x st b_;+A_jx >0 (@)

Zmax = Max b; + A;x st. b_; + A_jx > 0. (@)

The status of the i-th inequality is determined by the following well known propo-
sition based on the definitions. For completeness we give a short proof.

Proposition 1 The inequality b; + A;x > 0is a linearity if zmax = 0 otherwise it is

(a) weakly redundant if Zmin = 0
(b) strongly redundant if Zyn > 0
(c) non-redundant if Zuyin < 0 or unbounded

Proof In the LP dictionary (see Chvatal [2]) the i-th inequality is represented using
the non-negative slack variable x,; as

Xnti = bi + Aix. (6)

LP (5) seeks to find a feasible point in P_; that satisfies the inequality strictly. If
Zmax = Xp+i = 0 this is not possible so the inequality is in fact a linearity. Otherwise
LP (4) seeks to find a point in P_; that violates the constraint. If zyi, = x,4; > 0
then the inequality cannot be violated so it is redundant, and if z,;, > 0 it is strongly
redundant. Finally if z,;, < O then there is some feasible point in P_; that violates
the constraint and hence it is non-redundant. (I
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It might seem that the proposition leads immediately to a parallel algorithm for
redundancy removal: check and classify each row index independently. However
this fails due to the possibility of duplicated rows, and in the presence of linearities
these may be hard to discover. For example, consider the system:

34+x1—2x =0
x1 >0

—6 —x; +4x, > 0.

Both rows 2 and 3 considered independently are redundant since if we add twice row
1 to row 3 we obtain row 2. They are both weakly redundant: we can eliminate either
one but not both. But if each of these rows is considered by a different processor
both will be marked redundant, which is an error as one of them must remain as
non-redundant. This problem becomes more acute when the system contains hidden
linearities which can easily mask duplication. Nevertheless, inequalities classified as
linearities, strongly redundant or non-redundant will all be correctly classified. Only
weakly redundant inequalities are problematic.

To solve this problem we recall that for full dimensional polyhedra, ie, when
there are no linearities, the H-representation is unique up to multiplication of rows
by positive scalars. In this case we can reduce each row by its greatest common divisor
(GCD) and then sort the rows to reveal and remove duplication. Now each remaining
inequality can be tested independently and in parallel to see if it is redundant. Our
general strategy will be to first find any hidden linearities in P. Then we will use the
linearities to eliminate variables until the resulting system is full dimensional.

As a first step, we can check whether the H-representation (1) has any hidden
linearities by the single LP:

max x,+; st. by +Arx =0, by +A;x > 11|”x,,+1 (7

where 11, denotes a column of 7 ones. The LP terminates with x,,;; > 0 if and only
if there is a point in P that does not lie on the boundary of any inequality and
so there are no hidden linearities. If there are any hidden linearities then they can be
identified via Proposition 1 and this can be done in parallel. If there are no hidden
linearities then LP (5) does not need to be solved when classifying the inequality
set /. The complete procedure is described below for a polyhedron P given as (1).

Parallel algorithm for finding a minimum representation

(a) Solve LP (7) to determine if there are any hidden linearities. If there are none,
set W = I and go to step (c).

(b) (parallel) For each i € I determine the status of b; + A;x > 0 according to
Proposition 1. Place i into the corresponding subset S (strongly redundant),
W (weakly redundant), N (non-redundant) or otherwise add it to L and remove
it from 7.

(c) Remove any index i € L from L for which b; + A;x = 0 is linearly dependent.
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(d) For each remaining index i € L, use equation b; + A;x = 0 to remove one vari-
able from b; + A;x > 0 by substitution.

(e) Reduce each inequality by its GCD and eliminate any duplicate rows from [
obtaining an index set J and the reduced system b; 4+ A;x > 0. Note there is
no linearity in this system as it is full dimensional.

(f) (parallel) For eachi € W N J determine the status of inequality i by solving LP
(4) for the reduced system, classifying them as in step (b).

Observe that if there are no hidden linearities then only one LP needs to be solved
for each index in /. When there are hidden linearities, the number of LPs to solve
depends on the order of solving LPs (4) and (5) in step (b). If we solve them in the
order described, then the second LP only needs to be solved when a weak redundant
inequality is found. This is the order used in /rslib. In the reverse order, the second
LP needs to be solved whenever a linearity is not found. In either case a further LP
is required for each weakly redundant inequality in step (f).

A modified procedure requires at most 2 LPs to be solved per inequality when
there are hidden linearities. In step (b) we could just solve (5) and hence determine
all linearities in /. We define W to be all remaining inequalities and proceed as
given. This approach will be faster if most inequalities are weakly redundant, since
these require only 2 LPs rather than 3. However, if most inequalities are not weakly
redundant or hidden linearities then it will be slower as most of the time only the
LP (4) needs to be solved.

The size of the LPs to be solved can be greatly reduced in cases where most
of the input is redundant using a method introduced by Clarkson [3]. He states his
method in terms of identifying the extreme points of a given set of input points in
R?. The equivalent algorithm stated in terms of detecting redundant inequalities in
an H-representation is given in Sect. 7.1 of [5]. Quoting from [3] (emphasis ours):

Clarkson’s algorithm [3]

The algorithm here is as follows: process the points of S in turn, maintaining a set £ C §
of extreme points. Given p € S, it is possible in O(|E|) = O(A) time, using linear pro-
gramming, to either show that p is a convex combination of points of E, or find a witness
vector n for p,sothatn - p > n - q forall g € E. If the former, p is not extremal and can be
disregarded for further consideration. If the latter, although p is not necessarily an extreme
point of S, one can easily in O (n) time find the point p’ € S that maximizes n - p’. Such a
point is extremal, and can be added to E; note that it cannot already be in E.

Suppose the number of extreme points is k which is much smaller than the input
size m. Then the LP to be solved can never have more than k constraints compared
with m constraints in the classic method. We note one point that is not mentioned
in [3]. In the description above it is assumed that p’ is unique. But there may be
many points of S on the hyperplane n - x = n - p'. If these points are not in convex
position a non-extreme point of S on the maximizing hyperplane may be selected and
marked as extremal in the output. To resolve these degenerate cases a further recursive
search may be needed on this hyperplane, increasing the worst-case computational
complexity somewhat.
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We will see in Sect. 5 that Clarkson’s method is considerably faster than the
classical method for inputs with high redundancy. It is usually somewhat faster even
on inputs with low redundancy since the LPs it solves start out small, gradually
increasing to the full set of non-redundant constraints at the end of the run. In the
classical method, all LPs contain all constraints at the beginning and redundant
constraints are deleted. To our knowledge there is no publicly available parallel
implementation of Clarkson’s method and it looks like an interesting challenge.

Finally an alternative, but usually much slower, method of computing a minimum
representation is via the H/V transformation. Starting with any H -representation,
a minimum representation of its V-representation will be produced. This can then
be re-input to produce a minimum representation of the original H-representation.
Although this is often impractical, it is a good way to independently verify results
on relatively small instances when testing codes.

Conversely, for many problems it is faster to first compute a minimum represen-
tation before doing an H/V conversion. This is because the minimum representation
computation is usually easier and the potential reduction in problem size and degen-
eracy speeds up the H/V conversion. However, in Sect. 5 we will see instances where
this is not the case.

4 Projection by the Fourier-Motzkin Method

Projection of a polyhedron P along coordinate axes to a lower dimension is an
important problem in many areas. For this problem the complexity is very different
for H-representations and V -representations. We start with the latter because it is
very straightforward: simply delete the coordinates of the vertices/rays/linearities that
are to be projected out. This will normally generate a redundant V -representation
and the methods of the last section can be used to remove any redundancies.

The F-M method can be used to project an H-representation. See [5] or [8] for
details. We give a sketch here to describe how parallel redundancy removal can be
used. The basic idea is to project out one variable at a time. We start with an H-
representation (1) of P and for simplicity describe how to project out x,,. A minor
modification allows the elimination of any arbitrary variable.

Fourier-Motzkin elimination of x,

(a) Ifthereisani € L with coefficient a;, # 0, use the equation of row i to eliminate
X, getting a new H -representation. Go to step (d).
(b) Define index sets

R={iel:a,>0} S={iel:a,<0} Z={iel:a, =0}
Since by +Apx =0 and bz + Azx > 0 do not contain x, they remain

unchanged after projecting out x,,.
(c) Foreachr € R and s € S combine the inequalities
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n—1 n—1
- br - E arjXj = QrpXp — AspXp = bx + E asjXj (8)
j=1 j=1

obtaining

n—1 n—1

—by — 3 arjx; by + 3711 agjx;

<xp <
Arp —dsn

9

Deleting x,, we get a new inequality in the remaining variables. The new H-
representation has |L| equations and |Z]| 4+ |R||S| inequalities.
(d) Compute a minimum representation of the new H -representation.

The correctness of this procedure is not difficult to establish, see either of the two
earlier references for details. By repeating the procedure a projection onto any subset
of coordinate axes can be found.

It is clear that virtually all the computational time will be taken in step (d) since
in the worst case there may be roughly n?/4 inequalities in the system. Various
methods have been proposed to do this computation (see e.g. [S]) but in [rslib we
use the parallel algorithm described in the previous section for finding a minimum
representation of the new H -representation. A key observation is that checking for
hidden linearities only needs to be done initially for the input polyhedron P.

Proposition 2 [f the input H-representation of P for Fourier-Motzkin elimination
is a minimum representation then the H -representation produced in either step (a)
or (c) of the procedure will not contain hidden linearities.

Proof By assumption, P has dimension n — |L|. If step (a) is executed one equation
is eliminated from L and the number of variables becomes n — 1. The dimension is
unchanged and there can be no hidden linearities introduced.

If step (c) is executed, suppose (9) becomes a linearity for a certain pair r, s. The
inequalities become equations and we can equate coefficients obtaining b, /a,, =
by/as, and a,j/a,, = agj/as,, j =1, ..., n. Therefore (8) defines a hidden linearity,
a contradiction. |

As pointed out in the introduction, it is generally much easier to project a V-
representation than to project an H-representation. We can make use of this fact to
produce a projection of an H -representation without using F-M elimination. Let Py
be the H-representation of a polyhedron P as in (1). Suppose a projection map 7
projects P onto Q. F-M elimination directly computes Q y = 7 (Pp). However, as
shown in Figure 1 one can first convert Py into its V-representation Py, compute
Qv = n(Py) and finally compute Qy from Qy. The first and third operations are
H/V transformations. The success of this method depends on doing these more
efficiently than the F-M elimination computation. We will see this in Sect. 5.
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Py &———— Py

Qn ——— Qv

Fig. 1 Golden square

5 Computational Results

In this section we give computational results using two parallel clusters of computers
at Kyoto University. For most results we used the mi cluster of three similar machines
containing Ryzen Threadripper CPUs with a total of 160 cores and average clock
speed of 2.8GHz. We made timings for 8 cores (typical laptop), 32 cores (high
performance desktop) and 160 cores (small cluster). Some results are given using
the mai cluster with AMD Opteron CPUs with somewhat slower 2.3 GHz clock speed.
Our implementation is included in Irslib v.7.3." All programs used do computations
in exact arithmetic.

5.1 Redundancy Removal and Minimum Representation

In this section we present some computational results to illustrate the speedup
obtained by using parallel processing for redundancy removal and computing a min-
imum representation. The single processor version is executed by [rs with options
testlin and redund, aliased as minrep, and the parallel version is executed by
mplrs with the minrep option. Our intention is not to do a comparison with other
methods. However, we include results using Clarkson’s algorithm clark, as imple-
mented in cddlib v.0.94 m*> by Komei Fukuda, to show the remarkable speedups it
achieves for highly redundant problems. The results are shown in Table 1 and the
problems are described in the Appendix. They range from problems with no redun-
dancy, at the top of the table, to problems for which almost all input is redundant,
at the bottom. As expected clark gives best performance for the highly redundant
problems. Parallel processing gives good speedups for the classical method.

Uhttps://cgm.cs.mcgill.ca/~avis/C/lrs.html
2 https://github.com/cddlib/cddlib
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Table 1 Redundancy removal (time in seconds, mi cluster)

Name H/V | mj, dip Mout Redundancy clark minrep | mplrs

%

8 cores 32 cores 160 cores

sphere v 20001 3 20000 | 0.01 1899 4833 830 197 51
r500 v 500 100 | 500 0 6747 15067 | 2682 672 203
lambda 4 2001 63 2000 0.1 16270 | 27042 | 6137 2018 668
tsp7 H 3447 21 3444 0.1 165 203 18 4 3
ucube H 40000 6 3551 91 729 8515 2085 645 289
ctype v 9075 35 36 99 194 9518 5656 721 203
ducube H 40000 6 261 99 83 2814 | 636 296 145

Table 2 One round of F-M elimination (time in seconds, mi cluster)

Name mi, | dj mgyp Moyt Redundancy clark fel mplrs
(H-reps) %

8 cores 32 cores 160 cores
lambda2 1080 | 63 4560 4320 5 >300000%| 6981 1327 521 236
ducube2 261 6 16897 1686 90 202 1310 329 87 29
hec 755 30 20029 949 95 455 237 76 53 29
cpb 368 15 18592 224 99 59 273 55 15 9
ucube2 3551 | 6 3134438 17947 99 7328147 | - - - -
sphere2 500 | 3 62436 61 100 89 935 421 148 149

T mai, also see Table 3
I suspected bug

5.2 Fourier-Motzkin Elimination

For these experiments, the input for each problem is an H-representation and we do
one round of F-M elimination eliminating the last column. As explained in Sect. 4,
almost all of the work consists of redundancy elimination in step (d) of the procedure.
We extracted the inequality system created in step (c) so that we could test paral-
lelization and Clarkson’s algorithm on problems of this sort. The problems tested are
basically the same as before, with a few exceptions, and we use the non-redundant
version. The non-redundant description of ctype is a 36-dimensional simplex so pro-
jection is trivial. For sphere we first computed an H -representation to use as an input
file. Since the result is too big, we use the first 500 rows of the H -representation
renaming the result sphere2. Similarly, lambda? is part of the H-representation cor-
responding to lambda. ucube? is the non-redundant H -representation of ucube. We
add two additional combinatorial polytopes. The results are given in Table 2.

In Table 2, m gy is the number of new inequalities produced in step (c) of F-
M elimination and m,,, the number of those remaining after redundancy removal.
Redundancy increases as we go down the table and so does the efficiency of clark.
Parallel processing again gives substantial speedups up to 32 cores but with limited
improvement after that.

The problem ucube2 demonstrates the use of the golden square from Fig. 1.
An immediate application of F-M generates 396,193,328 inequalities for redun-
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Table 3 Projections of ucube2 by golden square (times in days:hours:minutes), mi cluster

ucube2 H -V v I Hpr
mg my ledd Irs 8 procs 32 procs | 160 dout Irs 8 procs 32 procs | 160
procs procs
3551 303965 14:07 :01 :01 :00 :00 5 >7:00:00| >7:00:00| 2:20:21 1:07:55
4 16:43 11:21 5:29 3:20
3 2:25 :50 :31 25
2 :02 :09 :06 10
ucube2 14 z, Var Var — Hpr
dout my,. clark minrep 8 cores 32 cores | 160 mE,, Irs 8 cores 32 cores | 160
cores cores
5 121735 | 4:22:35 | >7:00:00 | >7:00:00 | 2:21:43 | 23:13 17947 >7:00:00| 3:03:44 | 19:25 6:39
4 24405 | 2:04:23" | 19:12:20f) 4:11:17F | 2:04:007 | 13:45T [ 11817 | 1:30 25 07 03
3 1875 :58 1:23:28 17:55 5:24 3:18 1604 :00 :00 :00 :00
2 40 :01 21:55 7:07 4:37 2:14 40 :00 :00 :00 :00

1 mai cluster

dancy removal, a formidable computation. Starting with the non-redundant H-
representation of ucube? F-M generates 3,134,438 inequalities for redundancy
removal which is still a very challenging computation. Using clark on mai32ef this
took over eight days even though it is 99% redundant. This direct approach to the
problem is out of reach for minrep/mplrs,however we can solve the problem via ver-
tex enumeration. Doing so we obtain only 303,965 vertices which we can project to
lower dimension and then convert to an H -representation. The results are given in
Table 3.

The top left part of the table shows the computation time of the non-redundant V-
representation V' of ucube?2 from its H-representation H. We use lcdd from cddlib
to verify the results using the double description method. V is then projected to
d =5,4,3, 2, which introduces redundancy, and is essentially instantaneous. For
each projection the top right of the table shows a direct computation of its H-
representation, which will be non-redundant and is denoted H,,. For d =5, only
the 32-core and 160-core runs could be completed within one week. Running times
for the other dimensions are much faster, decreasing as the dimension diminishes.
Note that with F-M elimination the opposite occurs: due to its iterative approach
running times increase as the dimension diminishes.

The bottom parts of the table give the results of first removing redundancy from
V getting V,,, and then using it to compute H,,. Most of the time is taken in the first
step, shown in the bottom left part. Again running times decrease dramatically as
the dimension decreases. Redundancy is high in the lower dimensions, and so clark
does very well there. For d = 5 it is interesting the running times using 32 and 160
cores are very close to those obtained by the direct H,,, computation.
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6 Conclusions and Future Directions

‘We have introduced a parallelization of the classical approach to redundancy removal
which gives substantial speedups with modest hardware up to about 32 cores. The
return on increasing the number of cores is modest, possibly due to the relatively
high fixed startup computations which each processor must make. This begins to
dominate the solution time as the number of input rows to process decreases with the
number of cores. So one future direction is to improve the scaling to a large number
of cores.

As an application we used the codes for redundancy removal in F-M elimination,
obtaining similar results. For highly redundant problems Clarkson’s algorithm, as
implemented by Fukuda, gives extremely good performance without any paralleliza-
tion. As F-M elimination can produce extremely high redundancy it is particularly
well suited for this purpose. An interesting challenge is to find an efficient method
to parallelize Clarkson’s algorithm.

The number of new inequalities produced by F-M elimination is highly dependent
on the input problem, as we see in Table 2. As we saw in the case of ucube?2, it can be
considerably faster to first compute a V -representation, project it, and recompute an
H -representation. This is increasingly competitive for problems where it is required
to project into a relatively low dimension. A final future direction would be to pro-
duce a hybrid code for F-M elimination that combines both methods automatically
selecting the more appropriate method for each instance.

Acknowledgements The authors would like to thank William Cook for pointing out the paper
of Freund et al. and Komei Fukuda for discussions on Clarkson’s algorithm. This research was
supported by JSPS Kakenhi Grants 20H00579, 20H00595, 20H05965, 22H05001 and 23K 11043.

Appendix

We briefly describe the test problems used in Sect. 5.

e sphere is a random set of 20000 rational points on the unit sphere. We added a
redundant vertex at line 13451 of the input.

e 500 is a random set of 500 points in the 100-dimensional cube with coordinates
between 1 and 9.

e lambda derives from the Lambda polytope in quantum physics and was contributed
by Selman Ipek. For Table 1 we added a redundant constraint at line 1393 of the
input.

e tsp7 is the seven city travelling salesman polytope. We added 3 hidden linearities.

e ¢p6 is the 6 point cut polytope.

e ucube, ctype and ducube were downloaded from Komei Fukuda’s webpage:
https://people.inf.ethz.ch/fukudak/ClarksonExp/ExperimentCtype.html
(ctype was contributed by Mathieu Dutour).
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e hec is the holographic cone, again from quantum physics, developed with Sergio
Hernéndez-Cuenca.

To get the intermediate polyhedra for input to clark for Table 2 one can fel with the
verbose option added.
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Bridging Algorithmic Foundations )
with Information Security and Privacy: e
Set-k-Multicover Problem

and Homomorphic Secret Sharing

Alexandre Auzel and Vorapong Suppakitpaisarn

Abstract We explore the connections between two fields of study—the algorithmic
foundations and the domains of information security and privacy. The principles
of algorithmic foundations are instrumental in enhancing the efficiency of crypto-
graphic systems. This is particularly relevant for post-quantum cryptography systems
like isogeny-based cryptography, which benefit from efficient implementations. Con-
versely, methods from information privacy can be applied to ensure the trustability of
several combinatorial algorithms, including linear integer programming and triangle
counting. In this chapter, we delve into the role of algorithms capable of determining
alower bound for the set-k-multicover problem in ensuring the security of homomor-
phic secret sharing systems. Homomorphic secret sharing is a scheme that enables
the delegation of computational tasks to servers while maintaining the confidentiality
of our data. Within this framework, servers are tasked with producing a computa-
tional outcome based on the secrets of clients, without gaining any knowledge about
the clients themselves. We posit that the maximum number of clients that this sys-
tem can accommodate is directly linked to the optimal value of the set-k-multicover
problem. Consequently, to calculate the upper limit of clients that the system can
feasibly support, we introduce an algorithm aimed at identifying a lower bound for
the optimal solution of this problem.

1 Algorithmic Foundations for Efficient Information
Security System

In this chapter, we explore the connections between two fields of study—the algo-
rithmic foundations and the domains of information security and privacy. It is known
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that the connections between those areas are particularly strong. Through various
examples, we will demonstrate how advancements and research in one field can
significantly bolster and inform developments in the other.

The first focus is how algorithmic foundations can give efficient information secu-
rity system. There are many works which devise to give an efficient cryptographic
system, a bottleneck of several systems. Those include algorithms for classical cryp-
tography such as RSA [53] or elliptic curve cryptography [40, 44]. Most of the
algorithms proposed for RSA are numeric algorithms for prime field arithmetic such
as algorithms based on the Chinese remainder theorem [54], modular multiplica-
tion [6], or modular reduction [27, 52]. On the other hand, as the calculation of elliptic
curve cryptography is more complicated than RSA, one can employ combinatorial
optimization techniques such as genetic algorithm [42] or dynamic programming
algorithm [58, 59].

In addition to the development of efficient algorithms, researchers are also inter-
ested in finding the lower bound of the computation time needed for each crypto-
graphic system or each implementation [1, 9, 41, 57]. To achieve this, foundational
algorithmic concepts, including information theory, have been employed to identify
these minimum computation times.

Developing an efficient cryptographic system is crucial, but equally important is
the analysis of its security. Cryptanalysis is a fundamental approach in this analysis,
where algorithms are developed to break cryptographic systems. For this purpose,
specific algorithms employ techniques such as Pollard’s rho method [11, 49] and the
baby step-giant step method [3, 21, 55].

1.1 Efficient Algorithms for Post-Quantum Cryptography

Ongoing research is trying to improve traditional encryption methods like RSA and
elliptic curve cryptography. However, it is already known that these methods will
not stand up to quantum computers, as pointed out by [56]. This situation makes it
crucial to work on new types of encryption that quantum computers cannot break.
This new branch of encryption is known as post-quantum cryptography. The most
notable types within this field are lattice-based cryptography [4, 31] and isogeny-
based cryptography [2, 7, 8].

The computational demands of post-quantum cryptography generally surpass
those of traditional cryptographic systems, necessitating the development of effi-
cient implementations for these advanced systems [10]. This chapter delves into a
particular combinatorial optimization challenge encountered while enhancing the
efficiency of isogeny-based cryptographic computations.
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Given that this article targets researchers specializing in algorithmic foundations,
we omit detailed discussions of isogeny-based cryptography. The cryptographic sys-
tem’s computations are illustrated as a graph in Fig. 1, where each node symbolizes
a specific state within the calculation process. The starting point is denoted by the
node vy 1, and the endpoint by v, ;. Connections between nodes, or edges, represent
individual computational steps in the system, each consuming a nearly equal amount
of computational resources.

Hence, the most efficient computation corresponds to the shortest path from node
v1.1 to node v, ;. Nonetheless, there is a constraint that, for any given i, j, to perform
the computation signified by the edge (v; j, vi41,;), one must first reach the state
v; n—i+1. Given this constraint, finding the shortest path becomes a complex task. To
address this challenge, a dynamic programming algorithm has been suggested as a
solution [39].

Identifying the most effective computation strategy becomes significantly more
difficult in the context of parallel computing [35], where it is possible to execute mul-
tiple computational steps simultaneously. We approach this challenge as a scheduling
problem with precedence constraints [47, 48]. Although finding optimal solutions is
beyond reach with our current methods, we explore two traditional algorithms. The
Coffman-Graham algorithm [12] delivers an optimal solution when limited to two
processors, and the Hu algorithm [32] achieves optimality for precedence graphs
that are trees. While neither algorithm guarantees optimal outcomes for our spe-
cific scenario, our experiments demonstrate they considerably enhance the solutions
presented in [35].

Our goal remains to create an algorithm that can determine the optimal scheduling
for this scenario. At present, we are formulating the problem as a scheduling problem
with and/or precedence constraints [23]. To proceed to node v, j, it is necessary to
complete either node v;,_y,; or node v; ;, and also ensure the completion of node

Vi—1,n—i-

Fig.1 Calculation in an
isogeny-based cryptographic
system
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2 Graph Algorithms Under Local Differential Privacy

While algorithmic foundations help in speeding up the calculation of cryptographic
systems, information privacy can make algorithms more trustworthy. Often, these
algorithms handle sensitive user data as input. If users lack trust in the algorithms’
handling of their information, they might withhold accurate data or refuse to share
their sensitive information altogether. The absence of accurate user information
compromises the reliability of the algorithm’s output.

Local differential privacy stands out as a widely adopted method for ensur-
ing the confidentiality of user data [13, 20], and is utilized by tech giants like
Apple, Microsoft, and Google [15, 16, 19]. This approach requires users to obscure
their data prior to transmitting it to the server. Consequently, it necessitates the
development of algorithms that can reliably interpret and work with this obscured
information.

In this chapter, we focus on graph algorithms based on the local differential
privacy. The setting for those graph algorithms is illustrated in Fig.2. We assume
that each user knows the list of their friends, and they consider the list as a sen-
sitive information. This perspective is rational, as people typically prefer to keep
their associations, especially with those of dubious standing, from becoming public
knowledge.

Suppose that our user group is numbered from 1 to n. The friendship status
between user i and others can be represented by a vector v; € {0, 1}, where v;[j] = 1
indicates user i is friends with user j, and v;[j] = O indicates they are not. The
collection of these vectors, [vy, ..., v,], serves as the adjacency matrix for a graph
or social network. Consider a scenario where we aim to analyze certain aspects of
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Fig. 2 Settings for graph algorithms under local differential privacy
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this network, under the condition that each user i wishes to keep their friendship
vector v; confidential. Within this structure, we distribute a randomized algorithm
A to all users, who then apply it to obscure their data before sending this altered
information back to us. Consequently, our task is to create an algorithm which is
robust against this distorted information.

We are now ready to introduce the concept of local differential privacy in the con-
text of graphs, often referred to as e-edge local differential privacy [50]. Informally,
we desire an algorithm A such that, upon observing the modified output A(v;), no
individual (other than user i) can accurately deduce whether v;[j] = 0 or v;[j] =1
for any pair of indices i, j € {1, ..., n}. Specifically, for any two vectors v; and v;
that differ in just a single element, the outcomes A(v;) and A(v!) should be nearly
indistinguishable. Let S denote the range of A. We ensure that for any element of
S, the probability ratio Pr[A(v;) € S1/Pr[A(v]) € S] is bounded between e~ and
e€. When € is small, the probabilities Pr[A(v;) € S]and Pr[A(v)) € S] are approxi-
mately equal, indicating minimal leakage of information from v;. Conversely, a larger
€ value implies a greater degree of information leakage.

One of the randomized algorithms A which can protect users’ information is the
Laplacian mechanism [17]. It is employed when there is a need to obtain a piece
of information R(v;) € R from each user. For any user data vector v and a set of
vectors n(v) that differ from v by one element, the sensitivity of the function R,
denoted as s(R), is defined as s(R) := max |[R(v) — R(V")|. To ensure ¢-

vel{0,1}" v'en(v
edge local differential privacy, the Laplaci{an}mech(a)nism introduces noise derived
from the Laplace distribution, parameterized by s(R)/e, to R(v;). Specifically,
when Lap(s(R)/¢) represents a value sampled from this distribution with parameter
s(R)/e, the algorithm’s output is given by A(v;) = R(v;) + Lap(s(R)/¢€).

Imagine we aim to determine the total number of connections within a social
network. For this purpose, let d(v;) represent the count of connections linked to
each user, meaning d(v;) equals the number of entries valued at one within v;. By
aggregating the exact counts of d (v;) from all users, the total connection count can be
derived using % >, d(v;). However, directly sharing d (v;) poses arisk of revealing
sensitive user information. To protect privacy, we employ the Laplacian mechanism.
With the sensitivity s(d) established as one, the adjusted value received from each
user, i, is expressed as A(v;) = d(v;) + Lap(1/e). Consequently, an estimate of
the network’s total connections is given by % >, A(v;). This approach has been
proven to yield accurate estimations, both theoretically and empirically.

While assessing the total number of connections within a social network can be
straightforward under local differential privacy protocols, computing other statistics
of the network with privacy considerations poses a greater challenge. For instance,
when aiming to disclose the count of k-stars in the network, which is defined as
> (d(,f ")), where d(v;) denotes the degree of node i, a direct approach might involve
each node revealing R(v;) = (d(k”")), safeguarded by the Laplacian mechanism. Yet,
this method introduces a significant complication: the sensitivity of the R function
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could escalate to as much as n*~!. Such a high sensitivity results in a substan-
tially increased error margin in the reported counts, undermining the accuracy of the
publication.

As mentioned earlier, the general approach provided by algorithms like the Lapla-
cian mechanism does not suffice for the publication of numerous graph statistics. This
shortfall has led to the creation of specialized algorithms aimed at specific graph sta-
tistical measures. These dedicated algorithms facilitate tasks such as the enumeration
of k-stars [30, 36], the counting of triangles [18, 37, 38, 43], core decomposition
[14, 29], clustering [28, 45], and measuring centrality [5]. Each algorithm is tai-
lored to efficiently and accurately compute these statistics while adhering to privacy
constraints, overcoming the limitations inherent in more generalized approaches.

3 Case Study: Set k-Multicover Problem
and Homomorphic Secret Sharing

In the first two sections, we have discussed connections between two fields of study
- the algorithmic foundations and the domains of information security and privacy.
In this section, we delve into a particular case study when we use a solution of the set
k-multicover problem to guarantee the security of the homomorphic secret sharing.

In the context of distributed computing, one or more clients wish to delegate a
costly calculation to several servers in order to have access to more powerful resources
and to be able to parallelize calculations. Cryptography plays an important role in
these processes. The calculation servers often do not belong to the clients, and the
input data may be confidential. We therefore need to find a way of ensuring that
the servers can carry out the calculations, but cannot have access to all the input
data in clear text, even if a number of servers can communicate with each other and
collaborate.

One of the technologies used is Homomorphic Secret Sharing (HSS) [46]. Its
concept is to divide the input data x into S random parts so that x = x; 4 - - - + x5.
Then an encryption and distribution strategy is applied so that

e cach server can calculate a part of the calculation,
e servers that can collude cannot find the input data,
e clients can calculate the final result by summing the results of each server.

Let us take an example: we have 2 clients with 2 input data and 3 servers. We suppose
that we know which servers can collude

e collusion 1: servers 1 and 2
e collusion 2: servers 1 and 3
e collusion 3: servers 2 and 3

Let us assume that the number of shares is equal to the number of collisions. Each
client partitions its input datain S = 3 shares: x = x; + x; + x3andy = y; + y»» +
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3. We want to compute xy = x;y; + X1y2 + xX1y3 + X2y1 + X2y2 + x2y3 + x3y1 +
x3y2 + x3y3. The encryption and distribution strategy follows:

e The server i receives x; and y; if i is not in collusion j. Otherwise it receives
Enc(x;) and Enc(y;) where Enc is the encryption function.

e The homomorphic and linear encryption function has good properties so that a
server can compute Enc(x;y;) if it has (x;, Enc(y;)), (Enc(x;), y;) or (x;, y;)
(Atmost k = 1 share can be encrypted in order to compute the product Enc(x;y;)).

In this example, any monomial Enc(x;y;) can be computed by at least one server.
For instance, Enc(x;y;) can be computed by server 1 because server 1 is in collusion
1 but not in collusion 3 so it has the shares Enc(x;) and y;. Therefore, the compu-
tation is possible thanks to Enc’s good properties. Once every monomial has been
computed, a central server can sum up the partial result: Enc(xy) = Y Enc(x;y;)
and send it back to the clients which can decrypt and obtain xy (Fig. 3).

3.1 Problem—Maximum Number of Clients Supported

One question we can ask ourselves is how many clients can be supported with the
following setting:

e collusion sets
e the number maximum of encrypted shares to compute a monomial, denoted by k
e the number of servers

In the example mentioned earlier, we saw that 2 clients can be supported. Let us
add a third client, and let us suppose that the input of the clientis z = z; + z2 + z3.
Now we want to compute Enc(xyz) by computing every monomial Enc(x;y;z;) for
1 <1, j,I <3.Looking at the monomial (i =2, j = 3,/ = 1) we see that

Setting: Set of Collusions {1,2},{1,3},{2,3}, S =3 andk =1

Server 1 Notations written in red are

X1.0120 %1,013) ¥1(2,3) notations which are encrypted.

Client 1 / X2,(1,20 X2,(1,3p X2,{2,3}
X1 = X023 T X413 X123
Server 2
\ v Central Server
Client 2 X1,{1,2)» X1,{1,3} X1,{2,3} X1%
X9 (121, X 1 X919 -
Xz = X012y T X2,01,3) T X2,02,3) 2{1.2p*2,1,3p 22,3}

Server 3 /

X1,{1,2p X1,{1,3} X1,{2,3}
X2,(1,2) X2,{1,3} X2,{(2,3}

Fig. 3 The homomorphic secret sharing scheme for the case that, when x; is the secret of user i,
we want to calculate x; - xo using three servers
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e server | cannot compute Enc(x;y3z1) because server 1 has 2 encrypted shares:
Enc(x;) and Enc(z;)

e server 2 cannot compute Enc(x,y3z;) because server 2 has 2 encrypted shares:
Enc(ys) and Enc(z;)

e server 3 cannot compute Enc(x;y3z;) because server 3 has 2 encrypted shares:
Enc(x;) and Enc(y3)

Therefore, some monomials cannot be computed so 3 clients are not supported by this
instance. To support 3 clients we must increase the number of servers or the power
of computation by increasing k. Therefore, we will try to answer to the following
question:

Given a number of servers, a set of collusions, and the maximum number of encrypted shares
supported in monomial computation, what is the maximum of clients that can be supported?

Suppose that the input of client i is a;, the shares of @; are a; ; for 1 < j < S, the
collection of collusions are sy, ..., s4 € {1, ..., S}. The problem can be reformulated
as follows:

What is the maximum d such that for any monomial a; 5, X ... X aq,s, (a;,; is the share of
client i corresponding to the collusion j) of size d, there is at least one server m such that m
is in at most k collusions among the collusions sy, ..., sq € {1, ..., S}?

Indeed, if it is the case, then m has at most k encrypted shares among a; s,, ..., dd.s,
so it can compute the monomial. Since all monomials can be computed, d clients is
supported. Since any monomial can just be described by the d collusions its shares
correspond to, we will use the following form:

What is the maximum d such that for any combination of d collusions s1, ..., 54, there
is at least one server m such that m is in at most & collusions among those d collusions?

3.2 Relationship with the Minimum k-Multicover Problem

To tackle this problem, we will need to formulate our instances. Let k € N be the
maximum number of encrypted shares in the computation of a monomial, let n € N
be the number of servers, and let C be a collection of collusions. We assume that each
collusion has size larger than 1. Also, let ¢t = max(|S;|) be the maximum set size in
C. An instance can therefore be defined by 3 values: (k, n, C). Mathematically, we
search:

The maximum d such that V(Sy, ...S;) € C,3m € [1,n], |{S € (S, ..., Sa}, m € S}| <k

Example 1 ([46]) In this example, let us suppose that C contains every possible
sets of size 1: C = {S C [1, n], | S| = ¢}. To solve our problem is equivalent to find
the maximum d such that for all S, ..., Sy € C¢ (any monomial), there exists m €
[1, n] (at least one server) such that |{S € {Si, ..., Sy} : m € S}| < k (in at most k
collusions).

In this case, d > M
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Proof Considerd sets Sy, ..., S; within a collection C. Assume that no server appears
in k or fewer of these sets. Under this condition, the total number of occurrences is
not smaller than (k + 1)n. Conversely, if the total number of occurrences is less than
(k + 1)n, then there exists at least one server that is included in k or fewer sets. Given
that the total number of occurrences equals dt, it follows that d > (k+ll¢ O

Here, the proof is based on the fact that all the collusion sets have the same size. The
purpose of this chapter is to find the value of d in the general case.

A graphis defined as apair G = (V, E), where V is a set consisting of n elements,
and E is a collection of pairs of elements from V. An hypergraph extends this concept
by allowing E to include subsets of any size from V, referred to as hyperedges. A
set k-multicover is a subset Cov of E such that for every vertex v € V, there are at
least k edges in Cov that contain v. The minimum set k-multicover problem aims to
find the smallest such subset Cov that satisfies this condition. We denote an optimal
solution of the minimum set k-multicover problem by Couy.

In order to solve our problem in the general case, we are going to use the following
theorem.

Theorem 1 If (k, n, C) is one instance of our problem and d is the maximum num-
ber of clients that can be supported by our instance, then d = |Covyy1| — 1 where
Covyy1 is a minimum set-(k 4+ 1)-cover of the hypergraph G = ([1, n], C).

Proof In the first part of our proof, we will demonstrate that d > |Covgy1| — 1.
Following that, in the second step, we will argue that d < |Covg41]-

1. Leta = |Coviy1| — 1 and consider a elements Sy, ..., S, from a set C. There must
exist an element m within the range [1, n] such that m appears in no more than
k of these sets S;. This must be the case, otherwise, these a sets would constitute
a (k + 1)-cover of [1, n] that is smaller than Covy, which would contradict
the definition of Covi,; as the minimum size of a set-(k + 1)-cover of [1, n].
Therefore, the number of sets S; containing m satisfies |{S € {S, ..., Sq} : m €
S} < k. Consequently, we establish that d > |Covy| — 1.

2. Assuming a > |Covi41], consider a set S of size a that includes all elements of
Covy4 . By definition, Covy| ensures that each element m from the set [1, n] is
included in at least k 4 1 subsets within S. This scenario implies that S cannot
be computed on any single server. Consequently, it follows that d < |Covyyq|. U

Here is an illustration of the theorem’s result using an example:

Example 2 Consider the case discussed in the previous section with V = {1, 2, 3}
and C = {{1, 2}, {1, 3}, {2, 3}}, where k = 1. The size of |Cov,| is 3. Consequently,
we find thatd = |Cov,| — 1 = 2, as shown previously. Note that supporting 3 clients
is not possible in this scenario.

Based on Theorem 1, we can conclude that solving our problem is feasible using
algorithms designed for the set k-multicover problem. If the set k-multicover problem
can be solved exactly, our problem can also be addressed effectively. However, the set
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k-multicover problem is recognized as NP-hard, a complexity attributed to its base
case, the set cover problem when k& = 1, which is known to be NP-hard [22]. There
exist studies on exact algorithms for the set k-multicover problem (such as [33,
34]). However, we believe that these algorithms do not scale practically for our
applications.

There is substantial research on approximation algorithms for the set k-multicover
problem, as seen in studies such as [24, 26, 51]. These algorithms aim to produce
a feasible set k-multicover, denoted as C 0v,’< 1 which is not guaranteed to be min-
imal. Consequently, the size of Cov;_, is likely to exceed that of the optimal cover
Covyyy. If we were to use |Cov, | — 1 as our service capacity, it could lead to
an overestimation of the number of clients we can serve. In our context, such an
overestimation might result in information leakage. Therefore, these approximation
algorithms cannot be directly applied in our setting. In this chapter, we will focus on
developing an algorithm to calculate a lower bound for |Cov;, |. We aim to give a
large lower bound as possible, as that would lead to a better utility of our system.

To conclude, our problem is

To calculate a large value of C such that C < |Covi1|. We aim to give an approximation
algorithm of which the outcome is « - |Covg41| < C < |Coviy1| for some « close to 1.

We have not found any existing literature that directly addresses this problem. This
scenario illustrates how applications in information security can inspire novel chal-
lenges in combinatorial optimization, thereby contributing to the advancement of the
field.

3.3 LP Integrality Gap

A widely used method to calculate the lower bound in combinatorial optimization
involves the relaxation of integer linear programming problems.

We first explore the integer linear programming (ILP) of the minimum set k-
multicover problem. The ILP is as follows:

e Input: k, n, C = {Sy, ..., Sy

e Output: (xq, ..., x,) € {0, 1}

o Constraint: Vi € [1,n],} ;.5 X; > k
e Objective: Minimize ) _ x;

Let OptCovy be its optimal solution and |OptCovy| = OPT:

Since ILP is not solvable in polynomial time we cannot compute the optimal
solution OptCovy and its objective value O PT in a scalable way.

On the other hand, the relaxation of this ILP is solvable. It can be stated as follows:

e Input: k, n, C = {s1, ..., s}

e Output: (xq, ..., x,,) € [0, 1]

e Constraint: Vi € [1,n], 3, ;5 x; = k
e Objective: Minimize ) x;.
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Let O PTy represent the optimal value of the relaxed problem. Given that this relax-
ation of the ILP is linear programming, which can be solved in polynomial time, we
can efficiently and scalably compute the value of O PT5y.

Since the solution set of the relaxed problem includes the solution set of the integer
linear programming (ILP) instance, we have

OPT; < OPT

Consequently, O PTy can be used as the lower bound for |OptCouvy|, and we can
define d’ as:

d'=O0PT;—1<OPT —1=|0piCovy| —1=d

This implies thatd’ clients can be supported by our instance (k — 1, n, C). To evaluate
how close d’ is to d, we will explore the integrality gap (1 G), defined as:

OPT()
IG = max ————
instance I O PTf (])
The integrality gap helps in understanding the extent of approximation when com-
paring the optimal solutions of the ILP and its relaxed counterpart for the minimum
set-k-cover problem.

At the time of writing this article, the exact value of the integrality gap (/G)
remains undetermined. To our knowledge, the research conducted by Gorgi, Ouali,
Srivastav, and Hachimi explores the integrality gap for the set k-multicover problem,
providing a lower bound for this value [25]. Our goal is to establish a more precise
lower bound and additionally propose an upper bound in the subsequent sections.

3.3.1 Upper Bound of IG

To find an upper bound of the integrality gap (IG), we are going to give a solution to
the set k-multicover problem based on a randomized rounding algorithm. Suppose
that the objective value of that solution for instance I is SO Lgg,(1), and, for all
instance I, let R R be a number such that

OPT(I)
RR> ———.
- SOLa[go(I)

Since, SO Ly40(1) = O PT(I), we obtain that

RR = OPT;(I) _ OPT/(I) _

> max > max ———— = IG.
instance I SO Lgjgo(1) ~ instance I O PT (1)

Hence, RR is an upper bound of /G.
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Our randomized rounding algorithm

Let us consider that the solution to the relaxed linear program is represented by the
fractional vector X ; = (x, ..., X;,). To construct an integer solution, we define the
values of x; using the following probabilistic approach:

x; = 0 with probability (1 — x;)! and 1 with probability 1 — (1 — x)

Let [ represent the maximum number of sets to which an element belongs, which is
equivalent to the maximum number of collusions a server can participate in. Here,
f is defined as a function of n:

k-1
fn) = WEi=h log, (1) + 0Tk log, (4n).

This formulation allows us to transition from a fractional to an integer solution while
managing the distribution of probabilities according to the given function f.
The expected value of SO L, can be calculated as follows:

E(SOLaigo) = Y (P(xj = 1) x 1+ P(x] = 0) x 0)
=Y (1-(-x))) < f)y =

This implies that E(SOLgg,) < f x OPTy.

Feasibility of the randomized rounding algorithm

Next, we calculate the probability that the solution obtained by the randomized
rounding algorithm is feasible. We begin our proof by the following lemma:

Lemma 1 Forall e € [1, n], P(e is not k covered) < ﬁ.

Proof Suppose that element e is included in sets Si, ..., S;, where k <[ < m.
According to the feasibility of the fractional solution, the sum of the fractional values
assigned to these sets satisfies Zle x; > k.If e is not covered by at least k sets in the
rounded solution, it indicates that fewer than k of the x values have been rounded
up to 1.

P(e is not k covered) < Z (1- xt])f X ..o x (1 — x,,f,m)f

{1, st YE[LLI]

Let P(xy,...,x) = > A —x) x-x(1- x,HH)f. In the remain-
{t1, otk 1 }E[1,1]
ing part of this proof, we aim to calculate the upper bound of P(xy,...,x;). We
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find the maximum value of P (xy, ..., x;) when Zﬁzl x; > kand x; € [0, 1]. We can
notice that, for all i and for all ¢ > 0,

Pxi, oo, xi +€, 000, x1) < P(X1, oeey Xiy oeny X7)

Hence, to find the upper bound, we can assume ZL] x; = k. As a result, we have
that x;, = k — Zf;ll X;.

Let us define g(x, ..., x;_1) = P(x1, o, i1, k — Y 0_ 1 x;). fk =1, x; = 1 for
all x; and P(xy, ..., x;) = 0. Hence, it is enough to assume that k < [.

To determine the maximum of P, we will calculate the partial derivatives of g
and identify where the summation of them are zero. We have that

ag a
T = Yo —U=x) xox (T=x,.)
! {t1,ti—k11E[1,1] !

We consider the derivative of each term in the summation. Each term corresponds to
the set {1, ..., tj_x+1} C [1,[]. There are four cases based on the set corresponding
to the term:

1. ifi ¢ {t;,..., k1), L & {t1, ..., ti_x+1}: In this case, the partial derivative is
Zero.

2. i ef{ty, ..., k1t L € {t1, ..., ti_xk+1}: In this case, the partial derivative is
the following:

S ACEEOC N [ I

tefty, ik 1\ i}

3.ifi ¢ {ty, ..., k1), L €{t1, ..., t1_x+1}: In this case, the partial derivative is
the following:

fa-x=t T a-xpl.

tefty, . ti— \{1}

4. ifi,l € {t1, ..., ti_r+1}: In this case, the partial derivative is the following:

fFA=xp/Q—xp)/ T = -xp/a-xp") ] a-x).

tefty, . ikt \ {1}
By summing the partial derivatives of all the terms, we obtain:

3 , , , |
a_i: ((1_)"'>f"<1—xz)-f“ > —(<1—x,-)f“—(1—xl)f“)z>

i,l—k—1 i,l—k

where Z = Z (1 —x,l)f X ... X (1 —x,N)f.
i,N {t1,....tn S I=1]\{i}
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Without loss of generality, we can suppose that x; < --- < x; so that, for all i,
A—x)/ ' = —-x)/~t>0.
Next, let us analyze cases which can make the partial derivatives equal zero.

I. > = > =0:Thisimplies that P(xy, ..., x;) is zero.

il—k—1  il—k

2. x; = 1: The partial derivative is then equal to zero when x; = x; or Zi,l—k =0.
However, as Zi,l—k = 0 implies that P(xy, ..., x;) = 0, we reach the maximum
value of P(xy,...,x;) only when x; = x;.

3. x; = 1: Similar to the previous case, we reach the maximum value only when
X = X;.
4. (1 —x) 11 = x)f! > o= —x) = —=x)hH > : Define r =
il—k—1 il—k
3

% > 1, and define a as (1 — x;) and b as (1 — x;). The equation becomes

—+ 4 ar = 7 + br, which holds true if either a = b or if a and b assume
two particular values dependent on f. As we have the flexibility to select f after
obtaining the x;, we can ensure this condition never occurs by wisely choosing

f.

By the case analysis, we can conclude that P(xy, ..., x;) only when x; = x; for all
i. Hence, we conclude that the function is maximized when x; = ’7‘ foralll <i <.
Therefore,

FU—k+1) B
Pxi, .. x) < (ki 1) <1 _ ’;) S <ki1>exp <_kf(l lk+ 1)>.

Let us take f = k(llil l)k) log, (1) + 7= k2+k log,(4n). Thus,

l kf(l—k+1
log,(P) < log, <(k B 1>> — #

< (k — Dlog, () — —(l —k+1) ( log, (1) + ! s 10g2(4n))

—k

kil —k+1)k—-1) lk(l—k+1)
<(tk-=1) — [)— ———1 4
—<( ) Ik —k+ 1) ) O = k=g ) et
< log,(1/4n).
We then can obtain the lemma statement. |

We are now ready to prove the main theorem of this section.

k(I+1—k)
of the set k-multicover problem, denoted by SO Lgo, such that SOLye, < a -
OPT. 1

Theorem 2 Let o = 4( 1Gk=1) log, (1) + 7= k2+k 10g2(4n)) There is a solution
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Proof By Lemma 1, we obtain that

P(X* is not a set-k-multicover) < n x IP(an element e is not k-covered)

Moreover, with Markov’s inequality, we get

1

P (SOLaigo > 4E (SOLago)) < T

By using these two inequalities, we finally obtain that

1
P (X* is a set-k-cover and SO L0 < @ - OPTf) > 3
Therefore, by iterating the algorithm several times, it is highly probable to achieve a
solution stated in this theorem statement. (]

When we assume that k < [ < n, the approximation ratio « obtained in the
previous theorem is closed to log,(n)/k. This implies that the integrality gap tends
to be smaller when £ is larger.

3.3.2 Lower Bound of IG

To establish alower bound for the integrality gap, we will select a specific instance and
determineits OT P and OT P; values. Consequently, we can derive that /G > 217

oTP;"
Let us define U = {0, 1}9\{0} and

C={Ssg=fecU:(ep)=1mod2}sc1}.

We will consider the set C as an instance of the set k-multicover problem. In the
following lemma, we determine both the optimal value and the objective value of
the relaxed solution.

Lemma 2 Let O PT be the optimal value of the minimum set k-multicover problem
for the instance given above. We have that O PT > log,(n + 1).

Proof We use the same instance as in Theorem 4.1 of [60]. In the lecture note, it is
proved that the optimal value of the minimum set cover of this instance is log, (n + 1).
We therefore derive from there that, for any k > 1, the optimal value of the minimum
set k-multicover problem is not smaller than log,(n 4 1). (I

Lemma 3 Let OPTy be the optimal value of relaxation of the minimum set k-
multicover problem for the instance given above. We have that O PTy < 2k.
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Proof Let the output variable xg be 2k/|C| for all S € C. Since for any z € U, we
have z being in half of the set in C, we obtain that

C 2k
Z Xs = | 2 | |C| =k,
S:zeS
and verify that this (xs)sec is a solution of the instance.

Because the objective value of this solution is ) ¢ x5 = |C| - 2k/|C| = 2k, we
have that O PTy < 2k. O

We then can obtain the following theorem.

Theorem 3 The integrality gap for the minimum set k-multicover problem, denoted
by 1G, is not smaller than log,(n 4+ 1) /2k.

Proof Recallthat IG := max OPT(I)/OPTy(I). We therefore obtain from the

instance /

previous lemmas that /G > OPT/OPT; > log,(n + 1)/2k. O

One might think that the lower bound derived from the previous theorem, log, (n +
1)/2k, asymptotically aligns with the upper bound from Theorem 1, log,(n)/k.
Howeyver, that is not true. The approximation ratio of log,(n)/k is achieved only
under the conditions k¥ < [ < n. In the context of this section, where [ = n/2, such
conditions do not hold. Consequently, a gap persists between the upper and lower
bounds, which we acknowledge as a topic for future investigation.

4 Conclusion

Information Privacy and Security represent research domains that offer the potential
to introduce novel and compelling problems to algorithmic studies. In this chapter,
we delve into the correlation between homomorphic secret sharing and the mini-
mum set k-multicover problem. The optimal value in the minimum set k-multicover
problem delineates the maximum number of clients feasible within homomorphic
secret sharing. However, for this specific application, an approximation solution is
insufficient—we require a precise lower bound for the optimal value. Thus, we advo-
cate for employing the relaxed problem solution as a lower bound and demonstrate the
resulting integrality gap. Consequently, under the conditions where k < | < n, we
establish that the integrality gap does not exceed log, (n)/ k. Conversely, we identify
an instance where the integrality gap amounts to log,(n + 1)/2k.

We hold the belief that narrowing the gap between the lower and upper bounds
is achievable. Our experimental findings suggest that enhancing the lower bound
to log,(n) is feasible. Additionally, we anticipate the development of algorithms
capable of more accurately approximating the lower bound of the optimal value.
These issues remain as areas for future investigation.
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A Survey: SWAP Test and Its )
Applications to Quantum Complexity e
Theory

Harumichi Nishimura

Abstract The SWAP test is a fundamental tool commonly used in the theory of
quantum information and computation while its understanding and applications have
been investigated in the literature. This survey focuses on the SWAP test in the studies
of quantum complexity theory. We review the basics of the SWAP test, some tests
related to it, and their properties, and report their applications in quantum complexity
theory.

1 Introduction

More than 30 years have passed since Shor’s integer factoring algorithm [75], and
many quantum algorithms have been developed in the literature [25]. However, some
of them are not for solving any problem that is handled by classical computers, but
a subroutine for other quantum algorithms or protocols. Such a representative one
is quantum phase estimation [51], which approximates the phase corresponding to
an eigenvalue of a unitary operator given as input. It has been frequently used as a
subroutine of many quantum algorithms such as Kitaev’s integer factoring algorithm
[51] and the Harrow—Hassidim—Lloyd algorithm for linear equations [42]. Now you
may imagine that it would be nice to estimate how close two given quantum states are.
The best tool in quantum computation for this task is the SWAP test (or controlled-
SWAP test). The SWAP test was first introduced by Barenco, Berthiaume, Deutsch,
Ekert, Jozsa, and Macchiavello [10].! It implements the projection to the symmetric
subspace of a bipartite system. In Ref. [10], it was utilized as a quantum error cor-
rection technique. Nowadays, it has been utilized in quantum machine learning and

! Reference [10] appeared before the Nielsen-Chuang book [66] but the book did not cover the
SWAP test. This seems to be one of the few exceptions to what is now a commonplace concept in
quantum information science.
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NISQ algorithms, for instance, by embedding two classical huge data into quantum
states, and measuring the closeness using the SWAP test.

Quantum complexity theory is also one of the topics that would benefit from the
SWAP test. The first appealing use of the SWAP test in quantum complexity theory
was given by Buhrman et al. [16]. Since then, the SWAP test has been utilized always
to develop quantum complexity theory in the literature.

In this survey, we review the basics of the SWAP test and its related concepts. We
then overview its applications to quantum complexity theory. Although the overview
is not exhaustive, it does include recent developments in its use.

2 SWAP Test and Its Related Concepts

This survey assumes a familiarity with basic concepts of quantum information and
computation such as states, measurements, and quantum circuits [66, 79, 80]. A
quantum system in a quantum algorithm (or protocol) is called a (quantum) register.
A composite system A @ Bof two registers A and B is sometimes denoted as (A, B).
For any square matrix A, tr(A) denotes the trace of A. Let [n] := {1, 2, ..., n} for
any positive integer 7.

We start by recalling the SWAP operator. It is the unitary operator on a bipartite
system H = A ® B defined by

SWAPIi)|j) = 7)),

where |i) (resp., |j)) denotes a basis state on A (resp. B). Following the name, it
represents the operation that swaps the contents of the two systems.

The symmetric subspace of H, denoted by Sym (or rigorously Symy,), is the
subspace that is invariant by the SWAP operator. That is, it is defined as

Sym := {|y) € H | SWAP|y) = [y)}. (D

An element of the symmetric subspace is called a symmetric state. Moreover, its
orthogonal complement Sym is represented as

Sym* = {|§/) € H | SWAP|y) = —[y)}, )
and is called the anti-symmetric subspace. An element of Sym> is called anti-
symmetric. The projection to the symmetric subspace, Ilsyy,, and that of the
anti-symmetric subspace, ITg,,:, can be written as

I + SWAP I — SWAP
—_— 1l ="

l_[Sym = ) s Sym )
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As the simplest example, let us consider the case that the two systems A and B
are both one-qubit ones. The symmetric subspace is the subspace spanned by the
three symmetric states |00), [11), and |¥) := %(|01) + 110)). The anti-symmetric
subspace is the one-dimensional subspace spanned by |V ™) := %(|01) — |10)). We
refer to, for instance, Refs. [23, 41, 79] for more details on symmetric subspaces.

The SWAP test is the quantum algorithm described as follows:

SWAP test
Input registers: two n-qubit registers 7, and 7,

1. Prepare |+) := \%(lO) + |1)) in a one-qubit register called ancilla, A; or

equivalently, prepare |0) and apply the Hadamard gate H = \/LE <1 1 > &

1 -1
A.
2. Perform the controlled-SWAP operation on (£, Z,) with control register
A, that is, swap the two registers 7| and 7 iff the content of A is 1.
3. Apply the Hadamard gate H on ancilla A, measure A in the computational
basis, and accept iff the measurement outcome is 0; or equivalently, measure
A in the Hadamard basis, and accept iff the outcome corresponds to |+).

When two pure states |¢) and |¢) are given as input (i.e., |{) ® |¢@) is given to
1| ® I,), the acceptance probability of the SWAP test is represented by

1 1
Prlaccept] = - + §|<w|¢>|2. 3)

This implies that the SWAP test may be useful for approximating the fidelity between
two pure states [¢) and |@) (= [(¥]@)]).

The SWAP test implements the projection to the symmetric subspace on the
registers 7| and 7, when the test accepts. The post-state when the test accepts
becomes a symmetric state while the post-state when the test rejects (i.e., does not
accept) becomes an anti-symmetric state. For example, when both 7| and 7, are
one-qubit registers and the inputto 7 := 7| ® 1, is

«[00) + BI11) +y W),
the state after step 2 is

[+)a(@]00) + BI11) 1 + yI=)al¥ ™)1

by Eq. (1) and Eq. (2), where |—) = \/Lj(|0) — |1)). Thus, by step 3 (measurement

2l00+BIL1) yhen the test

A/ lal>+IBI?

in the Hadamard basis {|+), |—)}), we have the post-state
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accepts, and |W~) when it rejects. This exactly implements the projection to the
symmetric subspace when the test accepts (and also the projection to its orthogonal
complement, the anti-symmetric subspace when the test rejects).

When two mixed states (represented by density operators) p and o are given as
input, the acceptance probability of the SWAP test is represented by

1 1
Pr[accept] = 7 + Etr(pa). 4)

In particular, when p = o,
1 1 5
Pr[accept] = 3 + ztr(p ). (@)

(The proof can be found in Ref. [55].) Since p is a pure state iff tr(p?) = 1
([66, Exercise 2.71]), the SWAP test can be used for testing the purity of a given
state [2, 30, 54, 55, 72, 73]. For instance, the following fact is given in Ref. [2].

Lemma 1 (Proposition 2.10 in Ref. [2]) Suppose (¥ |p|v) < 1 — ¢ for all pure
states ) (that is, the purity of p is low). Then, the SWAP test between p and any
mixed state o accepts with probability at most 1 — 3.

Next, we present some rigidity on a quantum state input to the SWAP test, which
follows from the fact that the SWAP test implements the projection on the symmetric
subspace when it accepts. Henceforth, for any mixed state p on the composite system
AR B, tra(p) (resp., trg(p)) denotes the reduced state on B (resp., A) obtained by
tracing out A (resp., B). The following lemma says that if the SWAP test accepts
with high probability, the two reduced states obtained from the input must be close.

Lemma 2 (Informal statement of Lemma 5 in Ref. [33] or Lemma 5.1 in Ref. [71])
If a 2n-qubit state p is given to 1| @ I, (the two input registers), the SWAP test
accepts with high probability if and only if trr, (p) is close to trr, (p), that is,

trr, (p) &~ trr, (p).

Destructive SWAP test

The so-called destructive SWAP test [34] simulates the acceptance probability of the
SWAP test (Eq. (3) as well as Eq. (4)) without using any ancilla qubit (see Ref. [34]
or Appendix C in Ref. [31] for the proofs). Its description is as follows.

Destructive SWAP test
Input registers: two n-qubit registers Z; and 7.

1. Do the following for all j € [n].
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1. Apply the CNOT operation where the control qubit is the jth qubit of
7| and the target qubit is the jth qubit of 7.

2. Apply the Hadamard gate H on the jth qubit of 7.

3. Measure the jth qubits of 7; and 7, in the computational basis, and let
0j1 and 0; > denote the measurement outcomes.

2. Accept iff the number of indices j satisfying 0;10;, = 1 is odd.

Actually, when we consider the n = 1 case as the simplest example, the unitary
part of the destructive SWAP test transforms the Bell states |®T), |®7), |[¥T),
and |¥~), where |®F)= JLE(|00) +111)) and |W*) = %(ml) + [10)), into
|00), |01), |10}, and |11}, respectively. Thus, the final measurement of the destructive
SWAP test can distinguish perfectly the symmetric states from the anti-symmetric
state similarly to the SWAP test. However, it does not implement the projection
to the symmetric subspace since given |W™) as input, the post-state when the test
accepts is not |¥) but %(|01)(01| + |10)(10]).

Permutation test

The permutation test (which was also first introduced in Ref. [10]) is a natural multi-
partite generalization of the SWAP test. Namely, it implements the projection to the
symmetric subspace of a k-partite system A=A @ A, Q@ - - - @ Ay (k > 2),

Symt = {|y) € A | W,|y) = |¢) forall o € Si}.

Here, S;. denotes the symmetric group on [k], and W, is the unitary operator defined
by
Wolin)liz) -« - lik) := lica)lic@) -+ licw),

where |i,) is a basis vector of A,,. That is, W, implements the permutation of the k
subsystems Ay, ..., Ar by 0.
The permutation test is the quantum algorithm performed as follows:

Permutation test
Input registers: k n-qubit registers 7, 1o, ..., I.

1. Prepare |0) in a (k!)-dimensional register (ancilla) A.
2. Apply the quantum Fourier transformation

1 Dty
Fo:=—=) e ® [v)(u]

VE!

v,
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on A to generate the state — f Z 0 |

3. Perform the controlled-permutation operation on (I1,1,,...,1;) with
control register A; that is, if the content of A is j, then apply W, to
1| ® - ® Iy, where o; is the jth permutation on Si.

4. Apply the inverse of F,, on ancilla A, measure A in the computational
basis, and accept iff the measurement outcome is 0.

The acceptance probability of the permutation test is described by

k!—1

Pr[accept] = Z 1_[ Vi | Yoiim)) -

i=0 m=1

(The proof is easy but seen in Ref. [49] for instance.) A good point is that the
acceptance probability when there are (at least) two orthogonal pure states in the
input registers is % which is lower than the SWAP test (= %). This point is sometimes
used for applications ([7, 12, 48] for instance).

Recently, an analogue of Lemma 2 for the permutation test was given in Ref. [44].
A destructive version of the permutation test seems not to appear in the literature to

our best knowledge.
Symmetrization-by-permutation
The following procedure, called symmetrization-by-permutation in this survey,” is

simple but useful (we see an example in the next section).

Symmetrization-by-permutation
Input registers: k n-qubit registers 7, 1o, ..., I.

1. Permute k registers uniformly at random.
2. Output the k registers in order.

By definition of the symmetric subspace, the output after symmetrization-by-
permutation is a symmetric state.

Product test

The product test is a subroutine obtained by using SWAP tests to verify whether
a given state is a product state or not. This test was first introduced in quantum

2 Note that the projection to the symmetric subspace is called symmetrization in Ref. [10], and thus
we add the term “by permutation”.
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complexity theory by Harrow and Montanaro [43]. The algorithm is performed as
follows.

Product test
Input registers: two kn-qubit registers 7; and 7, that consist of k n-qubit
registers 7y ; and 7, ; (j = 1,2, ..., k), respectively.

1. Do the following for each j € [k].

a. Perform the SWAP teston 7 ; and 1> ;.

2. Accept iff all the &k SWAP tests accept.

A very useful property of the product test is described as follows.

Theorem 1 (Informal statement of Theorem 1 in Ref. [43]) Given two copies of
kn-qubit state |\r) as input, the product test accepts with high probability only if | )
is close to a product state, that is,

V) ~ Y1) @ [Y¥2) @ - & [Yn)

for some n-qubit states Y1), [V2), ..., [¥x).

Recently, the proof of Theorem 1 in Ref. [43] was simplified, and also the quality
was improved by Soleimanifer and Wright [76]. Moreover, Ref. [3] constructed
some asymmetric version of the product test in a study of a quantum version of the
polynomial-time hierarchy.

Distillation by SWAP tests

Recently, distillation procedures obtained by applying SWAP tests sequentially have
been explored in the literature [22, 45].

In Ref. [22], focusing on one of the two registers (£ and J;) of the SWAP test,
for instance, 7|, it was observed that the post-state in 7| when the input is p ® o
and the measurement outcome of the ancilla register is b is represented as

1 p+o+(=D"(po+0p) ©
2 1+ (=Dltr(po) ’

Using Eq. (6) as a stepping stone, Ref. [22] gave a method that distills a depolarized
state with high quality (i.e., far from the completely mixed state) from many copies
of depolarized states with low qualities.

In Ref. [45], a distillation procedure under other conditions was discovered.
Assume that the n-qubit target state to be distilled is |t), and each of given sam-
ples |¥1), ..., |¥m) is reasonably close to |7), that is, it has a constant (indepen-
dent of n) fidelity with |z). Moreover, any two of the samples [v;) and |y/;) are
orthogonal when they are restricted to the orthogonal complement of span(|t)), i.e.,
(Wi |(I — |T)(zDI¥;) = 0. Then, Ref. [45] proved that m = poly(n) is sufficient to
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distill T with high probability and high fidelity (see Theorem 5.7 in Ref. [45] for the
actual statement and Theorem 5.10 under the case where the conditions are relaxed).

More general distillation procedures that unify the above conditions would be
nice for future work.

Quantum fingerprinting

A good partner of the SWAP test is quantum fingerprinting; it was first introduced by
Buhrman, Cleve, Watrous, and de Wolf [16] to check whether two strings are equal
or not by short quantum messages. Here, a quantum fingerprint of a bit string x of
length n, |y, ), satisfies the following properties:

1. |¢) is an m-qubit state where m = O (logn).
2. Forany x # y, [(¥«|¥,)] is close to O (almost orthogonal).

For instance, it can be constructed as

1 m .
) = ﬁ;wmm,

where E : {0, 1} — {0, 1} with m = O(n) is an error-correcting code such that

for x # vy,
Hjelml [ EX); # EGH _ .

m

for some constant ¢ > 0 (e.g., Justesen code [39, 62]), and E(x); is the jth bit of
E(x). Other quantum fingerprinting can be constructed using a polynomial [28], a
random linear code [27, 29], and more.

In the next section, we fix such a set of quantum fingerprints {|v) | x € {0, 1}"}.

3 Applications

3.1 SMP Setting in Communication Complexity

The first application of the SWAP test in quantum complexity theory was given by
Buhrman, Cleve, Watrous, and de Wolf [16] as an exponential separation between
quantum and classical communication complexity.

The SMP setting is the simplest and weakest one in communication complex-
ity [57, 67, 81].

Definition 1 (SMP) In the SMP (simultaneous message passing) setting, there are
three parties, Alice, Bob, and the referee. Alice has her input x, and Bob has his
input y while the referee has no input. Each of Alice and Bob sends a message to the
referee. The goal is that the referee outputs f(x, y) for a designated function f. Its
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communication complexity is measured by the sum of lengths of messages sent by
Alice and Bob.

One of the most well-studied functions in communication complexity is the equal-
ity function EQ,, : {0, 1}" x {0, 1}* — {0, 1} definedby EQ, (x, y) = lifx = y,and
0 otherwise. It was known that the classical (randomized) communication complex-
ity of EQ,, in the SMP setting is © (4/n) [5, 9, 65]. On the contrary, Ref. [16] proved
that the quantum communication complexity in the SMP setting is O (logn). Their
quantum SMP protocol is as follows.

Quantum SMP protocol for EQ
Input: x € {0, 1}" for Alice; y € {0, 1}" for Bob.

1. Alice sends the referee a quantum register A that contains the fingerprint
of x, |{,). Bob sends the referee a quantum register B that contains the
fingerprint of y, [,).

2. The referee performs the SWAP test on A and B. Accept iff it accepts.

In fact, when x = y, the acceptance probability is 1 by Eq. (3) while when x # y,
the acceptance probability is % + %|(1ﬁx|1ﬂy) |> &~ % thanks to the second property of
quantum fingerprinting.

Yao [82] extended the result of Ref. [16] from the equality function to the functions
that have O(1) randomized communication complexity in the SMP setting where
Alice and Bob have shared randomness® such as a Hamming distance function (that
asks whether two strings have a Hamming distance smaller than a constant). He used
the SWAP test in his protocol to estimate the fidelity between Alice’s state and Bob’s
state that encode messages in a classical protocol as quantum superposition.

References [8, 37] are examples of recent usages for the SWAP test in quantum
communication complexity.

3.2 Distributed Quantum Certification

The distributed NP systems (or Merlin—Arthur systems) have been a well-studied
topic in distributed computing since the seminal work in Ref. [56] (see Ref. [32] for
a survey). Remarkable points different from a standard NP system are (i) the veri-
fication is done by one-turn (or O (1)-turn) communication among multiple parties
who are some nodes in a network; (ii) for any no-instance, it suffices that some node
rejects (while all nodes must accept for any yes-instance).

3 This condition was further expanded in Ref. [35].
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As its quantum analogue (or a distributed analogue of quantum Merlin—Arthur
systems (QMA)), the concept of distributed quantum Merlin—Arthur (dQMA) proto-
cols on a network was introduced by Fraigniaud, Le Gall, Nishimura, and Paz [33].
Here, we give a definition of it on a line network.

Definition 2 (dQMA on a line) In a dQMA protocol on a line of length n, the verifier
(Arthur) consists of k + 1 nodes, vy, vy, ..., vx, where v; and v;4 are neighbors for
eachi € {0, 1, ...,k — 1}. The prover (Merlin) sends a quantum register (or a set
of registers) to each node, and then each node communicates with its neighbors
by one-turn quantum communication. Finally, each node performs local quantum
computation, and outputs accept or reject. The dQMA protocol has completeness a
and soundness error b when the following holds:

e (completeness) For any yes-instance, the probability that all the nodes accept is at
least a.

e (soundness) For any no-instance, the probability that all the nodes accept is at most
b.

Now we consider the equality problem (EQ) on a line defined as follows: an input
x € {0, 1} is given to vy and another input y € {0, 1}" is given to v. The input pair
(x, y) is a yes-instance iff x = y. In Ref. [33], it was shown that there is a AQMA
protocol with completeness 1 and soundness error % and with O (k?logn)-qubit
proof for each node while in the classical case, €2 (n)-bit length proof to some node
is necessary. Thus, there is an exponential gap between quantum and classical proof
lengths as long as k = O(logn).

Instead of the original dQMA protocol in Ref. [33], we present a dQMA proto-
col given in Ref. [44] for the simplicity of the sketchy analysis given below. It is

performed as follows.

Distributed quantum Merlin—-Arthur protocol for EQ on the line network
Input: x € {0, 1}" for the left-end node vy; y € {0, 1}" for the right-end node
V.

1. The prover sends two registers R; 1 and R; , to each intermediate node v;
(G=12,....,k—1).

2. Each intermediate node v; applies symmetrization-by-permutation for R; ;
and R; , (that is, swaps them with probability %).

3. The left-end node vy prepares the fingerprint |1, ) in a register Ry », and the
right-end node vy prepares [,) in a register Ry ;.

4. The left-end node vy sends Ry, to the neighbor v;, and each intermediate
node v; sends R; , to the right neighbor v, ;.

5. Each intermediate node v; performs the SWAP teston R;_; > and R; 1, and
vy performs the SWAP test on Ry_; » and Ry ;.

6. Each node accepts if the SWAP test accepts, and rejects otherwise.
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By the following theorem, running the above dQMA protocol O (k?) times in
parallel leads to the desired result.

Theorem 2 The above dQMA protocol has perfect completeness (i.e., completeness
1) and soundness error 1 — Q (k%).

Proof (Sketch) When x = y, the prover can send |{,) ® |1, ) to each intermediate
node, and then all the nodes accept.

When x # y, assuming that the probability that all nodes accept is close to 1,
we can lead to a contradiction. Due to symmetrization-by-permutation, the reduced
state p;,| of R; | is the same as the reduced state p; > of R} >, thatis, p; | = pj2. By
Lemma 2, forevery j € {0, 1, ...,k — 1}, p;» must be close to p;;1 1 for all nodes
to accept, which implies

£02 = P11 = P12 P21 = P22~ N Pk 1.

However, this contradicts the fact that pgo = | ) (Y| and pr1 = |[¥y){¥y| are
almost orthogonal (thanks to the second property of quantum fingerprinting). (|

3.3 Quantum Interactive Proofs

The third example of applications picked up is from a (single-prover) quantum inter-
active proof system (introduced by Watrous [78]). It is a communication game
between an unlimitedly powerful quantum party called the prover and a quantum
polynomial-time party called the verifier. The game is represented by a quantum
circuit on quantum registers £, M, V on the initial state |0) (all-O state) where the
prover and the verifier apply their unitary operations alternately:

e The prover applies some unitary operation P; which acts nontrivially only on
P M.

e The verifier applies some unitary operation V; which acts nontrivially only on
M® YV, and is represented by a uniformly generated polynomial-size quantum
circuit.

When the number of turns is odd (resp., even), the prover (resp., verifier) first applies a
unitary operation. For instance, when the number of turns is 3, the final state (before
the measurement) is V, P, V) P;|0). Finally, the verifier measures the first qubit of
YV in the computational basis, and accepts iff the outcome is 1. Thus, a quantum
interactive proof system is represented by ({P;};, {V;};), where the operations { P;}
by the prover are for the case where the prover acts honestly for the verifier.

Now, a promise problem A = (Ayes, Apo) is in the complexity class QIP(k, a, b)
iff there is a k-turn quantum interactive proof system ({P;};, {V;};) such that:

o (completeness) If x € Ayes, then the verifier accepts with probability at least a
under the prover’s honest operations { P;}.
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e (soundness) If x € A,,, then the verifier accepts with probability at most b under

H. Nishimura

any prover’s (possibly malicious) operations {P;}.

Let QIP(k) := QIP(k, 3. }) and QIP := ;o QIP(k. 3.

Kitaev and Watrous [52] showed a surprising result QIP = QIP(3) which means
that any quantum interactive proof systems can be parallelized into only 3 turns (this
situation is completely different from the classical interactive proof systems which
are considered to be not parallelizable into O(1) turns). A core protocol for the
result is to prove that QIP(2k — 1, 1, 1 — ¢) is contained in QIP(3, 1, 1 —

Q%))

The procedure by the verifier in the protocol is as follows:

Parallelization of quantum proof systems with perfect completeness

Let {Vi, ..., Vi} be the unitary operations of the verifier in the original (2k —
1)-turn quantum interactive proof system for a promise problem in QIP(2k —
1,1,1 —¢).

1.

2.

The protocol uses a variant of the SWAP test from step 5 to step 7. The verifier
expects that (M, V;) contains the message-verifier registers part of the state after

The verifier receives registers M, ..., My and Vy, ...,V from the
prover. Reject if V; does not contain the all-O state.

Apply Vi on (M, Vi), and measure the first qubit of V; in the computa-
tional basis. Reject if the outcome is O (reject). Apply the inverse of V; on
My, V).

Prepare two one-qubit ancilla registers 8 and 8B’ in state |®) = f (]00) +
[11)).

Choose r € [k — 1] uniformly at random.

Apply V, to (M,, V,), perform a controlled-SWAP on YV, and YV, with
control register B.

Send M,, M,.1, B and r to the prover.

The verifier receives 8 from the prover, performs a CNOT operation on
(8, B), performs the Hadamard gate H on 8, and measures 8B in the
computational basis. Accept iff the outcome is 0.

2j — 1 turns in the original quantum interactive proof system,

where {P;} is the set of the prover’s honest operations. Thus, the state after step 5 is

P;V; 1Pj_y---V1P1]0),

expected as

1
—=100)g.8 (VP --- Vi P1]0)q, (Pr41 Vi Pr - - - Vi Pi[0))q,.,

V2
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1
+ ﬁHl)B,B/(Pr-HVrPr - ViP0)g (Vo P - VIP1 0D, s

where Q; = P; @ M; ® V; and P; is expected to be the prover’s register after
2j — 1 turns in the original quantum interactive proof system. Then the honest prover
can change this into

1
V2

1
+ Ell Dg g Pyt Ve P ViP ), (Pry1 Vi Pr- - - ViP10))a,,,

which disentangles (8, 8’) with the other registers. The expected content of (8, B')
is |®7), and then it becomes |00) at step 7.

On the contrary, any malicious prover cannot disentangle (B, 8’) with the others
since the verifier keeps B (see Ref. [52] for the detailed analysis). This is a key point
why the soundness proof works well. Similar techniques for enforcing the prover(s)
to act honestly are used in other quantum interactive proof systems (for instance,
[50, 53, 68]).

Note that the SWAP test can be replaced with the destructive SWAP test for the
two examples in the previous subsections since those utilize only the acceptance
probability of the SWAP test and the rigidity obtained from it. Such a replacement
seems to be not possible in the example of this subsection since it uses a procedure
itself of the SWAP test essentially.

[00)g,8 (Pryi Vi Pr - - Vi P110) @, (Pry1 Vi Pr - - - VI P1]0))g

41

3.4 Other Applications

Quantum Proof Systems

The complexity class QMA (k) (introduced by Kobayashi et al. [55]) is the class of
promise problems that have a quantum Merlin—Arthur system with k disentangled
proofs (QMA (k) system), that is, the verifier (Arthur) can verify whether a given
instance (input) is a yes-instance or not in quantum polynomial time with the help of
k disentangled quantum messages. In Ref. [55], the SWAP test was used to show that
any QMA (3) system can be converted into a QMA (2) system while the completeness-
soundness gap becomes worse, and its recovery was a notorious open problem (until
Ref. [43]). Aaronson et al. [2] showed that NP-complete problems can be verified
by a QMA(O(4/n)) system with the total proof length O(y/nlogn) (where each
prover sends only a O (log n)-qubit message).* After that, as a breakthrough result,
Harrow and Montanaro [43] showed that QMA (k) = QMA(2) for any k > 2, which
enabled us to recover the completeness-soundness gap, and NP-complete problems
can be verified by a QMA (2) system with the total proof length O (y/n log n) (where

4 Later, it was shown that the same result can be obtained without using the SWAP test [19].
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each prover sends a O (4/n log n)-qubit message). To show this result, they used the
product test (mentioned in Sect.2) so that the verifier can force two provers to send
k disentangled proofs.

Blier and Tapp [14] showed that a 3-coloring problem can be verified in quantum
polynomial time with the help of two disentangled quantum messages whose length is
only logarithmic in the input length while the completeness-soundness gap is 1/poly.
To check whether a graph has a 3-coloring map c, the verifier expects that two copies
of the uniform superposition ) _, [v}|c(v)) (which omits the normalized factor) would
be sent from the two provers, and applies the SWAP test on the two copies together
with the other two tests for checking the validity of the copies. There are many follow-
up works based on the Blier—Tapp protocol ([13, 18, 21, 47, 60] for instance). In
particular, Jeronimo and Wu [47] showed that QMA ™ (2) = NEXP, where QMA ™ (2)
is a variant of QMA (2) such that quantum proofs have only nonnegative amplitudes.’

The complexity class QCMA is the class of promise problems that can be verified
in quantum polynomial time with the help of a classical proof. There are some
problems such that SWAP tests are used for showing that they are in QCMA [20,
36]; in those cases, one state |1) is easy to construct but it is not easy to construct
the POVM measurement {|v)(¥|, I — |¥){¥|}, and the other state compared with
|1) is difficult to construct efficiently.

As other examples of applications, Rosgen [71-73] used the SWAP test to show
the QIP-completeness or QMA-completeness of some problems on quantum circuits.
In Ref. [54], the SWAP test was used with several tools such as the quantum de
Finetti theorem to show that any problem in QMA has a QIP(2) system with perfect
completeness and constant soundness error, where the verifier has only to send a
constant number of halves of EPR pairs. We can refer to Refs. [24, 48, 74] for other
recent usages of the SWAP test in QMA (2) proof systems.

Quantum state synthesis

Quantum state synthesis (generating a target quantum state) has been a recent hot
topic in quantum complexity theory (for instance, [1, 26, 45, 59, 63, 69, 70]), and
state synthesis analogues of quantum complexity classes such as stateQMA [26]
and stateQIP [70] have been investigated in the literature. Rosenthal and Yuen [70]
used thoughtful sequential SWAP tests to show a quantum interactive protocol for
generating quantum states in polynomial space (state synthesis version of PSPACE C
QIP).° In Ref. [45], the distillation procedure mentioned in Sect.2 was utilized to
show that there is a quantum algorithm that can generate a target state by only one
query to its elaborated classical description.

STt is still open whether the result leads to QMA(2) = NEXP or not. See Refs. [11, 48].

6 Later, the state synthesis versions of PSPACE = QIP [46] and PSPACE = QIP(6) [78] were
proved [63, 69].



A Survey: SWAP Test and Its Applications to Quantum Complexity Theory 257

Quantum cryptography

The first application to quantum cryptography was given by Gottesman and
Chuang [38]. They proposed a quantum digital signature based on a (information-
theoretic) quantum one-way function x > |V, ) (where |1, ) is a quantum fingerprint
of x) under the following simple idea:

A signer S chooses a secret key k&, to sign a bit b.

S prepares (|, ), |V, )) as the public key.

S sends a certifier C a message (b, |kp)) to sign b.

C checks its validity by the SWAP test using the second part of the message and
the state that corresponds to b in the pair of the public key.

Ll e

Since the work of Ref. [38], many quantum cryptographic protocols use the SWAP
(or permutation) test such as zero knowledge [53], commitment [17, 64], message
authentication code (MAC) [7], quantum money [12], and position verification [4].

Property testing and estimation on quantum states

There are algorithmic and complexity results on testing some properties of quantum
states or estimating distance measures between quantum states using the SWAP
test ([6, 40, 58, 61, 68, 77] for instance). In Ref. [77], it was shown that if two pure
quantum states are given as black-box unitaries (or quantum circuit descriptions) that
generate them, the trace distance between them can be estimated within additive error
€ by 0(8%) queries to the black boxes by combining the SWAP test with amplitude
estimation [15]. In Ref. [68], a promise problem asking whether two pure states
given as quantum circuit descriptions are close was shown to be BQP-complete. In
Ref. [6], the SWAP test was shown to be optimal for estimating inner product tr(po)
in that any test needs Q(Siz) copies of mixed states p and o to estimate it within
additive error ¢ (the SWAP test needs 0(8%) copies via Eq. (4)).
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Recent Developments in Quantum )
Distributed Algorithms e

Francois Le Gall

Abstract This article surveys recent developments in the field of quantum dis-
tributed algorithms. We first explain the results by Le Gall and Magniez (PODC
2018) and Le Gall, Nishimura and Rosmanis (STACS 2019), which introduced quan-
tum distributed algorithms faster than classical distributed algorithms in two central
models of distributed computing. We then describe other recent developments in
quantum distributed computing.

1 Introduction

The central question investigated in quantum distributed computing is: does quan-
tum communication (i.e., sending quantum bits instead of classical bits) make dis-
tributed algorithms more powerful. While early works by Tani, Kobayashi and Mat-
sumoto on quantum leader election [34] and by Ben-Or and Hassidim on Byzantine
agreement [6] showed the potential of quantum distributed computing, investigating
quantum advantage in other fundamental settings (such as the LOCAL model and
CONGEST model described below) was left as open problems in early surveys on
quantum distributed computing [4, 14].

Until recently, answers were indeed mostly negative: Gavoille, Kosowski and
Markiewicz [20] investigated quantum versions of the LOCAL model but did not find
any significant quantum advantage. Elkin et al. [16] showed that for many important
graph-theoretic problems, there is no quantum advantage in the CONGEST model.

In 2018 and 2019, however, Le Gall and Magniez [29] and Le Gall, Nishimura
and Rosmanis [31] showed significant quantum advantages in those models. In the
CONGEST model, Ref. [29] showed how to compute the diameter of a network
quadratically faster than any classical algorithm, while Ref. [31] showed that in the
LOCAL model there is an even larger quantum advantage. These results lead to a
surge of research in quantum distributed computing that has lead to many results in
the past five years.
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In this survey we first describe the main result of Ref. [29] in Sect. 2, then explain
the main result of Ref. [31] in Sect. 3 and finally present those recent developments
in Sect. 4.

2 Quantum Computation of the Diameter

In this section, we present the result from Le Gall and Magniez [29] that gives an
efficient quantum distributed algorithm for computing the diameter in the CONGEST
model.

The CONGEST model. The network is represented by an unweighted and undi-
rected graph G = (V, E), where nodes represent processors and edges represent
communication channels. Each node is given a unique identifier. We typically write
|V| = n and assume for simplicity that each node knows n.! In the classical (i.e.,
non-quantum) CONGEST model, communication occurs between nodes with round-
based synchrony and each channel has only O (logn)-bit bandwidth, i.e., at each
round each node can send a O (logn)-bit message to each of its neighbors. In the
quantum CONGEST model, the only difference is that nodes represent quantum com-
puters, edges represent quantum channels, and each message now becomes a quantum
message of O (logn) quantum bits (qubits). Since quantum computers can simulate
classical computers, and qubits can encode classical bits, the quantum CONGEST
model is clearly as least as powerful as the classical CONGEST model.

In both the classical and quantum CONGEST models, we are mainly interested
in the round complexity (sometimes simply called the time complexity), i.e., the
number of rounds needed to solve a computational task.

Classical algorithms for the diameter. The diameter D of the network is defined
as the largest distance between two nodes of the graph:

D = max {d(u, v)},
u,veV

where d(u, v) denotes the distance (i.e., minimum number of hops) between nodes
u and v. In this section, we consider the problem of computing the exact value of the
diameter in the CONGEST model. This task can be solved in O (n) rounds by classical
algorithms [24, 33]. In the classical setting, a matching lower bound Q(n) has been
first shown by Frischknecht et al. [19],2 and then extended to sparse networks [1]
and even to deciding whether the network has diameter 2 or diameter 3 [24].

L1f unknown, the value of n can be computed in O (D) rounds, which has no impact on the com-
plexity of the algorithms discussed in this section. (Here D represents the diameter of the graph,
which is defined later in this section.).

21n this paper the notation O(-) suppresses poly(logn) factors, and the notation €2(-) suppresses

1
oy oz factors.
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Table 1 Upper and lower bounds on the quantum and classical round complexities of computing
the diameter in the CONGEST model. Here n denotes the number of nodes in the network and D
denotes the diameter

Classical Quantum

O(n) [24, 33] O(V/nD) [29]

Qn) [1, 19, 24] Q(/n + D) [29]
Qn'3 D3 + /n) [32]

Quantum algorithms for the diameter. The main contribution of Ref. [29] is the
following theorem.

Theorem 1 ([29]) There exists a 0(«/ nD)-round quantum distributed algorithm
that computes with high probability the diameter of the network in the CONGEST
model.

In particular, when D = O(1), the quantum algorithm from Ref. [29] works in
0 (4/n) rounds, which gives a quadratic improvement over classical distributed
algorithms.

Concerning lower bounds, Ref. [29] showed the lower bound Q(ﬁ + D) by a
reduction from the 2-party communication complexity of the disjointness function.
Interestingly, the lower bound for the bounded-round quantum communication com-
plexity of the disjointness function by Braverman et al. [8] was needed (as discussed in
[29], applying the standard lower bound for arbitrary protocols leads to a significantly
weaker lower bound). This bound has later been improved to Q(n'/> D*? + /n) by
Magniez and Nayak [32]. All these complexities are represented in Table 1.

Overview of the quantum algorithm. At a high level, the approach leading to
Theorem 1 can be described as a distributed implementation of quantum search [21]
and its generalizations (quantum amplitude amplification [7] or minimum/maximum
finding [15]).

Let us first explain a natural approach to compute the diameter. The eccentricity
of a vertex u € V is defined as

ecc(u) = max{d(u, v)}.
veV
The trivial—but crucial—observation is that

D= meaéi{ecc(u)}.

In order to compute the diameter, it is thus enough to compute the maximum
eccentricity over all vertices of the graph. Using the quantum maximum finding
algorithm [15] this can be done in the centralized (i.e., non-distributed) setting in
0 (y/n - r) time, where r represents the time complexity of computing the eccentricity
of one vertex.
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The idea is to implement the quantum maximum finding algorithm in the dis-
tributed setting by electing a leader in the network who will coordinate the imple-
mentation of the quantum algorithm. Such a leader can be elected in O (D) rounds
since the nodes have distinct identifiers (for instance the node with the largest iden-
tifier can be chosen as the leader). The complexity of the implementation will be
O(/n - ¥’ + D) rounds, where ' denotes the round complexity of computing the
eccentricity of one vertex. Since the eccentricity of one vertex can be computed in
O (D) rounds using a standard technique called “breadth-first search,” we obtain
round complexity

O(v/n - D),

which already matches the upper bound of Theorem 1 for small D.

To obtain the upper bound of Theorem 1 for larger values of D, more work
is needed. The key observation is that the breadth-first search technique can be
adapted to compute simultaneously the eccentricity of ® (D) vertices (instead of the
eccentricity of only one vertex) in O (D) rounds. We can reduce the search space by
dividing the n vertices into (roughly) n/D blocks of (roughly) D vertices and use
quantum search to find one block that contains a vertex of maximum eccentricity.
The overall complexity becomes

O(/n/D - D) = O(/nD),

which gives the complexity of Theorem 1.

3 Advantage in the LOCAL Model

In this section we present the result from Le Gall, Nishimura and Rosmanis [31] that
exhibited a significant quantum advantage in the other central model of distributed
computing, the LOCAL model.

Statement of the result. The LOCAL model is defined similarly to the CONGEST
model. The only difference is that in the LOCAL model, each message can be arbi-
trarily large (remember that in the CONGEST model, each message can only be of
length O (logn)).

For each integer + > 1, Ref. [20] exhibited a computational problem that can be
solved in ¢ rounds in the quantum setting but requires 2¢ rounds in the classical
setting. The main result from Ref. [31] shows a significantly larger advantage as
follows.

Theorem 2 ([31]) There exists a computational problem over a network of n nodes
that can be solved with 2 rounds in the quantum LOCAL model, but requires 2 (n)
rounds in the classical LOCAL model.
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The computational problem. The computational problem used to prove Theo-
rem 2 is inspired by a construction from Ref. [5], which was also used in Refs. [9,
28] to prove separations between quantum and classical constant-depth circuit
complexities.

Consider a ring of n nodes vy, vy, ..., v,—1, where n is a power of 3, and interpret
it as a triangle (see Fig. 1 for an illustration). We denote by Vg, V; and Vg the node
sets of the right side, the left side and the bottom side of the triangle, respectively.

Each of the three corners receives as input a bit (the top corner receives by, the
right corner receives b; and the left corner receives b,). The other nodes do not
receive any input. As output, each node v; should output one bit, which we denote
by m;, such that all the m;’s together satisfy the following two global conditions:

mr@®mp®mp =0 (D

and

meg =0 lf(bo,bl b2)=(0
mgp®mg®dmyp =1 if (by, by, by) = (0,
mg@®mp®mpg =1 if (bg, by, by) = (1,
mp®mp®mp =1 if (b, b1, by) = (1,

0, 0)
1, 1),
0.1) (2)
1,0)

Fig. 1 The construction with n = 12. Each corner (nodes vg, v4 and vg) receives a bit as input.
Each node v;, for i € {0, ..., 11}, outputs a bit m;. For this example we have mg = mo ® m> &
my @ me ® mg ® mig, mg =my Gms, mp =ms &myandmy = mg @ my
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where the four bits m g, mg, mp and m,, are are defined as follows:

mg = @ m;  (the parity of the output of all nodes with even index)

mg = @ m;  (the parity of the output of all nodes inVgwith odd index)
i€f0,..,n—1}
i odd, U,'EVR

mpg = @ m;  (the parity of the output of all nodes inVzwith odd index)
i€f0,...n—1}
i odd, v, eVp

mp = @ m;  (the parity of the output of all nodes inV; with odd index)

i€{0,....n—1}
i Odd, v;eVy

The quantum algorithm. The quantum algorithm solving this problem is fairly easy.
Consider the graph state associated with the whole triangle.?. Ref. [31] showed that
this graph state can be constructed in 2 rounds in the LOCAL model. The idea is
as follows: each node creates a node initialized to |0), locally applies a Hadamard
gate on it and then communicates with its neighbors to implement the CZ gate.
The output of the quantum algorithm is then obtained as follows. Each non-corner
node measures its qubit in an appropriate basis (the “X basis”) and outputs the
measurement outcome. Each of the three corner nodes also measures its qubit, but
in a basis depending on their input bit (the “X basis”” when the input is 0 or the “Y
basis” when the input is 1). The measurement outcomes are easy to analyze using
standard techniques. Here is their main property as follows.

Proposition 1 ([5, 9, 31]) For any bits by, by, by and any measurement outcome,
Conditions (1) and (2) are satisfied.

Itis easy to show that any classical algorithm that outputs an output satisfying with
high probability both Conditions (1) and (2) requires €2(n) rounds in the LOCAL
model. The intuition is as follows: if a classical algorithm uses less that n /6 rounds,
it is impossible to gather at the same node information about two distinct input bits
(since the input bits are at distance n/3). Additionally, no node in Vy can get any
information about by, no node in V;, can get any information about b, and no node in
Vg can get any information about b,. Consequently, if a classical algorithm uses less
that n/6 rounds, then each m; can be specified by a fairly elementary function of the
inputs. Itis easy to check that no such elementary functions can satisfy simultaneously
Conditions (1) and (2).

3 Graph states are a special type of quantum states that are associated with graphs [23]. Let G =
(V, E) be any undirected graph on n nodes. The graph state associated with G is the quantum state
on n qubits (1 qubit associated with each node of G) constructed in the following way: first initialize
each of these n qubits to the |0) state; then apply a Hadamard gate on each qubit; finally, for each
edge {u, v} € E, apply a Controlled-Z gate (CZ) on the two qubits corresponding to u and v
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Remark 1 In the quantum algorithm described above, each message actually con-
sists of a constant number of qubits. In consequence, this quantum algorithm can
be implemented in 2 rounds not only in the quantum LOCAL model but also in the
quantum CONGEST model. We thus actually obtain a similar separation between
the quantum CONGEST model and the classical LOCAL model.

4 Recent Developments

After the results presented in Sects. 2 and 3 were published, there has been a surge of
research on quantum distributed algorithms. In this section we give a short overview
of these recent developments.

Recent results about the quantum CONGEST model. Wu and Yao [35] have first
extended the result of Ref. [29] to weighted graphs: they have designed a quantum
algorithm faster than the best classical algorithms for the computation of the diameter
in weighted graphs (i.e., the maximum shortest distance between any two nodes) as
well.

Next, van Aperdoorn and de Vos [3] have shown how to generalize the frame-
work from Ref. [29] in order to implement in the distributed setting any quantum
query complexity (e.g., quantum walks) by selecting a leader, asking the leader to
implement the algorithm, and communicating with the other nodes of the network to
implement each query. Crucially, Ref. [3] analyzed the complexity of the resulting
distributed algorithm and showed that it can be characterized in terms of the parallel
query complexity of the original problem.

Finally, Izumi, Le Gall and Magniez [26] have shown how to apply the tech-
niques from Ref. [29] to design a quantum algorithm that checks if a graph contains
a triangle as a subgraph in O (n'/*) rounds, which outperforms the best known clas-
sical algorithm (from Ref. [12]) that has complexity O (n'/3). This result was soon
improved by Censor-Hillel et al. [10], who obtained a O (n'/%)-round quantum algo-
rithm for triangle finding in the CONGEST model. More generally, Censor-Hillel et
al. [10] showed how to use these techniques to design quantum distributed algorithms
checking if a graph contains small cliques (note that a triangle is a clique of size 3).
Very recently, Fraigniaud et al. [18] have designed quantum algorithms checking if
a graph contains small cycles based on this approach as well.

Recent results about the quantum CONGEST-CLIQUE model. The CONGEST-
CLIQUE model is a variant of the CONGEST model in which at each round a message
can be transmitted between any two nodes of the network (remember that in the
original CONGEST model messages can be sent only between adjacent nodes). In
the CONGEST-CLIQUE model, a quantum algorithm faster than the best known
classical algorithms has been constructed for the All-Pair Shortest Path (APSP)
problem over weighted directed graphs [25].
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Theorem 3 ([25]) There is a quantum algorithm that solves with high probability
the All-Pairs Shortest Path problem over weighted directed graphs in O (n'/*) rounds
in the CONGEST-CLIQUE model.

The best known upper bound for the APSP in the classical CONGEST-CLIQUE is
the O (n'/?) upper bound due to Censor-Hillel et al. [11]. While no non-trivial lower
bound is known on the classical complexity of APSP in the CONGEST-CLIQUE
model (proving non-trivial lower bounds for any explicit problem in this model is
notoriously hard!), this gives strong evidence of the superiority of quantum dis-
tributed computing over classical distributed computing in the CONGEST-CLIQUE
model as well.

The approach of Ref. [25] consists in reducing the APSP problem to the problem
of detecting all edges involved in at least one negative triangle (a negative triangle
is a triangle in which the sum of the weights of the three edges is negative). Solving
the APSP problem requires solving a quadratic number of instances of the triangle
finding problem simultaneously, which can be done by a very careful implementation.

Recent results about the quantum LOCAL model. As described in Sect. 3, there
already exists a huge separation between the power of classical and quantum algo-
rithms in the LOCAL model [31]. The problem used to achieve this goal, however,
cannot be checked locally: checking if the output satisfies Conditions (1) and (2)
requires §2(n) rounds.

Most problems studied in the literature on the LOCAL model, however, have
the property that checking if the output is valid can be done in a constant number
of rounds. Problems satisfying this property are called locally checkable problems
(LCPs). A central example is graph coloring, for which the output can be checked
locally by having each node send its color to its neighbors. A fundamental question is
thus to understand whether there exists a quantum advantage in the LOCAL model for
an LCP. This question was also considered in Ref. [4] when discussing the quantum
complexity of graph coloring in the LOCAL model.* Very recently Akbari et al. [2]
and Coiteux-Roy et al. [13] have investigated this question and obtained partial
results. Unfortunately, these results are currently mainly negative: for many problems
(e.g., coloring in networks of arbitrary topology), there is no quantum advantage.
Finding a quantum advantage for an LCP (or proving that no such advantage exists!)
is still one of the most important open problems in distributed quantum computing.

Recent results on quantum verification. Fraigniaud, Le Gall, Nishimura and
Paz [17] have investigated the power of distributed quantum proofs in distributed
computing: each node of the network receives, additionally to its input, a quantum
state (the quantum proof’) from an all-powerful but untrusted party. The main result
in Ref. [17] shows that there exist problems that can be solved by quantum protocols
using quantum proofs exponentially shorter than in the classical setting. Hasegawa,
Kundu and Nishimura further investigated the power (and limitations) of quantum

4 Reference [4] asks in particular whether computing a 3-coloring in a ring can be done faster in
the quantum setting than in the classical setting.
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distributed proofs [22]. Other works include Ref. [27], which considered the prob-
lem of generating quantum states using provers, and Ref. [30], which investigated
the power of interactive quantum distributed proofs.
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On the Simulation and Verification )
of Noisy Quantum Circuits e

Seiichiro Tani

Abstract Noise is the most serious obstacle to developing quantum computers. This
article reviews two recently published results that answer the essential questions
on noisy quantum circuits in particular meaningful situations expected in the near
future. The purpose of the article is not to provide comprehensive surveys but to
introduce how to apply some essential state-of-the-art techniques to the simulation
and verification of noisy quantum circuits. The first part reveals that even slight
noise at the end of computation spoils the quantum advantage under a particular
noise model. This raises the question of verifying that a given quantum circuit is
not significantly affected by noise. The second part shows an efficient verification
method of a given quantum circuit with the help of a smaller verified quantum circuit
when the circuit to be verified is sparse and shallow.

1 Introduction

Quantum computers are expected to have the potential for computational advan-
tages over classical computers. The most famous evidence for exponential quantum
speed-up over classical computing is Shor’s polynomial-time quantum algorithm
for factoring [16]. Subsequently, many quantum algorithms for particular problems
have been found as evidence of exponential speed-ups. These results, if they prov-
ably achieve such speed-ups, imply that the extended (strong form of) Church-Turing
Thesis [1] is false; in terms of complexity theory, they imply that the class of prob-
lems solvable by efficient classical algorithms is a proper subset of the class of those
solvable by efficient quantum algorithms. Moreover, Grover [10] showed that quan-
tum advantages exist for a much broader class of problems by providing a quantum
search algorithm, although the speed-up is only quadratic in this case.

Recognizing the potential of quantum computing, numerous national and enter-
prise projects are underway worldwide to develop quantum computers. These efforts
reflect the global interest and investment in this promising field. Since there are still
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many engineering issues to resolve, quantum computers developed in the near future
are expected to have restricted functionality and limited computational resources.
Thus, what has recently gathered the attention of many experts and non-experts has
been to clarify the computational power of so-called sub-universal quantum com-
puting models [11], which are supposed to model near-future quantum computers,
by investigating the hardness of exactly or approximately simulating on classical
computers the output distributions of quantum circuits in the quantum computing
models. Although most of this kind of research deals with noise-free circuits (except
for, e.g., [8]), it is very difficult or almost impossible to remove noise, which affects
more or less the functionality, from fabricated quantum circuits. Without quantum
error-correcting technologies, such quantum circuits could not have the computa-
tional power expected in the ideal noise-free model. This poses several problems
regarding noise-affected quantum circuits. Two essential ones are listed below.

1. What is the impact of noise on the quantum computational power? More specifi-
cally, when does noise begin to degrade or spoil the quantum advantage?

2. How can one know whether noise affects the computation of physically imple-
mented quantum circuits? Alternatively, how can one tell whether the effect of
noise on the circuits is sufficiently small?

Each of these questions is still too abstract to answer with a single statement.
This article introduces the approaches and essential ideas used in Refs. [6, 17] to
answer the above questions in particular meaningful situations using state-of-the-art
techniques.

To (partially) answer the first question, a possible approach to knowing the impact
of noise on computational power is to examine the classical simulatability of a tar-
get class of quantum circuits affected by noise in specific noise models. Bremner,
Montanaro, and Shepherd [6] found that the effect of depolarizing noise, one of
the major noise models, is closely related to the noise operator, which has been
heavily studied in the context of Fourier analysis of Boolean functions [13], to
obtain a classical simulator for Instantaneous Quantum Polynomial (IQP) circuits.
Takahashi, Takeuchi, and Tani [17] generalized this result to a broader class of
quantum circuits, including IQP circuits, with less prior knowledge of noise rate.
Interestingly, that class of quantum circuits includes those proved to have compu-
tational supremacy in the noise-free setting (under plausible complexity-theoretic
assumptions) [2, 5, 21]. Thus, the results [6, 17] imply that (even a tiny) noise
can spoil the quantum advantage. Section3 outlines how to efficiently simulate
on classical computers the output distribution of the class of quantum circuits
when the depolarizing noise with constant rates affects the circuits at the end of
computation [17].

The research field related to the second question is known as quantum circuit
verification. There are many aspects of research in this field, such as gate-by-gate
verification, verification of the output distribution, output state tomography, and
proof-system-based verification (see [9, 18] and the references therein). However,
answering the second question is very challenging in general from an engineer-
ing point of view. This is because it may require a tremendous amount of classical
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resources (e.g., computation time or memory); otherwise, it may require a quantum
circuit that has already been verified of size comparable to that of the target circuit
to be verified. A typical goal among many formulations of verification is to decide
with high probability whether the output state p of the target circuit on input |0")
is close to the corresponding output state |) of the ideal circuit. To make the goal
modest and feasible, let us assume that a smaller quantum circuit with verified func-
tionality is available. Even with these relaxed requirements, it is still inevitable and
challenging to divide the target circuit into smaller pieces without losing too much
information and derive sufficient information for the final decision from the partial
information extracted from the pieces. Section4 outlines the algorithm given in [18]
for estimating (y|p|¥) by using polynomially many copies of p when the target
circuit is implemented on a sparse quantum computing chip (defined later) and has
logarithmic depth as the current and near-future quantum circuits known as Noisy
Intermediate-Scale Quantum (NISQ) [15] circuits.

2 Terminology

For a complex number y = « + Bi for some «, 8 € R, we write Jiy to mean the
real part of y, ie., Ny = «.

We often use E to mean the average of the value of a function over its argument
drawn uniformly at random from a domain. For instance, E,c,1}:[ f (x)] represents
the average of function value f(x) over x drawn from {0, 1}" uniformly at random.

For a bit-string x € {0, 1}", the Hamming weight of x (the number of 1°’s in x) is
denoted by |x|.

We assume readers’ basic knowledge of quantum computing (see standard text-
books, e.g., [12]). In this article, we use the following standard notations: For ele-
mentary single-qubit states, |0) := (), 1) := (), [4+) := (10) + [1)/~/2, |-) ==
(10) = [1))/+/2. [+i) = (10) +i[1))/+/2, |=i) := (|0) — i|1))/+/2. For multi-qubit
states, we may use |0") instead of |0)®". We also use the following elementary unitary
on a single qubit:

K= (90). ¥ o= (05). 2= (35) Hie= 5 (10).Te= (14,

and S := T2. The four operators, X, Y, Z, and the identity I, are called Pauli oper-
ators and form an orthogonal basis of the linear space of linear operators on
C2. For (n + 1)-qubit operators, let A(U) := [0)(0| ® I»» + |1){1| ® U for any n-
qubit unitary operator U, where we mean by I, the identity operator in the D-
dimensional space. For instance, A(Z) = |0)(0| ® I + |1){1| ® Z and A(A(Z)) =
[0)(0] ® I + |1){1] ® A(Z). We also mean A(Z) and A(A(Z)) by CZ and CCZ,
respectively.
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3 Simulation of Quantum Circuits with Depolarizing Noise

3.1 CT States and CT-ECS Circuits

For a pure quantum state |¢) on n qubits, we say that |¢) is a computationally tractable
(CT) state if the distribution p such that p(x) = [(x|¢)|> for each x € {0, 1}" is
classically samplable in polynomial time in 7 and (x|¢) is classically computable in
polynomial time for each x. For instance, any product state is a CT state.

For a unitary Hermitian operator U on n qubits, we say that U is an efficiently
computable sparse (ECS) operation if the matrix representation of U in the compu-
tational basis has at most polynomially many nonzero entries in each column, and
the jth nonzero entries in any specified column and its associated row index are
classically computable in polynomial time. We say that a quantum circuit C on n
qubits is CT-ECS if C is of the form of VU for polynomial-size circuits U, V such
that (1) U]0") is CT, (2) V"'ZjV is ECS forevery 1 < j < n, where Z; is a Pauli Z
operator on the jth qubit. The class of CT-ECS circuits contains several interesting
classes.

Lemma 1 ([17]) Let C be one of the following quantum circuits on n qubits: an
IQP, a Clifford Magic, a conjugated Clifford, or a constant-depth quantum circuit.
Then, C is CT-ECS.

o An IQP circuit is of the form H®" DH®", where D is a polynomial-size quantum
circuit consisting of Z, CZ, and CCZ gates [4, 5].

o A Clifford Magic circuit is of the form ET®" H®", where E is a polynomial-size
Clifford circuit, i.e., a circuit consisting of H, S, and CZ gates [21].

o A conjugated Clifford circuitis of the form R, (—0)®"R_(—)®"ER,(¢)®" R, (0)®"
for arbitrary real numbers ¢, 0, where E is a polynomial-size Clifford circuit,
and R, and R, are the rotations around x and z axes, respectively, on the Block
sphere [2].

e A constant-depth quantum circuit is a polynomial-size quantum circuit with con-
stant depth [7, 19].

This lemma implies that the class of CT-ECS circuits contains those whose output
probability distributions are not classically simulatable (under plausible complexity
theoretic assumptions) [2, 5, 21].

3.2 Depolarizing Noise and Fourier Expansion

Let C be aquantum circuit over n qubits, and let p(x) = |(x|C|0")|? be the probability
that n-bit outcome x is obtained when C|0") is measured in the computational basis.
We can write p(x) in the Fourier basis as follows:



On the Simulation and Verification of Noisy Quantum Circuits 279

px) = Y P,

Se{0,1}?

where p(S) is a Fourier coefficient defined as p(S) = E,c(o.12[p(x)(—1)*5] for
each § € {0, 1}".
If we assume the depolarizing noise operator

I
De(p) = —e)p+e5

acts on each output qubit of C just before the measurement, then the resulting output
probability p is
Py = > =) pS) (=D, )

Se{0,1}

since the effect of D, (p) is essentially the same as the noise operator well-studied
in the literature on the Fourier analysis of Boolean functions [13].

We want to sample distribution p. First, observe that, if p is not too large every-
where (i.e., anti-concentrated, which will be defined rigorously in the next subsec-
tion), then the high order terms (with respect to |S|) in p(x) are small enough to
be cut off to get a good approximation. More concretely, it turns out that keeping
only the terms with |S| being constant is enough to get a good approximation. This
means that p(x) can be approximated with only polynomially many terms. Thus, if
each p(S) can be computed (approximately) in classical polynomial time, then p can
be approximated in classical polynomial time. However, the obtained approximate
function ¢ of p is not necessarily a probability distribution in general, since ¢ may
be negative at some point or the sum of g(x) over all x may not be equal to one.
Thus, sampling a distribution close to p is not straightforward even when ¢ is given.
Fortunately, it turns out to be possible as discussed later.

3.3 Computing Approximate Function of p

To make sure that p is anti-concentrated, we assume the output probability p of the
(noise-free) circuit C is anti-concentrated, i.e.,

> o=

xef0,1)
for a known constant «. This implies that p is also anti-concentrated by Parseval’s
equality || pll3 = 2" pl13:
~Aren? (o4
> b=

Se{0,1}"
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As for computing Fourier coefficients, it can be shown that each Fourier coefficient
can be approximated in classical polynomial time with high probability for CT-ECT
circuits, as in the following lemma (the proof will be sketched in Sect. 3.5).

Lemma 2 ([17]) Let C be an arbitrary CT-ECS circuit on n qubits. For each x €
{0, 1}, let p(x) = |(x|C|0")|? be the probability that x is obtained when C|0") is
measured in the computational basis. For an arbitrary polynomial f in n,

there exists a polynomial-time randomized algorithm that, for given S € {0, 1}"* with
|S| = O(1), outputs a real number p'(S) such that

A A~/ 1
Pr [|P(S) —p )| = 2nf(n)] z1- exp(n)’

where the probability is taken over the random coins used by the algorithm.

In addition, we relax the requirement of exactly knowing the value of the parameter
¢ appearing in D, to that of knowing only approximate value A of ¢ such that

A<e=<r(l+0(Q1).

By putting these fact together, we approximate p(x) in eq. (1) as

gy = Y A=WEHE =D,

Se{0,1)7: |S|<c

where c is a constant depending on «, A and the simulation accuracy, and p’(S) is an
approximate value of p(S), computed by the polynomial-time randomized algorithm
given in Lemma 2. The formal statement is as follows.

Theorem 1 ([17]) Let C be an arbitrary CT-ECS circuit on n qubits and let
p: {0, 1}" — [0, 1] be the probability distribution of the n-bit outcomes obtained
when C|0") is measured in the computational basis. Let p: {0, 1} — [0, 1] be the
probability distribution of the n-bit outcomes obtained when (D,)®" (C|0") (0" | Chis
measured in the computational basis, where D, (p) is the depolarizing noise operator
on a single qubit defined as

I
De(p) = —e)p +&5.

Assuming that

1. pis anti-concentrated, i.e., ) (o p(x)? < a/2" with a known constant a,
2. an approximate value X of 0 < & < 1 is known such that

A=e=<rl+0()),
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there exists a polynomial-time randomized algorithm that, for a given description of
C and constants A, a(> 1), 0 < § < 1, outputs every Fourier coefficient of a function
q: {0, 1} — R that is within § /3 from p with exponentially small error probability:

Pr|lp—qll <2 > 1 :
r = - .
p—aiir= 3 exp(n)

3.4 Approximate Sampling of p

Although g approximates p, the function g is not necessarily a probability distribution
in general in the sense that ) _ ¢ (x) may not be equal to one or ¢ (x) may be negative
for some x. Thus, sampling a distribution close to p is not straightforward even when
q is given.

Fortunately, we can do such sampling by using the classical algorithm provided by
Bremner-Montanaro-Shepherd [6]. To describe the algorithm, we define S, = 1 and
Sy = re(0.1)rx =y 4(X) for every 1 <k <nandy € {0, 1}¥, where € denotes
the empty string. The sampling algorithm is described as follows:

1. Sety < €.
2. Perform the following procedure n times:

a. If §,; < O forsome z € {0, 1}, set y < yz, wherez =1 — z.
b. Otherwise, set y <— y0 with probability Syo/S, and y < y1 with probability
1 —8y0/Sy.

3. Output y € {0, 1}".

Let Alg(g) be the output distribution of this algorithm. If ¢ is close to p, then
Alg(q) is also close to p as stated by the following lemma. '

Lemma 3 ([6]) Let p be a probability distribution on {0, 1}". Assuming that
q:{0,1}" —> Rand |lq — pli <8, it holds ||Alg(q) — pll1 < 4é.

Remark 1 Assumingthat ) g(x) = 1, the bound in the statement can be improved
to ||Alg(g) — pll1 < 34. This assumption is satisfied by the algorithm in Theorem 1,
which uses the following observation: First, note that

Yogm =Y > a=-nEE DS

x  S€{0,1}": |S|<c

= Y a-n¥p (S)Z( D*S =2" p'0").

Se{0,1}": |S|=c

! This is a slightly improved version of the statement in [6].
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Also note that p(0") = E,[p(x)(—=1)""*] = 1/2" for any probability distribution p.
If the algorithm uses 1/2" as the value of p’(0"), the approximation error does not
increase and ) g (x) = 1 holds. O

Thus, Theorem 1 and Lemma 3 imply that we can approximately sample p with
additive error § with respect to the /; norm.

Theorem 2 ([17]) Define CT-ECS circuit C, probability distributions p, p, and
depolarizing error parameter ¢ as in Theorem 1. Assuming that

1. p is anti-concentrated, i.e., er{O,ll" p()c)2 < a/2" with a known constant «,
2. an approximate value A of 0 < ¢ < 1 is known such that A < & < A(1 + O(1)),

there exists a polynomial-time randomized algorithm that samples the distribution p
with accuracy § in I} norm and with exponentially small error probability for given
description of C and constants )., ¢ (> 1),0 < 6 < 1.

3.5 Approximating Fourier Coefficients

We close this section by providing the key idea used in the proof of Lemma 2. The
starting point is the following fact, proved by Van den Nest.

Theorem 3 (Theorem 3 [20]) Let U be an arbitrary quantum operator on n qubits
such that U|0") is CT, and O be an arbitrary observable with ||O|| < 1, where || O||
is the largest eigenvalue of O in the absolute sense. Let V be an arbitrary quantum
operator on n qubits such that VIOV is ECS, and f be an arbitrary polynomial in
n. Then, there exists a polynomial-time randomized algorithm which outputs a real
number r such that

Pr[|<0"|UTVT0VU|0")—r|5 ]31— : )
fn) exp(n)

The following lemma relates (0" |UTVTOVU|0") to a Fourier coefficient.

Lemma 4 ([17]) Let C be an arbitrary quantum circuit on n qubits, and let p be
its output probability distribution over {0, 1} such that p(x) = |(x|C|0")|* are the
probability that x is obtained when C|0") is measured in the computational basis.
Then,

-~ 1 n T 7S n
p(S) = 27(0 |IC'Z°C10")

forany S = S;---S, € {0, 1}", where Z5 = &' Zf‘f, i.e., the tensor product of a

Pauli-Z operator on the j-th qubit with §; = 1 forany1 < j <n.
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Proof Since p(x) = |(x|C|0")|?, we have

—~ 1 S.x n T n S-x
P =5 Y, pEDT = Z (0"1C71x) (x]C10") (= 1)
xef{0,1}" xe{O 1}
1 .
== Y {(0"|CTX*[0")(0"|X*C|0")(— 1),
xef{0,1}"

where X* denotes H®"Z*H®" for any x € {0, 1}". Since it holds that |0")(0"| =
zi,, Zre{o,l}” Z' we have

—~ 1 n X X n X
P = o Yo ) ctxrzix Clom) (-1’
xe{0,1}" re{0,1}"
1

1
:27 Z (0"|CTZIC|O") Z (_1)(S€Bf).x — 2_n(0n|CTZSC|0n),

re{0,1} xe{0,1}n
where S @ ¢ is the bit-wise EXOR of S and ¢.

If C is a CT-ECS circuit, C is the form of VU such that U|0") is CT and VI Z;V
is ECS for any 1 < j < n. Thus,

c'zsc =utvizsvu.

If S satisfies |S| = O(1), VIZ5V can be shown to be ECS. Since U|0") is CT
and || Z5|| < 1, CTZ5C satisfies the conditions of UTVTOV U in Theorem 3. Thus,
Lemma 4 and Theorem 3 together imply the existence of a polynomial time random-
ized algorithm that computes a Fourier coefficient of the output distribution of any
CT-ECS circuit. This proves Lemma 2.

4 Verification with Smaller Quantum Circuits

This section considers only unitary circuits. For simplicity, we may use the same
symbol to represent both a unitary operator and a circuit realizing the unitary operator.
Although such a circuit is not unique, we always consider a fixed circuit, which is
arbitrary or clear from the context. For instance, we write “circuit U” to mean a fixed
circuit realizing a unitary operator U.
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4.1 Verification of Quantum Circuits

When we consider a quantum circuit with a fixed gate set consisting of single-qubit
gates and the controlled-Z (CZ) gate, we can naturally represent the circuit as a graph
(called a circuit graph) as in the case of Boolean circuits. For a quantum circuit C
with the underlying gate set, we define the denseness of C as the minimum size of
a cut of the circuit graph of C induced by partitioning the set of qubits C acting on
into two subsets of 2 (n) qubits. The denseness of C is thus the number of CZ gates
across the cut.

Let U be a physically implemented quantum circuit that is supposed to realize a
target unitary circuit U on n qubits.”> We want to verify that the output state p of U is
close to U]0")(0"|U" in fidelity, by using another physically implemented quantum
circuit smaller than U that has already been verified (called a “trusted” circuit). More
specifically, assuming that U consists of one-qubit gates and CZ gates, and that a
classical description of U is known, the goal is to estimate the fidelity (| p|¥) with
as few copies of p as possible, where |) := U|0").

To achieve this goal using the smaller trusted quantum circuit, the basic idea is
to partition the n qubits into two disjoint sets and consider the sub-circuit acting
on each set separately. A straightforward partition does not work since there are at
least D CZ gates across the partition for the denseness D of U. We instead represent
(¥ |p|¥r) as a convex combination of simpler terms.

Since 0")(0"| = 5 Zke 0.1y 7K, where Z¥ =[]/ 1Z for k := (ky, ..., k,)
with k; € {0, 1} and Z; is the Pauli Z operator acting on the ith qubit, we have
U10")(0"|UT = 55 Yoy UZXUT. This implies

(Wlply) = Tr (oY) (Y1) = Tr (pU[0")(0"|U")
1 > Tr(pUZkUY)

n
ke{0,1}"

= Eke{O,l}“ [TI' (pUZkUT)] . (2)

Note that Tr (,0 UzkU* ) is real, since UZXU T is Hermitian.

4.2 Partitioning the Set of Qubits

Suppose that we partition the set of the n qubits into disjoint sets S and T of qubits
to achieve the denseness D of U. Then, there are D CZ gates across the associated
cut. We can thus write

2 Since U is a physical implementation of U, it may be natural to assume that U acts on n qubits.
However, we can consider the case where U acts on m qubits for some m > n and has a specified
n-qubit subset of m qubits as the output qubits. The following discussion also holds in this case.
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U= (U(D+1) ® w(D+l)) .CZD) . (U(D) ® w(D)) .cz®@-b . ,CZ(I)(U(I) ® w(l))

where v@ and w® are unitary operators not across the cut, and CZ® is the ith
CZ gate across the cut. Further, we replace each CZ gate across the cut with a
linear combination of product operators [3], CZ = 1 3", Jeo.y(=DYo; ® 0, where
o9 = I, and 0 = Z, to obtain

Z (— l)l.l (D+D) 'Uilv(l)] ® [w(DH)ojD oW (1)]
IJG {0,1}2
1 o
=55 Y Chiview,
ijefo.1)?
where i := (i1, ...,ip) and j:= (ji,..., jp), and V; := v P Vg, ...0; vV and

Wi := wPHDg; ...o; wD. This means that U can be represented as the expectation
overl, j of the tensor product of unitary operators acting only on S and 7', respectively.

Recall that we want to estimate (|p|y) = Exeo, 1 [Tr (,0 UZkUT)]. By using
the above representation of U, we have

Tr (pUZXUT) = R Tr (oUZ*UY)

= DO EDIHIRT (o (Vi @ WHZK (Ve @ Wy)T)
i.j.ije€{0,1}P

= 4P (k), 3)
where
) = By geoap [ (DR (o(V @ Wz @ W) ]

Thus, estimating 1 (K) suffices. Note that (V; ® Wi)zk(‘/i/ ® Wj/)T is a tensor prod-
uct of unitary operators acting on S and T, respectively. However, since it is not
necessarily Hermitian, we cannot estimate (k) straightforwardly. Fortunately, we
can use the trick shown in Lemma 5 to estimate (k).

Lemma 5 ([3]) As shown in Fig. 1, define
Q = (H® L)(A(V{ @ W)X ® L) AV @ W) (XH & Iy)

and ®(p) := Q(|0)(0] ® p) QT for any n-qubit state p. Let b € {0, 1} and z € {0, 1}"
be the classical outcomes of the measurement in the computational basis on the first
and the remaining qubits of ® (p), respectively. For everyk € {0, 1}" andi, j,V,j €
{0, 1}P, define a random variable ayy € {1, —1} such that ayy(b,z) =1 if z-
k=i-j®i-j®band awjijy(b,z) = —1 otherwise. Then,
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Fig.1 Quantum Circuit Q on n + 1 qubits given in Lemma 5

Ey2lonjiy (b, 2)] = (=DFTTRTr (0 (Vi @ WHZ* (Vi @ Wy)T),

where the expectation is over the probability distribution of the measurement out-
comes.

The circuit shown in Lemma 5 essentially applies the following operator to p:

1 [|+>(V* QW) + 1)V, ® WT)]
ﬁ i j i i’l:

A downside of this circuit is to have multi-qubit gates across the newly introduced
single qubit and S, and those across the single qubit and 7', reconnecting the two sets
S and T via the single qubit. We thus need the second trick to make these gates have
no intersecting qubits.

4.3 Dividing the Evolution of States

Before applying the second trick, we rearrange the gates in the circuit in Fig. 1 to
get another circuit shown in Fig.2. Then, we apply Lemma 6 to obtain yet another
circuit shown in Fig. 3, which acts on four quantum registers (Sy, Sy, Ty, T»), where
S, and T consist of the first and the last qubits, respectively, and S; and T, consist
of the qubits in sets S and T, respectively.

Lemma 6 ([14]) Let o be an (n + 1)-qubit state on qubits q, . . . , q,. Let M be an
observable on the n + 1 qubits. Then, Tr[Mo'] is the expected value of the output
of the following procedure, where Py = P, =1, Py =Py =X, Ps = Ps =Y, and
Py =Py =7; 1) = |¢7) = |0), |§2) = |ps) = I1), [¢3) = [+), |da) = |-), [¢ps) =

[+i), l9s) = =i}, ci=co=c3=cs=c7=0,andcy =ce =cg = 1:
(I) Foreveryi =1,...,8, do the following:

1. Measure gy with observable P; and let o; € {1, —1} be the outcome corre-
sponding to the eigenvalues of P;.

2. Prepare |¢;) on qo.

3. Measure qo, ..., q, with observable M and let m; be the outcome corre-
sponding to the eigenvalues of M.
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Fig. 2 Quantum circuit obtained from the circuit in Fig. 1 by rearranging gates

Fig. 3 Quantum circuit
obtained from the circuit in
Fig.2 by applying Lemma 6

(II) Output % Z?zl(—l)”"oimr
In other words, Tr[Mo] = % Z§=1(—1)Ci Tr[(P; @ M) (o ® |¢i){¢:i])].

Let \7,, and WJJ be unitary operators on registers (S, S;) and (T, T,), respec-
tively, such that ~
Vi := A(VHX @ DAV)(XH @1),

Wi := (H @ DAW)HX @ DAW)H(X @),
as shown in Fig.2. Then, Lemma 6 with o := Vi (10)(0] ® ,0)‘7T and

e
i

M= ) ouiy(b.z) W (1b)(b] ® |z)(z]) Wy,
be{0,1},2€{0,1}"

yields the subroutine used to estimate E, ,[ojiy (b, 2)] given in Table 1.
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Table 1 Subroutine for estimating Ej, z[oyijiry (b, 2)]
Subroutine EstAlpha(k, i, j, 1, j')
(I) Forevery t = 1,..., 8, do the following:
1. Initialize registers (Sy, T7) to state p.
2. Do the following:
a. Initialize S to |0).
b. Apply Vi to (S1, Sy).
c. Measure S| with P to geto, € {1, —1}.
d. Measure S; in the computational basis to get zt(s) € {0, 1}18I.
3. Do the following:
a. Initialize T to |¢;).
b. Apply Wiy to (T1, T2).
c. Measure T in the computational basis to get b, € {0, 1}.
d. Measure T in the computational basis to get zt(T) e {0, 1}
(II) Set z; := Z[(S) o z,(T) (o means concatenation) and output% Zle (=)o - axijiry (br, 7).

We should note that only stage (I) requires quantum circuits, and that steps 2 and
3 in stage (I) act on disjoint registers.

We claim that the expected value of the output % Z?:l (=D%0; - ojiry (b, 2,) is
equal to Ep , [y (b, 2)]: For fixed oy, let (b, z) 1= oy (b, z) for simplicity.
By definition, E, ,[a (b, 2)] is

S Te[Ub)bl @ )z Wy Ve (10)(0] @ p) Vi Wi | b, 2)
be{0,1},z€{0,1}"

=T [My V(00 @ T ], @)

where My := 3", 0.1} (0.1 @(b. 2) - W, (Ib) (b] ® |z)(z]) Wyy is an observable. It
follows from Lemma 6 with M := Mjy ando := Vi (10)(0] ® p) ‘Zj that the expected

value of the output of EstAlpha in Table 1 is equal to E;, ;[ (b, Z)].
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Table 2 Description of the entire algorithm

1. Take k € {0, 1}" uniformly at random 7' times and output the average, over the 7' samples of
k’s, of the output of the next step.

2. Take (i, j, i, j) € ({0, l}D )4 uniformly at random 7 times and output the average, over the T’
samples of (i, j, 1/, j’)’s, of the output of the next step.

3. Run EstAlpha(k, i, j, i’, j) T times and output the average of the T output values of EstAlpha.

4.4 The Final Algorithm and Its Consequence

The previous subsections are summarized as follows:

Wlpl) = Exeqo, 1y [Tr (pUZ*UT)]
= Bkefo.1yr [4DEi,j,i’,j’e{0,l}D [(—1)i'j+i/'j/5’fTr <P(Vi ® Wz (v ® er)T)]]
= Ekefo,1yr [4DEi,j,i’,j’e{0,l}D [Eb,zloiry (b Z)]]]
= Ekefo.1)r [4DEi,j,i’,j’e{0,1}D Tr [ij/ Vi (10)(0] ® p)VlfH

D
= Ekefo,1y4 Ei,j,i’,j’e{O,l}D

8
1 - .
3 DD T [P © MYV (0)(01 @ p) Vi) @ 190 (@D ]

t=1

where the first equality follows from Eq. (2), the second follows from Eq. (3), the
third follows from Lemma 5, the fourth follows from Eq. (4), and the last follows
from Lemma 6.

Therefore, (¥ |p|¥) can be estimated with high precision for a sufficiently large
T by performing the algorithm described in Table 2.

In particular, low-dense circuits can be verified with a polynomial number of
copies of the target state.

Theorem 4 (Theorem 1[18]) Let U be an n-qubit quantum circuit with denseness
D = O(logn) with respect to a partition of the n qubits into two disjoint sets of
m and n — m qubits, respectively, for m > n/2, consisting of CZ gates and single-
qubit gates. For any n qubit state p and | ) := U|0"), their fidelity (/| p|¥) can be
estimated with accuracy € with probability at least 1 — § by performing an (m + 1)-
qubit trusted quantum circuit on 2°Pp(1/e,log(1/8)) copies of p for a certain
polynomial p, if the trusted quantum circuit is within O (€ /4P) in the diamond norm
from the ideal circuit.

Most real quantum circuits support the applicability of two-qubit gates not on
every pair of qubits but only on neighboring pairs. This applicability is represented
as a graph (called a connectivity graph), where each node represents a qubit, and two
nodes are connected with an edge if and only if two-qubit gates are applicable to the
corresponding qubit pair.
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We say an n-qubit quantum computing chip is sparse if its associated connectivity
graph can be divided into two disjoint subgraphs with ®(n) nodes by removing a
constant number of edges. This means the case where the minimum cut size of a
balanced partition of the connectivity graph is at most some constant. Suppose we
implement a quantum circuit on a sparse computing chip. The denseness D is then
closely related to the depth d of the circuit: Consider a partition of the underlying
qubit set into two disjoint subsets witnessing the sparseness of the chip. Then, there
are at most a constant number of CZ gates across the two subsets of qubits that can
be performed in parallel. Thus, the denseness D is bounded by O (d). For instance,
if such a circuit is shallow (i.e., it has depth O (logn)), then Theorem 4 implies that
the output state of such a circuit can be verified with polynomially many samples of
the output states.

4.5 Intuitions Behind Lemmas 5 and 6

Lemma 5 can be proved with a straightforward calculation, but it is more understand-
able to regard it as a corollary of the following lemma.

Lemma 7 For unitary operators U, , U_ acting on n qubits, let ® = (U, ,U_)

be the quantum circuit on n+ 1 qubits such that ®|0)|t) = %|+)U+|r) +

%|—)U,|t). For any positive semidefinite operator M acting on n qubits such
that O < |M| < 1, let M' =10)(0] @ M + |1){1| ® (I — M).
Then, for any n-qubit state p, the probability of measuring M’ on ®(]0)(0| ® p)
is
1 N
p=5 [1 +RTe[pU} M — I)U,]] .

Moreover, define a random variable a € {1, —1} such that o« = 1 if M’ is measured
on ®(|0)(0| ® p) and o = —1if I — M’ is measured. Then, it holds that

Ela] = RTr[pUL M — )U_],

where the expectation is over the probability distribution of the measurement out-
comes.

Lemma 7 can be regarded as a (non-trivial) modification of the so-called Hadamard
Test. To apply Lemma 7 to our case, set U = (V; ® W;)" and U_ = (Vy ® Wj)".
Moreover, let

1 c iy
M= (1 (=i z") .
Then, we have 2M — I = (—1)i'j+i/‘j/Zk. Therefore, Lemma 7 implies that

Ela] = (—DMTIRTe (0(Vi @ WHZK (Vi @ Wp)T) .
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Finally, it can be shown that M’ is measured if and only if the outcomes b, z satisfy
bdz-kPi-jdi -j =0. This gives Lemma 5.
Lemma 6 is based on the following intuition. Let A be any 2 x 2 matrix. Since

{%I, Sx Ly, Lz}
2 V2 V2 V2

forms an orthonormal basis of the space L (C?) of linear operators on C? (with respect
to Hilbert-Schmidt inner-product), we can write

1 1 1 1
A= > Tr(ADI + 3 Tr(AX)X + 3 Tr(AY)Y + 3 Tr(AZ)Z.
We regard this as the output of the identity channel ® over L(C?):
1 1 1 1
d(A) = 3 Tr(ADI + 5 Tr(AX)X + 5 Tr(AY)Y + 3 Tr(AZ)Z.
By using the spectral decomposition of the four Pauli matrices, we have

1 1
@A) = 2 Tr(AD (J0)O + [1){1]) + 2 Tr(AX) (|} {(+] = |=}{=D

1 1
+ 5 TrAY) () (il = |=id(=il) + 5 Tr(AZ) (J0)(0] — [1) (1)

By using ¢;, P;, and |¢;) defined in Lemma 6, this can be rewritten as

8

1
®(A) =5 ) (=T Tr(AP) 1) (.

i=1

Recall that we want to compute Tr[M o] in the lemma. For simplicity, let us assume
that o is a single-qubit state. By using the identity map &, we have

8
Tr[Mo] = Tr[MP(0)] = Tr |:M (% ;(—I)Ci Tr(UPi)|¢i><¢i|>:|

8
D (=D Tr(o P) Tr[Md) (i1,
i=1

N =

Lemma 6 is proved by generalizing this idea to the case of multi-qubit state o.
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5 Conclusion

‘We have outlined the techniques used in the two recently published results concerning
noisy quantum circuits so as to convey the idea of state-of-the-art techniques in an
intuitive but not too abstract way. We hope this article deepens readers’ understanding
of those techniques and helps them resolve open problems. Due to the purpose of this
article, we have omitted some extensions of the results, which include the classical
simulation of quantum circuits when the noise rate on each output qubit may be
different, and the verification of nearly sparse quantum computing chips such as
those whose connectivity graphs are planar. We recommend interested readers refer
to the original papers [17, 18].
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Succinct Representations of Graphs )
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Sankardeep Chakraborty® and Kunihiko Sadakane

Abstract As the size of data we obtain increases, the importance of algorithms and
data structures for efficiently handling big data also increases. Succinct represen-
tations are representations of objects which are compressed as much as possible,
while keeping the ability of accessing them quickly. Such representations have been
proposed in the past two decades for strings and trees, but those for graphs were not
well studied. In this article, we survey recent progress in succinct representations for
some graph classes.

1 Introduction

Succinct representations are representations of objects which use the minimum num-
ber of bits to represent them. This number of bits are called the information-theoretic
lower bound. In this article, we focus on succinct representations of undirected
graphs. A naive representation of a graph is the adjacency matrix thatusesn(n — 1)/2
bits for a graph with n vertices. This representation is succinct for general graphs,
but may not be succinct for some classes of graphs. For example, an ordered tree
with n nodes can be represented in 2n bits. Therefore we need to design a succinct
representation for each graph class.

In this article, we focus on unlabeled graphs because of the following reasons.
Let U (n) and L (n) be the set of non-isomorphic unlabeled and node-labeled graphs
with n vertices in some graph class respectively. Then it holds that

[UMm)| < |L(m)| < |U(®)|-n!
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because any unlabeled graph can be obtained from a labeled graph, and any node-
labeled graph can be obtained by giving distinct integers from 1 to n to the vertices
of an unlabeled graph. Let ITLB(C) denote the information-theoretic lower bound
for graph class C. Then it holds'

ITLB(L(n)) > ITLB(U (n)) > ITLB(L(n)) — nlogn.

Definition 1 Let Z(n) be the information-theoretic lower bound for set S(n), and let
f (n) be the number of bits to encode an element in S(n) using some representation.
Then this representation is said to be

e compact if f(n) = O(Z(n)), and
e succinctif f(n) = Z(n) + o(Z(n)).

It is enough to consider only labeled graphs if U (n) = w(nlogn) because if
ITLB(U (n)) = ITLB(L(n)) — o(ITLB(L(n))), asuccinct representation for labeled
graphs is also succinct for unlabeled graphs. We mainly consider graph classes with
ITLB(U (n)) = O(n logn).

Figure 1 shows a hierarchy of graph classes. Boxes show graph classes and lines
between boxes show that upper classes contain lower classes. Black curve lines
show boundaries between classes. Green, orange, and red boxes show graph classes
whose information-theoretic lower bounds are ® (n), ® (n logn), and ® (n?) bits, and
they are called linear classes, factorial classes, and quadratic classes, respectively.
Between the factorial class and the quadratic class, there is another class called
super-factorial class.

We want to support basic operations on a graph G = (V, E):

e adjacent(v, u): returns yes if u, v € V are adjacent, and no otherwise.

e neighbor(v): returns the set of vertices w which are adjacent to v.

e degree(v): returns the number of adjacent vertices to v. That is, degree(v) =
[neighbor (v)].

We add some data structures to a succinct/compact representation for supporting
these operations quickly. For quadratic and super-factorial classes, degree(v) is easy
because we can store the answer for each vertex using log n bits. Then the query is
done in constant time and the additional space is n logn = o(ITLB(U (n))). There-
fore the representation still remains succinct. On the other hand, for factorial classes
we cannot use this approach because adding n log n bits violates the succinctness.

! Throughout the paper we assume the base of logarithm is two. Furthermore, as in previous works,
our model of computation is a RAM machine, with O(1) time access on words of size ®(Ign).
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Fig. 1 Hierarchy of graph classes

2 Quadratic Classes

We begin by considering quadratic graph classes, defined as those where ITLB (U (n))
and ITLB(L(n)) € ®(n?). For these classes, a naive representation via adjacency
matrices is already compact. However, the primary challenge lies in designing suc-
cinct data structures that permit optimal query performance. To date, only a limited
number of such data structures have been developed, leaving numerous graph classes
without succinct representations. In the following, we briefly survey known results
and identify open problems.

e A graph class S is termed hereditary if and only if, for any graph G € S, the
removal of any vertex v results in a graph G — v € S. For hereditary graph classes
where U (n) = Q(n?), Alekseev [4] provided a succinct representation, although
this structure does not support any queries.

e Farzan and Munro [20] proved that there exists a constant § > O such that for a
graph with n® < m < n?~% where m is the number of edges in the graph, the suc-
cinct matrix representation of the graph does not support constant access and suc-
cessor queries. They also introduced a succinct data structure for arbitrary graphs
on n vertices and m edges withm < n® orm > n*/1og!~® n that enables constant-
time adjacency, neighbor, and degree queries. Starting from an adjacency matrix
of size n? bits containing m ones (corresponding to the edges of the graph G), they
designed data structures based on the matrix’s edge density. They distinguished
five different density regimes, offering constant-time query structures for each via
appropriate matrix decompositions. For graphs with n® < m < n?/log'~?, they
gave a compact representation.
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e Munro and Wu [36] presented a succinct data structure for chordal graphs using
n? /4 + o(n?) bits, achieving information-theoretic optimality. This work was later
extended by He et al. [23], who improved the query times for adjacency, neighbor,
and degree queries to constant time. Their approach constructs a clique tree of the
input chordal graph based on its maximal cliques, followed by a decomposition of
the tree to produce the requisite data structures. Balakrishnan et al. [6] subsequently
enhanced both the upper and lower bounds for chordal graphs with bounded vertex
leafage. However, the question of whether constant-time query data structures for
these graphs can be achieved remains open.

e Munro and Nicholson [31] developed a succinct data structure using n? /4 + o(n?)
bits to represent a partially ordered set (poset), supporting constant-time prece-
dence queries between elements. This structure can succinctly encode both the
transitive closure and transitive reduction graph of the poset. They also demon-
strated that reachability queries in arbitrary directed graphs can be supported in
constant time. Their method involves preprocessing the poset by removing edges
from its transitive closure to reduce its height, which facilitates space-efficient
encoding through either balanced biclique subgraphs or sparse connections. Effi-
cient data structures for specific classes of posets have also been proposed [18, 34,
35, 45].

Despite these advances, many graph classes still lack succinct data structures.
Examples include string graphs [37] and C4-free graphs [37]. Another significant
open challenge is the formulation of time-space trade-off lower bounds for the
aforementioned results.

3 Super-Factorial Classes

We now turn our attention to super-factorial graph classes. To the best of our current
understanding, only two graph classes have been definitively shown to belong to this
category: strongly chordal graphs and chordal bipartite graphs. Despite this, the
design of succinct data structures for these graphs remains a formidable challenge
and has been identified as an open problem in the pioneering work of Spinrad [40, 41].
These graph classes represent a highly significant subclass of chordal graphs, given
their wide-ranging applications across multiple disciplines. For instance, in relational
database theory, strongly chordal graphs play a critical role and are referred to as -
acyclic hypergraphs (see Fagin [17] for a detailed examination of their significance).
In the realm of parallel and distributed computing, these graphs are valuable for mod-
eling and analyzing communication patterns and dependencies in parallel algorithms
and data structures [25]. Additionally, in matrix computations and numerical linear
algebra, strongly chordal graphs are intimately connected with the notion of totally
balanced matrices [30]. Another intriguing research direction involves identifying
new graph classes that belong to the super-factorial category by establishing explicit
lower bounds on their counting complexity.
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4 Factorial Classes

In contrast to the preceding two categories, the factorial class encompasses a wider
array of graph data structures, accompanied by a greater diversity in the techniques
underlying these structures. It is important to observe that, unlike the quadratic and
super-factorial classes, a straightforward approach to storing the degree of vertices
does not yield succinct representations in the factorial class. As a result, all succinct
data structures for this class must treat degree queries as a separate task. Below, we
provide a brief overview of several succinct data structures developed for graphs
within this class.

e Beginning with the work of Acan et al. [2] on the succinct representation of interval
graphs and their subclasses, significant advancements have been made in this area.
Specifically, they demonstrated that an arbitrary interval graph with n vertices can
be stored using an information-theoretic minimal space of nlogn + O(n) bits,
while supporting constant-time degree, adjacency, and neighborhood queries. It
has also been established that this upper bound is tight, due to the explicit lower
bounds for unlabeled interval graphs due to Acan et al. [2] and for labeled interval
graphs due to Gavoille and Paul [21]. Extending their work, Acan et al. [2] also
provided succinct representations for special cases such as unit/proper interval
graphs and circular-arc graphs. However, for circular-arc graphs, the query times
are not constant, and whether one can design succinct data structures with constant-
time degree, adjacency, and neighborhood queries for circular-arc graphs remains
an open question.

e Chakraborty and Jo [11] investigated succinct data structures within bounded
parameter regimes, showing that by assuming bounded degree or bounded chro-
matic number, it is possible to surpass the information-theoretic space bounds for
interval graphs while maintaining efficient query times. Subsequently, He et al. [22]
improved both the space bounds and query times. Studying parameterized succinct
data structures under such bounded assumptions presents an intriguing avenue for
further exploration, particularly to determine whether the information-theoretic
lower bounds can be further reduced while supporting efficient queries.

e Balakrishnan et al. [7] addressed the problem of designing succinct data structures
for path graphs—a proper subclass of chordal graphs and a proper superclass of
interval graphs—on n vertices, with efficient support for degree, adjacency, and
neighborhood queries. Their succinct data structure occupies n logn + o(n log n)
bits of space, while supporting adjacency queries in O(log n) time, neighborhood
queries in O(d log n) time (where d is the degree of the queried vertex), and degree
queries in min{O(log2 n), O(d log n)} time. Recently, He et al. [23] improved these
query times to O(logn/loglogn) while maintaining succinct space usage.

e Tsakalidis et al. [42] presented succinct data structures for permutation graphs,
their bipartite permutation subgraphs, and circular permutation supergraphs.
Notably, they provided two implementations for representing permutation graphs:
one based on points on a two-dimensional grid and another based on arrays,
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with each method yielding distinct query times. Additionally, their data struc-
tures support not only standard degree, adjacency, and neighborhood queries but
also distance and shortest-path queries optimally.

e Acanetal. [1] developed succinct data structures for intersection graphs on a circle,
encompassing classes such as circle graphs, k polygon circle graphs, and trapezoid
graphs. They first established a general lower bound for these graph classes and
then provided matching upper and lower bounds for succinct representations of
each class. Acan et al. [2] also introduced the method of partial coloring for
counting interval graphs, a technique that has since been widely adopted in the
study of various graph classes [1, 57, 42]. Sauermann [39] later provided a unified
framework for deriving tight lower bounds on the number of labeled graphs in any
semi-algebraic graph class, which includes many of the aforementioned classes.

e Chakraborty et al. [10] introduced succinct data structures for deterministic finite
automata (DFA) on n vertices with an alphabet size X, allowing for optimal time
verification of whether a string is accepted by the DFA. Such automata can be
viewed as directed regular graphs where each vertex has degree X. Cotumaccio
et al. [16] provided related data structures for non-deterministic automata, using
a parameter known as the co-lex width.

The methodologies behind succinct data structures for factorial-class graphs are
remarkably diverse. While many of these data structures directly represent the input
graph without decomposing it, some decompose the graphs into smaller subgraphs
or find tree-like equivalents that are recursively decomposed into succinct represen-
tations. However, the query times for many of these structures remain suboptimal,
and improving them to constant or near-constant times remains an open challenge.
Another significant area for further investigation involves establishing concrete lower
bounds for the trade-off between query times and space usage. Moreover, there are
numerous important graph classes, such as unit disk and disk graphs, for which we
have yet to develop succinct or even compact data structures.

5 Linear Classes

The most extensively studied graphs within the linear class are trees and planar
graphs. Both of these graph classes hold significant theoretical interest and have
numerous practical applications. Extensive research has been conducted in this
domain, and the overarching strategy behind the development of these succinct data
structures can be summarized as follows. The structure of interest is decomposed
into small fragments of size O(logn), which are small enough to be processed in
o(n) time and space, with each fragment represented by an index. The relation-

ships between these fragments are encoded in a graph G, composed of O (IOZ n)

such fragments, while the storage overhead remains O(n) using classical pointer
techniques. By grouping log n fragments into larger components of size O(log? n),
connections between these larger and smaller fragments are managed with pointers
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of size O(logn) and O(loglogn), respectively. This multi-level approach ensures

sublinear overheads of O ('; Olgzgn") and O (%), while maintaining the succinct-
ness of the data structure. What follows is a brief survey of several data structures

based on this template.

e For a comprehensive discussion on succinct data structures for binary trees, cardi-
nal trees, ordinal trees, and dynamic binary trees, we direct readers to the excellent
surveys by Munro and Rao [33] and Raman and Rao [38], which cover a wealth
of developments in this area.

e Since the foundational work by Turédn [43], planar graphs have been the focus
of extensive research [3, 14, 15, 24, 26, 29, 32], culminating in the optimal
data structures developed by Blelloch and Farzan [9]. Notably, they introduced
a succinct data structure supporting constant-time adjacency, degree, and neigh-
borhood queries for separable graphs—a broad class that includes planar graphs,
planar maps, bounded-genus graphs, and others. These graphs are characterized
by admitting separators of size O(n), where ¢ < 1.

e Another line of inquiry has focused on graph representations with bounded width
parameters. Farzan and Kamali [19] developed compact data structures for graphs
with bounded treewidth, while Kamali [27] extended this to bounded clique-
width graphs, later made succinct with improved query times by Chakraborty et
al. [13]. Kamali [28] also produced compact representations for graphs with small
bandwidth and small treedepth. However, efficient data structures for graphs with
parameters such as bounded twin-width or bounded rank-width remain unknown,
presenting an intriguing challenge for future research.

e Building on the work of Uno et al. [44] and Blelloch and Farzan [9], Chakraborty
et al. [12] introduced succinct data structures for a variety of graph classes, includ-
ing series-parallel, block-cactus, Ptolemaic, distance-hereditary, cographs, and
3-leaf power graphs. These structures support optimal degree, adjacency, and
neighborhood queries. Notably, their method achieves optimal space usage even
in cases where the exact space lower bounds for these graph classes are not fully
understood.

e Berg et al. [8] developed compact data structures for polyominoes, efficiently
supporting both neighborhood queries, which report adjacent cells, and visibil-
ity queries, which determine whether a straight line can be drawn within the
polyomino between two specified cells.

In conclusion, we have provided a brief overview of succinct and compact data
structures for linear-class graphs. Several open questions remain for future explo-
ration. Designing succinct or compact data structures for many important graph width
parameters continues to be a significant challenge. Although Blelloch and Farzan [9]
introduced a unified approach for designing succinct data structures for separable
graphs, it is unclear whether this approach can be generalized to prove the existence
of succinct data structures for all graphs within the linear class. While their method
applies to some graphs in this class, it fails to extend to others. Despite decades
of research into data structures for trees and planar graphs, the trade-offs between
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space redundancy and query time are still not fully understood, posing a significant
open problem. Finally, it would be valuable to identify other important graph classes
belonging to the linear class by establishing explicit counting lower bounds and
designing optimal encodings for such graphs.

6 Conclusion

‘We have examined succinct and compact data structures for various graph classes that
support efficient navigational query times. Beyond their theoretical significance, such
data structures hold considerable practical value, particularly in light of the exponen-
tial increase in the volume of data requiring structured storage. Notably, the majority
of these data structures can be constructed in linear time from their standard represen-
tations. However, for a few cases, it remains an open problem whether a linear-time
construction can be achieved. Another significant challenge lies in optimizing the
space required for preprocessing. Moreover, a wide array of graphs emerges from
fields such as computational biology and computational geometry, yet there has been
relatively little research dedicated to their succinct representation. Finally, establish-
ing lower bounds for the time-space trade-offs for these graph classes presents a
formidable open problem in the domain of data structures.
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A Satisfiability Algorithm for Depth Two )
Circuits with a Sub-Quadratic Number oock o
of Symmetric and Threshold Gates

Suguru Tamaki

Abstract We consider depth 2 unbounded fan-in circuits with symmetric and lin-
ear threshold gates. We present a deterministic algorithm that, given such a cir-
cuit with n variables and m gates, counts the number of satisfying assignments

in time 2"79((m) ) for some constant a > 0. Our algorithm runs in time
super-polynomially faster than 2" if m = O (n?/log® n) for some constant b > 0.
Previously, such algorithms were only known for bounded depth circuits with linear
threshold gates and a slightly super-linear number of wires [Impagliazzo-Paturi-
Schneider, FOCS 2013 and Chen-Santhanam-Srinivasan, CCC 2016]. We also show
that depth 2 circuits with O (n?/ log® n) symmetric and linear threshold gates in total
cannot compute an explicit function computable by a deterministic 29" -time Tur-
ing machine with an NP oracle. Previously, even slightly super-linear lower bounds
on the number of gates were not known until recently Kane and Williams [STOC
2016] showed that depth 2 linear threshold circuits with o(n%/% / log> n) gates cannot
compute an explicit function computable in linear time.

1 Introduction

We are concerned with circuits that consist of unbounded fan-in symmetric and linear
threshold gates. Let xy, x5, .. ., x, be Boolean variables and f : {0, 1} — {0, 1} be
a Boolean function. We say f is symmetric if there exists a function g : Z — {0, 1}
such that f(x) = g(Zl'.’=1 x;) holds. We say f is a linear threshold function (LTF) if
there exist wg, wy, ..., w, € Zsuchthat f(x) = sgn(wy + Z?zl w; x;) holds, where
sgn : Z — {0, 1} is the sign function defined as sgn(y) = 1 if and only if y > 0.

In this paper, we present satisfiability algorithms and circuit size lower bounds
for depth 2 circuits with symmetric and linear threshold gates as described in
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the next section. Note that each gate of such a circuit may be of a differ-
ent tYPe, €.g., 81 (Z:’:l xi)’ gz(Z;l:l xi)’ SRR Sgn(wl,() + Z:'lzl wl,i‘xi)7 Sgn(wZ,() +
Z?:l wz’ixi), .

1.1 Owur Contribution

Satisfiability Algorithms

In this paper, we present the following satisfiability algorithms.

Theorem 1 (Main 1) There exist a constant ¢ > 0 and a deterministic algorithm
that, given a depth 2 circuit C with n variables and m gates, where each gate is

n

. . ; o -Q
either symmetric or linear threshold, runs in time 2" ((ﬁ‘polwog")) ) and counts the
number of satisfying assignments for C.

Previously, Impagliazzo, Paturi and Schneider [53] showed that the satisfiability
of a depth 2 linear threshold circuit with n variables and m wires can be solved
in randomized time 2"~ #"/m" where p(c) = 1/¢?€". Chen and Santhanam [27]
improved the running time as u(c) = 1/c?©. Chen, Santhanam and Srinivasan [28]
showed that the satisfiability of a depth d linear threshold circuit with n variables
and n'*% wires can be solved in randomized time 2", where g4 = 1/29@.

Note that a depth 2 linear threshold circuit with m gates may have O (mn) wires.
We are not aware of satisfiability algorithms that beat brute force search for depth 2
circuits with symmetric and linear threshold gates as Theorem 1 or even for depth 2
circuits with only symmetric gates. To summarize, our algorithm is deterministic, can
solve a counting version of the satisfiability problem and handle larger size circuits
(of depth 2) with additional gate types. Our algorithm can be generalized to handle
bounded depth layered circuits, where each layer consists of either AND/OR/XOR
gates or symmetric and linear threshold gates and the fan-in of symmetric and linear
threshold gates satisfies some condition.

1.1.1 Circuit Lower Bounds

As a byproduct of Theorem 1, we obtain the following circuit lower bounds.

Theorem 2 (Main 2) There exist a language L € ENY and a constant ¢ > 0 such

that any family of depth 2 circuits with O (n*/log® n) gates, where each gate is either
symmetric or linear threshold, cannot compute L.

Here ENP is the class of languages computable by deterministic 29 -time NP-
oracle Turing machines. It has been a longstanding open question whether ENP can
be computed by depth 2 circuits with n'°" threshold gates until very recently Kane
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and Williams [62] showed that depth 2 circuits with o(n>/%/log® n) linear threshold
gates cannot compute an explicit function computable in linear time.

Again we are not aware of non-trivial lower bounds for depth 2 circuits with
symmetric and linear threshold gates as Theorem 2 or even for depth 2 circuits with
only symmetric gates. To summarize, we show lower bounds for larger size circuits
with additional gate types computing a less explicit function.

1.2 Background and Related Work

The motivation for studying the satisfiability problem of depth 2 linear threshold
circuits is twofold: First, the problem contains as special cases both of the maximum
satisfiability problem and 0-1 integer linear programming, which have been well
studied in the area of exponential time algorithms, e.g., [27, 34, 50, 89, 90, 99]
and implementations of practical solvers. Second, proving super-polynomial lower
bounds against depth 2 linear threshold circuits is one of the major open questions
in Boolean circuit complexity. Below we elaborate on the second point.

Bounded depth linear threshold circuits have been studied extensively as a model
of neural network. Such circuits are powerful enough to implement arithmetic oper-
ations such as iterated multiplication, division and powering; see, e.g., [71] and even
candidate pseudorandom function generators [57, 73, 76]. The latter fact explains
the difficulty of proving lower bounds for bounded depth linear threshold circuits by
the “Natural Proof” barrier due to Razborov and Rudich [20, 83, 107] although it is
believed that such circuits cannot compute some functions in NP or even in P. There
has been much effort to reveal the expressive power of linear threshold circuits; see,
e.g., [32, 33, 35, 38, 40-42, 45, 48, 52, 59-61, 66, 75, 81, 82, 84], to name a few.

The connection between satisfiability algorithms and circuit lower bounds, devel-
oped by Williams and subsequent authors [16, 54, 102, 103, 105, 107, 109], is
a promising approach to avoid such barriers; see also [80, 86, 104, 108] for sur-
veys. Since the success of using the connection to actually prove new circuit lower
bounds, i.e., super-polynomial lower bounds for ACC circuits computing a language
in NEXP [105], many satisfiability algorithms that beat brute force search have been
designed for various circuit classes [4, 5, 24, 77, 79, 94, 109]. Interestingly, some
papers showed average-case circuit lower bounds directly from the analyses of their
satisfiability algorithms [11, 18, 22, 23, 37, 51, 85, 91, 92].

The results of this paper were first announced as [95]. Alman, Chan and
Williams [2] independently obtained similar and more general results around the
same time. Since then, we have seen progress on circuit satisfiability algorithms [3,
12, 13, 31, 56, 58, 64, 65, 69, 70, 78, 93], circuit lower bounds [1, 21, 26, 43,
44, 49, 55, 63, 67, 68, 97, 100, 101, 110] and the connection between them [17,
19, 25, 29, 39, 87, 111, 112]. However, improving Theorems 1, 2 to those with
“super”’-quadratic number of gates still remains an open problem.
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1.3 Techniques

The polynomial method is a powerful technique in Boolean circuit complexity [8]. In
his remarkable result, Williams [105] used the polynomial method to design satisfia-
bility algorithms beating brute force search for ACC? circuits. Since then, Williams
and his coauthors have developed algorithms for many interesting problems such
as the circuit satisfiability problem for restricted classes of circuits [109], all-pairs
shortest paths [30], Hamming nearest neighbors [6] and related problems [7]; see
also [106].

We follow the approach of [109] that gives satisfiability algorithms beating brute
force search for ACC® o THR and ACC® o SYM circuits. The approach is sum-
marized as follows: (1) Given an n-variate circuit C € ACC° o THR, consider a
circuit C'(y) := \/ae{o,l}”’ C(y, a) for some n’ < n. (2) Represent C’ as a circuit in
SYM o SYM using simulation techniques, in particular, the simulation of Beigel and
Tarui [15] that transforms a circuit in ACC® to a circuit in SYM o AND. (3) Apply
the “fast evaluation algorithm” for SYM o SYM to obtain the truth table of C’.

We implement the above approach, focusing on Item (2), for THR o THR circuits.
If we use the construction of “probabilistic polynomials” for symmetric and linear
threshold functions due to Srinivasan [88], we can represent C’ as a “probabilistic
circuit” in SYM o SYM. This implementation of Item (2) is sufficient to obtain
randomized algorithms.

In order to design deterministic algorithms, we derandomize probabilistic polyno-
mials of [88]. It turns out that pseudorandom generators for space-bounded computa-
tion due to Nisan [74] are sufficient for our purpose. We also use modulus-amplifying
polynomials [98, 113] to complete a deterministic implementation of Item (2) in a
similar way to [15, 30].

Our circuit lower bounds follow from the connection between satisfiability algo-
rithms and circuit lower bounds, in particular, the one due to Ben-Sasson and
Viola [16].

2 Preliminaries

We use the following notations: Z is the set of integers, N is the set of natural numbers,
i.e., non-negative integers, Z,, is the quotient ring of integers modulo m, identified
with {0, 1, ..., m — 1}, and [F; is the finite field of order 2, identified with {0, 1}.

For a positive integer n, [n] := {1, 2, ..., n}. For real numbers a < b, (a, b) is
the open interval between a and b. For y € Z, |y| is the absolute value of y. For a
finite set S, |S| is the cardinality of S. For x € {0, 1}", |x| is the Hamming weight of
x,ie., x| =30 x.

The logarithm of x to base 2 is Igx and that to base e is In x. We use random
access machines as our computation model.
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2.1 Probability and Derandomization

We use the following results in Sect.3.1.

Lemma 1 (The Chernoff-Hoeffding bound [46]) Let X1, ..., X,, be independent
and identically distributed Bernoulli random variables with Pr[X; =1]=1—
Pr(X; = 0] = 1/m. Then, it holds that

Prijn/m— Y X;| > 1] <2¢7/".

i=1

Lemma2 (Nisan [74]) Let f :Z! — {0,1} be a function computable in
space O(lg(nlgm)). Then, there exists a function G : {0, 1}* — 75, with € =
0(g*((nlgm)/e)) such that

o |Pr[f(x) =1]—-Pr[f(G(y)) = 1]| < & wherex and y are respectively sampled
Sfrom ZI and {0, 1}¢ uniformly at random, and
e G is computable in time poly(nlgm).

2.2 Boolean Circuits

Let xy, x2, ..., x, be Boolean variables and f : {0, 1} — {0, 1} be a Boolean func-
tion. We say f is W-sum if there exists afunctiong : Z — {0, 1}andwy, ..., w, € N
with ™", w; < W such that f(x) = g(3_"_, w;x;) holds. Note that we can realize
a W-sum function as a W-variate symmetric function by regarding w;x; as a sum of
w; variables. In what follows, we identify Boolean functions and logic gates.

We denote by AND, OR, XOR, SYM, SUMy,, THR the set of AND gates, the
set of OR gates, the set of XOR gates, the set of symmetric gates, the set of W-
sum gates and the set of linear threshold gates, respectively. Let Gy, G1, ..., Ga—1 €
{AND, OR, XOR, SYM, SUMy,, THR} be sets of logic gates. We denote by G, o
Gio---0Gy_ the set of depth d unbounded-fan-in layered Boolean circuits such
that layer i contains gates from G; and all the gates at layer i are only fed by gates
at layer i 4 1. Layer O corresponds to the output gate and layer d consists of input
variables and constants 0, 1. We allow inputs and outputs of gates to be negated
unless otherwise specified.

We need the following upper bounds on the weights of linear threshold functions
in Sect.3.3.

Lemma 3 (Muroga [72]) For all wo, wi, ..., w, € Z, there exist wy, wj, ..., W), €
Z with |w}| = 290" such that sgn(wo+ > r_, wix;) = sgn(wy + Y1y wix;)
holds. In addition, w),, w}, ..., w, can be efficiently obtained.

We use the following results in Sect. 4.
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Lemma 4 (Maciel-Thérien [71]; see also Sect.2.2 in Williams [109]) There exists
a positive integer cyt such that for all n-variate f € THR, there exists a circuit

C € OR o AND 0 XOR 0 OR 0 AND 0 SYM

that is equivalent to [ and consists of at most n wires.

Lemma 5 (Beigel [9]) For all circuit C € AND o SYM whose AND gate at layer
0 has fan-in t; and symmetric gates at layer 1 have fan-in at most t,, there exists a
circuit C" € SYM that is equivalent to C and whose fan-in is at most (t; + 1)".

Lemma 6 (Williams [109]) There exists a positive constant ¢y and an algorithm
that, given an n-variate circuit C € SYM o SYM whose symmetric gate at layer O
has fan-in at most t; and symmetric gates at layer 1 have fan-in at most t, such that
tity < 29", prints the truth table of C in time poly(n)2".

2.3 Polynomials

Let x1, x», ..., x,, be formal variables and K € {IF,, Z}. In this paper, each variable
always takes the values O or 1, hence the identity xi2 = x; holds. A monomial is a
product of variables, i.e., HiES x; for some S C [n]. For § = @, we regard HieS X;
as 1. We can represent a K -polynomial P as a sum of terms, of the form P(x) =
> scin 45 [ Lies xi» where as € K. Whenever we consider a Z-polynomial, |as| =
29® s assumed unless otherwise stated. The degree of P, denoted by deg(P), is
defined as
deg(P) := max{|S| | § € [n], as # O}.

Note that we can regard an [F;-polynomial P as a Boolean circuit in XOR o AND as

P(x) = @ (as/\x,).

SC(n] ieS

We need the following combinatorial facts in Sects.3 and 4.

Lemma 7 The number of monomials of degree at most k is M (n, k) = Zf:o (’Z) If
k<n/2, M(n, k) < k(Z)
Lemma 8 (Powering) Given an n-variate degree k polynomial P represented as a

sum of terms, and a positive integer d, we can represent P%, the dth power of P, as
a sum of terms in time

d—1
poly(n) > M(n, k)M (n, ik) < poly(n)M (n, dk).

i=1
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Lemma 9 (Composition) Let p be a degree di polynomial in n; vari-
ables and pi, p2, ..., ps, be degree d, polynomials in the same n, vari-
ables. Then, p(pi, pa, ..., pn,) can be represented as a sum of terms in time
poly(ni, n))M(ny, di)M (n2, dids).

We use the following construction of polynomials approximating symmetric
functions in Sect. 3.1.

Lemma 10 (Corollary 2.7 in Bhatnagar-Gopalan-Lipton [10], Lemma 3.1 in
Alman-Williams [6]) For all n-variate function f € SYM and integerss > 0,1t > 1
with s +t < n, there exists an Fy-polynomial p of degree at most O(t) such that
f(x) = p(x) holds if s < |x| <s +t. In addition, p can be constructed in time
poly(m)(o(,))-

We need the following construction of modulus-amplifying polynomials [98, 113]
in Sect. 4.

Lemma 11 (Beigel-Tarui [15]) For every positive integer €, the degree (2¢ — 1)
univariate Z-polynomial

-1

L+j—1\ .
Fuy) ;:1_(1_”42( " )yf

=~

satisfies

e if y =0 mod 2, then Fy(y) = 0 mod 2,
e ify =1mod 2, then F;,(y) = 1 mod 2°.

In addition, for 0 <i <20 — 1, the coefficient of y' in the polynomial F; has
magnitude at most 20,

2.4 Probabilistic Polynomials

For aBoolean function f : {0, 1} — {0, 1}, aprobability distribution #’ over polyno-
mialsis an e-error probabilistic polynomialfor f ifforallx € {0, 1}*,Pr <[ f (x) #
p(x)] < & holds [96]. The degree of a probabilistic polynomial # is the maximum
degree of polynomials in the support of #, i.e., max{deg(p) | Pry~p[p = q] > 0}.
A probabilistic polynomial P has r-randomness if we can sample a polynomial from
# with r uniformly random bits.

We need the following construction of time and randomness efficient probabilistic
polynomials for AND/OR functions in Sect. 4.

Lemma 12 (Beigel-Reingold-Spielman and Tarui [14, 96]) For every ¢ € (0, 1/2),
there exists an s-error probabilistic O (1g> n - 1g(1/¢))-randomness probabilistic F,-
polynomial P of degree d = O(Ign -1g(1/¢)) for n-variate AND/OR functions.
Furthermore, we can sample a polynomial from P in time O (poly(n) (3))
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3 Randomness Efficient Probabilistic Polynomials

In this section, we present the main technical ingredients of our satisfiability algo-
rithms, that is, a time and randomness efficient version of probabilistic polynomials
for weighted symmetric and linear threshold functions due to Srinivasan [88].

Lemma 13 (Randomness efficient version of Theorem 11 in [88]) For
every ¢ € (0,1/2), W € N and an n-variate f € SUMy, f has an e-error
O(Igz((n Iglg W)/e))-randomness probabilistic F,-polynomial P of degree
d = 0(1g* W./nlg(1/¢e)). Furthermore, we can sample a polynomial from P in
time O (poly(n) ().

Lemma 14 (Randomness efficient version of Theorem 12 in [88]) For every ¢ €
(0, 1/2) and an n-variate f € THR, f has an e-error O(1g*(n/e))-randomness
probabilistic F-polynomial P of degree d = O(1g° n\/nlg(1/e)). Furthermore, we
can sample a polynomial from P in time O(poly(n)(Z)).

Lemma 15 below is the key result of this section. First we need some defini-
tions. Form € N, r € Z,,, w € Z;,, we define functions modfn’, {0, 1}" — {0, 1},
mod” : {0, 1} — {0, 1}, as follows:

m,r,w

e mod), ,(x) = lifandonlyif ) " | x; = r mod m,

. modZ:nw(x) = lifandonly if > , w;x; = r mod m.
Lemma 15 (Randomness efficient version of Lemma 13 in [88]) For every ¢ €
(0, 1/2), mod” has an e-error O(lgz((n lgm)/¢))-randomness probabilistic T, -

polynomial P of degree d = O(m/nlg(1/¢)). Furthermore, we can sample a
polynomial from P in time O (poly(n) (Z)).

We prove the above lemma in the next section. The proof is based on the observation
that uniformly random bits in the construction of [88] can be replaced by the outputs
of the pseudorandom generators for space-bounded computation due to Lemma 2.

Once we establish Lemma 15, we can prove Lemmas 13 and 14 following the
lead of [88] with careful calculation of parameters. The proofs are given in Sects. 3.2
and 3.3 respectively.

3.1 Weighted Modulo Functions

In this section, we prove Lemma 15.

Fix integers m > 2 and r € Z,, and an integer vector w € Z,. Let v € Z,. We
define functions M, , : Zy — {0, 1}, My, ., 2 {0, 1}" — {0, 1}" andaset R;, ., ©
Z"=" as follows:
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e M, ,(y) =1lifand only if y = r mod m,

o (M, ., (X)) =My, (w;x; +v;),
_ —1 .
o Ry, i={(ri,r2, ... 1) € Ly LY in=r+ ) v mod m}.

Note that M), ,(w;x; + v;) € {0, 1, x;, 1 — x;} holds for fixed m, r, w;, v;. The fol-
lowing lemma shows how to reduce the evaluation of mod;, ., (x) to the evaluation
of mod”? ,(x’) for many pairs (+/, x’).

m,r’

Lemma 16 (Sect.3.1in [88]) For all v € Z" and x € {0, 1}", it holds that

m—1
mod;, ()= Y [\ mod;, , (M, ().

UER, ;v i=1

Let Py, :{0,1}" — {0, 1} be an [F,-polynomial of degree O(r) such that
Py (x) =mod,  (x)if|x| € {ln/m] —1t,..., [n/m] + t}. By Lemma 10, the exis-

tence of P! . is guaranteed. In addition, P . can be constructed in time poly (1) (
Let us define an F;-polynomial Q7 : {0, 1} — {0, 1} as follows:

m,r,w,v

OY(lz))'

m—1
O s @) = Y [ P (M, ().

UER, ;v i=1

The following lemma is immediate from the property of P, . and the definition of

n
m,r,w,v*

Lemma 17 If |M,, ., ()| € {ln/m] —t,..., |n/m] +t}, then Q) .,  (x)=
mod”?  (x) holds.

m,r,w

We are ready to prove Lemma 15.

Proof of Lemma 15 If we select v; € Z,, uniformly at random, then we have
Pr, [M,, ,(w;x; +v;) = 1] = 1/m.Hence, if we selectv € Z uniformly atrandom,
then by Lemma 1, we have

Pr(|M),,, (O] & {ln/m] —t.....|n/m] +1}] < 2e7 /",

& W,
Let £ = O(Ig*((nlgm)/8)) and G : {0, 1}* — 7}, be the pseudorandom generator
due to Lemma 2. Since |[M" (x)| as a function of v can be computed in space

m,r,w,v

O(lg(nlgm)), if we select s € {0, 1}* uniformly at random, then we have
Pr(IM;, . G OI & {ln/m] —t,.... [n/m]+1}] < 2% 45,
This implies

Pr(Q),, ., i) (x) #mod), , ,(x)] <2e7/" 45,

m,r,w
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If wesett = /(n/2)In(4/¢) and § = ¢/2, then the right-hand side is at most ¢ and
the degree of Qﬁl,r,w,c(s)(x) is O(tm). This completes the proof.

3.2 Weighted Sum Functions

In this section, we prove Lemma 13.

Fix a function g : Z — {0, 1} and natural numbers wy, ..., w, with Z?:l w; =
W.Let f(x) = g3/ wix;), £ := [I|gW] +2, p; <--- < pgbefirst £ primes and
¢
=2 Pi-

Note that ]_[f=1 pi > 2% > 2W. By the prime number theorem, p, = O(IgW -
lglg W) holds and this implies s = O (Ig? W - Iglg W).

We define functions M, ,, : {0, 1}" — {0, 1}"* for m € N and M, : {0, 1}" —
{0, 1}* as follows:

o My, (x):= (mod’fnvoﬁw(x), R modz’mflqw(x)),
o My (x):= (M}, ,(x),...., M} ,(x)).

Since we can reconstruct Y ;_; w;x; from M’ (x) by the Chinese remainder
theorem, we have the following.

Lemma 18 (Sect.3.2 in [88]) There exists a function h : {0, 1}* — {0, 1} such that
f(x) = h(M} (x)) holds.

Note that & can be written as an [F-polynomial of degree at most s and is determined
by the values g(0), g(1), ..., g(W). We are ready to prove Lemma 13.
Proof of Lemma 13 For each p; andr € Z,, , there exists a §-error O (lgz((n Ig pi)/$))-
randomness probabilistic F,-polynomial #,, , of degree O(p;/nlg(1/5)) by
Lemma 15. We sample an F-polynomial P, , from %, ,, replace mod ', ., by
it in M}, and then obtain a polynomial Q for f by composing 4. Note that we use
same random bits of length at most O (Ig>((n1g p;)/8)) to sample every P e

By the union bound, we have Pr[Q(x) # f(x)] < sé. If we set § = ¢/s, the
degree of Q is O (spe/nlg(1/8)) = O(1g* W /nlg(1/¢)) and the length of random
bits is O (Ig?((n 1g1g W)/e)). This completes the proof.

3.3 Linear Threshold Functions

In this section, we prove Lemma 14.

Fix integers wo, wi,..., w, € Z, let F(x) = wo+ Y _, w;x; and consider
sgn(F(x)) € THR. Without loss of generality, |w;| <2°"!2" holds due to
Lemma 3. We assume that | F'(x)| > n 4 2. Otherwise, we consider (n + 2)( 2F (x) +
1) instead since for all x € {0, 1}", it holds that sgn(F (x)) = sgn((n + 2)(2F (x) +
D) and[(n+2)2F(x)+ 1) =n+2.
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Let? := [1g((n 4+ 1) max; |w;|)]. We need the following definitions for 1 <[ < ¢:

w? - Lw; /2'] ifw; >0,
Wi w® = Tw; /27 ifw; <0,

F(l)(x) _ w(l) + Zz lw(l)x“

ins® (x) = 1 if and only if wm +>30, w(l)x, e{-n—1,—-n,...,n,n+1},
pos?(x) = 1 if and only if w([) +30, w(l)x, e{0,1,...,n,n+ 1},

insg)(x) =1 if and only if w(l) +30, w(l)xl =k mod p for some k € {—n —
1,—n,...,n,n+ 1},

posg)(x) =1 if and only if w(l) + > 1w(l)x, =kmod p for some ke
{0,1,...,n,n+ 1}

Hofmeister gives the following characterization of linear threshold functions.

Lemma 19 (page 139, [47])
If F(x) > 0, then there exists a unique | such that —ins’"P(x) A pos([) x)=1
holds. If F(x) < 0, then for all I, —ins"~V (x) A pos® (x) = 0 holds.

The following lemma implies Lemma 14 almost immediately.

Lemma 20 For every &€ (0,1/2) and 1, f € {ins®, pos?} has an e-
error O(1g*(n/¢))-randomness probabilistic Fa-polynomial P of degree d =
0(g* n\/nlg(1/e)). Furthermore, we can sample a polynomial from P in time
O (poly(m)(y))-

First we prove Lemma 14 assuming Lemma 20 and then prove Lemma 20.
Proof of Lemma 14 For each [, there exist §-error O(Ig2 (n/8))-randomness proba-
bilistic F,-polynomials 501(1111 and 7’;’35 of degree O(lg* n\/nlg(1/8)) for ins”’ and
pos® respectively by Lemma 20. We sample an F,-polynomial P from #
and an Fy-polynomial P from $U) and construct an Fg—polynomml P(x) =

Zf;l(l — pl=b® )P(Z) (x). Note that we use same random bits of length at most

0(1g*(n/8)) to sample every P, PQ.

By the union bound, we have Pr P(x) # f(x)] < 2€5. If we set ¢ = 2£6, the
degree of Q is O(Ig5 ny/nlg(1/¢)) and the length of random bits is O(Igz(n/s)).

This completes the proof of Lemma 14.
Proof of Lemma 20 We show a proof for ins®’. The proof for pos?’ is almost identi-
cal. The main idea is that we compute ins’} instead of ins?’ for a random prime p.
Note that insg) € SUMy, for W < pn. There exists an g-error O (Ig>((n 1glg W) /8))-
randomness probabilistic F,-polynomial Pg) of degree O(Ig* W, /nlg(1/8)) for
ins{)) by Lemma 13.

Let ¢ := [Cn*1gn/8] for a sufficiently large constant C > O and p; < --- < p;
be first # primes. Note that p, = O(¢1g?) by the prime number theorem. We rely on
the following lemma.

Lemma 21 (Sect.3.3in [88]) Ifins” (x) = 1, thenins (x) = 1. Ifins’ (x) = O and
i is selected from {1, 2, ..., t} uniformly at random, then Pr; [insgl) x)=1]<é.
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We construct an [F,-polynomial Q for ins® as follows. First, select i €
{1,2,...,t} uniformly at random. Then, sample a polynomial P from Pg[) and let
Q(x) := P(x).

By the union bound, we have
Pr[Q(x) # ins®’ (x)] < Prlins}) (x) # ins" (x)] + Pr[P(x) # ins{) (x)] < 26.

If we set & = 28, the degree of Q is O(Ig* n\/nlg(1/¢)) and the length of random
bits is O (Ig%(n/¢)).
This completes the proof of Lemma 20.

4 Satisfiability Algorithms

In this section, we prove the following theorem.

Theorem 3 There exist a constant ¢ > 0 and a deterministic algorithm that, given
a depth 2 linear threshold circuit C with n variables and m gates, runs in time

(=t o .
2" «ﬁ'm“g")) ) and counts the number of satisfying assignments for C.

Remark 1 The proof of Theorem 1 is essentially the same or even simpler and
omitted, i.e., (1) we use Lemma 13 instead of 14 if necessary and (2) we do not have
to apply Lemma 4 if a gate at the bottom layer is symmetric.

Let C € THR o THR be an n-variate circuit whose gate at layer 0 has fan-in at most
m. For a positive integer n’, we define a function K : {0, 1}”‘”’ —- {0, 1,..., 2”/} as
K(®y) =3 4ci0.1yr C(y,a). Our goal is to construct an expression K’ =3, a;G;,
wherea; € Z,G; € SYM, suchthat K = K’. Then ith bit of the binary representation
of K'(y) € {0, 1! can be regarded as a function in SYM o SYM. We can apply
Lemma 6 to obtain all the values of K(y) if we select the underlying parameters
appropriately.

Proof of Theorem 3 By Lemma 4, there exists C’ € THR o OR o AND o XOR o
OR o AND o SYM that is equivalent to C and has at most ¢t = mn“™ wires. Let
g1, &2, ..., & be symmetric gates at the bottom layer in C'. Let C” € THR o OR o
AND o XOR o OR o AND be an s-variate circuit with at most ¢ wires such that
C”(gl, ey gs) =C.

Lemma 22 Let D € THR o OR o AND o XOR o OR o AND be an n-variate cir-
cuit with t = poly(n) wires, where the threshold gate at layer 0 has fan-in at most
m = O(n?). There exists an s-error O (Ignlg*(n/¢))-randomness probabilistic F,-
polynomial P of degree d = 0(1g° n1g>(1/¢)/m) for D. Furthermore, we can
sample from P in time O (poly(n)(})).
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Proof We replace the threshold gate at layer 0 by a §-error probabilistic ;-
polynomial from Lemma 14 and replace each AND/OR gate by a §-error proba-
bilistic [F>-polynomial from Lemma 12, where we set § = ¢/(¢ + 1), and obtain a
circuit

D’ € (XOR o AND) o (XOR o AND) o (XOR o AND) o XOR o (XOR o AND) o (XOR o AND).

Note that we use the same random bits to sample each probabilistic polynomial.
By repeatedly using Lemma 9, we obtain a circuit D” € XOR o AND that is equiv-
alent to D’. By the union bound, D’ is an e-error probabilistic F,-polynomial for
D. The degree of D" is d = O(1g° n1g>(1/¢)/m) and the randomness of D’ is
O(Ignlg*(n/e)) by the choice of 8. In addition, the construction of D" takes time
O (poly(n) (Z)) since we apply Lemma 9 at most

1. t times withd; =d, = O(lgnlg(l/e)),n; =t,n, =n,

2. t times with d; = O(lgnlg(1/e)), dr» = O(Ig>nlg*(1/e)), ny =t,n, =n,

3. mtimes with d; = O(lgnlg(1/e)),d, = 0(g*nlg*>(1/e)),ny =t,n> =n,

4. once with with d; = 0(1g’n/mlg(1/e)),d, = O(g*nlg*(1/e)),n; =
m,ny, = n.

This completes the proof.

Let I = O(lgnlg*(n/e) and select r € {0, 1}’ to sample a polynomial P, for
C” due to Lemma 22 in time poly(n)(;]), where d; = O(1g’ n1g>(1/g)/m). Then
we construct a Z-polynomial Q, := F;(P,), where F, is the degree (2¢ — 1) Z-
polynomial from Lemma 11 and we regard P, as a Z-polynomial in the natural way.

We can represent O, as
0= Z ds 1_[ 8i

SCIslIS|<ds  ieS
in time poly(n)(, ), where d, = O(£1g” nlg’(1/e)/m) and ag = n®*. For each

.o g € AND o SYM, we apply Lemma 5 and obtain a circuit gg € SYM with
ies 8 pply g
n%@®) wires. Let 0, = ZSQ[x]:lS\Sd asgs. Finally we define R : {0, 1" — Zas

Ry = > Q.(y.a)mod?2".

aef0,1)"" ,re{0,1)!
Note that if 2¢ > 2/, then by Lemma 11 and the error probability of Q', we have

Cix'ia)=1= (1—g)2 < (Zre{o,l}z 0'(y. a) mod 2Z) <2

C,a)=0 =0< (Z,E{O,l}, 0'(y, a) mod 25) <e2l.



320 S. Tamaki
In addition, if 2¢ > 272! then we have
R(y) € @'(0 —&)K (), 2'{(1 — &)K (y) + £2" }).

If wesete < 1/2%*! and define ﬁ(y) as the nearest integer of R(y)/2', then R(y) =
K (y) holds.

We set n' = (n/(y/m1g® n))® for sufficiently large ¢; > 0 and small ¢; > 0,
e=1 /2"“r2 and £ = n’ 4+ 1 + 1. Then, we see that the construction of R takes time
at most 2"~" . Furthermore, for each i, the ith bit of the binary representation of R(y)
can be represented as a circuit in SYM o SYM so that the condition of Lemma 6 is
satisfied as an n — n’-variate circuit.

This completes the proof.

5 Circuit Lower Bounds

In this section, we give a proof sketch of Theorem 2.

We use the connection between satisfiability algorithms and circuit lower bounds
due to Ben-Sasson and Viola [16]. Let C,, be a set of functions from {0, 1}" to {0, 1}.
C, is closed under projections if for all f € C,, indices i, j < n and a bit b, it holds
that

=f G X, X, @b Xig, X)), O s By X, o, X)) € G

C, is efficiently closed under projections if it is closed under projections and gives a
description of f € C,; we can compute in poly(| f|), descriptions of

=f G, X, X, @b Xig, o X)), (L Xis by X, LX) € G

Theorem 4 ([16]) Let C,, be efficiently closed under projections. If the satisfiability
problem of the form fi A fo A f3for fi, f2, f3 € Cutroqgn) can be deterministically
solved in time 2"~ then there exists a language L € ENY such that L, ¢ C,
holds for infinitely many n. Here L,, denotes the indicator function of L N {0, 1}".

Itis easy to see that we can modify the proof of Theorem 3 to handle a circuit of the
form Cy A Cy A C3, where Cy, Cp, C3 € (SYM U THR) o (SYM U THR), because
the degree of the “final polynomial” is larger by a factor of at most 3. The class of
depth 2 circuits with m symmetric and linear threshold gates is clearly efficiently
closed under projections. This completes the proof of Theorem 2.
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Soft Margin Boosting as Frank-Wolfe )
Algorithms Sheshee

Ryotaro Mitsuboshi (), Kohei Hatano @, and Eiji Takimoto

Abstract We consider the LPBoost family of boosting algorithms for the £;-norm
regularized soft margin optimization, where the problem instance is implicitly given
as a huge scale LP problem and the goal is to efficiently find an optimal solution with
the aid of a certain oracle. Although the optimal solution yields a linear classifier
with good generalization ability, the LPBoost family is less popular, since all exist-
ing algorithms in the family are either very slow on real data or have no theoretical
convergence guarantees. In this chapter, we first show that each algorithm in the
LPBoost family can be viewed as an instance of a general scheme for solving convex
optimization known as the Frank-Wolfe method, and thus its convergence guarantee
can be immediately applied. The Frank-Wolfe method has the feature that the con-
vergence guarantee remains to hold even when arbitrary update rules including the
standard one are greedily applied in each iteration. Taking advantage of the feature,
we propose an algorithm that performs efficiently on real data while maintaining the
same convergence guarantees as the existing methods.

1 Introduction

This chapter introduces the relationship between some boosting algorithms for soft
margin optimization and the Frank-Wolfe algorithms. After that, we propose a boost-
ing algorithm that optimizes the soft margin while maintaining a convergence guar-
antee.

Theory and algorithms for large-margin classifiers have been studied extensively
since those classifiers guarantee low generalization errors when they have large mar-
gins over training examples (e.g., [24, 28]). In particular, the £;-norm regularized
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soft margin optimization problem, defined later, is a formulation of finding sparse
large-margin classifiers based on the linear program (LP). This problem aims to opti-
mize the ¢;-margin by combining multiple hypotheses from some hypothesis class
H. The resulting classifier tends to be sparse, so ¢,-margin optimization is helpful
for feature selection tasks. Off-the-shelf LP solvers can solve the problem, but they
are still not efficient enough for a huge class H.

Boosting is a framework for solving the £;-norm regularized margin optimization
even though # is infinitely large. Various boosting algorithms have been invented.
LPBoost [8] is a practical algorithm that often works effectively. Although LPBoost
terminates rapidly, it is shown that it takes €2 (m) iterations in the worst case, where
m is the number of training examples [35]. Shalev-Shwartz et al. [32] invented an
algorithm called Corrective ERLPBoost (we call this algorithm Corr. ERLPBoost
for shorthand). Corr. ERLPBoost and ERLPBoost find e-approximate solutions in
O(In(m/v)/€?) iterations, where v € [1, m] is the soft margin parameter. The differ-
ence is the time complexity per iteration; ERLPBoost solves a convex program (CP)
for each iteration, while Corr. ERLPBoost solves a sorting-like problem. Although
ERLPBoost takes much time per iteration, it takes fewer iterations than Corr. ERLP-
Boostin practical applications. For this reason, ERLPBoost is faster than Corr. ERLP-
Boost. Our primary motivation is to investigate boosting algorithms with provable
iteration bounds, which perform as fast as LPBoost.

This paper has two contributions. Our first contribution is to give a unified view
of boosting for soft margin optimization. We show that LPBoost, ERLPBoost, and
Corr. ERLPBoost are instances of the Frank-Wolfe algorithm.

Our second contribution is to propose a generic scheme for boosting based on the
unified view. Our scheme combines a standard Frank-Wolfe algorithm and any algo-
rithm and switches one to the other at each iteration in a non-trivial way. We show
that this scheme guarantees the same convergence rate, O (In(m/v)/€?), as ERLP-
Boost and Corr. ERLPBoost. One can incorporate any update rule to this scheme
without losing the convergence guarantee so that it takes advantage of better updates
of the second algorithm in practice. In particular, we propose to choose LPBoost
as the secondary algorithm, and we call the resulting algorithm Modified LPBoost
(MLPBoost).

In experiments on real datasets, MLPBoost works comparably with LPBoost, and
MLPBoost is the fastest among theoretically guaranteed algorithms, as expected.

2 Preliminary

Let S := ((x;, y;))), € (X x Y)" be a sequence of m examples, where X is some
set and Y = {#1}. Let H C [—1, +1]¥ be a set of hypotheses. Throughout this
chapter, we assume that H is a finite set. It is convenient to regard each i € H as the
canonical basis vector e, € {0, 1}7! that has 1 only on the A-th coordinate. We denote
m-dimensional capped probability simplex as A, , := {d € [0, 1/v]" | ||d|, = 1},
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where v € [1, m]. We write A,, = A, | for shorthand. For aset C C R* we denote
the convex hull of C as ConvHull(C) := {Zsec wss | w € ArH}.

Definition 1 (strongly convex function) A function f : R”™ — R is said to be 7-
strongly convex over a convex set C C R” w.r.t. anorm || - || if

Vx,yeC, flax+(I—a)y) <af(x)+(1—a)f(y)— gny — x|

If an @-strongly convex function is differentiable, the above definition is equivalent
to the following one.

Ve yeC. ()= f@)+(y—x) V@) + gny — x|

m i from the uniform distri-

For example, the relative entropy function d > ) " | + T

bution is 1-strongly convex w.r.t. the £;-norm.
Similarly, we define smooth functions.

Definition 2 (smooth function) A function f : R™ — R is said to be n-smooth over
aconvex set C C R™ w.r.t. anorm || - || if

Vx,yeC, fN=<f@)+Qy-—x)"Vfx) + gny — x|

We also define Fenchel conjugate.
Definition 3 (Fenchel conjugate) The Fenchel conjugate f* : R" — [—o00, +00]

of a function f : R* — [—o00, 400] is defined as

f*(y)=supy-x— f(x).

xeR"

Forexample, letl,, : R™ — {0, +o00} be the indicator function such thatl , (d) = 0
iffd € A,,. Then, the Fenchel conjugate of I, is H*Am (#) = max,epn) 6;. Furthermore,
it is well known that if f is a 1/n-strongly convex function w.r.t. a norm || - || for
some 1 > 0, f* is an n-smooth function w.r.t. the dual norm | - ||,. Further, if f
is a strongly convex function, the gradient vector of f* is written as V f*(0) =
arg supgcpm (dTH —f (d)). One can find the proof of these properties here [3, 32].

Lemmal Let f, g : R" — (—00, +00] be functions such that
dc>0, V0, f(6)<g®) < f(O) +c.

Then, f*(p) —c < g*(w) < f*(n) holds for all p.

The following theorem is a main tool for this chapter.



330 R. Mitsuboshi et al.

Input: A set of training examples S = {(x1, ¥1), (X2, ¥2)5---» (Xm>Ym)} C X X Y.
Fort=1,2,...,T:

1. Booster chooses a distribution d; € A,,, over S.
2. Weak Learner returns a hypothesis h; € H.

Booster chooses a weight vector w € Ar over {hy, hp, ..., hr} C ‘H.
Output: The convex combination Zthl w;h;.

Fig. 1 The boosting protocol

Theorem 1 (Fenchel duality theorem [3]) Let f :R" — (—o0,+0o0] and g :
RH — (—o00, 4-00] be convex functions, and a linear map A : R" — R¥. Define
the Fenchel problems

y = inf f(d)+gd"A), p=sup—f(—Aw)— g*(w). (1)

Then, y > p holds. Further, y = p holds if' 0 € core (damg — ATdom f). Further-
more, points d and W are optimal solutions for problems in Eq. (1), respectively, if
and only if —Aib € of (d) and i € dg ([lTA).

2.1 Boosting

Boosting is known as a class of algorithms for supervised learning. Boosting is a
protocol between two algorithms: the booster and the weak learner. For each iteration
t=1,2,..., T, the booster chooses a distribution d, € A,, over the training exam-
ples S. Then, the weak learner returns a hypothesis /2, € H to the booster from some
pre-defined finite set H C [—1, +1]¥. The boosting algorithm aims to produce a
convex combination Hy = Z,T:l w;h, of the hypotheses {h1, hy, ..., hy} C H that
achieves a goal. Figure | summarizes the boosting protocol. Here, we note that some
boosting algorithms, such as Graph Separation Boosting [1], consider other com-
positions Hy = f(hy, hy, ..., hy) with an aggregation rule f rather than a convex
combination of functions. But this setting is beyond the scope of this section, so we
left readers to check them if you are interested.

This section focuses on boosting algorithms that optimize the soft margin. Soft
margin optimization is defined as

1 ForasetCC]R'H,core(C) ={weC|Vv GRW,Ht >0,Vr €[0,t],w+ tv € C} and
domg — ATdom f = {w—A"d | w e domg, d € dom f}.
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1 m
max - - ; subjectto y; wrh(x;) > p —§&;, Vie[m],
max o V;& j y };{ n p—&

weAy, £>0.

Intuitively, the soft margin optimization aims to find a convex combination of
hypotheses that maximizes the margin for most points. The rest points are regarded
as outliers. In this sense, soft margin optimization is robust for outliers. The param-
eter v € [1, m] controls the ratio of outliers. That is, the optimal w regards at most
v points as outliers. Similar formulation is found in Support Vector Machines [29].
Therefore, an algorithm that optimizes the soft margin is applicable even though a
convex combination of hypotheses that perfectly classifies the training points does
not exist.

The main advantage of the margin optimization is its generalization error bound.
Let p > 0beamargin parameter andlet H : X — [—1, +1] be ahypothesis. Assume
that all the training instances in S are drawn i.i.d. from a fixed but unknown distri-
bution D over X x Y. Then, the following holds with high probability [28].

1 < In |H|
wPpl # H@IS 20D M) < p1+ 0 (m) |

Here, 1[P] is the function such that 1[P] =1 if P is true and O otherwise. As
the inequality indicates, a large-margin classifier guarantees a better generalization
error. Following the work by [28], many margin-based error bounds have been devel-
oped [12, 13]. Some of them focus on deriving a error bound based on the kth smallest
margin, which also holds for k = 1. All the works suggest that a large-margin classi-
fier guarantees a small generalization error. Thus, finding a large-margin hypothesis
H = Zh < Wrh is a reasonable goal.

In order to analyze the soft margin boosting algorithms, we need to define the
weak learnability. To define the weak learnability for margin optimization, we con-
sider the dual problem of the soft margin optimization. For notational simplicity,
let A e[—1, +1]’”X(H be the matrix such that A; , = y;h(x;). Then, the soft margin
optimization can be written as

1 m
max p— — Zfi subject to (Aw); > p — &, Vi € [m], )
pwd Vi

w e Ay, § > 0.
The edge minimization problem, the Lagrange dual problem of (2), is

min max(d ' A), + 1 (d).
d heH '
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The quantity (dTA)h = Z;":l d;yih(x;) is often called the edge of the hypothesis
h w.rt. the distribution d € A,, ,. Shalev-Shwartz et al. [32] showed that by let-
ting g(d) £ maxe, #(d"A), and f(d) £ I, ,(d), one can rewrite the soft margin

optimization problem in a much simpler form via Theorem 1.

max —I} (—Aw)= max min d"Aw. 3)
weAy WeAy deA,,,

Here, we note that the duality gap is zero since the core of dom g — ATdom f = R¥
is R*, which satisfies 0 € core (dom g — ATdom f ) The soft margin optimization
aims to find an optimal combined hypothesis ), _4; Wi/, Where w € Ag is an opti-
mal solution of Eq. (3). Although the edge minimization and soft margin optimization
problems are formulated as a linear program, solving the problem for a huge class
‘H is hard. Boosting is a standard approach to dealing with the problem.

To analyze a boosting algorithm, one needs to assume the performance of the
weak learner.

Assumption 1 (The y-weak learnability for margin optimization) A y-weak learner
takes a distributiond € A,, ,, over training examples and returns a hypothesis 7 € H
such that (d A), = 0", diyih(x;) > y.

Here, we emphasize that the parameter y is unknown to the boosting algorithm. With
this assumption, the goal of booster is to find a weight vector w € Aq¢, such that

min d"Aw >y — € 4
del,, v @

for arbitrarily small € > 0. Note that if the weak learner returns a hypothesis 4 € H
that maximizes the edge (d ' A),, the above goal becomes to find an e-approximate
solution of Eq. (3).

Find w € A¢y such that

—I\ (—Aw) = min dTA® > max min d' Aw — e = max —]IA ,(—Aw) — €.
A deAy,,, WEAg deA,,, weAy

Therefore, this chapter aims to find a convex combination ), ., w;h of hypotheses
in H satistying Eq. (4).

2.2 The Frank-Wolfe Algorithms

Frank-Wolfe (FW) is a class of optimization algorithms that only uses first-order
information of the objective and a linear optimization oracle over the feasible region.
The original FW algorithm is a first-order iterative algorithm invented by Marguerite
and Philip [10]. The FW algorithm solves the problems of the form: min,cc f(x),
where C C R™ is a closed convex set and f : C — R™ is an n-smooth and convex
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Input: Initial point x; € C and an accuracy parameter € > 0.
Fort=1,2,...,T:

Observe a gradient V f (x;) at x; € C.

Find an extreme point s, € argmingec s - Vf(x;).

If (x; —s¢41) "V f(x;) < € thenset T =t — 1 and break.
Choose a next iterate x;+; € C.

Ealbadi S e

Output: x7,; € C such that f(x741) — mingec f(x) < €.

Fig. 2 The Frank-Wolfe protocol.

function. The best advantage of the FW algorithm is the projection-free property;
there is no projection onto C, so the running time per iteration is faster than the
projected gradient methods.

In each iteration ¢t =1,2,..., the FW algorithm seeks an extreme point
S;+1 € C that minimizes the inner product s,THV f(x;). Then, it updates the
iterate as x;y; = X; + A (8,41 — x;) for some A, € [0, 1]. Although the classi-
cal result [10, 18] suggests A, = 2/(t + 1), one can choose other step size like
Ay = clip %W, where clip x = max{0, min{1, x}}. This A, minimizes
the right-hand side of the smoothness relation f(x;y1) = f(x; + A (5,41 — X;)) <
F) 4+ 1V f(x0) - (141 — X;) + 222|841 — x,||?, and is often called the short-
step strategy. Alternatively, one can choose

A € arg kg%gnl] fOx 4+ A1 — X0))

by line search. This step size improves the objective more than the short-step strat-
egy. Since the FW algorithm aims to find an optimal solution, one can choose
X;41 € arg MilyeConvHull(fsy,....s;, ) J (X). This rule is called the Fully Corrective
update (e.g., [18]). Although the fully corrective update yields x,.; that most
decreases the objective over the convex hull, it loses the fast computational advantage
per iteration. One can find other updated rules developed so far, such as Away-step,
Pairwise, and Blended Pairwise rules, but this topic is outside the scope of our thesis,
so please check the papers [7, 17, 22, 26, 34]. Figure 2 summarizes the Frank-Wolfe
protocol. Line 3 measures the optimality gap. By the optimality of s, and the
convexity of f, the following holds for all x* € C.

(X —501) V@) > (0, —xN) V() > fx) — f(x*).

Therefore, (x; — s;4.1) "V f(x;) < € implies f(x;) — miny.cc f(x*) < €.

Let diam(C) £ max, pec |la — c|| be the diameter of C. FW algorithms converge
to an e-approximate solution in O (3 diam(C)? /€) iterations if the objective function
is n-smooth? w.r.t. anorm || - || over C[10, 18]. This bound is optimal for non-strongly

2 Some papers, such as Ravi et al. [27] and Hazan et al. [14, 15], suggest techniques for general
convex functions.
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convex but smooth objective since some paper showed  (1/¢'+?) for arbitrarily small
8 > 0[4, 38]. On the other hand, some FW-type algorithms converge linearly when
the objective function is not only smooth but also strongly convex [22, 26, 34].

3 Related Work

Many boosting algorithms that maximize the soft margin have been invented [9, 31],
but here we introduce three important algorithms, LPBoost [8], ERLPBoost [36],
and Corrective ERLPBoost [32].

LPBoost [8] is a practical boosting algorithm for solving problem in Eq. (3). In
each iteration ¢, LPBoost updates its distribution as an optimal solution to problem

d, < argminmax(d ' A),, + 15, (d).
d kel :

That is, LPBoost uses an optimal solution to the edge minimization problem over the
hypothesis set {hy, hy, ..., h,} C H. LPBoost converges to an e-accurate solution
rapidly in practice. However, Warmuth et al. [35] proved that LPBoost converges in
2 (m) iterations for the worst case. In the same paper, SoftBoost [35], the soft margin
version of TotalBoost [37], is invented. SoftBoost converges in O (In(m/v)/€?) iter-
ations, but it tends to be too conservative. Thus, SoftBoost is not practical because it
takes time. After that, the stabilized version of LPBoost, ERLPBoost, was invented
by Warmuth et al. [36]. The main idea behind ERLPBoost comes from the bundle
method [33]. Bundle methods [21, 23, 30] are stabilized versions of the cutting-plane
method [20]. The cutting-plane method is known to cause a zig-zag phenomenon,
and thus, it converges very slowly in some situations [2, 23]. The cutting-plane
method corresponds to LPBoost in this case. Therefore, ERLPBoost can be seen as
a stabilized version of LPBoost, i.e., an instance of the bundle method. ERLPBoost
updates the distribution as the solution of

1
d, < argmin maX(dTA)hk +1Ia (d) + —Dgi(d).
d kelt] n

m,v

Here, Dxi.(d) = Y i d;In 1‘/1—’;” is the relative entropy from the uniform distribution

%1 € A,.y. They proved that ERLPBoost finds a solution that achieves Eq. (4) in
O(In(m/v)/€?) iterations. They also demonstrate that ERLPBoost tends to termi-
nate in fewer iterations than LPBoost. The disadvantage of ERLPBoost is its com-
putational complexity; ERLPBoost solves convex programs in each iteration. This
disadvantage leads to much more computation time than LPBoost. The Corrective
ERLPBoost (Corr. ERLPBoost, for short) [32] is the corrective version of ERLP-
Boost. This algorithm achieves the same iteration bound with much faster computa-
tion per iteration than LPBoost. Unlike LPBoost and ERLPBoost, Corr. ERLPBoost
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Table 1 Soft margin boosting algorithms their upper and lower bound of the number of weak
learner calls. The column Sub-problem per round shows the problem that the boosting algorithms
solve. m is the number of training examples, € is the accuracy parameter for Eq. (4), and v € [1, m]
is the capping parameter

Algorithm Upper bound Lower bound Sub-problem per
round

LPBoost [8] - Q(m) Linear program (LP)

Corr. ERLPBoost [32] O(ln(m/v)/ez) - Sorting

SoftBoost [35] O(In(m/v)/ €2) - Convex program (CP)

ERLPBoost [36] O(In(m/v)/e?) - Convex program (CP)

maintains the weight w, € A4, that only has non-zero values on the entries corre-
sponding to the past hypotheses {41, A2, ..., h;} C H. Corr. ERLPBoost updates its
distribution over the training instances as

1
d, < arg ngn d"Aw, +1,, (d) + —DxL(d). (5)
n

After receiving a hypothesis /,1; € H with the corresponding basis ej,,, € Aqgy,
Corr. ERLPBoost updates the weights on hypotheses as w1 = w; + A;(ep,,, — w,),
where A; € [0, 1] is some proper value. Although this update rule seems to be a
convex program, Shalev-Shwartz et al. [32] showed an algorithm that solves Eq. (5)
in O(mlInm) time. This algorithm seems better than LPBoost and ERLPBoost.
However, Warmuth et al. [36] demonstrated that Corr. ERLPBoost takes much more
iterations than LPBoost and ERLPBoost. Therefore, the overall computation time
is worse than LPBoost. Table 1 summarizes the boosting algorithms for soft margin
optimization.

To the best of our knowledge, there is only one previous work that suggests a
relation between a boosting algorithm and the Frank-Wolfe algorithm [6]. Their paper
shows that AdaBoost [11] is an instance of the Frank-Wolfe algorithm. However, their
interpretation is only for the primal problem, while ours comes from the primal-dual
problems.

4 The Relation Between Soft Margin Boosting and FW
Algorithms

We first show a unified view of the boosting algorithms via Fenchel duality. From
this view, LPBoost, ERLPBoost, and Corr. ERLPBoost can be seen as instances
of the Frank-Wolfe algorithm with different step sizes and objectives. Using this
knowledge, we derive a new boosting scheme.
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4.1 A Unified View of Boosting for the Soft Margin
Optimization

This section assumes that the weak learner always returns a hypothesis 4 € H that
maximizes the edge w.r.t. the given distribution. We start by revisiting Corr. ERLP-
Boost. Recall that Corr. ERLPBoost (and ERLPBoost) aim to solve the convex pro-
gram

i d'A d),
ngngg;( W+ f(d)

where f 27 Amy T %DKL. Since %DKL isa %—strongly convex function w.r.t. £{-norm,
sois f. Denoting g(#) = max;c 6, one can obtain the Fenchel dual problem

—f*(—A = — 1 *(—A = — i *(0
s, T/ CAm =gy S A = iy, SO

where —AAg £ {—Aw | w € Ay}. By definition, core (domg — ATdom f) =
R™, which implies 0 € core (dorng — ATdom f ) so the duality gap is zero. Fur-
ther, f* is an n-smooth function w.r.t. £,,-norm. Thus, the soft margin optimization
problem becomes a minimization problem of a smooth function.

In each iteration ¢, Corr. ERLPBoost updates the distribution d; € A, , over
examples as the optimal solution of Eq. (5). This computation corresponds to
the gradient computation V f*(6;), where 6, = —Aw,. Then, obtain a basis vec-
tor e, € Ag corresponding to hypothesis £;,,, € H that maximizes the edge;
hy+1 € argmaxjcq(d tTA) n- We can write this calculation regarding the gradient of

S

arg eir:}lae);{dtTAeh = arg e::rfllier’lH(_Aeh)va*(ot) = argo;?fi&,” 0va*(0,).

Thus, finding a hypothesis that maximizes edge corresponds to solving linear pro-
gramming in the Frank-Wolfe algorithm. Further, Corr. ERLPBoost updates the
weights as w;| = w; + A,(ey,,, — w;), where A, is the shor’[-step.3 From these
observations, we can say that the Corr. ERLPBoost is an instance of the Frank-
Wolfe algorithm. Since f* is n-smooth, we can say that this algorithm converges in
O (n/e) iterations for a max-edge weak learner.

Similarly, we can say that LPBoost and ERLPBoost are instances of the Frank-
Wolfe algorithm. Let &, := {e;, | h € {hy, hy, ..., h,}} be the set of basis vectors
corresponding to the hypotheses up to round ¢. LPBoost and ERLPBoost update the
distribution as the optimal solutions d; € 3l (—Aw!) and d; = V f*(—AwP),
where

3 They also suggest the line search update. This case yields a better progress than short-step, so the
same iteration bound holds.
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Algorithm 1: A theoretically guaranteed boosting scheme

Input: Training examples S = ((x;, y;))7; € (X x {£1})™, a g-weak learner
W A, — H, aFW algorithm ¥, a secondary algorithm 8, and parameters
ve[l,mlande > 0.
Set A = (yih(x;)) € [—1, +11"H,
1 Obtain a hypothesis h; = W(dy) € H, where dg = %1.
2 Setw; =ey.
3fort=1,2,...,T do
4 Compute the distribution d; = V f*(—Aw;) = arg mingea,, , [dTAw, + %DKL(d):|.
Obtain a hypothesis i, 11 = W(d,;) € H.
Set ¢ := minosrs,(drTA)h,H + f*(—Aw,) and let E; 41 1= {ehf}’;ll.
if ¢, < €/2 then Set T = ¢, break
Compute the FW weight wﬁ_l =F (A, w,ep.,5,d).
Compute the secondary weight w;BH =B(A, E1).
10 Update the weight w; ] < arg min F s, [f(—Aw).
wefw,,wi )

o e N »n

11 end
Output: Combined classifier Hy = ZLI wr hy.

Algorithm 2: The short-step rule ¥ (A, w, e, &, d)
Input: A matrix A € [—1, +11"*H  vectors w, e € RM and d € R™, and a set & C R¥.

Output: w < w + A(e — w), where A = clip nﬁ;(‘i(i_";;‘l")z.
LPBoost: w,L <~ arg max I, (—Aw),
weConvHull(&,) v
ERLPBoost: w,E <« arg max — f*(—Aw). (6)
weConvHull(&;)

Therefore, we can say that LPBoost and ERLPBoost are instances of the fully cor-
rective FW algorithm for objectives I} and f*, respectively. Under the max-edge
weak learner assumption, one can derive the same iteration bound for ERLPBoost
and Corr. ERLPBoost since f* is n-smooth w.r.t. £o-norm and diam(—AAg) =
MaXy, wyery [AW] — W2)|loo < 2. We summarize these connections to the follow-
ing theorem.

Theorem 2 LPBoost, ERLPBoost, and Corr. ERLPBoost are instances of the FW
algorithm.
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Algorithm 3: LPBoost rule 8 (A, &)

Input: A matrix A € [—1, +1]"*H and a set & c R¥.
Output: w < arg maxyeConvHull() MiNgea,, , d" Aw.

4.2 A General Boosting Scheme for Soft Margin
Optimization

We propose a FW-like boosting scheme from the previous observations, shown in
Algorithm 1. Algorithm 1 takes two update rules, a FW update rule ¥ and a secondary
update rule 8. Both algorithms return a weight w € Agy. Intuitively, the FW update
rule w” is a safety net for the convergence guarantee, and the secondary update is for
better performance in practice. Further, the convergence analysis only depends on
the FW update wtil , so that one can incorporate any update rule to 8. For example,
one can use the update rule stated in Eq. (6) as B(A, &;+1). Algorithm 1 becomes
ERLPBoost in this case since w; | = wﬁl holds for any 7. Even through this setting,
the convergence guarantee holds so that we can prove the same convergence rate for
ERLPBoost by our general analysis.

Recall that our primary objective is to find a weight vector w that optimizes
Eq. (3). The most practical algorithm, LPBoost, solves Eq. (3) over past hypotheses,
so using the solution as 8 is a natural choice. Algorithm 3 summarizes this update.
Note that the LPBoost update differs from the fully corrective FW algorithm since
the objective function is f*, not I’}

Furthermore, as described by Shalev-Shwartz et al. [32], one can compute the
distributiond, = V f*(—Aw,) by a sorting-based algorithm, which takes O (m In m)
iterations.* Thus, the time complexity per iteration depends on the secondary algo-
rithm 8.

Before getting into the convergence analysis, we first justify the stopping criterion
in Algorithm 1. This criterion is similar to the one in FW but strictly better than it.
Therefore, our algorithms tend to converge in early iterations.

Lemma 2 Lete, := ming<; < (dTTA)ht+1 + f*(—Aw,) be the optimality gap and let
n= gln 5. Then, €, < 5 implies =T, (—Aw,) >y —e.

Proof By the weak-learnability assumption, €, > y + f*(—Aw;). The statement
follows from Lemma 1.

Now, we prove the convergence rate for our scheme. This theorem also covers the
convergence rate for ERLPBoost and Corr. ERLPBoost.

Theorem 3 (A convergence rate for Algorithm 1) Under Assumption 1, let  be
the FW update with classic step A, = r%z’ or short-step as in Algorithm 2. Then,
for any secondary algorithm B, Algorithm 1 finds a solution satisfying Eq. (4) in
0 (E% In %) iterations.

4 They also suggest a linear time algorithm, see [16].
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Proof First of all, we prove the bound for the classic step size. We start by showing
the recursion

et < (1= A€ +2n27. (7
By using the definition of w, and the n-smoothness of f*,

& — €41 > fH(—Aw,) — f*(—Aw])
= f*(_Awr) - f*(—Aw, + AMA(w, — eh,ﬂ))
> (Alen,,, — w,) ' Vf*(—Aw,) — 2022, 8)

where the last inequality holds since A € [—1, +17"H and ey, w; € Ag. By the
non-negativity of the entropy function and the definition of d,, we get

(A(en,,, —w) Vf (—Aw,) =d] Alep,,, — w,)

1
> [Omm @l Ay, —d Aw, — —DKL(d,)}
<t<t n
= [oTiE,(dIA)h’“ + f*(—Awt)i| =¢. 9

Combining Eq. (8) and Eq. (9), we obtain Eq. (7).
Now, we have Eq. (7). We will show that ¢, < 8—” 5 by induction on ¢z > 1. For the
basecaset = 1,¢; < 2nA? < 2, sothe 1nequahty holds Assume that the 1nequahty

_t 817
<
= +21+2 + (t+2)2 -

; +% Therefore, the inequality holds forall # > 1. By the definition of 7, e7 < 5 holds
inT = 2% In 2 — 2iterations. Combining with Lemma 2 yields the convergence rate.

For the short-step case, that is, the case where we employ Algorithm 2 as F, we
get a similar recursion:

holds for . Using Eq. (7) and the induction hypothesis, €,

€& — €1 > fH(—Aw,) — fr(—Aw)
> (Alen,, —w) VI (—Aw,) — gxfufuw, —en, )l (10)
> MAen,, —w)) V[ (—Aw,) —2nA%,  Vael0,1].

Since the short-step is the maximizer of Eq. (10), the last inequality holds for all
A € [0, 1]. Optimizing X in RHS and applying Inequality (9), we get ¢, — €,41 > g—'n
Using Lemma 20 in [32], we obtain the same iteration bound.

Theorem 3 shows a convergence guarantee for the classic step and the short-step. The
line search arg minyeqo,1 f* (—A(w, + A(ep,,, — w,))) always yields better progress
than the short-step, so the same iteration bound holds.

Other variants of the boosting scheme
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The FW update rule w/, < F (A, w,, ey, &, d;) of Algorithm 2 comes from
the FW algorithm with short-step sizes. One can apply other update rules, such
as Pairwise Frank-Wolfe Algorithm [22] and Blended Pairwise Frank-Wolfe Algo-
rithm [34], as F . These algorithms converge to an e-approximate solution in O (1/€)
rounds for our objective function f*. Though the convergence rate is the same, some
experiments showed that these algorithms are fast in practice. So, developing FW
algorithms also improves Algorithm 1.

5 Experiment

First of all, we note that the gradient boosting algorithms, like XGBoost [5] or
LightGBM [19], solve different problems, so we do not compare ours to them.
We compared LPBoost, ERLPBoost, Corr. ERLPBoost, and our scheme on Gunnar
Ritsch’s benchmark datasets.” We used a computer with Intel Xeon Gold 6124 CPU
2.60GHz processors. We call Algorithm 1 with the secondary algorithm shown in
Algorithm 3 as MLPBoost. In MLPBoost, we adopt the short-step strategy as the
Frank-Wolfe step size. Since the parameter 1 is a huge value, we expect the secondary
algorithm, the LPBoost sub-routine, to be adopted much more frequently. One can
try other step strategies, but it is enough for this experiment to show the performance
of our algorithm. As in the original Corrective ERLPBoost, we also used the short-
step strategy. We used the Gurobi optimizer 9.0.1° to solve the sub-problems of these
boosting algorithms. The sub-problem of ERLPBoost cannot be a solvable directory,
so we use the sequential quadratic programming technique [25].

Computation time

We used the tolerance parameter € = 0.01 and the capping parameter v = 0.05m,
where m is the number of training examples. We measured the running time for each
round. As discussed in the previous sections, the soft margin optimization regards
at most v examples as outliers. We used the weak learner that returns a decision
tree of depth 2. The splitting rule for the decision tree is based on the entropic
impurity. The algorithms may take long to converge, so we abort the computations
after an hour. Figure 3 shows the comparison for the benchmark datasets. Here, we
note that the curves show the soft margin objective defined in Eq. (3), which is not
the objective function for ERLPBoost, CERLPBoost, and MLPBoost. Therefore,
the curves for these algorithms do not increase monotonically. As we expected,
MLPBoost performs like LPBoost for some datasets. Although the results highly
depend on the datasets, MLPBoost performs well compared to ERLPBoost and Corr.
ERLPBoost.

The worst case for LPBoost

Fig. 3 shows that LPBoost outperforms other algorithms. Although LPBoost has no
non-trivial iteration bound, it has the worst-case lower bound. For the worst case,

5 https://github.com/tdiethe/gunnar_raetsch_benchmark_datasets.
6 https://www.gurobi.com/.
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Image (2K, 19) Twonorm (7.4K, 21)
0.06
0.04 0.02
o 0.
o
g 0.02 0.00
g
0.00
t —— Corr. ERLPBoost | -0.02 —— Corr. ERLPBoost
0-0.02 — ERLPBoost —— ERLPBoost
@ — MLPBoost — MLPBoost
-0.04 /— LPBoost —0.04 —— LPBoost
10° 10! 102 10° 10! 102 103
Cumulative time (sec) Cumulative time (sec)

Fig. 3 Comparison of the algorithm for the benchmark datasets with parameters € = 0.01 and
v = 0.05m. The vertical axis shows the soft margin objective values and the horizontal one shows
the cumulative time (seconds). The tuple on each title shows (# of examples, # of features).

Table2 The worst-case behavior of LPBoost when given m training examples with capping param-
eterv = 1. As suggested by Warmuth et al. [35], one can extend to the soft margin setting v € (1, m].
Even for such cases, similar phenomena happen

LPBoost ERLPBoost Corr. ERLPBoost | MLPBoost
# of iterations m/2 2 2 2

it takes m /2 iterations [35]. The paper suggests a weak learner for the worst case,
which picks one from O () hypotheses. The hypothesis set has two good hypotheses
that construct a margin-maximizing combined hypothesis, and the rest are the bad
ones. One of the good hypotheses can be attained at the first iteration, which gives
uniform distribution to the weak learner. Since LPBoost assigns zero weight to some
examples, the weak learner chooses bad hypotheses repeatedly. Even in this case,
MLPBoost and ERLPBoost terminate in 2 iterations.” These algorithms put a non-
zero weight for all examples so the weak learner can produce the good hypothesis in
the second iteration. We summarize this fact in Table 2 since the experiment figure
has no information due to the behavior.

6 Conclusion

This chapter explores the relation between soft margin boosting algorithms and
Frank-Wolfe algorithms. The unified view allows us to easily prove a convergence
rate for boosting algorithms. Furthermore, introducing heuristic algorithms into the
scheme can achieve a better convergence rate for practical situations without losing
the convergence guarantee.

Acknowledgment This work was partly supported by JSPS KAKENHI Grant Number
JP20H05967.

7 The code is available at https://github.com/rmitsuboshi/miniboosts.
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Abstract Graph colorings are ubiquitous in the modeling of real-world problems.
There are many applications and conjectures, which are still open and studied by
various mathematicians and computer scientists. In this paper, we deal with cost
graph colorings as an important subfield of graph colorings. In cost graph coloring,
each color has a distinct cost, and we need to pay the cost each time to color each
vertex or edge. Our task is to find a coloring with the minimum total cost. The cost
coloring problems are NP-hard in general; however, polynomial time algorithms are
known for certain classes of graphs.

1 Introduction

Graph coloring is a very active field of research in graph theory [4] and has numerous
applications including scheduling.

For instance, we consider some scheduling problems in schools. Assume that we
have a set V of classes and a set E of conflict pairs of classes. Because a conflict
pair of classes share a student, the two classes cannot be held at the same time slot.
Then our task is to assign each class to one of time slots so that each time slot has no
conflict pair of classes. One can solve the problem by coloring each vertex of graph
G = (V, E) so that any two vertices connected by an edge are different colors. We
assign the vertices with color i to time slot i. We typically strive for coloring with
the minimum number of colors.

Assume that each time slot has a different cost because you need to pay more to
the instructor late at night, or an electricity company with summer afternoons extra
charge. Now our task is to assign each class to one of time slots with no conflict and
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cost
c,@| 1
colorc,@| 2
2 1 C3. 3
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3 1

total cost 10

(a) (b)

Fig.1 a Anexample of G. b A cost vertex-coloring with the minimum total cost

with the minimum total cost. One can solve the problem by coloring each vertex as
above with paying cost each time to color each vertex depending on the color and
with the minimum total cost. In Fig. 1, we show an example of graph and its cost
vertex-coloring.

Another example is as follows. Assume that we have a set U of classes, aset V of
teachers, and a set E of class-teacher pairs. Two class-teacher pairs are in conflict if
the pairs share either a teacher or a class. Thus any conflict class-teacher pair cannot
be assigned to the same time slot. One can solve the problem by coloring each edge
of bipartite graph G = (U NV, E) so that any pair of edges sharing an end vertex
has different colors. We assign the edges with color i to time slot i. We typically
strive for coloring with the minimum number of colors.

Assume that each time slot has different cost. Now our task is to assign each
class-teacher pair to one of time slots with no conflicts and with the minimum total
cost. One can solve the problem by coloring each edge as above with paying cost
each time to color each edge depending on the color and with the minimum total
cost. In Fig. 2, we show an example of a graph and its cost edge-coloring. Then an
edge-coloring of the bipartite graph corresponds to a time table.

The remainder of this paper is organized as follows. In Sect. 2, we set up definitions
and notation. In Sects. 3 and 4, we define cost vertex-coloring and cost edge-coloring
and give known results. Finally, in Sect. 5 we conclude the paper.

2 Preliminary

Let G = (V, E) be a graph with vertex set V and edge set E. We denote |V| and
| E| by n and m, respectively. Throughout this paper, graphs are simple (no multiple
edges) except Theorems 13 and 14, and connected. A tree T is a connected graph
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Fig.2 a Anexampleof G.b A costedge-coloring with the minimum total cost. ¢ The corresponding
time table

with no cycles. The degree deg(v) of a vertex v is the number of edges incident to
v. We denote the maximum degree of G by A.

Let C = {cy, ¢, ..., cq4} be a set of colors with g colors. Let w : C — R be a
cost function which assigns a real number w(c) € R to each color ¢ € C. One may
assume that  is non-decreasing, thatis, w(c;) < w(c2) < --- < w(cy).

3 Cost Vertex-Coloring Problem

A vertex-coloring f, : V — C of G = (V, E) is to color V with colors in C so that
any two vertices connected by an edge have different colors. The vertex-coloring is
optimal if it uses the minimum number of colors.

The cost w( f,,) of a vertex-coloring f, of G = (V, E) is defined as follows:

o(f) =) o(f,).

veV

A cost vertex-coloring f, of G is optimal if w(f,) is the minimum among all
cost vertex-colorings of G. The cost vertex-coloring problem is to find an optimal
cost vertex-coloring. Note that using more colors may result in less total cost. See
an example in Fig. 3. The (original) vertex-coloring is the cost vertex-coloring with
w(cr) = w(c) = -+ = w(c,) and additionally minimizing the number of colors.

The cost vertex-coloring problem was introduced by Supowit [15].

Note that the cost vertex-coloring problem is different from the “Weighted Col-
oring Problem” in which each vertex has weight, the cost of a color is the maximum
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cost
cl. 1
color Cz. 2
c;@| 3

(a) total cost 15 (b) total cost 14

Fig. 3 a A cost vertex-coloring with 2 colors and total cost 15. b An optimal cost vertex-coloring
with 3 colors and total cost 14

weight of the vertex colored with the color, and the cost of a coloring is the maximum
cost among the costs of colors.

The cost vertex-coloring problem is NP-hard for interval graphs [9] and bipartite
graphs [8]. However, the problem can be solved by dynamic programming in linear
time for trees [12] and in polynomial time for graphs with bounded treewidth [8].
Also the problem can be solved in O(n?) time for bipartite graphs with A < 4 [6].

Theorem 1 ([9]) The cost vertex-coloring problem for interval graphs is NP-hard
if there are at least four different values for the costs of colors.

Theorem 2 ([8]) The cost vertex-coloring problem for bipartite graphs is NP-hard.

Theorem 3 ([9]) The cost vertex-coloring problem for trees can be solved in O(n)
time.

Theorem 4 ([8]) The cost vertex-coloring problem for graphs with treewidth at most
k can be solved in O(n(log n)**!) time.

Theorem 5 ([6]) The cost vertex-coloring problem for a bipartite graph G with
A < 4 can be solved in O(n®) time, using only at most three cheapest colors.

The vertex-chromatic sum problem [10, 12] is the cost vertex-coloring problem
with w(c;) =i foreachi.Recall that C = {cy, c2, ..., ¢, }. The following results are
known.

Theorem 6 ([12]) The vertex-chromatic sum problem for trees can be solved in O(n)
time.

For some restricted classes of graphs, the following results are known. A unicyclic
graph is a connected graph containing exactly one cycle. An outerplanar graph is a
graph having a planar embedding with all the vertices lying on the boundary of the
outer face.
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Theorem 7 ([11] ) The vertex-chromatic sum problem for unicyclic graphs can be
solved in O(n) time. The vertex-chromatic sum problem for outerplanar graphs can
be solved in O(n>) time.

Can we efficiently enumerate all the cost vertex-colorings with the total cost less
than given constant budget k?

4 Cost Edge-Coloring Problem

An edge-coloring f, : E — C of G = (V, E) is to color all edges of G with colors
in C so that any two edges incident to the same vertex have different colors. The
edge-coloring is optimal if it uses the minimum number of colors.

The cost w( f,) of an edge-coloring f, of G = (V, E) is defined as follows:

o(f) =) ofe)).

ecE

A cost edge-coloring f, of G is optimal if w(f) is th minimum among all cost
edge-colorings of G. The cost edge-coloring problem is to find an optimal cost edge-
coloring. Note that using more colors may result in less total cost. See an example
in Fig. 4.

The (original) edge-coloring is the cost edge-coloring with w(c;) = w(cy) =
--+ = w(cy) and additionally minimizing the number of colors.

cost

g~ NN O

(a) total cost 12 (b) total cost 11

Fig. 4 a A cost edge-coloring with 3 colors and total cost 12. b An optimal cost edge-coloring
with 4 colors and total cost 11
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The cost edge-coloring problem is NP-hard for bipartite graphs, because a sub-
problem of the edge-chromatic sum problem defined below is NP-hard for bipartite
graphs [5].

The problem can be solved by dynamic programming in O(nA?) time [18, 19]
for trees. The running time is linear if A is a fixed constant.

Theorem 8 ([18, 19]) The cost edge-coloring problem for trees can be found in
O(nA?) time.

If all the color costs w(c) are integers in the range [—N,, N, ], then a faster
O(nA'’log(nN,)) time algorithm is known [18, 19].

Theorem 9 ([18, 19]) The cost edge-coloring problem for trees can be solved
in O(nA'>lognN,)) time, if all the color costs w(c) are integers in the range
[_Na)v Na)]

The edge-chromatic sum problem [5] is the cost edge-coloring problem w(c¢;) = i
for each i. The edge-chromatic sum problem is NP-hard for subcubic bipartite graphs.
However, the problem can be solved in O(n A3 log n) time for trees.

Theorem 10 ([5]) The edge-chromatic sum problem is NP-hard for bipartite graphs
with A < 3.

When restricted to trees, many NP-hard problems can be efficiently solved in
polynomial time [1, 2, 16, 17]. The same applies to the edge-chromatic sum problem.

Theorem 11 ([S]) The edge-chromatic sum problem for trees can be solved in
O(nA3> logn) time.

For some restricted classes of graphs the following results are known. A k-cyclic
graph is a graph with n + k — 1 edges. A multicycle is a cycle with parallel edges.

Theorem 12 ([S]) The edge-chromatic sum problem for k-cyclic graphs can be
solved in O((A + 135, log m) time.

Theorem 13 ([3]) The edge-chromatic sum problem for multicycles can be solved
in O(nA) time.

Theorem 14 ([3]) The edge-chromatic sum problem for multicycles of even length
can be solved in O(m) time.

An enumeration algorithm for edge-colorings of a given graph is known [13, 14].
It enumerates all the edge-colorings in O(n) time for each. Can we design an efficient
enumeration algorithm for cost edge-colorings of a given graph with the total cost
less than a given constant budget k?

In Fig. 5, we give all the six cost edge-colorings of a bipartite graph with the total
cost 9.
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Fig. 5 An example of
enumeration of cost cost
edge-colorings on a bipartite

graph with total cost 9 C1 mmm 1

color Cy mmm| 2
C3_ 3

AR WA
RAPRAWA

total cost 9

5 Conclusion

In this paper, we presented a brief survey of cost graph colorings. We emphasize on
the complexity results and algorithmic results.
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Perpetual Scheduling Under Frequency )
Constraints <

AKkitoshi Kawamura

Abstract We provide a brief overview of theoretical results to date on perpetual
scheduling problems where we want to schedule recurring tasks or agents with
minimum or maximum frequency requirements.

Scheduling algorithms and heuristics may prove useful for planning a single exe-
cution of a set of tasks for a one-time project, but there are also many situations
where we must deal with recurring tasks that must be diligently and constantly
performed. In this short survey, we consider scheduling problems of this form, in
which—for purposes that may include monitoring, maintenance, defense, or replen-
ishing supplies—we wish to perform various recurring tasks, with certain minimum
frequencies, in perpetuity. Although the practical relevance of such problems has
motivated the development of heuristics and simulation-based analyses targeting a
variety of real-world situations, we restrict attention to the mathematically simplest
settings and focus on theoretical aspects such as problem structure, optimal solu-
tions, and computational complexity, surveying the progress of research to date and
a number of outstanding challenges.

1 The Problem: Pinwheel Scheduling

We begin with the most basic setting, proposed by Holte et al. [22], where we have
one agent and k recurring tasks. Each taski € [k] = {1, ..., k} has a given period a;,
meaning that it must be performed at least once every a; days. We wish to satisfy these
frequency requirements by selecting one task to be performed each day. This prob-
lem (together with some of its variants we will discuss later) is known as pinwheel
scheduling [22] or windows scheduling [4]. Formally, an instance of this problem
consists of a nondecreasing sequence of positive integers A = (a;)ie«]» and a solu-
tion consists of a schedule specifying one of the & tasks to be performed each day. A
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schedule may be thought of as a collection (S;);ex] of k subsets S; C Z, each specify-
ing the days on which task i is performed; this is a valid schedule for A if Sy, ..., Sy are
pairwise disjoint and, for each i € [k] and all m € Z, the interval [m, m + a;) inter-
sects S;. An instance for which such a schedule exists is said to be schedulable. For
example, the instances (3, 3, 3), (2,4, 8, 8), and (3, 4, 5, 8) are all schedulable, but
all become non-schedulable if any one period is decreased. The instance (3, 4, 5, 8)
is satisfied by the schedule ([0]s U [3]s U [6]s, [1]s U [5]s, [2]s U [7]s, [4]s), where
we write

[rlo={a-n+r:neZ} @9)

for the residue class of integers congruenttor € Zmoduloa € N\ {0}. This schedule
describes a recurring 8-day sequence in which tasks are performed in the order 1, 2,
3,1,4,2,1,3.

Pinwheel scheduling may be thought of as a packing problem in which the sets
S1, ..., Sk, subject to the minimum-frequency constraints, must be arranged without
overlapping inside the container Z. In Sect.5, we will consider the dual situation
of covering problems, in which the goal is to cover all of Z by subsets subject to
maximum-frequency constraints. When we wish to emphasize this distinction, we
will refer to the case discussed in this and the following three sections as the packing
version of pinwheel scheduling, or simply pinwheel packing.

2 Computational Complexity

The schedulability of an instance A = (a;);c[r) may be checked via the following
procedure [22, Theorem 2.1]. The elements of [a;] x --- X [a;] are called states (or
urgency [18, Section4.3]); if, at the end of a day, we find ourselves in a state (u;);e[x],
this means that task i must be performed no later than u; days from now. For a task
Jj € [k] and two states u = (u;);e() and u’ = (u});iep), We write u H o if

, a; ifi = j,
u. =
u; — 1 otherwise.

This means that if we are in state # on a given day, then performing task j on the next
day will bring us into state u’. We write u - u’ if u F/ u’ for some j. The instance
A is thus schedulable if and only if its state transition graph, i.e., the directed graph
with the relation | as edges, admits an infinite walk, or equivalently, contains a cycle.
This, by Savitch’s theorem, can be checked in polynomial space [22, Corollary 2.2]:

Theorem 1 The problem of deciding schedulability of a given pinwheel packing
instance is in PSPACE.

Note that the number of states is in general exponential in the size of the input A.
It is unknown whether or not the problem is in NP. It is also unknown whether the
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problem is NP-hard; however, as we will see in Theorem 3, a slight modification of
the input format ensures NP-hardness.

Because our schedules are infinite, some care is required when describing the
computational complexity of algorithms for finding a valid schedule (rather than
just deciding whether there exists one). From the preceding discussion, it is clear
that any schedulable instance has a schedule consisting of a finite sequence of tasks
repeated in perpetuity (thus justifying the term “pinwheel” scheduling); however,
in general the length of this finite sequence may grow large, and thus we cannot
hope to write it out in polynomial time. The question of which alternative criteria
should be used to characterize the computational efficiency of schedulers has been
discussed already by Holte et al. [22, Section 1]. One (somewhat informal) criterion
put forward there for an efficient scheduler is to require that we can, given an instance,
generate in polynomial time a fast online scheduler (FOLS), which consists of simple
instructions that on each day tell us in “constant time” which task to perform.

3 Density

For an instance A = (a;);<[x] to be schedulable, the condition that its density

1
DA =3 — @

ielk] *

be at most 1 is clearly necessary [22, Theorem 2.3], but not sufficient. For example,
(2, 3, a3) is non-schedulable for all values of a3. Nonetheless, there are a number of
special cases in which this condition is sufficient, as was shown in [22, Theorem 3.1]
and [23, Corollary 4.9] (see [26, Theorem 2] for a simpler exposition):

Theorem 2 A pinwheel packing instance A is schedulable if

e the periods in A are pairwise divisible; or if
e A consists of at most two distinct period values.

Forexample, (2, 4, 12, 12,24) and (5, 5, 5, 8, 8, 8) are easily schedulable by these
criteria. It follows from the first part of this theorem that any instance with density
< % is schedulable [22, Corollary 3.2]: simply round down each period to the nearest
power of 2, increasing the density by a factor of at most 2. In fact, this bound
can be improved, as conjectured by Chan and Chin [8] and confirmed recently by
Kawamura [26, Theorem 1]:

Theorem 3 A pinwheel packing instance A is schedulable if D(A) < %

Note that this value g is the best possible, because of the aforementioned non-
schedulability of (2, 3, a3).

Theorem 3 was established by first showing that the problem could be reduced
to considering a large but finite number—tens of millions—of instances satisfying
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certain conditions, and then verifying their schedulability via a brute-force computer
program. A proof more amenable to human intuition would be desirable, but remains
elusive. Schedulers that arose from earlier efforts toward Theorem 3 [6-8, 16, 30]
may prove useful in this respect, although they also tend to involve detailed case
analysis.

In the computer experiment for Theorem 3, it also turned out that the only
unschedulable instances with densities approaching the bound % are (2, 3, a3) and
(3,4,4,a4) (for a3z and a4 tending to infinity). It is easy to see that instances of
the form (aj,a; +1,a1+1,...,a1 + 1, a,+1) are likewise unschedulable. One
could thus propose a revised conjecture that these are the least dense unschedulable
instances starting with each fixed value of a;:

Conjecture 1 A pinwheel packing instance A = (a;);¢x] is schedulable if D(A) <
1 — (a1 — D/(ai(ar + 1)).

A weaker conjecture that there is a bound of this form tending to 1 as a; — o
has been made [7, Section VI] and confirmed [17, Corollary 1], with the bound

1 -3/ /.

4 Exact Schedulability

We may also consider a modified version of the problem [25, 35, 37] in which, rather
than requiring each task i € [k] in an instance A = (a;);e[x] to be performed at least
once every a; days, we instead require that it be performed precisely once every a;
days. In this case, each of the sets constituting a schedule (S;);c(«] takes the form of
aresidue class S; = [r;], (see (1)) for some r;, so the problem is to choose residues
r; such that [ri]g,, ..., [rc]q, are pairwise disjoint. If such residues r; exist, we say
that A is exactly schedulable. For example, (2, 4) is exactly schedulable, but (2, 5)
is not. We refer to the corresponding (decision or search) problem as exact pinwheel
packing.

The complexity status of this problem is better understood than that of the non-
exact version. Two residue classes [r], and [r'], are disjoint if and only if r # r’
(mod d) for the greatest common divisor d of @ and a’. This condition can be checked
for all pairs of tasks in polynomial time, given an instance (a;);cx] and a putative
solution (7;);epx); thus, decision of exact schedulability is in NP. The problem is also
NP-hard, as was shown by Mok et al. [32, Theorem 1]:

Theorem 4 Exact pinwheel packing is NP-complete, even if the periods a; in an
instance are presented in tally notation, 0%.

Asnoted in Sect. 2, it is unknown whether pinwheel packing without the exactness
requirement is NP-hard. However, Theorem 4 may be used to show that the problem
is indeed NP-hard if we allow instances to be specified using a concise notation in
which, rather than simply listing up the full set of tasks, we describe them in the form
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“Nj tasks with period a;,” “N, tasks with period ay,” ..., with Ny, N, ...written in
binary. This was stated already by [22, Theorem 4.12], but no proof seems to have
appeared in subsequent publications (although the essential ideas can be found in [5,
Theorem 2.1]), so we present a proof here.

Theorem 5 The (non-exact) pinwheel packing problem in which the input is written
in the concise notation described above is NP-hard, even when restricted to instances
of density 1.

Proof The proof proceeds by reduction from the exact pinwheel packing problem of
Theorem 4. Given its instance A = (a;)iefx], we setl = ]_[l-e[k] a; (in binary notation),
and let A’ be the (non-exact) pinwheel scheduling instance obtained by adding [ -
(1 — D(A)) new tasks, each with period /, to A. This new instance A’ has density 1
and can be written in polynomial time in the concise notation. We claim that A’ is
schedulable if and only if A is exactly schedulable.

For the “if” direction, note that an exact schedule for A = (a;);¢[x) repeats every
! days, of which only / - D(A) days are devoted to performing tasks 1, ..., k; thus,
we obtain a schedule for A" simply by scheduling each of the new period-/ tasks on
one of the remaining / - (1 — D(A)) days. For the other direction, suppose that A’
is schedulable. Then, as noted in Sect. 2, it admits a schedule consisting of a finite
sequence repeated in perpetuity. Because D(A’) = 1, each task i in this schedule
must be performed precisely every a; days [22, Lemma 4.1]; thus, simply removing
the newly added tasks from this schedule yields a schedule for A. O

Wei and Liu [37] discuss a simple greedy heuristic for this problem. Huhn and
Megyesi [25] gave a sufficient condition for an instance to be exactly schedulable (or
harmonic in their terminology), which was then improved by Sun [35] and Chen [10].
Generalization of exact schedulability to groups other than Z has been studied [31]
in relation to the Herzog—Schonheim Conjecture.

5 Covering Versions

So far we have considered packing versions of pinwheel scheduling, but it is equally
natural to consider a covering version of the problem. We have a single task that must
be performed every day, and we wish to determine a shift schedule for sharing the
burden of performing the task among several agents. In this case, for each agent i, we
are again given a period a; € N, but here the constraint is that agent i can perform the
task at most once every a; days. A problem instance is again given by a nondecreasing
sequence of positive integers, A = (a;);e[x], and we look for a schedule (S;); ¢« (With
S; C Z the set of days on which agenti € [k] performs the task) such that §; U - - - U
Sy = Z and, for each i € [k] and all m € 7Z, the interval [m, m + a;) intersects S; in
at most one point. Kawamura and Soejima [28, Section4], viewing this problem as
a version of the patrolling problems, referred to it as “point patrolling,” but here we
will call it the covering version of pinwheel scheduling, or pinwheel covering.
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Many of the ideas used to analyze pinwheel packing are also applicable to pin-
wheel covering. In particular, schedulability can be decided in polynomial space by
constructing the state transition graph as in Sect. 2. This puts pinwheel covering in
PSPACE, but we do not know whether it is in NP.

The question of necessary and sufficient density conditions can also be discussed,
with conclusions dual to those of Sect. 3. In this case, an obviously necessary con-
dition for schedulability is that the density be 1 or greater. This condition is not
sufficient—as is demonstrated by the non-schedulability of instances such as (2, 3, 5)
or, more generally, (2~ + 1);;x)—but, in analogy to the packing case, does become
sufficient if we restrict attention to instances with pairwise divisible periods. Hence,
rounding up every period in an instance to the nearest power of 2 shows that any
instance with density 2 or greater is unconditionally schedulable. This threshold can
be, again, improved. Using a computer-assisted method similar to that used to prove
Theorem 3, Kawamura and Soejima showed [28, Theorem 16] that D(A) > 1.546is
sufficient for schedulability, and conjectured [28, Conjecture 18] that this threshold
may be further lowered to 1.264 ... (the best possible value allowed by the coun-
terexample (2/~! + 1);cx; mentioned above). In contrast to the packing case, this
gap has not yet been filled.

In analogy to Sect. 4, one can consider exact pinwheel covering problems in which
agent i must work precisely (rather than at most) once out of every a; days. Thus,
we are again looking for schedules of the form ([r;],,)iefx), this time satisfying the
covering condition Z =  J; eIkl [7i]4 - In contrast to pairwise disjointness that we had
here for the packing problem, this covering condition does not appear to be easily
checkable for a given putative solution (r;);cj. Note that it belongs to cONP, and
thus decision of the exact pinwheel covering problem is in the class = = NP 1t
is not known whether the problem is 2'2) -complete. Covering schedules of the form
([rila)iek) are known as Erdos’s covering systems and have attracted mathemati-
cians’ interests [2]. For example, the question of whether, for every N, there exists
a covering system satisfying N < a; < a; < --- < a; remained open for more than
half a century, until it was recently resolved in the negative [24].

In pinwheel packing and covering problems, we respectively consider instances
for which the density D(A) is at most 1 and at least 1, as otherwise non-schedulability
is guaranteed. If we restrict attention to instances with density exactly 1, the two
problems—or in fact, the four problems including their exact versions—coincide.
Some suspect [28, Conjecture 19] that even this special case is NP-complete.

6 Variants and Generalizations

The problems considered above are only the most basic settings, which may be
extended in a variety of ways. An immediate generalization is to allow more than
one agent, so that some fixed number of tasks can be performed each day. This is
studied both for the non-exact [4, 5] and exact [9, 37] pinwheel packing. Another
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generalization is to suppose that the time required to perform a task varies from task
to task, rather than always being one unit time. This has also been considered for the
non-exact [15] and exact [29] pinwheel packing.

We may consider various optimization problems under constraints like those of
pinwheel scheduling. Perhaps the most natural optimization version of pinwheel
packing is bamboo-garden trimming [17]. In a grove of k bamboo plants, plant
i € [k] grows in height at a given daily rate; each day (at a fixed time of day), we
select one plant to be trimmed (i.e., reduced to height 0) with the goal of keeping the
overall height of the grove as low as possible. This is equivalent to saying that we
wish to obtain a pinwheel packing schedule that violates the frequency constraint by
as small a factor as possible. Some efficient approximate algorithms (mostly under
the complexity criterion mentioned at the end of Sect.2) have been proposed [17,
21, 26, 36], with [26] giving the current best ratio of %.

There are problem settings where we optimize other objectives, such as the number
of agents for the multiple-agents scenario [4], as well as the long-term average of
profit gained by completing a task each time [34] or cost incurred by leaving a task
waiting each time [1, 3].

The problem may be combined with geometric aspects. The tasks may be placed
in a metric space so that moving between different pairs of tasks takes different
amounts of time that are not uniformly one day [11, 17]. One can even imagine that
the tasks are distributed continuously over a one-dimensional terrain such as a path
or a cycle, so that we have patrolling problems [14] where we want mobile agents to
visit each point in the terrain with sufficient frequency. There are many studies [12,
13, 19, 20, 27, 28, 33] about the best efficiency with which the agents with limited
speeds can patrol the terrain.
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